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 Recently, Wang et al. (2014) and Salvatelli et al. (2014) have 

reported results showing that a late-time interaction between cold 

dark matter (CDM) and vacuum dark energy is favoured by current 

cosmological datasets and could alleviate the tension between the 

value of the Hubble constant obtained from Plank + WMAP 

polarisation data and that of the Hubble Space Telescope (HST). In 

this paper, we explore an alternative interacting vacuum dark 

energy model in which the net energy-momentum transfer is linear 

in the dark energy density and consider the behaviour for scalar 

perturbations in the conformal Newtonian gauge. Normalizing the 

energy densities to their present values, a positive interaction in the 

Friedmann Robertson Walker (FRW) background implies higher 

allowed values for the Hubble parameter, 𝐻0, and the Dark Matter 

(DM) density than the in non-interacting model. Perturbations in 

the DM density deviate highly from the standard non-interacting 

case for higher interaction strengths regardless of direction of the 

energy transfer while in the linear DM power spectrum shows a shift 

degenerate with bias in the standard case. 
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1. Introduction 

 
Explaining the source and nature of the observed late-time accelerated expansion of the 
universe remains one of the biggest challenges in modern cosmology today. Since its discovery 
over a decade ago using independent datasets from observations of supernovae 𝐼𝑎  
[3,4,5,6,7,8,9,10], Cosmic Microwave Background (CMB) anisotropy[11,12,13], Baryon Acoustic 
Oscillations (BAO)[14,15,16], Large Scale Structures (LSS)[17,18], weak gravitational lensing [19]  
and X-ray observations [20], many possible explanations have been put forth including dark 
energy and the infrared modification of Einstein’s theory of gravity. Within the framework of 
general relativity, the possibilities that have be considered to explain such an acceleration 
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include: dynamic dark energy with negative pressure 𝑃 = −𝜌 or scalar fields with a slow-rolling 
potential such as quintessence, quantum, phantom and even dark fluids. 
 
The cosmological constant provides the simplest model that explains dark energy (DE) naturally 
without introducing additional dynamic degrees of freedom and fits well to the most recent 
cosmic microwave background data from Planck[22]. However, the vacuum model is notoriously 
plagued by two nagging problems: the “fine-tuning” problem- based on why the value of the DE 
density is very small today, and, the “coincidence” problem- why the DE density is currently of 
the same order to the DM density despite that their time evolution is very different[23,24]. 
 
An interaction between DE and DM provides an alternative way of alleviating the coincidence 
problem [25,26,27,28,29] and hence putting constraints on extensions to the standard ACDM 
model. Indeed, such an interaction is possible without violating existing observational 
constraints given our limited knowledge on dark sector physics[30,31]. Moreover, DE and DM 
being the dominant sources for the total cosmic energy budget, a zero interaction in the dark 
sector would be an approximation[2]. 

 
Studies of vacuum interacting dark energy (VIDE) have been shown recently to offer a variable 
explanation of the tension between the value of the Hubble constant 𝐻0, from Planck+WMAP 
polarisation data and the HST measurements[32,33]. The study in[32] considers vacuum 
interactions with 𝑄 ∝ 𝜌 𝑑𝑚  (ρdm is the dark matter density) and also work in the synchronous 
gauge. The study by [33] explores vacuum interaction of the form [𝑄 ∝ 𝐻𝜌𝑑𝑒]  in the 
synchronous gauge, where H is the Hubble rate and ρde is the DE density. 
 
In this paper, we consider the case of interacting vacuum DE with 𝑄 ∝ 𝜌𝑑𝑒  and study 
perturbations in the conformal Newtonian gauge. The paper is arranged as follows: we describe 
general interacting dark energy background dynamics in section II and the perturbations in 
section III. In section IV we present the governing background and perturbation equations for 
our VIDE model. Our results and discussions are given in section V and the conclusions in section 
VI. 
 

2. The Background Dynamics 
 
A general dark-sector interaction in a FRW background universe can be described by the energy 
balance (non-conservation) equations, 

�́́�𝑐 + 3𝐻𝜌𝑐 = −𝑄.´ (1)     

�́́�𝑥 = �́�. #(2)   

Where the ‘dot’ denotes cosmic time derivative, ‘𝑚’ stands for cold dark matter, ‘𝑥’ stands for 
dark energy and �́� is the background energy transfer rate. Here 𝐻 = �́� 𝑎⁄  is the Hubble 
parameter, which evolves according to the equation: 

�́� = −4𝜋𝐺�́�𝑡𝑜𝑡(1 + 𝜔𝑡𝑜𝑡). (3)  

Where       𝜔𝑡𝑜𝑡 = 𝛺𝑥𝜔𝑥. 
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Once a form for 𝑄 is chosen Equations(1), (2) and (3) completely describe the background 
dynamics for the VIDE model. 

