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Abstract

In this project,Generalized Five Parameter Lindley distribution(G5L) has been proposed
as a new generalization of Lindley capable of modeling different shapes with increas-
ing,decreasing,constant and bathtub failure rates.It has been constructed using finite mix-
ture as the tool and Gamma as the special function.Construction of G5L,has been expressed
in terms of Pdf,Cdf,Survival function,Hazard function,Reverse hazard function,Residual
lifetime function,Mean residual life function,Equilibrium distribution,Survival function of
equilibrium distribution and Hazard function of equilibrium distribution.G5L was applied
to real data from Nichols and Padgett on breaking stress of Carbon fibers(2006) to draw
shapes and test goodness of fit.Parameters were then estimated using Moment matching
method(Mom) and Maximum likelihood estimation(MLE).The results obtained proved that
G5L provided better fit than other generalizations of Lindley hence more flexible.

Therefore,G5L is recommended for modeling lifetime data that fails to follow other gener-

alizations of Lindley because of its extensiveness.
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1.1

GENERAL INTRODUCTION.

Background Information.

Historical background of G5L dates back to the introduction of a distribution by use of
finite mixture (Lindley,1958) as a counter example to exp (0) which was by then widely
used in Statistics.

Exponential distribution(6) had a limitation of not being able to model data with varying
failure rates since it has constant hazard function equivalent to its parameter value.

Ghitany et al,2008 applied Lindley distribution to lifetime data sets(100 banking cus-
tomers awaiting for service provision) and concluded that Lindley is a superior model
to exponential distribution.In applied sciences e.g. Finance,Medicine,Engineering e.t.c
modeling of lifetime data is of great essence .Despite other forms of distributions being
used to model such data,the quality of procedure involved relies on assumed probability
model and Statistical methods used.Some of real lifetime data does not follow standard
probability model and this remains a challenge.A one parameter Lindley and its general-
izations has widely been used to model lifetime data obtained from Medicine(Shanker
and Mishra,2015),Engineering(Al-Babtain,2015),Service provision rate(Ghitany et al,2008)
e.t.c.

The generalization of Lindley to a five parameter by finite mixture is flexible enough to
model different types of lifetime data with different forms of failure rate.lt accommodates
decreasing,increasing,constant and bathtub failure rates.



1.2 Definitions,Notations and Abbreviations.
Definition of Terms.

1. Survival function:-Is the probability of a system not failing prior to x.
PriX >x]=R(x)=1—-PriX=x]=1—F(x)

2. Hazard function:-is the failure rate of a device/system given that random variable X

has an assigned pdf.
. r AX . Ax|—
h(x)=hAr;1P [X<X<)Zi_ /X>x] =hAr;lF[x—ZXR}(X)F(x) %

It provides information about a small interval after time x(x+ Ax).It may increase,decrease,

constant or bathtub shaped depending on the values of parameters involved.

3. Reverse Hazard Rate function:-is the probability of one observing an outcome in

the neighborhood of variable x,given that the outcome is not more than x.
r(x) =1iATPr[x<X<Z;rAx/X§x] =limF[x+Ax]fF(x) it

Ax AxF(x) T~ F(x)

4. Residual lifetime/Excess loss:-is an additional measure of lifetime process given
that a system has survived till a given time of x.1t is obtained as a ratio of integration
of a p.d.f to its Survival function.

5. Mean Residual Lifetime/Mean Excess Loss:-is an expectation of a random variable

x representing the remaining lifetime of a process.lt is a ratio of integration of expec-

tation of a p.d.f to its Survival function. m(x) = E)(X) = E[X —x/X > x] = %
_ Sotf@ar

O R T

we subtract x since we are only interested in additional lifetime above x,but the integral

[x,00] of tf(t) includes the whole expectation.

6. Equilibrium distribution:- is a mathematical function used to evaluate if a lifetime
process preceding a certain random variable,x at a given time,t equals the mean of the
distribution.It is constructed by obtaining a ratio of Survival function of a distribution
to the mean of the same distribution.

Notations.

1. x for a sample random variable.

2. X for a population random variable.

3. E(x") for the " moment of distribution.
4. f(x) for Probability mass function(pmf).

5. f(x/€) for a conditional property.



10.

11.

12.

13.

14.

o for parameter alpha.
0 for parameter theta.
B for parameter beta.
n as a parameter.

k as another parameter.

Ya(b)= YIEC(L(’ZZ;) = ﬁ (fx“_]e_xdx represents lower incomplete gamma function ratio.

Fa(b)=r1£?£) = ﬁ fé?x“_le_xdx represents upper incomplete gamma function ratio.

y(.) is a diagamma function defined as y(a) = %lnl"(a) = Ta)-

Generalization is the addition of parameters to an existing model so as to allow
flexibility of the model to accommodate data.

Terminologies.

10.

11.

12.

13.

14.

15.

. Pdf represents Probability Density Function.

Pmf represents Probability Mass Function.

Cdf represents Cumulative Distribution Function.
MLE represents Maximum Likelihood Estimation.
MOM for Method of Moments.

MRL represents Mean Residual Lifetime.

. G5L; for Generalized Five Parameter Lindley Distribution.

G4L(1) ; Generalized Four Parameter Lindley Distribution, version 1.

. G4L(2) ; Generalized Four Parameter Lindley Distribution, version 2.

G3L(1) ; Generalized Three Parameter Lindley Distribution, version 1.
G3L(2) ; Generalized Three Parameter Lindley Distribution,version 2.
G2L(1) ; Generalized Two Parameter Lindley Distribution,version 1.
G2L(2) ; Generalized Two Parameter Lindley Distribution,version 2.
LD ; Lindley Distribution.

QLD; Quasi Lindley Distribution.



1.3 Research Problems.

1.4

1.

Studies have not shown clearly whether adding more parameters implies better mod-
eling.Therefore,there is a motivation to draw pdf shapes to illustrate and compare the
generalized Lindely distribution models.

Despite the fact that Five parameter Lindley has been constructed, its equilibrium
distributions have not been obtained hence we need to construct its equilibrium
distribution.

There is a drive to investigate the relationship between Mean Residual Lifetime(MRL)
and Hazard function of equilibrium distribution of Five parameter Lindley distribution.

Objectives.

1.4.1 General Objective.

The main objective is to Re-Examine Generalized Five Parameter Lindley distribution.

1.4.2 Specific Objectives.

—_

To explore use of Gamma distribution.

To investigate properties of G5L distribution.

To construct MRL of G5L.

To construct Hazard function of equilibrium distribution of G5L.
To estimate parameters of G5L using MoM and MLE.

To illustrate best density shape of G5L,G2L(1),G3L(2) and LD.

1.5 Methodology.

Mathematical tools we have used include;

Elementary Calculus.

. Differentiation.

. Integration.

Special functions.



1.6

ro o—1 ,—t
«  Gammadistribution. From gamma function;(a) = [5°t* e 7dt = 1 = %

xaflefx

f(x;06>={W

0,0therwise ;where f(A; ) is a pdf of One parameter Gamma distribution.

,Xx>0,a>0

. Upper Incomplete gamma function.
[Gypper = [ 1% Le ! dt

. Lower Incomplete gamma function.
1Gjoyer = f(;cta_le_tdt

. Upper Incomplete Gamma Ratio function.
IGR Z e dr
upper — T(a)
. Lower Incomplete Gamma Ratio function.
IGR _ Jgr* e
lower (o)

e IGiow+1Gupper =T(a))
e IGRipy+IGRpper = 1
. IGR[0;1]

iii. Moment Generating Function.

Significance of the Study

a.) Insurance industry to study frequency of claims within specified period of time.
b.) In the field of medicine to study increase of microorganisms within a cell size.

c.) Evaluation of material reliability (Engineering):to measure system performance.We
can obtain the probability of a system surviving;System fails whenever an applied
stress is greater than its strength.



2.1

2.2

2.3

LITERATURE REVIEW.

Introduction.

