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Abstract

Exponential distribution is one of the continuous probability distributions that in most
cases has been used in the analysis of Poisson processes and is the most widely used in
statistical studies of reliability applications. In this project we are aiming at computing
the sums of exponential random variables that have found a wide range of applications in
real life mathematical modelling. In many processes involving waiting time of services,
exponential distributions plays a significant role in making responsible statistical inferences
for significant system output. In this study we have constructed different distributions for
the sums of exponential random variables considering various cases where the parameter
rates may be independent and identical or distinct.

The generalization of the sums of exponential random variables with independent and
identical parameter describes the intervals until n counts occur in the Poisson process. This
forms an Erlang random variable as well proved in this project as well as hypo-exponential
random variable for the case of independent and distinct parameters. The results obtained
indicates variation effects depending on the sample size of the distribution and nature
of parameter rates on the efficiency of the estimation techniques chosen in comparing
respective outputs in applications.

Estimation of properties is determined using the method of moments and maximum
likelihood estimation for some cases attempted. Owing to the relationship of exponential
distribution to Poisson process, a study on the compound mixed Poisson distribution have
also been provided. We have also considered to derive the probability density functions
for hypo-exponential distribution for the general cases where the model parameters form
arithmetic and geometric sequences.
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1.1

INTRODUCTION

Background Information

This project embarks on the some important aspects of sums of n > 2 exponential random
variables, a very important continuous distribution in Applied Mathematics and Statistics.

The sum of exponential random variables in particular have found wide range of ap-
plications in mathematical modelling in so many real life domains including insurance
[Minkova, 2010], communications and computer science [Trivedi, 2002], Markov processes
[Kordecki, 1997], reliability and performance evaluation [Bolch et al. 2006] and spatial
diversity [Khuong and Kong, 2006].

Nadarajah (2008) presented a review of some the results on sums of random variables
which provided a useful point of reference for this research. In many studies of market
segmentation, these distributions helps to understand and make relevant statistical in-
ferences in relation to human capital placement, predict the process trends and quality
services provided for maximum clientéle satisfaction to determine the survival and success
of service providers.

In nature, independent distributions may have identical or distinct parameter rates which
determines the selection of the distribution and parameter estimation. For cases of
independent and identically distributed exponential random variables, it has has been
noted that the sum of n > 2 exponential random variables forms an Erlang distribution.
On the other hand, the sum of n > 2 independent non-identical exponential random
variables with distinct parameter rates is forms hypo-exponential distribution. There are
also cases where the distribution may have both identical and distinct parameter rates for
the sum of n exponential random variables.

Historical background dates back to the introduction of the gamma family by Karl Pearson
(1895) and works of A. K. Erlang (1905) who was working on telephone traffic congestion.
Following several studies over time, observations between two successive Poisson occur-
rences indicated to follow exponential distribution hence establishing the relationship of
exponential distribution with Poisson Process. A number of extensions on this area have
been made including by Weibull (1951) and Berrettoni (1964) on the use of exponential
distributions in industrial quality control. Balakrishnan and Basu (1995) also pointed out
exponential distributions as a special case of the gamma distribution. Lai et al (2006) used
the distribution in the study of reliability and survival analysis.
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This study is divided into seven chapters. Rest of this chapter gives the definitions,
notations and terminologies used in this work. It also describes the problem statement,
objectives of this current study, related work done so far and a few descriptions on the
applications of the sums of exponential distributions studied in this project.

Chapter 2 deals with the construction of the probability distribution functions and
cumulative distribution functions for a fixed sum of independent and identically distributed
exponential random variables. The chapter concludes by computing some of the properties
related to the distributions obtained.

Chapter 3 describes compound distribution in relation to exponential distribution using
Laplace Transform. In this wok we also included the study of their relationship of the sums
of independent and identically distributed exponential random variables compounded
with some of the discrete distributions.

Chapter 4 focused on the compound mixed Poisson distribution as well as a discrete
Erlang mixture resulted from the consideration of the random sum of independent and
identically distributed exponential random variables. It also extends to study various
compound mixed Poisson distributions and their desirable properties useful in various
modelling processes.

Chapter 5 embarked on hypo-exponential random variables in cases where the random
variables have distinct parameter rates with non-identical parameters. In this study we
make use of convolution approach, Laplace Transform and moment generating func-
tions techniques and also compute some of their related properties. Eventually, we also
presented the probability distribution functions for the models constructed when the
parameter rates forms an arithmetic sequence and geometric sequence.

Chapter 6 gives a brief description of some of the real life applications of both Erlang
distribution and hypo-exponential distribution.

Chapter 7 concluded the study and giving suggested areas for future studies.
Definitions, Notations and Terminologies

Let X1,X5,---,X, be independent exponential random variables with identical or distinct
parameter rates A;, for i = 1,2,--- ,n. This distribution can also be expressed as X; ~

Exp(A:).



We define the sums of exponential random variables as

Sn:X1+X2+"‘+Xn

n
= ZXI'
i=1

The sum, S, is termed as an Erlang distribution when all parameter rates of X; are identical

otherwise called hypo-exponential distribution.

The sum S, may be fixed for n € N and n > 2 or random for N is also a random variable

and independent of Xs.

The following are some of the notations used in this study:

10.

11.

12.

13.

14.

- Xi - Exponentially distributed random variable
Ai - Parameter rate for the exponentially distributed random variable X;
Sn - Sum of exponential random variables
n - Number of X; exponential random variables in the distribution
. cdf - cumulative distribution function
pdf - probability distribution function

f(x) - pdf of the random variables X

F(x) - cdf of the random variables X

. L{-} - Laplace transform

i.i.d  -independent and identically distributed

Mx(t) - The moment generating function of X

g(A) - Probability density function of a mixing distribution
", - product of all parameter rates

mgf - moment generating function
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1.4

1.5

Problem Statement

Nadarajah (2008), presented some of the review of results on sums of random variables.
Many of the research works in these area have concentrated on the discrete random
variables than continuous distributions. Exponential distribution is one of the most
applied continuous distribution with very wide applications in applied mathematical
modelling. This called for the selection for the research and study.

It also called for the study of their related properties and estimation of some of the
distributions so far obtained including the resulting effects of the mixing distribution on
the compound distributions resulted from exponential distributions.

Objectives
Main Objective

The main aim of this dissertation is to present methods of finding the distribution of the
sums of n > 2 independent exponentially distributed random variables with identical and
with distinct parameter rates.

Specific Objectives

1. To derive the general case for the fixed sums of independent and identically distributed
exponential random variables and its properties.

2. To establish the results of Compound mixed Poisson distributions.

3. To derive the general case of sums of exponential random variables with distinct
parameters and its properties.

4. To present the probability distribution functions for the sums of exponential random
variables with distinct parameters forming arithmetic or geometric sequences.

Methodology

The following methods were adopted for use in this project on the sums of exponential
random variables:

(i) Convolution Technique

(if) Laplace Transform
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(iii) Moment generating function

(iv) Arithmetic sequence and Geometric sequence

Applications

Sum of exponential random variables provides a very wide range of applications in real
life testing and reliability studies:

1.6.1 Communication and Computer Science

Sums of exponential random variables according to Hans and Lars (2007) forms neces-
sary basic tools for Erlang intra-node computer programming. These distributions helps
through the sending and receiving constructs between links and monitors to build robust
applications to survive in the process.

1.6.2 Markov Processes

Continuous time Markov chains provide very useful models in predictability of perfor-
mance in various systems. It also provides very flexible, powerful and efficient means to
describe and analyse dynamic system properties.

1.6.3 Insurance Application

The sums of exponential random variables provides insurance risk theory knowledge
necessary for the evaluation of the ruin probabilities and claims distribution . Useful
computational formulas are made available for risk assessment and insurance claims
modelling.

1.6.4 Reliability and Performance Evaluation
Efficiency of a system depends on the quality and kind of functions that can be performed

by the system. Sums of exponential random variables explains the reliability of a system
determined by independent components forming up the system.
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LITERATURE REVIEW

Introduction

Sums of exponential random variables have been a focal point of interest by researchers
owing to its wide application in real life modelling. The pioneer work was provided by
A.K. Erlang (1909) a tele-traffic engineer.

Saralees Nadarajah (2008) provides a brief review of results on sums of random variables
in sums of exponential random variables. In his paper he provided a review of the known
results on sums of exponential, gamma, lognormal, Rayleigh and Weibull random variables.
Further, he sited a few examples of applications in the wireless communications where
these sums of random variables are useful. This review served us with the need to advance
in this area of sums of exponential random variables.

Khaledi and Kochar (2011) also provides a review paper on the convolution of independent
random variables due to its typical applications in real life areas. Most popular applications
of the reviewed area include in reliability theory (Bon and Paltanea, 1999), in actuarial
sciences (Kaas et al, 2001) and non-parametric goodness-of-fit (Serfling, 1980). Gamma
distribution has been widely used to model total insurance claim distributions through
its right skewness, non-negative and uni-modal properties (Furman, 2008). In their paper
they pointed out that several works only concentrated on the convolutions of exponential
random variables due to the complicated nature of gamma distributions that provides
probability models for the waiting times.

Withers and Nadarajah (2011) studied compound Poisson-gamma random variable tak-
ing into account of its properties including estimationby the methods of moments and
maximum likelihood estimation.

In this paper we consider three conditions that parameter rates of an exponential distri-
bution may take to determine the sum of n random variables. These include:

(i) Where the sum of exponential random variables have independent and identical pa-
rameter rates

(ii) Where the sum of exponential random variables have independent and distinct param-
eter rates
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(iii) Where the sum of exponential random variables have identical parameters and others
have distinct parameters in the distribution.

Exponential Sum for Independent and Identical Parameter Rates

In this area the earliest recorded study was done by A.K. Erlang (1909) working on telephone
traffic congestion giving rise to Erlang distributions. Since then a number of studies have
been done in this area including by Molina, Lindley, Bailey, Kendall, Bhat, Conway, Neuts
and Satly among many others.

Bartlett (1965) used the first and second moments of gamma random variables to evaluate
an excess loss ratio premiums and came into conclusion to have agreed with the the risk-
theoretic loss distribution. Bowers (1966)in his paper followed through several observations
made by various authors at the time to study the distribution of the total claims in the
risk-theory following the assumption made of using incomplete gamma distribution.

Jasiulewicz and Kordecki (2003) computed a formula for the case of independent and
identical random variables resulting to Erlang distribution. They used Laplace transform
to derive the formula.

Kundu and Gupta (2003) discussed the convenient expression of gamma distribution using
the generalized exponential random variable for the shape parameter lying between 0
and 1. Through acceptance-rejection principle the method was compared with the most
popular Ahrens and Dieter method and the method proposed by Best.

Akkouchi (2005) gives a simple formula for the sum of n gamma random variables to solve
the complicated one given by Mathai (1982) for the case of sum of exponential random
variables. Akkouchi’s method involved the use of elementary computations expressing
the results in multiple integrations that included generalized beta function.

Hu and Beaulieu (2005) provides a simple and an accurate closed-form for approximation
of the cumulative density functions and probability density functions of the sum of inde-
pendent and identically distributed Rayleigh random variables. Rayleigh and exponential
random variables are regarded as special cases of gamma distribution.

Doyle (2006) computed the convolution of two exponential densities for identical random
variables only. The paper also went ahead to present the properties of the distribution with
the generalized distribution of the exponential random variable though did not provide
the proof to the case.

Rajic (2013) estimated the parameters for two independent random variables from gamma
distribution using the maximum likelihood estimation method and asymptotic distribution
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to construct confidence intervals. In addition they performed a simulation study to show
the consistency property on the maximum likelihood estimators.

Rather and Rather (2017) in their research article demonstrated a generalized exponential
distribution as a special case of the gamma random variables. This paper discussed the
moment generating functions of the newly introduced distribution in relation to the one
proposed by Weibull(1951). In conclusion, the paper introduced distribution as a special
case of k-generalized exponential random variables.

Exponential Sum for Independent and Distinct Parameter Rates

Hypo-exponential distribution is characterized by sum of several independent exponential
random variables having different parameter rates, Amari and Misira (1997) and Akkouchi
(2008). Its application have found wide significance including tele-traffic engineering and
queueing system. Mathai (1982) studies the sum of exponential distribution to provide
with the formula.

Khalid et al(2001) modelled hypo-exponential distribution with three different parameters
in his work on the study of the input-output of a multiple processor system. He also used
Erlang distribution on the same to measure the performance of the system.

The convolution of exponential random variables with distinct parameter rates were given
by the works of Sheldon M. Ross (2003). However, he did not consider into the properties
of the distributions obtained.

Moreover, in the domain of reliability and performance evaluation of systems and software,
some authors used arithmetic and geometric parameters, such as Gaudion and Ledoux
(2007), Jelinski and Moranda (1972) and Moranda (1979).

Mohamed Akkouch (2008) used convolution of exponential random variables to get the
general case for the distribution with different parameter rates. In his work he considered
the method applied by Kordecki (2003) in deriving to the result through Laplace Transform
technique. He used the generalization results provided by Sen and Balakrishnan (1999)
that were also done by Jesiulewicz and Kordecki (2003)in establishing the formula without
any conditions on the parameter rates.

Steifano and Stephen (2008) considered an alternative technique to obtain the probability
density function of the sum of exponential random variable. In their work they considered
the logarithmic relationship between beta and exponential distribution functions and the
Wilks’ integral representation for the products of independent beta random variables by
providing a closed-form expression for the distribution of the sum of independent random
variables.
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Maode (2009) in his paper attempted to fit Coxian distribution to study the exact time for
the service and hypo-exponential distribution to study the service time for an interrupted
process in an optical burst switching network.

Samimi and Azmi (2009) presented an approximate method in evaluating the cumula-
tive density functions for the sum of independent non-identical random variables. This
method proposed is based on the convergent infinite series technique. However, in this
paper involved complicated integrals to compute the probability density functions. This
approximation method is used to evaluate the use of sum of independent random variables
in analysing the system performance.

Sheldon Ross (2010) used mathematical induction method to obtain the general case
for exponential distribution and some of its properties. In their work, they based on the
convolutions of exponential random variables for non-identical parameters termed as
hypo-exponential random variables.

Smaili et al (2013) used the moment generating function and the Laplace transform
technique to derive the hypo-exponential distribution with n distinct parameters. They
also used these two techniques to obtain properties.

Daskalakis (2013) on non identical independent random variables also investigated the
sum of the distributions and their properties.

Oguntunde et al (2014) on their work obtained the distribution through convolution
approach the sum of two exponentially distributed random variables.The paper also
provided statistical properties on the resulting model of the two random variables. They
went further to obtained the first four moments and cumulants as well as the mean, the
variance, skewness and kurtosis of the distribution.

Exponential Sum for both Identical and Distinct Parameter Rates

Khuong and Kong (2006) used characteristic function approach to propose their simple
way of determining the distribution for sum of n exponential random variables. In their
work they considered a case where some of the parameter rates may be identical or have
different parameters. There is no any suggested general formula so far for this particular
case since k random variables have the same mean and n — k remaining random variables
have different mean.
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3.1

3.2

A FIXED SUM OF INDEPENDENT AND
IDENTICALLY DISTRIBUTED EXPONENTIAL
RANDOM VARIABLES

Introduction

In this chapter we will consider the fixed sum of n independent and identically distributed
exponential random variables, establish their probability density function and provide
some of their related properties.

In this case let us consider the distribution X/s where i = 1,2, ,n exponential random
variables with equal or identical parameters that is A; = A; for all 41,42, --- , A,.. Therefore,

this distribution be represented as:

S, =X1+X+---+X, (3.1.1)

Construction Using Convolution Approach
3.2.1 Sum of two Exponential Random Variables

In the section we need to consider the sums of two exponential random variables with
independent and identical parameters.

