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CHAPTER I : '

INTRODUCTION AND STATEMENT OF THE PROBLEM

e -

' -~
The movement to reform the teaching of mathematics
gains ground steadily; the need to revitalize mathematics
teaching is generally accepted but the nature and extenﬁ.of‘T

the reform that is necessary remains a matter of informed
. >

and sensitive guesswork.

| The development of improved mathematicg programs haé
hot been restricted to thé'Uniteq States. A significant
jillustration of this fact is found in the first report of

Ethe Internatiog?l‘C1ea;inghousg of Science and Mathematics
Epublisﬁed in 1566, which is a volume of 291 pages listing
\

;the science‘ahd'mathematics curriculum programs now in
%brogresg throughou£ the world.

§ Some of the principal protagonists of this rethink-
i;g in the United States are: the Commission of Mathe- |

lmatics of the College Entrance Examination Board (CEEB), the
University of Illinois Committee on School Mathematics |

(UICSM), the School Mathematlcs Study Group (SMSG), and the

Secondary School Currlculum Committee of thf\fffl°nal

1 \
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| : ! i . .
{Council, of Teachers of Mathematics. In Great Britain, there
- N
Tl
I
{

are the Midlands Mathematics Project (MMP), the Norfield

';Mathematics‘Tea¢hing Projegt (NMTP), and the School Mathe-
matics Pfoject (SMP) . ’

|

: .In Africa, the African Education Program seeks to

bring to that continent some of the newer and more effec-

tive methods of preparing improved school curricula in

mathematics .and the sciences based on the American experi-

ence in school reform over the past decafé/(183:472). The-

;prog:am applies the methods gf curriculum development in
'?con?qnction with British and African scholars'and teachers
Efor the purpose of developing new course materials indige-
Enbus to African needs and relevant to African aspirations.

Two major re?orts on Secondary School Mathematics,
one from'England and one from the United States, were pub-
. i1lished withinnéhe‘years 1958-1959. Each sgught to outline
ghe‘essentials of secondary college preparatory matheﬁatics,

its content and methods. These reports were:

1. Teachihg'Mathemétics-in Secondary Schools,

Ménistry of Education Pamphiet No. 36 (London:

Her Majesty's Statioherylofficey 1958). Paper,
vi-154.pp; ‘

 'r
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- |

2. Report of the Commission on Mathematics, Program

for College Preparatory Mathematics (New York:

|
|

College Entrance Examination Board, 1959),

63 pp.
A reading of both reports revealed that each dealt
with essentially the same problems at roughly the same time

“(less than a year separates the reports) but there were

-

rather sharp differences between them in analyses and_recom-

P

mendations. In som?_instances, they appeared to be contra- !

dictory.

-

These reports are among the most prbminent examples
14

in mathematics education on both continents. They are
reviewed in Chapter II. Frank H. Bowles, President, College

EEntrance Examination Board, stated in forewording his
! ‘

‘commission's report:

‘
i

E It is the hope of the Board that, in due course the
Commission’s recommendations will be integrated with
those of other groups to improve the study of mathe-
matics from the first grade to the graduate school.
(39:x)

t

»

Philip Peak, Acting Dean of the Schocl of Education
and Professor of Education at Indiana University, Blooming-

ton, Indiana, writing in the Mathematics Teacher).stated

that both reports»shouid.be studied together to give the’

teacher a sﬁbsﬁantial look at mathematics in the

i
I
!
|
'
i
]
)
i
)

[
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EEnglish-speaking secondary schools, and Bryan Thwaites,

Dlrector of the School Mathematlcs Project (SMP) at West-

f1e1d College (Unlver51ty of London), Southampton, England !

4 -

stated:

In view of the great changes which have taken place
during recent years in mathematics at University level
including those changes which. are often considered
collectively under the term "Modern Mathematics," there
is a prima facie case for a critical look at the content
of present school syllabi. Research should be insti- !
tuted without delay to ascertain which partﬂ if any, oﬂ%%
traditional syllabi should be omitted as of doubtful
value and what might more profitably be included.
(31:29)

Some of the controversies in the reform movements
id the United States and Europe provide insight into the

nature of the problem involved. ' .

In October, 1961, The New York University Alumni

iNews published an article written by one of its professors E
{ . !

fof mathematics, Morris Kline. In commenting about the

i
1

gexperimental programs in high school mathematics, Professori
%Kline éointed out that he felt the "new" mathematics
Estressed theory and proof at the expense of other processes
by which mathematics is created. He went ‘on to say that
the primary value of mathematics in the high school is that
1t is the 1anguage and essent1a1 1nstrument of sc1ence

(130: 1 3, 8). The appearance of this artlclelstarted a

[




icontroversy that occupied the pages of The News until
'February, 1962. The December, 1961 issue carries Professor ;i -

‘Begle's answer to Kline's attack. He emphasized that new Ly’

|
|
|
l
|

concepts and discoveries in the sciences like quanta,

nuclei, mass energy and Lorentz transformations need new
) - . : |
.concepts in mathematics such as vectors, groups and ma- '

+

“trices (33:1,8). Professor of physics Morris H. Shamos,
in the February, 1962 issue, expressed the opinion that the |

lack of ability of students to apply basic mathematical

. .

.concepts to the sciences is due to a mathematics curriculum

- ™

T . ~

that does not- fire the students' imagigetion (58:1, 8).
Professor Krzysztof Tatarkiewics of the University
of Lublin, Poland, writing for UNESCO states:

The primary aim of mathematics teaching at primary and |
.secondary levels is to drill the pupil in a limited
range of problems. The parts of mathematics he learns
before the baccalaureate or secondary school leaving )
certificate can be set out in a few pages in the case |
of arithmetic and algebra and in twenty or thirty pages
ip that of geometry.s. . . It is thus of great 1mport-
ance that his mathematics "drill"” should include as
much as possible of wﬁﬁt will be necessary for the
applied mathematlcs he uSes, or will form a grounding

‘ -for university studies. This is possible only if the
oo pupil: learns no more than is genliinely essentlal.
(63:48)

|
i
|
i
1

In the March, 1962 edition of The Americ¢an Mathe-

i

matical Monthly, there appeared an article wrltten by

seventy-five mathematlckans including Garret Bl:khpff of

N
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| .

iHarvard, Richard'Courant of New York University, H. S. M.
:Coxter of University of Toronto, Morris Kline of New York
wUniversity, George Polya of Stanford ﬁniversity_and W. W.

: Sawyer of Wesleyan University. These mathematicians agreed
‘On four premises:

1. It i; incorreét to stress content at the

expense of pedagogy.

2. Mathematicians may unconsciously assume that

young people ought to like what mathematicians™|

like, and that the only worthwhile students are

_ those who have the ability to become mathema;

*

ticians.
3. There is a need to learn more mathematics than
in the pést.
‘ - 4, The teaching of glementary and high school
maéhematics neéds improvement.

ﬁBeginning with these premises, the authors list several

H ~

Eguide lines for high school mathematics:

i 1. High school mathematics should provide for the

| needs of all students, without undue concentration

| : on the needs of future mathematicians.

2. Premature formalization and the premature intro-
duction of. abstractions are dangerous. Before
these are attempted there must be an adequate back-
ground of facts. Challenging concrete appllcatlons
should accompany the teaching of concepts. :
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3. Mathematics is the’ianguage and essential’ instrument
of the sciences. If mathemdtics is separated from
‘the sciences, it loses one of its most important
sources of interest and motivation.

4, Mathematical thinking is not only deductive reason-
ing. The student must have experience with some of
the more informal procegses in order to understand
and appreciate the role’of formal and rigorous
proofs.

5. There are several levels of rigor. The levels
‘should be matched to the student's mathematical
experiences and background.

6. The best way to guide thé mental development of a
‘student -is to allow him to retrace the mental devel-
opment of the race, i.e., its great line, not the
errors of detail.

7. A new curriculum should emphasize unlfylng .general
‘concepts, preceded by concrete preparatlon and
followed by challenglng application. (155:189~-

192) ‘

Nearly everyone agrees that mathematics is an essen-

itial part of a general education at the secondary level. :

Teaching of Mathematics at the University of Chicago.

ISO wrote Professor Maurice L. Hartung, Professor of the
i

EA distinguished former -member of His Majesty's Inspectorate
1 - .

iwrote in 1931:

‘is made to give specific answers to questions about

Thls happy‘state of unanimity disappears when an effort
content and method. Diversity of opinion is then the
rule, Differerices exist not only between the.views of
the mathematicians.and those of general educators, but
even among the mathematical experts themselves. The
problem of determining what mathematlcs is essential
has no neat mathematical solution. The‘most effective
efforts to specify an essential mathematical training
are those that give a®tention both to the behaviors
sought and to the content with which they operate.
(126: 82)

’
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The very last thing I desire to do is to impose on
teachers my ideas of methods. Anything in the nature
of standardized method in English.Schools is unthink- i
able.. The Board.of Education, as I know it, never '
issued decrees in matters affecting the faith and doc~
trines of our educational system, it confined itself to
making suggestions . . . and a method is not a piece of
statuary, finished and unalterable, but is an ever
changing thing, varying with the particular genius of
the teacher who handles .it. . . . The method itself
counts for something, but what counts for very mueh~" !
« more is the life that the craftsman when actually at '
* work breathes into it. (59:vii)

The interested reader would, at this point, realize
that differences in programs and the resultlng levels of i
‘achlevement, may be 1nfluenced by a number of factors, such !
as theAphilosophy and the organization ‘and administration “;
,0f . the educational system. He may then ask, what ie the »;
best indicator of‘the over-all objective for teaching |
secondary school mathematics? Rudman_(1958), when discuss—{
‘ing the use of textppoks, stated that textbooks have been 5
designed to perferm one function which is to supply a coursé
of study. The bextbook is most effective when uaed for
this purpose, and it is an accepted fact that the textbqok
ii the majei teaching tool in mathematics classrooms. ' The
chtent of the textbook used thereby determines in large
part what topics aré to be taught and the~extent to which

each will be developed . Thls belief has been evidenced

since the beglnnlng of the century when Reader stated that
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ithe best expression of the methods of teaching any branch
iof the curriculum at any. perlod of its history is revealed

'in the tektbooks of- the period.

This study, thePefore, suggests that the content of
textbooks used determines in large part what toplcs are to
be taught and the treatment expected can be inferred from

_%%he appropriate examination papers.

Basic Difficulties

What follows is a listing of six difficulties that

have motivated this study:
B N ) !

o 1. There is great interest in many countries in the
possibility of radical changes and improvements

in the teaching of mathematics. This trend has

a number of contributing causes.

2. _There is the broad underlying fact that modern
society is making increasing demands on all
citizens_fof simple(mathematical skills and an

| . 'aépréciation'of numerical significance;. Those

in executive pésitions in the large organiza-
tions of today are increasingly called upon to
make decisions in which quantitative apprecla— _';

tions are essentlal.




1o
The demand for scientists and englneers——all of

whom must have sound knowledge and understandlnq

of mathematics in industry and in other bran- ﬁ
’ |
thes of economic activity are leading to a f

. . |
demand for more mathematicians with new kinds i
of skill. All of these demands are crgéting.a :
need for a reappraisal of the content and

ﬁethods of school mathemétics._
Despite the great amount of dlscu551on and studf
of the problem of mathematlcs teachlng, much of
it is not having the desired impact on the ;
schools (26:11). 1In the last analysis, it is
in Fhe schools that action must be takén, and i
it is there that the significance of the new i
thinking will be judged. |
This lag between the new ideas and their effect |
on the schobl is, of course, inevitabie and
perhaps desirable. Nevertheless, it Qas felt
that t%e works of groups of experts is at best
a tentative beginning, since inevitably the
te#ﬁbooks, the experimehts, and defiﬁitive

programs will need to be adapted-to the tradi-

tions and the needs of the different pountfies‘
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-‘day. Which one and how many of the new mathematical con-
" .

11
in which the modernization of mathematics
curricula is undertaken.

6. There seems to be a total lack of any kind of

systematic identification of secondary mathe-
matics curricula problems and their interrela-

tions and implications for one another.
.
¥

An enormous amount of entirely new mathematics has

been developed in the last fifty years. Some of this

- -

mathematics is recommended for the college capable student.I

iBut 'a double guestion faces the curriculum planners of to-

—~
cepts should be included in the already overcrowded pre-

icollege secondary program?

i Statement of Purpose

! : ) 3
; The problem studied may be stated in general terms |
' v

H /
:as the investigation of the areas of agreement or disagree-

!
;
t
i
l

ment in secondary school algebré in England aha the United.'
/States. Theée'data are then used to help indicate essen-
[tials and suggest research pertinent to the Entebbe Pfogram
(The African Mathematical.Program).‘ More cbﬁcretgly, the
objectives Qere: (i) to discover, by content ahalysis, thg_

.

common areas of concern of secondary algebra in England

.
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’

aﬂd the United States; (2) to compare %hese common areas

!
|
5

iof concern (the essentials) with the areas of concern in

I - .

the Entebbe Qrogram; (3) to ciassify the common areas of

:concern as "traditional" or "modern"; and (4) to suggest

‘needed research pertinent to the Entebbe Program.

. Questions To Be Answered
in order to give even greater specificity to the
study, the following questions were posed:
1. Who were the.persoﬁne; responsible for each
program? What were the aifferenées in makeup
< . in these groups?
2. What are the common areas of concerﬁ‘(eSSen-

tials) of secondary algebra indicated in the

selected British and:- American Programs?

3. What are the apparent areas of disagreement?

4, What are the variations, if any, in recommenda-

tions regarding common areas of concern?

5. Are the variations, if any, in recommendations
regarding common areas of concern contradictory?
If so, can these be accounted for. by differept

. national conditions or new information as

reported'in some étudy or do they represent

differences in point of view?




Looking again at the general statement of(the pfob—

13

To what . exXtent doesvthe Entebbe Mathematics

Program encompass common areas of concern :

(essentials) as indicated in both programs?

What implications do these observations have

for the Entebbe Mathematics Program?

r Hypotheses

lem, four hypotheses for the research were deduced: .

1.

‘British program.

That there are areas of-agreement (essentials)
in secondary algebra.

That there are procedural variations in some of °

i

the essentials between programs.

That the Entebbe Mathematics Programs récog-
nizes some §f thé essentials.‘

Tgaéain the areas of -disagreement between the
British and American programs, the Entebbe
Mathematics Program has greater number of ele-

ments of tHe American program than of the
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| |

. i L ; Assumptions
5 In testing these hypotheses,l it was assumed in
! . _

%this research that the data relating to the concern of‘this '_?

}study are éontained in: (1) official documents--reports,

§(2) textbooks——most modern, and (3) external examinations-- Nk

'appropriate examination papers. Other publications of the

iCoIlege Entrance Examination Board, Her Majesty's ministry |

P

‘publications and the Educational Services Incorporated, are

[ : X

‘also regarded as primary source materials. -

Delimitations

“ - It was thought.wise to carefully delimit the sﬁ;df-:
| .

lin two important respects:

% 'l. The study was limited to an analysis of .the
| materials cited:under assumptions.

h . 2. fhe‘study was limitgd to sec;ndary college.
prepar;tory or academic prbérams in algebra, |

since algebra has been the major area of mode;p~

ization and revision.

Limitations
Two major limitations to the research were

'recognized. ‘ o . ' : .

~

iE

. ' ‘ ‘Nonstatistical. . v

v S ST
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1. If there are essentials to be taught inciden- }
tally or perhaps 6rally which are not indicated
in the selected series, there is no way of
recording these data.
2. The significance and degree of ahy differences |
and contradictions cannot be assessed, except

: by verbal comparisons and where data are in-

volved.

Organization of the Dissertation

The report of the research is‘organized into seven
chapters. The introduction and statement of the problem iﬁx
‘Chapter I. Chapter II is titled "Review of the Literature,ﬂ
jand the purpose of this chapter is to set the stage for thef

ireporting éf the research prober. In it, an attempt has
gbeen made to report such studies as are available in addi- :
gtion to selected writings which, though they hay not,satis-i
éfy the criteria of rigorous research, nevertheless,
gaccurately reflect the state of the field. Chapter III is
Ea detailed presentation of the procedure of the study.

i
i
'
1
t
¢

In Chapter IV, an effort has been made to develop

the'backgrohnd and the philqsophy for the teaching of .

é
|
|

secondary mathematics in Englaﬁd and the United States by
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noting' the emphasis élaced on: (1) the bagéc laws of

{

-

glearning, (2) the intrinsic values of mathematics and
(3) by bringing out the part played by examinations in both
universities and secondary schools. Chapter V presents the

basis for selection of the textbooks and examinations and

'in Chapter VI the analysis and comparison of concepts (with |

.

.emphasis on the eésentials) are tabulated as they were
found in the programs and evaluated by‘thg jury.

Thus, the reporting arrangement attempts to present

the results of the research in such fashion'-that the reader

is permitted to realize the cbnclusions which may be drawn
:befdfe they are presented in the last chapter, VII,.fitled
‘"Summary." This final section, in addition to pulling thg
%report together, reviews the research in relation to th

| .

%hypothéses being tested.

i
.

.