This chapter provides related literature useful in undertaking our research.Literature con-
sists of researcher’s critique and comparisons from other studies related to our area of in-
terest.They include methodologies used,theoretical or conceptual framework,relationships
and differences between studies.Critical aspects of reviewing the literature in clear and
systematic way from existing studies has been done and missing gaps identified.

One Parameter Lindley Distribution.

Lindley(1958) originally proposed a One -Parameter distribution called Lindley distribu-
tion.This distribution is a finite mixture of Exponential(6) and Gamma(2,0) distributions
where 0 represents scale parameter.Ghitany et al(2008) investigated Lindley further by ex-
plaining its various properties.Some of the properties discussed include;pdf,cdf,shape,mode,
moments and related measures,cumulants,failure rate and mean residual life,mean de-
viations,measure of inequality and uncertainty(Lorenz curve and Entropies),stochastic
ordering,extreme order statistics,sums,products and ratios.One parameter was estimated
using method of moments and maximum likelihood method.The model was applied on
survival data.Simulations and applications on real data shows that Lindley is superior
over exponential distribution.Therefore, mathematical properties for Lindley(LD) are more
flexible than those of exponential distribution.

A discrete version of Lindley distribution (LD) was later suggested by Deniz and Ojeda(2011).
A pmf was introduced by discretizing the continuous failure model of the Lindley distribu-
tion.The resulting model was over-dispersed and competitive with Poisson distribution in
fitting automobile claims.

Two Parameter Lindley Distribution.

Shanker et al (2012),introduced one version of two parameter Lindley.This is a general-
ization of Lindley Distribution for Modeling Waiting and Survival Times Data,G2L(1).Its

pdf is obtained by finite mixture of exponential (8) and gamma(2, 0) with additional
_ 6

~ 0ta
ments,Failure rate function,Mean Residual lifetime function and Stochastic ordering have

parameter (&) originating from weight,(w1 ).Statistical properties such as Mo-
been discussed.The Failure rate function,Mean Residual life function and Stochastic order-
ing shows flexibility over Lindley and Exponential distribution.The new distribution was
then fitted to waiting times data set and goodness of fit test carried out.This distribution
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provided closer fit compared to Lindley.

Another version of two parameter Lindley distribution (Shanker and Mishra,2013) of
which Lindley distribution is its particular case was introduced,G2L(1).It is constructed by
finite mixture of exponential (6) and gamma(2, 0).The second parameter (@) is obtained
from weight,(wl = #ﬁl).lts properties that were discussed included;mode,Moments and
related measures,Failure Rate function,Mean Residual lifetime function and Stochastic
ordering.The Method of moments and maximum likelihood method as technique for
estimating its parameters a and 6 were discussed.This distribution was fitted on a data
set with an aim of testing its goodness of fit. Two parameter Lindley distribution model
proved to be a better fit than Lindley.

Two parameter Quasi Lindley distribution(QLD) which is a generalization of Lindley distri-

bution was proposed by,Shanker and Mishra,2013.1ts pdf was constructed by finite mixture

_a
a-+1

as Failure rate, Moments,Mean Residual and Stochastic ordering were discussed.It was

of gamma(2, 8)and exponential(0) with a weight of (w1 = ).Statistical properties such
discovered that the Failure Rate Function,Mean Residual lifetime function and Stochastic
ordering for this distribution is more flexible than Lindley and Exponential. MLE method
was used to estimate its parameters and the goodness of fit provided closer values than
those from Lindley.There exists another type of two parameter Lindley distribution,G2L(2)
which is a generalization of Lindley distribution introduced by Al-Babtain(2015) as a sub-
model of Five Parameter Lindley distribution.It can also be constructed by finite mixture
of gamma(1l, 0) and gamma(2, 8) with a weight of (w1 = %ﬁl) Its statistical properties
and estimation of its parameters by maximum Likelihood method can be obtained.

Three Parameter Lindley Distribution.

Zakerzadeh and Dolati (2009),introduced three parameter generalization of Lindley distri-
bution,G3L(1).Its pdf was constructed by finite mixture of gamma (,1,0) and gamma(2, 0)
with additional parameters @ and 3 originating from the weights.Further,the pdf of
this distribution can be expressed as a two component mixture of gamma(c, ) and
gamma(o + 1, 0) with a weight of w; = I% where B is our third parameter.It accommo-
dates Exponential, Gamma and Lindley distribution as its special cases.Various statistical
properties discussed include;behaviour of the density and hazard rate function,distribution
of sums,Stochastic ordering,Random variate generation.MLE method was used to estimate
its three parameters.The distribution exhibited decreasing,increasing and bathtub hazard
rate depending on its parameters.Numerical examples to show flexibility of the model was
explored and derivation of bi-variate version of the proposed distribution studied.It was
noted that it is a better model compared to Exponential and Gamma distribution on real
time data.Another version of three paremeter Lindley distribution,G3L(2) was proposed
by Elbatal et al,2013.This distribution generalizes Lindley distributions including;Power
Lindley,Sushila,Lindley Pareto,Lindley half Logistic and Classical Lindley distribution.The
distribution was applied to two real lifetime data set and proved its superiority over
Exponential Power Lindley,Power Lindley,Exponential Lindley Geometric,Classical one



2.5

2.6

2.7

parameter Lindley and Lindley exponential distribution in modeling of lifetime data set.

Four Parameter Lindley Distribution.

A four parameter generalized Lindley distribution was introduced by AL-Babtain et al(2015)
as a special case of Five parameter Lindley distribution.This distribution(G4L) can be con-
structed and two versions obtained by finite mixture of gamma(c, 8) and gamma(f3, 0).The
first version G4L(1) is obtained when the other parameter k is from the weight (w1 = %) .
while parameters(a, 0, 3) from the two gamma distributions.The second version G4L(2)
is obtained by finite mixture of the two gamma distributions mentioned above con-

tributing parameter @, 6 and 8 and the fourth parameter n from weight (w1 = ein) ts
statistical properties such as moment generating function and related measures were
explained.Method of moments and Maximum Likelihood Estimation method were used

to estimate its parameters.

Five Parameter Lindley Distribution.

Five Parameter Lindley Distribution(G5L) is a proposed generalization of Lindley distri-
bution (AL-Babtain A et al,2015).This distribution was obtained from a concept of finite
mixture.Gamma(a, 6) and Gamma(f3, 0) provided three parameters (@, 0, B) and addition
of two other parameters namely k and n from the weights of finite mixture, (w1 = %fn) .
Structural properties investigated include;Statistical measures and Reliability analysis.In
addition, Lorenz, Bonferroni curves and Renyi entropy as measure for uncertainity are
derived.Maximum Likelihood Estimation method was used to estimate its five parame-
ters.This distribution was fit on real data collected by Nichols and Padgett of stress on

carbon fiber(Gba).It proved to be a better model compared to LD,G2L,G3L and G4L.

Other Generalizations of Lindley Distribution.

Nadarajah et al(2011),proposed two parameter distribution as an alternative to Gamma,Log-
normal Weibull and exponentiated Exponential distribution for modeling lifetime data.lts
cdf was constructed by considering the cdf of One parameter Lindley distribution where
each of the identical random variables of Lindley are independently distributed till size
oIt was proven to have a better Hazard rate properties than Wei-bull,Gamma and Log-
Normal distribution since it allows monotonically decreasing,increasing and bathtub
shaped hazard rate functions but not for constant hazard rate functions.Presentation was
also done on its mathematical properties such as Quantile function,Shapes,Statistical
orders,Moments,Conditional moments,L moments,Mean deviation,Bonferroni,Lorenz
curves,Entropies,Order statistics, Extreme values and Reliability.Method of Moments
and Maximum Likelihood Estimation approach was used to estimate the parameters.A



simulation concept was also explained and application done on real data.The new model
provides more accurate estimates as well as better fits when compared to Gamma,Log
normal and Wei-bull distribution.