Let

S$H=X1+Xp (3.2.1)

Let Fi(x;) and G(s7) be the cumulative distribution function for X; and S, respectively.
Cumulative Distribution Function

From the definition the cumulative distribution function is given by:
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G(s2) = Prob[S; < s3]
= Prob{X) + X, < 52}
= Prob{X; < s —x1}
= Prob{0 <X <o0,0< X <55 —x1}
= Prob{0 < X; <s5,0<Xp <sp—x1}

— /SZ/SZ_XIf(xl)f(xz)dxzdxl
0 0

52 B §2—X1
:/ Le A0 / lelxzdxz} dx;
0 L/0

52 r $2—X1
= / Le —e_)‘xz} dx;
0 L 0

— /Szle—lxl -1 o e—lsz+lxli| dxl
0 L

52
:/ <leilx' —lef/lsz) dx
0
52 5
:/ le_lx‘dxl—/ Ae 2 dx,
0 0
[ Ay sz_ sy Ko
e - faae,

SG(sy) =1—e*2 —ghe™ ™

Therefore from the above equation (3.2.2) it can be concluded that

Ol =1

and
lim G(s) =0
sp—0

Probability Distribution Function

From equation (3.2.2) therefore

g(s2) = diszcxsz)

d
= - 1—e?2— szle_’lsz]

52
=de M2 Asohe A2 — Qe A0
= 7L2s26_)”2

as required.

(3.2.2)

(3.2.3)

(3.2.4)



12

3.2.2 Sum of three Exponential Random Variables

In the section we need to consider the sums of three exponential random variables with
independent and identical parameters.

Let

S3=X1+X2+X3
=5+X3 (3.2.5)

Let Fi(x;) and G(s3) be the cumulative distribution function for X; and Sz respectively.
Cumulative Distribution Function

From the definition the cumulative distribution function is given by:

G(S3) = Prob[S3 < s3]
= Prob{S, + X3 < 53}
= Prob{X3 < s3—s2}
= Prob{0 <53 <0, 0< X3 <s53—82}
= Prob{0 <5, <s53,0<X3<s3—s5}

$3  [S3—S8)
—/ / S2 X3)dX3dS2
—/ A2sye” 32/ l M3dX3} dsy
/0

M §3—82
:/ lzsze* 52 —e*’l’@] ds»
0 L 0
B2 s As3A
:/ AZspe M52 |1 —e A3t 52] dsy
0 L
s3 53
:/ lzsze_)”zdsz—/ A2sre M35,
0

I,
_ —S3)u€_ls3 —QLS3 41— 2 )u —As3

1
-.G(S3) =1—s3he 43 — Es%?tze_;m —e % (3.2.6)

Therefore from the above equation (3.2.6) it can be concluded that

Al =1
and
lim G(s3) =0 (3.2.7)

53 —0



Probability Distribution Function

From equation (3.2.6) therefore

5(53) = L G(ss)

dS3
d 1
= E 1 —S3leils3 — 55%12671% — 67153
1
= e M3 pgAZe A g n2e A 4 Esgﬂpe*)m + Le s
A
= Te_lgs%
A s
— me ”3s§ 1 (3.2.8)

as required.

3.2.3 Sum of four Exponential Random Variables

In the section we need to consider the sums of four exponential random variables with
independent and identical parameters.

Let

S4=X1+X+X35+Xy
=53+Xy (3.2.9)

Let Fi(x;) and G(s4) be the cumulative distribution function for X; and S4 respectively.
Cumulative Distribution Function

From the definition the cumulative distribution function is given by:

G(S4) = Prob[Ss < s4]
= Prob{S3+ X4 < s4}
= Prob{Xy < s4 — S3}
= Prob{0 < 53 <o0,0 < Xy < 54— S3}
= Prob{0 < 53 < 54,0 < X4 < 54— 853}

= /OS4 /05433 g(S3)f(X4)d)C4dS3
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S4 13 [ ps4—s3
G(S4):/0 76_M3s% /0 le_lx“dx;;} ds3

S4 213 r §4—53
— _671835,% _ele4:|
0 0

dS3

3 _
54 ) —lS3s% 1— e—lS4+)LS3j| dS3

0
S4 13 S4 A‘3

:/ —e_ls3s%dS3—/ —e_ls3s§e_m4dS3
0o 2 0o 2

A2 53
-.G(Sy) = —sﬁ;e_ls“ —sqle M oA ),3e_’ls4€4 (3.2.10)

Therefore from the above equation (3.2.10) it can be concluded that

SOl =1

and
lim G(s4) =0 (3.2.11)
S4—)0

Probability Distribution Function

From equation (3.2.10) therefore

52136_)“4 Silé‘e*ls“

2 4 2 6

Sy (3.2.12)

as required.

3.2.4 Sum of five Exponential Random Variables

In the section we need to consider the sums of five exponential random variables with
independent and identical parameters.
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Let

Ss=X1+Xo+ X5+ X4+ X5
=84+ X5 (3.2.13)

Let F;(x;) and G(ss) be the cumulative distribution function for X; and Ss respectively.
Cumulative Distribution Function
From the definition the cumulative distribution function is given by:

G(Ss) = Prob[Ss < ss]
= Prob{S4+Xs5 < 55}
= Prob{Xs < s5—s4}
= Prob{0 < 54 <o00,0 < X5 <s55—154}
= Prob{0 < s4 < 55,0 < X5 <55—54}

S5 [S5—S4
_/ / g(s4)f (xs5)dxsdsy

s At / A }
sl l YSdxs| ds

0
ss )4 r §5—84
:/ —e_’ls“si —e_MS} dsy
o I'(4) i 0
S5 14 r
:/ F e—/'l,S4S§1 1_6—155+AS4i| dS4

S5 A’
= As4s4dS4—/

e A3 dsy

0 T(@)° r(4
) a - B .
- G(S5) = _s§7L3 55 B 3s§l2 55 - 6s5/'Le Ass B 6o~ M3 ) 6 . S§7L4e s
['(4) ['(4) I'(4) r@) T@ 4@
(3.2.14)
Therefore from the above equation (3.2.14) it can be concluded that
Sill)nooG(s5> = 1
and
lim G(ss) =0 (3.2.15)

S5 —0
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Probability Distribution Function

From equation (3.2.14) therefore

g(ss) = %G@s)

d s§7L3e_M5 3s§7tze’“5 6ssAe 155 e A 6 s§7L4e*)“s5

T dss | T[(4) ['(4) r4) L4 +r(4)_ AT (4)
B 3s§7t3e_ls5 +sgl4e’ls5 6ssA2eAss 3s§l3e_’ls5
a I'(4) I'(4) I'(4) I'(4)
6Le s N 655126 Ass n 6Le s 4s§l4e_’ls5 N s‘s‘lse_MS
- T(4) I'(4) (4)  40(4) 4T (4)
B Sg‘-ﬂ'se—/lSS
S 5-1)rG-1)
A s
= o NS¢
F(S) e S5 (3.2.16)

as required.

3.2.5 Generalization case of Sum of Exponential Random Variables

In the section we need to consider the generalization of sums of n exponential random
variables with independent and identical parameters.

Proposition 1
Let
S, =X1+X+---+X, (3.2.17)

for n > 2 be the sum of n exponential random variables, then the pdf for the distribution
will be given by:

n
g(sn) = mefls”szfl where A,s, >0 and n=1,2,3,--- (3.2.18)

Proof

Let Fi(x;) and G(s;,) be the cumulative distribution function for X; and S, respectively.
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Cumulative Distribution Function
From the definition the cumulative distribution function is given by:

G(S,) = Prob[S, < s,]
= Prob{S,—1+X, < su}
= Prob{X, < s, —Sp—1}
= Prob{0 <s,_1 <o0,0 <X, <sp—8y—1}
= Prob{0 < s,_1 <5,,0 <X, <5, —5p_1}

Sn Sp—Spn—1
:/ / g(sn—l)f(xn)dxndsn—l
A’Yl 1 _ B Sn—Sn—1 _
/ F n—l AS’HSZ_% [/0 Ae M"dxn} ds,_1
AT ! fls n—2 —Ax, | Sn 51
= [ e e sy
S Asn+A
_/ 1" n_l —ASp—1 SZ:I [l—e_ Sp+ Sn71i| dsn—l
An 1 s ) A‘n 1 A
A2y “Asngn 24 3.2.19
/ Tn—1)° Sn—1m / Ta_1)¢ ‘w191 G219

Solving the above equation (3.2.19)and considering equation (3.2.14)then it can be con-
cluded to follow the same condition and therefore

g Glom) =1

and
lim G(s,) =0 (3.2.20)
sp—0

Probability Distribution Function

From equation (3.2.19) and considering equation (3.2.16) then

d
g(sn) = EG(Sn)
n
n
= 1_,72‘”) 6_7”"52_1 where A,s, >0 and n=1,2,3,--- (3.2.21)

Hence the prove which is an Erlang Distribution with parameters n and A.
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3.3 Properties of the Distribution
3.3.1 Moments

For

A’nef),snsnfl

fsu(8) = Ty (3.3.1)

The " moment for the fixed sum of exponential random variables are given by:

E(s) = [ sif(su)ds,
oo }Lneflsnsnfl
- A
/Osn ) s
An

* —Asy n—1
=—— [ s ns"ds
F(l’l) /O ne n n

Let
Z=As, = s, =

>

dz = Ads,

Therefore

= (3.3.2)

for positive value of integers of r and n.
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Thus

Hence,

Thus,

Therefore,

Also,

E(s

2
n

)_

(3.3.3)

(3.34)

(n+1)!  n(n+1) n*+n_ (n+1
A2(n—1)! A2 Az A

(3.3.5)

_ (n+2)!

A1)

_n(n+1)(n+2)

= E

431+ 2n
A3

E(s,)
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3 = Els, — )’
= E(s,) = 3UE(s;) + 37E(sn) — 1
_n(n+1)(n+2) n n’+n n? n n

= uae Paaw
w4302 +2n 334302 303 W
Y AR I ¥
2n
= (3.3.6)
Therefore
E(S4)_n(n+1)(n+2)(n+3)_ (n+3)!
n A4  An—1)!
.‘.,LL:E[sn—‘u]4
= E(s;) —4UE(s;) + 6 E(sy) — 4 E (s,) + 1

S

>

(n+3)! n (n®+3n*+2n 2\ /n+n n\ /n n*

=—* 4 —— ] +6 — | -4 = <—>—|——

l“(n— 1)! A A3 2 A2 A3 A A4
B ntt+en?+11n2+6n 4n*+12n°+8n% 6n*+6n° 4n* nt

- pE pE L TR E R T
_ 3n3 +6n
T4
3n(n+2
_ (/14 ) 3.3.7)
3.3.2 Moment Generating Function
Let,
SN=X1+Xo+ -+ Xy
Let S, =y wheren e N
when
n
gy A) = Z—e Myl (3.3.8)

[(n)

The mgf of the fixed sum of exponential random variables is given by;
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My (t) =

E|e"]

—/ Vg(y)dy

A"
_ ty n—1 —/'Lyd
(Ae w_nr’r Y

Al’l o
_ /0 Y1) gy

(n—1)!
Let,
u=yA—r)
I
M —
du= (A —t)dy
A" oy " u
MY(I):(n—l)!/o (x—t) ¢
AT /°° w1 1
 (n—1)! A —t
eS) I’l 1
:< —J / NONRS
()
3.3.3 Mode
Let,

Sv=Xi+Xo+ -+ Xy

Let S, =y wherene N

when
n

I'(n)

flyynfl

gysn,A) =

du
(A —1)

e “du

(3.3.9)

The mode of the model can be computed if the following condition is maintained:

58()’) =0

Therefore
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3.4

dy [ T(n)
)’n—l —Ay . n—1 A" Ay n—2 __
B0 y +F(n)e (n—1)y""=0
At —Ay n—1 A —Ay n—2
T(n)° “T¢ ey
Al =m—1)y"!
Sy=An—1) (3.3.10)

Parameter Estimation

In the classical method for obtaining point estimators for unknown parameters, we will
consider the following methods of estimation as follows:

3.4.1 Methods of Moments

Let S, = X1 + X2+ -+ X, be the fixed sum of independent and identically distributed

exponential random variables from Erlang (n,1).

Let

The first two moments about origin are given by

n
HI—E[Y]—I
n2+n
IJZZE[Yz]: 22

From the distribution the sample moments can be obtained as follows:

and
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Now, using the methods of moments, we obtain,

My =,
1 & n
=>-) Yi=—
n; A
ii:% (3.4.1)
and
M = 1y
This implies
., n+n
_Zy.
i=1 l A?
. n+n_
oon
=(m+1)Y (3.4.2)
For solving n, we obtain
A
nY:;i_ZlYi Y
1 & -
:;Zﬁ—w
i=1
n
2ny =Y ¥?
i=1
1 2 SZ n
SA= —_Zle == where §? = ZY,Z (3.4.3)
2Y i 2y i=1



3.4.2 Maximum Likelihood Estimation

Let S1,S2,--, Sk be the fixed sums of independent and identically distributed exponential

random variables resulting to Erlang distribution with the pdf given by:

k
f(s;k,A) = %k)e_)”sk_l;o <§s< oA >0 (3.4.4)

The likelihood function is given by:

L(s;k,A) = fl {%e‘“isf—l}

The log likelihood function is given by;

N

n

log(L(s;k,A)) = nklogA —nlogD'(k) — A Y si+ (k—1)
i=1 '

Si
1

~

Taking the partial derivative of the log likelihood function with respect to A and setting it
to0

0 nk &
ﬁlog(L(g,k,l)) = ;si =0

ns

k

= (3.4.5)
K

Taking the partial derivative of the log likelihood function with respect to k and setting it

to 0

6 _ _ ') v _
ﬁlog(L(g,k,l)) =nlogA —n 6 +,-_ZiSl =0



nl” (k)
(k)
(k)
" T(k)

as required.

=

n
=nlogh+ ) _si
i=1

=logh +5

(3.4.6)

25
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4.1

4.2

COMPOUND DISTRIBUTIONS IN TERMS OF
LAPLACE TRANSFORM

Introduction
Let
SNn=X1+Xo+---+ XN (4.1.1)

where X/s are independent and identically distributed exponential random variables and
N is also a random variable independent of the X's.

Expectation Approach

In terms of Laplace Transform and Probability generating function

Ls,(s)=E [e_SSN]
— EE [e_sst }
_ E{E(efs(X1+X2+--~+XN))}
= E{E(e)E(e ™))
= E{Lx,(S)}"
= Fy[Lx,(S)] (4.2.1)

which is called a compound distribution, where

Fy(S) = E(SY) (4.2.2)

which is the probability generating function of N.
Therefore

Ls, (S) = Fy (m) (4.2.3)
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4.3 Considering Compound Distributions

(i) If N is Poisson, then Lg, (S) becomes a compound Poisson distribution. Suppose N is
Poisson with parameter o, then

=e AP (4.3.1)

(ii) If N is Bernoulli, then Lg, (S) becomes a compound Bernoulli distribution. Suppose N
is Bernoulli with parameter p, then

Lsy (S) = g+ p[Lx;(S)]

whereg=1—p

Therefore

Lsu8) == 40 (155
:(I—P)‘F)LpTﬁ
_ (1=p)(A+B)+pA
N A+pB
_ A+B—pA—pB+pA
B A+B
— A+d-p)B +}fl+—ﬁp )B (4.3.2)

(i) If N is Binomial, then Lg, (S) becomes a compound Binomial distribution. Suppose N
is Binomial with parameters n and p, then

Lsy (S) = [q+ pLx,(S))"
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whereg=1—p
Therefore

(4.3.3)

_ [l+(1—p)l3]”

This implies that when n = 1, we obtain the results of Bernoulli distribution.

(iv) If N is Geometric, then Lg, (S) becomes a compound Geometric distribution. Suppose
N is Geometric with parameter p, then

if |Ls, (S)] < ¢!, and where where g =1 —p
Therefore

__pA
- B+pA

(4.3.4)

(v) If N is Negative Binomial, then Lg, (S) becomes a compound Negative Binomial distri-
bution. Suppose N is Negative Binomial with parameter p, then

pLs
=,
N
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if [Lsy (S)| < g ',and p+q =1
Therefore

LSN(S) = _ d <ﬁ> )]

I
1

This implies that when n = 1 we obtain the results of Geometric distribution.

(4.3.5)
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5.1

COMPOUND MIXED POISSON DISTRIBUTIONS
AS DISCRETE MIXTURES

Introduction
Let

SNn=X1+Xp+---+Xy

where X/s are independent and identically distributed random variables and N is also a
random variable independent of X/s.

According to Klugman, Panjer and Willmot (2008), the distribution of N is called primary
distribution and that of X/s is called secondary distribution.

The distribution of Sy is called a compound distribution.

If N is mixed Poisson distributed, then Sy is compound mixed Poisson distribution.