CHAPTER II
REVIEW OF THE LITERATURE

The goals of mathematics instruction seem to need
a great deal of additional study so that a more
nearly precise formulation and an improved basis for
", fundamental agreement among researchers may be deter—
mlned (89:299)

Hancock (1961) studied the evolution of the second—

ary mathematics curriculum gnd concluded that the aims of

mathematics instruction seemed to change to meet the demands

of society. In periods when seciety saw no pressing need
for mathematics, utilitarian aims were stressed; during
periods of severe depression, thelculrural aims of mathe-
matics were emphasized; however, during times when the
‘needs for mathematics instruction were readily apparent,
‘the main goal of instruction seemed to be to cover as much
;material as possible.

A frequently cited formulation of objectives is the
Check List of twenty—nine questions given in the Guidance
?Pampplet'in Marhematics. This péméhlet constituted the
:Final,Report of the Commission on Post War Plans of the
;Natronal‘Council,of Teachers of Mathematics. Of the

?twenty-nine items, perhaps sixteen, or a little more than

%half, might be considere@ as applicable at the subsistence °

17

e s



;abilities, rather than toward skill in operational tech-

18

M

jlevei. Thé others seem cleafly to be above that level. |
Among these are the it;ms indicated briefly by the followin%
terms: (15) COH;Zructions, (17) Vectors, (23) Using the
axioms, (25) Similar triangles and proportion, and (26)

Trigonometry.
-The concepts and abilities suggested in connection '
. . N
with these items are rather generally believed to be suffi- |

. ciehtly pervasive in modern life to warrant the claim that

an educated person shoqld have them. A strong argument'cani
be given that one needilat least this much mathematics to
read intelligently from newspapers, magazines,'and b&oks of
the nonficﬁional type in order 'to be informed and gain
understanding of the world. These concepts and abilities
are also needed in the study of other subjécts, notabiy the
sciences, and to some extent the social sciences.

At the present time the topics in the above list
are commonly taught,-in Fhe United States, in a course
‘célléd‘General Mathematics, or in Algebra. Often the ori-
‘entation is toward vocational use or college prepé;ation.
‘If this viewpoint is taken, the behavior sought, and _
:particularly tﬁe kind of thinking desired, leans noticeably

:in the direction of understaﬁdings and interpretative

‘nique.

Although there are a number of isolated studies. of

|the learning process as.it relates to secondary mathematics),
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perhaps pertinent to this study. are the considerations of

accepting the child as an active participant in. the learn—

ing process which was the goal of Hendrix (1961), who

I e o

showed the distinctions in three processes of learning:

the inductive method, the nonverbal awareness method, and

the incidental method. Hendrix advocated.the nonverbal
awareness method, in which there is an eﬁphasis upon’ the
-diécovery of mathematical principles but not an insistence ‘

upon a precise formulation of the principles by the student.

Subsequently, in 1963, she noted that the manner in which
the UICSM materials had been developed revealed reseayrch

problems in nonverbal instructional phenomena and in the

discovery approach.  However, most research groups studying i
modern mathematics curriculum emphasized clarity and pre- ‘ 1
cision of language for both the teacher and the student.

‘ Summarizing soﬁe of the work of the Uhiversity of E

" 'Illinois Committee on School Mathematics (UICSM) during the?

%pastuten years, Hale (1961), pointed out that precision of

: . |
‘language was a goal . for the teacher and the textbook writer; . |

however, correct actlon wag a characteristic of the good l

|
learner in the UICSM program.

'

The organization of the National Longitudinal Study
" of Mathematieal Abilities (NLSMA) was reported by Cahen

1 (1963). The major purpose of this study is to identify ..

.

' factors that confributerto achievement and problem solving

¥

;ébility'in'mathematics and to interdctions of ?hese factors| B
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with various approaches to the learning of mathematics.

]
i
]
1
i
i
1
t
i

Cahen's work, when coupled with the extensive investigationé

reported by Alpert, Stellwagon, and Becker (1963), proved

to be significant attempts to find interrelations among theg
1 .

many variables interacfing in a learning situation. Donald .

Jd. Dessart, writing in the Review of Educational Research

(89:307) states that although such studies probablj create
mofe(questioné than answers and do not provide clear-cut,
compartmentalized conclusions, they do come to grips with
the total'problem-of learning mathematics in a secondary
classroom.

. Perhaps the best known intensive work on conceptualr
learniﬁg in mathematics published within this decade, is
the work of Gagne and his associates. They took a more :
rigorous approach than did others to the general problem off

i

‘how to identify, and how to form a sequence of the elements;
of knowledge in a program. In a series of related studies,f
!Gagné (1962), Gagne and Bassler (1963), Gagne and Brown
(196i), Gagne and Paradise (1961), and Gagne and others
:(1962) investiéatedvvarioﬁs topics in mathematics concern-
ing the natu:e;vstructure, and sequence of subordinate
‘knowledge requireménts and the effects of ability, method

.of response guidance, and degree of repetition.

The general approach in these studies was to iden-

" 1

(tify a criterion task, such as solving linear equations or
| , g 4 . :

'éddipg integers, and then to ask what subskills, if learned |

» ~ Tt

{*‘
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and retained, would enable the student to perform the task.
For exanple, whﬁtrkinds of subskills would transfer to the
task? By repeatedly asking and anewering this quesfion,
first for general subskills, then for epecific subskills, .
and eventually for the level of -basic kﬁown abilities of
the students entering a course, Gagne and his associates
developed a pyramid-shaped hierarchy of knowledge’ requlre-
ments. Once an appropriate sequence for the program was
arranged, various conditions of practice could be investi-

gated and compared.

An interesting finding of one of the experiments in

this series (Gagne and Bassler, 1963) was that the
criterion-task performance remained at a high level nine
weeks after training, even though some of the subordinate
knowledges were forgotten. ThlS outcome does not mean that !

.the subordinate knowledges were not necessary to master the

;task, but it probably does mean that a higher-order process:

‘of cénsolidation took place--a consolidation illustrating
the principle that the criterion-task itself is not neces-
’sarily the appropriate unit for teaching. .Conversely,
titems needed for teacﬁiﬁg purposes are not necessexily
.permanently retained even when it can be shown that the
_criterion of learnlng was reached. This experiment further
'indicates the SLgnlflcance of a careful dellneatlon.of

.and agreement concerning the objectlves of mathematlcs

1nstruct10n for all secondary school students.
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In a different category can be placed surQeys on
%practiceg and trends, such as those of The Organization fbr
;European Econbmic Cooperation, Office for Scientific and
Technical Personnel (1961), which surveyed practices and
‘trends in school mathematics in its member countries and inj
the United States, and McLean (1960), who surveyed the E

..status of integfated algebra-geometry courses in California?
‘and $ought to determine the acceptability of such courses
to teachers and college directors of admission. Integrated :
-courses were not commonly found, teachers disagreed as to |
the value of such courses, and colleges generally accepted
such courses except'for science‘hajors. It was suggested
that intggrated.algébra-geometry courses be offered only as
a second track in the college—préparatory mathematics:
curriculum (197:281).

The analysis of.ﬁoderh and conventional programs ?
Véconstitutes a different category of investigation. The |
%Natibnal Council of Teachers of Mathematics- (1963) provided
j'a.n analysis of the new mathematics programs based ﬁpon the
écritefia'of social applications, structure, vocabulary,
émethods, concepfs versus skills, proofs, an? evaluation.
| Howard F. Fehr (1959) conducted a study_of seven-

iteen countries and gave an over-all view of mathematics

-
jinstruction in all the countries concerned with regards to
i(1) the material or subject matter included in the program;-

{(2) the school organization and the sequential arrapgéhent.

i
i
I
I
!
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';of subject matter either by years of instruction, grades

‘one through nine or ten, or by age, six years to, but not
! : .

EinclLdipg, sixteen_years; also the time allotted to mathe;
matics instruction; (3) the selection, promotion and |
segregation of pupils into special classes—-particularly‘ 't
-those classes designated as preparatory to university |
ientganée; (4) the methods of instruction with special
refeience to desired_gdals of pupil achievement; (5) the

preparation of teachers of mathematics; (6) the systems of

‘'examination; and (7) the directions and trends that instruc%
tion is taking with regard to philosophical, cultural, and
psychological aspects of 1earniﬁ§.

Kemeny (1963), reporting for the International"

‘Commission on Mathematical Instruction, presented a sﬁmmaryg
: |
:0f reports from representatives of twenty-one nations on

i : .

‘attempts to modernize mathematics teaching. Most important

éwas the general agreement that much of traditional mathe-

%matics’shou}d be taught from a modern point of view. How-
Lever, as far as the details of these reéommendatiohs are
concerned, there is considerable disagreement.. The stress
ih the algebra gtudy at age fourteen or fifteen is on the
fﬁlution of equations, firsﬁ‘the éimple equation in one
unknown, then two eqﬁatioqs in two unknowns (or.threejM
unknéﬁns), and fihéllg the quadraﬁ;c equation. Inébfar as
‘%he'rebbrts show, ‘the emphasis is.on tricks and formulas

and not on. proofs (123:182).
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; Rajaratnam (1957) concluded that new ideas. of
I

variables, function, equation, and equality were mixed w1thi

.outworn and erroneous ideas and terminology in the elemen- |

!
f

tary algebra books she surveyed, and Dominy (1962) conductei
A Comparative Analysis of European and American Elementary ;
‘School Mathematics Textbook Progrems. ‘This study presents g
‘information based on an analysis of the actual content
ifouﬁa in textbook programs selected as being representativel
-0f the elementary school mathematies program followed in
‘the United States as compared to programs representative
of those being followed in England, France, the German
Federal Republic, and Union of Soviet Socialist Republics,
‘and ohtlines recommendations fef arithmetic in the United
States elementary school mathematics program. ﬁer an’alyti—i
%cal design was primarily used in designing the analysis
of -this study. . i
5 Despite considerable empha51s on mathematics prepa-
ératioﬁ'and curriculum changes, few investigations have i
reported implications for college entrance and prebaration.
_Yet of con51derable interest to those who want to improve
;the curriculum, is the adequate preparation of students -
for specific objectives.

! G. B. Snith (1958), analyzing the preparationAof

1,124 freshmen entering. the University of Kansas in 1956,

found that 29 per cent of the men and'S per cent .of the

woemen had four or more years of mathematics. Forty-seven
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'per cent of arts and science students, 81 per cent of

éengineering students, and 28 per cent of fine arts students |

‘had three years..~Keedy (1958), using guestionnaire returns

from 134 engineering schools, learned that thirty-eight
required solid geometry for entrance; he concluded that
'solid geometry was not significaht in relation to the i

requirements for entrance to engineering.
3

Brant (1960), followed up Keedy's study by asking

fifty-one schools with some kind of solid'geometry require-‘

ment if they would accept a qne—year course of plane,
solid, and coordinate geometry. \In‘the few’instanées where
a solid geometry requirement still.existed in the vast
majority of reméining courses, a fused course would be

iaccepted. Thus while three-dimensional concepts were still

Ejudged important, solid geometry, as such, was an uncommon

'
H
|
i
|

requirement (81:281).

X - -, It would appear worthwhile to devote some effo;t toé
;ﬁhe comparative stuay of events which precede these two _ |
:processeé of concept learning and utilization; in other
wbrds, to examine -the qguestion, "Which concepﬁs (or concept
sequences) which are presently in modern recommended tekt—
books are essential for the objectives of ?oday's youth?;.

-'There is the related question, too, of thé extent to which

"modern" mathematical concepts which are cbnsidered'funda—

mental to the understanding, apprgciation, and utilization
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fof secondary mathematics, have permeated the curriculum..

éThis is the general framework of present study.

Another frequently cited formulation of essentials

-of secondary mathematics is the bulletin on Mathematical
Needs of Prospective Students in the College of Engineering |
i
of the University of Illinois (1951) which states: ;

This section lists topics in secondary mathematics} an
understanding of which is considered to be indispens-
able. (113:85)

This study was motiva@ed by the desire of many educators to .
know exactly what competencies their students need and the ‘
increasing need for mathematical competencies in the appli-
lcations of scientific advances in modern society. Although;<
émaqy items in the list use the term concept explicitly,
i("concept of similarity"), all involve concepts implicitly %

land it is assumed that the mathematical needs for prospec-

tive engineers are essentially the same as the need for
students preparing for study in any area requiring courses

in college mathematics.:

g. " Professor Bruce E. Meserve of the University of
;Iilinois noted that until the desired level or depth of .
‘understanding of the concepts and the necesséry deérees of
skill are more precisely defined, teachers in the high

schools will be unablé to determine how much emphasis is to

be given a topic. He points out that the sample test items |

supplied in the supplementary bul}etin are of helpsin this
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. 1British Ministry of Education. It was developed and written

! 27
|
|

trespect (144:87). Still a careful analysis and exéosition

Az

iof the behavior desired would add greatly to the ultimate
! :

effectiveness of the project. The fact is that the topics

in the University of Illinois list represent the traditional

.approach to mathematics in secondary schools and colleges.

1
|
Briefly, thistcriticism is to the effect that the list, !
~ ‘\

-

which contains ninety-seven topics, seems to ignore the :
|
i

point of view of modern mathematics, and the belief that

traditional courses put too much emphasis upon certain !
‘topics, of which the solution of oblique triangles. and the ; .
law of tangents in trigonometry may be cited as examples.
fﬁeanwhile fundamental concepts, such as class or.set, aﬂd
%modern techniques,‘such as those involved.in statistical

istudies, are negleqted.

Teaching Mathematics in Secondary Schools,
Ministry of Education Report--England *

-

This bulletin is an official publication of the

by a commission for the Board of Education in 1958. It has
the features of both a course of 'study and a syllabus. It
attempts to develop a background and a philosophy for the

teaching of mathemafigs., Chapter I presents the.history of |

mathematics in England and shows Why the présent -situation

¥
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exists. The book brings out the part pléyed by examinations

/in both universities and secondary schools (as indicated in
- ’ ‘ .
Chapters II and III) and by the basic laws of learning. It

is interesting to note the emphasis placed on intrinsic

fvalues of matheﬁafics. The authors recomménd grouping b\
,according to ability with the abler probing more deeply. N
They egéourage discussion and discourage working papers seti
in previous examinations. | |

Specifically, the authors recommend that the'sylla-;
‘bﬁs'should start with number experiences and lead to
‘abstractions with understandings all along the way. Rules

'formulated for students have no place in the early study of |
B

imathematics. The method used by a child attempting some-
thing new‘is an important part of instruction.

|
!
In the opinion of the authors of this bulletin, some
I

|
i
?
|
!
:
f
|

" ltopics that need rethinking.are the ILCM, oider of opera-

étionsy groups of nonrelated fractions, compound quantities,

{
%andrchecking by complex methods. These topics perhaps use

>
i £

lup more time in the classroom than they should. More

emphasis is needed on concepts of quantity, the relation-

ships which exist between items, and principles which are

appiicable to extensions. Arithmetic, algebra, and geo-

metry should implement each other énd lead to calculus,’
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;coordinaté geometry, and trigonometry. This book sets
itrigonometry as a unifying factor in mathematics and would
:have the student well acquainted with it in secondary *
.sqhool, Ideéé of locus, proof not based on construction,
‘and three-dimensional geometry along- with two—dimenéional
,geometry are recommended. The-pléce of mechanics in ;ela—

%

tion to mathem&@tics should be a part of the program.

Chapter V discusses the sixth form and how to teach

students at this level. It states that the universities

‘may have had undue influence in examinations and methods of

~

_instruction. Teaching should not be lecturing but discuss-

ing, raising questions, and posing problems. The students
.at this level not specializing in mathematics should still

jstudy it as a part of a good education.
% ™ Chapter VI deals with mathematics for the ordinary
?pupils.' It emphasizes the challenge in this direction and

‘the great contribution to be made. Several alternatives

| -

éare mentioned including lengthening time, less rigorous
examinations or different content. "Standards" are vari-
abies and need to be considered in terms of their applica-~
tions. | ,

Finally, the commission recommended that the'

mathematics classroom needs the right atmosphere, a teacher
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:w1th the right attltude,Aand equipment which is functlonal
'Erather than complex. The commission emphasized that varia- |
tions of methods between scnools should be‘dbnsideredband

‘change in method just for change should not take place. &an

‘undue amount of time is probably spent on review. Instead,

this should be done as needed. Drill follows understanding.

Students need training in learning on their own from all

i

sorts of sources.

