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Abstract

The main risk faced with many life insurance and pensions o�ces is longevity and mortality

risk. The aim of my research is to develop an improved demographic forecasting model of

these risks in Kenya. Through my research, I intend to solve the problem of projecting

mortality and longevity in presence of insu�cient data and HIV/AIDS epidemic which

renders the classical Lee-Carter model less coherent. The data under consideration will be

obtained from the Kenya National Bureau of Statistics and United Nations. The model to

be used will be an extension of Lee-Carter model developed by [Tuljapurkar et al (2004)]

which is based on data inadequacy scenarios. Using the Singular Value Decomposition

SVD method I �tted the data for the period 1999 to 2015 after testing for structural change

and further forecasted using the random walk with drift model for the future periods of

2020 and 2030. The results were observed to be good because the model had as high as 75

percent R squared and Mean Absolute Percentage Error (MAPE) of less than 10 percent.

Additionally, a close comparison between my rates with the United Nations 2017 revised

ones seems to be almost alike. In application, I considered computing both the assurance

and annuity factors using the projected rates to counter mortality and longevity risks.
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DISTRIBUTOR: School of Mathematics, University of Nairobi, Kenya



iii

Declaration and Approval

I the undersigned declare that this dissertation is my original work and to the best of my

knowledge, it has not been submitted in support of an award of a degree in any other

university or institution of learning.

Signature Date

NICHOLAS KIBIWOTT BETT

Reg No. I56/76185/2014

In my capacity as a supervisor of the candidate’s dissertation, I certify that this dissertation

has my approval for submission.

Signature Date

Dr Ivivi Mwaniki

School of Mathematics,

University of Nairobi,

Box 30197, 00100 Nairobi, Kenya.

E-mail: ivivimwaniki@uonbi.ac.ke



iv

Dedication

This project is dedicated to God and my family.



v

Contents

Abstract ................................................................................................................................ ii

Declaration and Approval..................................................................................................... iii

Dedication ........................................................................................................................... iv

Figures and Tables .............................................................................................................. vii

Acknowledgments ............................................................................................................. viii

1 Introduction ................................................................................................................... 1

1.1 Background of the Study..................................................................................................... 1
1.1.1 Early Methods: Parametric mortality models .................................................................... 1
1.1.2 Mortality Tables.......................................................................................................... 2

1.2 Statement of Problem.......................................................................................................... 2
1.3 Objectives........................................................................................................................... 3
1.4 Significance of Study........................................................................................................... 3
1.5 Scope of the Study .............................................................................................................. 3

2 Literature Review ........................................................................................................... 5

2.1 Introduction ....................................................................................................................... 5
2.1.1 Theoretical Review ...................................................................................................... 5
2.1.2 Fi�ing the Mortality Index ............................................................................................ 5
2.1.3 Forecasting mortality Index kt ....................................................................................... 8
2.1.4 Estimation of Parameters ........................................................................................... 11
2.1.5 Parametric models .................................................................................................... 12
2.1.6 Cohort models .......................................................................................................... 13
2.1.7 Life table models ....................................................................................................... 14
2.1.8 Model Selection ........................................................................................................ 14

3 Methodology ................................................................................................................ 15

3.1 Basic Mortality and life table functions .............................................................................. 15
3.1.1 Force of mortality...................................................................................................... 15
3.1.2 Crude death rate ....................................................................................................... 15
3.1.3 Infant mortality rate .................................................................................................. 15
3.1.4 Age specific central death rate mx ................................................................................ 16
3.1.5 Age specific death rate qx ........................................................................................... 16
3.1.6 Future Lifetime Tx ..................................................................................................... 16
3.1.7 Complete expected future lifetime eo

x ............................................................................ 16
3.1.8 Number of persons alive at exact age x .......................................................................... 16
3.1.9 The probability of surviving beyond exact age x+n, n px ..................................................... 16
3.1.10 Average time lived in the interval x to x+n, nax ................................................................ 16
3.1.11 This is the number of persons years lived, nLx ................................................................. 17



vi

3.2 Chow Test ........................................................................................................................ 17
3.3 Fi�ing Mortality Index ...................................................................................................... 18

3.3.1 Estimation of parameters............................................................................................ 18
3.3.2 Forecasting Using Data of Unequal Intervals ............................................................ 19

4 Data analysis and Discussions ....................................................................................... 21

4.1 Source and description of data........................................................................................... 21
4.2 Description of computer programs for analysis used........................................................... 21
4.3 General analysis of the data used ...................................................................................... 22

4.3.1 Mortality Rates......................................................................................................... 22
4.3.2 Mortality pa�ern in Kenya .......................................................................................... 22

4.4 Chow test results .............................................................................................................. 24
4.5 Fi�ing the Model .............................................................................................................. 25
4.6 Model Evaluation .............................................................................................................. 25

4.6.1 Lee Carter model fi�ing for total population .................................................................. 25
4.7 Forecasting ....................................................................................................................... 27

4.7.1 Forecasted Age specific central death rates .................................................................... 27
4.7.2 Forecasted life expectancy at birth ............................................................................... 27

4.8 Construction of an abridged life table for the Kenyan Population ........................................ 29
4.9 Applying the projected rates to life assurance and annuity contracts................................... 30

4.9.1 Life Assurance Contracts ............................................................................................ 30
4.9.2 Life annuity Contracts ............................................................................................... 35

5 Conclusions and Recommendations .............................................................................. 37

5.1 Conclusions ...................................................................................................................... 37
5.2 Recommendations ............................................................................................................ 38

Bibliography....................................................................................................................... 39



vii

Figures and Tables

Figures

Figure 1. Mortality change 1979-2015 ................................................................................................. 22
Figure 2. Male, Female and Total mortality pa�ern ............................................................................. 22
Figure 3. Female life expectancy 1979-2015 ......................................................................................... 23
Figure 4. Male life expectancy 1979-2015 ............................................................................................ 23
Figure 5. Annual crude death rates 1960-2015 ..................................................................................... 24
Figure 6. Annual crude death rates 1999-2015 ..................................................................................... 25
Figure 7. Total population fi�ed ax, bx and kt ..................................................................................... 27
Figure 8. Life Expectancy Forecasts .................................................................................................... 29

Tables

Table 1. Fi�ed bx ............................................................................................................................... 26
Table 2. Fi�ed kt................................................................................................................................ 26
Table 3. Mean Absolute Percentage Error............................................................................................ 27
Table 4. R Squared............................................................................................................................. 27
Table 5. Predicted mx(t), t=2020 and 2030 and x are age ...................................................................... 28
Table 6. Life expectancy forecasts 2020 and 2030 ................................................................................ 29
Table 7. Combined life expectancy forecasts United Nations 2017 revised ............................................ 29
Table 8. Combined life table for both male and female populations 2017-2020 ...................................... 31
Table 9. Male life table 2017-2020 ....................................................................................................... 32
Table 10. Female life table 2017-2020 .................................................................................................. 33
Table 11. Whole life and Term Assurance factors ................................................................................ 35
Table 12. Whole life and Term Annuity Factors ................................................................................... 36



viii

Acknowledgments

I would like to thank the Almighty God for giving me the knowledge and the guidance
to complete this work. It is with great pleasure that I also convene the most profound
gratitude to the following good people, who supported me during its preparation. Dr.
Ivivi Mwaniki, lecturer and my supervisor. I am forever indebted for your assistance,
helpful discussions and ideas that you gave me whenever I approached you. My class and
work colleagues, your support and encouragement made the successful completion of the
project possible and for this am grateful. My parents Mr. and Mrs. Be�, may the good
Lord bless you abundantly for the love, care and support that you have shown me and for
believing in me.. . . . Again to you all.