 

3. The Perturbations 
 

A. Energy-momentum balance 

 

The energy-momentum balance for the cold dark matter and dark energy fluids implies that, 

𝛻𝑣𝑇𝑐
𝜇𝑣

= 𝑄𝑐
𝜇

; 𝛻𝑣𝑇𝑥
𝜇𝑣

= 𝑄𝑥
𝜇

. (4) 

Where 𝑇𝐴𝑣
𝜇

 and 𝑄𝐴
𝜇

 are the A-fluid energy-momentum tensor and 4-vectors respectively such 

total energy-momentum conservation fixes, 

∑𝑄𝐴
𝜇

= 0 ⟹ 𝑄𝑥
𝜇

= −𝑄𝑐
𝜇

. (5)  

The A-fluid and total four-velocities are defined via, 

𝑢𝜇 = 𝑎−1(1 − 𝛷, 𝜕𝑖𝜐); 

𝑢𝐴
𝜇

= 𝑎−1(1 − 𝛷, 𝜕𝑖𝜐). (6) 𝑜𝑢𝑟 − 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑖𝑒𝑠 𝑎𝑟𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑔𝑎𝑢𝑔𝑒. 

 

A general energy-momentum four vector 𝑄𝐴
𝜇 can be split relative to the four-velocity 𝑢𝜇 as, 

𝑄𝐴
𝜇

= 𝑄𝐴𝑢𝜇 + 𝐹𝐴
𝜇

; 𝑄𝐴 = �́�𝐴 + 𝛿𝑄𝐴. (7)    

Where 𝐹𝐴
𝜇

= 𝑎−1(0, 𝜕𝜄𝑓𝐴) is the momentum density transfer rate relative to 𝑢𝜇 to first order, 𝑓𝐴 

is the gauge-invariant momentum transfer potential and 𝑢𝜇𝐹𝐴
𝜇

= 0. Combining equations (7) 

and (6) gives, 

𝑄0
𝐴 = −𝑎[�́�𝐴(1 + 𝛷) + 𝛿𝑄𝐴]. (8)    

𝑄𝑖
𝐴 = 𝑎𝜕𝑖[�́�𝐴(𝑣 + 𝐵) + 𝑓𝐴]. (9) 

And hence equations(4),(7), (8) and (9) give the density and velocity perturbation 

equations[2,34,35], 

𝛿𝐴
′ + 3𝐻(𝑐𝑠𝐴

2 − 𝜔𝐴)𝛿𝐴 − 𝑘2(1 + 𝜔𝐴)𝑣𝐴 − 9𝐻(1 + 𝜔𝐴)(𝑐𝑠𝐴
2 − 𝑐𝑎𝐴

2 )𝑣𝐴 − 3(1 + 𝜔𝐴)𝛷′ =
𝑎�́�𝐴

�́�𝐴
[𝛷 − 𝛿𝐴 − 3𝐻(𝑐𝑠𝐴

2 − 𝑐𝑎𝐴
2 )𝑣𝐴]

𝑎𝛿𝑄𝐴

�́�𝐴
. (10)  

𝑣𝐴
′ (1 + 𝜔𝐴) + 𝐻(1 − 3𝑐𝑠𝐴

2 )(1 + 𝜔𝐴)𝑣𝐴 + 𝑐𝑠𝐴
2 𝛿𝐴 + (1 + 𝜔𝐴)𝛷 =

𝑎

�́�𝐴
{�́�𝐴[𝑣 − (1 + 𝑐𝑠𝐴

2 )𝑣𝐴]𝑓𝐴}. (11)  

Here ‘curl H’ is the Hubble rate divided by the scale factor, wA is the A-fluid equation of state 

parameter and cs is the speed of sound. 
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B. Field equations 

 

The perturbed Friedmann-Robertson- Walker (FRW) line element in the conformal Newtonian 
gauge is, 

𝑑𝑠2 = 𝑎2[−(1 + 2𝛷)𝑑𝜂2 + (1 − 2𝛷)𝛿𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗]. (12)  

Where 𝛷the gravitational potential and 𝜂 is is the conformal time. 