Report of fhe Commission on Mathematids
(CEEB) ~~United States :

The Commission on Mathematics of the College Entrance
Examination Board, appointed in 1955, grew out of the
concern of the mathematics examiners that the Board's
tests were not reflecting fully and appropriately the
emerging programs of mathematics instruction in forward7
looking college preparatory schools, both public and i
private, and moreover, that-:the standard curriculum i
taught in most secondary schools was sadly out of date. i
i The Commission was formed to consider broadly the :
!+ secondary school college preparatory curriculum and to 1
f make recommendations looking towards its modernization,
modification, and improvement. It seeks to secure the
introduction in American secondary schools generally of
- a mathematics program oriented to the needs of the
second half of the twentieth century. These needs are
vastly more extensive than was the case when the pres-—
; ent traditional curriculum took form. ... . Moreover,
T mathematics itself has changed both in content and,
|~ more important, in the point of view from which it is
regarded by mathematicians. (139:19)

The Commission pointed out six specific areas in

;the present curriculum which need revision:

|
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. : |
1. Too much attention is given, particularly in [
g algebra, to routine manipulation in artificial ;
’ ‘ i

. situations, and not enough emphasis is laid on |
[ ;

fundamental concepts. . _ {
2. Deductive reasoning is taught chiefly in connec- h

!
i
tion with plane and solid geometry, and its

application to other parts of mathematics is

largely ignored. Its use in algebra and trigo-
nometry should be expanded. -

3."Too often, the usualigeometry course consists
of rote memorization of sequences of theorems
and fails to explain the deductive process.

clearly. i

4. Many topics which are now included were import-
ant at one time for applied science, but now

have become obsolete. These should be replaced

by topics of current importance. Exampies of
obsolete topics are: extensive solution of tri-
1 angles ﬁy logarithms, deductive methods in sdlid
geometry, and Horner's Methoé for fiﬁding the

' e

roots of a polynomial. /o

5. Examples of modern subjects which might.be

included are: descriptive statistics, statis- °
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tical inference, elementary prdperEEés of sets,

and the basic ideas of modern algebra. Many of

these topics‘are more elementary than £opics
now in ourvcurriculum.
6. Mathematics is.too'often pfesented as a series
§ - of isolated tricks so tha£ stﬁdents get no view
of the subjeét as a whole, and do not realize

its position as a creative endeavor in our

civilization.

Mathematics, the Committee stated, is a different
;subject today than it was a generation ago, its applica-

1
tions are vastly more extensive, and its essential nature

\is now.considered to be entirely different than was the
case heretofore. Thus to meet the manifold social needs of
the‘Second half of the twentieth century;—the needs of
mathematiés‘itself, of physical science, of soeial science,
of technology,,of industryi—requireé a curriculum reviséd
in conten;, but even more basically revised in point of
view. The most important point to be made with respect to
the actual de;ailé éf revision is that any proposals should
be-based on a caréful analysié of‘the curricular implica-
'tiéns'of such matters as were set forth in the pfece@ing

section, and should focus the suitability of thebcburqu




}content on the needs of the student.

{ The Commission on Mathematics is convinced that

-

curricular revision will be successful in producing a high
school mathematics curriculum oriented to the needs of the -
present and the future only if three principles are heeded.

1. The proposals must be based on the existing

)
+

curriculum, and must consist of modification,

modernization, and improvement of the present

pattérn, rather than its discontinuance and
repiacement by entirel& new content.

2. The point of view of modern mathematics must be%
used as a guide in determining the modificatiop%
to be made. This point of view is well stated
by W. W. Sawyer, who wrote: "The mathematician
of older times asked, 'Can I f£ind a trick to

.SQJVe this problem?' If he could not f£ind ;
trick today, he'looked for one tomorrow; Bﬁt
today one no longer assumes that a trick need
exist at all. He asks rather, 'Is there any
reason to suppose that thi; problem can be
solvea with the means at hand? Can it be bréken
up into simpler;problems?_ What is itithat

_makes a problem soluble, and how can it be
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)

testel for solubility?' Hé~tries to discover

'
i
1

the nature of the problem he is dealing with."
3. Changes to be proposed must be suff1c1ently ﬁa\\
reaching so that the modified curriculum is

truly oriented to present and future needs, but

not so radical as to be beyond the competence

.

'of the available teaching staff. - However, a
’ —

willingness upon the part of school officials

to provide means for ,teachers to participate in?<,

programs of in—setvice education must be-as-'

sumed.

The Commission has, therefore, consciously attempteq:

‘to formulate a program that in itself constitutes an appro-%
. i
gbriate part of 1iberal or generel education, and students ;
fﬁyo have studied the recommended curriculum should heve l
ideveloped Such maturity, power, And understanding as to be
:ready forxﬁgtgea“tlcs on a true College level And,
finally, in no case is it assumed that students in this
‘prpgram are "glfted" or exceptionally talented in mathe-
matics. The Commission's proposals constitute recommenda-

tions for the revision of the high-school curriculum to be

1followed by'the average, normal, -or ordinary coilege-bound

student; indeed, as an optimum by all such students fpr
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three years.

|

e )

The specific changes suggested by the Commission

-are set forth in detail in its report. They are accompaQie%‘_
“‘by both exposition and supporting argument. Here, the

Esuggestions concerning algebra can be.summarized, as K
follows: |
Algebra:

Little change in the actual content of elementary
‘and intermediate algebra is envisaged, but a fundamentally
;altered point of view is regarded as apsolutely essential.
Algebra must be treated as a study of mathematical struc—
5ture, rather than only as the development of manipulative
'skill in one partieular mathematical system. Provision i
'éshould be made for experience in deductive reasoning in ;
\ : ) .
jalgebra as well as in geometry.
; The introduction of the point of view advocated by |
Ethe Commission will require tmat teachers familiarize them-
%selves with certain concepts not hitherto ordinarily
%included in their college training, in particular the

notions of set statements, varlable relations, and func-

itions, as these are formulated in modern mathematlcs.

for more advanced work, but.only by the approprlate means

|
1
|
]
i . The curriculum env15aged by the Commission prepafes

"\
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of seeking to develop sufficient mathematlcal understandlng,
;power, and maturity through the study of pertinent second-
ary school mathematics that the graduate will be ready tq\\
advance to the study of collegiate mathematics.

Finally, although the progfam has been developed

for college preparatory students, many of the Commission's |

53 i

proposals are also appropriate for the so-called "general"”

mathematics courses. Particularly is this true of the Com- |

mission's strong emphasis on point of view as even more

:important than content. For creative teaching and a curric-

‘ulum that permits and encourages it is of the utmost

;importance no matter what the ability or objective of the

‘pupil. - i

)

P

i
;will appropriately summarize what has been said.

i ~

The following summary of the Commission's thinking

For College-Capable Students, the Commission
" on Mathematics Presents a Nine-Point
Program to Meet Contemporary Needs

Ay

1. Strong préparation, both in concepts and in
skills, for college mathematics at the level of
calculus and analytic geometry.

2. Understanding of the'nature and role of ded?c-

tive reasoning in algebra, as well as in

geometry.




Some Common Elements in New Mathematics

37
Appreciation of mathematical structure ("pat-
terns")--for example, properties of natural, _
rational, real, and complex numbers.
Judicious use of pnifying ideas~-sets, func—\\\l
tions, and relations.
Treatment of inequalities aloné with equations.§
Introduction of coordinates and vectors in plan%
geometry and in trigonometry.
Space-perception and essentials of solid geo-
metr? incorporated with plane geometry.
Twelfth grade mathematics centered on elementar#
functions--polynomial, exponential, circular. j
Additional twelfth grade material recommended: i
either introductory probability and statistical
reasoning, or an introduction to modern algebqa )

(fields and groups) .

All of the new programs attempt to avoid the pre-
Esentation of new materials as a series of unrelated tépics.
Inétead, they streés unifying themes or idéas in mathemat-
ics "such as structﬁre, operations and their inverses,

measurement, graphical represéntation, systems of .

Curricula
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‘{numeration, properties;of numbers, the development of the l
?regl number system, stali;tical inference! language'and %—
3notation of sets, logical deductions, and valid generalii?-g
tions (67:26). A comprehensive discussion of unifying
ideas appears in the Twenty—f&urt@;iearbook of.the National

-

Council of Teachers of Mathematics, "Thg Growth of Mathe-
‘matical Iéeas, Grades K-12."

The emphésis on these unifying‘ideas has resulted
in the introduction of words and ideas from'college mathe-
matics. For exémple, the introductiqp of the notation of

:sets has involved using symbols and words normally reservedj

ifor the colleée level. It has been the experience of manyl@

teachers that the set ideas and language are helpful in
{explaining many other fundamental mathematical concepts.

The structure of mathematics is a basic concept that seems

fto lend itself to description through the language of sets.

‘Although discovery and an emphasis on the meaning of mathe-

i
i

imatical operations are not basic mathematical concepts per
se, they are characteristics common to the new mathematics
programs.

All of the new programs emphasize the structure of

mathematics. It is reflected in the careful development of

mathematics as a deductive system (67:26). The emphasis is_
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lon the basic principles or properties common to all systems’

1

Eof mathematics. There has been ‘a tendency to lock at the
i .

‘characteristics of each mathematical model separately. \¥\-
'This has resulted in the students learning many seemingly

%unrelated facts. In the new curricula, students are en-

‘couraged to discover general laws and principles. An :

.

iexample is pfesented in the Appendix. i
An attempt has been made in this chapter to.report

such studies as are available in addition to selected

|writings which, though they may not satisfy the criteria off

!
1

rigorous research, nevertheless accurately reflect the state -

‘of the field.




_CHAPTER III

~ .

THE PROCEDURE OF THE STUDY

A comparative analysis such as the one described
éherein is ma@g possible only by having data pertéining to
%the actual co;tent found in the selected textbooks perused
land recorded in a\{?ke manner. Such a study could reveal

errors in thinking, but even if it proved nothing, what it

§might disprove could be of utmost importance.

If "the essence of mathematics is economy of thought

and expression," (60:62) then the sucgess of a college >
4

ipreparatory mathematics program is determined to an appre-
é;éble degree by the provisions made,-content—wise, for a
syétematic, seguential development of basic knowledées and
uhdef%tandings.‘ Certain concepts must of necessity be con-
isidered basic and greatest achievement can be anticipated
only when the student*s attention is focused on these con-

o

cepts.

-

This study, based on a documéﬁtary analysis of what

N R

is included in selected textbook programs. falls into the

category of'descriptive researéh,';It 6n1y deéls with'

; L 40
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ié&tual content, therefore, even tﬁough it will-Be.pogsiPle
Eto compare fhe concepts and.tﬁeif order of apéearance in
jthe correspondiné programs at ény particﬁiér level, the )
greader is reminded that one cannot, with any degree of

:validity,~indicate whether a child has learned to compute

by using the process in a mechanical manner or whether the
t .

H <

fmathematical oﬁerations are performed with any specific

, |
;dégree of understanding. : |

i
Listing of Possible Essentials i

The textbooks were read for the purpose of qbtaining
édata as to the concepts included, and also for noting major
_developmental steps which occurfed in each textbook series.
[Tb}s preliminary investigation indicated that a college
teacher of fféshmen, working into a freshman»ciass, cannot
téil whether they have had a traditional mathematics pro-
gram, SMSG, UICSM, Ball State, something else, or a mixture
of all these. He'cannot even count on theiriusing the same
mathematics, vocabulary. Whilé the consequenéés of this
variety are yet to be fully explored, articulation with the
hijh school remains a difficult problem.

It is also imbortant from the college prepar;tory

standpoint, that CUPM . . . The Committee on-the
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%Undergraduate Program in Mathematics, decide: - k
That the first two years of analysis should be the |
same, regardless of the intended career of the student. I
That is, the freshman calculus course should be the
same whether the student is going into the social
sciences, the physical sciences, graduate work in
mathematics, teaching mathematics, or any other field.
(58:2)

N
Gaer

|

i

%
These college curricular changes have also made j .

deSirable a d%gest of at least the minimum content expected .

of high school mathematics programs, so that teachers can

have adequate specific information as they prepare their

students for professional education in any of the fields:

It was noted earlier, that the-primary purpose of

the bulletin, . . . Mathematical Needs of Prospective
:Students ... . published by %he college of engineering of
;the University of Illinois in 1951 and revised in 1958, was%
fto satisfy this last need by listing topics in algebra, i
%geometry, and tfigonometry, which the entering engineering
?student at the Uﬂiversity of Illinois is expected to under—i
?stand and be able to apply. While the course organization
;and content of engineering curricula are far from being
jidentical to other college preparatory curricula, there is

- . sufficient similarity.in college preparatory algebra content

to support the utilization of the fifty-seven algebiaic

concepts on the Illinois list as the basis for classifying
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Ethirty—six basic algebraic concepts which were listed as

minimum essentials are:

the concepts indicated in each textbook examined. The

43
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i

1. &Signs of aggregation; viz., parenthese, brack-
ets, braces, et al., and their use.

2. Rational numbers; i.e., the integers and the
’functions.

3. Fundamental operations with rational numbers.

4. Fundamental operations with algebraic fractions.

5. Fundaméntal operations with polynomials.

6. Common special products; gié., a(b +c), (a + b)
(a -b), (a+hb)? and (a + b) (c + d), empha- j
sizing the distributive law.

7. Factoring; viz., ab + ac, a? # 2ab + b?, ;
a? - 52, ax? + bx + c based on the distributive{
law.

8. Laws of exponents, including negative and frac-

.
tional exponents.

9. Solution of linear equations having numerical
and/ér literal coefficients.

10. .Solﬁtioh of a system of linear equations.

11. Determinants, their evaluation by minors, and

their use in solving systems of linear




12.

13.

14.

15.

16.

17.

18.

19.
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eguations.

Variation, direct and inverse.

Function and functional notation. Representa-
tion 'of a function by a table of corresponding
values, by a graph, and, where possible, by an
equation or verbal statement.

Propé;ties of a linear function; viz., rate of

change, graph, slope, and y-intercept of the

graph.

The guadratic equation: derivation of the qua- .

~

dratic formula; solution by formula and, Qhere
appropriate, by factoring.

Iérational\numbers and fundamental operations
with these numbers.

Real numbers and fundamental operations with
these numbers.

Complex numbers and fundamental operations with
these numbers.

Quadratic polynomials in one variabie--standard
form, graph, location of maximum or minimum by
completing the square; nature of roots, and

expressions for the sum and product -of the

roots of a quadratic equation; _' .




20.

21.

22,

23.

24,

25.

26.

*27.

*28.

*29.

*30.

*31.

*32.

e.g., 2.54 X 10°%, 1.2 X 107".

45 |
Common quadratic equations in two variables. ;
Solution of a system of two quadratickﬁquationsi
Solution pf verbal problems by algebraic }
methods. ‘<
Solution of equations in which thé unknown
occurs under a radical sign.
Binéﬁial theorem with positive integral expo-
nents.
Scientific notation or standard-form numbers--
Principles of computation with logarithms.
Change of the base of logarithms.
Solution of exponential and logarithmic

[

equations.

Factor theorem.

Findiﬁg the rational roots of higher degree
equations of the form f(x) = 0 where f(x) is a
polynomial in x.

Sketching of the graphs of higher degree poly-
nomials. -

Approximatiﬁg the irrational roots of higher

degree equations, preferably by the method of

interpolation.




*33.

*34.

35.

marily

36.
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Arithmetic progressions.

Geometric progressions, both finite and

infinite.

Properties of the relation of equality.

Properties of the relation of inequality.

The concepts marked with asterisk were those ordi-

studiedsin advanced (college) algebra.

[

" had had an understanding of all concepts except those so

marked, began with college algebra and trigonometry as

Students who:

their first mathematics courses in college. These students

~

.took more than the minimum time to complete any of the

lengineering curricular.

An additional twenty-one algebraic concepts were

i
'listed as supplementary concepts. They are:

|
i
|
i
|
i
1

1.

2.

Extraction of square roots.

Binomial theorem with fractional and negative

exponents.
Permutations.
Combinations.

Probability.

Multiplication and division of complex numbers

in polar form.-

De Moivre's theorem.

1

-



lo.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

- inverse circular functions; viz., arc sin, arc

47

I |

Exponential form of a complex number.

Ordered pair form of a complex number.

Set element of a set, designation of a set by
description and listing; set-builder.

Subset, proper subset.

Empﬁy set, complement of a set.

Opéfations on sets: union and intersection.
Ordered pair of numbers, set of ordered pairs
of numbers, cartesian set.

Open senténces, statements.

Relation as a set of ordered pairs of numbers.
Further development of the function concept,
i.e., as a set of ordered paifs of numbers in
which each element of the domain is paired withg
one and only one element of the range; inverse
of a function.

Descriptive statistics: measures of central
tendency and simple measures of dispersion.
Properties of a number field, examples of

fields. ' - -

Circular functions of real numbers, certain

cos, arc tan.




- - 21. Derivative of a polynomial, inverse of a
derivative.
.Concerning these supplementary concepts the committee

-stated:
Some topics are not sufficiently fundamental to be , :
classified as indispensable. It is recommended however, j
that the subject listed below be studied if there is :
time available for the whole group or for individual i
students whose rate of learning warrants supplementary
work. (52:12) i

There would be little argument among mathematicians,

that a good college preparatory algebra textbook program,
should provide the necessary foundations~for the develop-
‘ment of an understanding of these fifty-seven concepts, : -
EwhiCh are hereafter referred to as Possible Essentials of

.College Preparatory Secondary School Algebra.

_Textbook Content Analysis

In order to aid understanding as well as to give ' 'Q
‘added meaning to the data compiled in this study, all

éanalyses of content are made according to the age level of

the pupils who would normally be using a particular text-~ -
JbOOk under the operational set-up of the program being
‘represented.

Because of the subject limitation arbitrarily

chosen for this study (as stated in Chapter I), only that
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jportion of each series made up of the textbooks designated
i

for use from the time the formal study of algebra is begun, |

1
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I

|

» }

until the child reaches college entrance age in the United

States, or an equivalent age (the "O" level), in England,

‘is included.

To collect data in a uniform manner, each textbook

LY

listed for use’at a specific level was marked with a numeral
which correspond to the age of the pupils normally using
the particular book in.the country for which it was pub-

lished.

~

Each program (context of the textbooks) was then

‘divided into sections. An arbitrary decision was made to

-

‘separate each program into ten equal parts, regardless of

;the number of pages contained in any particular series.