Nicholas Kibiwo� Be�

University of Nairobi, 2017.



1

1 Introduction

1.1 Background of the Study

Since the commencement of the 20th-century human mortality has been on a decelerating
trajectory. This phenomenon has become a key subject amongst demographers and
actuaries worldwide. Research surrounding this area has gained momentum because
of the immense importance of understanding human mortality trends. Government led
population studies and also insurance and pension industries have increased research in
this area because the findings will enable governments to plan e�ectively and allocate
resources equitably and enable accurate pricing and risk assessments by insurances and
pension plans respectively. Despite the numerous research in the area only developed
countries have been well represented. On the other hand, developing countries have
greatly been le� out of this developments. This has led to governments and life insurance
sectors to continue using less reliable forecasts of mortality and life expectancy because
of acute shortage of quality data that plays a key role in most models that estimate future
rates. Kenya relies heavily on international organizations such as United Nations, World
Health Organization and World Bank to fill the gap in this area.

1.1.1 Early Methods: Parametric mortality models

Mortality law was simply a mathematical expression that described mortality as a function
of age. Abraham De Moivre was the earliest recorded mathematician who made the first
known contribution about mortality law [De Moivre (1725)]. From that time, numerous
contributions in the field continued, notable contributors came up with Gompertz law
modelled as an exponential function [Gompertz (1825)] of which [Gavrilov (1991)] de-
fined this law of mortality as one of the most successful models. This model expressed
mathematically the aging pa�ern of mortality a key feature as represented by an expo-
nential pa�ern. However, the Gompertz model did not fit infant, child and oldest-old
mortality, however, it majorly performed well in the middle ages of 30 to 90 years and
so [Makeham (1860)] addressed some of these problems by including additional parame-
ters capturing the infant mortality and younger ages. Makeham improved the fit of the
Gompertz function by coming up with a Gompertz-Makeham Model the variant term is
an age-independent component which captures the extrinsic mortality risk which has a
more influential e�ect at younger ages and is o�en associated with early adult mortality.
[Heligman and Pollard (1980)] came up with a comprehensive model that encompassed
eight parameters and having three terms; the first term described the fall of mortality dur-
ing childhood, the second one represented the hump feature between ages 18-24 years as a
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result of accidental deaths and the last term reflected the exponential pa�ern of mortality
at the adult ages. The Gompertz-Makeham function described in [Forfar et al (1988)]
generalizes the original models proposed by Gompertz and Makeham this methodology is
normally used by the Continuous Mortality Investigation Bureau CMIB to produce mor-
tality tables. The framework used is that of linear and non-linear models. Several reviews
have been wri�en on the subject like [Benjamin and Soliman (1993)]. Despite all these
tremendous progress identifiability problems emerged because the model involved param-
eters that were highly correlated. [Dellaportas et al (2001)] suggest a Bayesian Strategy
improves model fit and numerical properties. And in recent studies stochastic mortality
models have become preferable. The forecasted rates will, in turn, be used to come up
with life tables that would be used by insurers and pension plans to correctly price their
products in as far as the next 50 years. Abridged life tables are o�en used unlike the single
year life tables they include methods on stable population [Coale and Demeny (1966)],
the estimation of population by age, [Irwin (1988)], methods that exploit the relationship
between life expectancy and demographic indices, [Mazur (1969)], methods based on the
construction of abridged life tables [Chiang (1984)] and Brass-type relational methods
[Brass (1971)].

1.1.2 Mortality Tables

A key problem in estimating life tables in developing countries is scanty mortality data.
This fact makes it hard for users to have full confidence and validity of the values to be
applied and eventually projected. The Kenyan insurance industry until recently lacked
mortality tables developed from its own mortality experience. And so many Kenyan
insurance companies and pension schemes based their mortality basis on life tables of
other countries like South Africa and the United Kingdom like the SA85-90 and A1949-
52 respectively. As a result of this inadequacy, the first mortality tables specifically
constructed out of the experience of assured lives in Kenya was constructed in 2009
that is the KE2001-03. In addition, the study also suggested the need to adjust regularly
the mortality tables used by insurance companies so as to ensure that the mortality
assumptions match mortality experience of the Kenyan population. According to The
Actuarial Society of Kenya (TASK) one of the most cumbersome tasks of the mortality
study and morbidity study was that data was inconsistent and incomplete in most cases
and this actually brought concern of the quality of data and therefore approximations
and estimations were necessitated (TASK).

1.2 Statement of Problem

There is need to come up with reliable mortality forecasts despite insu�icient data and
catastrophes like the HIV/AIDS epidemic, this is because Lee Carter Model does not work
well in areas with unreliable data and mortality shocks. This realisation frustrates the
e�ort of coming up with accurate forecasts to be used by insurance and pension providers
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in the country. According to a report by [OECD (2014)] failure to represent for future
enhancements in mortality can expose pension and annuity providers to an expected
shortfall of provisions their liabilities. Reliable methods of projecting future mortality
rates is a crucial pillar of the life insurance and pensions industry.

1.3 Objectives

Overall
Model and forecast the future mortality and life expectancy rates based on insu�icient
data in Kenya.
Specific
• Estimate mortality index for the kenyan data (fi�ing)
• Forecast mortality rates and life expectancy for the kenyan population
• Construct abridged lifetable for the Kenyan population
• Apply projected rates to life assurance and annuity contracts for selected ages

1.4 Significance of Study

The gap that has been le� as a result of relying on stochastic mortality models like
the classical Lee Carter method is very critical in that these models are only useful for
developed countries. The authors allude to that fact that these models work best where
data is reliable and mortality shocks are not significant. It is, therefore, significant to
perform such a study in this country referred to as developing country which faces almost
these challenges of data inadequacy and mortality shocks so as to have well fi�ed and
forecasted data that will play a role in both insurance and pensions industries to enhance
viability and maintenance of a clean financial health. The potential and overall impact are
immense because new and similar industries will be able to set up shop in Kenya with
increased confidence of stability of profits and growth. The government also gains to
benefit because it will plan more e�ectively in the allocation of resources to the population
with the future in mind.

1.5 Scope of the Study

During a longevity conference in 2015 one of the lead author of the Lee- Carter model,
Ronald Lee, stated that data inadequacy and AIDS epidemic in many Sub-Saharan coun-
tries make the use of the model cumbersome. Vital and census data from most of the
sub-Saharan countries are insu�icient Kenya being one of the countries is not le� out. My
study will focus on the periods of 1979-2015. HIV/AIDS on the other hand also results in
coherency limitations during forecasting. This is because of the realization of the epidemic
that has really a�ected mortality stability in form of structural distortion [Chow (1960)].
In the second chapter, I intend to give a review of previous literature that fall under this
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topic and models developed so far. The third chapter will look at the methods employed
for modelling demographic risk and also the construction of the life table. In chapter four
I will analyze the data and give key findings and discussions and finally in chapter five I
will present my conclusions and recommendations.
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2 Literature Review

2.1 Introduction

This chapter looks into various past literature about stochastic mortality models used. It
summarises the empirical findings of the various models under consideration.

2.1.1 Theoretical Review

Mortality projections can be constructed using two approaches: Causal or explanatory
models that basically explain the details of inherent mortality factors and secondly by use
of extrapolative models that make use of the past data to forecast the future. According
to [Oeppen and Vaupel (2002)] extrapolation methods of life expectancy has repeatedly
outperformed causal based projections. These methodologies have both advantages and in-
adequacies. Extrapolative strategies have a tendency to depend heavily on past experience
to model the future trend. However, they include less judgment in the model development
process. Causal death models give more noteworthy knowledge into the potential reasons
for verifiable mortality and mortality change shi�s. However, the techniques utilized in the
aggregation of the individual causes results to an all-cause mortality assumption which
has raised doubts at times [Global mortality experience (2011)]. Insurance companies are
influenced by a wide range of risks. For instance, life insurance faces two main risks:
the investment risk and the demographic risk. Demographic risk can be categorized into
insurance and mortality risk, mortality risk can also be extended to refer to longevity risk,
living longer than expected.