 

The 0– 𝑖 and the 0– 0 components of the Einstein Field Equations (EFEs) yield, 

𝛷′ = −4𝜋𝐺𝑎2 ∑ 𝑊𝐴 − 𝐻𝛷𝐴 . (13)    

𝑘2𝛷 = −4𝜋𝐺𝑎2(∑ 𝜌𝛿𝐴𝐴 − 3𝐻 ∑ 𝑊𝐴𝐴 ). (14)   

Where  𝑊𝐴 = (1 + 𝜔𝐴)𝜌𝐴𝑣𝐴 and, 

𝛿𝐴 = 𝛥𝐴 −
�́�𝐴

′

�́�𝐴
𝑣𝐴. (15) 

 

4. Our Vacuum Vide Model 
 

A. Relativistic Poisson equation 
 
For the ΓVIDE model the relativistic Poisson equation (14) has the form, 

𝑘2𝛷 =
−3

2
𝐻2(𝛺𝑐𝛿𝑐 + 𝛺𝑥𝛿𝑥). (16) 

With the interacting effects coming only through the DM and DE density contrasts which by 
equation (15) are, 

𝛿𝑐 = 𝛥𝑐 + (𝐻 + 𝑎𝛤
𝛺𝑥

𝛺𝑐
) 𝑣𝑐 . (17)    

𝛿𝑥 = 𝛥𝑥 − 𝑎𝛤𝑣𝑥.(18)  

 

B. Perturbed energy-momentum treatment 
 
For the simplest physical choice for the energy-momentum transfer described by vanishing 
momentum transfer either in the DM or the DE frame, we obtain two sub-classes with the 
energy-momentum transfer four-vectors parallel to the DM or the DE frame. We denote these 
sub-classes by 𝑄‖𝑢𝑐 and 𝑄‖𝑢𝑥 respectively. 

For adiabatic DM fluid, we have𝑐𝑠𝐶
2 = 𝑐𝑎𝐶

2 = 𝜔𝑐 = 0. However, the DE fluid is non-adiabatic with 
𝑐𝑎𝑥

2 = 𝜔𝑥 = −1 and 𝑐𝑠𝑥
2 = 1 where the latter corresponds to the physical sound speed for 

quintessence (a self-consistent model for DE), chosen to avoid physical instabilities. 
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A commonly used variable choice of the covariant energy-momentum four-vector, 𝑄µ  

is[2,34,35], 

𝑄𝜇 = 𝛤𝜌𝑥𝑢𝜇 . (19)    

Where in the interacting VIDE background model the energy transfer rate is, 

�́� = 𝛤�́�𝑥 . (20) 

And for the perturbations we have, 

𝑄 = 𝛤𝜌𝑥 = 𝛤�́�𝑥(1 + 𝛿𝑥). (21)     

For the 𝑄‖𝑢𝑐 model the evolution equations become, 

𝛿𝑐
′ − 𝑘2𝑣𝑐 − 3𝛷′ = 𝑎𝛤

𝛺𝑥

𝛺𝑐
(𝛿𝑐 − 𝛿𝑥 − 𝛷). (22)    

𝑣′𝑥 − 3𝐻 (𝑣𝑐 −
4

3
𝑣𝑥) = −𝛷. (23)    

𝑣′𝑐 + 𝐻𝑣𝑐 = −𝛷. (24)   

𝛷′ + 𝐻𝛷 =
−3

2
𝐻2𝛺𝑐𝑣𝑐 . (25)  

Additionally, from the Euler equation (11) and equation (15) we obtain respectively, 

𝛿𝑥 = 𝑎𝛤(𝑣𝑐 − 2𝑣𝑥). (26)    

∆𝑥= 𝑎𝛤(𝑣𝑐 − 𝑣𝑥). (27)  

Subtracting equation (24) from (23) we obtain, 

(𝑣𝑥 − 𝑣𝑐)′ = −4𝐻(𝑣𝑥 − 𝑣𝑐). (28)     

Which implies that, 

𝑣𝑥 − 𝑣𝑐 = (𝑣𝑥𝑑 − 𝑣𝑐𝑑) (
𝑎𝑑

𝑎
)

4
. (29)    

So that for an adiabatic DM fluid equation (29) implies that we have 𝑣𝑥 = 𝑣𝑐 which gives, 

𝛿𝑥 = −𝑎𝛤𝑣𝑥. (30)   

𝛥𝑥 = 0. (31)    

Equation (30) implies that the DE fluid is non-adiabatic while equation (31) tells us that the DE 
perturbations vanish in the comoving DM frame which is quite unnatural given that in this model 
the energy-momentum transfer is along the DM 4-velocity. 

