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Abstract

Relativistic dynamics based on the Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric is considered for a matter-dominated Friedmannian universe driven by dark en-
ergy. Relevant Einstein field equations for open, closed and flat universe are derived
and used to establish the relationship between various astronomical quantities, that is,
light intensity-redshift and number density-redshift relations. The analytical results are
prepared in a suitable form for comparison with future experimental results by making
matlab computational plots for both matter-dominated Friedmann universe driven with
and without dark energy. It is possible to judge from the results whether the universe is

open, closed or flat and whether it is friedmann or not on large scales.

Key words:. Dark energy, Redshift, Number density, Light intensity, Friedmann, Fractal



Table of Contents

DIEClation ... ..o i
DedIiCatION. ... iii
AcCKNOWIEAZEIMEIIES. ...ttt iv
ADSELACT ... \
LSt Of fIgUI@S. .. oo vii
List of Abbreviations/Acronyms and Symbols.............ccccoviiiiiiiiiiiii viii
Chapter One: Introduction.............coooiiiiii e 1
1.1 INETOAUCTION .« et ei ettt e e e e e e e e e e e e e e e e e e e e e e e eeees 1
1.2 Statement of the Problemi......... ... 3
1.3 JUSTIHCATION. ..o 4
1.4 OVerall ODJECTIVE. .. .oiiiiiiiiiiiiiiiiie e e e e e e e e e e e e e e e e e e e e e e e e e e 4
1.4.1 SPECIfic ODJECTIVES. ...ttt 4
Chapter Two: Literature Review............ 5
2.1 Homogeneity and Fractality..........oooiiiiii 5
2.2 Review on Cosmic Distance Measurements..................oouiviiiiiiiiiiiiiiiiiiiiiiiiiieieeeeeenn 8
Chaper Three: MethodolOGY ............uuuiiiiiiiiii e 9
3.1 Einstein Field Equations based on Friedmann Metric............ocoooiiiiiiiiiiiii, 9
Chapter Four: Results and DiSCUSSION.................coiiiiiiiiiiiiiiiie e 15
4.1 ConSErVALION LAW.....oiiiiiiiiiiiiiiii e e e 17
4.2 Light intensity-redshift relation..............cooooiii 21
4.2.1 Flat UnIiverse (K = 0)..c.uiiuiiiioiiiii et 23
4.2.2 Closed UnIVErse (K = 1)...iiiiiiiiiiiiiiii e 25
4.2.3 0Ppen UNIVerSe (K = —1).iiiiiiiiiiiiieiit e 30
4.3 Number density-redshift relation. ... 39
4.4 Graphical RESULES. .......uiiiiiiiee e 41
4.5 How to compare theoretical and experimental results...........ccooooviiiiiiiiii 56
Chapter Five: Conclusions and Recommendations......................cccccoooiiiiiiinin, 57
5.1 COMCIUSIONS ¢ttt e e et e e e e e e e e e e e e e e e e e e e e e e e e e e e e e et e eee e et eeeeeeeeeeeeeeaeeenenenes 57
5.2 RECOMMENAATIONS. 1.ttt o8
RETErEnCes. ..o e 59

vi



List of Figures

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9

Plot of log(I ) against z for 0 < z <5 and k = —1 without cosmological constant(\)
Plot of log(I) against z for 0 < z <5 and kK = —1 with cosmological constant(\)
Plot of log(I) against z for 0 < z <5 and k = 0 without cosmological constant(\)
Plot of log(I) against z for 0 < z <5 and k = 0 with cosmological constant(\) .
Plot of log(I) against z for 0 < z <5 and k = 1 without cosmological constant(\)
Plot of log(I) against z for 0 < z <5 and k = 1 with cosmological constant(\) .
Plot of log(n) against z for 0 < z < 5 and k = —1 without cosmological constant(\)
Plot of log(n) against z for 0 < z <5 and k = —1 with cosmological constant()\)

Plot of log(n) against z for 0 < z <5 and k = 0 without cosmological constant(\)

4.10 Plot of log(n) against z for 0 < z <5 and k = 0 with cosmological constant(\) .

4.11 Plot of log(n) against z for 0 < z <5 and k = 1 without cosmological constant()\)

4.12 Plot of log(n) against z for 0 < z <5 and k = 1 with cosmological constant(\) .

vil



List of Abbreviations/Acronyms and Symbols

ALMA The Atacama Large Millimeter/submillimeter Array
ESA European Space Agency
FLRW Friedmann-Lemaitre-Robertson-Walker

IAU International Astronomical Union
SDSS Sloan Digital Sky Survey
SKA Square Kilometer Array

Spitzer Space (Infrared) Telescope

matlab Matrix laboratory

K Space curvature

z Redshift

R Ricci scalar

A Cosmological constant

Rr Ricci curvature tensor

TH Stress energy tensor

15 Beta

G Newton’s Gravitational constant
c Speed of light

n Number density of galaxies

1 Light intensity

GH Einstein tensor

gt Metric tensor

g Friedmann metric

p(t) Matter density of the universe
P(t) Pressure of the universe

Mpc Mega persecs

viil



Chapter One: Introduction

In this chapter, we give an overview of the problem posed by tridimensional maps of the universe
with regard to homogeneity and isotropy of the universe. We give a brief background to this
problem and justify the importance of our study. We also outline clearly our overall goal and

specific objectives.

1.1 Introduction

The goal of modern cosmology is to find the scale matter distribution and spacetime struc-
ture of the universe from astronomical observations. Several theories and models that explain
matter distribution in the universe have been postulated. However, none of these has given an

agreeable solution on the matter distribution in the universe (Marcelo & Alexandre, 1998).

Looking back to 1915, Einstein theory of gravity (Einstein, 1915) was introduced, making
most of us to believe that it marked the beginning of modern cosmology. Currently, we are
consumed with the authenticity of the so called Cosmological Principle which explains the as-
pect of the universe being the same in every point of which, mathematically, it means that the

universe is homogeneous and isotropic.