2.1.2 Fi�ing the Mortality Index

Lee Carter Model (LC)

[Lee-Carter (1992)] considers available information and builds up a stochastic model of
mortality, which accounts for a mortality level that varies over time as per a single index.
The new technique proposed is extrapolative and does not consider medicinal, behavioral
or social factors on mortality change. The qualities are that it combines a rich yet par-
simonious model of analyzing mortality. It is anchored firmly on long term past trends
from 1900 to 1988 for the case of United States (US) information, and it gives probabilistic
certainty regions to its forecasts. This strategy varies from others in that it permits age-
specific death rates to decay exponentially unbounded. Further, [Lee (2000)] a follow-up
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to the paper [Lee-Carter (1992)] lays out the extensions, constraints and applications of
the Lee-Carter model. The technique can also be featured with disaggregation by sex, geo-
graphical locations, cause, and lower limits for death rates. The model structure is given by:

In(mx(t)) = αx +βxkt + εx,t (1)

εx,t ∼ N(0,σ2)

mx(t): observed central death rate
αx: mean age-specific level of mortality
kt : A time-trend index of general mortality level
βx : relationship factor from the age of profile as the ktvaries
εx.t : The error term at age x and time t.
The time index kt captures the key time trend on the logarithmic central death rates at
every age. The age element βx alters the main time pa�ern in accordance to the rate of
change at a specific age against the main trend. The model assumes that βx does not
change over time. However, the LC model in equation (1) is overly parameterized in the
extent that it leads to identifiability problems and so to obtain a unique solution the
following modification must be made to the equation:
Two constraints are imposed,

∑
x

bx = 1 and ∑
t

kt = 0(2)

αx, is obtained to be the average over time of the natural log of mx(t) given as:

αx =
1
T

T
∑

t=t1
In(mx(t))(3)
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.
[Lee-Carter (1992)] used a random walk with dri� model which is an ARIMA (0,1,0) model
which is expressed as:

kt= kt−1 + µ+ εt , where εt ∼ N(0,σ2)(4)

Where µ is the dri� parameter and quantifies the mean annual change in the series, and
εt is an uncorrelated error. The RWD model provides good outcomes in many scenarios
[Tuljapurkar et al (2000), Lee-Miller (2001)]. From the forecast of the principal component
scores, the projected age-specific log mortality rates are arrived at using the computed
age parameters, αx and βx.

Lee-Miller LM Model

It is an extension of the LC method, and di�erentiates itself from LC model in the following
ways:

1. Fi�ing period begins in the second half of the twentieth century (1950).
2. Adjustment of kt requires fi�ing to the life expectancy e0 in year t.
3. The jump-o� rates are the real rates in the jump-o� year in place of the fi�ed values.

In their assessment of the LC strategy, [Lee-Miller (2001)] found a mismatch between
fi�ed rates for the most recent year of the fi�ing time frame and real rates in that year;
this jump-o� error added up to 0.6 years in future for males and females combined.
Actual rates were used to remove the jump-o� error in the year of jump-o�. Furthermore,
the level of change in death rates was not steady over time, which is a key assumption in
the LC technique. As a result, the alteration of historical principal component scores added
up a larger error. To by-pass this, [Lee-Miller (2001)] embraced 1950 as the beginning year
of the fi�ing time frame because of di�erent age pa�erns of change for 1900-1949 and
1950-1995. This arrangement has been used by [Tuljapurkar et al (2000)]. Moreover, the
change of kt was accomplished by fi�ing observed life expectancy in year t.
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Lee-Carter Model �tted to limited data

[Tuljapurkar et al (2004)] developed here an extended LC way to deal with circumstances
in which mortality information are available at just a few points in time, and at un-
evenly divided intervals, circumstances frequently experienced in developing nations.
[Tuljapurkar et al (2004)] noted China and South Korea as countries with scanty data
and a�empted to compare to developed countries at that time. The sex-combined age-
particular death rates of South Korea were accessible for the years 1972, 1978, and a�er-
ward every year for 1983 through to 2000 making a total of twenty data points while for
China was for 1974, 1981 and 1990, three data points. The explained ratio of the fi�ed SVD
model was 0.84 and 0.96 respectively, inferring that the adjustments in the age pa�ern of
mortality were more coherent for both countries, however, the relative error value was
0.139 for South Korea which was less than the case for China by around 40 percent despite
China having a higher explained ratio. In the presence of fewer years of data (less than
20), these variations are assumed to be random fluctuations. For South Korea, with a
period of 28 years, the model is more robust unlike for China.

2.1.3 Forecasting mortality Index kt

Forecasting is the process of projecting the future in reference to the historical and present
data ["Forecasting"]. It refers to a formal statistical method employing time series data it
goes on to state that uncertainty is central to forecasting. In any case, the data must be
up to date in order for the forecast to be as accurate as possible.

RandomWalk with Drift (RWD)

[Lee-Carter (1992)] projected the mortality index using a standard time series model
which is an ARIMA model, (0,1,0), also referred to as a random walk with dri� RWD. It is
given by the following equation

kt = kt−1 +µ + εt (5)

Such that εt ∼ N(0,σ2)

kt represents the mortality index at time t,
µ is the dri� term and
εt is the error term



9

Properties of RandomWalk with Drift

In principle µ may be a positive or a negative value. We will use back substitution to
derive the key properties of this model and start from the main equation;

kt = kt−1 +µ + εt For t > 0
But kt−1 = kt−2 +µ + εt−1 For t > 1

Replacing, we get kt = kt−2 +2µ + εt + εt−1
...

And so kt = k0 + tµ +
t−1
∑

i=0
εt−i for t > 0

.
We set the initial condition k0=0, then we get

E[kt ] = µt and Var [kt ] = tσ2(6)

since
t−1
∑

i=0
εt−iare iid’s. We note that the mean and the variance are both non-stationary

time series because they depend on time t.

Cairns-Blake-Dowd (CBD) Model

The Cairns-Blake-Dowd, the CBD model, was designed for modelling mortality at higher
ages. Especially post retirement ages that are around age 60 years and above in the United
Kingdom. The two-factor model is a key variant of the Lee-Carter model is given by:

log it(qx,t) = k1
t + k2

t (x− x̄)(7)
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.
The logit function, log it(x) = log

( x
1−x

)
,x∈ (0,1), assumes the linearity of the logit of one-

year death probabilities at advanced ages. For a given year the logit of the one-year death
probability takes the intercept and slope parameters across years as a stochastic process.
The k1

t represents the level of the logit-transformed mortality curve and k2
t represents

the steepness of the logit transformed mortality curve. This article also examined the
advancement of post-age 60 mortality curve in the UK and its e�ect on the pricing of
longevity risk. The principal factor influences death rate progression at every age similarly,
while the second factor influences death rate elements at higher ages. The suggested
alteration includes an allowance for the underlying stochastic mortality and compensation
for the parameter risk. According to [Cairns et al (2006)], mortality risk ought to be taken
to mean all forms of uncertainty in future mortality rates. Longevity risk ought to be
deciphered as uncertainty in the long haul trend in death rates and survival function
of an individual and short-term risk ought to be translated as the risk that, over a brief
timeframe, death rates are significantly higher or lower than would normally be expected.
Examples of such include the HIV/AIDS epidemic of 1984 in Kenya which can be taken
into account. Once the epidemic has passed, we expect mortality rates to resume the
previous levels. This model, however, is suitable for countries in the developed countries
where data for the post-60 year population is available and complete unlike our situation
in Kenya.