For the 𝑄‖𝑢𝑥 model, the evolution equations set are, 

𝛿′𝑐 − 𝑘2𝑣𝑐 − 3𝛷′ = 𝑎𝛤
𝛺𝑥

𝛺𝑐

(𝛿𝑐 − 𝛿𝑥 − 𝛷)(32) 

𝑣′𝑥 + 𝐻𝑣𝑥 = −𝛷(33)  

𝑣′𝑐 − 𝑎𝛤
𝛺𝑥

𝛺𝑐
(𝑣𝑐 − 𝑣𝑥) + 𝐻𝑣𝑐 = −𝛷(34)    

𝛷′ + 𝐻𝛷 =
−3

2
𝐻2𝛺𝑐𝑣𝑐(35)    
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From the Euler equation (11) and equation (15) we obtain, 

𝛿𝑥 = −𝑎𝛤𝑣𝑥(36)   

𝛥𝑥 = 0(37)    

Subtracting equation (34) from equation (33) we obtain, 

(𝑣𝑥 − 𝑣𝑐)′ = − (𝐻 − 𝑎𝛤
𝛺𝑥

𝛺𝑐
) (𝑣𝑥 − 𝑣𝑐)(38)   

In a similar manner to the 𝑄‖𝑢𝑐 case, if the DM fluid is non-adiabatic equation (29) implies 
that𝑣𝑐 = 𝑣𝑥, hence for both 𝑄‖𝑢𝑐 and 𝑄‖𝑢𝑥 cases we have only two independent DM density 
and velocity evolution equations and the closed set of equations become, 

𝛿′𝑐 − 𝑘2𝑣𝑐 − 3𝛷′ = 𝑎𝛤
𝛺𝑥

𝛺𝑐

(𝛿𝑐 − 𝛿𝑥 − 𝛷)(39) 

𝑣′𝑐 + 𝐻𝑣𝑐 = −𝛷(40) 

  𝛷′ + 𝐻𝛷 =
−3

2
𝐻2𝛺𝑐𝑣𝑐(41)    

Where the DE perturbation I Newtonian gauge is 𝛿𝑥 = −𝑎𝛾𝑣𝑐 by equation (30) or (36). 

We note that putting 𝛤 = 0 in equation (39) recovers the fiducial (non-interacting) ∧CDM model 
described by the well-known equations, 

𝛿′𝑐 − 𝑘2𝑣𝑐 − 3𝛷′ = 0(42) 

𝑣′𝑐 + 𝐻𝑣𝑐 = −𝛷(43) 

  𝛷′ + 𝐻𝛷 =
−3

2
𝐻2𝛺𝑐𝑣𝑐(44) 

 
C. Initial conditions 

 
At decoupling we have, 

 DM peculiar velocity: 

𝛷′ = 0 ⟹ 𝑣𝑐𝑑 =
−2𝛷𝑑

3𝐻𝑑𝛺𝑐𝑑

(45) 

 DM density contrast: 

𝛥𝑐𝑑 =
−2𝑘2

3𝐻𝑑
2𝛺𝑐𝑑

𝛷𝑑(46)  

 DE density contrast: 

𝛿𝑥𝑑 = −𝑎𝛤𝑣𝑥𝑑(47) 

Where equation (47) means that we can have either 𝛿𝑥𝑑 = 0 or 𝑣𝑥𝑑 = 0 but not both. 

 Gravitational potential: 

𝛷𝑑(𝑘) =
9

10
𝑇(𝑘)𝛷𝑝(𝑘)(48)     

Where, 

𝛷𝑝(𝑘) = 𝐴
𝛺𝑐0

𝐷𝛷(𝑘,𝑎=0)
(

𝑘

𝐻0
)

(𝑛−4) 2⁄
(49)   →   (49) 
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The constant A fixes the primordial amplitude of curvature perturbations and 𝑛 = 0.96 is the 
scalar spectroscopic index. 
 

D. Growth Functions and Power Spectrum 
 
The growth functions are defined by [35], 

𝐷𝛷(𝑘, 𝑎) =
𝛷(𝑘,𝑎)

𝛷𝑑(𝑘)
𝑎(50)  

𝐷𝐴(𝑘, 𝑎) =
𝛥𝐴(𝑘,𝑎)

𝛥𝐴𝑑(𝑘)
𝑎𝑑(51)   

𝐷𝑢𝐴(𝑘, 𝑎) =
𝑢𝐴(𝑘,𝑎)

𝑢𝐴𝑑
𝛼𝐴(52)  

Where 𝛼𝐴  is a constant whose value for the ∧CDM peculiar velocity is,      

𝛼𝐴 =
2𝑙𝑎𝑑

2𝐸𝑑

3𝛺𝑐0
(53)   