The compound distribution of Sy can be expressed as a discrete mixture as shown below:
Let

h(y) = Prob{Sy =y (5.1.1)
Then

h(y) = Prob{X;+ X, +---+ Xy =y}
=Y Prob{X|+Xo+---+ Xy =y,N =n}
n

=Y Prob{X| +Xo+---+Xy =y|N = n}Prob{N = n}
n
= ZProb{Xl +Xo+--+Xy=y}pu}

= ny*pn (5.1.2)

where f{'p, is the n'" - fold convolution.
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5.2 Continuous Mixed Distribution

Let,
P, = Prob{N = n}
_ / Prob{N = n,A = AYdA
0
_ / Prob{N = n|A = L}Prob{A = A}dA
0
= / Prob{N = n|\ = A}g(A)dA (5.2.1)
0
Where
Prob{N = n|A\ = A} = the conditional pmf or pdf = the continuous mixing distribution
and

Pn = a continuous mixture or continuous mixed distribution.

If
Prob{N =n|\A =1} = e_::—!”l,n =0,1,2,---
is a Poisson distribution (pmf),

then

) *l n
P,l=/ e A g(A)dA (5.2.2)
0

n!

which is a continuous mixed Poisson pmf with
E(N)=EE(N|\)=E(N) (5.2.3)

and

VarN = VarE(N|A) + EVar(N|N)
=Var N+E(N) (5.2.4)

Sarguta (2017) obtained continuous Poisson mixtures for various cases of mixing distribu-
tions.
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5.3 Discrete Erlang Mixture Based on continuous Mixed Poisson
Distributions

In this study, X; is exponentially distributed with parameter A. Therefore

fy = Prob{X; +Xo+ -+ X, =y}
_ A" —Ay.n—1

= — Oon=12,--- 5.3.1
F(n)e y 7y> 7” ) ) ( )

This is an Erlang distribution which is a gamma distribution with parameters n being a

positive integer and A > 0. The discrete mixing distribution B, is a continuous Poisson
mixture.

Therefore the distribution of Sy is

h(y) = Prob{Sny =y}

oo 0 ,—AQn
2:‘{ —lyn l/ﬁ e A g(l)dl}
n=1 0 n!

- eily n—l n_—NA
Z NCEEI E(N'e ") (5.3.2)
n=1

The problem is to obtain Prob{Sy =y} for various cases of continuous mixing distributions

g(A).

E[Sy] = E(N)E(X) = E(A\)(EX) (5.3.3)
and
Var[Sy] = VarN[E(X;)]> + E(N)VarX
= [Var N+E(N)][E(X;)])? + E(A)VarX
=Var NE(X))? + E(N)[E(X)]> + E(AN)VarX (5.3.4)
Therefore

Var[Sy] = Var A [E(X)]* +E(N) {[E(X)]* + VarX }
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Since X; ~ exp(A), then

E[Sy| = —— (5.3.5)
Var(Sy] = %{Var/\ F2E(N)} (5:3.6)

Remark:
In actuarial science, N is the number of claims and X; is the amount of the /" claim

(severity). Sy is the total or aggregate claim or loss.

Therefore,
Prob{Sy =y} =the probability of aggregate loss y > 0.
The probability of number of claims is

Prob{Sy =0} = 1 — Prob{Sx > 0}
=1 —/ Prob{Sy = y}dy (5.3.7)
0

54 Compound Mixed Poisson Distribution

5.4.1 Poisson-Exponential Mixing Distribution

gA)=Be P A>0:8>0 (5.4.1)
Therefore, the mean
E(N) = | (5.4.2)
B 4.
and variance,
1
VarN\ = — (5.4.3)
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E(Ne) = / Care M BePran
0

—B / e HB) g2,
0

_ BI(n+1)
- (1 _|_ﬁ)n+1

< An et n
. Prob{Sy =y} = Z T . ' ]ﬁ(li—;—)’ﬁl

n— 1?1—‘(”"}'1)
_Be Ayz An n—1
1_|_B n—H
lﬁe_ky >
(1+B)? +ﬁ> n+1

(1
’iﬁfﬁ” ()

i

(-

“wegrr e (o))

1+B 2exp = ) ,y>0 (5.4.4)

Therefore
. Prob{Sy =0} = 1 — Prob{Sy > 0}
=1 —/ Prob{Sy = y}dy
0

1= [ e (rip) @

0 (1+B)* AB

= m (5.4.5)

5.4.2 Poisson-Gamma Mixing Distribution

(04
g(l) = %(X)e_ﬁlla_]7)‘ > Ova > Oaﬁ >0 (5.4.6)
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Mean,

(04
E(N)=—
(A) B
and variance,
o
Var(N) = B
Therefore
E[N'e ] = /ml"ekﬁemlaldl
0 I'a)
_ B /m2ﬁ+a%0+ﬁmdl
I'(a)Jo
B B* I'n+a)

(o) (1+p)mre
i A" flyyn 1 Ba F(n-l—OC)
[5
I'(a

[(n) T(n+1) T'(er) (1+ p)"+*

> n—l—a) e Ayyn—1

; F(n+1) (1+p)"+e
n+(X) AN lyyn 1

I'(n) (1 +ﬁ>"+°‘
e
(i
()i
(

oa+n—1

,y>0

A" 1 ['(n)
Fn 1+B n-HX ln

)
PL
e’
Mg
L
by

—1
n ) 1_|_Bn+a

_ pe
((1+l3)>a,§1<a+: ) (ﬁ)
=(itm) T () ()

(5.4.7)

(5.4.8)

(5.4.9)

1+B”+°‘/ yledy
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T
o h(0) = (%) (5.4.10)

5.4.3 Poisson-Transmuted Exponential Mixing Distribution

Transmuted probability distribution is given by
F(x)=(14a)G(x)—a[Gx)]*-1<a<1 (5.4.11)
where G(x) and F(x) are the old and new cumulative distributions functions respectively.
fx)=(1+a)g(x) —20G(x)g(x),—1<a <1 (5.4.12)

where g(x) and f(x) are the old and new probability distribution functions respectively.
For an exponential distribution,

gx)=Ae M and G(x) =1—2Ae *,x>0;1 >0

Therefore, the transmuted exponential distribution becomes

fx) =1+ a)le ™ —20(1 — Ae ) he™
=Ae M {(1+a)—2a(l —e ™)}
=de M1+ 0o —20+4 20 )}
= Ae {1 — o4 206}
=(1- a)/le‘“+2ale_27‘x,x >S0A>0-1<a<1 (5.4.13)
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which is a finite mixture of an exponential distribution with A with another exponential
distribution with parameter 21.

We shall thus denote the transmuted exponential mixing distribution as:
gA)=(1-a)8e  +200e 2% A > 0;00> 0 (5.4.14)

Therefore mean is given by:

- / " Ag(A)dA
_:/ a)0Ae 91 dz+1/ 2a0Ae 204 ),
a2 I'(2)
=(1-a) 62 @m
_(l-a) o
=" 20
B 2-20+ o
B 20
2—o
= (4.4.15)
This implies
E(A) = (1—a) / T2 0 aA 4206 / T 26200,
0 0

PN Y €) I'(3)

=(1-a) 63 Qm

2(1-a) N 2a

62 (26)2

B 8—8a+2x

462
4—-3q
- T (5.4.16)
Variance,

Varh = E(A?) — [E(N))?

430 (2-a)?
2062 26




38

4-3a [(4—do+a?
:292_( 462 )
8 —6a—4+4a—a?

462
_4-2a-0?
e

cVarN =

O0<a<1 (5.4.17)

Next,

:/ ?L"el(l—a)ee%d/l—f—/ e 2000294 g
0 0

:(1_a)e/wlne—(l-Fe)/ldl+2a6/oolne—(l+29)/ldl

0 0

Llnt1) L(n+1)

(1+6)"+! (1+26)m+1

. h(y) = Prob{Sy =y}

B i A Ay yn_l{(l—a)er(n+1)+20£9F(n+1)}

=(l-a)6 +2a6 (5.4.17)

L T(m)T(n+1) (14 9y (1+26)+1
o o A" —Ay . n—1 (1—06)9 o A" —Ay . n—1 2000
‘n; )¢ 7 (1) ; )¢ 7 (11201

A1 o)fe M & (Ay)"1 20t0he M & (Ay)*—

(1+6)2 = (n-DY(1+6)~1 (1+26)> ! 1@—1)U+2m
CA(l—a)fe ™ Lye_i_ZOCG?Le Ay e
- (1+6 (1+20)2°

200601
- 1+9 ex”{ ( 1+9)} (1+26)2 exP{ ( 1+29)}
B 2000 20y
B { 1+e} (1+20)2° { 1+29}

_ 7L OAy N 2004 _207Ly 5410
(1+9) “PVT1ref (112021120 (5:419)

as obtained by Bhati et al (2016).
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Next,

> O(1—a)d [~ _en 2040 [ _2eny
h(iy)dy= ——— wody+ ——— “Tr20
/o Oldy= =15y /0 ¢ y+(1+29)2/ ¢ e
_[0U-@A][1+6], [ 2026 ][1+26
Sl (149) oA (1+20)2| | 261
° l—oc o
/0 DMy =175+ 1528
Therefore probability of no claim is
-« o
"O)= 176 T 126
5.4.4 Poisson-Lindley Mixing Distribution
0 o2
= 1 B 0,6 >0
8(2) = 75 (1+2)e 4> 0,0 >
Mean,
E(N) = 0 TA(1+4)e0ran
_1+9
/z —“dwr/ A2e 9% ap
1+9
62 3
_ @ (1), T0)
1+6\ 62 63
_9212 L[, 2)_ _6+2
“Tre\e2 8’ ) 110 6) 6(1+0)
92 oo
E(N)=—— [ A2(1+A)e ?*dr
()= 1g ) 2(1+)e
92

= lzeeldl—i—/ A3e %42
14+86Jo 0

_ 62 [T(3) T'(4)
_1+9{ 95 7 }

_ 0 [2 61 _ 1 f2 6
C1+0163 64| 1+6106 62

(5.4.20)

(5.4.21)

(5.4.22)

(5.4.23)

(5.4.24)
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Therefore variance is given by:
Var\ = E(N?) — [E(N)]?

1+i+£ (5.4.25)
o o2 4.

A Y
_1+9/0 A1+ A)e 0 2 g
92 o
T 1+6
2 (o] oo
= [Tane 40 [T 0y
1+6 Jo 0
0% ([ I(n+1)  T(n+2)
140 | (1+ )t (14 09)nt2

_G%Xm+m{l n+1}

ln(l _i_l)ef(lJrO))Ldﬂ‘

(1+6)++2 1+06
0°T(n+1
= W (n+6+2) (5.4.26)

Therefore

< A" e Myl 920 (n4+1)(n+ 60 +2
h(y) = Prob{Sy =y} :,; ) F(nj)— iy ( (1+)9()n+3 )
' e ?L”e_lyy”_lez(n+9+2)
"h(y)_n; T(n)(1+6)"+3

B 0% & Ayl (n+60+2)
(146) = (1+6)" (n—1)!
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0% ™ [& A\ i (n—1+6+3
“tro | & \e) " U
n=1 n—1)!
02 h & AN L ] 6+3
_(1+6)3{n§(1+9) Y ((n—2)1+(n—1)!) Y >0
6% | ¥ AN Y AN e (643)
(y) (L+m3{2;y(1+9> 0“—%'+2;<1+9) N P Y
02e Y 2\ a A Ay
::U+9V{(1+9)ywﬁ+1+GW+3ka}
GZefly A 2 2 Ay
= —— 146)
(1+9)3{(1+9)y+1+9(9+3)}e+
92 A 2 2 N
= - - y(l )
(1+9)3{(1+9) y+1+9(9+3)}€ 1+0
iR ,
BRIETOE {1y+(9+1)(9+3)}€_%,)’>0 (5.4.27)

l/;wfﬁwywe+ww+$/‘e3w@}
0 0

__re? }1(1;@2 (1&9)}

A +3+9
A)2 oA

+(14+06)(3+06)

_Ae?
_%1+m3{w
1+6(3+0)
EGO
1436+ 6?2
o
. h(0) = Prob{Sy =0}
1+36+62
(1+0)3
(146 —(1+20+6%+0)
(1+6)3
(1+6)>—[(1+6)>+06]
(1+6)3
(146 —(1+6)*—0
(1+6)3
_(1+6)%(1+6-1)—6
(1+6)3

(5.4.28)

- h(0) =
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_0(1+6)*—0
N (1+9)3
(1+9)3[(1+9+1)(1+9—1)]
_0%(6+2)

BTETIE (5.4.29)

5.4.5 Poisson-Generalized Three Parameter Lindley Mixing distribution

Consider the following finite mixture:

g(A) = mig1(A) + mnga(A) (5.4.31)

where o+ =1, 0> 0,0, >0

Suppose
Y
= 1=—"_
Ty T Ty
__® 14
20) = g a )+ g ) G430
If

g1(A) ~T(a,0) and g2(A) ~T'(a+1,0),

Then

I Ay y 6% (o+1)—1
g(l>_0+}/'r(o¢)e A +9+yF(a+1)e A

_ 6o+ eiella—l + Y e—ﬂ/’tla
0+7y | I'() I'(oe+1)

:ea—i—l{la—l_'_ yla }eex
0+y | T(a) T(a+1)
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g+l 1 YA oa—1 —02
_e+y{r(oc)+r(oc+1>}7L ¢

9a+1

= CESACESY {a+yA A% e % for A>0,00>0,y>0andd >0 (5.4.32)

This is a 3-parameter generalized Lindley distribution with the following special cases:
Hoa=y=1,
62

g(A) = 1+9(1+/l)e‘97‘, 2>0,0>0 (5.4.33)

which is the one-parameter Lindley distribution.

(ii)y = 1

9a+1

o—1,-6A
(9+1)F(a+1)(a+l)l e (5.4.34)

g(A) =

This is a 2-parameter generalized Lindley distribution as obtained by Zakerzadeh and
Dollati(2010).

(i) a = 1,

we have a 2-parameter generalized Lindley distribution given by

2

g(A) = (1+y0)e % 1 >0,7,6 >0 (5.4.35)

0+y

as obtained by Bhati et al (2015).

Mean

I’ 9a+1
E(n = /0 (6+y)T(a+1

_ o a [ A% Opy [AHethan

) {ad +yA%} A% e %a),




o+l Moa+1) T(a+2)
(0+y)F(oc+1){ ga+l ga+2 }
_ AR I(oe+1) Yo%+ C(a+2)
_{(9+7)F(“+1> 6%+l (0+yI(a+1) 6%+2 }
0% (a+1) 1 y(o+1)
_0+}/F(oc+1)9a+1{o‘+T}
y(a+1)
~ari{er 1
ElNe™ N = A" iy} g+l
et = | we CESACESY
pa+l

- oo)vn —A A Aa_l —Old)y
(9+7)F(a+1)/0 e "(a+yA)A" e

(5.4.36)

(a+yA)A% e 0%

" E[N'e | = ga+l /°°/ln+oc—1(06+ e (1H0)2 g3
SR B pla+ 1) o YA)e
go+1 al(n+a) (n+o+1)
(6+yI(a+1) {(l—|—9)n+a (14 @)rratT }
0% T (n+ o) y(n+ a)
~ (0 +Y)T(a)(1+ )@ {a+ (1+6) }
0" T(n+a){a(l+6)+y(n+a)}
B (0 +y) (o +1)(1+ 0)rtatl
0% I(n+a){a+ab+yn+ya}
(0 +7)T (0o +1)(1+ Q)rtot!
_ 0T (n+ a) {(O‘+Yn)+(9+y)a}
(0+yI(a+1) (1+ @)ntotl

eof, sl L,
o E T o) () )
Zﬁ; Fﬂflz) r<n1+1>§ﬁ';iof§ {‘” O;iyyn} (1ie)n (1ie)a+l
E ) ()

B i Fn(!nFJ(FaO;) {1+9—1w+a(g1y)} (1i9)n(1ie)a+]
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as required.

-E i () () e5e)”

:%i(aJrz—l)(H%)n(%)aﬁ

n=1

n=1

g \*! o & ST e
+Y| ——=5 —Z(_l)n—l n
1+6 1+6 ne1 o
0

(5.4.39)
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6

6.1

6.2

HYPO-EXPONENTIAL RANDOM VARIABLES
WITH DISTINCT PARAMETERS

Introduction

In this chapter we will consider the sum of n > 2 exponential random variables with
distinct parameters, obtain their distributions and study the properties.