P splines Smoothing Model

[Currie et al (2004)] developed another stochastic mortality model applying P-splines
model which uses penalized splines to impose smoothness across years and ages and then
account for that when fi�ing. A critical component of this technique is that forecasting is
a characteristic result of the smoothing procedure. In this model, the force of mortality is
assumed to be modeled as a linear association of smooth functions across age and time
the model is given below:

In(mx,t) = ∑i j θ i jβ i j
x,t (8)

.
θ refers to the rate of mortality for ith and jth entry in the matrix
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β Refers to B-spline’s consisting of cubic polynomial components for ith and jth entry in
the matrix.

Booth Maindonald Smith (BMS) method

Being a variation of the LC technique, the BMS strategy varies as follows:
1. Fi�ing time frame is resolved on the premise of a factual goodness of fit criteria, under
the presumption that the essential part where kt’s are linear.
2. The alteration of kt includes fi�ing to the age dispersion of deaths instead of the
aggregate deaths.
3. The jump-o� rates are the fi�ed rates.
[Booth et al (2002)] observed the linear time series to be traded o� by structural distortion.
By first expecting the linearity of vital part scores. The Booth et al strategy looks to
accomplish the ideal goodness of fit by choosing the ideal fi�ing time frame from all
conceivable fi�ing periods.

2.1.4 Estimation of Parameters

Estimated parameters once obtained are interpretable and a basic RWD has by and large
been proper for the single extrapolated parameter. The technique proposed includes
less subjective in enhancements to the Lee-Carter estimation premise. [Wilmoth (1993)]
displayed a weighted least squares for fi�ing the Lee-Carter:

Weighted Least Squares

The model is given by:

logqx(t) = ax +bxκt + εx(t), and he needed to estimate ax, bx and κt

.
To achieve a unique solution the following restrictions were used;
x=m
∑

xmin
bx

2
= 1 (a)

t=n
∑

t min
κt = 0 b) ,

these restrictions make no modifications to the model.

The estimation is calculated from the observed one-year death probabilities.To get a
starting value, we assume that is independent of x, where m is the number of ages or
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age groups. In the classic paper by Lee and Carter, they make a re-estimation to get the
observed number of deaths equivalent to the fi�ed number of deaths, that is

Dt = ∑
x

exp(ax +bxκt)Nx,t

Where Dt is the total number of deaths in the year t and Nx,t is the population of age x in
the year t. No analytic method is accessible so it must be done by seeking over a range of
k. Be that as it may, this second phase of estimation does not have any e�ect on whether
the Lee-Carter model could be fi�ed to the information or not.

Maximum Likelihood Estimation MLE

An MLE solution that is tied down on the assumption of a Poisson distribution of deaths
was developed; this Poisson log-bilinear model has in this way been connected by;
[Brouhns et al (2002)]. [Koissi and Shapiro (2006)] executed not a very clear way of Lee-
Carter to address infringement of the Lee-Carter assumption of constant error variance
crosswise over age. [Wolf (2004)] built up a Lee-Carter variation connected to first di�er-
ences in log-death rates that combine estimation of the Lee-Carter and time series models.
[Li and Chan (2005)] proposed an outlier-adjusted Lee-Carter method that reinforces the
estimation.

2.1.5 Parametric models

They incorporate parameterized functions, for example, the laws of mortality, and models
inside GLM’s. Non-parametric strategies are additionally connected, for example, the
principal components approach which addresses the dimensionality issue. Time series
methods are o�entimes applied in extrapolative forecasting. They possess the benefit of
being stochastic, hence assist in the computation of probabilistic expectation intervals for
the predicted values.On account of a zero-factor underlying model, ARIMA representation
has usually been applied. [Alho and Spencer (2005)] suggest that the data series ought to
be longer than the predicted timeframe, and ideally twice or thrice as long. Among the
one-factor models used are parameterized functions and the Brass relational model. A
two-factor model utilized as a part of mortality estimating is the Lee-Carter method. The
Lee-Carter model can be reached out to incorporate higher order terms and so doing greater
flexibility is achieved in forecasting and modelling univariate ARIMA representations
given by [Renshaw and Haberman (2003)] as:
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In(mx(t)) = αx +β 1
x k1

t +β 2
x k2

t +, ...,+β
p
x kp

t + εx,t (9)

.

2.1.6 Cohort models

The one and two-factor models might be connected to cohort data to come up with models
of mortality over the life time. In the instance of one and-two factor models, the cohort
approach has the benefit of being free of "tempo" misrepresentations caused by changes
in timing: when mean age at death is ge�ing larger [Bongaarts and Feeney (2002)]. In
principle, cohort models give a superior premise in predicting than period models. The
main constraint of all cohort models is that they require substantial data demands and
relevance. These issues are lessened when just part of the age range is complete. However,
vague data lead to statistical problems in modelling [Renshaw and Haberman (2006)].
One main example model is the age period cohort model expressed by:

In(µx(t)) = αx +β 1
x kt +β 2

x kt−x + zx,t (10)

.
x’s are ages available in the data such that: x ∈ [xmin, ...,xmax] t’s are the observed periods
such that: t ∈ [tmin, ..., tmax] Under the assumption: µx+k1,t+k2 = µx,t = mx(t) =

dx(t)
Ex(t)

for
0≤ k1,k2 < 1 is the unsmoothed death rates. dx(t) is the realized number of deaths aged
x at time t while
Ex(t)is the comparable observed exposure to risk.
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2.1.7 Life table models

International organisations like the United Nations UN, World Health Organisation
WHO and the World Bank comes up with their forecasts for di�erent regions in the
world. The methods used produces only model life tables which are just estimations of
[Coale and Demeny (1966)] regional model life tables where the North Model is common
for developing countries like Kenya. Other notable ones include the [United Nations (1982)].
[Olivieri (2001)] in their paper dealt with the application of forecasted mortality rates in
life insurance, specifically to life annuities and term assurances the Heligman-Pollard
principle is adopted in these projections.
In Kenya notable life tables developed is the KE2001-03 which was adopted by insurance
and pensions industries a�er usage of England and Wales’s life tables A1949-52 and
South Africa’s SA 1985-90. This KE2001-03 was constructed basing on data available in
the year 2001 and 2003. The Principle of correspondence was the key assumption. They
used census reports to come up with the crude rates and later performed graduation to
smoothen the crude death rates. HIV/AIDS was acknowledged to have fundamental e�ect
on the mortality rates and so two options were presented one with no HIV/AIDS and the
other with HIV/AIDS. For the former SA 85-90 was incorporated as the base level prior to
smoothening. For ages between 55-100 years (older ages), female mortality was assumed
to represent 80 percent of the male rates, this assumption was because of the lower death
rates noticed among females.

2.1.8 Model Selection

From our literature review the Singular Value Decomposition, the Weighted Least Square
method and the Maximum Likelihood Estimation methodology are the three widely
used methods for obtaining the model’s parameters during fi�ing. [Koissi et al (2005)]
reviewed these methods and concluded that the Singular Value Decomposition was the
best alternative for obtaining the mortality index kt .
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3 Methodology

3.1 Basic Mortality and life table functions

3.1.1 Force of mortality

The force of mortality µx(t) at age x in year t is defined as:

µx(t) = lim
∆x→0

[x<T0,(t−x)≤x+∆x|T0,(t−x)>x ]
∆x (11)

.
Where T0,(t−x) is the outstanding life time of an individual born at time t-x. This individual
will die at age x+T0,(t−x)in year t+T0,(t−x)
Based on the assumption:

µx+k1,t+k2 = µx,t , 0≤ k1,k2 < 1(12)

Uniform distribution of death UDD.