We can not fail to applaud Albert Einstein with his theory of General Relativity (Einstein,
1915). In the formulation of the same theory, it marked the eye opener for the cosmologists
to be able to advance their approach on comological relativistic dynamics. He predicted a
general expansion of the universe from the same Theory of General Relativity (Gomez, 2011).
Mathematically, the employment of Einstein Equivalence Principle could allow us to construct
the metric and the equation of motion by transforming from freely-falling to an accelerating
frame. It can be mathematically expressed by the assumption that all matter fields are min-
imally coupled to a single metric tensor, g,, (Marcelo, 1998). To explain the correspondence
of the energy and the curvature of spacetime of an object, he used his original field equations
widely known as Einstein field equations (Einstein, 1915). This original work was faced with
some shortcoming of expansion or deflation which showed an almost impossible result to avoid.
To our interest of the day, the work progressed by introducing the cosmological constant (Ofer
Lahav, 2017) as a result of dark matter and dark energy to form part of the Einstein field
equations: RM — %Rg‘“’ + Ag"" = BTH* where )\ is the cosmological term or constant, R*” is

the Ricci curvature tensor, R is the Ricci scalar, T"" is the stress energy tensor, 5 = 8:—4G; G is



the gravitational constant and c is the speed of light (Einstein, 1917).

The contribution of Alexander Friedmann, de Sitter, Lemaitre and others (Lemaitre, 1925,
Gomez, 2011, Friedmann, 1922) by solving Einstein field equations in a cosmological setting
confirmed an expanding universe. Together with the distance-redshift relation (Hubble law),
cosmological principle led us to an expansion scale which is homogeneous and isotropic. As a
result of the evolved scale with time, there has been always strong arguments of whether the

universe is of the homogeneity or fractality nature.

One of the oldest and most widely accepted models used for the description of matter in the
universe is the Friedmann model. The model describes a dynamic and isotropic universe. In
this universe the cosmological principle is implemented as follows: there is a preferred time co-
ordinate ¢ such that the t is equal to constant slices which are homogenous and isotropic spaces.
There are basically three simply connected isotropic and homogenous spaces: the sphere (con-
stant positive curvature), flat space (no curvature), and hyperbolic space (constant negative
curvature). By means of stereographic projection, these cases can be handled in a uniform

manner (Wamalwa, 2016).

Nevertheless, the whole matter-dominated Friedmannian universe rely on the particular model
of the formation of structure. Such that, whenever the current surveys happen to be below the
scale of homogeneity, then the distribution of the galaxies can be estimated by a fractal, just
as the main redshift survey indicates (Amendola Luca, 1998). Therefore, intensive research on
statistics of fractals can reveal to us much understanding of the large scale structure of the
universe. We understand that SDSS is about 200M pc. We hope that it will go up hence better

data is expected of over 200M pc in future.

At around 1908, Carl Charlier (Carl Charlier, 1908) proposed to abandon the uniformity idea
and settled on a hierarchical model with the stars arranged in such a way that their density
seen from any star decreases with increase in distance since in his model the density decreased

radially from every star. This defines and records the first fractal model of the universe.

Going with the recent catalogues already compiled which list astronomical objects in the sky,

showing their distances from us, and direction from which their light reaches us, we get a



3-dimensional view of the luminous matter in the universe. Here, the distribution seems to
be inhomogeneous in most of the scales (Wamalwa, 2016). This would require us to consider
cosmic distance measurements. Knowing the distance of an astrophysical object from us would
confirm to us the homogeneity of the universe. However, the measurements are also challenged
by lots of uncertainities. Using distance ladder of measurements, it gives the small distances
to larger distances and within the range we assume that the universe is Friedmannian, which

is still questionable (Wamalwa, 2016).

In this project, we adopt the view that the universe is homogeneous (Friedmann) in line with
the widely accepted picture of the standard model that embodies the cosmological principle.
However, we shall prepare the result in a suitable form for comparison with experimental data

from more accurate and reliable future galaxy surveys.

We shall describe the matter distribution in the universe based on the Friedmann-Lemaitre-
Robertson-Walker (FLRW) model for describing dynamics and evolution of the universe by
applying analytical methods to solve the Friedmann’s equations in the presence of dark energy
effects. This shall involve measurable astronomical quantities such as the redshift(z), light in-

tensity(I) and number density(n) of galaxies.

1.2 Statement of the problem

The standard model is the simplest and widely accepted model that has succesfully described
structure formation in the universe in line with observations. This model pictures the universe
as isotropic and homogeneous on large scales. However, as galaxy redshift surveys probe deeper
into the universe, they uncover more and more inhomogeneous structures with no clear ten-
dency to homogeneity. Such inhomogeneous structures point to a fractal universe. As a result,
homogeneity and fractality of the matter-dominated universe is a major debate in cosmology
today. A lot of controversies keep on streaming from various researchers on the question as to
whether or not the universe is homogeneous on large scales. Nevertheless, these galaxy surveys
provide only limited statistical data and are also depended on our ability to accurately measure
distance. The uncertainities associated with cosmic distance measurements are huge and unre-

solved to date while the availability of huge observational data will wait for the next generation



advanced techniques. It is therefore the goal of this project to investigate as to whether or
not our universe is homogeneous on large scale and, consequently, provide a road map for the

fractal debate.

1.3 Justification

The Friedmann model embodies the cosmological principle that is widely accepted by physicists
so that the idea of abandoning it would seem revolutionary to us besides creating the need to

search for new models of dynamics and evolution of the universe.

The solution to our task gives us an insight into the large scale distribution of galaxies in
the universe. It will also put us in a position to test as to whether or not the galaxies are really

distributed homogeneously in the universe.

1.4 Overall Objective

To describe dynamics and evolution of the matter-dominated Friedmann universe by solving

Einstein field equations based on FLRW.

1.4.1 Specific Objectives

1. Derive the Einstein field equations describing dynamics and evolution of the matter-

dominated universe based on the Friedmann metric.
2. Explain the role of the cosmological constant in accelerated expansion of the universe.

3. Derive the relationship between light intensity and number density of galaxies with red-

shift using Friedmann metric and,

4. Relate it to the type of the universe.



Chapter Two: Literature Review

In this chapter, we give a historical background to the problem as to whether or not our uni-
verse is Friedmann on large scales. We shall consider relevant Literature to our problem so as
to put it into persepecutive. In particular, literature on fractal and homogeneous universe is

discussed in detail.

2.1 Homogeneity and Fractality

The history of cosmology as a science can be compared to the construction of a pyramid that
you do not know how high it will go, and whose base has to be so robust as to support it
even if it is increased. Thus, gradually, cosmology is being built, where new problems arise on
each move, so that the theory has to be amplified with new elements in order to achieve the
explanations of the problems arisen, what usually drive us to new physical aspects. Some of the
difficulties faced with the theoretical physics nowadays has something to do with cosmology,

whose unresolved problems have motivated a lot of research works (Gomez, 2011).