For this case let us consider the distribution X's, where i = 1,2,--- ,n independent expo-
nential random variables with parameters 4;, for i =1,2,--- ,nwith 4; # A4;, and i # j
n

written as Aj, Az, -+, A,. These kind of sum of exponential random variables, Y X;, are
=1
called hypo-exponential random variables.

Let
S, =X1+Xo+---+X, (6.1.1)

where Xy, are independent exponential random variables with parameters A; for i =
1,2,---,n.

Consequently, we will also consider circumstances where these hypo-exponential random

variables with distinct parameters form an arithmetic sequences and geometric sequences
and hence derive some of their general results.

Hypo-exponential Distribution of two Independent Random
Variables with Distinct Parameters

6.2.1 Construction Using Convolution Approach

In this section we consider the distributions of the hypo-exponential random variables
with two different parameters. Therefore let

S$H=X1+Xp (6.2.1)

Let F;(x;) and G(s2) be the cumulative distribution function for X; and S, respectively.
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Cumulative Density Function

From the definition the cumulative density function is given by:

G(s2) =P(Sy < s7)
= Prob(X; + X, < s53)
= Prob(X; < sy —x1)
= Prob(0 < Xj < 0,0 < X; < 53 —x1)
= Prob(0 < X; < 57,0 <Xp <sp—x1)

= /S2/SZXIf1 (x1) f2(x2)dx2dx
o Jo

52 §7—X1
:/() f] (Xl) {/0 fz(Xz)dXz] dx1
52 2 B 8§72 —X1 2
:/ Ae MM / e~ 2x2dX2} dx
0 1Jo
[Pt [ ]
0 L 0
52 r
:/ lle_/llxl 1— e—/lgsz-‘rllei| dxl
0 L

_ /sz |:Al e*llxl A e—/lgSgem(lsz)] dx
0

52 52
:/ Aie Mgy, —lle_lzsz/ =4 gy,
0 0

A—A1)s
ks —lle_lm e—t)s2 _q
A —M
ke N )Lle—lzsz B )Lle—hsz
h—AM -4
G(Sz) =1+ ﬁelﬂz — ﬁellsz (6.2.2)

Therefore from the above equation (6.2.2) it can be concluded that

A Ol) =1

and
lim G(s3) =0 (6.2.3)
sp—0

Probability Density Function

From equation (6.2.2) we can derive the probability density function of the hypo-exponential
random variables with two parameters. This follows that:
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g(52) = diszcwz)

d M, o,
=— 11 282 152
dS2|: +/12—lle lz—lle ]

_ A —A282 Ay —A1s2
_(lz—ll> Ae -+ T Ae

_ A —A2s2 Ay —A1s2
_(/le—Az)Aze + Az-)tl 118

MA
Hence g(s2) = " 1_ il (e_}”'sz — e_lzsz) where 55 >0, Ao >A; >0

as required.

Hazard Function

From the definition, the hazard function is given by:

8(s2)
h(sy) = ———
(2) =126 ()
Using the equation (5.2.4)
MAa(e M52 — g=P2s2) A — A
h(SZ) - _ ' —Ais s
=M Are= M52 — Lje= M52
—Ms2 _ =S
e e
= 2412‘2 [lze_klh . 2,16_2'2‘;2]

Validity of the Model

The model g(s7) is said to be valid if it satisfies the condition,

/0 g(s2)dsy =1

Proof

From the equation (6.2.4)

g(sZ) = —Ajl_lil <671152 _ *1232>

(6.2.4)

(6.2.5)
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= _ 2’12’2 * 7),15‘2 7),25‘2
:>/0 g(s2)dsy = 12—11/0 <e e )dsz

_ 11242 |:ie—2,2s2 o ie—lls2:| -
b—A [ A M 0

ok [l—A
T h-M | M

=1 (6.2.6)

As required, hence the model is said to be valid.

6.2.2 Construction Using Moment Generating Function Approach

The moment generating function for hypo-exponential random variables S is given by:

M, (1) = E(€"*?); where S =X +X, (6.2.7)

From the moment generating function properties then

M;, (t) = My, +x, (1)
=E(").E(™?)

A A
N <7Lll—f) (/lzif)
MAr
=Mt = T =h =1
— MM =) (A —1)] !
= Al(ll —l‘)_llz(lz —l‘)_l

2
= [Tl —1] -1 (6.2.8)
i=1

6.2.3 Properties of the distribution
Moments

The 7' raw moment of the hypo-exponential random variables with two parameters can
be given by:

_d'M, (1)

Elsy = =2

|t=0



50

But from equation (6.2.7) we have

M;, (t) = My, +x, (t)
= E(™).E(™?)

From this the first four moments can be obtained as follows:
First moment

E[Sy] = M, (0)
= S hadal(a =) o =) o
=M (DM =) 2D =)+ (D)2 — 1) 2 (=) (M — 1) =0
=M (M=) M-+ (A=) 2 (A —1) =0

1 1
| L
! 2[112/12%311}

_r.1
A A
2 .
=Y A" (6.2.9)

Second moment

E[$3] =M",(0)
= Dl [(4=0) 2o =)+ (R =0) 2 (a —1)'] g
=M 20 =0 —t) T+ M=) (M —1) T 42— 1) P (M —1) ] |i=o
+ 2 [(A —1) 2 (A2 —1) 2] |0
= A [2(0) 3 () 7+ (A) 72 ) 2 4+ 2() () T () 2 () 7]

:24112{24— 2 —|—2}
ST PR WE
viimt e

2 o
=2) lf@*’)l{’ (6.2.10)
i=0
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Third moment

E[S3] = M;,(0)
:%2)“12,2 [(ll—l‘)_S(lz—t)_l+(2«2—I)_2(7Ll—l‘)_z-i-()tz—l (A1 —1) ]} li=0
=20 B3 —1) (A —1) T+ (-1 2 (N —t) T2 =) (M —1) 7]
+2M1 A [2(12)_3(11 —t)_2—|—3(12 —t)_4(7tl —l‘) + (A —1)" (lz —1)" ] li=o
=202 [B(A) (M) +3(22) (M) 4 3(22) (M) P +3(A) () ]

|i=0

Y
I EE R/ R Y

1 1 1 1
Y L R
{/113 Tm T 123}

=31 A7+ A+ A, 2+ A

3 -
E[$3]=31) 2, G702 (62.11)
i=0

Fourth moment

E[S3] = M, (0)
= %6)»112 (M=) M=)+ (M=) 2 =)+ (A —1) (M —1) "] |i=o

+ %61112 [(A2) (A —1) ] =0
=622 [4(h — 1) (o =0) "+ (o =) 2 =) 4208 =) (=) |0
62 [BAM) Ao —1) (A —1) 243k — 1) (M — 1) |i=o
oM [2(11 )30 4 — 1) (=) (M —1) 2 (M —z)—ﬂ =0
= 6022 (4075 AR AT A AT A

1 1 1 1 1
HM+M%+@@+MM+M@}

1 1 1 1 1
@M+wg+@@+ww+M@]
=4 A A ATA A A A

=244\ [

.

4 o
=41y A (4*‘)/12*’ (6.2.12)
i—0

This implies that the 7" raw moment for S, can be generally expressed as

r

E[S5] =r! Z)Lf(r*")l;" (6.2.13)
i=0
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Therefore from the above properties of the hypo-exponential random variables with two

different parameters the following can be obtained:

Mean
1 1
E[S)] = T + T (6.2.14)
Variance
Var[$y] = E[S3] — (E[Sy])?

(L, Iy Y

n 112 MAy QLZZ M A

2.2 2 1 21

_QLIZ MAy 122 ),12 MAs 122

—i—i (6.2.15)

A N o
Mode

The mode for the model is given when
d

-« —0
dszg(52)

This implies that

d A —Aasy &) —Ais2
()L]—lz)/lze = 12—/11 7(«16

ds,
(5 et (g e
= —Aje %2 = Yo %
—InA + s = InAy — A5
M2+ Aaso = InAy + [nAy
InAy + InAy
.Sy = A (6.16)

Asymptotic Behaviour of the Model

In seeking the asymptotic behaviour of the model formed in equation (6.2.4) the we

consider the behaviour of the model when s, — 0 and as s, — . That is

li d li
Szlglog(sz) an szgnmg(sz)
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Therefore,

lim g(sy) = lim { My (em_ezm)]

sp—0 so—0 AQ - A]
MAy .2 . _a
— 1 152 _ 252
2/2 — l] (Szli}noe Szlgloe
MA
_ MM (1—1)
A — A
=0
and also
. . MA [, 2
1 -1 ( 152 _ 2Sz>
Sle%noog(SZ) Szgnoo |:A«2 - )ul ¢ ¢
MAy S TN
o 1,2 — A’l (Slll)nwe N Sgll)nooe
MAy
= 0-0
)LZ _ Afl ( )
-0 (6.2.17)

From the two results it confirms that from the equation (6.2.4) the model has only one
mode that is Uni-modal model.

Cumulant Generating Function

The cumulant generating function of a random variable S, can be obtained by:

Cy, (1) = lOg[MS2(t)]

—los { 7 —;S?iz = }

Using Maclaurin series through expansion the following equation can be obtained:
= IR AR
Cy, (1) = =1 — |3 6.2.18
200 = X >[(M)+(b)]ﬂ 6219

From the definition of cumulants, the cumulant K; of a random variable S; can be obtained
using the coefficients of% in equation (6.2.18).
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Hence,

Ki=(i—1)! [<%‘>z+ (%Z)l] (6.2.19)

Therefore the first four cumulants can be given as follows:

1 1
—(1—=1)!|—+—
K =(1-1)! [)‘1 +7LJ

I B
—6|(— —
[(xl) i (A) ]
From the above results the following conclusions can be made:

(i) K1 which forms the first cumulant gives the mean of the random variable S5.

(ii) K> which forms the second cumulant gives the variance of the random variable S,.

(iii) Skewness
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= ; (6.2.20)
[CRGIN
(iv) Kurtosis
Ky
K
o[ ()" + ()]
= , ; (6.2.21)

6.2.4 Estimation Using Method of Moments
Let us consider a hypo-exponential distribution with two parameter rates A; and A,
respectively. Assuming that A; < A, and considering a random sample of size n denoted

by S12,522,823, -+, 82, to indicate the total observed service time.

From subsection (6.2.3)the first two raw moments fr the sample m; and m; are given as:

my =E[S;] and my = E[S3]

Therefore using equation (6.2.14) and (6.2.15) we get:

1 1
Mean:E[Sz] = A_l—i-Af_Z

:ml

and

Variance = Var|[S;]
= E[$3] - (E[S2])?

o
“ 2t e
A1 )LZ

2

= mp —ny
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Let us now denote ll, — 1; where t; represents the time taken in i’ stage.
Therefore from the assumption A; < A, it implies that t; > ;.
Substituting the values of A; and A;, the following equations are obtained:
H A1) =] = 10 Do ] = ] e e (i)
and
2415 = M) — I3 oo, (ii)

:>t12+(I711 —t1)2:m2—m%

:>t12+m%—2m1t1 —|—t12 :mz—m%

= 2t12—2m1t1 —I—Zm%—mz =0

Using the quadratic equation formula we get

mlj:\/2m2—3m%

= 5

From equation (i) above then we get

my &y /2my —3m?

2

mliF@/2m2—3m%

2

th =my —

Therefore from the assumption that #; > #; then the estimated values will be given as:

m1+\/2m2—3m% my —\/2m2—3m%
2 ’ 2

(fh,h) =

Now substituting the values of #; and 1,, therefore the parameter rates for the hypo-
exponential distribution with two parameter rates can be estimated as:

(1, 42)

B 2 2
m1+@/2m2—3m% my —\/2m2—3m%
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6.2.5 The Case of Arithmetic Sequence for two distinct Parameters

Using the equation (6.2.4) and given that the model parameters takes an arithmetic
sequence that is Ay = A; +d where d is the common difference, Therefore

From g(s2) = )Ljftil —his2 —Aftl_)aze}“m
_ Mo —Ais2 A2 —A282
I 7 Y] e P P r
;Ll)tz e M2 MA2 gy,
¢ T
—A152 282
=MA <e ¥ _¢ ¥ > (6.2.24)

6.2.6 The Case of Geometric Sequence for two distinct Parameters

From the equation (6.2.4) if the model parameters takes the form of geometric sequence
with the a common ratio r given by % implying that A, = rA;. Therefore

Mo e M52
o—M ll * A — lze

_ A2 —A152 A —A2s2
—(12_)'1>11€ + Ao Ae

_ rii Aisy A —A287
:>g(s2)— (r?tl M)?Lle +</11—I’7Ll Ae

Aie A1s2 126*1252

_ 6.2.25
1—r1 + 1—r ( )

From g(sy) =

6.3 Hypo-exponential Distribution of three independent random
variables with distinct parameters

6.3.1 Construction Using Convolution Approach

In this sub-section we want to consider the distributions for the sum of three independent
exponential random variables with distinct parameters.

Let

S3=X1+X2+X3
S3 =95 + X3, where S =X +Xp (6.3.1)



Let Fi(x;) and G(s3) be the cumulative distribution function for X; and S respectively.
Cumulative Density Function
From the definition the cumulative density function is given by:

G(S3) = Prob(S3 < s3)
= Prob(S; + X3 < s3)
= Prob(X3 < s3—57)
= Prob(0 < 55 < 53,0 < X3 <53 —1572)

53 §3—82
—/ / g(s2) f(x3)dx3dsy

§3—52
= g(Sz) /0 f (xs)dx3} ds>
53 - §3—52 2
:/ g(52) / 7L3e 3x3dX3 dS2
0 Jo
_ / "o(s2) 1_e—xg<s3—sz>} dsy

= [ [sts2) ~ glsa)e PR sy
0

_ My B s _ M2 /s3 —A2s)
_(12 M)/o ¢ Ah—A1) Jo ¢ hdn
2

_ M sy [ (Ga—)s) Al —A3s3 /S3 (A3—22)s2
(lz—ll)e /0 e ds) + T — e A e ds»
- MAy 1 —e s B MAy 1 — e %253
N )«2 — 7L] 2,1 212 - A,] /12
Mk s eM—A)s3 _ N Ay s eM—h)s3 _
A — A A3 —A A — A A3 — A
_ A B A oS _ M i M p—hass _ My s
M—A - M—A - (A — A1) (A3 —A)
My e M9 4 My 253 M e %3
(12 — M)Az —Ay) (A — A1) (A3 —A) A —A) (A=A
(B —M)—MAdr 5, M=) —Ad
— 1+ 153 + 253
(o= A)(As— A1) (oA —4) ¢

MAa(A3 — ) — M da(As — Ar)
(2= A1) (A3 — A1) (A3 — A2)

—2383

S A
/ 3 (e—ﬂ,lsz _ e—ﬂ,gn) ds2 . 2'12’2 / 3 <e—llsz _ e—lzsz) e—l3S3+l3S2dS2
0 M—M ) Jo
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) 1 212 A'3 —2,15‘3 _ Al A{?) —lzsg,
. G(83) =1 (/lz—%)()«s—ll)e M—2) \ A~ ‘

A1 )Lz 353
<7Ll —/13) (/b—h) ¢ (6.3.2)

Therefore, from the above equation (6.3.2) it can be concluded that

gL Ol =1
and
lim G(s3) =0 (6.3.3)
S3*>0

Probability Density Function
The probability density function of the sum of three independent exponential random

variables can be obtained from the derivative of G(s3) in equation (6.3.2) with respect to
s3. That is:

¢(s3) = % G(s3)]

_ 4 1— A A3 e Mss M A3 o283
ds3 A — M Ms—A M= Ms—A
_ i M A2 o353
dsz |\ A — A3 A — A3
. A A3 —A1s3 M A3 —A2s3
_(12—11) (%-M)Me N M—2 ) \A3—L Ae

M %) —A3s3
- <7Ll —/13) (12—l3> Aae

3 .
( A" ) } where 53 >0, Mm>HL>A >0 (634)
1

3
=R T (52

Hazard Function

From the definition, the hazard function is given by:



But

_ —1_ %) A3 —A183 M A3 —A2s3
1-G(s3) =1 1+(7L2—7Ll) (13_11)6 + 7 " e

M A2 —2383
* (ll —/13) (12—)«3) ¢

3
=) A (6.3.5)

Validity of the Model

The model g(s3) is said to be valid if it satisfies the condition

/0 g(s3)dsz =1

Proof
= MM A3 /°° ) )
ds3 = Do — e 115 — (Jy— A)e 25 b
Jy 805 = G Ay Ty y LB~ a2
MA2A3 /°° 2
+ ho—Ai)e Md
o —A) (s — M) (=) Jo P2 A 72dss
B MAr Az {13—12 B A=A +7Lz—7t1}
T == a—R) | A i PR
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_ M3 _ MA3 N MAy
(L—A)A—A) (L-—A)A—-) (LB-24)A—A)
- MA3 (A3 — ) — M A3(As — A) + A (A — Ay)
B (A2 =A) (A3 — A1) (A3 — A2)
_ ;Lzﬂgz —122/13 —11132—7(,1213 —l—llﬂ.zz—ﬂ,lzﬂ,z
N 12132 — 12213 — 11132 — 7(‘1213 +7l«17(«22 — 1127(«2
=1
Alternatively

:iﬁi ﬁ ( 4 ) / Ce R ds;
=1 j=1,j#i Aj—2i) Jo
3 3 A 1

Ya I ( o
=1 j=1j#i Aj— A '

) (ale +( Mzz) (zfaz)
)

l2/13 M —2A) = MM (A3 — A1)+ A (A —Ay)
(A2 = 41) (A3 — 22) (43 — A2)
B 12132 — 122/13 — A 132 — 11213 —l—)L]ﬂ/ZZ — llzlz
N ;LZASZ — ),22)@ — 11132 - 7(‘1213 + 117(‘22 — 1127(‘2
=1 (6.3.6)

As required, hence the model is said to be valid.
6.3.2 Construction Using Moment Generating Function Approach

The moment generating function for the sum of three independent exponential random
variables S3 is given by

M,, (1) =E("?);  where s3=X;+X+X3 (6.3.7)
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From the moment generating function properties then

M, (t) = Mx, +x,+x, (1)
_ E(etxl) .E<etx2) .E(etx3)

) A A
:(MLJ<MiJ(MiJ
A a3
:>Ms3(t) = (A«I _t)(kz_[)(ﬂg —t)
= MAads[(M — 1) (A — 1) (A — )]
=M =) —1) AN —1) 7!