3.1.2 Crude death rate

Ratio of the number of deaths in a year to the total population at mid-year multiplied by
1,000

3.1.3 Infant mortality rate

Number of infant deaths under one year old per 1,000 live births.
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3.1.4 Age specific central death rate mx

Ratio of the number of deaths in the year to the average or mid-year total number of
person years lived over the year

mx =
dx/Lx (13)

3.1.5 Age specific death rate qx

The initial rate of mortality qx measures the probability of death over the next year of
person aged x, it applies to the age at the start of the interval.

qx =
dx/lx (14)

3.1.6 Future Lifetime Tx

It is a random variable accounting for the future life time of an individual aged x.

3.1.7 Complete expected future lifetime eo
x

eo
x in continuous time refers to the complete expectation of future lifetime a�er age x, so

that, for a life of exactly aged x, the probable age at death is (x+eo
x)

eo
x = [Tx] where Tx has a pdf given by fx(t) = t pxµx+t

ex is he discrete case and is approximated in terms of the continuous case as: ex = eo
x− 1/2

3.1.8 Number of persons alive at exact age x

It is denoted as lx. lo is the radix and by convention, it starts as 1, 1000 or 100,000.

3.1.9 The probability of surviving beyond exact age x+n, n px

The probability of surviving between exact ages x and x+n it is the complement of nqx

n px =
lx+n/lx = 1− nqx (15)

3.1.10 Average time lived in the interval x to x+n, nax
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It is the average share of the time lived in the interval x to x+n by the deceased during
that interval. According to [Newell (1988)] it is common to use ao = 0.1 in low mortality
countries and use ao = 0.3 for high mortality countries. We will use 0.3 for the Kenyan
case.

3.1.11 This is the number of persons years lived, nLx

Number of person years lived between exact age x and x+n

nLx = n(lx+n + nax ∗ ndx) (16)

3.2 Chow Test

Suppose we model our data as:
yt = a+bx+ et (17)

spli�ing our data into two parts we get: yt1 = a1 +b1x+ et1 . . . . . .1 and yt2 = a2 +b2x+
et2 . . . . . .2.
Where et ‘s is i.i.d with N(0,σ2)

Hypothesis:

H0: a1=a2, and b1=b2

H1: a1 6= a2,b1 6= b2

Let ST be sum of squared residuals from the pooled groups
Let S1 be sum of squared residuals from the first group
Let S2 be sum of squared residuals from the second group
Further, let N1 and N2 be the number of observed realizations in each group and k be the
total number of parameters, k=2.
And so the Chow test, at 95 percent level, is an approximation of an F test distribution
and is given in statistic form as:
[(ST − (S1+S2))/K]/(S1+S2)/(N1+N2−2K)∼ F (K, N1+N2-2K)
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3.3 Fi�ing Mortality Index

3.3.1 Estimation of parameters

Parameter vector estimate is obtained as the mean over time of the logarithm of the
central rate of death.

αx =
1
T

T

∑
t=t1

In(mx(t)) (18)

.
Then apply SVD to the matrix Zx,t such that

Zx,t = In(mx(t))− α̂x (19)

In order to obtain the matrix in the following form:

ULV ′ = SV D(Zx,t) = L1Ux1Vt1 +L2Ux2Vt2 + · · ·+LXUxXVtX (20)

Approximating the first term gives the following estimates:
β̂x =Ux1 and k̂t = L1Vt1. The following are the Singular Value Decomposition steps:

1.α̂x =
1
T

T
∑

t=t1
In(mx(t))

2. Formulate a matrix Zx,tfor obtaining βx and kt where

Zx,t = In(mx(t))− α̂x = βxkt

3.Implement SVD to the matrix Zx,t which disintegrates the matrix of Zx,t to the product
of three matrices:

ULV ′ = SV D(Zx,t) = L1Ux1Vt1 +L2Ux2Vt2 + · · ·+LXUxXVtX

U accounts for the age element, L accounts for the singular values and V accounts for the
time element
4. By running the SVD using the lca() function in R program we obtain the following
estimates:
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k̂t = L1Vt1 is the first vector of time element matrix, β̂x =Ux1 is the first vector of the age
element matrix
5.Lca () function approximates a further matrix Ẑx,t by the product of the estimated pa-
rameters β̂x and k̂t to obtain:

Ẑx,t=β̂x1 k̂t1

.
6. Approximate the logarithm of central death rate β̂x , k̂(u0),k̂(u1),k̂(u2),k̂(u3),k̂(u4),k̂(u5),k̂(u6)

and k̂(u7) by the following equation:

In(m̂x,t) = αx + β̂xk̂t (21)

3.3.2 Forecasting Using Data of Unequal Intervals

One of the key assumption is that a RWD model holds because of the nature of a stable
decrease in mortality rates over time which is basically an ARIMA (0,1,0) model given by:

kt = kt−1 +µ + εt Such that εt ∼ N(0,σ2),

kt accounts for the mortality index at time t, µ is the dri� term and εt is the error term.
we are working on unequal intervals kt will be represented as:

k(ut−ut−1) = µ [ut−ut−1]+σ
[
εut−1+1 + εut−1+2 + · · ·+ εut

]
(22)

where εt
′s∼ N(0,σ2)

The dri� is estimated as:

µ̂ =


T
∑

t=1
{k(ut)− k(ut−1)}

∑
T
t=1 (ut−ut−1)

=
k(uT )− k(u0)

uT −u0
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Due to lack of independence the variance is derived as:

σ̂
2 =

∑
T
t=1 {[k(ut)− k(ut−1)]− µ̂ [ut−ut−1]}2

{uT −u0}− ∑
T
t=1 [ut−ut−1]

2

uT−u0

Mean Forecasts can be carried out for t > T using:

kt = kT +µ(t−T )+ σ̂

t

∑
s=T+1

e(s) (25)

And subsequently obtain the logarithm of the central death rates estimates by:

In(mx,t) = In(mx,T )+βx [k(t)− k(T ] (26)
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4 Data analysis and Discussions

4.1 Source and description of data

My research contains data of age specific mortality rates derived from Kenya National
Bureau of Statistics KNBS, World Health Organisation, WHO and [United Nations (2015)]
Mortality data in Kenya is obtained from census data which has been collected every 10
years: 1979,1989,1999,2009 by KNBS for the periods: 1979, 1989, 1999 and 2009. These
rates are adjusted for HIV/AIDS and analysed for completeness a�er which they are then
presented as analytical reports published immediately a�er analyzing and compiling the
census reports. Additionally World Health Organisation obtains their own data separately
for the periods 2010-2015, their data is regarded as of good quality. Additionally, my
research will also include established estimates of crude mortality rates from combined
population from the United Nations since 1960 to 2015 for purposes of checking for struc-
tural distortions. The age specific central death rates for male, female and total population
will be in form of abridged life table and limited to age 80+ years that is 0, 1-4 and 5-79
(quinquennial) and 80+. To maintain uniformity in our data, we have maintained in annual
periods having eight points.

4.2 Description of computer programs for analysis used

We have equally used Microso� Excel and R program to perform most of the data analysis
such as computations and summary of data. Specific functions of excel and installed R
packages such as demography were key in estimating parameters used.

Assumptions
General key assumptions for this model are:-

-Future mortality trends will be a representation of historical trend shown by the data

-High epidemic scenario HIV/AIDS presence
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-Random walk with dri� model was assumed to follow the mortality pa�ern

4.3 General analysis of the data used

4.3.1 Mortality Rates

1.png 1.png

Figure 1. Mortality change 1979-2015

Over time the mortality rates seem to be on a downward trend. The red area represents
the period between 1990-1999 when mortality rates increased due to deaths related to
HIV/AIDS.