Bakouch et al(2012) extended Lindley distribution by exponentiating it so as offered more
flexible model for lifetime data,namely reliability in terms of its failure rate shapes.This dis-
tribution accommodates both decreasing and increasing failure rates as well as bathtub and
unimodal shaped failure rates.Statistical properties discussed include;(Reversed)Failure
rate, (Reversed)Mean Residual lifetime,Moments,Order statistics,Bonferroni and Lorenz
curves.They also derived observed information matrix.The estimation of parameters was
done using Maximum Likelihood Estimation method.A real data was used in modeling
and it provided better fit than Lindley distribution.

A two parameter Power Lindley and Associated Inference(M.E Ghitany et al,2012) was
introduced.lt is a two component mixture of Weibull distribution(with shape o and scale
0) and Generalized Gamma distribution(with shape parameter 2, & and scale 0) with
mixing proportion (w1 = GLH).The statistical properties discussed include;Shape of the
density and Hazard rate function,Moments,Quantile function,Skewness and Kurtosis and
limiting distributions of Order Statistics.Ghitany et al proposed three Algorithms for gen-
eration of random data of the said distribution.Maximum Likelihood method of estimating
parameters was derived and asymptotic Standard errors obtained.An application of the
model using real data set proved that Power Lindley distribution provided better fit than
Lindley and other two well known parameter distributions such as Gompertz,Weibull and
Gamma.

A three parameter distribution which generalizes Lindley,Gamma and Exponential was

introduced by Elbatal et al(2013).This model is obtained from a mixture of gamma(x.0)

and gamma(f, 0) with a weight,(w1 = GLH)' Statistical properties examined include; mo-
ment,generating function and inequality measures.Distribution of order statistics,regression
based method of least squares and weighted least squares estimates were also dis-
cussed.The estimation of parameters by MLE was done and Likelihood Ratio Statistics

was used to compare the model with its baseline.Application of the distribution to real

data shows that it is effective in providing better fit than Lindley since it provides larger

flexibility in modeling real data.

Exponentiated Power-Lindley distribution with its applications was introduced by Gayan
Warahena-Liyanage and Mavis Pararani(2014).This is a generalization of Power Lin-
dely distribution initially introduced by Ghitany et al(2013).The mathematical prop-
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2.8

erties studied include;Hazard and Reverse hazard functions,Moments,Conditional mo-
ments,Entropies,Mean deviations,Lorenz and Bonferroni curves.Fisher information and
MLE of parameters were also explained.The distribution was finally fitted on real data
and proved to be better model compared to Power Lindley.

Hassan,2014 proposed a formula from sums of independent and identical Lindley with
different parameters which are based on elementary compaction previously applied by
Akkouch(2005,2008).Another formula presented by Zakerzedah and Dolati(2009) for in-
stance a case of 7 being equal to a number;p > 0 by use of Moment generating func-
tion.Section 2 of Marwa’s research paper explained Convolution of Lindley distribution
with different parameters.Section 3;Convolution of Lindley distribution with same param-
eters.Section 4;Convolution of order statistics having Lindley distribution.

M.R Irshad and D.S Shibu,2016 proposed a new version of three parameter distribution

which is a generalization of Lindley(1958),Three parameter Lindley distribution(Zakerzadadeh

and Dolati,2009) and Generalized Lindley distribution by Elbatal et al(2013).Its Mathemat-
ical and Statistical techniques have been discussed.A real life data was used to apply the
this distribution so as to compare it with other distributions such as; using MOM and
MLE.This distribution provided a best fit compared to Lindley,Three parameter Lindley
distribution and Generalized Lindley distribution by Elbatal et al(2013).

Use of Lindley Distribution.
2.8.1 Lindley Distribution as Mixture distribution.

Bhati et al,2014 proposed Lindley Exponential(L-E) distribution generated by Lindley distri-
bution.Important properties such as moments,asymptotic distribution of sample,maximum,
minimum and entropy were obtained. MLE method was used to estimate parameters and
also give asymptotic confidence interval. Application of the Lindley exponential distribution
was also shown using two real data sets and by comparing Lindley-exponential with other
models such as three parameter distribution(Elbatal et al 2013),Power Lindley(Ghitany et
al 2013),Lindley and Exponential distribution.Lindley Exponential distribution proved to
be a better model fit.

Lindley Pareto distribution was introduced by Lazri et al(2016) for modeling lifetime
data.Statistical properties discussed include;Method of moments,Quantile function,MLE,
Entropy and also limiting distribution of Extreme order statistics.Pareto distribution
(V.Pareto,1896) on the other hand was introduced to explore unequal wealth distribution.|t
is mainly used in actuarial science(Re-Insurance)due to its heavy tail properties.A simula-
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tion study on Lindley-Pareto was done to examine the Quantiles,Mean,Median and Mode
of the distribution.

2.8.2 Lindley Distribution as a conditional distribution.

Poisson-Lindley distribution which is a discrete random variable was introduced by
M.Sankaran(1970) to model count data closely related to the Lindley distribution.This is a
mixture distribution obtained from Poisson distribution assuming that the parameter of
Poisson by itself is a random variable with Lindley distribution.To explore this Ghitany
and Al-Mutairi(2009),Borah and Begum(2002) and Bora and Deka Nath(2001) investi-
gated some statistical properties of this distribution including other related probability
distributions.To be precise,Ghitany and Al-Mutairi developed Algorithm for generating
random data from Poisson-Lindley distribution basing on the fact that the random variable
considered is a mixed distribution.Ghitany et al(2008) were instrumental in molecular biol-
ogy by considering zero-truncated Poisson-Lindley distribution and analogous Algorithm
in order to generate samples which are random from the mentioned truncated distribution.

Jodra(2010) later discussed procedures to generate random variables with Lindley,Poisson-
Lindley or zero truncated Poisson-Lindley distribution as simple alternatives to existing
Algorithms.The basis of his argument was on the fact that the quantile functions of the said
probability distributions can be expressed in closed form and also in terms of the Lambert
W function.This made it easier for the extreme order statistics from the distribution to be
made computer generated in a straight forward manner.

Negative Binomial-Lindley(NB-L) was constructed by Zamani and Ismail(2010)and applied
to an insurance count claim data reported by Klugman et al(2008) having been collected by
Dropkin between 1956-1958.This continuous mixture model provided a better fit compared
to Poisson and Negative Binomial distribution.Basic properties such as Moments,Mean
and Variance were studied.Maximum likelihood estimation method was used to approxi-
mate parameter values.The Insurance count data had large value at zero and also with
thick tail.It was analyzed and the model proved to be a better fit for prediction purposes
though not very close to the actual claims as was expected.

J.Sarguta(2012) constructed mixed poison distributions which are significant for model-
ing non-homogeneous populations.Among other mixing distributions,Lindley(1958) was
considered and the mixing done explicitly to obtain its pdf.This was done with an aim of
improving frequency modeling for thick and long tailed data from Insurance claims.
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2.9

M.Wakoli(2015) proposed Hazard functions of exponential mixtures and their link with
mixed poison distribution.The pdf of Poison-Lindley distribution was obtained,its survival
and hazard rate function derived.The hazard rate function of Poison-Lindley,proved to be
the difference of two hazard functions of Pareto ii (Lomax).

Summary of Literature Review.

One-Parameter Lindley distribution has been generalized,modified,extended and mixed
with other distributions (Discrete and Continuous) in various ways;

1. a.)Generalization of Lindley has been done by finite mixture of two gamma distribu-
tions with certain weights.The table below shows specific values of parameters used
to generate sub-models of G5L.

Model | 6 | o | B k|n Author.

G5L Al-Babtain et al(2015).
G4L(1) 1 Al-Babtain et al(2015).
G4L(2) 1 Al-Babtain et al(2015).
G3L(1) oa+1 |1 Zakerzadeh and Dolati(2009).
G3L(2) 1)1 Elbatal et al(2013).
G2L(1) 1 2 1 Shanker et al(2012).

QLD 1 2 0 | Shanker and Mishra(2013).
G2L(2) 1 2 1 Al-Babtain et al(2015).