I
¢

iEach~part, therefore, represented one-tenth (0.1) of the

@instructional pfogram for a child in any specific country
1(190:83).
In the case of the English series (SMP), where the

iseries (from 13 to the "O" level), is published in five

i Exy

volumes, the total number of pages for all five volumes was
divided into_ten'pérts as agreed upon originally. The same

procedure was followed with the American textbooks, which

contained work for two years of instruction in two volumes.




T | T ‘ 50
| . \ : .

N A

sThe total number of paéés in both volumes was divided. into
;ten equal sections.
| - Only volumes one, two and three of the Entebbe
series were available. These three volumes make up one-
‘half of the planned four year course. The other one~half
(for secondary C three, and secondary C four) was expected
to become availa%le during summer 1967. The total number
of pages in volumes one, two, and three was divideé into‘
five equal sections, thereby keeping the number of parts
for each program equal to ten agreed upon o;;ginally.

A code was used when recording data on all charts
;comparing specific content of the various piograms. A
;semicolon separates the numeral which tells the age of the

pupil using the book from the numeral which indicates the

tenth-part of the program where some content is first pre-

developmental step initially appeared in the third- tenth

%part of a series normally used by twelve-year-olds, it

-

: =
‘would be assigned a classification code on the chart of

(12;3), thus assuring'uniformity of approach and maintain-

ing consistency.

i
i
f
i
'
i
i

sented. By way of‘illustration, if a possible essential or?
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Examination Content Analyses

Since the purpose of this study was to identify the

"Essentials" (so that no important concept was excluded),

‘and to compare these essentials with concepts in the

‘Entebbe Program, a system of exhibiting the relationship

between essentials in the English program and essentials in'

the United States ;}ogram seemed desirable.

Five individuals, two members of the faculty of the%
school of education of the University of Southern Califor-
nia, two secondary school.mathematics teachers, and the
assistént supervisor of secondary school mathematics, of
fhe Los Angeles City Schools, cooperated in the classifi-

cation of the Essentials. These individuals were selected

'becausé of their knowledge of, and interest 'in, secondary i
‘mathematics education. Their occupational classifications '

éand professional quaiifications are presented in Appendix C.|
éthey are hereafter referred to as jurors.

A short questionnaire was designed to solicit the
%persﬁhal opinions of the five jurors, on the classification
;of the essentials. Their responses were requested oﬁ two

1
‘items which were stated as follows:

~

1. To help‘provide an over-all picture of this

I
'
i
|
{
i
)
1

-list of Essentials of Secondary School Algebra,
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please classify each concept as "modern" or
"traditional."

2. Classify each item.in each set of examinations,
with respect to the Eequired abilities indica-
ted. Please do not omit any item and do not

give a dual classification to any item.

;

Item Number

A. Understanding of Basic Concepts
B. Computational Skill

C. Ability of Application of Basic
Concepts

Illustrations of Essentials

A sample list of objectives, prepared by the

National Council of Teachers of Mathematics was presented

i
|
b
'
i

iand used to illustrate (by textbook examples) the essen-

}tials.

Comparison of Entebbe Materials
with the Essentials

Each Entebbe test item was tallied with its related

iconcept in the Augmented List of Possible Essentials, to

iproduce a graphical comparison of Entebbe Items and: the

i

iEssentials.
‘ *

[E—
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Summary of the Chapter

To assure uniformity of approach and to maintain
‘consistency, certain rules. of procedure were followed.

1. A chart was developed listing the possible
essentials (page 130), and spacé provided for
recording data according to the age-part-of-
seriés plan described.

2. As all three series did not include all of the
same concepfs, any concept appearing in any
series, but‘not already one of t@e possible
essentials,-was added to the list forming the
Augmented List of Possible Essentials.

3. Unless otherwise stated, the age-part-of-series
notation indicates the time when the particular
céncept first appears in the series. |

4. Where the development of a concept has been
carried from one age level to another, or re-
peated as review material at the next level,
only the time of the initial development was
noted.

5. Where a concept does not appear in the series
analyzed, a dash is used to ‘indicate absence of

data. In such cases the reader can conclude

S
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that if the concept appears at all in the par-

ticular series, it does so at an earlier or—
later age-level.
A short questionnaire was designed to solicit

the personal opinions of jurors, on the classi-

fication of essentials and the analysis of
“.
examination content.

Essentials were classified as modern or tradi-
tional, by jurors. The list of essentials was

compared with the content of each examination,

~

and each item was classified with respect to

the required abilities suggested in the ques-
. I

tionnaire. i
|
Examples were used to illustrate the essentials.|’

Each Entebbe test item was compared with the

essentials.




environment to another.

CHAPTER IV J -

SURVEY OF PHILOSOPHY, ADMINISTRATION

AND ORGANIZATION

The differences in philosophy, administration and
jorganization between the schools of Engiand and those of
the United States are great enough to affect very appreci-
.ably the courses and methods of teaching in the two
‘countries. Yet, history contains many examples of inter-

‘national exchange of ideas, principles and practices in

i
.education. It is doubtful that one can find answers to

ieducational problems by aping the schools of other nations,é
since all the detailed aspects which go to make up an edu-~

cational system cannot be transferred intact from one

{
i

The formal education given children reflects what a
society values and needs; therefore, any educational system,
in total or in part, must be viewed within the framework of
the country it serves and with some understanding éf the
purposes and values of the‘prevailing social System. Thus,

the study of. foreign systems means a critical approach and

[y

55
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ga challenge to one's philosophy and, therefore, a clearer !

! : ) |
~7

‘analysis of the background and basis underlying the e@ﬁca— )

tional system of one's own count;}; With this in mind, the?
‘idea that making comparisons may be dangerous must be
stressed. Erroneous conclusions are apt to be drawn due to;
;one's inability to discriminate between those things which
are truly comparablelénd those representing values of a
particular socieey.

Tc focus attention en one aspect of education, in
this.case secondary mathemetics, does not mean that other

~

dimensions can be forgotten, and it is also true that if

- 'the secondary school mathematics program is to be seen in

iits proper perspective, an overview of the entire secondary
i

{
Ischool program is required. i
| ,

- - : . England

|
i

}The School Year

} The echool year begins in September, and continues
, .

%until late in July. It is divided into three "terms"
iseparated by vacations at Christmas and at Easter, each
glasﬁing about three weeks, and a summer vacation.of six or
i v _ )
iseven weeks. ‘Midfﬁerm is usually marked by‘a‘ldngiweek-

end of .three or four days' duration. The average‘number of

l
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|

idays of actual school attendance per year is 200.

~

™.
'Léngth of School Life

Full-time education is compulsory from the age of
five, and it is customary for children to start schbol at
jthe beginning of the term in which their fifth birthday
lfalls. The school ,leaving age of fiftéen ié\tp be raised

¥
to sixteen in 1970-71. Pupils reaching fifteen between
September and January may not leave before Eéster, those
.reaching fifteen between February and August remain till the

end of the summer term. Pupils may stay at school till'the

age of nineteen.

‘Administration

- England has a national system of education that is
locally administered. Although in law the execution by
local education authérities of the national policy is under
the control and direction of the Secretary of State for
Education and Science, in practice the administration of
education is a partnership conducted by consent between the
:Secreta;y of State, the aﬁthorities‘and the teachers and
also, where their interests are affected, the various

voluntary bodies. Another special feature is the degree

of freedom enjoyed by local educational authorities and
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ischools in the management of their affairs. The only

|
|
gstatutory requirements laid down by the Education Act of
?1944 are that the échool day must begin with an act of‘
icorporate worship and that the curriculum must include
religious instruction (35:1). 1In detail, therefore, there
l{is much aiversity of practice among schools (even among
:schools in the aréa of the same local authority) in the
planning of the timetable, in the content of syllabuses of
work, in the textbooks uéed and in the teaching methods
‘adopted. On the other ﬂand, there are also Qroad similari-"

.ties of practice. These arise from the influences of

‘professional opinion and of public examinations.

}The Two Stages

As in the United States, so in Britain, the period

4

lof full-time education is divided into two stages, "primary"

and “"secondary." In England, a child normally completes

i
}
|
1
I

the primary stage at the end of the schooi year in which
his glgventh birthday falls. This point corresponds approx-
imately to the end of the American fifth grade (35:1).

Duriné this primary stage, a British child may attend ome
school, or_particularly in. urban areas, two, these being

an infant school and a junior school. -If he.begins in an




I 59

iinfant school, he will transfer to the junior school at the

iend of the school year in which he becomes seven years old.
Upon leaving the junior school he goes to a secondary

‘'school of one type or another. The secondary stage is not,

at present, usually characterized by the division, so often |

:found in the American system, between junior high schools
.and senior high schools. However, the orgénization of

secondary education is under review in many areas (35:2).

‘Secondary Schools

It is the duty of the local education authorities

to provide secondary education in whatever form appears to

be appropriate to the local circumstances. The differences

lbetween types of school are becoming less and less distinct

;but many authorities in England provide secondary education |

of two broad types,  "grammar" and "modern," usually in

Nseparate schools. Some authorities also have selective

secondary technical schools and bilateral and multilateral
schools, which are nonselective and provide within a single
institution all forms of secondary education; they are

generally larger than most other types of secondary school.

(See Table 1.)

N
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i - TABLE 1
EDUCATIONAL SYSTEM IN ENGLANDa'b
Age Study General
Certificate
I 18 of Education
_. (Advanced)
j 17
! 16 % _ | KII General
i T Certificate
15 of Education
X (Ordinary)
r 14 Secondary
5 13 Modern Schoo IX
! VIIL
! 12
VIT )
11
10 VI
9 Junior Schools v
8 Iv
“+~ 7! I1I
6. Infant Schools iI
I
5
4Nursery
Schools
3

a
Adapted from:
OQurs (New Yor

bTable shows the levels within the general organi-
zation of the English school system.

Edmund J. King,{ Other Schools and

k: Rinehart & Co., Inc., 1 Q?), p- 71.
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! Each local education authority decides the method
{to be used in its area to determine which form of secondary
i
:education will best suit individual children, and this has
'hitherto usually taken the form of a test in the Spring of
fthe yvear in which the children attain the age of eleven.

Fa

fIt has become known as the 11+ examination because it’
%affects the form ofisecondary education the child follows
iwhen he is over eleven yeérs gf age, ané the same test is
%t;ken by most of the children in the authority's area who
éare due for transfer. Thé form of the examina?ioﬁ has
:usually been such as to measure general aptitudeé tdgether
Qith attainment in arithmetic and in English. Many author-
l/ities are, however, experimenting with other methods of
selection, often involving much greater reliance on primary
school aSsessment of the children's potentialitieé together
with the results of éests taken over the last year or two
§f the child's primary school life.

Less than one-quarter of the children in England
are subsequently allocated to secondary grammar or second-
ary technical_séhools, although the proportion varies ffom

area to area.  The remainder mostly attend secondary modern

_ischools (35:3). o~
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}Grammar Schools

The curriculum of the secondary grammar school is

broadly based at lower form levels but is specialized by

the time pupils reach the sixth form, where the work is

closely related to requirements for university entrance.

‘These requirements are expressed in terms of a student's
: s
success in the'publié examination, set in England by cer-
.tain university boards, known as the Examination for the
General Certificate of Education, and often referred to as
"the G. C. E." Students usually take the G. C. E. for the
first time at about the age of sixteen when they offer for
-examinétion at Ordinar& level most of the subjects they
;have been studying for the past four or five years. Those
gwho remain at school for a further two years offer for
iexamination at. Advanced level the principal subjects they
%have continued to stud& during that time, usually three in
%nuﬁber. |
P G. C. E. results are used to dete;mine‘;uitability'
not only for the universities but also for training collegesg
éfor teachers for certain courses in technical colleges and
for certain professions.

About 17 per cent of grammar'school pupils go 6n to

|universities, and well over one-half the-university




Eknown as the Certificate of Secondary Education, was intro-

3 .
- jduced; it is designed particularly for sixteen~year-old

t
l
| .
lentrants in any one year are drawn from grammar school

gpupils (35:5). -

Modern Schools 7 o

Secondary modern schools provide the broad general
education required by the majority of students who leave

‘school at fifteen. ZThéﬂsubjects of the curriculum are the

same as those for the grammar school except that the number%
of students who study a foreignvlanguage is small and more
:time is given to industrial arts for boys and home econom-—
ics for girls. The teaching methods and the content ofr

syllabuses are varied so that they match, as nearly as is

‘practicable, the wide range of ability among the students.’f

|Age-groups are devided into forms according to ability and

fto a lesser extent, in the later stages according ‘to choice

iof subjects.

In 1965, an examiﬁatioq with a nonacademic approach,

b

|

%students for whom the G, C. E. is unsuitable (35:6).

-
Othexr Types of Secondary Schools

There are still secondary technical schools in some

areas, mainly in large towns. They are becoming more and
A ; ‘ ; .

2

. — 4

——
| |
|
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more like grammar schools with a bias toward scientific and j

?practical subjects.

|
There are also Independent Schools which provide g
1
|

for about 6 per cent of the total school population in

England. They vary widely in type, from the small kinder-

F
z
i
1
i

garten school, often conducted in a private house, to the

LY

famous "Public Schoois"" The curriculum of public schools !

is very much the same as that of grammar schools and their

students take the same public examinations.

The allowance of time for mathematics between the
ages of eleven and fifteen years inclusive is 3% to four
‘hours weekly of instruction and about 1% hours of homework.

iIn the sixth form the time varies enormously-between one

l

i

school and another; it may be as little as seven hours i

;weekly or ‘as much as fifteen hours, according to the amount'!
| ‘ ' :

}of science taken. The school week may consist of thirty-

ifive periods each of forty-five minutes; in general, a

HE
1

éteacher will be in action for about thirty of these unless
;he is head of a department. There are no official text-

i

books, as it is an accepted principle of education.in
England that the tgaching sfaff of a school are the épprb—

priate people to decide which are the best textbooks to

use. The broad aim is to give each child an eduéation
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|
%suited to his age, aptitude and abiiity, without inguiring
?too closely just what fulfills these-conditions.

FPor mathematics and languages the students are
frequently "re-set" into differently graded classes, to

allow for the differences in aptitude which pupils manifest

for mathematics or languages compared with literary sub-

A2
2

jects.
Mathematics is taught as far as possible as a

_unified_subject with algebra and geometry, starting in the

first year and taught concurrently, usually by the same

teacher (81:388).

United States

The United States exemplifies a decentralized sys-

?
%tem of education. Although there is a central national
{office of education--the United States Office of Health,
*%Education and Welfare--each state is sovereign in regard to
gits educational program, thereby determining the length of

compulsory schooling, making its own school laws, setting
- .

standards for teacher training, and so on. Because of the

decentralization of American education, it is difficult to

show that a "system" of'secondary education exists in the

United étates.;

. The usual age of beginning school in the United
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Estates is six years, though kindergartens exist in many i
;

iplaces for children under that age. The legal minimum num-
1ber of years for school attendance range from eight years

in seven of the fifty states, to nine, ten, eleven and

twelve in other states. Most children in the United States

.attend school for about twelve years, and a considerable
portion continue for‘ionger periods. (See Table 2.)7

The number of actual days of school attendance is
156 for a national average; however, many of the states
:require 180 to 190 days (123:124). ‘The schools are in
session five days per week for, from five and one-half to
.si# hours per day.

The traditional four-year high school enrolls about

18 per cent of all the secondary pupils, the divided

junior~-senior high school about 50 per cent, and most of
ithe remainder are in undivided junior-senior six-year
%schools. Approximately 90 per cent of all fourteen to
seventeen year olds are enrolled in some type of secondary
school.

Present day American thought conceives of secondary

education as a program concerned with all adolescent yoﬁth.

Secondary education is understood to encompass the period

of life beginning with the onset of adolescence and




67

TABLE 2

EDUCATIONAL SYSTEM IN THE UNITED STATES2:P

Age ’ ' ; _ Level
18 : . x11| High School
- Regular|High Sc¢hool regﬁgcal Diploma
? 7 Programs : . XI
| 16| Pradi NVocationall
: T |Combined High
! 15 té?“gl Junior| * 5choals X
ig and o
S5chools | senjor|duRior IX
14 High |5cn20)
13 Schools|°CR0CS _ VIIT
VII
/
121~ . v
11 v .
10 v
- Elementary Schools
3 III
8 IT
7 I
6 .
5 Kindergartens Pre-
) School
4 Nursery Schools
3 -

a .
Adapted from Edmund J. King, Other Schools and
Ours (New York: Rinehart & Co., Inc., 1958), p. 109.

bTable shows the levels within the general organi-
zation of the United States school system.

/___44.
b
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jcontinuing through the post-adolescent period-=-an age range
from about twelve to twenty. Educationally, this means

from the beéinning of the seventh grade through the junior

college or'through the sophomore year in the university.