4.3.2 Mortality pa�ern in Kenya

2.png 2.png

Figure 2. Male, Female and Total mortality pa�ern
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To demonstrate the improvement in Kenyan mortality in further we can check, we have
plo�ed age group specific logs of central death rates for Kenyan male, female and total
populations. Overall there has been a decline in mortality rates in Kenya during the period
1979-2015 represented by the di�erent colour schemes. Blue being the latest and red being
the oldest. Orange lines represent the highest mortality for ages 24-45 years.

3.png 3.png

Figure 3. Female life expectancy 1979-2015

4.png 4.png

Figure 4. Male life expectancy 1979-2015

Life expectancy is also shown to be improving throughout this period for both male and
female populations. The 1990’s is the only period with a decrease because of the HIV/AIDS
epidemic, however, the upward trend is again beginning to manifest this is evidenced by
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[Cairns et al (2006)] mortality shock description of short term risk because of epidemics.

4.4 Chow test results

From our data, crude death rates given annually for the years 1960-2015 were obtained
from United Nations Development and Population. I decided to pick 1999 as a separation
point because of the highest death rates experienced, approximately 180,000 died from
causes related to HIV/AIDS this is according to [Global Aids Epidemic Report (2000)] and
also around this period HIV/AIDS was regarded as a national disaster in Kenya. Therefore
our separated structural periods will be S1960-1999, S2000-2015 and S1960-2015.

5.png 5.png

Figure 5. Annual crude death rates 1960-2015

Running the test we obtain the computed F Statistic value to be 17.964 and our tabulated
value of F (2, 56) to be 3.15 at 95 percent level of significance and so we reject the null
hypothesis and assume there is indeed a break point and result in a structural change
in terms of mortality trend between 1960 and 2015. From this test, we can note that
HIV/AIDS has brought a significant alteration of the mortality pa�ern. I, therefore, decide
to forego the periods [1960, 1999) and concentrate for the period 1999-2015 since this
point is also a break point. Graphical result is as fig 6 and we note the linear trend evident:

As shown from fig 5 and fig 6, the break point test, we are le� with only eight points of
data: - 1999, 2009, 2010-2015. Clearly, these points are unequally uniform and by standards
of the Lee-Carter model, it is insu�icient to fit this kind of data. [Tuljapurkar et al (2004)]
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6.png 6.png

Figure 6. Annual crude death rates 1999-2015

solves this problem by extending the lee carter model to such situations.

4.5 Fi�ing the Model

Fig 7 shows the total population fi�ed ax, bx and kt:
We will apply the LC method based on data with unequal intervals Tuljapurkar et al (2004)
and fit our model to the following data set. u(0)=1999, u(1)=2009, u(2)=2010, u(3)=2011,
u(4)=2012, u(5)=2013, u(6)=2014 and u(7)=u(T)=2015. Applying SVD approach on the lee
carter model we estimate the following parameters of bx and kt

We obtain the fi�ed mortality index, kt for the period Table 2:

4.6 Model Evaluation

4.6.1 Lee Carter model fi�ing for total population
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Table 1. Fi�ed bx

Age groups(years) Female Male Total

0 0.12598 0.11057 0.12867

1-4 0.15439 0.14873 0.16152

5-9 0.06129 0.06245 0.05824

10-14 -0.02577 0.01014 -0.00893

15-19 -0.00328 0.00363 0.00269

20-24 0.03482 0.01801 0.02802

25-29 0.13415 0.03165 0.07230

30-34 0.16983 0.08791 0.12258

35-39 0.15902 0.00803 0.11001

40-44 0.09674 0.06732 0.07535

45-49 0.08909 0.06558 0.07278

50-54 0.02386 0.04775 0.03568

55-59 -0.00598 0.05006 0.02590

60-64 -0.01631 0.04026 0.01500

65-69 -0.02707 0.03737 0.00759

70-74 -0.03142 0.03620 0.00435

75-79 -0.02676 0.03504 0.00534

80+ 0.08742 0.06699 0.08290

Table 2. Fi�ed kt

Years female male total

u(0)=1999 3.285095 5.124415 4.415705

u(1)=2009 2.619431 1.734368 2.154127

u(2)=2010 2.461997 1.529948 1.968678

u(3)=2011 2.304562 1.325528 1.783229

u(4)=2012 2.147128 1.121108 1.597781

u(5)=2013 1.989694 0.916688 1.412332

u(6)=2014 1.832259 0.712268 1.226883

u(7)=2015 1.674825 0.507848 1.041434
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7.png 7.png

Figure 7. Total population fi�ed ax, bx and kt

Table 3. Mean Absolute Percentage Error

Total Male Female

Mortality rates 0.055 0.051 0.087

Log mortality rates 0.014 0.014 0.02

Lee-Carter analysis

The Mean Absolute Percentage Error are all within the 10 percent bound both for

mortality and log mortality rates, Table 3, and according to [Lewis (1982)] it can be

interpreted to be a highly accurate forecast. More so, the R squared values are in the

region of 70 percent, Table 4, and hence our model seems to explain the level of model

variation quite well.

4.7 Forecasting

4.7.1 Forecasted Age specific central death rates

4.7.2 Forecasted life expectancy at birth

Table 4. R Squared

Total Male Female

R squared 0.74 0.76 0.66



28

Table 5. Predicted mx(t), t=2020 and 2030 and x are age

Predicted mx(t) 2020 2030

Age (years) total male female total male female

0 0.0319 0.0341 0.0310 0.0243 0.0248 0.0273

1-4 0.0030 0.0032 0.0028 0.0021 0.0021 0.0024

5-9 0.0024 0.0027 0.0019 0.0021 0.0023 0.0018

10-14 0.0020 0.0020 0.0020 0.0021 0.0019 0.0021

15-19 0.0025 0.0030 0.0020 0.0025 0.0030 0.0020

20-24 0.0034 0.0039 0.0029 0.0032 0.0037 0.0028

25-29 0.0037 0.0048 0.0028 0.0032 0.0044 0.0025

30-34 0.0040 0.0044 0.0037 0.0031 0.0034 0.0031

35-39 0.0053 0.0069 0.0046 0.0042 0.0068 0.0039

40-44 0.0069 0.0082 0.0057 0.0059 0.0067 0.0052

45-49 0.0074 0.0091 0.0057 0.0064 0.0075 0.0052

50-54 0.0096 0.0112 0.0079 0.0089 0.0098 0.0077

55-59 0.0126 0.0140 0.0110 0.0120 0.0121 0.0111

60-64 0.0187 0.0208 0.0161 0.0181 0.0185 0.0164

65-69 0.0293 0.0313 0.0264 0.0288 0.0281 0.0271

70-74 0.0473 0.0484 0.0447 0.0469 0.0436 0.0461

75-79 0.0766 0.0780 0.0730 0.0757 0.0705 0.0750

80+ 0.1141 0.1189 0.1129 0.0958 0.0980 0.1034
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Table 6. Life expectancy forecasts 2020 and 2030

Predicted mx(t) 2020 2030

Gender total male female total male female

e0 65.9 63.9 67.84 68.21 66.9 68.83

Table 7. Combined life expectancy forecasts United Nations 2017 revised

Period year 2020 2030

e0 67.3 69.8

Using the [Chiang (1984)] method on the age specific central death rates we obtain the

life expectancy values, e0, at birth at times 2020 and 2030. Life expectancy at x, is given in

Table 6:

According to the [United Nations (2017) Revision] forecasts of life expectancy combined

total population is given by Table 7:

8.png 8.png

Figure 8. Life Expectancy Forecasts

4.8 Construction of an abridged life table for the Kenyan Population

From the forecasted values of kt , the age specific death rates and probabilities of death are
determined. The death rates are computed using the calculated b parameter, the death
rates and the parameter kt on the last year where data is available that is 2015. Due to
limitation of reliable data to construct a complete set of tables, I will use the projected age
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specific central death rates mx to come up with an abridged life table for males, females
and combined population for the period 2017-2020 using available data which are in the
age groups of five years apart from age 0 to 1 year and age 1 to 4 years up to a maximum
of 80+ age interval.
Assumptions:
The exact value for ax can only be calculated from the full death records. Since this is
estimated on forecasted data, it is impossible to have the specific number of deaths and
so according to [Newell (1988)] choosing the correct ax for young ones is critical, he states
that using a0 to be 0.3 is conventional for high mortality countries which Kenya is among,
a1 to be 0.4 and ax to be 0.5 for all x>5 therea�er. The life table is to be constructed in the
following matrix format:

• Age x years - representing the age groups: 0-1, 1-4, 5-10,. . . 75-79, 80+
• Length of the interval of age intervals n
• Average fraction of life lived in the age interval x to x+n for the deceased, nax

• Forecasted central death rates, nmx

• Probability of death within n years, nqx

• Starting cohort number alive radix, lx to 100,000
• Number of deaths, ndx

• Number of person years lived in the range, nLx

• Aggregate number of years lived by individuals in cohort at start of age interval, Tx

• Expectation of life, life expectancy, ex

The life expectancy for those aged 1-4 years is higher than for age 0 which is a typical
scenario for developing countries [Canudas-Romo and Becker (2011)].

4.9 Applying the projected rates to life assurance and annuity
contracts

Using the projected central death rates mx(t)we use them to calculate the Actuarial
Present Values (APV herea�er) of life assurance and annuity contracts by first obtaining
the probabilities of dying at each period of age intervaltqx.
We assume the Force of mortality µx(t)=mx(t) estimation is based on the assumption:µx+k1,t+k2 =

µx,t ,0≤ k1,k2 < 1and lettqx = 1− t px = 1− exp(−µx(t)) = 1− exp(−mx(t)). We further
let i be the e�ective rate of interest for one period preferably one year and v be the present
value such that v = 1

1+i :
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Table 8. Combined life table for both male and female populations 2017-2020

years n nax nmx nqx lx ndx nLx Tx ex

0-1 1 0.3 0.03187 0.03137 100000.00 3136.66 97804.34 6592489.67 65.9249

1-4 4 0.4 0.00295 0.01174 96863.34 1136.99 384724.58 6494685.33 67.0500

5-9 5 0.5 0.00235 0.01169 95726.35 1118.71 475834.96 6109960.74 63.8274

10-14 5 0.5 0.00202 0.01004 94607.63 950.22 470662.62 5634125.79 59.5525

15-19 5 0.5 0.00249 0.01239 93657.41 1160.16 465386.67 5163463.17 55.1314

20-24 5 0.5 0.00340 0.01685 92497.25 1558.30 458590.52 4698076.49 50.7915

25-29 5 0.5 0.00371 0.01836 90938.96 1669.76 450520.38 4239485.97 46.6190

30-34 5 0.5 0.00395 0.01958 89269.20 1747.68 441976.77 3788965.59 42.4443

35-39 5 0.5 0.00534 0.02636 87521.51 2307.11 431839.78 3346988.82 38.2419

40-44 5 0.5 0.00693 0.03404 85214.40 2900.93 418819.69 2915149.03 34.2096

45-49 5 0.5 0.00741 0.03637 82313.47 2993.51 404083.59 2496329.34 30.3271

50-54 5 0.5 0.00963 0.04701 79319.96 3729.06 387277.15 2092245.75 26.3773

55-59 5 0.5 0.01265 0.06129 75590.90 4632.97 366372.06 1704968.61 22.5552

60-64 5 0.5 0.01870 0.08927 70957.93 6334.44 338953.55 1338596.55 18.8647

65-69 5 0.5 0.02926 0.13612 64623.49 8796.75 301125.58 999643.00 15.4687

70-74 5 0.5 0.04728 0.21055 55826.74 11754.07 249748.53 698517.42 12.5122

75-79 5 0.5 0.07657 0.31808 44072.67 14018.44 185317.25 448768.88 10.1825

80+ 5 0.5 0.11408 1 30054.23 30054.23 263451.63 263451.63 8.8
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Table 9. Male life table 2017-2020

years n nax nmx nqx lx ndx nLx Tx ex

0-1 1 0.3 0.03410 0.03353 100000.00 3352.73 97653.09 6391878.60 63.9188

1-4 4 0.4 0.00323 0.01283 96647.27 1239.72 383613.76 6294225.51 65.1257

5-9 5 0.5 0.00274 0.01361 95407.55 1298.90 473790.50 5910611.75 61.9512

10-14 5 0.5 0.00197 0.00981 94108.65 922.86 468236.09 5436821.25 57.7717

15-19 5 0.5 0.00298 0.01481 93185.79 1380.16 462478.53 4968585.16 53.3191

20-24 5 0.5 0.00390 0.01930 91805.63 1771.71 454598.85 4506106.63 49.0831

25-29 5 0.5 0.00478 0.02360 90033.92 2124.90 444857.33 4051507.78 44.9998

30-34 5 0.5 0.00440 0.02178 87909.02 1914.79 434758.11 3606650.44 41.0271

35-39 5 0.5 0.00692 0.03401 85994.23 2924.24 422660.55 3171892.33 36.8849

40-44 5 0.5 0.00817 0.04001 83069.99 3323.83 407040.39 2749231.78 33.0954

45-49 5 0.5 0.00910 0.04447 79746.17 3546.09 389865.61 2342191.39 29.3706

50-54 5 0.5 0.01120 0.05447 76200.08 4150.34 370624.53 1952325.77 25.6210

55-59 5 0.5 0.01395 0.06740 72049.73 4855.83 348109.11 1581701.24 21.9529

60-64 5 0.5 0.02076 0.09859 67193.91 6624.55 319408.16 1233592.13 18.3587

65-69 5 0.5 0.03127 0.14473 60569.35 8766.28 280931.06 914183.97 15.0932

70-74 5 0.5 0.04841 0.21496 51803.07 11135.80 231175.85 633252.91 12.2242

75-79 5 0.5 0.07796 0.32280 40667.27 13127.48 170517.67 402077.06 9.8870

80+ 5 0.5 0.11893 1 27539.80 27539.80 231559.39 231559.39 8.4
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Table 10. Female life table 2017-2020

years n nax nmx nqx lx ndx nLx Tx ex

0-1 1 0.3 0.03097 0.03050 100000.00 3049.82 97865.12 6784549.87 67.8455

1-4 4 0.4 0.00278 0.01104 96950.18 1070.48 385231.54 6686684.75 68.9703

5-9 5 0.5 0.00194 0.00965 95879.69 925.18 477085.50 6301453.21 65.7225

10-14 5 0.5 0.00203 0.01008 94954.51 957.08 472379.83 5824367.70 61.3385

15-19 5 0.5 0.00200 0.00997 93997.42 936.83 467645.05 5351987.87 56.9376

20-24 5 0.5 0.00295 0.01463 93060.60 1361.61 461898.97 4884342.82 52.4856

25-29 5 0.5 0.00280 0.01392 91698.99 1276.72 455303.15 4422443.84 48.2278

30-34 5 0.5 0.00367 0.01819 90422.27 1645.16 447998.43 3967140.70 43.8735

35-39 5 0.5 0.00462 0.02281 88777.10 2025.29 438822.31 3519142.27 39.6402

40-44 5 0.5 0.00571 0.02817 86751.82 2443.82 427649.55 3080319.96 35.5073

45-49 5 0.5 0.00574 0.02828 84308.00 2384.00 415580.00 2652670.41 31.4640

50-54 5 0.5 0.00790 0.03875 81924.00 3174.70 401683.24 2237090.42 27.3069

55-59 5 0.5 0.01103 0.05367 78749.30 4226.61 383179.97 1835407.18 23.3070

60-64 5 0.5 0.01613 0.07749 74522.69 5774.92 358176.15 1452227.21 19.4870

65-69 5 0.5 0.02636 0.12347 68747.77 8488.19 322518.37 1094051.07 15.9140

70-74 5 0.5 0.04470 0.20029 60259.58 12069.40 271124.40 771532.70 12.8035

75-79 5 0.5 0.07298 0.30572 48190.18 14732.69 204119.17 500408.30 10.3840

80+ 5 0.5 0.11292 1 33457.49 33457.49 296289.14 296289.14 8.9
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4.9.1 Life Assurance Contracts