Still up to date, there is a serious disagreement or rather controversy on the homogeneous
and the fractal view of the world even though their history appear to begin almost at the same
time. The first light was cast by Newton in 1692 while trying to respond to the cosmological
properties of the law of gravitation (Gomez, 2011). He proposed that the system of stars resists
the gravitational collapse by virtue of specially arranged some initial conditions, for instance,
if all stars are equally spaced, by God’s power and intervention, then each star feels the same
attraction in all direction, and therefore remain stable. Later on, after further research, the
model was made accurate. He proposed that all stars have equal intrinsic brightness, and
that those of first magnitude lie equally spaced on a shell at a unit distance from us, those of
second magnitude lie similarly on a shell at double distance, and so on through the faintest
stars (Amendola Luca, 1998). This model is claearly homogeneous averaging over a few unit

distances, and also more or less accounts for the relative number of stars at various magnitudes.

The first inhomogeneous model was proposed by J.H Lambert (Lambert, 1750) at around
1750. This explained about a ring of stars rotating around a central obscure body, perhaps

part of a system of rings rotating around another body, and so on. Almost at the same time,



another inhomogeneous model came on board being suggested by Immanuel Kant giving details
on a distribution radially decreasing of worlds, to be identified with galaxies. In other words,

evolution starts from the center of galaxies to the outer parts (Amendola Luca, 1998).

In 1820, Heinrich Olbers presented the famous Olbers’ paradox, already formulated by Hal-
ley in 1721. Any homogeneous, static and infinite model should be in equilibrium everywhere
at the temperature of the star’s surfaces, though it faces a challenge of the dark night sky
(Amendola Luca, 1998).

Carl Charlier, at around 1908, proposed to abandon the homogeneity idea and settled on a
hierarchical model with the stars arranged in such a way that their density seen from any star
decreases with distance. Since his model the density decreased radially from every star. This

recorded the first fractal model of the Universe (Carl Charlier, 1908).

The powerful action of Einstein’s equations, solved in a cosmological setting by Einstein himself
and by Friedmann (Friedmann, 1922), de Sitter and Lemaitre (Lemaitre, 1925) along with the
discoveries of Edwin Hubble in the twenties, gave to the Cosmological Principle the status of
almost a dogma among cosmologists. According to this principle, the universe is homogeneous
and isotropic when averaged over some scale. This scale of homogeneity has evolved in time,
from a few megaparsecs initially to a few tens of megaparsecs. The cosmological models based
on the Cosmological Principle, that is, based on Friedmann equations, had tremendous success
in explaining the observed facts and in anticipating new discoveries (Lemaitre, 1925, Peebles,

1989, Marcelo, 2008).

In 1980’s the redshift compaigns were completed (Perseus-Pisces,CfA1), which clearly exposed
the disuniformity of our Universe. This could require another scale up to about thirty mega-

parsecs or more from which the Friedmann’s equations are supposed to hold (Marcelo, 2008).

Thereafter at around 1983, Benoit Mandelbrot brought back fractals. He introduced frac-
tals as a mathematical tool to investigate the properties of a vast class of phenomena. In 70’s,
he propsed that even the distribution of galaxies may follow a fractal law, that is density scal-
ing with distance. Then, the power law decrease of the correlation function with distance was

proposed in particular by Peebles (Peebles, 1989). The reasoning was drawn from the 2-point



angular correlation function (Marcelo, 2008). This could be rejected later when it was real-

ized that the small amplitude of the angular correlation function proved large scale homogeneity.

Later Pietronero and coworkers (Pietronero, 1987) addressed the criticisms based on the angu-
lar correlation function whereby they revived the fractal hypothesis after shifting the ideas to
redshift surveys. It showed strong inhomogeneities and density scaling. However, still fracti-

tality scaled up also up to tens of megaparsecs.

Nevertheless, a major concern still piles up. There is a claim that the large scale distribu-
tion of matter or galaxies in the Universe is inhomogeneous, from the smallest to the largest

observed scales and perhaps indefinitely (Marcelo, 1998).

However, the principal endeavor to build a reasonable cosmological model in the frame of
General Relativity depended on an altogether different thought from what we think now, it
was accepted on a static universe with no start and end. With a specific end goal to accom-
plish such sort of question, Einstein presented, surprisingly, the cosmological constant in his
field equation, which yields, under specific conditions, a temperamental static universe. In
the meantime, Willem de Sitter realized an expanding cosmology with the presence of a cos-
mological constant, however, this sort of cosmology was disregarded along the years. Later
in 1922, Alexander Friedmann found an answer of the Einstein’s field equation that proposes
an expanding universe. Simultaneously, Georges Lemaitre proposed, surprisingly, a creation
occasion as the start of the universe extension, being the primary model that later would be
known as the Big Bang model, and proposed the distance-redshift relation that would clarify
the development and expansion of the space (Einstein, 1915, Lemaitre, 1998).

These proposition, together with the metric given by Howard Percy Robertson and Arthur
Geoffrey Walker (Gomez, 2011), give the name of what we know these days as the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric or cosmology. We trust it is the best fit to depict
our universe advancement. They freely demonstrated a universe with the premise that the

matter in it would be observed to be uniform from anywhere in it.



2.2 Review on Cosmic Distance Measurements

In 1929, Edwin Hubble proposed the relation between the distance and redshift by utilizing
the observational data accounted by Vesto Slipher on cosmic systems spectra a few years prior,

which he demonstrated the reality of the expansion of the universe.

Astronomers tirelessly research to know the distances for the farthest possible galaxies from us
and their distribution in the universe. The European Space Agency (ESA) in 1989 were able
to bring on board Hipparcos satellite (Heck & Caputo, 1999). This enabled the first star chart
to be formed allowing the astronomers to determine stellar distances out of several hundred

parsecs.

IAU symbosium 289 addressed the physics underlying methods of distance determination across
the universe, exploring the various approaches involved and acknowledging that the controversy
has, thus, not been solved, and all methods applied to date are affected by their own unique

sets of uncertainties (Richard, 2012).

Sloan Digital Sky Survey(SDSS) which constructs the largest map of the universe only maps
about a quarter of the sky in 3-dimension (Kazuhiro,2003). However, this volume-limited latest
SDSS data reveal clustering of galaxies that point towards inhomogeneities even to the largest

scales (Joyce et al; 2005).

The assumption is that such a challenge can only be tackled with huge and direct observa-
tional data that does not involve distance measurements. With that, we may be in a position
to tell the nature of the universe, that is, if the distribution of galaxies lies with the Friedmann

universe (Wamalwa, 2016).