 

 

 The matter power spectrum is given by [36], 

𝑃𝑐 =
9𝐴2

50𝜋3 𝑙2𝑇(𝑘)2 [
𝐷𝑐(𝑘,𝑎)

𝐷𝛷(𝑘,𝑎=1)
]

2
(54)     

 

5. Results and Discussions 

 
By normalizing the energy densities and the Hubble rate to their values today,𝛺𝑐0 = 0.3, 𝛺𝑥0 =

0.7 and 𝐻0 = 72, the background equations describing the interaction can be solved numerically. 
The ΓVIDE model predicts a higher DM density (Lower DE density) in the past than for the non-
interacting ∧CDM case for𝛾 > 0 i.e. energy transfer from DM to DE. This reverses when the 
transfer of energy sis from DE to DM for 𝛾 < 0 as shown in figure 1. A positive 𝛾 increases the 
value of the allowed Hubble constant in the ΓVIDE model, converging to the same value of 𝐻0 

due to our normalisation as displayed in figure 2. We find that the Hubble rate for the VIDE 
model is more sensitive to energy transfer from DE to DM and deviates strongly from the 
standard case for more negative values of the interaction parameter. The higher value of the 
Hubble rate at early times predicted by the VIDE model means that the luminosity and angular 
diameter distances from our model are larger than the standard case. This effect is shown in 
figure (3). 
 
The effect of the vacuum interaction on the growth rates of DM perturbations is shown in figure 
4. The results show that when the transfer of energy is from DM to DE (𝛾 > 0) there will be 
higher growth rates for the DM perturbations than when the transfer if from DE to DM(𝛾 < 0). 
The high growth rates are driven by the normalisation of the DM density that leads to a higher 
value of 𝛺𝑐 at early times than in the non-interacting case.  
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It is also apparent that the transfer of energy from DE to DM suppresses the growth of density 
perturbations as also pointed out by [37] and[2]. Plots for the 𝑄‖𝑢𝑐 case with higher growth 
rates at late times of energy transfer from DM to DE. 
 
The matter power spectrum in the universe today shows a shift from the standard ∧CDM case 
at all scales driven by the equality of the DM and DE peculiar velocities for adiabatic 
perturbations. A plot of the linear matter power spectrum and the ratio of the DM to the 
gravitational potential growth rates are shown in figure 6 for the𝑄‖𝑢𝑐. 

 
 

6. Conclusions 
 

We have presented from a study of an interaction between a cold DM fluid and a DE fluid 
assumed to be a cosmological constant, and investigated the cosmological implications of the 
interaction scenario, comparing this to the standard ∧CDM case when adiabatic initial 
conditions are used. By re-writing the general perturbation equations and casting them into a 
suitable form, we have eliminated a singularity reported in many previous studied (see e.g. [34] 
and [2] thus accommodating the case when 𝜔 = −1 not previously investigated. Starting from 
the perturbation equations in Newtonian gauge for our interaction model, we have derived 
simple dimensionless D-function ordinary differential equations that eliminate the problem of 
computing the perturbation initial conditions at decoupling. Our equations provide a simple 
platform on which to investigate interacting models with constant equation of state parameter 
and forms a useful benchmark for studies aimed at clearing some existing subtleties in 
interacting vacuum dark energy studies. 

We have studied variable energy-momentum treatment that considers the energy-momentum 
4-vector as linear to the dark energy density and obtained results showing that: 

 An interaction between DM and DE modifies the background evolution leading to 
deviations that can be large for stronger interaction strengths. 

 Normalising the DM and DE densities to their values today, the resulting shape of density 
profile is dependent on the direction of the energy transfer and can accommodate large 
interaction values as pointed out in [2]. 

 By re-writing the perturbation equations in a more suitable and consistent form 
singularities in the Euler perturbation equations reported in see e.g., [2,34] can be 
eliminated. 

 For scalar perturbations in Newtonian gauge, our VIDE model shows growth of the matter 
density and curvature perturbations that become more visible after the onset of the DE 
domination and at late-times and over all scales if adiabatic initial conditions are used. 

 The choice of adiabatic initial conditions for the VIDE model leads to similar evolution of 
DM density perturbations independent of the two energy-momentum sub-classes 
characterised by the 4-vector along the DM 4-velocity or the DE $-velocity. 

 The linear matter power spectrum displays a shift at all scales but approaches the standard 
∧CDM matter spectrum in the limit of vanishing interaction. 

 Our model results are void of the instabilities reported previously for constant w interacting 
dark energy models. 
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