LD 1 2 1)1 Lindley(1958).

b.)Other forms of generalization of Lindley include Exponentiation of One parameter
Lindley distribution as initially explained so as to provide more flexibility for lifetime
data.

c.)Their exists several modifications and extensions of Lindley such as discrete version
of Lindley and Power Lindley.

2. Lindley as a mixture distribution.
Some of these type of distribution include; Lindley Exponential(L-E) distribution and
Lindley Pareto (LP) distribution for modeling lifetime data.

3. Lindley as a conditional distribution.
Lindley mixture of Poisson distribution where Lindley was the mixing distribution (Dis-
crete Poison-Lindley(P-L)distribution) and a continuous mixture of Negative Binomial
and Lindley to form Negative Binomial-Lindley(NB-L) distribution.
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4. Related distributions to Lindley consists of;
a.) Sums of independent and identically distributed Lindley random variables which
involved convolution of Lindley with same parameters and also with different parame-
ters.

b.) Construction of excess loss (Residual lifetime) and mean residual lifetime (MRL) of
various Lindley distributions.

The Generalizations,extensions and modifications of Lindley mentioned above have been
constructed in terms of their Probability density functions,Cumulative distribution func-
tion,Survival(Reliability analysis) function and Hazard Rate function.

Some statistical properties have been discussed;Shapes,Reverse Hazard function,Cumulative
Hazard function,Residual Lifetime(Excess loss function);Mean Residual Lifetime(Mean
excess loss function),Moment Generating Functions and related measures,Stochastic or-
dering,Distributions of Order Statistics,Measure of Inequality and Uncertainty(Lorenz
curves,Bonferroni curves,Bonferroni index,Gini index and Renyi Entropy).

The parameter values have been investigated by Method of Moments(MoM) and Maxi-
mum Likelihood Estimation(MLE).

Some of the methods which have been used to a certain goodness of fit include;Negative
Log-Likelihood(-LL),Akaike Information Criterion(AlC),Corrected Akaike Information
Criterion(AlCc),Bayesian Information Criterion(BIC),Kolgomorov-Smirnov test(K-S) and
the p-value.



14

3.1

3.2

CONSTRUCTION AND PROPERTIES OF A G5L
DISTRIBUTION.

Introduction.

The objective of this chapter is to construct and obtain properties of a five-parameter
Lindley distribution,G5L.

The construction is based on finite mixture of two gamma distributions and is expressed

in terms of Probability density function,Survival function and Hazard function.

Properties considered are:Moment generating function,Mean,Variance,Skewness,Kurtosis
and Mode.

We shall first re-examine construction and properties of One-parameter,Two-parameter,Three-
parameter and Four-parameter Lindley distribution.

One parameter Lindley distribution.

This is a finite mixture of an exponential distribution and gamma distribution given as

follows;
Let,
fi(x) = 0e7 %% x> 0;6 > 0 which is exponential with parameter 6. (1)
0
fr(x) = mefexxzfl = 0%xe~ % which is a gamma distribution with parameter 2 and 6.
0]
Therefore, we have the following results,when the weighing probability is
0
W= —— 3)
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Proposition 3.2.1. The Probability density function f{(x),the Cumulative density function
F(x),the Survival function S(x) and Hazard function h(x) of a one-parameter Lindley distribu-

tion are;
92
f(x):9+1(1+x)e_9x;x>0,9>0.
06+1+6
F(x):l—%e‘ex;x>0,9>0.
06+1+6
S(x):%e_ex;x>0,9>0.
0%(1+x)
hix) = ———; 0,6 >0.
() =g o1 *>%0>
Proofs:

Probability density function.

f(x) = p1 *Gamma(1,0) + pr x Gamma(2,0)

. 0 —0x 1 2 —0x

f(x)—e—_H(Be )+9—+1<9 e x>

6° 0(6
1) = g [H— gzxqe—ex

2
fla) = Gil [1+ “;x)} e O

2
flx)= 69_'_1 [1+x]e % where 6,(146) >0

Cumulative distribution function.

F(x) = g f(x)dx_/w h [1+x]e % dx
T Jo 6+1 T Jo 6+1

“4)

5)

(6)

(7)



16

92 1%}
=gt [ s
(x) 011/ [1+x]e X
92
= I
o+1 !
L= (x+1)e %dx
du
= l=—=1
u=x+ I
dy = e 9%
oo 9)C
Ox e
= dx =
’ 0 ¢ o 0
—(x+1)e % o g 0%
I = - d
1 9 0 0 X
oo —0x
—e
L= d
2 0 0 X
du
=—6x=—=-0
u X I
L [~ ,
m/o e'du
1 o et e—@x
ﬁ/o edu=17= "

combining I} and I,

92 (o)
011 /0 (x+1)e %dx
92 |:_(x_|_ l)efex er:|

CES 0 62
—O(x+1)e 0 0
e+l 6+l
o (Ox+60+1)e 0
0+1

_ Ox —0x
F(x)=1 {1+9+1}e



Survival function.

Hazard function.

96_+21 [1+x] e 0%

h(x) - (0x+60+1)e O
0+1
0% (1+x)
"= v @)

This completes the proofs.
3.3 Two-Parameter Lindley Type 1

Proposition 3.3.1. The Probability density function f(x),the Cumulative density function
F(x),the Survival function S(x) and Hazard function h(x) of a Two-parameter Lindley distri-
bution version 1 are;

92

flx)= 9+n[1—|—nx]e_9x where 6,n and (n+6) >0 8
Fx)=1- [1+ Gefn} e 9
S(x) = (Onx +99+_|_nn)e—9x ,where 6,n > 0 (10)
h(x) = 6% (1 + nx) a1

~ Onx+ (0 +n)
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Proofs:

Probability density function.

f(x) = p1 *Gamma(1,0) + pr x Gamma(2,0)

. 0 —0x n 2 —6x
flx) = 9+n(9€ )+e—+n(9 e x)
6 0(6
i
2
fla) = —96+n {1 + —”(zx)] e 0
2
flx)= 96+n [1+nx]e % where 6,nand (n+6) >0

The Cumulative distribution function.

F(x)= dx = 1 —d
(x) A 9+nf(x) X /0 9+n[ +nx]e “Ydx
92 o5}
F(x)= 9+n/0 [1+nx] e %dx
92
= I
9—|—n*1
I :/ (nx+1)e %dx
0
u=nx+1= d_u =n
— o=
—0x = —0x _e—Bx
dv=e =>v:/ e Pdx =
0 ?]
—(nx—l—l)e_ex oo /°° —ne %
I = — d
: { 6 0 0 6 *
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oo Q)C
—ne
12= 0 0 dx
du
= —Ox=>—=—6
u X dx

0 e
62 = —0x
F(x) = 9+n/0 (nx+1)e

—O(nx+1)e %  ne 9%

Flx)=1 _
W=+ 0+n
(Onx+ 0 4n)e %
F(x)=1-—
(x) 0 n
Onx | _g
Flx)=1-|1 :
W=t |1t ]e

Survival function.

S(x) = Prob[X >x] =1—Prob[X <x]=1—-F(x)

(Onx+ 6 +n)e %%
0+n
(Onx+ 6 +n)e %
0+n

Sx)=1—]1-

S(x) =

,where 6,n >0

Hazard function.

6* -6
hx) = 05 [14nx]e**
(6nx+0+n)e— 0
0+n

6% (1+mx)
hix) = Onx+ (6 +n)

This completes the proofs.
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3.4 Two- Parameter Lindley Type 2.

Proposition 3.4.1. The Probability density function f{(x),the Cumulative density function
F(x),the Survival function S(x) and Hazard function h(x) of a Two-parameter Lindley distri-
bution version 2 are;

2

f(x):ke—i—l lk+x]e % where 6,k and (1+k6) >0 (12)
Fx)=1— {1—% erj—l] e 0 (13)
S(x) = (e”glfi f)eex (1)
h(x) = % (15)

Proofs:

Probability density function.

f(x) = p1*Gamma(1,0)+ pr* Gamma(2,0)

k6 1 0%e 0y
_ 0 —06x
F0) = g0 )+k9+1( i )

. 6? 0(6x)] _o,
f(x)_k6+1[k 02 }e
- 62 (Gx) —0x
FO =T [“ 0 ]e
. 62 —0x
f(x)—k6+1[k+x]e where 6.k and (1+k6) >0

Cumulative distribution function.