These models of accelerated cosmological expansion always raise a variety of interesting math-
ematical questions. Therefore, we lay the basis for responding to this challenge by developing
a functional relationships between light intensity(I) and redshift(z) as well as between number
density(n) and redshift(z) in the presence of dark matter and dark energy, that is, includ-
ing cosmological constant, in our mathematical equations. The analytical theoretical results
are prepared in a suitable form for comparison with experimental results by making matlab

computational plots.



Chapter Three: Methodology

In this chapter, we clearly outline the method that we shall use to solve our problem. In
particular, we assume that the Friedmann model is correct and therefore proceed to describe
dynamics and evolution of the universe basen on FLRW metric. To do this, we derive and solve
Einstein’s field equations based on the Friedmann metric. This is rendered possible by devel-
oping a functional relationship between light intensity (I) and redshift (z) in the presence of

dark energy. We further derive number density-redshift relation on the platform of this metric.

3.1 Einstein Field Equations based on Friedmann Metric

Einstein’s field equations based on Friedmann metric are considered in this section.

Counsider the second rank covarient metric in matrix form:

goo go1 go2 gos

g10 g11 g12 g13
Juv =

920 g21 g22 g23

930 g31 g32 933

The terms in the main diagonal are nonvanishing, otherwise the rest vanish, that is,



c? 0 0 0
—R(t)2
g = 0 TrnrD)? 0 0
122 —R(t)2
0 0 TFrr2)2 0
—R(t)2
00 U
so that
R(t)?
g = cdt* — ﬁ(daﬂ + dy? + d2?) (3.1)

Equation (3.1) is the Friedmann-Lemaitre-Robertson-Walker metric that we shall use in this

work with
goo = ¢ (3.2)
and
g = —(1?_<—Z):2)2 = 922 = g33 (3.3)

Raising of the indices in equations (3.2) and (3.3) above gives

10



gy =2 (3.4)
and
1+ kr?)?
1 _ _( R(t)2) — g2 = g (3.5)
respectively.

We now need the curvature scalar and components of the Ricci tensor.

Let us, therefore, consider non-vanishing values of the Ricci tensor, that is, Ri;, Rao, Rs3

and Ry with their respective raised indices as already derived (Wamalwa, 2016) as

3R
Hoo = =500
L3R
00 __ 3R”(t)
RY = _—C4R(t) (3.7)

11



and also

Rll = R22 = R33 =

R(t)R"(t) + 2R (t)? + 8kc?

R(t)R"(t) + 2R (t)? 4 8kc?

(1 + kr?)?

R =

Rll —

2R(t)?

_ 8rc? + R(t)R(t) + 2R'(1)?

— R = R}

(1+ kr2)? = R2 = R®

2R(t)

Therefore, let us now express the curvature scalar as

R = R, = (Rg, Ry, R}, R3)

so that on using equations (3.6) and (3.9), we obtain

R=R!=—

3(8kc? + 2R(HR"(t) + 2R (1)?)

12

2R(1)?

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)



We are interested in describing the dynamics and evolution of the universe considering the
effects of dark energy hence, we consider the Einstein field equations with cosmological con-

stant (Einstein, 1917) as

1
R — SRg"™ + Ag" = BT (3.13)

where = 8:—4G, GG is the gravitational constant, A is the cosmological constant, ¢g"” is the
metric tensor, R* is the Ricci tensor, R is Ricci scalar, T* is the stress-energy tensor of the
matter content in the universe and c is the speed of light. This matter content in the universe
must be uniformly distributed if the universe is homogeneous. Furthermore, the matter con-
tent must be at rest with respect to the coordinates otherwise direction of velocity would break

isotropy of the universe.

Just like Ricci tensor components above, the stress-energy tensor also has the components

with raised indices (Wamalwa, 2016) in the form:

T = p(t) (3.14)

and

P(t) (3.15)

where p(t) and P(t) are mass density and pressure of the universe respectively.

13



Equation (3.13) can be rewritten as

1
R — SRg"™ = BT" — Ag"” (3.16)

The stress energy tensor is related to the Einstein tensor by the Einstein equation:

1
G = R — S Rg" = BT" — \g" (3.17)

In the next chapter, this equation will yield our specific Einstein field equations for describing

dynamics and evolution in a matter-dominated universe.

14



Chapter Four: Results and Discussion

In the last chapter, we introduced our method adopted for use in this work and wrote down

general Einstein field equations. We now proceed to derive Einstein field equations of dynamics

and evolution of the matter-dominated universe.

For pn = v =0, equation (3.17) becomes

GO0 — RO _ %Rgoo — BT — \g®

Substituting equations (3.4), (3.7), (3.12) and (3.14) into equation (4.1), it yields

0w —3R'(HR(t)  12kc¢* +3R'(t)*>  3R'(t)R(t)
O =—GRrer v arpE " armr MWz

or

12kc® + 3R/ (t)* = Bc*R(t)?p(t) — A R(t)?

15

(4.1)

(4.2)



Similarly, for y = v = 1,2, 3, we have

Gll — Rll - %Rgll — /BTH o /\gll — G22 — G33 (43)

We then apply equations (3.5), (3.10), (3.12) and (3.15) in equation (4.3) to get

(8k¢ + R(R"(t) + 2R (1)*)  (126c> + BR()R"(1) + 3R(1)?) _ BP() A

¢ = ZR(t)? ZR(D)? RG2 T RO?

or

4kc® + 2R R"(t) + R'(t)* = =B R(t)*P(t) — A\ R(t)? (4.4)

Equations (4.2) and (4.4) form our main equations for describing the dynamics and evolu-
tion of the universe. They are more general than field equations obtained ealier (Wamalwa,
2016) while ignoring the effects of dark energy. Clearly, these equations reduce to familiar equa-
tions without dark energy effects when we let A = 0. We now proceed to obtain a conservation

law based on these equations.

16



4.1 Coservation law

We begin by differentiating equation (4.2) with respect to t which gives

6R (t)R"(t) = 28" R(t) R/ (t)p(t) + B R(t)*p (t) — 2AER(t) R/ ()

where R"(t) = —d]zt(t) and R/(t) = —dlfhgt)

Multiply through by R(t) to get

6R(H)R (t)R"(t) = 2B R(t)? R (t)p(t) + B R(1)%p (1) — 2APR(t)? R/ (1)

Then let us multiply equation (4.4) by 3 to obtain

126¢® + 6R(t)R"(t) + 3R/ (t)* = =3B R(t)*P(t) — 3A* R(t)?