Thus junior colleges are frequently discussed as essentially

secondary in nature, although they cover the first two
‘years of university wogk. o

The comprehensive high school is a distincfive
feature of American secondary education. It includes in

its- offerings all types of special education, combined in

the same school. All students take the required core

i

‘course, such as English, social studies, science, and math- |

‘ematics; as electives they choose the courses required to

émegt the needs of commercial, technical, agricultural or
Ehome economics training. There is a basic belief thaﬁ it
%advances the democratic ideal to include all secondary
istudents in the same high schools. This approach has gone
gfar to solve the problem of parity of esteem for the
gvarioug courses, which is of concern today to secondary
.:educatioﬁ in England. - |

Before an.analysis of the mathematical content is

made, certain general differences between school systems

must be considered. 1In general, students preparing to.go
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to college in the United States have: (1) an average age
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.0f eighteen after twelve years of school (not including

kindergarten), (2) a nine-month school year, (3) a five day {

week, (4) one period of mathematics a day (35-50 minutes).

Secondary School Mathematics

?

As a result ofi the report of the Commission on

Mathematics of the College Entrance Examimation Board in

1959 and the experimental curriculum projects such as the

School Mathematics Study Group, the program in secondary

‘'school mathematics is now generally as follows: °

.number systems; graphs and statistics; indirect mea-

-8chool Year 7. Study of an informal structure of whole;

number; the algorisms for computation; the positive
rational numbers; applications to percent, distance,
area, and volume; informal geometry including con- ;
structions; and introduction to algebra.

School Year 8. Study of an informal structure of the
rational numbers; the pythagorean theorem; irrational
numbers; the real number line; negative numbers; solu--
tion of simple equations and inequalities; finite |

surement and numerical trigonometry; introduction to
deduction and proof.

School Year 9. A year of study of elementary algebra
from a more formal study of number systems; sets and
operations; operations on polynomials and rational
expressions; solution of equations and inequalities;
use of deduction and proof.

School Year 10. A year of strong deductive axiomatic
geometry, plane and solid, using the properties of real
numbers; the introduction and use of rectangular:
coordinates. :




70
School Year 11. A year of extended in algebra, includ- |
ing a formal study of the system of real numbers;
linear, quadratic, rational, exponential, logarithmic,
angle, and circular functions; inverse functions; the
related algebraic solution of equations and inequalities
and transformations of these functions. |

RO |

School Year 12. Although the work of this year is not

standardized, the course usually includes a continua- i“

tion of the study of algebraic functions, limits and }
continuity, probability and statistical inference; :
matrix algebra, including simple vector spaces; and an
extension of trigonometry and solid geometry. (67:36,
37)

For the abler students, the above program is com-

pleted by the end of School Year 11. The twelfth year is

‘then usually devoted to a study of analysis, including

‘These students then take the Advanced Placement Examination
éof the College Entrance Examination Board whereby they may

ireceive college credit and/or advanced placement depending

analytic geometry and differential and integral calculus.

gon the policy of the particular college. Changing college |

i
jprograms, particularly in the freshman year, have focused

‘the attention of secondary schools on preparing their stu-

dents to make the transition to college study.

the development of education. There are basic similarities

and fundamental differences between English and American

Summary

National differences condition, to a large extent,
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I

!education. To know what these are and why they exist may
gbe of decided importance as one reviews one's educational
fendeavors, especially if such educational endeavors {like

the Entebbe Mathematics Program) are dependent on both the

British and the American educational achievements.




CHAPTER V
SELECTED TEXTBOOKS AND EXAMINATIONS » '

The aim of the textbook is to provide the best ?

.approach to a given subject--best at least in térms of the

opinion of those who are directly concerned with the in-

structional program, be it leading educators who are 7 ?
specialists in the field, or as is the case of many foreign .
nations, those who are in a position to dictate what shou1d 
be included in a particular program.

The choice of mathematics textbooks is dependent
éupon regulations concerning school textbooks in general.

\ , E
|In England, there is free choice of any available textbooks

|
Fl ! H

fwhich seem best to meet the needs of the ongoing program of .
%the school. In the United States, choices‘depend to a % %
édegree on a multiplicity of directives; the decision being
imade according to the rulings of the various states and

!local boards in an independent manner.

i

N ' Basis for Selection

: The validity of the results of a study like the

i

present one, which utilizes the judgmental content in
1 _ . 72 '
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étextbooks and examinations, depends largely on the validity
i _

jof the analytic process itself. The ériterion of useful~
ness was assumed to be a major one (but not the only one)
in this study. Therefore, the selection of textbooks for

this'study was guided by the following criteria:

1.

gEngland

!
|
!

Because many textbook series are available in

England and the head teacher of any school has. freedom of

73

The need to select a series which represents
* |

the current point of view (one that is presently

in use in the school system) concerning the

x,

3 ‘
teaching of algebra--a sound program which is i

not unduly influenéed by ﬁextreme" points of
view. : . |
A perusal of available secondary school algebra
programs offered by the various educational
publishers. ”

Data included in Roehr's study (161:25).

A consideration of contemporary programs with a
modern point of view.

Textbooks and Examinations Included
in This Study
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seleétibn,Ait might seem invidious to single out the so-

}called best algebra series; The problem was solved with
‘ T - . .

the cooperation of Dr. Bryant Thwaites who indicated two

modern mathematics series now in experimental use in English

?schools. It should be noted that:

Although there is a great deal of individual experi-
mentation in England, it is a matter of regret that--
apart from the S.M.P!, only the Midlands Mathematical
Experiments, under the direction of Mr., Cyril S. Hope !
of Worcester Training College, publishes such reports.
(177:49) . .

Furthermore the Southampton Mathematical Conference 1961
iwas held to bring together mathematicians from schools,

universities and industry in order to consider problems of

secondary mathematics education. This conferencehconcluded
!that there is an urgent need for textbooks which present
the subject from a modern point of view, and Dr. ihwéiteé
gbserved that ﬁo member of the conference was able to name-
a éingle Eiiéiéh school textbook which does so (31:30).
| Thé present plan of £he School Mathematics Project
(S.M.P.) texts is as indicated in Table 3 (61l:5):

The School Mathematics Project itself (Dr.-Thwaites
indicaéed)‘céuld be regarded &s .being é direct result of
the 1961 c9nferenCéQ :Books 1, 2, 3, and 4 were‘analyzed.

Since Book 5 is not yet in print the outline provided in




Director

TABLE 3

PRESENT PLAN OF THE SCHOOL MATHEMATICS
PROJECT TEXTS?

o -5 ._‘
i
|
|
\
{
|

I

S.M.P. Mathematics Further Math.
" at A-level Book

7]
[z, €] ‘

i Added Math.

B
Elementary Mathematics //’/" ook
at O-level

A A

Bk. 5| |Bk. 74|

o

11+

aAdapted from: The School Mathematics Project.
's Report, 1964/65.
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%the Director's Report 1964/65 (61:13) was used. The five
ébooks together form the complete O-level course.

A very complete and helpful teachers' guide for

Book T4 provided a chapter-by-chapter commentary on the '

ipublished version of Book T4 and a helpful direction in the5

.analysis of the selected series.

.
Examinations P

General Certificate Examination
Ordinary Level

School Mathematics Project
June, 1964

Elementary Mathematics 1-30 Questions (2% hours)

Elementary Mathematics 2-10 Questions (2% hours)

United States

i

| The series chosen was one of several which might

fhave been selected as "representative" of the secondary
i

i N
?school algebra program  (with a modern point of view) fol-
élowed in the United States.

The authors and editorial advisers have studied the
recommendations of many groups, including the Commis-
sion on Mathematics of the College Entrance Examination
i Board (CEEB) and ‘the School Mathematics Study. Group:
(SMSG) , which have sought to improve the mathematics

i programs in the schools. (49;3)

i Thus specific textbook series were selected as

irepresentative of those being used in England and the
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|
|

|United States with a modern point of view. 1In each case

Ethe information and/or criteria given in the preceding sec- '

‘tion was used in making the selection.

Dolciani, Mary P., Berman, Simon L., and Freilich, '
Julius. Modern Algebra Structure and Method.
Boston: Houghton Mifflin Co., 1965.

‘Book l--used in the ninth school year by fifteen year olds,i
‘551 pages. . ‘
Book 2--used in the eleventh school year by seyenteen year
olds, 605 pages.

A very complete and helpful teacher's guide accom-

panies each book in the series.

‘Examinations

Progress Tests to Accompany Modern Algebra Struc-
ture and methods.

%Book 1--Comprehensive Test, Chapters 1 through 14.
& .49 Questions.

?Book 2--Comprehensive Test, Chapters 1 through 5.

j 30 Questions.
Comprehensive Test, Chapters 6 through 9.
30 Questions.

Comprehensive Test, Chapters 10 through 12.
15 Questions.

Comprehensiﬁe Test, Chapters 13 through 16. .
30 Questions.
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The Entebbe Mathematics Series

: Secondary I ~~Preliminary Edition
Student Text: Three volumes
Teachers! Guide: Three volumes

Secondary II --Preliminary Edition
Student Text: Three volumes :
Teachers' Guide: Three volumes ‘
Secondary III~-~Preliminary Edition
Student Text: Algebra--One volume |
Teachers' Guide: Algebra--One volume
Secondary One is for the first year secondary school
in which most pupils are about thirteen years old, Second-
ary Two for the next year, and so on. Age equivalents

should not, however, be taken too literally, as many chil-

dren do not begin school until affer age six (41:30).

- Examinations

i African Education Study, Entebbe Mathematics.

Sample Secondary One Mathematics Test. 1964.
i 40 Questions.

Secondary One Mathematics Test No. 1lA. 1964.
40 Questions.

Secondary One Mathematics Test No. 2A. 1964,
40 Questions.

B Secondary Two Mathematics Test No. 1. 1965.
40 Questions.

Secondary Two Mathematics Test No. 2. 1965.
40 Questions. : :
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Secondary Two Mathematics Test No. 3. 1965.
40 Questions.

Secondary Two Mathematics Test No. 4. 1965.
40 Questions.

At the time of writing these were the only tests
available for the Entebbe series.

In each case the appropriate examination indicated
by the author was selected for analysis because the

expected treatment of the content of the syllabus may be

inferred from the appropriate examination paper.

-




CHAPTER VI

ESSENTIALS OF SECONDARY SCHOOL ALGEBRA

Even a cursory appraisal of the secondary school

'mathematics textbook programs of England and the United

——— e

States, is sufficient for the examiner to real}ie that cer- .

tain topics are regarded as basic to a sound program.

There are variations in the age (or grade) placement and

sequence of the prescribed content, and in the actual con-

cepts themselves. In fact, the scope and rigor of each
jprogram, up to any selected grade level, is determined by

‘these differences.

Classification of Essentials

Appendix B presenté data on 104 concepts (An Aug-

mented List of Possible Essentials) from which thirty-five

were selected as essentials, because they appeared in

both the Engligh and the United States Textbook series.

80
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COMMON CONCEPTS (ESSENTIALS) IN THE ENGLISH AND UNITED
STATES SECONDARY SCHOOL MATHEMATICS TEXTBOOK
PROGRAMS, CLASSIFIED AS MODERN (M),

OR TRADITIONAL (T) 3

!
!
‘ TABLE 4

. 1. Ratio and proportion.

2. Solution of problems involving measurements,
‘ e.g., addition of lengths expressed in feet
and inches, calculation of areas and vol-
umes, addition or subtraction of angles.
¢
3. Preparation and interpretation of statisti-
cal graphs; viz., bar, circle, and line.

~
4. Fundamental operations with polynomials.

; 5. Common special products; viz., a(b + ¢),
(a+ b)(a - b), (at b)?, and (a + b)
(c - 4), emphasizing the distributive law. (M)

6. Factoring; v1z., ab + ac, a? & 2ab + b?,
a? - b2, ax? + bx + c based on the distrib-
utive law. i (M)

|

{ .

! 7. Solution of a system of linear equations.
i

8. Determinants, their evaluation by minors,
and their use in solving systems of linear
‘equations.

9, vVariation, direct, inverse and joint.

+10. Function and functional notation. Represen-
tation of a function by a table of corres-
ponding-values, by a graph, and where

possible by an equation or verbal statement. (M)

11. Properties of a linear function; viz., rate
of change, graph, slope, and y—1ntercept
of the graph.
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(T)

(T)

(T)

(T)

(T)




13,

14.

15.

16.

'17.

18.

'19.

20.

21.
22,

23.
24,

25,

26.

TABLE 4~--Continued

Quadratic polynomials in one variable,
location of maximum or minimum, nature of
roots, expressions for the sum and product
of the roots of a quadratic equation.

Scientific notation or standard-form of
numbers, e.g., 2.54 X 10%, 1.2 X 10~".

-

Principles of computation with logarithms.

*

Solution of exponentiai and logarithmic
equations.

Finding the rational roots of higher degree
equations of the form f£(x) = 0 where f(x)
is a polynomial in X. ‘
Permutations.

N
Combinations.

Probability.

Sets, element of a set, designation of a
set by description and listing set-builder.

Subset, proper subset.
Empty set,,ecﬁﬁiement of a set.

Operations on sets: union and inter-
section.

Ordered pair of numbers, set of ordered
pairs of numbers, cartesian set.

Open sentences, statements.
Descriptive statistics: measures of

central tendency and simple measures of
dispexrsion. L

(M)

(M)
(M)

(M)

(M)
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(T) -
(m) |




130.

131.

32.

33.
i34,
i35,

36.

37.

38.

39.

40.

41.

TABLE 4--Continued

Equations, Inequalities, and Problem -
Solving.

Inequalities and special graphs.

Quadratic Ineqﬁalities. Relations between
roots and coefficients.

Graphing quadratic Relations.

Evaluating and applying Trigonometry
functions.

Vectors and Matrices.

Matrix Algebra, matrices and transforma-
tion.

Frequency distributions. The histogram,
normal distribution, cumulative frequency
curve.

Radicals and exponents.
Percentage--problems.

Different number bases.

Domain and Range of definition of a func-
tion.

Absolute values.

Solution of verbal problems by Algebraic
methods. —

Solution of linear equations having numer-
ical and/or literal coefficients.

(M)

(M)

(M)

(M)

(M)

(M)
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(T)
(T)
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T Each concept in Table 4 was classified as modern

E(M), or traditional (T), as indicated in Chapter III. The |

'very pertinent question, how this minimum list can be used,

is later discussed in Chapter VII. Although such a collec-

tion of concepts does not provide adequate information as

to the required student's understanéings, nevertheless, by

an analysis of appropriate‘tests, one can gain some addi-

‘tional insight into the area of student's understanding of i

the processes involved. }
In Table 5, the test items are classified into threé ,l

- |
categories, (A) multiple-choice form, (B) completion form
‘with simple numerical values or algebraic variables for

ranswer and (C) completion form with some written work.

.~

|
. |
! . : i
; TABLE 5 f
|

CLASSIFICATION OF ENGLISH AND UNITED STATES TEST ITEMS
WITH RESPECT TO SUGGESTED ANSWER
FORMS A, B, AND C

. Frequency % Frequency %

A. Multiple-choice 5 10 15 25.3

e e

"|B. Filling in with numerals
or algebraic variables 13 26 5 8.3

C. Written work 32 64 40 . 66.4

l
|
1
! England United States
|
1
|
|
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All of the questions in the Entebbe series were

Emultiple choice questions. On the contrary, two out of

‘three guestions in the English and American series were of

the completion form.

'whether their questions are based on (A) the student's

€

' |
In Table 6, the iﬁems are classified according to

understanding of basic mathematical concepts, (B) the stu-

dent's computational skill, or (C) the student's ability to

apply basic mathematical principles. In the case of a lack '

of consensus on the classification of any item, that item

was not classified.

TABLE 6

-~

'CLASSIFICATION OF ENGLISH, UNITED STATES AND ENTEBBE
TEST ITEMS WITH RESPECT TO REQUIRED ABILITIES

England u. S. Entebbe
Freqg. . % Freq. % Freqg. %
A Understanding of
f basic concepts 9 i8 19 31.6 34 28.2
'B. Computational skill 3 6 7 11.7 3 2
C. Ability of Applica-
tion of basic
concepts 7 14 9 15 13 10.8
D. No unanimous opinion 31 62 25 41.7

70

58.5
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E In Tables 5 and 6, the test items are classified i
%with respect to (1) the form of answer required of the stu—é
:dent, and (2) the abilities required to answer the gues- !

tions. It is interesting to note that 62 per cent of items-
in the English tests, 41 per cent of items in the United l
fStates serigs and 58 per cent of the test items in the
Entebbe series were not claésified because the jurors
‘lacked unanimous opinions in each instance. More discussion

'considering the contents of these items will be presented

in the comparison of the essentials.

Comparison of Essentials

Major emphasis in curriculum construction and eval—:
éuation is usﬁally placed on the objectives of instruction. |
éTherefore the aﬁove evaluation of test items mirror éome of
fthe many aspects of learning ;n the classroom, such‘as the
;relative_emphasis placed on understanding, reasoning, and’
%problem solving. Figure 1 is a bivariate distribution of |
iessentials in the English and in the United States pro-
§grams according to thé age~part-of-series plan described in
Chapter III. ' i

Figure 2 is a matching of points (a matching of

concepts), using both axes of Figure 1, with the axes

-
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} Ih Tables 5 and 6, the test items are classified

with respect to (1) the form of answer required of the stu-
<

dent, and (2) the abilities required to answer the ques-
tions. It is interesting to note that 62 per cent of items

in the English tests, 41 per cent of items in the United

States series and 58 per cent of the test items in the

L]

Entebbe series were not classified because the jurors

¢
‘lacked unanimous opinions in each instance. More discussion
considering the contents of these items will be presented

in the comparison of the essentials.