3
— HM% —7]7! (6.3.8)
i=1

6.3.3 Properties of the distribution
Moments

The 7" raw moment of the sum of three independent exponential random variables can
be obtained by:

d"Mj, (1)

Blsy = 22

From equation (6.3.7) we have
MS3 (t) = MX1+X2+X3 (t)
=E(e™).E(™?).E(e™)

Therefore, the first four moments can be obtained as follows:

First moment
E[S3] = My, (0)
= %111213[(11 —l)_l()tz —l)_l(ﬂg —I)_IHt:o
=Mdds [ =) (A =1) A =0) "'+ (=) 2 (M —1) (A —1) " i=o
+ A A3 [(13 —t)_z(/ll —t)_l(/lz—t)_l] li=0

1 1 1

— LA
VS ks s | Mol
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i
M A A3

3
=Y A" (6.3.9)

Second moment
E[S3] =M",(0)
d
— EM}Q)LS [(M —t)_z(kg —t)_l (A3 —t)_l + (A2 —t)_z(/ll —t)_l (A3 —t)_l] li=0

+ M [ —0) 20 =07 e =] lo
2211/1213[(M—t)_?’(?tz—t)_](k—)_] + (=02 =) (=) =0

+ 222023 (A=) (=) 2o —1) "+ Qo =) (=) (A —1) ] li=o
+201 223 [(ls—l) 2(7L2—t) M=)+ A=) M=) M=) =0
=2 (A A A T A A A A A T A
2
=2 le 2,2 +Zﬂ, 7L RN I e (6.3.10)
i=0

Third moment

E[S3] = M;, (0)
= 2%1112/13 (M=) M=) M=)+ (M=) 2N —1) (A3 —1) "] =0
+2%WM$ (=02 =02 M=) "+ M=) A —1) (A —1) "] =0

+2%Mz/13 (A=) (R=1) 2 =)+ M=) (A=) (A —1)""] =0
1

=M B =) A=) A=)+ (-1 (A =) (M —1) ] =0
F A B — 1) 2 —1) (=) 3 —10) (A —1) 2 —1) 7] o
A B =) 2 —1) 2 =) 23— ) (=) (A —1) " 2o
A B - =) A=) 3 —1) 2 (A —1) (A —1) im0
F U B0 -2 M =) H3h—0) A =) (A — 1)1 =0
=6 A7 H A A AT AT A AT AT AT

6 (A7 A 2+ A3 A 2 A A 2 A

3 . 3 . o2 . .
— 3| ;)/11“‘)/121 + Zi AT Zi 2 P A (63.11)
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Fourth moment

E[S3] = M}, (0)
d

— mmﬁ B—0) -0 A—0)""+(M—1) 2 —1) A —1)"] =0

d
+2)\4/127L3 7 3 3—2‘ ll—t) 3(12—2‘)71—1—3(12—1‘)73(/11—t)iz(/l?,—t)*l |t:0

222 L B =) =) M=) 430 —1) 2 — )P (A — 1)

dt
—1—2/11/1213% [3(13 —t)iB(QLz —t)iz(ll —t)il +3(;L3 —f)74(/11 _t)il(/lZ _t)il |t:0
=4 A A T AT AT I ALY
A AT AT AT AT AT A
+4 A7 A2 R A, 1A
Fa a2
4 , 4 , 3 , 4
— 41 [Z Al—(4—t)12—i + Z ll_(4_l)l§i + Z 12—(4—1)1371' + Hxill (6.3.12)
i=0 i=1

i=1 i=1

[3( ]
—|—211)Lz7t3dt [3 A3—1t)” lz—l‘) (ll —t)_2+3(l3—t)_3(11 —l‘)_l(lz—l‘)_l} li=0

[3( ]

]

This implies the 7 raw moment for S3 can be expressed by

r . . r . =1 . ) r
E[S5] = r! [;}xﬁ“&; + Zl AT 4 Zl AT le;l] (6.3.13)

Therefore other properties for the sum of three independent exponential random variables
with distinct parameters can be obtained as follows:

Mean

E[S3] = —1+—+— (6.3.14)

Variance

Var[S3] = E[S3] — (E[S3])?

2<1+—1 R - +i)—(i+l+l)2
AL A A MAz Ay AF M A A

2,2 2,2 2 2 1 2 2 2 1 1

A M M MA AAs A2 A Mk A A A A
IR B

- (6.3.15)
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Mode

The mode for the model is given when the following condition is maintained

d

- -0
dS3g(s3)

This implies that

d MArAs > ) ( MAzky ) —A
_ _2, 153 l 253
dS3g(S3) 1 ((/12 — A1) (As — A1) ‘ P\ (M= 22) (A — o) ’
MA223 > “2
iy 153
3 ((x1 ) (—23) ) €
d

d d
il PR —Aiss — Y ., —Aas3 _ _ —2353
= s, (A3 —Ap)e as; (Az—Ay)e as; (Aa—Ay)e

“M (A3 —A)e M = A (A3 — Ay )e 2% 4+ A3(Ay — Ay )e %
—InAy +1n(As — X)) — Ays3 = —Indy +In(A3 — A1) — Aas3 + InAs +In(Ay — Ay) — Ass3
— 183+ Aas3+ A3s3 = Indy — In(As — Ap) — Indy + In(A3 — Ay) + InAs + In(Ay — Ay)
s3(A+ A3 — A1) = InAy — Inds + [ndy — Iny + InAs — InA + InAs + [nd; — Ink,
g InAy +InAs — InAy
M+ —24

(6.3.16)

Asymptotic Behaviour of the Model

In seeking the asymptotic behaviour of the model formed in equation (6.3.4) then we
consider the behaviour of the model when s3 — 0 and as s3 — oo. That is

li d li
Szlglog(sz) an Szlglwg(sz)

This implies that

[ M A3
(A2 —A1) (A3 — A1) (A3 — A2)

lim [(13 —Aa)e M — (A — Ay )e M5 4 (A — ll)e_lm]
S3—)0

M2 23
A —A) (A3 — A1) (A3 — A2)

lim =
S3 %Og(S3)

(A —A2) — (A3 — A1) + (A2 — Ay))]

— (
=0

Alternatively
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3 3
I =Y { A lim e %%
531£>n0g(s3) Z{ ’sgloe . H )

I
——
Rons
W.
%ﬂw
VR
o
o
Roud
S N

ar 23 (M ZZERW
AP T A P T R P A N PR A e

M Ao
- (M —/13) (12—7ts> &
A

1M243[(A43 —A2) — (A3 — A1) + (A2 — Ay)]
(A2 —2A1) (A —A2) (A3 — A2)
_ 2,12,2/13% — ),122213 — ),112/132 + 112/1213 + 11122/13 — ),12/12/13
B (A2 = 41) (A3 = 22) (A3 — Xa)

=0
and also
hmamz{ Jidos
S3e (2= A1) (A3 = A1) (A3 — A2)

lim [(13 —Ao)e M Ay — Ap)e M 4 (Ay — Ay e P
S§3—>o00

B MAr A3
(=AM —A)(A3— 1)

=0 (6.3.17)

(0)

From the two results it confirms that from the equation (6.3.4) the model has only one
mode that is Uni-modal model.

Cumulant Generating Function

The cumulant generating function of a random variable S3 can be obtained by:

Gy, (t) = log[MS3 (t)]

o Mok
= g{w—z)(zz—t)(xa—r)}

Using Maclaurin series through expansion the following equation can be obtained:

Cy(t) = ;(i— 1)! [(%)lJr (%Z)iJr <%3)l] ; (6.3.18)

From the definition of cumulants, the cumulant K; of a random variable S3 can be obtained
using the coefficients of% in equation (6.3.18).
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Therefore,

Ki=(i—1)! [(%})lJr (%z)i%— (%)l] (6.3.19)

Therefore the first four cumulants can be obtained as follows:

1 1 1
Ki=(1-1!|—+—+—
1= )[M A 13]
1
M A A

ol (1) + (5) + (5)
4= - — —

M ) 3
From the above results the following conclusions can be made:

(i) K1 which forms the first cumulant gives the mean of the random variable S3.

(ii) K> which forms the second cumulant gives the variance of the random variable S3.
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(iii) Skewness

_ (6.3.20)

(iv) Kurtosis

= : (6.3.21)

6.3.4 The Case of Arithmetic Sequence of three Parameters

Using the equation (6.3.4) and given that the model parameters takes an arithmetic
sequence that is A — 4] = A3 — Ay = d where d is the common difference. It then implies

that A; —A; = (j—i)d. Then

o A‘Z )‘3 —A183 )'l A'?’ —22s3
8ls3) = <7Lz—)~1) (13 7Ll>kle * M—A) \ -4 Ae

—A353
) (12 - 13) Aae

(57
< 7Ll+d ) ((Al+§;)—ll> hae

A3 _a
A 253
A — 7L]+d ) <(7Ll+2d)—(ll—|—d)) 2¢

2 »
A 353
(/11 /11+2d ) ((Al+d)—(/11+2d)) 3¢
—1153 e—?Lzs3
= MM > + M A A3 )

o [
+ A3 22

_|_

+

+
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e_MB 6_1253 e—/lsss

= M3 [( 242 ) + <_—dz> i (TJZ)]
; e—/li53

=[x {Z (=D =113 —i)la*! }

} where y3=(=1)"1(i—1)!3—i)a*! (6.3.21)

6.3.5 The Case of Geometric Sequence of three Parameters

If the model parameters takes the form of geometric sequence with the a common ratio r.

That is % = % = r. This implies that A, = rA; and A3 = r?A,.

Therefore, from equation (6.3.4) we get

_ ) A3 —A153 A A3 —A2s3
g(“)‘(xz—zl)(%—xl)’“e aom) \Gom ) 2

M Ao Aass
" (M —13) (flz—%) A

rAy A — 183 A r*A —A283
<I’Al — ll> (I‘Z)Ll — 7(«1) 7L1€ + )Ll — I’)Ll rzkl — rkl lze
),1 r?Ll —A383
+ (Al — I’z)ul) (I’)Ll — l’z)ul) 2‘36

_ 1 1 —Ais3 1 1 —A2583
e () (e

1 1 —A353
+ 1—r2> (1 —r) Aze
Ale*/th Aze*/lzsz 136*/1353
I e R (e (T R eIy
3 lie—lig

= — 6.3.22
i=1 H;:l,j#i(l —r7) (6322
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6.4

Hypo-exponential Distribution of four independent random
variables with distinct parameters

6.4.1 Construction Using Convolution Approach

In this sub-section we need to consider the distributions for the sum of four independent
random variables with distinct parameters. Therefore let

S4 =X1+Xo+X3+Xy
Sq4 =83+ Xy, where S3=X|+X+X;3 (6.4.1)

Let F;(x;) and G(s4) be the cumulative distribution function for X; and S respectively.
Cumulative Density Function
From the definition the cumulative density function is given as follows:

G(S4) = Prob(S4 < s54)
= Prob(S3+ Xy < s4)
= Prob(Xy < s4 —s3)
= Prob(0 < 53 < 54,0 < X4 <54 —153)

— [" [ stsa) ) dadss

_ / o3 /0 e f(m)dm} dss
/ /0S4 5 /14e_’14s4dx4} ds3
/

g(s _1 e Malsam 33)} ds3

[
VN
3’

S
S’

VR
S

S
Rt

A A3 54

—A1s3 1 —2283

))Ll/ dS3+(7Ll—)Lz) (13 A2)12/0 e dss
)LZ —A353

<12—7L3>13/0 e ds3

4
116—1454/0 6(14—11)53(“3
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1213 s M3
{ 20— A1) (2 —Ar) 1= +{(7Ll )M
Az s
+{ ) (0 — ) -]
{ M}LZ)L?’ } _e*llm o84
Mo — ) — ) da—2n) J L
{ }Ll 1213 } _6*12S4 oS4
") (M=) (A7) S |
{ Ay } -6*13S4 e Ms4
") (M —A3) (s —7) S |
- Mols ke,
() —A) () (A —A)
L Mk Mk,
(M=) —-AR) (M—)A—2A)
N My B My asa
(M=) Mh—2A) (M —A3)(Ah—A3)
B l] 1213 6*1134 4 l1 /FLZ}B
(A2 = A1) (A3 — A1) (A4 — A1) (A2 = A1) (A3 — A1) (A4 — A1)
B Al o A )
(M = 22) (A3 — 22) (A4 — A2) (M = 22) (A3 — 22) (A4 — A2)
B MAr A3 671384 4 MAr23
(A = 23) (A2 — A3) (A4 — A3) (M = 23) (A2 — A3) (A4 — A3)

=G(Sq)=1- (2’2{2&1) (13):37tl> (141_411)6_)“54
“(mw) 57 ()™
M=t \AML—-—A)\ M-
“(mw) o) ()™
M—A3) \ =43/ \ A4 — A3
(7)) o)
M—A) \ A=A ) \ A3 — A4

as required.

Therefore, from the above equation (6.4.2) it can be concluded that

—;Lz)} ]

— 145‘4
— 145‘4

7133467145‘4

(6.4.2)
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WOl =1
and
lim G(s4) =0 (6.4.3)
s4—0

Probability Density Function

The probability density function of the sum of four independent exponential random
variables can be obtained through finding the derivative of G(s4) from equation (6.4.2)

with respect to s4. This follows that:

_dy A R \( k
_dS4 dS4 ),2—11 13—2,1

d

“ l1 7L3 ;L4
dS4 ﬂ,l — AQ 3,3 — )«2 2,4 — )uz
A

d Al 2 A4
dS4 l] — /13 /12 — 13 7L4 — 13

_ i M A l3
ds l] /14 )Lz — 14 -

Ve

I 7L1 A3
}‘1 - A4 )vz - 2«4 7(«3 14

1'4 —2‘16‘4
A ) ¢

)e—lzm
)82,33‘4
)61454

6—1434

4 4 A
ﬁg(S4):Z{7Lie_lis4 H (7(‘ jﬂ,)} where s4 >0, 4 >A3 >4 > A4 >0
4 ) j

as required.