Rearranging, it yields

6R(t)R"(t) = —(12rc* + 3R/ (t)*) — 3B R(t)*P(t) — 3AR(t)?

17
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(4.6)



Applying equation (4.2) in equation (4.6), we get

6R(t)R"(t) = —Bc*R(t)?p(t) + A\ R(t)* — 332 R(t)?P(t) — 3AER(t)?

Multiplying this equation by R'(t) gives

6R(H)R (t)R"(t) = —Bc" R (t)R(t)*p(t) — 38R (t)R(t)*P(t) — 2X* R (t) R(t)?

Substracting equation (4.7) from equation (4.5), yields

3R (1) R(t)*p(t) + AR(t)%p (t) = —3R'(t)R(t)*P(t)

or
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Let us consider a pressureless matter-dominated universe so that P(t) = 0. Equatin(4.2)

becomes

or

where « is a constant.

Equation (4.2) can be rewritten as

12kc* + 3R/ (1)

2 _ BAR(E)’p(t)  ACR(t)’p(t)

R(t)

so that upon using equation (4.9), we obtain
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, _ Pact Aac?
12k¢* + 3R/ (1)* = R~ Rp0)

or

_ Bcta Aac?

4kc? + R(t)* = 3R(t)  3R(t)p(t)

or

4 2
_ Bca Aac 9

RO = 5r0) ~ 3rmpm

which also can be expressed as

drR Bcta Aac? 2
it~ \[3R(t)  3RM)p(t)  C

so that

dR
It = —— (4.10)
cta dac?
SR SRpE
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Equation (4.10) has an additional term (Aac?/3R(t)p(t)) carrying the effect of dark energy

which is usually absent in Einstein Field equations without the cosmological constant.

4.2 Light intensity-redshift relation

Suppose light from an astronomical object starts at r(t.) and travels towards the origin such
that at time ¢ = t,, it reaches the origin (r(¢,) = 0). The Friedmann metric (see equation

(3.1)), can be rewritten for null geodesics as

t2
ROP o

0=z T
¢ (1+ kr2)

where dt? = {2 and dr? = 72 = 32 + % + 22

C2£2 _ R(t)2T2

(1+ kr?)?
The square root of the above equation gives
R(t
of = iH( )TQ (4.11)
Kr
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By assumption, ¢ is positive while 7 is negative. Therefore,

cdt = — R(®) dr
1+ kr?
It also can be expressed as
c 1
dt = ——=d 4.12
R(t) 1+ (412)

Performing integration of equation (4.12) over (t.,t,) and (r(t.),7(t,)), we get

to IS d T(to) 1 d
t=— — 4.13
/te R(t) /r(te) 1+ K12 " ( )

Substituting equation (4.10) into equation (4.13) yields

/R“o) eV RdR B /T“o) 1

- - = 1 dr
R(te) R(t)\/ foa _dact _ guc2R (t) T TKT

3 3p(t)
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or

R(to) dR r(to) 1
/ 2 - - / o (4.14)
R(te) \/E\/% — 4kR(t) r(te) LT KT

This equation is more general and suitable for describing dynamics and evolution of the uni-
verse as it contains an extra cosmological term on its L.H.S earlier present in equation (4.10).
We can solve equation (4.14) for three different cases of k, that is, Kk = —1 (open universe),

k=0 (flat universe) and x = 1 (closed universe).

4.2.1 Flat Universe (x = 0)

Equation (4.14) becomes

This equation can be integrated as follows:
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1 R:|"

BcZap—Aa
3p(t)

1
2

R(te)

R(to)

r(t) — r(t,) = VR, | ——220)

Bap — A\

Rte)

1) () = V2o R(E)  120(t) R(L)
(te) = (o) VBRap(t) — da \/BRap(t) — A

Now using the relation

24



R(t.) = T+ (4.15)
and setting r(t,) = 0, we obtain
 [rw) [ epoR)
rite) = \/ﬁc%zp(t) — A\ \/(BCQOzp(t) —Aa) (1+2) (4.16)

4.2.2 Closed Universe (k=1)

Equation (4.14) now becomes

/ R / " il (4.17)
J— T = .

r 1+ r2 Bc2ap(t)—Aa

(t) R VR[22 g

Equation (4.17) can also be integrated as follows:

tan~'r

3p(t) T Bap(t) -

r(to) /R(to) dR
7(te) R(te) \/ﬁ\/ﬁc%cp(t)—/\a <1 12p(t) R )
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Now let

Such that

Thus,

and

Therefore,

R(to) dR
tan"'r(t,) = /
R(te) Bc2ap(t)—Aa ___12p(H)R
\/ﬁ\/ 3p(t) (1 ﬁCQQp(t)an>

R(to)
tan ' r(t.) = /
(te) \/_\/Bczozp t)— A \/1 o 12p(t)

Bc2ap(t)

12p(t)R

— ain2
Bc2p(t)a—Aa sin” ¢

R— (M) sin2 0

12p(t)

\/E _ BeZp(t)a—Aa sin @

12p(t)

dR = ﬁc’l’gM2 sin 6 cos Od6
o(t)

12p t
\/1 =11 —sin?0 = Vcos?2 0 = cos b
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Performing substitution by using above equations, equation (4.18) becomes

B2 p(t)a—Ia

ot = [y
0(te

Bc2p(t)a—Aa - Bc2p(t)a—Aa
’{T@)sm&/”ngcosﬁ

/ ool 2(Bc?p(t)a — Aa)6p(t) "
oty 12p(t)(Bp(t)a — Aa)

0(to)
=40

O(te)

(4.20)
or
. 12p(t)R
_ 1

0 = sin \/ﬂc%(t)oz —a (4.21)
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Therefore,

tan"'r(t,) = sin_l\/ 12p(t)

R(to) o \/ 12p(t)R(t,) - \/ 12¢2p(t) R(t.)
Betap(t) — A B

Bap(t) — A S Bap(t) — A

R(te)
(4.22)
Applying equation (4.15), we obtain
_ . 12p(t)R(t,) . 12p(t)R(t,)
! = sin”! —sin~* 4.23
tan™ r(t.) = sin \/Bc%zp(t) T sin (Bap(t) — Aa)(1+ 2) (4.23)

Taking the tangent of both sides of equation (4.23), we use the identity

tanA 4 tanB
1 4+ tanAtanB

tan(A £ B) =

to get

tan sin ! w — tan Sinfl\/ 212p(tzR(to)
r(te) = et (A opt) Aa)0t2) (4.24)