F(x) = i f(x)a’x—/oo 0° [k+x] e %dx
~Jo kO+n Jo kO+1
92 1% 79)6
F(x)_kQ—H A [[k—l—x]e dx]
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92
F —
)= tor1
I =/ (x+k)e ®ax
0

>|<I]

u=x+k=u =1

oo _ ,—6x
dv=e%=y= / e ¥dx = 69
0
[—(x+k)e 07" /°° —e 0%
L= e T d
1= 5 h o X
_ [ —x+k) /°° —e
I = _0 0 ) 5 dx
[(x+k) /°° —ebx
L= — d
1 "o N X
oo e—9x
L= . o dx
du
=—0x=—=-0
u x=
1 oo
b 92/0 e'du
but,/ e'du=ée"
0
1 = P e—@x
therefore,l, = @/O étdu = FIRRrY:
I (x+k) —(x+k)e 0 B e 0%
' e 0 62
(x+k)(1—e 8%) ¢ 0
h= 0 R
(x+k)(1—e8%) 6
h= 0 " o2
92 oo
F(x)= 9k+1/0 (x+k)e %dx
—0(x+k)e e
F(x)=1 _
) =1+ g Ok+1
(Ox+0k+1)e 0
Flx)=1-
®) Ok + 1

Ox 0
Fo)=1-1 x
®) { +0k+1}e



Survival function.

S(x)=1-F(x)
(0x+0k+1)e 0
=1-1|1—
S(x) 0k + 1
_ (6x+0k+1)e %
S(x) = 0k + 1
Hazard function.
f(x)
h(x) =22
(X) S(.x)

ke

(x) = (Ox+0k+1)e O
Ok+1

0% (k+x)
) = orr k4 1)

3.5 Three Parameter Lindley distribution.

Proposition 3.5.1. The Probability density function f(x),the Cumulative density function
F(x),the Survival function S(x) and Hazard function h(x) of a Three-parameter Lindley distri-
bution are stated as;

flx)= keej—n [k + nx] e~ %% ,where 6,k,n > 0. (16)
F(x)=1- [1 + Gilj:n} e 0% (17)
S(x) = (Onx +99kk++nn)eex (18)
h(x) = 02 (k + nx) (19)

"~ Onx+(0k+n)
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Proofs:

Probability density function

f(x) = p1 *Gamma(1,0) + pr x Gamma(2,0)

f(x) kO (9676x)+i<9ﬁ679xx>

:kG—f—n kO +n
62 no(6x)>~17
= — k PR —0ox
U k9+n{ 92 ]e
62 n(0x)| _g
@) k9+n{ "o }e
0= ke
kO +n
Cumulative distribution function
F — dx = k —6x 4
(x) A k9+nf(x) X /0 k6+n[ +nxle X
92 (e
F(x) = B —|—n/o [k + nx] e~ %%dx
92
= 1
O+n
11=/ (nx+k)e %dx
0
du
U=nx+k=—=n
dx
e8] _e—ex
dv:e_9x=>v:/ e dx =
0 0]
—(nx—i—k)e_ex = /°° —ne 0
L=|——2—| — d
: { 6 0 0 6 *
oo_nefo
I = d
e
u:—ex:>d—uz—9



k 00 00
= — é“du but / é'du = ée*
92A 0

n [ ne  ne 0«
Izzm/o eudl/l:?:?
B —(nx—i—k)e_ex ne 9%
= ) T e

2 oo
F(x) = 9k9+n/o (nx+k)e 9%
_ —O(nx+k)e ¥ ne "
~ 6k+tn  6k+n
(Onx + Ok +n)e 0~
O0k+n

Onx
Fix)=1—|1 —0x
(x) { +9k+n]e

Survival function

S(x)=1-F(x)

(Onx+ 0k +n)e 0%

Sx)=1—|1-—
(x) 0k +n
—0x
S(x) = (Onx+ Ok +n)e
Ok-+n
Hazard function
f(x)
hix) = 222
(x) ()

62 [k + nx] e~ 6%

_ kB+n
h(x) T (Onx40k+n)e 0%
Ok-+n
62 (k
hx) = -2 k)

~ Onx+ (0k+n)
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3.6 Four- Parameter Lindley Type 1.

Proposition 3.6.1. The Probability density function f{(x),the Cumulative density function
F(x),the Survival function S(x) and Hazard function h(x) of a Four-parameter Lindley distri-

bution version 1 are stated as;

] e % where6,a,n, >0

Py = 0% | (6x)* 1 n(6x)B!
V=90 | T(a)  6r(p)
1
F(x)= G—H[e%c(ex) +nYg(ox)
n+ 6 —[0Y(0x) +nyz(6x)]
Stx) = Oé+n :
g2 [KE0*" | n(6x)~17 gy

() or(p)

h(x) = n+ 0k — [0kyq (6x) +nyg(6x)]

Proofs:

Probability density function.

f(x) = p1 *Gamma(a, 0) + pr x Gamma(f3,0)

0 [0%eOxal n [ Be—0xB-1
f(x)_9+n( () )+9+n )
_6? -(9)6)0"1 ng(Ox)P-1| o
i) = 6+n| T(a) o2r(B) |
2 [ a—1 B—1
thus the pdfisf(x)zein (Ql_‘x()a) n(GOI)‘C()ﬁ) ]e_ex ,where 6, 0,n, >0
Cumulative distribution function.
=02 [(ene !t n(ex)Bt] g,
FO= [ o5 | T T or@ |¢ ¢
_ 0% [ (et n(ex)fl]
F(x)_9+n/o T erp |©“
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2 o ()01 © n(Ox B-1
F(x) 0 /0 (6x) dx+/0 &dx] e %

“0+n b T(a) or(B)
_ 1 [0 = (0x)* 1 . no[=(Ox0)f1 .
SN _F(a)/o r° ed”ﬁ/o r ¢ edx]
F(x) = %Jrn[e?’a(ex) +nYs (6]
Ox X
where, 7,(0x) = F—a)/o (8x)* e %%dx = Y(ra(f))
Ox X
Survival function.
S(x)=1-F(x)

S(6) = 1= 5 (0% (6x) + 175 (0)

_ n+0—[07(0x) +nyp(6x)]
B 0+n

S(x)

Hazard function

n+6

(091 | on(0x) 1] gy
02 | G+ i e

n+6 —[07(0x) +nyg(6x)]

62 k(ex)a_l+"(9x)ﬁ_] e Ox
h(x) = [ N or(p) ]

 n+0k—[0kyq(6x) +nys(6x)]

h(x) =

This completes the proof.
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3.7 Four- Parameter Lindley Type 2.

Proposition 3.7.1. The Probability density function f{(x),the Cumulative density function
F(x),the Survival function S(x) and Hazard function h(x) of a Four-parameter Lindley distri-
bution version 2 are stated as;

flx) = kee—il k(?(ci:;‘l * (31{)(/;3_)1] ¢ where 0.k, >0 @
F(x) = #_H[ek’}/a(ﬂx) + 8 (6x)] (25)

(x) = 14 0k — [91;)?5—9;) + 15 (6x)] 26
by — e+ S| e ™ )

1+ 6k — [0kYa(6x) 4 5(6x)]
Proofs:
Probability density function.

f(x) = p1 *Gamma(c, 0) + py x Gamma(f3,0)

k6 O Oxya—1 1 OB = 0xy -1
f(x):k9+1( (a) >+k9+1< r(8) )
0% [kex)* ! e(ex)P ] .
T0 =657 | T T em(p)

_e? _k(Gx)“_l (6x)F-1
YTke+1| T(a) ' 6r(p)

] e 0% where 6.k, 0,3 >0

Cumulative distribution function.