(6.4.4)
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Hazard Function

From the definition, the hazard function is obtained as follows:

YT 1= G(se)
But

B A A3 Ag s
1 Gsg) =1 1+<M—Aj<ﬁyﬁh>(h—zje

A«l ;1‘3 14 71234
i <7Ll —/12) (/13—7tz> (M—lz) ¢

A X A\ a
i <7Ll—)~3) (/12—13> <7L4—/13) ‘

M A2 A3 s
*(M—M)(M—M)(M—M)e
N X M\ s

A — M s—A A —N

p R A\ a
" <M —12) (13—12) (14—/12) ‘

M A A4 Cdas
" (ll —13) (12—l3> (14—13)6

A %% A3 ~Ausy
" (/11 —/14) (/12—14> (13—/14) ‘

Validity of the Model

The model g(s3) is said to be valid if it satisfies the condition

/0 g(sq)dss =1

(6.4.5)
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Proof

— iS4 J
Jy stoadss= [} Yoke e ] .(xj—z,-)ds“

I
-
—

—
Rt
||
>
N———

=1 (6.4.6)

As required, hence the model is said to be valid.
6.4.2 Construction Using Moment Generating Function Approach

The moment generating function for the sum of four independent exponential random
variables S4 with distinct parameters is given by

M;, (1) = E(€"4); where 54 =X +Xp +X3+ Xy (6.4.7)

Using the moment generating function properties then

MS4 (t) = MX1 +Xo+X3+Xy (t)
=E(™).E(e™?).E(e™).E(e™)

QLl 12 2’3 A4
B (/ll—l> (Az—f) (/13—f> (7“4_f)
A AoAs A
= M) = -0 — ) (1)
= LA [(A — 1) (Mo — 1) (As — 1) (Mg — )]
:ll(ll—l‘)_llz(lz—l‘)_llﬂ}lg—l‘)_ll4(7t4—l‘)_1

4
_ H AilAi —1] 7! (6.4.8)
i=1

6.4.3 Properties of the Distribution
Moments

The " raw moment of the sum of four independent exponential random variables can be
obtained by:



d"M;, (1)
dt”

E[Sy] = =0

From equation (6.4.7) we have

My, (1) = My, +X,+ x5+, ()
— E(e™1) E(e"2) E(e3)  E (™)

Therefore,the first four moments can be obtained as follows:

First moment

E[S4] = M, (0)
= %MW%M (M=) A=) A —1) " (A=) li=o
=hA2As2q [(A _f)_z(/lz—t)_l(/b —1) N A —1)"" 20

+ A dadada [ —1) 2 (A =1 A —1) " (A —1) "] |0
+ AdadsAy [(As—1)” 2 1) (Aa=1)" (A=) |20
+ M AaAadg [(Ag—1) 72 2 —0) (=) A —1) " 2o
1 1 1 1
AR TR A
_ 24“ ;Llfl (6.4.9)

Second moment
E[S}] =M";,(0)

d

= Mdads [ =1) 0= (A=) Aa=1) ' limo
d

+ E/MMMM (A2 )2 =) A3 —1) " (A —1)" =0
d

+—Adokada [ =) (M =) (=) (=0T =0

d
+ E)Lllzﬂg)u [()»4 —l)_z()tl —l)_l(lz —I)_1<ﬂ,3 —I)_l} |,:0
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+ 24 A3 [(Ay —t

I ) (A —1)( ) ( )]
2004 (A3 —1) (M —1) 2 (Ao —1) (A —1) ] |i=o
F2U M3 [(Aa =) 2 (M =) 2 (M —1) " A —1) M im0
+2 0232 (A=) (M —1) (M3 —1) " (A —1) =0
+22 0230 [(As =) 2 (A —1) 2 —1) (A —1) =0
+ 23 (A —1) 2 (A=) (M —1) ' A —1) M |20
+20 0230 (A —1) (M=) (M —1) (A —1) " i=o
+20 0030 (A —1) 2 (A3 —1) 2 (A — 1) (A2 —1) '] li=0
20 (A=) P (M —1) N (A —1) " (A —1) ] |i=o
—2{i+ L L1 +L+L+L+L+L+L]
22k ks Mk 2 Mk Aok 22 Tk 22

2 .
[Z A4 Z)L IRV RS Y Py Fu e bty Tl bt Yo +7L3_1)L4‘1]
i=1
(6.4.10)
Third moment
Considering the trend from the previous sections the third moment can be given as

E[S3] = M3, (0)

(i) i N g By i N g —(i)y —i N g (i) g i
=30 YA T AT Y AT YA A

i=0 i=1 i=1 i=1
2 3

+3! 22,2 7L +Z7L /'L[’JrH?Lfl (6.4.11)
i=1 i=1

Fourth moment

Considering the trend from the previous sections the fourth moment can be given as
4 4
E[S4] = M;,(0)

4 4 N3 N
= 4 [Z A A Z /IRy P B Py Ju ) O Sl b
= =

i=0
3

4
Y a4y +Z?L* i+ TIA (6.4.12)
i=1

i=1

+41
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This implies the 7 raw moment for S4 can be expressed by
E[S3] = Mg, (0)
r , _ r . .0 ; . ; :
S IR EES WG RS O RS W
i=0 i=1 i=1 i=1

+r!

r—1 X . r—1 R . r
Z )‘2_(r_l)k4_l + Z A;(r—l))u—l +H}‘i_] (6.4.13)
i=1 i=1 i=1

Therefore other properties for the sum of four independent exponential random variables
can be obtained as follows:

Mean

ES4]=—+—+—+— (6.4.14)

Variance

Var[S4] = E[Szzt] —(E [54])2

_Z{LJF L, L .t tr 1,1 1
TR T AR T T M A2 Mods MAs A2 Maha A2

1 1 1 1)\
_(1_1+7L_2+l_3+2«_4)
_l 1 1 1
_)L_12+l_22+l_3»2+)t_4% (6.4.15)

Mode

The mode for the model g(s4) can be obtained when

d

el -0
ds4g(54)
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This implies that

d MAr Az A4 ) _a
- =2 154
5, 564) 1((/12—11)(/13—2,1)(14—/11) ¢
) ( A dada > s
(M1 = A2)(As — 22) (A4 — A2)
i ( Midadsy > s
(A1 —A3) (A2 — A3) (A4 — A3)
MAr Az A4

M ((/11 —Aa) (A2 — A1) (A3 — 7L4)> ‘
= (A=) (A — ) (Aa — A3)e ™ 5 4+ Ao (A3 — A1) (Mg — A1) (Ag — Az )e 22
A3 = AD) (Mg — A1) (s — Aa)e 8354 4+ Ay (Mg — A1) (A3 — A1) (Az — Ap)e 24
=—Ind —In(A3— ) —In(Ag — A3) — In(Ag — A3) + Ay 54

+Indy+In(A3 —A)) +In(As — Ay) +In(Ag — A3) — Asa

— I3 —(Ag— M) —In(Ag— A1) — In(Aa — Ap) + Azs4

g+ In(Ao — M) +In(A3 — A1) +In(As — A2) — Agsy

= —InAy —2In(Ag — A2) — 2In(Ag — A3) + A1sq + Indy — Apsy

+2In(A3 — A1) — InAs + A3sq + InAy — Ags4

714 S4

Indy + InAy — Indy — InAsz — 2In(Ag — Ap) — 2In(Ag — A3) + 2In(A3 — A1)

Py o — (6.4.16)

= 54 =

Asymptotic Behaviour of the Model

In this section from equation (6.4.4) we consider the behaviour of the model g(s4) when
s4 — 0 and as s4 — 0. That is

li d li
szlglog(sz) an szljgog(sz)

This implies that

4 4 A
lim g(s4) = ¥ A; lim e %% ( J >
4— g( 4) l_Zl S4—0 ]ZE?EI a{] - A’l

I
-
P

—=
—~
Kot

R
>
N————

I
S
R
~
I
L
<
*
Ly
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and also
4 Y 4 lj
lim g(s :E A; lim e %% II
S4—>oog( 4) i—1 lS4%oo j:l,j7£l' (),]—Aq)

=0 (6.4.17)

From the two results it confirms that from the equation (6.4.4) the model has only one
mode that is Uni-modal model.

Cumulant Generating Function

The cumulant generating function of a random variable S4 can be obtained by:

Cs,(t) = log[M, )]

o { MA A3 A4 }
LM =0 —1)(As —1)(Aa—1)

Using Maclaurin series through expansion the following equation can be obtained:
C,(t) = — ! — — — — | = A.
5, (1) ;(z ) [(M) +(7Lz> +</13) +(?L4>]i! (6.4.18)

From the definition of cumulants, the cumulant K; of a random variable S4 can be obtained

using the coefficients of & in equation (6.4.17).

Therefore,

Ki=(i—1)! [(%I)IJF (%z)iJr (%>i+ (%4)1] (6.4.19)

Therefore the first four cumulants can be obtained as follows:

Ki=(1-1)! i-|-i+i-;-i
Mo A A3 M

1111
Y TR VY T T
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From the above results the following conclusions can be made:

(i) K1 which forms the first cumulant gives the mean of the random variable S.

(ii) K> which forms the second cumulant gives the variance of the random variable Sy.

(iii) Skewness

(6.4.20)
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(iv) Kurtosis

(6.4.21)

6.4.4 The Case of Arithmetic Sequence of four Parameters

Using the equation (6.4.4) and given that the model parameters takes an arithmetic

sequence that is

Lh—AM=h3-lh=M4M—-A3=

where d is the common difference.

Therefore

MB—M=MM—-N=2d

This then implies that

Aj—Ai=(j—i)d (6.4.24)
Therefore
(MMM) <}L37L3;LI) (A47i‘7hl> Aye s
N (leb) <l31312> (xfxz) Do
N (MM%) <le2&3> (xfzg) Ao
. (MMA ) (AZ—M) (M’lf)m))ue—m

+

9~ (=)
)

A3 M e risa
(7(,1—|-2d —M (l1—|—3d)—ﬂ,1

Ay > 128_1254

)
A3
A — A«]—Fd (ll+2d)—(7tl+d)> ((ll—l—?)d)—(/ll-{—d)
A

("
(7“ 7“ +2d ) ((/11 +d) — (A +2d)> ((/11 +3d)l—4(7t1 +2d)) e
(

+

A — 7Ll—|—3d > ((/11+d))i2(7n+3)) ((l1+2d)/l—3(zl+3d))’l4el“s4

+
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—lls4 —AQS4
=MW 304 6d3 + MA 34 g3

—l S4 —7L4S4
+ MA 374 ol + M A A3 —6d3

6—1134 —/125‘4 —/13S4 —7L4S4
(57 (<) +(5) ()
—7Ls4
O — 114 —1) d41}

—Ais4
6.4.5 The Case of Geometric Sequence of four Parameters

N
I
—

[l
—*
Rond
—N—
o7 T

I
—_

e

I
-E“

N
Il
—

} where 4= (=11 1)!1(4—i)la*!
Y4

(6.4.25)

If the model parameters for n =4 takes the form of geometric sequence with the a common
ratio r that is l = %3 = %4 = r. This implies then A, = rA;, A3 = r?A;, and Ag = A,.

Therefore
2 2 A s
(12 M) </13 M) (M—M he
M A3 A4 dpsa
+()»1 12) (13 12) (7L4—3~2))L
A Ao Aa Aasa
+</11 13) (12 13) <7L4—3~3))b3e
A1 %) A3 ~Ausy
* </11 14) (M—M) (13 Ay Me

2)4 }’311 —A1sa
(r/h ) (I’zll ) (r37tl )7(,16
A A s
(xl ml> <r% —ml> (ml—ml))“ze
1 7133‘4
(/ll 2/1.) (ml —r27L1> (r37Ll —ml)’he

l] rll rzﬂ'l —A454
/'Ll — r3)~1) (r?Ll — r3ﬂ‘1) (l’zﬂ,l — }’3},1 ) 146

_|_

+

+




83

6.5

lle*)”s“ lze*lm
TN A (- )
7L3e_l3s4 l4e_l4s4

+ — — +

(I=r2(1-rQ—-r1Y) (A=A -r3)(1-r)
B 4 A‘iefllm

i=1 Hj:l,ﬁéi(l —r'J)

4 A«ie_/liu 4 o
= where P, 4= H (1—r77) (6.4.26)

= b4 j=1,j#i

Hypo-exponential Distribution for a fixed sum of n independent
random variables with distinct parameters

6.5.1 Construction Using Convolution Approach

Extending from the previous sections for N = n fixed sum of independent exponential
random variables to suggest the general formula of getting the distributions for n > 2
random variables.

Proposition 2

Let
S, =X1+X+---+X, (6.5.1)

for n > 2 then the pdf will be given by:

{le ”,Qﬁ(zl )} (65.2a)
{(J 1))

C, e —Aisn (6.5.2b)

oQ
o
g
N—
I
1=

~
I
—_

I

~
I
—_

|
M:

where

(6.5.3)
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Proof

Using the induction formula for the case where N = n and let consider n+ 1 arbi-
trary independent exponential X; random variables with different parameters A;,for i =
1,2,--- ,n+1.

Now let

Sn+1 = Xl +X2 +--- +Xn +Xn+1
=S+ Xn+1 where S, =X1+Xo+ -+ X, (6.5.4)

Let Fi(x;) and G(s,+1) be the cumulative distribution functions for X; and S, respectively.
Cumulative Density Function

Here we use the same method as in the previous section to get the cdf for the distribution
Sn+1. This follows that

G(Sy+1) = Prob(Sp+1 < Sp+1)
= Prob(S, + Xn+1 < Sn+1)
= Prob(X,+1 < Sp+1—5Sn)
= Prob(0 < s, < 8341,0 < X1 < Sl — 8n)

Sn+1 Sn+1—5Sn
=G = [ [T e (o) adsy
Sn+1 [ [Sn+1—Sn
= /0 g(sn) /0 S (Xnt1)dXnt1 | dsn
Sn+1 : Sn+1—"5n A
= /0 g(sn) /0 Anrre” Ut ldx, | dsy
Sn+1 -
— / " g(sn) 1 _e_ﬂ’n+1(sil+l_si'l):| dsn

_ / n+1 |:g(sn> . g(sn)e—/’lvn+l(5n+1_s")i| dsn
0

]

But from equation (6.5.2b)
n
g(sy) = ZCi7n/"t,-e_"LfS"
i=1
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Therefore
& A Sn+1 l
G( n+1 - ZC17n/ )b e SndS — Z C e_ n+15n+1 2‘ e( An1— )snds
i=1 0
! (A1 —2Ai)Sns1
. _ e
= Z Cl n |:1 —e lzsn+1i| _ Z Ci,ne A«n+15ﬂ+1
i1 = A1 — A
e_A Sn+1 n Aie_ n+15n+1

i ZC —Aisnt1 _ Zn:Czn)L

n
n

I
1=
o

+Y e ———
n—H A i—1 o ;Ln—i—l_li

1

A
Chn ZC‘7 (n——i_lA‘) e*)L[Sn+l _i_ZCi’n <—12{) e*ln+15n+1
”+ i=1 - M

—_

~.
—_
~.

I
M:

~.
—_

From equations (6.3.6) and (6.4.6) it is indicates that

Fe-

Hence the result

“ A L Ai
G(S =1—= C: A —An+18n+1 __ C: 1 —An+185n+1 5.

n+1

Therefore, from the general cdf expression in equation (6.5.5) it can be concluded that

Sn}rllrgoo G(Sn) - 1
and
lim G(s,)=0 (6.5.6)
Sp+1—0

Probability Density Function

From equation (6.5.5) we can now derive the pdf for the general sum of n+ 1 independent

exponential random variables S, + 1. This follows that

£lore1) = 2 Glonir)
n
d n Anii ) iy ( Ai > _a
= 1— C; — T e iSn+1 __ C; e n+15n+1
dspi1 1221 i (An—H — A Z L i — At

o Aidni1 —AiSpi1 - A’”Jrl)ti —Ant15n+41
= ZCz,n <—l —Al’) € +i_zlcz,n li _)Ln-i-l €
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o u ) A'}’H-l —AiSny1 - X )'i —An 15041
= Z Cin T — 1 Aie + Z Cin ﬂ,—ll Antre
j i=1 17 St

i=1 )’n-‘-l_ i
y Pnl —Aisn+1 — At 1Sn41
=Y Cin{ g e KA (65.7)
i=1 n i
where
K; Zn:C ( A > (6.5.8)
n 1: i,n PV e N
! i=1 A= A
But
_ - Aj o M A A
Cl’n_j=g¢i<”_7“) N </11 —/1,) (lz—/l') ‘()Ln_li)
Therefore

c Mt N _ (M A\ At
N\ A1 — A M—=2A) \h—A M—2i) \Ang1 — A
_ H )L;le;for J:17277n+1
j=Lj# T
= Lin+tl

This implies that the formula (6.5.7) becomes

n

—Aisy —An+ls,
g(an) = Zci,n-l-l}t’ie S+l +Kn+17tn_|_1€ ntLsn (6.5.9)
i=1

where K, 1 is a constant which does not depend on s, .