. —1 [ 120()R(t.) c—1 12p(t) R(to)
1 + tan sin —ﬁczl(;p(t)_ o tan sin \/ (IBCQQp/()t)—/\a)(l-i-z)




Further use of the identities;

Equation (4.24) can, therefore, be rewritten as

12p(t) R(to) 1 _ \/ 12p(t) R(to) 1
Betp(t)a—Aa [ 13p()R(to) (Be?p(t)a—Aa)(1+2) \/1_ 120(1) R(to)
(t) ﬂch(t)a—/\a (BCQp(t)a—/\a)(1+z)
T =
€ 14 [/ 2200R() 1 \/ 12p(t) R(to) 1

(Bczp(t)af)\a)(lﬁ»z)

Bep(tla—Aa [ 12p)R(to)
Bczp(t)afka

(Bc2p(t)a—Aa)(142) \/1_ 12p() R(to)

which can be simplified to

\/ 12p(t)R(to) _ \/ 12p(t) R(to)
Be2p(t)a—Aa—12p(t) R(to) (Be?p(t)a—Aa)(1+2)—12p(t) R(to)

1 1
L+ 12p(t) R(to) /B p(t)a—ra—12p(H) R(te) 1/ (Bp(t)a—ra)(1+2)—12p(t) R(to)

r(te) =
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This equation can also be written as

) ¥ PRORED | /et > a> (72 12000 - \/Bapt] o~ 1200A()
e = \/Bc2ozp — X — 12p(t) R(t,)/ (BEap(t) — Aa) (1 + 2) — 12p(t) R(t,) + 12p(t()4RQ( 33)

4.2.3 Open Universe (k =-1)

In this case, equation (4.14) now becomes

o) R(t,)
Iy L .
r(te) 1—17r \/ﬁcQOcp(t) )\oc AR

3p(t)

Let us perform integration of equation (4.26) as follows:

B2ap(t)—Aa

r(to °
1r ( ): /R(t) dR
) IR0 R \/ﬂc%m(t) da (14 120 )
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Let

Such that

Thus,

and

Therefore,

R(to) dR
tanh ™! r(te) = /
R(te) BcZap(t)—Aa 12p(t)R
\/E\/ 3p(t) (1 + ,BCQap(t)—Aa>

R(to)
tanh ™' r(t,) = /
R(te) Bc? ap t) Ao \/1 + o 12p(t)R

B2ap(t)—a

LpOF _ _ inp2g

Bc2p(t)a—Aa

R— (M) sinh2 0

12p(t)

VE = [EEe e G g

dR = W%mhecosheaw

\/1 12p(t)R = \/1 +sinh?6 = \/cosh2 6 = cosh@

31
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Performing substitutions, equation (4.27) becomes

— / 2sinh 6 cosh 8(%—(“’\0‘)

56212;;) A% ginh 6,/ 662’)(”“ Aa cosh@

/9“” 2(Bp(t)a — Aa)6p(t) .
o) 12p(1)(Bep(t)a — Aav)

0(to)

0(te)
(4.29)

However, we know that

. 12p(t) R
— sinh ™!
f = sin \/ﬁczp(t)a — A

(4.30)
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Therefore,

_ L 12p(t)R
tanh™' r(t.) = sinh ™'
anh™" r(t.) = sin \/50204;)(15) —a

R(to)
— Sjnhfl 122p(t>R(tO) . Sinhil 122p<t)R<te)
R(t.) petap(t) — A Bctap(t) — Aa

(4.31)

Applying equation (4.15) in equation (4.31), we achieve

o [1200RW) [ 120(0Aw,)
tanh r(ze) b \/ﬁczap(t) — A h \/(@c%zp(t) —Aa)(1+2) (432)

We can now consider the following identity to be applied in equation (4.32)

tanhA &+ tanhB
tanh(A 4+ B) =
anh( ) 1 £+ tanhAtanh B

to obtain
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-1 12p(t)R(to) 12p(t) R(to)
L) = tanh sinh BZan(®)— — tanh sinh™ \/(BCQQ =) (177)

.1 —1 [ 12p()R(t.) 12p(t)R(to)
1 + tanhsinh —502’; PO tanh sinh™ \/ Bc2app - vaTiEy

(4.33)

. . . o " _ sinhe _  sinhe . .
Using the given trigonometric identities, tanh = coshd — risinh’s’ we rewrite and sim
plify equation (4.33) as

12p(t) R(t,) o \/ 12p(t)R(t,) 1
Be2p(t)o—\ " Bc2p(t)a—Aa)(1+z) o
o O R
T =
e . 12p(t) R(to) 1 \/ 12p(t) R(to) 1
pplt)a=Aa [ 12,R(te) V (Be?p(a=ra)(1+2) [\ 12p()R(to)
Bc2p(t)a—Ara (BCQP(t)af)\a)(lﬁ»z)
or
12p(t) R(to) _ 12p(t) R(to)
r(t,) = Bep(t)a—Ara+12p(t) R(to) (Be?p(t)a—Aar) (1+2)+12p(t) R(to)
L) =

1 1
L+ 12p(t)R(to) /B p(t)a—ra+12p(t) Rte) 1/ (Bp(t)a—ra)(1+2)+120(t) R(to)

which can also be written, after being reduced as in the closed universe (k = 1) case above, as
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V1200) [mcﬂap() &) (1+2) + 12p(B) Rlt) — /BRap(t) — A + 12p(0) R(E,)|

\/Bc%zp — A+ 12p(t)R(t,)\/ (BRap(t) — Aa) (1 + 2) + 12p(t) R(t,) + 12p(t) R(t,)
(4.34)

All the three cases, that is, equations (4.16), (4.25) and (4.34) can be written in form of

one equation as

VIR [v/(BEap() — Aa) (1+2) — 12rp(O R(Es) — v/BEap(t) — Aa — 12rp(BR (L)

A
i VBAap(t) — da — 126p(t) R(to)/ (Bcap(t) — Aa) (1 + 2) — 12kp(t) R(t,) + 12%%?%?(%)
where kK = —1,0, 1.
Let us now define
a = Btap(t) — da — 12kp(t)R(t,) (4.36)
b= (Bap(t) — Aa)(1 + z) — 126p(t) R(t,) (4.37)

We consider r(t.) as a function of r(z) since ¢, depends on z, hence equation (4.35) becomes
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r(z) = VI2p(O)R(t,) VD = Va (4.38)
Vab + 12kp(t)R(L,) ‘

Suppose our astronomical object, for instance, star or galaxy located at » = 0 is emitting
light at an absolute power L. In the interval of time of emission ¢., we consider the light emit-
ted dt.. At an observation time t,, an observer measures the brightness of I of that light which
he receives at a redshift z. The observer’s position of reception of this light is given by equation
(4.35). As photons pass through space, they get redshifted. This means that the energy that
passes through the sphere of radius » = r(z) during some time interval is the same as 1/(1+ z).
With this, we can express light intensity (I) dependent on luminosity (L) of luminous matter

in the universe as

Ldt,
T80 )

where S,.(z) denotes the surface area of the sphere of radius, r = r(z) at time ¢ = t.