= 02 [k(Ox)*!  (6x)B!]
o K0+1| T(a) ' 6r(B)

0 k(e (Bx)PT g,
F(x)_keﬂ/o T(a) | 6r(B) e dx

e 9%dx

F(x) =
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62 ™ k(@x)afl /oo (ex)ﬁfl P
Flx)= — At At x
)= to 1 /o o) 7 )y Ter(p)y ¢
L ek (o) e 1 ()Pt
™) =51 F(a)/o ¢ g )y e
F(x) = orr1 OkYe(0x) + VB ()]
Ox
. | —ex . Y(o,0x)
where; Yy (0x) () OC)/() (0x)% e dx = o)
I - (B, 6x)
0x :—/ Ox)P e 0%y = ’
w0 =rgy r(B)
Survival function.
S(x)=1-F(x)
1
Sx)=1- mwk?/a(ex) + 75 (6x)]
140k — [6kyy(6x) + 15(6x)]
S(x) = 0k + 1
Hazard function.
_/®
h(x) = ()
92 k(exa 1 —1
hx) = 1+9k[ T(a 92r ]e
- 1+9k[9k7a(9x)+7(9x)]
2 kex"‘l
() — 139k[ (r 92r ]e
(x) = 1+ 0k— [Qk}/a(ex)-l-}’ﬁ(ex)
1+0K
2 [k(6)*T | 0(60F~ '] oy
h()C)— 0 |: I'(a) 62T (B) ]e
1+ 6k — [0kYy(6x) + 15(6x)]
2 [k(6x)*~1 | (0x)P '] gy
M) = — “He ey )¢
14 6k — [0kye(6x) + 3(6x)]



3.8 Construction of Five Parameter Lindley Distribution,G5L.

3.8.1 Probability density function of G5L.

Proposition 3.8.1. The pdf of G5L is given as;

1 [keerixel agbPt]
Fo:0,00 ko) = pm e TRy | @ “

for, x>0,0 >0,a>0,8>0,k>,n>0, where k and n are not simultaneously zeros.

Proof:
Let f1(x) be a p.d.f of a gamma distribution with parameters (6,@) and f>(x) be a p.d.f of
another gamma distribution with parameters (6,5).

eaefexkafl
therefore, fi(x;0,0) = W;x >0,0,a>0
eﬁefex)tﬁfl
and fo(x;B,0)=———>——x>0,60,>0
I'(B)
Let w; = 0 = 1 —w; =
1= %0+n 1= %o+n

We can now obtain the p.d.f of G5L by finite mixture as follows;

f(X;O,OC,[)),k,n):wlfl(x;a,e)_i_(l_W1>f2(x;ﬁ76)
o, —0x.,.0—1 ﬁ _0x B_l
f(x:0,0,B,k,n) = ko (9 - >+ " (9 e X )

~ %0 1n I(a) kO +n I'(B)
| - 02 _k(ex)“_l n(0x)F-11 _ x
f(x:6,0,B,kn) = k6+n | T(a) 62T (B) ] 6
. B 92 _k(ex)a_l n(QX)ﬁ_l —0x
f(x’9>a>ﬁ7k’n)_k9—{—n I I'a) - oI (B) ]e 6
1 [keotixa=t  pehyf-11
F0:8,0,Bokom) = o= | =+ B ] 9




Figure 1. Pdf Shapes from four sets of Parameter values.

—— curve (0.8,0.8,0.6,1.8,1.8)

——  curve(3.8,1,10,0.02,2)

—— curve(2.8,1,0.6,0.02,3)
curve(1.5,3.5,0.5,3.1,0.9)

3.8.2 Cumulative distribution function.

Proposition 3.8.2. Cdf of is stated as;

1
F(x;0,a,B,k,n) = m[ekya(ex) +n}/ﬁ(6x)] (29)
Proof.
1 e [keotiya—1  ,eBB-1
F(x;0,a,B,kn) = / + —bxq
(66,005, kon) = om0 | " T(o) rp |© “
62 o -k(O)c)O‘*1 n(@x)ﬁfl 0
F(x;0 k,n) = *d
(X, 7a7B7 ,Vl) k0+n/o _ F((X) + GF(ﬁ) € X
1 [0% [~ 0%n [
Fl(x: — on oa—1 _—6x v B—1_—6x
(x;0, ¢, B,k,n) 0 Tn _F(a)/() (6x)% e dx+6F[3 A (6x)P e "dx
1 [ 6k [~ n [*
F(x:0 k.n) = = 0(0x)* e ax+ — [ 0(6x)P e g
(60.0.B ko) = o s [ 000 e ax s [ 0(0x)P e
1 [ 6k [x no[x
F(x:0.00.B.k.n) = B PP —/ 0(0x)P e 054
(330, B ) = 1o _W)/O (0 e "t g [ 0(00 e Pax

1
F(x;0,a,B,k,n)= m[@k}/a(ex)—i—n}/ﬁ(ex)] where, ;x>0,0 >0,a>0,>0,k>.n>0
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Figure 2. Cdf shapes from four sets of Parameter values.

curve (0.8,0.8,0.6,1.8,1.8)
curve(3.8,1,10,0.02,2)
curve(2.8,1,0.6,0.02,3)
curve(15,3.5,05,3.1,09)

T T T T T T
0 1 2 3 4 5

3.8.3 Survival function.

Proposition 3.8.3. The survival function of G5L is stated as;

Proof

S(x)

_nt 0k — [0kyy(6x) +nys(6x)]

S(x) Ok-+n
S(x)=1—F(x)
S() = 1 -~ [6kye(6x) +ny5(6)]

0k+n

_ n+ 0k —[0kya(6x) +nys(6x)]
N Ok+n

x>0,0>0,a>0,8>0k>0,n>0

Figure 3. Shapes of survival function with four sets of Parameter values.

curve (0.8,08,06,18,18)
curve(3.8,1,10,0.02,2)
curve(2.:8,1,06,002,3)
- curve(1535053109)

(30)
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3.8.4 Hazard function.

Proposition 3.8.4. The hazard function of G5L is stated as;

2 [k(6x)*~" | n(6x)P~'] _gx
0 [ M) T 6r(p) ]e

M) = ok~ [0k7a() -+ () @
Proof
iG]
h(x) = St
02 [k(6x)%~' | On(6x)B~1] _gx
hx) = i o
- n+9k[9k7a(9x)+”7ﬁ(9x)]
02 [k(6x)%' | 6n(6x)P~1] _py
hlx) — n+9k|: T(a) 02T(B) ]e
(x) = n+0k—[0kyy (6x)+nys(6x)]
n+0k
2 [k~ | 6n(6x)P '] _ox
hx) = 0 | MR+ "t
n+ 0k — [0kyy(6x) +nys(6x)]
g2 KO0~ ‘+n(GX)B*' o—0x
h(x) = [ L) op) ] ;x>0,a,8,0 >0and also k,n >0

n+ 0k — [0kYy(6x) +nys(6x)]

3.9 Properties of Five Parameter Lindley Distribution.

Moment generating function M, (z),the Mean E(x),Variance Var(x),Coefficient of variation
p,Skewness pi,Kurtosis p» and Mode xj are given by;

B ()] e

Proposition 3.9.1.

x(t 9k—|—n
oO0k+ PBn
Mean(X), i = ————
ean(X): 1= g6k +n) ¢
a?0%k> +4a0kn+ Bn?
Var(X) = 62(6k + )2 (34)
\/ M5 — uf I y2)3
Coefficient of variation, p = 2 T (b — )2 (35)

23] 25
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M3 —3upp + 27

Measure of skewness, p1 = o3 (36)
15 — ]2
"_aulu! +6u 7 _ 3 2
Measure of kurtosis, p» = H N3I~11/+ ‘2%1 i (37)
[ — 1]
r —1)68-2 i —a+1)0%7!
M@= 18P 2 kT O —a+es!

nl(ot)0B~1

Proofs.