Equation (6.5.4) can be rewritten as

Spr1=X1+ 5 where S, =Xo+X3+ -+ X,+1 (6.5.10)
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Using the proposition 2 the pdf for the distribution S, in the above equation (6.5.10) can

be given by
n+l Y n+1 lj
g(Sn> = Z Aie i H (2’ —7[,)
i=2 J=2,j#i J g

n+1

* —Ais
= Z Ci,n-i—l)"ie n
=2

(6.5.11)

where

n+1 7L

* _ ]
i+l = H Ai— A
j=2.j#i M T

Therefore the cdf of the distribution can also be given by:

G(spt1) = Prob(Syy1 < sny1)
= Prob(S, + X1 < Su+1)
= Prob(X| < $y+1—5Sn)

= Prob(0 < s, < 5,11,0 < Xj <spp1—5n)

Sn+1  [Sn+1—Sn
:/0 /0 g(sn) f(x1)dxdsy

= /Osn+1 g(sn)
= /Os"+1 g(sn)
=/Osn+1g(sn)

[ [Snt+1—Sn
/ f(xl)dxl] ds,
/o

[ Sne1—Sn
/ M e’llxldxl} ds,
1/0

] —e M (Sn+1—sn)] ds,,

— |:/ i g(Sn) _g(sn>€7ll (Sn+lsn)‘| dsn
0

& we & A S -2
Z n+1/ Snds _ Z n+lﬂ’e isll+1/0 e( 1— i)sndsn

n+1 n+1 [e(h—%)snﬂ _ 1]

*li n
Z in+1 [1 —e +1:| Z I’lJrI)b A] _Afi
n+1 n+1 ny n+1 Ai "
Z il Z inpie T — Z bt <7L ) > e
n+l ﬁ,
+ Z nl (l A’ ) e_llsnﬁ-l

+1 +1 .
5 Gsn1) = 1_"2 Cinti <L> e Hin —nZ Cinti (L) e Mo (6.5.12)
i— M — A i=2 Ai =M

Similarly as 5,41 — oo it can be deduced that
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lim G(spsr) =1

Sp41—>00

From the above equation (6.5.12) the pdf of Gy ., can be given as:

d
n - G n
8(sn+1) D5t (Sn+1)
d n+1 /ll s n+1 A«i A
— —AiSn+1 __ C* —ALSn+1
dspy1 Z bt (M —li) ¢ lzzé bt (l,—?tl) ¢
n+1 )b).l n+1 )«11
= C* v _A’S}’H'l 1 _llsn+1
i:zi bt (A'l_}“i) +Z bt (lj—ll)e
ntl A n+1 A
_;L n —A n
_Z n+1( )L))Le s+1+z n+1(l ),I)Me 15041
n+1 Al
= Z Ci it ( ) Aie"lis"“ + KjAje M (6.5.13)
i— A=A
where

n+1 Ai
Z i,n+1 (A’l _ ll )
Comparing the equations (6.5.9) to (6.5.13), then

n n+1 l
Zci,nJrl)Lie_lian +Kn+l)~n+1€_ln+1sn+l _ Z I (l /l ) )u e—lsn+1 _‘_Kllle MSnti
i=1

But,

Cnr (375 [ iy )] (%)
= )( 20 ()] (22)
() (52) - (25%)

ln-H
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This implies that

n n+1
Z Ci,n—i—l)tie_lisnﬂ +Kn+lln+1€_/1"+lsn+l — Z Cl.jn_’_lll.e_/lisnﬂ —}-Kl}Lle_Ms”“
i=1 =2

that is

Cl ,I’H»l)’le_lls’rH

n n
+ Ci,n+17ti€_lisn+l +Kn+17tn+1€_;t"+ls"+l — ch',rH»lAfie_lian
i=2 i=2

+Cot a1 Angre” Mt 4 Ky AyeHon

C17n+1lle_/l1sn+1 +Kn+1)tn+le_ln+lsn+l — Cn+1,n+1)an+le_l"+ls”+l +K1)L1€_Ms”+1

1=

2’l‘l

Comparing the coefficients of A, e " 1541 we get

Kn—H = Cn—i—l,n—i—l

Also comparing the coefficients of Aje~415+1 we get

Ky =Ci 11
Thus

n
—Ais —Ant1s
g(sn+1) = Zci,n+13~i€ i9n+1 —|—Kn+1),n+1e n-+15n+1
i=1

n
=Y Cinp1die 1+ Cop g g1 Ang 1@ 1
i=1
n+1
=Y Cinp1die o
i=1

n+1 A
:Z H (ﬁ) Ao isn+1 (6.5.14a)



90

Alternatively,

g(sn+1) - Z CZn—H ( > Al'e_lis”*l +K111€_llsn+1

&~ M — A
n+1

= Y Cini1hie M50 4-Cp iy A Mo
i—2

n+1
= C17n+]2/1€_klsn+l + Z Cl'JH-lAfie_lianrl
i=2

n+1
=) Cins1 Aie Mo (6.5.14b)

i=1
hence the result.

Hazard Function

From the definition, the hazard function of the sum of n independent exponential random
variables s, is defined by:

T 1-G(sy)
_ X Ciphie™Hion
Z?:] Cl-7ne_lisn
n
=Y A (6.5.15)

Validity of the Model

For the model g(s,) to be said valid if it satisfies the condition

/0 g(sp)ds, =1

) o N n A{
_ - —Aisn ]
[ [ $2 1 (12)o

j=1j#i

1
_ . A’] * —Aisn
_Z </1j—li>)q/0 e dsy

Proof

-1 (6.5.16)

As required, hence the model is said to be valid.
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6.5.2 Construction Using Moment Generating Function Approach

The moment generating function for the fixed sum of n independent exponential random

variables, s, can be obtained by:

M, (1) =E(e”);  where s, =X1+Xo+ - +X, (6.5.17)
From the moment generating function properties then
Msn (t) - MX1 +Xo++X, (t)
=E(™).E(e™?).- - E(™™)
A —t Ao —t Ay —t
Ay A,
=M, (t) =
o e -7
= (Mdz-- ) (M =) (A —1) - (A —1)] !
=N (7L1 —1)" 1%2(12 —1)" L (A — t)_l
H/I Ai—1]7! (6.5.18)
=1

6.5.3 Properties of the Distribution

Moments
The " raw moment of an independent exponential random variable can be given by:
d"M;, (t)
r] Sn
E[S,] = szo

But from equation (6.5.17) and following the trend from the previous sections on moments

we can now obtain the first four moments as follows:

First moment

= i A7 (6.5.19)
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Second moment
E[S;) = M7, (0)
2 a2 .
=2[Z7tf(_”/1{’+211 b +Z/I R +ZA ]
i=0 i=1 i=1 i=1
2 A A A A A (6.5.20)

Third moment
E[S;] =M; (0)

_S'IZA Iy +Z7L g+ —I—Z?L n]
g R +Z)L >n‘]

+ oo+ 3]

2 : .
Y A, G H?Li_ll (6.5.21)
i=1 i1

Fourth moment
E[Sy] = M; (0)

4 P WP Ay 4 hiy
— 41 [-26/1]_( _’)12’+;7Lf( _')’%’*“*2%‘( _’)ln’]

g i)y i i)y i
FALY AT Y AR,
i=1 i=1
2 4 ) n
+- 44! Z)L,,‘_(l")zn'+nx,.1] (6.5.22)
i=1 i=1

This implies the 7 moment for s, can be expressed by

E[S,] = M;,(0)
—rl [Z Iy PR O Ry e U o (”)/ln"]

0 iy, ( (i) i
Y AU+ Y DA
i=1 i=1

2

) A’r:—( T ﬁ%ll (6.5.23)
i1

i=1
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Therefore other properties for the sum of n independent exponential random variables
can be obtained as follows:

Mean
E[S]—i+i+ +i 6.5.24
Variance
Var[Sy] = E[S3] — (E[S4])?
= i+i+ +L 6.5.25
AR A2 (6:5:29)

Asymptotic Behaviour of the Model

In determining the asymptotic behaviour from equation (6.5.2b)we consider the behaviour
of the model g(s,) when s, — 0 and as s, — oo. That is

lim g(s,) and lim g(s,)

sp—0 Sp—ro0

Therefore,

1 — i B _Aisn J
Jim o) = ¥ 2 gime o T ()

i=1 j=1,j#i
S
i—Zl jzll—,;;éi Aj—=Ai
=0
and also
lim g(s,) =Y A; lim e 7"
Sn—>°°g( ) lzl " Syroo j_g#(/lj—l)
=0 (6.5.26)

From the two results it confirms that from the equation (6.5.2b) the model has only one
mode that is Uni-modal model.

Cumulant Generating Function

The cumulant generating function of a random variable S, can be obtained by:
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Cs, (t) = log[M;, ()]

. LA Ay,
= g{ml—r)uz—r)---(zn—r)}

Using Maclaurin series through expansion the following equation can be obtained:

Cy, (1) = g(i— 1)! [(%I)I—F <%2>i+m+ (i)l] ; (6.5.27)

From the definition of cumulants, the cumulant K; of a random variable S, can be obtained
using the coefficients of% in equation (5.5.27).

Hence,

K,-:(i—l)![<%>i+(%)i+~'+<%ﬂ)i] (6.5.28)

Therefore the first four cumulants can be obtained as follows:

S

M A A
I
AN A A
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From the above results the following conclusions can be made:
(i) K the first cumulant gives the mean of the random variable S,,.
(ii) K> the second cumulant gives the variance of the random variable S,,.

(iii) Skewness

> { .
— (6.5.29)

(iv) Kurtosis

(6.5.30)

6.5.4 The Case of Arithmetic Sequence of A Fixed sum with distinct Parameters

Following the trend of the first four distinct parameters sum of n > 2 exponential random
variables with the parameters are forming an arithmetic sequence.

From equation (6.4.24) that is
Ai—Ai=(j—i)d

where d is the common difference in the arithmetic sequence of parameters, it follows

that the general formula can be suggested as:

" n e—lisn
o0~ Fp{ v

=1

n n e—lisn
=[] .
=1 li=1 Yin

(6.5.31)
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6.5.5 The Case of Geometric Sequence of A Fixed sum with distinct Parameters

Using the general equation for the fixed sum of n > 2 independent exponential random
variables with distinct parameters and then from equation (5.4.26), it follows to suggest

n A
)Lie—l,-sn H < ] ) }
{ S AN
Aielis”
?:1,#;‘(1 —ri=)

B7nlielfs" where P, =

the general formula as:

oQ
3
S~—

I
1=

~.
—

I
=

~.
—

1

=11 =)

I
=

(6.5.32)

~
—

Hence the result.
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7.1

APPLICATIONS OF SUMS OF EXPONENTIAL
RANDOM VARIABLES

Applications of Erlang Distributions

In an Erlang distribution it is assumed that the rate parameters of the process are inde-
pendent and identically distributed. Therefore, if the number of phases in a process is
known and the rates assumed to be equal, then the coefficient of variation C for the total
time of the process satisfies:

forneZ™"

Sl

Therefore an Erlang distribution of n distribution gives a better fit for the total time of
the process (Adan, 2001). The following are some of the application examples that can be
modelled through an Erlang distributions:

7.1.1 Times of waiting

When independent events with an average rate occur in an exponential process, the times
of waiting between the n number of exponential occurrences of such events results to an
Erlang distribution.

If the time of waiting is modelled as an exponential distribution having the same parameter
rates A > 0, then the total waiting time for an n’" turns will form the sum of n exponential
random variables with identical parameter rates A. Therefore, if we let X;,Xs,--- , X, of
the successful waiting times and X; ~ exp(4) where i = 1,2, --- ,n then total waiting time
for n'" turn will be given by S, = X1 +X> + - -- + X, which is the sum of n exponential
random variables with similar parameter rates A hence resulting in an Erlang distribution
Sy ~ Erlang(n,A).

For instance, in a call reception centre, the Erlang distribution can be used to measure an
average time within the call comparing with the expected time for each incoming call. The
information that can be deduced from the traffic load measured within the Erlang may
be very important to inform determination of the human resources at the call reception
centre for optimal result for instance in the call customer care service or emergence call
reception centres in medical service providers.
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In the business economic market Erlang distributions may be helpful to determine the
inter-purchasing time to inform about the business trend and time for re-stocking in
anticipation of avoiding losses or wastage.

In the banking sector the distribution may help to determine the number of employees
that may be likely required to serve its customers more better and be able to set service
target.

7.1.2 Stochastic Processes

In the long-run of the sum of n independent and identically distributed exponential
random variables, the rate at which events are occurring results to the reciprocal of the
expectation of the sum S, which is % The age specific for the distribution gets monotonic
in x for n > 1 as it is increasing from 0 forx =0 to A as x — .

7.1.3 Insurance

Erlang distribution is useful in modelling insurance and financial risks management in
insurance companies.It can be used to understand whether the insurance company is
making profit or loss by knowing sum total of compensation in a particular period of time
and hence enable the company to make right decisions to enable its success or survival in
the market.

7.1.4 Machine Repairing System

In the process of repairing a machine, it requires some sequential steps to followed. If
the time of repair the sequential steps takes exponential distribution at each step with
similar rates then the total time for repairing the machine can be modelled in an Erlang
distribution.

7.1.5 Computer Science

In computer programming several blocks are sequentially processed one after the other
with the time spending at each block following an exponential distribution with the same
independent rate. The total time spent in the compilation of all the computer programmes
requires models it to form an Erlang distribution.

7.1.6 Tele-traffic Engineering in tele-communication network
In case arrival of call and service time at a customer care service call centre follows an

exponential distribution with the same parameter rate A and if we want to find the
probability of the least time ¢ taken by n people to call. Let S; to represent the interval call
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7.2

arrival time between (i — 1)/ and i""* call. S; also follows and exponential distribution with
the same parameter rate A. Therefore, the total time S of receiving n successful calls forms
the sum of n exponential random variables that is S = S; + 52+ - -- + 5, which forms an
Erlang distribution.

Application of Hypo-Exponential Distributions

In service provisions where the process forms exponential distribution with different
parameter rates, then Hypo-exponential distribution forms the best distribution model for
the total service time of the process. A hypo-exponential distribution forming the Erlang
distribution generalization fits in many life service processes with more versatile uses.

7.2.1 Reliability and Performance Evaluation

A compound system performs different functions whereby its efficiency is determined by
the quality and the functions its components. This describes the reliability of the system.

In a compound system each component has attached the following conditions:
(i) the probability of failure

(ii)the rate of failure

(iii)the distribution of time of failure and

(iv) the steady state and instantaneous unavailability of the component.

All these conditions makes the assumption that the failure and repair events of each
component is independent. Another assumption is that there is simple logical relationship
between the system and its components that forms it up. Kordecki and Szajowki(1990)
gives more properties of the combinatorial nature of such generalized reliability structures.

In this case, a good example is the performance of the computer hard disk which contains
three components in it that is the disk seek, disk latency and disk transfer. Data processing
time between the components takes exponential distribution with distinct parameter rates
hence making hypo-exponential distribution the best model in this case.

The survival time in the performance of each component in the system form the reliability
of the system. If one component in the system fails to perform therefore the reliability of
the whole system fails.

7.2.2 Computer Science and Communication
In many daily life experiences it has been observed overtime that the service time for an

input-output operations in computer system (Trivedi, 2002) more often displays hypo-
exponential distribution. The transfer of information in the two phases in the computer
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which includes the control and data transfer operations takes the hypo-exponential
distribution with different parameters.