From equation (4.12) we can perform integration from t. to ¢, and from the coordinates radius

r=0tor=r(z) to give us

to ; rz) p
t = —_ 4.4
/te R(t) /0 1+ kr? " (4.40)
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In terms of time intervals, we can write this equation as

to+dto r(z)

c 1
=it = / — dr
/te o R(t) o Lt rr?

or

Substituting equation (4.40) into (4.42), we obtain

or

(4.41)

(4.42)

(4.43)



where we have applied equation (4.15).

Taking

(4.44)

and substituting equation (4.43) into equation (4.39) and using equation (4.44), we obtain

hence,

L(1 + kr(z)?)?
(1+2)(1+ 2)(4nr(2)2R(t,)?)

I = (4.45)
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Application of equation (4.38) in equation (4.45), we finally achieve

2

2
oy <\/12p(t)R(to)\/5ﬁ)

L Vab+12kp(t)R(to)
I = 5 (4.46)
(1 i 2)247'(' (y/l?ﬂ(t)R(to)\/E\/a> R(to)g

Vab+12kp(t)R(to)

4.3 Number density-redshift relation

Suppose that our astronomical objects (for instance, supernovea or galaxies) under considera-
tion are uniformly distributed in the universe so that we count how many galaxies we see in a
given redshift interval. If NV is the number of galaxies per unit volume of the space with metric
(dr? + r2d6? + r?sin*0d0) /(1 + rkr?)? and r?sinfdfdedr /(1 + kr?)? is the volume element, then
the number of galaxies between r and dr is 47r?dr /(1 + xr?)3N (Wamalwa, 2016).

Let us consider equation (4.35) as a function of z,

VIR [v/(BPaplh) — Aa) (1+2) — 12rpR(E) — v/BEap(l) — Aa — 12rp(R(E,)

T T /BPan(t) — ha — 2RO R(t.) v/ (BPan() — Aa) (T3] ~DRpIRG) + 200G
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We find that r(z) is proportional to z, that is, after application of expansion in powers of

z, it reduces to

2) = \/ 3R(t,)
| Betap(t) — 12kp(t) R(t,)

(2) (4.48)

We can now differentiate equation (4.47) with respect to z

dr _ (Bctap(t))*\/3R(to) (4.49)

dz Ja (@ 4 12/-cp(t)R(to)>2

where a = Bc?ap(t) — Aa — 126p(t) R(to) and b = (Bciap(t) — o) (1 + 2)) — 12kp(t) R(to)

Further, we can assume the number of galaxies to be enclosed within the coordinate hyper-

spheres r(z) and 7(z + dz) as

_Amr(2)?Nr'(2)dz

n(z)dz = T GEE (4.50)
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Therefore, substituting equations (4.47) and (4.49) into equation (4.50), we get

ASTNR(1,) (Bap(t))*/3R(E,) (Vo — v/a)
n(z) = (4.51)

3
Vb—\/a 2 — 4
|i1 + K (m) :| |: ab + 12ﬁp(t)R(tO)]

This equation relates how the number density of galaxies evolves with redshift. Together
with equation (4.46), they constitute our important result in this research work. These results
are more general than the results obtained using Einsteins field equations of General Relativity

without the effects of dark energy or without the cosmological constant.

4.4 Graphical Results

Generally, we are now in a position to apply our results to enable us determine or approximate
the number of galaxies in the observable universe, to which extend we can estimate their scales
of distribution, and also appropriate methods by which galaxies are evolving in number density.
The main outcome from this work is that we now have theoretical or mathematical results of

the dynamics and evolution the number density of galaxies up to redshift z = 5.

In the last section, we established analytically the relationship between number density of
galaxies, redshift and light intensity. Let us now consider the graphical evaluation of our re-
sults by writing and running simple computer matlab programs and plotting a few results for
light intensity-redshift and number density-redshift relations based on equations (4.46) and
(4.51) respectively for our analysis. In our matlab program, we have used the values of redshift

from z = 0 to z = 5. These redshift values are in line with available statistics. Density of
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the universe used varies from p(t) = 3e ?°kgm = to p(t) = 5e *"kgm =3 while the speed of
light used in the program is ¢ = 3 x 108m/s. The cosmic scale factor used is R(t,) = 9¢*m
and the gravitational constant, G = 6.67 x 107''m3kg~'s~2. The curvature of the universe,
k = —1,0,1 and the cosmological constant, A = 1.19¢=°?*m~2. Furthermore, for better results,
we have taken logarithm of values of light intensity and number density. Since we are interested
in the choice of parameters p(t) and R(t,) that would give us the shape of the curve that would
fit the experimental result (using unlimited observational data that does not have assumptions
about the background geometry), we can assign the number N of galaxies per unit volume of
our metric and the constant absolute power L of a galaxy or star, the arbitrary value 1. If we
run our program based on equation (4.46) for various values of p(t)(m) and R(t,)(kg/m?), we

obtain the following results (figure 4.1 to figure 4.6) for light intensity:
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Light intensity (l) against Redshift(z) for open universe

-105 T ' ' '
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log(l)
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_130 | | | |
0 1 2 3 4 5

Redshift(z)

Figure 4.1: Plot of log(I) against z for 0 < z <5 and k = —1 without cosmological constant(\)
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Light intensity (l) against Redshift (z) for open universe
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Figure 4.2: Plot of log(1) against z for 0 < z <5 and k = —1 with cosmological constant()\)
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Light intensity (I) against Redshift(z) for flat universe
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Figure 4.3: Plot of log(1) against z for 0 < z <5 and k = 0 without cosmological constant(\)
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Light intensity (l) against Redshift (z) for flat universe