3.9.1 Moment generating function.
My (t) = E[X'] :/ e f(x)dx
0

Mx(t):/o etx*Qk—}—n

62 k(0% )) 1™ ot (o-rgy MO 7 gt (o
Mx(t)—9k+n (o) /Ox e dx+W/0 xP e dx

kKO0 n (0Pt g
C(a) 6 T(B)

0= g [0 5) “en(1-5) ]
using identity, (1 —x)"¢ = ;(—l)r<_rd)xr
e (5) "B () )
and simmilarly, <1 - é)ﬁ = ;(—l)r(_rﬁ) (%)r

therefore, Mx (t) = ok n
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" non-central moments.

Using equation 13 we apply first and second order derivative and then substitute t=0 so

as to obtain the mean and variance respectively.

My(t) = le—i—n :ek (1_%)_a+”(1_%)_ﬁ]

M) = g [Faok (1= 5) T e (- 5)
o= g [T 0-5) 0]

M (t) = m {Ozek (1 —é>_(a+l)+ﬁn (1 B é)_(ﬁﬂ)]

when t=0, M), (0) = m [00k+ Bn]

Mi(0) = g =1

ML) = m [aek(a +1)(1- %)(a“)l +pn(p 1) (1-7) (B“)l]
when t-0, M{L(0) — m [0Ok(a+ 1)+ Bn(B + 1)]

MI(0) aek(aet(le);—f:)(ﬁ—l— D
when t=0, MY/ (0) = m [0Ok(t+ 1) (0t +2) + Br(B+1)(B+2)]

M (0) = abk(a+1)(ax+2)+pn(B+1)(a+2) y

03(0k+n)

_ abk(o+1)(a+2)(a+3)+pn(B+1)(a+2)(B+3)

simmilarly, MY (0)

04(0k +n)
3.9.2 Mean and Variance.
o6k+ Pn
Mean (X), i = ———
ean (X). 11 = grgk T n)
1 1 2
Var(X) = abk(a+1)+pn(+1) (abk+pn
02(0k+n) 0(0k+n)
2 2k2 4 k 2
Var(X) = a“0°k=+4abkn+ Bn

02(0k+n)>

0

=



i'" central moments.

The i central moments U; can be obtained from the 7" non-central moments as follows;
Wi = M where;

x is a random variable.

X is the mean.

N is the total number of random variables.

i is the central moment. Now let x = a + cu = X = a+ cit where a is an assumed mean

and c is a constant.

Y f(x—X) _ Y fla+cu—a+ci)

Mi = N N
X feu—ca)
Y fu — A i — ')
therefore, p1; = ¢' [Z]Cu — zuZ}]\‘]u +(i— r)zii]

letc=1,a=0andi=nx.

o[BI ]

wi =} — il + (=) ()’
d I i—r i—r
hence, = ¥ (1) (1))

r—0 \"

: 1 1-1 1-1,,/
WmﬁﬂZLMZZ(JFUW)Ah
r=1

., abk+np
but, 1 =11 = 50 o

2 /2
fori:2, r=1,2 Uy = Z (r) (_I)Z—r(‘u)Z—r‘u;

r=1

= (e (o) e (e (Gosan)

o (abk+pBny

therefore, [y = I/lé — (.U{)z



This implies that y, = Variance(X).

3
simmilarly fori=3;r=1,2,3. u3= Z (i) (_1)3—r(“)3—ru;

r=1
3 . - 3 - - 3 - -
M= (1>(—1)3 (i)’ lu{+(2>(—1>3 ? ()’ 2#&*(3>(_1>3 w7
Ha =2 ()" =3 (ah) h + b4
Re-arrange, U3 = uj—3ujpy +2 (“1)3
Ha = pty — Al + 6 —3 (uf)?

Other Moment related measures.

3.9.3 Coefficient of variation.

P H_{ a Hi Hi
3.9.4 Measure of skewness.
E[A—pu)?
o= EBs
B M 3ppu +2up
p1= w3 / 1213
(02)2 [“2 — Ml ]2

3.9.5 Measure of kurtosis.

_Ep—p)*  Ep—p]t
pr=""0a = (022
_ Ma A+ 6o - 3pp
u3 w5 — piP?

p2



3.9.6 Mode of G5L.

2 [rpo—1,0-1 By B-1
o= O [KOT et 6P ]e—ex

T oktn | T(a) T2 (p)
L 02 [ (ke xe N o (nePP1Y
709~ g e (v ) +d_<er—() e

0 k6*~! d o—1_—06x neﬁ ixﬁ—le—ex]

T 0ktn | T(a) dax ¢ Ter(p) dx
2

f'(x)

let A1 —yandv=¢% =4/ = (a—1)x%"

" d xoc—l ((X—l)xa_zeex—xa_leeex
ence, — =
dx (eex)z
((OC _ 1)xa—2 _ Gxa_l)eex
- 226
6>  ko*!
sk
Ok+n TI'(a)

e@x

((e—=1)x*2—0x* e ) =0

92 keafl
*
0k+n TI'(a)
62 ) noh
0k+n 620(B)
62 <k(0¢—1)x“20“1—k9“x“1 n(ﬁ—1)xﬁ20ﬁ2—neﬁ1xl31) ey

e =

((((X i 1)xa—2 . exa—l)e—ex)+

(B—1)xP2 —gxP~1)e 0¥y =0

simmilarly,

0k +1 T(a) + (B)

(k(a —1)x%29%! N n(B— 1)xﬁ29ﬁ2> or_ (kxo‘xo‘l . n9ﬁ1Xﬁ1> o
I'(a) () I'(a) ()

KC(B)(0— 1)x*~20% 1 4-nT(a) (B — 1)xP=20P=2  kT(B)x*10% +nl'(ar)xP~10P~!
I(a)[(B) - T(o)T(B)

KD(B) (= 1)x* 20"+ nl(a) (B — 1)xP20P 2 = kT(B)x* 0% + nI(a)xP ~' 6P !
nl(a) (B —1)xP 26872 = kT (B)x*20% 1 (6x — (¢t — 1)) +n[(a)xP~16B~!

nr(a)xﬁ—leﬁ—l_|_k1—~(’3)x(x—2605—1(6x_a+1))_n1—w(a)<ﬁ_1>xﬁ—26ﬁ—2:o
2 [D(e) (B~ 1082 ~kT(B)(6 — ac + 1)
2nL ()01

X0 =

B B—2 . o—1
xo:nr(a)(ﬁ 1)6 kr(ﬁ)(e a+1)0 ;x>0,a,ﬁ,9>0,k7”20
n(o)9B~—1
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4.1

4.2

EXCESS LOSS AND EQUILIBRIUM DISTRIBUTION
OF G5L.

Introduction.

In this chapter we shall construct pdf of Excess loss,Mean excess loss(MRL),Equilibrium
distribution,Survival function and Hazard function of equilibrium of G5L.Thereafter,we
prove the relationship between MRL and Hazard function of equilibrium distribution.

Excess loss function.

4.2.1 Probability distribution function.

Proposition 4.2.1. The pdf of excess loss function is given as;

|:kF9(O;;)1 <9xa71+(a_l)xa*2)+nr9(l;*)2 <9xﬁfl_j’_(ﬁ_1)xﬁ*2>i|efﬂx

= 39
8(x) nt Ok — [0kYe(6x) + 5 (6) (39
,where 0, a,B,k,n> 0.
Proof.
Excess loss function also known as residual lifetime is obtained by;
glx) = I f(( )) , where [° f(¢)dt is the infinite sums of excess random variables given that

an item has survived beyond a given value within specified time and S(x) is our survival

function.