Comparison of Essentials

Major emphasis in curriculum construction and eval- |
éuation is usually placed on the objectives of instruction.
%herefore the above evaluation of test items mirror some of
gthe many aspects of learning .in the classroom, such as the ;
%relative-emphasis placed on understanding, reasoning, and
éproblem solving. Figure 1 is a bivariate distribution of
essentials in the English and in the United States pro-
grams according to thé age-part-of-series plan described in
Chapter III. |

Figure 2 is a matching of points (a matching of

concepts), using both axes of Figure 1, with £hefaxes”
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England

Figure l.*--A bivariate distribution of the
essentials.

*Any interpretation of this graph must be made with

the understanding that full-time education is compulsory
in. England from the-age of five, and that the school leav-

ing age is fifteen.

The usual age of beginning school in the United
States is six years, though kindergartens  exist in many
places for children under that age. The legal minimum
number. of years for school attendance.range from eight
years in seven of the fifty states, to nine, ten, eleven
and twelve in other states. Most children in the United

States attend school for about twelve years.

M o
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United States

Figure 2.~--A two-way matching of common .
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Engldnd

algebraic concepts (a matching of the essentials).

£
7




89 . -

|
1 . : : : X
iplaced in parallel as an aid to visual comparison. It is a

;two-way matching of common algebraic concepts, and more
specifically it is a matching of the essentials.

It may be observed that Figures 1 and 2 present

exactly the séme data. Both graphs present comparable pic-

.tures of the essentials at a quick glance, and each is a

%

reinforcement of the other. ’ ;

Since the available Entebbe series represented only .
half of the entire series (as indicated in Chapter V), it \%
was not to be expected that the entire list of essentials . ot
presented in Table 4, could be identified in the partial |
;Entébbe series that was studied. To provide a comparative

perspective of the essentials and the Entebbe program,

v
1

iTable 7 presents common concepts observed in the three
!

jseries, and Figure 3 exhibits a comparison of these concept

—l

%at a glance.

'
1

; By illustrating the varied types of items devised
as samples of each concept, it was hoped that the reader
will perceive the variety of information a student can

obtain, if careful construction and judicious use is made

of items representing the essentials.
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11,

TABLE 7

SOME CONCEPTS COMMON TO THE ENGLISH,
AMERICAN AND ENTEBBE SERIES

@

Ratio and proportion. ;!
: 7
: - &
Preparation and interpretation of statisti-

cal graphs; viz., bar, circle, and line.
Fundamental operations with polynomials.

Common special products; viz., a(b + ¢),
(a +b)(a-Db), (a+b)? and (a + b)
(c - d), emphasizing the distributive law.

Factoring; viz., ab + ac, a2 % 2ab + b?,
a? - b?, ax? + bx + ¢ based on the distrib-
utive law.

Solution of a system of linear equations.

Function and functional notation. Repﬁé-
sentation‘of a function by a table of *‘
corresponding values, by a graph, and where
possible by ‘an equation or verbal state-~
ment.

Properties of a linear function; viz., rate
of change, graph, slope, and y~intercept of
the graph.

Quadratic polynomials in one variable,
location of maximum or minimum, nature of
roots, expressions for the sum and product
of the roots of a quadratic equation.

Principles of computation with logarithms.

Sclution of exponential and logarithmic
equations.

(M)

(M)

(M)

20

(T)

(T)




12.

13.

14,
15.

le.

17.

1s8.

19.

91

TABLE 7--Continued

Finding the rational roots of higher degree
equations of the form £(x) = 0 where f(x)
is a polynomial in x. (M)

Sets, element of a set, designation of a
set by description and listing set-builder. (M)

Subset, proper subset. (M)

.

Operations on sets, union and intersection. (M)

Ordered pair of numbers, set of ordered
pairs of numbers, cartesian set.

Open sentences, statements.

- .
Equations, inequalities, and problem )
solving.

Inequalities and special graphs. (M)
Graphing gquadratic relations.

Evaluating ‘and applying Trigonometry
functions.

Solution of verbal problems by Algebraic
methods. )

& .
Solution of linear equations having numeri-
cal and/or literal coefficients.
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Figure 3.--A three way matching of common algebraic !
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England

17.1

16.1

15.1

14.1

‘concepts in the English, United States and the Entebbe

programs.

e



‘are many outcomes that may be expected from a study of
mathematics. It has been the point of view of this chapter
‘that if such a wide range of objectives exists, then the l

‘role of the essentials in curriculum construction and eval- :

.prepared by the National Council of Teachers of Mathematics

:(22:72) is presented below.
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Illustration of Essentials

Most teachers of mathematics will agree’that there

«§

uation, must be mirrored in’ "the Objectives of Instruction."'E
|

Since many sets of objectives may be developed; there is of .

course, no commonly accepted list. However, in order to

'épave a framework of reference, a sample list of objectives,f

The student should:

...have a knowledge and understanding of mathematical
processes, facts, and concepts;

...have skill in computing with understanding, accuracy)
and efficiency;

...have the ability to use general problem-solving
technique;

..understand the logical structure of mathematics and
the nature of proof;

...use mathematical concepts and processes to discover
new generalizations and applications;

...rYecognize and appreciate the role of mathematlcs in
society; -

...develop study habits essential for independent
progress in mathematics;

...develop reading skill and vocabulary essential for
progress in mathematics;

. ..demonstrate such mental traits as creativity, dimagi-

nation, curiosity, and visualization;
...develop attitudes that lead to appreciation, confi-

dence,. respect, initiative, and independence.
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t
!
} The first five of these objectives are used as

[
jcategories for this illustration of the general level and

‘character of knowledge expected. No preference is implied
‘for any specific illastration.

. Although a single illustrative item may cover a
number of objectives and sample a variety of concepts, no

attempt is made to cover all‘possible objectives . . . an

impossible task . . . or all of the essentials identified

in this study. These items are intended to be illustrative !

only.

Illustration I: (School Mathematics Project, Book 3,
Part 3, pages 70 and 71)

iObjective: ...have a knowledge and understandiné of
P mathematical processes, facts, and con-
"cepts.

i
|
i
|

?Three Important Identities in
ithe Algebra of Numbers

a. Anh identity for (a + b)?

H

Figuré 4 will remind you of the reason for believ-

'ing that (a + b)2 = a? + 2ab + b2.




' a b
a a? ab
b ab b?
Y
Figure 4

Examgle

Calculate 2.0052

2.0052 (2 + 0.005)2

1]

4,020025.

%For most purposes 4.02 or 4.020 would be quite accurate

;enough. The final term-can then be omitted altogether.

b. An identity for {(a - b)?

i In Figure 5 a sguare of side a has had two strips
gof width b marked on it. The area of the square outlined

%is therefore (a - b)?. It may also be considered to be

i
i
!
i
|
H
i
|

22 + 2 x 2 x 0.005+0.0052

4 + 0.02 + 0.000025

formed from the original square with the two strips of

area ab removed. As this means that the shaded'squaﬁe, of _{___

95
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area b2, has been taken off twice, it has to be added on

gagain so (a - b)2 = a% - 2ab + b2.

a-b
(a-b)?

ab

fu

a->b -+
. &
ab éé:fgb

b‘
e s —

Figure 5

The distance in ft. fallen by a dropped stone in

t sec. is given approximately by the formula d = th%.

A stone is dropped down a pit shaft and the thump comes
4%'sec. later on a stop watch.  How deep is the pit?
L a= 16x(4)2
16(5 - _)2
5
16(5f ~2x5xL1+1)
5 5
16(25 ~ 2) approximately, (ignoring 16 x %2).
368,
]

The pit is about 370 ft. deep, two s1gn1flcant flgures

being qulte enough in v1ew of the 1naccurac1es of both the

formula and the measuring.



c. An identity for (a + b)(a - b)

) Figure 6 will remind you of the reason for believ-

ing that (a + b)(a - b) = a? - b2, -

o

7%

. +——— 2 —»]

-t a+b

Y

Figure 6 .

Illustration II: (Schobl Mathematics Project Specimen pagei

for Book 1. Chapter 14, page 250)

:Objective: ...have skill in computing with*understand-
b ' ing, accuracy, and efficiency.

Flow Diagrams

i A
Simple flow diagrams were used to illustrate the

:method of.using an addition slide rule. Flow diagrams are
also useful in arithmetic problems. They provide repre-
sentation of the plan that goes through your head before
fou start to calculate. ™

Example . .

A girl buys 3 bars of chocolate costing 6%d. each.

She has 4s. 7%d. in her purse. If humbugs cost 10%d. per
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quarter, how many quarters can she buy?

This is a fairly simple problem, and the thought

processes can be set down in a simple flow diagram as shown
b .

&

in Figure 7.

; (1) No.of pence (2) No. of bars
? in cost of bapy of chocolate
Do of chocolate bought

z I v

(3). Calculate
(1) x (2)

(4) Number of
pence in pu

(5) Calculate
(4) - (3)

(6) No. of pence
in cost of 1
gtr .. of humbugs

(7) Calculate
(5) + (6)

ignoxring re-
mainder

Figure 7

iIlluStrétion ITI: (School Mathematics Project. Book 3,
Part 3, pages 64-65) '

Objective: ...have the "ability to use general problem—
solving technique.

Inside the Function Machine

.Thebfunctiondf~ X + 3x + 4 can equally be descrlbed

by the relation x' = 3x + 4, where x' is the member of
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29

i
!the range corresponding to‘a member x of the domain, that

;is the input, x' 1is the output. We say x' is the sub-

‘ject of this relation (compare the use of the word in
%grammar). Figure 8 shows you the inside of a function P
‘machine, £, engaged in mapping x + x'.

|
1
How the Inverse Machine Works. The inverse machine -

£f~! takes x' and maps it back onto x by applying the
operations inverse to mult. by 3 and add}& in the
reverse order. It is shown in action in Figure‘9.

There is no need to draw the machine, of course.’
;In fact one will find it most convenient to lay it out as
;in the example below as a flow diagram. When one has had

éplenty of pfactice the instructions can be omitted from

i
\

the flow diagram and, later, one will find that one can
write down £-! without needing to write out £.

Example

Find the function inverse to x + % - 3.

The corresponding relation is x' = % - 3.
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* Flow diagram IStart X l Flow diagram I Finish x = 4(x' + 3)
for £1
x B

for £ \
4(x' + 3)
| Divide by 4 | Mult. by 4
% x' = 3
ISubtract 3 @‘E
: % , iy
Finish x' = }zf- -3 | start x'
This gives x' - 4(x' + 3) or x - 4(x + 3).

10T

.




Illustration IV: (School Mathematics Program. Book 3,
: Part 1, pages 20-21)

|
iObjective: .. .understand the logical: structure of
mathematics and the nature of proof.

i I AV‘ 102 7
|
| |

|

iSummagx

| Letters denote operations. If A, B are operations
zand P is a figure or object then A(P) means 'the operation
A carried out on the object P'. BA(P) means 'the opera-

‘tion B carried out on the result of operation A on P'.

The object P may be omitted. Some pairs of operations aref

‘commutative; fhat is, AB&P) = BA(P), but not all. All
joperations are associative, that is, (AB)C = A(BC).

One operation on the result of another is called'
ithe product of the operations.

The identity operation (I) leaves a figure un-

1
!
i
|

!changed.

% An operation R combined with its inverse (written
'R~!) leaves a figure unchanged, that is, RR™! = R™! = T
for all R. -~

In Figure 10 flags A and C are directly congruent,
-

j
i
i
1
!
i

while flags A and B are oppositely congruent.
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Figure 10
The possible single operations equivalent to pro-
ducts of operations are showh in Tables 8 and 9.
Because "The Nature of Proof" was not identified as '
one of.the concepts;gnAthe list of essentials, no effort

‘was made to illustrate it.

‘Illustration V: (Dolciani Book 2, pages 108-109)

‘Objective: ...use mathematical concepts and processes to
; discover new generalizations and applica-
tions. :

.

!
|
i | |
|[Extra for Experts |
i |
|
i

Linear Programming. Simultaneous linear inequali-

i _
'ties appear in-'decision problems in applied mathematics.
| ‘

%Consider the following situation:

% To decide how much wheat and corn to produce on pis
éacreage, a farmer analyzed the requirements for producing
aeach grain. He found that the production of 100 bushels of

corn required 2.5 acres of land, $70 in capital[ 2 hours

of labor in August, and 2 hours of labor in September.  To

produce 100 bushels of wheat, he needed 5 acres of ‘land,

¢N ™




TABLE 8

POSSIBLE SINGLE OPERATIONS EQUIVALENT TQ PRODUCT BY
TRANSLATIONS AND ROTATIONS

Operation performed first

Rotation
Translation through © Half turn
about P about P
Translation Translation Rotation Half turn
(or identity through © about
if about point point other
T, = T;7') other than than P
P o
Operation
Rotation Rotation Rotation Rotation of
performed through ¢ through ¢ of 0 = 9 ¢ + 180°
about P about point about P about P
second other than P Identity Identity
o if'0 = -0 if & = 180°
Rotation Rotation of Translation Rotation of
of © about © about point 180° -~ ©
Q other than Q about point
‘ other than
Q

L 70T-

I N e
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POSSIBLE SINGLE OPERATIONS EQUIVALENT TO PRODUCTS :

OF REFLECTIONS

Operation perfofmed firsﬁ

Operation
‘performed

second

li

Reflection in given line

Reflection in
line

Reflection in
line

Reflection in

perpendicular

Reflection in
at angle ©

same

parallel

line

line

. 1
Identity

Translation through twicé
distance between lines i
Half turn about point

of intersection of

lines .

|
!
Rotation of 20 about !
point of intersection i
of lines |
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%$50 in capital, 4 hours of labor in August, and 10 hours-of
jlabor in September. Available to him were 100 acres of
vland, $2,100 in capital, 200 hours of labor in August, and
160 hours of labor in September. If 100 bushels of corn
brought a return of $150 and 100 bushels of wheat $250, how
.should he have divided his pro?uction between corn and

wheat to make the dollar return;as large as possible? The

‘data of the problém are arranged in Table 10.

TABLE 10

' DATA FOR LiNEAR PROGRAMMING PROBLEM

Input Requirements

Per 100 Bushels Available |
Material
Coxrn Wheat
Land (acre) 2.5 5 100
Capital ($) 70 50 2,100
Aug. labor (hr.) 2 4 200
Sept. labor (hr.) 2 10 160

Value of output
of 100 bushels (§) 150 250
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!Let X = the number of hundreds of bushels of corn produced;
; y = the number of hundreds.of bushels of wheat produced.

If R denotes the total return in dollars, theﬁ R = 150x +

1250y.

The farmer had to maximize R (find its largest

'value) subject to these inequali?ies (constraints) :

-

1. 2.5x + 5y < 100

Ia

2. 70x + 50y < 2100

The total amount of each input can—f
2 2x + 4y < 200 [ not exceed the material available. |

4, 2x + 10y < lGOJ

The farmer cannot produce a negative number
of bushels of either grain.

&
.
o
\%
o

The graph of the intersection of the solution sets
of these inequalities is shown as the shaded region in
Figure 11 and is called the feasible region, because the
coordinates of each of its points satisfy all the con-
strainﬁs.; The boundary of the graph is called a convex
polyg;n, and the intersection itself is called a convex set.
‘Because the constraiﬁts, as well as R, are linear in x and

v, this is called a linear programming problem.
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. i For any value of R;'such as R = 3000, the graph of
Ethe return equation 3000 = 150x + 250y is a straight line.
EFor a greater value of R, say R = 7500, the graph of the
‘return equation, is a line parallel to the graph of

‘R = 3000, but with a larger y-intercept. Different values

Eof R give a family of parallel lines each having y-intercept

1 s

3

50

40
30
20

10k

of Hundred-Bushels of Wheat

0 10 20 30 40 S50 60 70 80 90 101
No. of Hundred-Bushels of Corn

No.

Figure 11

.As the Figure suggests, the line of the family
having maximum y~intercept and, therefore, maximum R, and
containing a point QfAthe feasible region must ihtéfsect
the region at a vertex. It can be shdwﬁ in general that

whenever a linear expression such as 150x + 250y ‘is evalu-

ated over a convex set, it must take on its maximum value
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|

lat one of the vertices of the polygon bounding the set, and
I

lits minimum value at another vertex. By substitq;ion one
finds that the expression for R takes on the following

values at the vertices, whose coordinates are found by

<
solving simultaneously the equations of adjacent sides of

-

‘the polygon.
Curiosity about this faé% may éasily lead students- '
to investigate further.l
Thus, over the feasible region the maximum for R is '
'5611%, and this occurs at the point C; The minimum for R
is 0 and.occurs at the origin; thét is, when he plants
‘nothing. Consequently, to maximize his return, the farmer
%should‘have produced 333299 or about 2,444 bushels of corn %
zand Z%gg or about 778 bushels of wheat. His return is then
éabout $5,611.11. (See Table 11.)
| This topic provides excélleﬁt motivation for the
Estudy of linear systems because it is of current importance
’éin applications and is responsible for much research

activity.

| lsee Mary P. Dolciani, Simon L. Berman, and Julius
Freilich, Modern Algebra Structure and Method, Book 1
(Boston: Houghton leflln Co., 1965), pp. K, L (follow1ng
page 356)..