The response time of the time of the router or web service depends on the performance of
the metrics. The percentiles of the time of the metrics provides a better understanding of
the mean value of the system.

In computer communication, the percentile takes hypo-exponential distribution that can
be seen as a generalized Erlang distribution where from each phase i with distinct rate 4;

(Bushara and Perros, 2011).

The CDF of the hypo-exponential is given by:

n hs, n Afj
c:zo"{(l—c A )_H .;tj—l}

then the ¢ percentile gives the arithmetic sum of the sum of the individual percentile
that determines the service time.

A computer input-output operation involves two processes that is the control operation
and data transfer operation that works in a sequence. Therefore the service time of these
sequential processes can be modelled in a two phases hypo-exponential distribution since
each phase has distinct rate in operation.

7.2.3 Heavy Traffic Modelling in Queuing Systems

In heavy traffic customer flows these distributions helps to model the queuing systems for
instance in modern communication systems where a lot of people are involved, transporta-
tion and even computer systems with heavy traffic. It helps to determine the performance
of the systems, queuing length and waiting time distribution in the system. The asymp-
totic behaviours of the various models provides and understanding on the significance of
the service systems.

7.2.4 Risk Measures
In actuarial applications, these distributions help to model insurance performance in order

to avoid losses. Risk managers use these distributions too in determining prices, make
reservations and responsible risk decisions for an organization.



101

7.2.5 Aggregate Loss Models

Insurance companies survives due to their ability to sum individual risks to an aggregate
risk that is manageable for the company. This enables the insurance to determine the
premium that attractive to the customers to avoid losses or get trapped in debts.
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CONCLUSION

This project has considered sum of n fixed exponential random variables with identical
parameters as well as for the distinct parameters. The study provided general cases and
some of the properties able to be established.

A simple general method of obtaining the probability density function for a fixed sum of
independent and identically distributed exponential random variables forming and Erlang
distribution has been described. Statistical properties for the distribution have been done
and proof made through the moment generating function for an Erlang distribution. Also
by methods of moments and maximum likelihood estimation method estimators for the
parameters of an Erlang distribution were obtained.

By use of Laplace transform we developed compound distribution of exponential random
variables in relation with various discrete distribution. This provided several compound
distributions that may be useful in various applications. Compound distributions obtained
include: Poisson, Bernoulli, Binomial, Geometric and Negative Binomial distributions.

In this project we have proposed compound mixed Poissons distributions with desir-
able properties for modelling claim frequencies. Compound mixing Poisson described in-
clude the Poisson-Exponential, Poisson-Gamma,Poisson-Transmuted Exponential, Poisson-
Lindley, and Poisson-Generalized three parameter Lindley mixing distributions. The results
obtained may be used to derive formulae to determine total claims density when the
distribution comes from the exponential random variables.

Hypo-exponential distribution for the random variables with distinct parameters have
been studied thereby establishing the cumulative density function and probability density
function through use of convolution approach and moment generating function technique.
Some of the properties related to hypo-exponential distribution were provided progres-
sively using two parameters in the sum of exponential distribution to the general case
proposed as a simple formula that can be used.

The probability density function for the hypo-exponential distribution models when the
parameters form arithmetic sequences and geometric sequences were also derived.

Finally, provided are some of the applications of the distribution studied here in math-
ematical modelling. The scope of application is enormous that only a few were dealt
with.
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8.1

Scope of Future Works

Following this interesting study and need for extensive application of sum of exponential
random variables, the following areas have been observed and proposed for further studies:

(i) The computation of the k' derivative of the sum of exponential random variables.
(ii) The pdf for models for both Erlang and hypo-exponential random variables when some
of the parameters are identical and others are not identical in the distribution and their

related properties.

(iii) Parameter estimation for the general cases of hypo-exponential distribution.



104

Bibliography

[1]

2]

Adan, |. and Resing, J. (2001). Queueing Theory, Department of Mathematics and
Computing Science. Eindhoven University of Technology. The Netherlands.

Ahrens, J.H. and Dieter, U. (1974). Computer Methods of Sampling from Gamma,
Beta, Poisson and Binomial distribution. Computing Vol. 12, pp. 223-246.

Akkouch, M. (2008). On the Convolution of Exponential Distributions.
Chungcheong Mathematical Society, Vol. 21, No. 4, 2008, pp. 501-510.

Amari, SV. and Misra, R. B. (1997). Closed-Form Expression for Distribution of
the Sum of Independent Exponential Random Variables. IEEE Transactions on
Reliability, Vol. 46, No. 4, pp. 519-522.

Balakrishnan, N. and Basu, A.P. (1995): "Exponential Distribution Theory,
Method and Applications,”, New York: John Wiley.

Best, D.J. (1983).A note on Gamma Variate Generators with shape Parameter less
than Unity. Computing, Vol. 30, pp. 185-188.

Bhati, D., Kumawat, P. and Deniz, E.G. (2016). A New Count Model Generated
from Mixed Poisson Transmuted Exponential Family with an application to Health
Care Data. Spain: University of Las Palmas de Gran Canaria.

Bolch, G., Greiner, S., Meer, H. and Trivedi, K. (2006). Queueing Networks and
Markov Chains: Modeling and Performance Evaluation with Computer Science
Applications, (2nd Ed.). New York: Wiley-Interscience.

Bon, J. L. and Paltanea, E. (1999). Ordering Properties of Convolutions of Expo-
nential Random Variables. Lifetime Data Analysis, No. 5 pp. 185-192.

Buishand, T.A. (1977). Stochastic Modelling of Daily Rainfall Se-
quences.Netherlands: Wageningen.

Buishand, T.A. (1977). Stochastic Modelling of Daily Rainfall Sequences, Wa-
geningen. Netherlands.

Doyle, P.G. (2006). Grinstead and Snell’s Introduction to Probability. American
Mathematical Society.

Dyer, D. (1989). Unification of reliability/availability /repairability models for
Markov systems. IEEE Transaction on Reliability, Vol. 38.



105

[14]

[15]

[16]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

Erlang, A.K. (1909). The Theory of Probabilities and Telephone Conversations.
Nyt Tidsskrift for Matematik, B. 20:33-39.

Feller, W.(1971). An Introduction to Probability Theory and Its Applications. Vol.
I1, New York: Wiley.

Fisher, R.A. and Cornish, E.A. (1960). The Percentile Points of Distributions
Having Known Cumulants. Technometrics, No.2, pp. 209-225.

Furman, E. (2008). On a Multivariate Gamma distribution. Statistics and Proba-
bility Letters. 15, pp. 2353-2360.

Gupta, R.D. and Kundu, D. (2003). Closeness of Gamma and Generalized expo-
nential distribution. Communications in Statistics - Theory and Methods, Vol.
32, No. 4, pp. 705-721.

Hu, J. and Beaulieu, N.C. (2005). Accurate Simple Closed-Form approximations
to Rayleigh Sum Distribution and densities. [EEE Commun. Lett. 9. pp. 109-111.

Kaas, R., Goovaerts, M., Dhaene, J. and Denuit, M. (2001). Modern Actuarial
Risk Theory. Khuwer Academic Publisher.

Jasiulewicz, H. and Kordecki, W.(2003). Convolutions of Erlang and of Pascal
distributions with applications to reliability. Demonstratio Math. 36, No.1, 231-
238.

Jelinski Z. and Moranda, P.B.(1972). Software Reliability Research: Statistical
Computer Performance Evaluation. New York: Academic Press. pp.465-484.

Johnson, N. L. and Kotz, S. and Balakrishnan, N.,(1994). Continuous Univariate
Distributions. New York: Wiley.

Khalid, B. Gunter, B. and Helmut, H. (2002). Practical Performance Model-
ing: Application of the MOSEL Language. The Springer International Series in
Engineering and Computer Science, 588(XI1):409.

Khuong H.V. and Kong, H.Y. (2006). General expression for the pdf of a sum of
independent exponential random variables. |[EEE Commun. Lett. 10, 159-161.

Kordecki, W. (1997). Reliability Bounds for Multistage Structure with Independent
Components. Statistics and Probability Letter, Vol. 34, No. 1, pp.43-51.

Lai, C.-D., Xie, M., and Barlow R. E. (2006). Stochastic Ageing and Dependence
for Reliability. Springer-Verlag Berlin, Heidelberg.

Le Cam, L. (1961). A Stochastic Description of Precipitation. In Proc. Fourth
Berkeley Symposium on Mathematical Statistics and Probability (J. Neyman
ed.), University of California Press, Berkeley, Vol. 3, pp 165-186.



106

[29]

[30]

[31]

(38]

[39]

[40]

[41]

Maode Ma (Ed.) (2009). Current Research Progress of Optical Networks. XIV:280,
Springer, ISBN 978-1-4020-9889-5.

Mathai, A. M. (1982). Storage capacity of a dam with gamma type inputs. Ann.
Inst. Statist. Math. No.34, pp. 591-597.

Minkova, L.D. (2010). Insurance Risk Theory. Lecture Notes, TEMPUS Project
SEE Doctoral Studies in Mathematical Sciences.

Mohanty, S.(2012). Estimation of Parameters of Some Continuous Distribution
Functions. National Institute of Technology Rourkela. India.

Moranda, P.B. (1979). Even-Altered Rate Models for General reliability Analysis.
IEEE Transactions on Reliability, Vol. R-28, No. 5, pp. 376-381.

Nadarajah, S.(2008). A Review of Results on Sums of Random Variables. Acta Ap-
plicandae Mathematicae, Vol. 103, No.2, pp.131-140. University of Manchester.
Manchester.

Nahmias, S. and Demmy, W.S. (1982). The Logarithmic Poisson Gamma Dis-
tribution: A Model for Leadtime Demand. Naval Research Logistics, 29, pp
667-677.

Ozturk, A. (1981). On the Study of a Probability Distribution for Precipitation
Totals. Journal of Applied Meteorological Society, 20, pp 1499-1505.

Rather, N.A. and Rather, T.A. (2017). New Generalizations of Exponential Distri-
butions with Applications. Hindawi Journal of Probability and Statistics.

Revfeim, K.J.A. (1982). Comments ‘On the Study of a Probability Distribution
for Precipitation Totals’. Journal of Applied Meteorological Society, No.21, pp
97-100.

Revfeim, K.J.A. (1990). A Theoretically Derived Distribution for Annual Rainfall
Totals. International Journey of Climatology, No. 10, pp. 647-650.

Ross, S. M. (2011). Introduction to Probability Models. (10th Ed.), Academic
Press, San Diego.

Samimi, H. and Azmi, P. (2009). On the Distribution of the Sum of Independent
Random Variables and Its Applications. International Journal of Information and
Communication Technology, Vol. 1. No. 1, pp. 3-12.

Sani, S. and Daman, O.A. (2014). Mathematical Modelling in Heavy Traffic
Queuing Systems. American Journal of Operations Research No. 4, pp. 340-350.

Sarguta, R. J. (2017). Four Routes to mixed Poisson Distributions. University of
Nairobi, Nairobi.



107

[44]

[45]

[46]

Sen, A. and N. Balakrishnan, N. (1999). Convolutions of Geometric and a relia-
bility problem. Strat. Probab. Lett. 43, pp. 421-426.

Serfling, R. J. (1980). Approximation Theorems of Mathematical Statistics. New
York. Wiley.

Smaili, K., Kadri, T. and Kadry, S. (2016). Finding the PDF of the hypoexponential
random variable using the Kad matrix similar to the general Vandermonde matrix.
Communications in Statistics - Theory and Methods, Vol.45,No.5, pp. 1542-1549.
America University of the Middle East, Egaila, Kuwait.

Spiegel, M.R. (1990). Mathematical Handbook of Formulae and Tables. Schaum’s
Outline Series, McGraw-Hill.

Stefano F. and Stephen G. W. ( 2008).On the Distribution of Sums of Indepen-
dent Exponential Random Variables Via Wilks’ Integral Representation. Springer
Science.

Trivedi, K.S. (2002). Probability and Statistics with Reliability, Queuing and Com-
puter Science Applications. (2nd Ed.), John Wiley and Sons, Hoboken.

Wakoli, M.W. and Ottieno, J.A.M. (2015). Mixed Poisson Distributions Associ-
ated with Hazard Functions of Exponential Mixtures. Mathematical Theory and
Modelling, Vol.5, No.6. 2015.

Webull, W. (1939). A Statistical Theory of the Strength of Materials. Vol. 151.
Ingeniors Vetenskaps Akademiens, Stockholm, Sweden.

Withers, C.S. and Nadarajah, S. (2011). On the Compound Poisson-Gamma
Distribution. Kybernetika, Vol. 47, No. 1, pp 15-37.



	Abstract
	Declaration and Approval
	Dedication
	Acknowledgments
	INTRODUCTION
	Background Information
	Definitions, Notations and Terminologies
	Problem Statement
	Objectives
	Methodology
	Applications
	Communication and Computer Science
	Markov Processes
	Insurance Application
	Reliability and Performance Evaluation


	LITERATURE REVIEW
	Introduction
	Exponential Sum for Independent and Identical Parameter Rates
	Exponential Sum for Independent and Distinct Parameter Rates
	Exponential Sum for both Identical and Distinct Parameter Rates

	A FIXED SUM OF INDEPENDENT AND IDENTICALLY DISTRIBUTED EXPONENTIAL RANDOM VARIABLES
	Introduction
	Construction Using Convolution Approach
	Sum of two Exponential Random Variables
	Sum of three Exponential Random Variables
	Sum of four Exponential Random Variables
	Sum of five Exponential Random Variables
	Generalization case of Sum of Exponential Random Variables

	Properties of the Distribution
	Moments
	Moment Generating Function
	Mode

	Parameter Estimation
	Methods of Moments
	Maximum Likelihood Estimation


	COMPOUND DISTRIBUTIONS IN TERMS OF LAPLACE TRANSFORM
	Introduction
	Expectation Approach
	Considering Compound Distributions

	COMPOUND MIXED POISSON DISTRIBUTIONS AS DISCRETE MIXTURES
	Introduction
	Continuous Mixed Distribution
	Discrete Erlang Mixture Based on continuous Mixed Poisson Distributions
	Compound Mixed Poisson Distribution
	Poisson-Exponential Mixing Distribution
	Poisson-Gamma Mixing Distribution
	Poisson-Transmuted Exponential Mixing Distribution
	Poisson-Lindley Mixing Distribution
	Poisson-Generalized Three Parameter Lindley Mixing distribution


	HYPO-EXPONENTIAL RANDOM VARIABLES WITH DISTINCT PARAMETERS
	Introduction
	Hypo-exponential Distribution of two Independent Random Variables with Distinct Parameters
	Construction Using Convolution Approach
	Construction Using Moment Generating Function Approach
	Properties of the distribution
	Estimation Using Method of Moments
	The Case of Arithmetic Sequence for two distinct Parameters
	The Case of Geometric Sequence for two distinct Parameters

	Hypo-exponential Distribution of three independent random variables with distinct parameters
	Construction Using Convolution Approach
	Construction Using Moment Generating Function Approach
	Properties of the distribution
	The Case of Arithmetic Sequence of three Parameters
	The Case of Geometric Sequence of three Parameters

	Hypo-exponential Distribution of four independent random variables with distinct parameters
	Construction Using Convolution Approach
	Construction Using Moment Generating Function Approach
	Properties of the Distribution
	The Case of Arithmetic Sequence of four Parameters
	The Case of Geometric Sequence of four Parameters

	Hypo-exponential Distribution for a fixed sum of n independent random variables with distinct parameters
	Construction Using Convolution Approach
	Construction Using Moment Generating Function Approach
	Properties of the Distribution
	The Case of Arithmetic Sequence of A Fixed sum with distinct Parameters
	The Case of Geometric Sequence of A Fixed sum with distinct Parameters


	APPLICATIONS OF SUMS OF EXPONENTIAL RANDOM VARIABLES
	Applications of Erlang Distributions
	Times of waiting
	Stochastic Processes
	Insurance
	Machine Repairing System
	Computer Science
	Tele-traffic Engineering in tele-communication network

	Application of Hypo-Exponential Distributions
	Reliability and Performance Evaluation
	Computer Science and Communication
	Heavy Traffic Modelling in Queuing Systems
	Risk Measures
	Aggregate Loss Models


	CONCLUSION
	Scope of Future Works