-105 T ' ' '
rho= 5e-27
rho= 8.78e-26
rho= 1.99e-25
-110} rho=3e-25 |-

~115

log(l)

-120

-125

_130 | | | |
0 1 2 3 4 5

Redshift(z)

Figure 4.4: Plot of log(I) against z for 0 < z < 5 and k = 0 with cosmological constant(\)
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Light intensity (I) against Redshift(z) for closed universe
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Figure 4.5: Plot of log(1) against z for 0 < z <5 and k = 1 without cosmological constant(\)
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Light intensity (I) against Redshift (z) for closed universe
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Figure 4.6: Plot of log(I) against z for 0 < z <5 and k = 1 with cosmological constant(\)
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From figure 4.1 to figure 4.6, we observe that light intensity generally decrease with redshift
in accordance with our classical expectation. As redshift increases, the ionizing sources decrease
because structure formation becomes less advanced. The case of positive curvature describes
the closed universe, whose three dimensional space is anologous to the surface of a sphere. As
the coordinate of a sphere ranges from zero to one, the r-sphere sweeps out the entire universe
leaving it unbounded. We also see the light curves tend to ultimately converge for this case.
The converse is visible for open universe where the light curves tend to ultimately diverge. The
light curves for flat universe neither converge nor diverge. These effects are clear when the
value of (z) is increased in the program. From our results, it is also clear that light curves are
affected by dark energy, density and curvature of the universe e.g., light curves corresponding
to density of 5e=2"kg/m3 decrease faster in a flat and open universe than in a closed universe.
This effect is more pronounced in a flat and open universe driven by dark energy effects, as

seen from figure 4.1 to figure 4.4, than one without dark energy.
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Let us now look at the graphical results of the evolution of the number density of galaxies,

n with redshift, z as given by equation (4.51).

Number density (n) against Redshift (z) for open universe
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Figure 4.7: Plot of log(n) against z for 0 < z <5 and k = —1 without cosmological constant(\)



Number density (n) against Redshift (z) for open universe
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Figure 4.8: Plot of log(n) against z for 0 < z <5 and K = —1 with cosmological constant(\)



Number density (n) against Redshift (z) for flat universe
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Figure 4.9: Plot of log(n) against z for 0 < z <5 and k = 0 without cosmological constant(\)



Number density (n) against Redshift (z) for flat universe
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Figure 4.10: Plot of log(n) against z for 0 < z <5 and k = 0 with cosmological constant()\)



Number density (n) against Redshift (z) for closed universe
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Figure 4.11: Plot of log(n) against z for 0 < z <5 and k = 1 without cosmological constant(\)



Number density (n) against Redshift (z) for closed universe
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Figure 4.12: Plot of log(n) against z for 0 < z <5 and k = 1 with cosmological constant()\)



Plots for the number density of galaxies as shown from figure 4.7 to figure 4.12 reveal that
galaxies seem to have formed at a faster rate at the beginning of the universe than at much
later time. Structure formation seem to have grown at a fast rate from z = 0 until z ~ 1 when
it started to slow down. However, the rate of structure or galaxy formation seems to be more
for a universe without dark energy as compared to one with dark energy. This may be due to
continued accelerated expansion of the universe caused by dark energy. The overall expansion
of the universe reduces structure formation expontial law and hence inhibits structure forma-
tion. For plots of k that give almost similar curves, the universe may probably be unstable
for those values of densities and cosmic scale factor although appropriate scaling can help in

differentiating them.

4.5 How to compare our theoretical and experimental results

We have already obtained our graphical results for both light intensity and number density
as shown above. Suppose we have accurate observational data (huge enough data and free of
errors associated with cosmic distance measurements) measured for redshift, number density
and light intensity, then we can compare the experimental curve with our theoretical curve by
plotting them on the same scale. In this way, we can judge which experimental curve does
match our theoretical curve for both light intensity and number density. It is possible that the
experimental curve may not fit any of our theoretical curves but lie in between two theoretical
curves. If this is the case, then one can choose a new value, say R(f,), that lie in between
the two values of the theoretical curves sandwitching the experimental curve and use it in
the corresponding program of light intensity or number density. The process can be repeated
until we get a perfect theoretical curve that fits the experimental curve. At this point, we can
regard parameter values R(t,), p(t) and x as the radius of the universe, density of the universe
and type of universe, that is, flat, open or closed respectively. However, if we cannot get any
experimental curve that fits our theoretical curve no matter the choice of paramters, then we

can disregard the Friedmann model in favour of other models like the fractal model.
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Chapter Five: Conclusions and Recommendations

For a long time, scientists have successfully described structure formation in the universe based
on the standard model. However, current tridimensional maps of the universe cast doubt on the
validity of this model, in favour of the fractal model, as galaxy redshift surveys probe deeper into
the universe uncovering more inhomogeneous structures on large scales. These maps depend
on our ability to measure cosmic distance which is associated with a lot of errors. Furthermore,

the limited available observational data may not be relied upon for accurate results.

5.1 Conclusions

In this work, since the standard model is based on the Friedmann universe which embodies the
cosmological principle, we have derived Einstein field equations for a matter-dominated Fried-
mann universe while considering the effects of dark energy. Analytical and Computational
results for the evolution of light intensity and number density of galaxies with redshift have
been obtained in a suitable form for comparison with future observed dependencies that are not
associated with uncertainties. From our results, light intensity from astronomical objects falls
off with redshift and hence, by Hubble law, distance. This is in agreement with the classical
results. Thus, the laws of classical physics holds true for open, closed and flat universe. From
our number density-redshift relation, there was increased activity of galaxy or structure forma-
tion at the beginning of the universe than at later times for open, closed and flat universe. This
activity seems to have slowed down at around z ~ 1 but is more pronounced in structures for a
universe without dark energy than one without. This may be due to the continued accelerated
expansion of the universe caused by dark energy that inhibits structure growth. This structure
formation rate is in accordance with astrophysical observations and structure formation theory
of the standard model. We, therefore, hold a view that the Friedmann model adopted in this
work is correct. Nevertheless, we have prepared our results for experimental test based on
future accurate observational data. Subject to availability of this data, we hope, this rests the
fractal debate on whether or not the matter-dominated Friedmann universe is homogeneous on

large scales.
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5.2 Recommendations

This project reveals the need for accurate and intensive astrophysical data analysis of the
observable matter-dominated universe. Certainly, multi-band and multi-facilities like ALMA,
Spitzer, SKA and others, should be incorporated in order to probe the universe to higher

redshifts so as to give us deeper insight about structure formation.
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