SIMULTANEOQUS EQUATIONS FOR
PROBLEM INDICATING R (THE TOTAL RETURN IN
DOLLARS) AND V (THE VERTICES OF THE

TABLE_ 11

*

CONVEX SETS

110

THE LINEAR PROGRAMMING

Vertex 150x + 250y R
0(0,0) 150(0) + 250(0) = 0 + 0 . 0
'A(0,16) 150(0) + 250(16) = 0 + 4000 4000
40 40 40 40y _ 40 1
;B[.—3,—§} 150{ 3]+ 250[ 3] = 400[ 3] 5333 3
{220 70 (220 70) _ 50,5000 1
;c[——9 , 9] 1502 ] + 250[ 9] 2228 5611 3
!D(30,0) 150(30) + 250(0) = 4500 + 0 4500




'in the American series, were of the completing form with i
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Summary of the Chapter - ;
In this chapter, forty-one concepts of secondary |
jschool algebra were identified as essentials because they
:appeargd in both the English and the American textbook j
series, analyzed in this study. These essentials were sub—%
.sequently classified as modern or traditional by a jury of {

,individuals, who were experienéed mathematics educators.

Thirty-four per cent of the essentials were identified as
3

!

modern.
A study was made of the features of appropriate
examinations. It was observed that 64 per cent of the

‘items in the English- series, and 66 per cent of those

some written work.” All of the items in the Entebbe series
were of the multiple choice variety. Furthermore, 62 per
cent of the items in the English series, 42 per c%Pt of
the items in the American series, and 58 per cent of the
items in the African series were not classified with
respect to required abilities, because the jurors were of
divided opinions.

)& Graphical comparisons of the common elements in
each series were sﬁbsequently constructed, and‘illustrar

tions of the essentials, based on objectives of instruction




;Illustration

éIllustration

i

;were presented.

iTllustration I feature the following essentials:

2.

27.

35.

40.

4]1.

27.

317.

40.

4.

5.

Solution of problems involving mea-
surements, e.g., addition of lengths
expressed in feet and inches, calcu-
lation of areas and volumes, addi-
tion or subtraction of angles.

Preparation and interpretation of
statistical graphs; viz., bar,
circle, and line.

Equations, inequalities, and problem
solving.

Radicals and exponents.

Solution of verbal problems by
algebraic methods.

Solution of linear equations having
numerical and/or literal coeffi-
cients.

II feature the following essentials:

Equations, inequalities, and problem
solving.

Different number bases.

Solution of verbal problems by
algebraic methods.

II1'feature the following essentials:

Fundamental operations with. poly-
nomials.

Common special products; viz.,

a(b + c), (a+ b)(a~Db), (atb)?,
and (a + b).(c - d), emphasizing the
distributive law.

112 .

(»)

o)

(T)

(T)
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‘[ ' 6. Factoring; viz., ab + ac,
’ a? t 2ab + bZ%, a? - b?, ax? + bx + C |
based on the distributive law. (M) !

10. Function and functional notation.
Representation of a function by a
table of corresponding values, by a
graph, and where possible by an equa-
tion or verbal statement. (M)

37. Different number bases. ' M)
40. Solution of verbal problems by
algebraic methods.

41. Solution of linear equations having :
numerical and/or literal coefficients. ;

Illustration IV f£dature the following essentials:

10. Function and funetional notation.
Representation of a function by a
table of corresponding values, by
graph, and where possible by an equa-
tion or verbal statement.

25. Open sentences, statements.
37. Different number bases. (M)

40. Solution of verbal prbblems by
algebraic methods.

A4

iIllustration V feature the following essentials:

2. Solution of problems involving mea-~
surements, e.g., addition of lengths
expressed in feet and inches, calcu-

: lation of areas and volumes, addition

or subtraction of angles.

3. Preparation and interpretation of
statistical graphs; viz., bar, circle,
and line.




10.

11.

20.

21.

22.

23.

24.

25.

27.

28.

Common special -products; viz.,

a(b + ¢c), (a +b)(a -Db), (a * b)?,
and (a + b) (¢ ~ d),- emphasizing the
distributive law.

Factoring; viz., ab - ac,
a? + 2ab + b2, a? - b?, ax? + bx + c?
based on the distributive law.

Solution of a system of linear
equations.

Function and functional notation.
Representation of function by a
table of corresponding values, by a
graph, and where possible by an
equation or verbal statement.

Properties of a linear function;
viz., rate of change, graph, slope,
and y-intercept of the graph.

Sets, element of a set, designation
of a set by description and listing
set-builder.

Sﬁbset, proper subset.

Empty set, complement of a set.

Operations on sets; union and inter-
section.

Ordered pair of numbers, set of
ordered pairs of numbers, cartesian
set.

Open sentences, statements.

'Equations, inequalities, and problem

solving.

.Inequalities and special graphs.

114

(M)

(M)

(M)

(M)
M) -

(1)

(M)

(M)

(T)




37.

40.

41.

115

Different number bases. (M)

-

Solution of verbal problems by
algebraic methods.

<
Solution of linear equations having ﬁ?
numerical and/or literal coefficients.
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CHAPTER VII
SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS

This study was made because of a basic difficulty
facing teachers and administrators of secondary college
preparatory mathematics. The difficulty stems from the
fact that the amount of mathematical knowledge is rapidly
expanding in every direction. The discovery of new mathe-
matics coupled with its many applications to science,
engineering and other human endeavors, have dictated college
curricula changes, and are forcing a re-examination of the »
content of secondary college preparatory mathematics. This
‘applies in particular, to secondary mathematics in foreign |
‘college preparatory institutions, whose students seek col-
‘lege and university training in British and American insti-é
tutions. This study was made to discover a digest of at

‘least the minimum content expected of secondary college

épreparatory algebra programs so that teachers and adminis-
‘trators can have adequate specific information as they E

.prepare their students for professional education. Then,

t
i
. f
{

116

?based upon these essentials, the research of chers'and-the'
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%objectives of secondary mathematics education, a comparison
of the essentials was made; illustrations presented, and

implications for the Entebbe mathematics program outlined.

The Problem

The basic problem is stated in the following ques-
tion: What are the areas of agreement or disagreement in

. %

secondary school algebra in England and the United States?
In this respect, it was necessary to find what conéepts
formedvthé body of prevailing secondary school algebra
pfograms in Eﬁgland and the United States, and to compare
these concepts. It was necessary, also, to determine how
these concepts could be related to the Entebbe mathematics
iprogram.

fProcedure of the Study

A review of official documents and reports was

ﬁmade to determine the status of secondary mathematics.

‘The same sources were searched for recent trends in the
5curriculum, and the weight of opinion on the content of
.the curriculum. A review was made of dissertations relat-

éing to modern (experimental) and traditional secondary

i :

imathematics, and to the content of the curriculum. Addi-

i

i

5§tional dissertations on concept learning in mathematics

R , ' - 117 |

prrnstt
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‘were studied. Sources in the literature of comparative

education were examined for findings in secondary mathe-
matics related to England.

Three recent textbooks series that are pioneering
efforts to bring modern mathematics into the secondary
curriculum (one from the United States, one from England,
and one from the Entebbe program)‘%ere selected. The con-

tent of these textbooks was analyzed in terms of basic

mathematical concepts. A list of essentials was determined

-

' by selecting common concepts in both the United States and

the Entebbe series. Graphical comparisons of the essen-
tials were made, tc*indicate the extent of agreement or
disagreement in sequence of presentation. The concepts of
}modern‘mathematics in this 1list of essentials were idehti—‘;
Efied. Appropriate examination papers were analyzed and '>

their items compared with the list of essentials. A sample/

(

‘list of objectives, prepared by the National Council of
‘Teachers of Mathematics was presented and used to illus-
‘trate the essentials. Subsequeﬁtly, a graphical comparison
jof Entebbe items and the essentials was constructed.

Based upon the findings in the foregoing part of
%the study, implications for the Entebbe mathematics program

i
iwere drawn.

i =
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Summary of the Findings 4

In the course of the study leading up to the com-

parison of Entebbe items and the essentials, the following
findings were obtained:

1. The English report (Teaching Mathematics in
Secondary Schools) condemned questions concern-j
ing the order of fr;étional operations.

. 2. Comprehensive lists of formulae and definitions
and other mathematics tables are provided for
students taking "O-level" énd "A-level" mathe-
matics examinations.

Hypothesis 1: That there are areas of agreement

(essentials) in secondary school :
mathematics. i
Table 4 lists such essentials and suggests that 35
per cent of these/é;sentials may be classified as modern
mathematics. . Figures 1 and 2 are comparable illustrations E

iof these essentials at a glance. Thus, the first hypoth- !

esis was supported.

>

Hypothesis 2: That there are procedural variations
in some of the essentials between
programs.

Figure 3 indicates the different age placement of

gthe essentials in different programs. The illustrations of
i : .
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;the essentials in Chapter VI shows some of the procedural

'variations in those concepts that were illustrated. Thus,

the second hypothesis was supported.

Hypothesis 3: That the Entebbe Mathematics Program ;

recognizes some of the essentials. :
|

Table 7 lists twenty common concepts in the EnglishJ
United States, and Entebbe Series, and Figure 3 presents a
three way age placement matching of these common .concepts.
Thus, the third hypothesis was supported.
Hypothesis 4: That in the areas of disagreement -~
between the English and United States
programs, the Entebbe program has a

greater number of elements of the
American program than of the English.

&

From Appendix B, the Augmented List of Possible

Essentials it is obsérved that:
1. Forsy—eight per cent of Entebbe test items were?
identifi;d in the English textbook series. %

2. Forty-eight per cent of Entebbe test items were

identified in the United States textbook series
examined.

‘ 3. Forty-eight per cent of Entebbe test items were
identified in the list of Essentials.

In a strict sense, this hypothesis was not sup-

.
ngrted.&
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Along with comparing English and United Stafes
Atextbook programs with Entebbe program in general, the
gdata included in Tables 5 and 6 show that:
% 1. Two out of three items in the English and Amer-

ican tests were of the completion form.

2. All of the questions in the Entebbe series were

.

multiple choice questiéns.

3. Eighteen per cent of the English test items
required the student's undersfanding of basié -%
mathematical concepts. |

4. Sixty-two per cent of the Eﬁglish test items

; lacked unanimous interpretation, and were left

f unclassified.

5. Thirty-two per cent of the United States test
items required the student's understanding of !
basic mathematical concépts..

6. Fofty-two per cent of the United States test
items lacked unanimous interpretation, and were
left unclassified.

7. Twenty-eight per cent of the Entebbe test items
required the student's understanding of basic

mathematical concepts.
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8. Fifty-eight per cent of the Entebbe test items
lacked unanimous interpretation and were left
unclassified.
Finally, it is observed that the English program
provided: o
1. O-level examination tables for students. They

%

include comprehensive lists of formulae and

definitions. -

2. A-level examination tables for students pub-
lished in March, 1966, they iﬁclude comprehen-

=

sive lists of formulae and definitions.

Conclusions
The f£indings which have been established in this
‘study warrant the following conclusions:

1. That theré.arerareas of agreement (essentials)
in secondary school mathematics that should
occupy an increasingly important place in
curricula construction and evaluation.

2. That there are procedural variations in some of

the essentials between programs. Such varia-

tions as the age-placement of concepts suggests
possible investigative material for deterﬁining

| optimum placement of the essentials.
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That the Entebbe Mathematics Program recognizes
some of these essentials, and guided by expert
opinions, presents them in the language of the
people.

That in the areas of disagreement between the

i

English and United States programs, the Entebbe '

LY

program showed no difference.

That the English and United States test items
probe more often for students' understandings
than does the Entebbe test items. |

That some test items are defiant to classifica-

tion as either modern or traditional, possibly

because of the different definitions of individ-

ual jurors.

That some test items cannot be classified with
respect to ability reqﬁired to solve the prob-
lém, possibly because of the wide coverage of

concepts in such items.

‘That some items are advisedly left out of the

curriculum. Examples of such items are:
a) complicated fractions which not only con-
stitute an unnecessary burden on the weaker

pupils but have not the saving grace of

i

|
1
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being useful to the future specialist
(202:62) . .

b) Groups of fractions such as
3

1 7 1
2113470631
g 17§ "3

are still widely taught, with unofficial

rules for the resolution of the ambiguity.

L3

Concerning such questions on the order of fractional

operations, Her Majesty's Commission also .stated that:

It is preposterous that such questions (even with whole
numbers instead of fractions) appear in secondary school
selection tests and consequently in the work of junior

schools.

Such an example could not occur in practice

because no one could risk being misunderstood. (202:50)

9.

Some items are unamimously considered of value.

Such an item is statistics whose value for all

secondary séhool pupils is no longer in doubt,
and érograms like the English, the United

States and the Entebbe programs introduce it ;
early, but in a form which encourages effort to.
interpret sets of figures and assess the valid- !
ity of othef interpretations, instead of merely
doing routine calculations. Informal ideas of
probability also appear and lead to simple

numerical problems.
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10. Some attention must be given to the A-level

tables which were used in A-level examinations :

in England in 1966, because both of the

i

reports (201 and 202) which were summarized in{

i

iﬁg Chapter II, indicated that one major objective

- of secondary mathematics educhtion is, that at
all levels of instruct}on, more emphasis
should be placed upon pupil discovery and
reasoning, reinforced by greaﬁer precision of
expression. . |

Like the O-level tables, both tables are‘novel'in

that they include comprehensive lists of formulae and

‘definitions. If the burden of memorizing can thus be eased,

vthe examinations can, it is hoped, better test the candi-
gdates' range of undefEE;nding. A copy of the Elementary

‘Tables is the content of Appendix E.

l Teachers‘readily test such tﬁings as speed in |
“‘mechanical arithmetic, memorizing of formulae and proce-
édures} but seldom the abilipy to recognize a problem, to
:transcribe it in mathematical form and to transpose the

;mathematical fgrm into a practica; prograﬁ, all of which

‘are necessary in assessing mathematical ability. - The use

3of such tables mean that the teacher's methods and approach
i . .

|




are very much affected.
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ot

Recommendations and Implications f

In view of the findings and conclusions of this

study, and the objectives that were preﬁiously stated, the

following recommendations and implications were made:

1.

their definition in abstract terms. This may

That teachers or any personnel who advise stu-
dents on education and career choices, apply

the list of essentials to direct the study of
those who contemplate entering a college or
university. Since many related fields (such as
science, mathema£ics, and economics) require
about the same high school preparation in math- .

ematics, it is expected that college preparatorﬂ
algebra will contain many students for whom theg
list can serv%jas a guide.

American teachers, it seems, prefer to empha-
size the logical aspect and make abstract E
definitions at an earlier stage, and keep‘away :

from certain concepts, such as vectors, until

the'pupils'a;e mature enough to understand

make the emphasis ideal for gifted pupils. .

i e ey e




3. The trend in England seems to be away from

emphasizing the logical aspect and making

127 |
I

abstract definitions at an early age. Progressi

all the time is from practical illustrations by

generalizations to the building 6f'simple—
systems; but the sysﬁems are not set out in
abstract form until quit; a late stage. The
emphasis is on the operations and process
rather than any strict logical arrangement

until the logic emerges naturally.

4. The Entebbe program like the United States

program emphasizes the structure of mathematics

at an early stage. This is reflected in the
careful development of mathematics as a deduc-
tive system. They stress unifying themes such
as structure, operations and their inverses,
measuiement, graphical representaéion, systems
of numerations, properties of numbers, the
development of the real number system, and the
language and notation of sets.

This list of essentials is a minimum list. It

.éwould be unfortunate if the list becomes the maximum con- -

1

Etent of any college preparatory program. The Illinois
|
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;Committee suggested that in order to provide the students
with a thorough and broad understanding of mathematics, it
is neéessary to go beyond any list of essentials. The
teacher should encoﬁrage each student to progress as far
as his capabilities will allow. Stated inﬂofher terms:

1. The essentials will provide the teacher with ang
hierarchy of content fréﬁ which he can outline
activities as these items relate to those
objectives which the teacher haé chosen. This
may mean that individual teachérs can be helped
to preplaﬁ for indiviauélization of instruc-
tion.

2. For a student who is considering a college pre-‘

paratory algebra program the list can be

presented to illustrate the kind of knowledge,

understanding and skill he must have to succeed{

3. For a foreign student, his parents, and the

adviser should consider seriously and as
objectively as possible the information avail-
able to them in the light of what is required f

for success.

i The idea of a mathematics laboratory or measurement

irpom suggested in the English report is in experimental
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;practice in some United States schoolé. To draw on its
advantages, it is hoped that for future teachers such
accommodations will be forthcoming.

) Findings of the first large-scale international
compérison of how well students learn matheﬁafics were
reported in Phi Delta Kappan of April, 1967. It stated
that Howard Fehr of Teachers College bolumbia University
made the following observations:

1. That in all countries a high correlation was

found between high achievement in mathematics

and the presence of male teachers in the class-

room.
2. That U. S. teachers generally know less math-
ematics than teachers of the other countries

studied.

3. That at the very top level in the production of |

scientists the U. S. does as well as any
country in student mathematics achievement.

4. That there are two crucial factors in student

mathematical achievement: (a) the curriculum—-;

what do we want the child to learn? and

(2) the teacher.

_—




130

As one re-evaluates any system one real criticism

is sure to be that of the topics to be taught and the re-
shuffling of some of the older topics rendered less neces-
sary by the development of more importan£ and/or broader
mathematical ideas, critically analyzed exﬁéiimental
studies, along with a critical analysis of wide observa-
tions of practice, are the more desirable bases for con-
‘clusions.