The key variable of interest is the time until death random variable for a person aged x
and is denoted byT (x), the distribution function of T (x)is given by:

FT (x)(t) = P[(x)≤ t] = P[X− x≤ t|X− x] = tqx (27)

Where tqx is the probability that a person aged x dies in the age interval (x. x+t). A discrete
case is a random variable denoted by K(x) and is linked to the continuous case T (x)
however it is defined as the largest integer strictly smaller that T (x) Chavan et al (2016).
For x=0,1,2,3,. . . The probability mass function of K(x)is given by

P[K(x) = k] = P[k < T (x)≤ k+1] = k px ∗qx+k (28)

where k px = 1− kqx

Therefore the APV of a whole life assurance contract payable at the end of the year of
death of person aged x years, denoted by Ax and its expression is given by:

Ax =
∞

∑
k=0

vk+1 ∗ k px ∗qx+k (29)

The APV of a term life assurance contract payable at the end of the year of death of person
aged x years and limited for a period of n years, denoted by Ax1: n|its expressed as

Ax1: n| =
n−1

∑
k=0

vk+1 ∗ k px ∗qx+k (30)

The tables below represent the values of Axand Ax1: n|calculated at 10 percent e�ective
rate of interest p.a. 10 percent represents the rate of Central Bank of Kenya rate as at 1st
of July 2017.

There is a reduction of assurance factors over the period 2020-2030 to depict improvement
in mortality, however, there is a reduction of assurance factors over the age to show
increase in risk due to mortality which naturally increases with age. It is possible to
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Table 11. Whole life and Term Assurance factors

APV Gender Year Age (x)

20 30 40 50

Whole life

Assurance

Male 2020 0.0661 0.0907 0.1343 0.1970

2030 0.0600 0.0801 0.1182 0.1793

Female 2020 0.0486 0.0703 0.1051 0.1678

2030 0.0451 0.0646 0.1017 0.1682

Temporary

Life Assurance

Male 2020 0.0360 0.0758

2030 0.0333 0.0661

Female 2020 0.0248 0.0568

2030 0.0217 0.0509

compute other types of assurance factors like deferred assurance, endowment and pure
endowment using combinations of whole life and term assurance factors. Additionally
one can also interpolate to obtain assurance factors of ages between 20-30, 30-40 and 40-50.

4.9.2 Life annuity Contracts

The APV of a whole life annuity contract of one unit payable at the beginning of each
year until death of an individual aged x is given by:

äx =
∞

∑
k=0

vk ∗ k px (31)

The APV of a Term life annuity contract payable at the beginning of each year until death
or survivor to n-year term of person aged x years is given by äx: n| is expressed as

äx: n| =
n−1

∑
k=0

vk ∗ k px (32)

The table below represents the values of äxand äx: n|calculated at 10 percent e�ective rate
of interest p.a. 10 percent represents the rate of Central Bank of Kenya rate as at 1st of
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Table 12. Whole life and Term Annuity Factors

APV Gender Year Age (x)

50 55 60 65

Whole life

life annuity

Male 2020 2.989 2.839 2.630 2.397

2030 3.030 2.883 2.674 2.413

Female 2020 3.063 2.907 2.698 2.420

2030 3.062 2.901 2.689 2.408

Temporary

Life Annuity

Male 2020 2.714 2.647 2.532 2.370

2030 2.738 2.676 2.566 2.413

Female 2020 2.762 2.697 2.590 2.4197

2030 2.763 2.695 2.583 2.408

July 2017. From table 11 and 12 we see that the annuity factors increases with period
2020-2030 to show that there is an increase in longevity risk, people living more years
than expected. To counter this risk the annuity factors are increasing over the periods.
Additionally, using the same argument as for the assurance factors, I can also obtain
annuity contracts such as deferred annuities and also annuities payable more than once
in a year by Woolhouse’s approximation formula.
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5 Conclusions and Recommendations

5.1 Conclusions

This study computed the forecasts of the log mortality rates of the corresponding age-
specific death rates for male, female and total population. The computation showed that
the first interval for infants, the mortality observed is significantly higher than the rest
of the age groups. The second interval is for early childhood. The log rates of the age
specific death rates for male and female from 1979 up to 2015 were used in obtaining
matrix Z as a precondition in performing the Singular Value Decomposition. The param-
eter ax was obtained by taking the average over time for the natural logarithm of the
age specific mortality rates. The significant di�erence of the mortality changes between
the male and female was also shown in the study and they seem to converge at some
point in the future. It is observed that at most age intervals of adulthood, male deaths
generally occur more than female deaths however old age mortality is uncertain because
of extreme limitation of data this phenomenon cuts across both developed and developing
nations. Looking at the general mortality account of the male, female and aggregate
population, the arrangement of these general index tend to diminish, despite the fact that
not monotonically, a�er some time. The Singular Value Decomposition (SVD) was used
to determine the parameters of bx and kt. For the parameter bx, higher values appeared
in the 0-4 year interval, which meant that, in such interval, mortality varies significantly
when the general mortality index kt changes. The older ages showed lower parameters
which mean that mortality slightly varies during that period. New age specific death
rates were computed using RWD because of the assumption of steady decline of mortality
which was evident in the data and the forecasts were up to the year 2030, this maximum
period was selected because, if the forecast period is prolonged uncertainty would increase
and according to [Alho and Spencer (2005)] data time frame should always be lengthy
than the predicted bounds. The life expectancy forecasts were compared with the United
Nations forecasts revised in 2017 and the obtained rates from my research and a close
resemblance is noticeable. From the forecasted values we note that the life expectancy at
age 0 is lower than at age 1 which is a common occurrence among third world countries
however this trend seems to be disappearing probably because of reduction of infant
mortality rates and improvement of healthcare systems in the country. Most developed
countries passed this stage towards the end of the twentieth century. From my study
the Kenyan life table was created up to a maximum age interval of 80+ years for the
period 2017 to 2020 and the forecasted mortality rates were applied as a mortality basis
in conjunction with a 10 percent Central Bank of Kenya Rate to obtain life assurance
and annuity factors useful for the life insurance and pension providers. Mortality and
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longevity risk which form parts of demographic risk are catered for from the new rates
developed and other than this rates we expect the implementers to employ conservative-
ness because of the continuous improvement that was not captured properly by this model.

5.2 Recommendations

My research involved application of Lee Carter model with limited data and high epidemic
(HIV/AIDS) situation to the Kenyan population only. As a further study one can take up
this model to model and forecast mortality rates for multi-population such as for similar
countries that face similar mortality experience like the sub-Saharan region by models
proposed by Cairns et al. Smoothness and graduation test for our life table should be
carried out to ensure premiums for assurance and annuities of subsequent ages are priced
correctly and develop select period mortality rates ours have only taken into account
ultimate rates.
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