An answer then to the question, “Whét should be
taught?" can be given only in terms of whét is best for
children in the country under consideration and.not in
terms of what can be taught, or what some other country
includes in its program.

fhe American system, taken by and large, does tend
;to have the advantage in breadth while the Europeans may
%score.with greater depth. The American child gets the ;_
?depth later, so that by the time he has completed the =
;;econdary program the differences in scope are less great
;than one may have assumed.

Finally, it is recommended that more time should be

Edevoted to improving the quality and quantity of secondary

i school mathematics teachers, because the success of math--

" ematics teaching depends upon understanding and providing
B -4 . E :
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gsuccessful practical remedies for the difficulties that

students encounter. More mathematical experiences should
be introducéd at an earlier age level ; . . with both the
theoretidal and practical approaches to solving problems.

It must therefore be clearly underétbod that:

1. The major demands of any curricular revision
fall on the shoulder of‘the teachers. 1In
appreciation of this fact, the essentials may
be utilized in a manner that makes reasonable
demands on teachers, allowing them to implement‘
the recommendations gradually as their training
permits.

2. "Indicating Essentials of Secondary School
Algebra,f suggests, that resulting preparation
of students in algebra for college placement
ought to be a wiser one than if the preparation :

]

were made without considering the essentials.

Recommendations for Further Study

Any study uncovers matters which call for further
‘study. The following recommendations for further study are

made:

{
i
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1. 2n identification of mathematical concepts
essential for college preparatory students and
the designing of sequences that can be adapted
to the curriculum of different schools, the

levels of ability of the studenfs, the times

~

available for the course and the special pref-
erences of the instructor.
Such sequences should show the interdependence of
the essentials, and should be usable to plan many other
sequences or to introduce variations into ény sequence ~

2

chosen by a student. Content selection and placement in

v

relation to the objectives of mathematics and the objec-

tives of the student, then becomes the responsibility of

‘the teacher.

2. Insofar as the Entebbe mathematics program is
concerned, the implications of an extensive
concept analysié points to the need for subse-
quent longitudinal studies in which there would
be some continuity in the sequences followed
by groups of students. Such longitudinal
studies could be designed to provide~compara—
tive information after one, two, thfee and more

~

years of study in prescribed segquences.

J




? , _ .
i Each participating school system has need to evalu-

iate the Entebbe materials in its own setting. This would

also be true of all the other new mathematics programs.
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APPENDIX A
A DISCOVERY EXAMPLE "y

In the new curricula, students are encouraged to

discover general laws and principles. As,an example they

n e

]

may be asked to consider the following figures (68:27):

In Figure 1, there are two symbols in the ‘body of
the table and a sign of operation in the corner.
A means that an object is turned half way around
(180°), and B means the object is turned clear
around (360°)., The -+ shows the order; A + B = A
means the object is first turned 180° and then
turned 360°, leaving the object in the same posi-
tion as if turned 180°:

-+ A B
A B A
B A B
Figure 1

When the order of turns is reversed, one discovers
that:

or A+B=B=>24
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One sees, then;,; that the order does not affect the
result=-a half turn followed by a full turn leaves
the object in the same position as a full turn fol-
lowed by a half turn, and one knows that the
commutative property applies for.this operatiom.

It can also be observed that: P

A+ B A

B+ B

B

or that B has the identity property. In this case, °
A and B do not represent numbers, and the operation
represented by + is not one in arithmetic.

In Figure 2, there are again two symbols in the
table and a sign of operation in the corner. 1In
this case, the symbols, A and O, represent two
different abstract ideas; they do not represent
horses or dollars.

+ A O
A 0O A
0 A O
Figure 2

The + represents a rule that is expressed in the :
figure. That is, if A is paired with A, the result!
is 0, which is written as A + A = 0. A study of
the table reveals:

o
¥
s
I
g

[
]
=
+
o
i
o
+
[
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The order of operation does not affect the result,
and this operation has the commutative property.

Also, one sees that: .
0+0=0
A+0=4 ~

If the circle is used with. the circle, the result

is the circle; if it is used with the triangle, the:

result is the triangle. The circle, then, -is the
identity element with respect to this operation.
Considering both figures, Figure 1 is concerned
with moving an object, and Figure 2 is concerned
with abstract ideas. Both have two properties in
common. Figure 2 represents a miniature mathe-
matical system; Figure 1 is a model or application
of the system.

The properties of a mathematical system are funda-
mental and enduring; the models or applications
change as the needs of the society change.
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APPENDIX B

AUGMENTED LIST OF POSSIBLE ESSENTIALS

‘U. S. Entebbe England Frequency
1. Ratio and proportion. 14; 3 14; 2 15; 6 16
2. Interpolation. 14; 4
3. Measurement, common units of measure, pre- 16; 9
cision of measurement, significant digits,
and rounding.
4. Conversion of uvnits in a measurement of a
physical magnitude.
5. Solution of problems involving measure-
ments, e.g., addition of lengths expressed
in feet and inches, calculation of areas
and volumes, addition or subtraction of
angles. 14; 2
6. bS5cale drawing. #/
7. Constant, variable, parameter. 14; 1
8. Preparation and interpretation of statis-—
tical graphs; viz., bar, circle, and line. 14; 4
9. Signs of aggregation; viz., paréntheses,
brackets, braces, et al., and their use. 14; 1
10. Rational numbers; i.e., the integers and
the fractions. 14; 1
1l. Fundamental operations with rational
numbers. 14; 1
12. Fundamental operaticns with polynomials. 14; 1
13. Fundamental operations with algebraic
fractions. 14; 3
14. Common special products; viz., a(b + ¢},
{a+b)la-Db), (a£b)? and (a + b)
{c +4d), emphasiz;ng the distributive law. 14; 3
15. Factoring; viz., ab + ac, a? t Zab + b?,
a? - b*, ax? + bx + ¢, based on the dis~
tributzve law. 14; 3
16. Laws of exponents, including negative and
fractional exponents, . 16; 7
17. Solution of a system of linear equations. 14; 4
18. Solution of linear equations having numex-
ical and/or litexal coefficients. 14; 2
19. Determinants, their evaluation by minors,
and their use in solving systems of linear
equations. 14; 10
20. variation, direct, inverse and joint. 14; 4
21, ‘Function and functional notation. Repre-
sentation ‘of a function by a table of
corresponding .values, by graph, and, pos-

sible by an. equation or verbal statement’

i

14; 2




APPENDIX B--Continued

h\

U. s. Entebbe England Fregquency

22. Properties of a lipear functiony yiz., rate

of change, graph, slope, and y-intercept of |

the graph. 14; 4 15; 4 14; 6 8
23. The guadratic equation: derivation of the

quadratic formula; solution by formula and,

where appropriate, by factoring. 14; 5 15; 4
24, Irrational numbers and fundamental opera-

tions with these numbers. 14; 4 15; 4 2
25. Real numbers and fundamental operations

with these numbers. 14; 1 15; 4 7
26. Complex numbers and fundamental operations

with these numbers. 16; 9
27. Quadratic polynomials in one variable,

location of maximum or minimum' by complet-

ing the square; nature of roots, and

expressions for the sum and product of the

roots of a quadratic equation. 14; 5 15; 4 14; 6 1
28." Common guadratic equations in two

variables. .
29. Sclution of a system of two quadratic

eguations. 16; 8 15; 4
30. sSolution of verbal problems by algebraic

methods. 14; 1 15; 4 15; 1 17
31. Solution of equations in which the unknown

occurs under a radical sign, 14; 4 16; 4 4
32. Binomial theorem with positive integral Y

exponents. 16; 10
33. Scientific notation or standard-form of

numbers--e.g., 2.54 x 10%, 1,2 x 10~%. 16; 7 13; 1 14; 2 5
34. Principles of computation with logarithms. 16; 9 15; 4 14; 3
35. Change of the base of logarithms. 16; 9 16; 4
36. Solution of exXponential and logarithmic

equations. . 16; 9 16; 4 1l4; 4
37. Factor theorem. 16; 7 15; 4

/

38. Finding the rational roots of higher //

degree equations of the form f(x) = 0 where :

£(x} is a polynomial in x. 16; 7 16; 5 14; 6
39. .Sketching of the graphs of higher degree. '

polynomials. 16; 8
40. Approximating the irrational roots of re

higher degree eguations, preferably by the ~

method of interpolation.
41, Arithmetic progressions. 16; 10 16; 5
42." Geometric progressions, both finite and . .

infinite. 16; 10 16; 57)

S ) .
43,. Properties of the relation of equality. 14; 1 15; 4 5(’ 1
-44. . Properties Of tlie:relation of inequality. 14;.1  15;- 4 2
45. Extraction of square roots. Geometric . E E
.- interpretation. LT Sl4; 471473 P 1

091
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U. S. -Entebbe England

Fregquency

¢ 46,

47.
48.
49.

50.

51.
52.
53.

54.

55,
56.
57.
58.

59.

60.
61.
62.
63.

64.

65,

66.

67.

68.

69,

70:
~11.
72,
73.

74,

: 55.

Binomial theorem with fractional and neéam
tive exponents.

Pexrmutations.

Combinatléns.

-

Probability. !

ultiplication and division of complex
umbers in polar form.

De Moivre's theorem.

Exponential form of a complex number.

Ordered pair form of a complex numbery

Sets, elements of a set, designation of a
set by description and listing sét-builder,

Subset, proper subset.
Empty set, complement of a set.
Operations on sets; union and ihtersection.

Ordered pair of numbers, set of ordered
pairs of numbers, cartesian set.

Opeaisentences, statements.

Relation as a set of ordered pair of num-
bers.

Descriptive statistics; measures of central
tendency and simple measures of dispersion.

Properties of a number field, examples
fields.

Derivative of a polynomial, 1nve:ae of a
derivative.

Extending the number line, operating with
directed numbers, absolute values, and
directed numbers.

Eqﬁations, inequalities, and problem
solving.

Inequalities and special graphs.
The concept of proof.

Axioms for, real numbers, and field proper-
ties.

Radicals.

VQuadratic inequalities.
-Coordinates and distance in a‘blane.

Graphing quadratic relations.

Evaluating and applying trigonometry

. uncticns.
"Vectors and matrices._ : ' (:‘

Ttigonometric identities and formulasw

16; 10
.

16; 10

16: 10

16; 10

16; 9

14; 1 14;

14; 1 14;

14; 1 14;

16; 6 14;
L

14; 3 16;

14; 1 15;

14; 4 16;

16; 10

14; 2 14;

14; 2 16:

t

14; 4 16;

16: %

16;: 6 14;

16; 8 15;

v -

16; 8

1l6; 8

16; 8 15;

16; 9 14;

16; 9

~16; 9

15; 9

14; 2

16; 10

14; S

14; 5

4 1 14; 6

3

C143 4

BRRS TP &

10

25

13

191
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.. 106

‘ical and/or literal coefficients.’ R U I

u. s. Entebbe England Frequency
76. Mathematics inductiop. 16; 10 !
77. The fundamental theorem of algebra. 3 16; 10
78, Matrix algebra; matrices and transférme-
tions. { 16; 10 14: 7
79. The theorem of the factors of zero. 15; 4 14; 6
80, Graph of 3 = 2X, 1@); 4 14; 4
81, ~Asymptotes, symmetry; oblique, horizontal
and vertical. 16; 5
82. Isometries; rotation, reflection, transla-
tion. 14; 1
83. Gradients, function and contour. . 14; 1
84. Rate of change of functions. 14; 1
85. Topology (Eulexr's relation F -~ E + V = 2}, .
simple networks. Y 14; 2
86. Connectivity. 14; 2
.87, Matrices and networks. 14; 2
88, Duality with network examples. 14: 2
89, Computer and programming. 14; 2
90. Frequency distributions. Histogram, normal
distribu}:ion, cumulative frequency curve. 16; 10 14; 3
91. Correlation, scatter diagrams, line of best
fit. ' 14; 3
‘92, Shearing. 14; 3
93. Areas and matrices. (/ 14; 3
94. Limits of accuracy and percentage error. 14; 3 14; 4 2
95, - Linear programming. 14; S
96, Vectors in three dimensions. L - 14; 6
97. Inverse functions. 14; 6
98, Estimating areas. + 14; 3 15; 8 1
99. The trapezium rule. 15; 8
100. Fundamental trigonometry (measuring
heights). 14; 5
! -4
10i. .Percentage problems. ) s - 3
102. Absolute values. 4
1037 Domain and range of definition of a func-
tion. 4
AN
. 104. . .Different number bases. \‘\‘ — 11
105. . Solution of verbal px:cblems by algebraic\‘
; ‘methods. , - 3’.\'7 . 14; 1 15; 1 15;.1 17
-~8olution of linear equations.having numer= Sl T .
: 15; 1 - 14; 5 - 36

291
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LIST OF JURORS

1. Mr, Geoxrge Wilson
Supervisor of Student Teaching
Mathematics-Science
U, 8. C.

2. Mr. Hardie Boyce
,{\\Mathematics Teacher ¥
Los Angeles City Schools

3. Mr. Leroy C. Pool
Mathematics Department, Chairman
Hamilton High School
Los Angeles City Schools

‘4. Mr..Sidney Sharron

Sec - Mathematics Consultant
Los Angeles City Schools k
s
5. Mr. Walter Markert
Sec. Mathematics Consultant
Teacher Education
Uu. 8. C.
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ENTEBBE MATHEMATICS SERIES

Primary One Primury‘!—'our
Revised Preliminary Edition R Preliminary Ldition
Pupil Book: One volume o : Pupil Book: Onc volume
Teachers' Guide: Two volumes Teachery' Guide: Onc volume
Primay Two Primary Five ) )
Preliminary Edition : - Preliminary Edition
Pupil Book: Two yolumes Pupil Book: One volume
Teachers’ Guide: Two volumes Teachefs’ Guide: Oge volume
i’rimm'y Three . Primary Six
Preliminary Edition Prehmm.:ry Edition
Pupil Boa? sTwo yolumes - Tbﬁc writcent at 1967 \Vorksho,:

Tmzbu}’ Gride: Two volumes
. 4 R
Primdry Soven
Preliminary Edition
To be written at 1968 Workshop

Enlebbe- Minbieniatics Tcuchcrs Randbook, Prxmcu;y 1-H1, Preliminacy Bdition
5
Entébbe Mathematics Teachers’ Handbook, Primary IV-VII; Prelimiaxsy Edition, te be.writen at 1967 Workshop

FIVE YEAR COURSE - ’ - FOUR YEAR COURSE i

; ‘ Secornddry’ O‘ﬁp- 1 Secondary C Ono
: % Preliminary “Edition _Pretiminasy Edition
v Ssudens Texi: One volume . " Swndent, ‘}' Algebia—One volume
Teackers’ Guide: "Thice volumes Geometty—Qne volume
- Teachers' Gide: Algebra—One volume
Sacondary Tvro . Geometry—Onc volume
Preliminary Edition . .
m;lcm.TZa': Three volumes Secondary C ,T","-° . \
Teachers’ Gutide: Theee volumes iminary Edition
. ;(‘-};A‘%:'IT;:‘I Text: "Alzebfi—0Ong Volume
Secandary Threo ek M1ctr)—0nc volume
Preliminary Fdition - 8™ 2 Tm:ﬁm G'n.f:""YT“Lora——Onc VOIIATS *
Stadeny Text:, Algebra—Ong v e comeiti —Oge o ‘Och
T cometry—QOne volume Prad - ;
(Tea:émf glf.Je Arbri—Uie volumgyt—-"" Secondury C Three
- Gwmcm‘—(‘jm volumo Pecliminary: Edition _ .

Secondury Four . merry—0ne vorume
. Pl fnixmry'l:dmon /,s'-’" ,( Tm:Em Cride .nrgcbrn--Orc dvolaine
Student TésT: Alsebrai—Une volame comcm——Om volume
: G'c'omc(qmne volume },»‘f
(Tchrr; Gl Alpcbra—0ac volump—""1 Secondary C Four
. Geometry—One volume Preli

Secondary’ Five
Preliminiry-Edition
twdens Text: One volume
Teackers’ Guide: One volume

ume

as¥S Teachers’ Guide: One vol
22 :

Additional Mathematics (O level), Prclimir;:ry Edition, to be written at 1967 Workshop

! Advancéd Mathematics ¢ A level), Preliminary Edidon, o be writis e 1968 Workshep

Basic Concepls of Mnll.nmnhcs, an Inlroductor1 Text for Teachers.

Yolume [ —Revised Preliminary Edidon——Srructure of Arithmetie, K ; ¢
Volume 1 —Revised Prelimsinary Bulition—Shucrare of Arithmeric, )
Volume HT—Prcliminary Edition—-Foundutions of Georiciry

. Volume IV-—Preliminary Edition—Alessnrement, Functions, and™ i’mﬂ.:b:hly

i
o b s e T g ettt e e e s S e e b

| R B \ . {
3

ndert Lot M:-.bn.—()m. volumes - avealadle Ma.7
1967

misusy. Felition,
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PLEASE NOTE:

Appendix E, page 168

"The School Mathematics
Project, Elementary Tables™
not microfilmed at request of
author. This iz available for
consultation at University of
Southern California Library.

UNIVERSITY MICROFILMS
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