_nt 0k — [0kYe (6x) +nys(6x)]

Ok+n
= = 02 |k(0n)* ! n(6n)Pl|
/xf(’)d" L Bktn| T ergy |¢ ¢
9t°‘1 n(0)F17 g
g(x>:"+9'<f o K
1— o2 [Bkya(ex) +nyp(6x)]
910” n(0nf~'11 6
(x)_n+9kf [ 91"([3)}6 dt
o n+0k— [kaa(ex)JrnyB(Gx)]
Ok+n
2 oo [K(6N' | n(60)P1] g

n+ 0k — [0kya (6x) +nyg(6x)]
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9l)a_1

<k
Consider the integral; 92/ ( e 9dt
» (o)

I'(e)
B kO 7 0x% (o — Dx% 2\ g,
T T(@) ( 02 ) 9
a—1
:kl?(a) (exa—1+(a_1)xa—2) —6x
= 111(9;) /xootﬁ_]e_etdt
_ n6P <9xﬁ_1—|—([3—1)xﬁ_2> ox
I'(B) 6
B nobh—2

(9)613—1 +(B— 1)xﬁ_2> e

()
) —kre(og)l (Gxa_l +(ax— l)xa_z) e 0 4 "19(%32 <9xﬁ_1 +(B— 1)xﬁ_2> e 0
B = n+ 0k — [0y (6x) +nys(6x)]

[klg(og)l (Gxo‘_l + (o — 1)x°‘_2) + ”19(13137)2 (Oxﬁ_l +(B— l)xﬁ_z)} e O

g(x) = n+ 0k — [0kYe (6x) +nys (6x)]

4.2.2 Mean Residual lifetime.

The Mean Residual Lifetime of G5L is stated as;

Proposition 4.2.2.

_ Ok (ot +1)(6x) + Bnl(B +1)(6x) .

") = "G (0t 0k~ [0k7a(04) + 75 (6] (40

,where 0, a,B,k,n> 0.
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Proof
Jo tf(1)

m(x) = Wdt—xa ;x>0
62 oo [KON)* | n(0nF'T _px
m(x) = 7% Jx t[ T(a) oT(B) }e dt
o n+60k—[0kyo (6x)-+nyg(6x)]
Ok+n
2 oo [K(ON* " | (0P g
n+ 0k — [0kYy(6x) +nyg(6x)]
0 9OU—140,—01 n@fx‘”eﬁfllﬁ Y
) Ok [ 08 ite gy 4 ML B om0ty
n+ 0k — [0kYy(6x) +nyg(04)]

m(x) = 00k (0+1)(6x) + BnOL(B +1)(6x)
(n+ 0k — [0k (6x) + nyp (6x)])

—X

—X

() = 2OKL(@+ 1)(0x) + Bl (B +1)(6x)
= 0(n—|— 0k — [Gk'}’a(el) —HlYg(Gx)])

MRL satisfies the following conditions;

3. J57 ()]~ dx = oo

4. m(0) = uj = §AH

4.3 Equilibrium distribution of G5L.

The equilibrium distribution f,(x),Survival function of equilibrium distribution S, (x) and
Hazard function of equilibrium distribution A, (x) is given as;

Proposition 4.3.1.

_nt 0k — [0kyy (6x) +nys(6x)]

fe(x) o0k + Bn 1)
a0k (a+1)(6x)+ 6nBT(B +1)(6x)

Se(x) = aBk+ Bn - “2
B n+ 0k — [0kYy(6x) +nys(6x)]

he(X) = oI (@5 1)(0x) + 6nBT(B 1 1)(0x) —x 43)

,where 0, a,B,k,n> 0.
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Proofs.
(n+8k—[6kYe (6x)+ny5(6)])

) = gy = abkem
0(0k+n)
thus fo(x) = "5 [G;gz(f;); nyp (6x)]
“S(t)d
50 =y

but, /wS(t;B,a,B,k,n)dt:/wldt—{le (Gk’ya(et)—i-n’yﬁ(et))} di

_/ la’t—/x { (ekya(et)+nyﬁ(9z))] di

:_x+/ ——ya (61) dt+/ W—Yﬁ(f)l)
ot 0k+ ol (o + 1)(9x)+wﬁf(ﬁ +1)(6x)
=Xt ot — @Bk (o +1)(6x) +nBT (S +1)(6x)]
- [aekr(a +1)(6x) +nBL(B +1)(6x)]
now, S (x) = abk+pn —
0(0k+n)
() = Q100K (o + 1)(6x) +nBT (B +1)(6)] _
eX) = abk+ Bn g
S.() = a6k (0r+1)(6x) + 6nBL(B+1)(6x)
o) = o0k+ PBn
. ) ) n+9kf[el;72{k(iz)n+nm(9x)]
and e Se(x)  00%(0+1)(6x)+0nBL(B+1)(0x) _
00k+Pn

n+ 0k — [0kyy(6x) +nys(6x)]

1e() = Q6T (o 1)(6) + 0BT (B + 1)(6) —x
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4.3.1 Relationship between equilibrium of Survival function and equilibrium

of Hazard function.

Se(t) = 1—F,(t) ,where F,(t) represents the Cdf of equilibrium distribution.

5.0) =~ £.(0)

- 250 = £(0)
() = 50 = S0
()= 440 = 5.7 550

work reversely by introducing logarithm; = h,(t) = —ElogSe(t)
he(t)dt = —dlogS.(t)

Integrate both sides of equation;/ he(t)dt = —/ dlogS,(t)dt
OX OX
/he(t)dt:—/ log S.(t)dt
0 0
X
| hete)dr = ~[10gs.(6) ~1ogss.(0)
X
/ he(t)di = —[log S, () —log 1]
0
X
/ he(£)dt = —10g.S,(7)
0
X
_ / ho(1)dt = log S, (1)
0

Introducing exponent on both sides of equation; ¢~ /0 ()4 — glozSe(?)
e Johedt — g (1)
= S,(t) = e Jo he(t)dt

similarly; = S,(t) = S¢(0)e ™ Jo et
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4.3.2 Relationship between equilibrium of Survival function and equilibrium
of Mean Residual Lifetime.

= So(t) = ¢ Johe0)d

Expectation of equilibrium distribution=Equilibrium of Mean Residual Lifetime.
i.e.E(X) = (me(x))

me(x) = ) li—fig));dy

x 1 X

when x > 0 ; equilibrium mean residual lifetime m,(0) becomes;

me(0) = [ =Ry = ["s.0dy= [ S0dx=E)

Therefore;

but from h,(t) = g‘;g% and also he(t) = —

E (X)) _ x_dt
Se(x) = me((x))e 0 me(@
e
0) _x da_
Se(x) = me—()e 0 me(?) (44)



5 ESTIMATION AND APPLICATION.

5.1 Introduction.

G5L has five parameters to be estimated; (0, @, B,k,n).In this chapter we shall estimate
these parameters by MoM and MLE methods.

5.1.1 Estimation.

Method of moment.

With reference to the first two moments about origin we have;

o aek(a+l)+ﬁn(ﬁ+l)*(9(n+9k))2
Coup 62(n+ 6k) abk+PBn

[8k(0t+ 1)+ Bn(B +1)](6k+n)
(abk+ Bn)?
= abk(o+ 1)+ Bn(B +1)](6k+n) = p(abk+ Bn)?
hence, a(a + 1)n(0k) + a(a+1)(0k)*> + Br*(B + 1)+ Bn(B+1)0k =
= pa*(0k) +2pabkBn+ p(Bn)*
{a® + o —pa?} (0k)*+{(a*+ a)n+Bn(B+1) —2pafn} 0k+Bn*((B+1)—pB) =0
let Ok = b

{a®+a—pa*}b* + {(a* + a)n+ Bn(B+1} —2pafn)b+ Br*((B+1)—pB) =0



The value of b is obtained by solving the quadratic equation.
Replace population mean with sample mean and parameters with their estimates;

00k+ PBn

=1
I
|
>
>

where,

X is sample mean of G5L.

X1 is sample mean of Gamma(c, 6).
X3 is sample mean of Gamma(f3, 0).

since b = élAc, then

Y
I
N N
=2}
|
D>
=1

9x—oc> i
é__ A
a= |22
B— bz
similarly, k = ’}(BA_B)AC)
0(6x— &)
s (0x— )b+ ibx
p= -
n
b b6 (05— &)
A(B — 6x)
%6 (i +b) —Af
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Alternatively,

/\b AA
i= < +7p (45)
b(7+b)
~ (eb+aB\ 1
0—( P> *X (46)
. b b¥(A+b
= b bHath) )
6 ab+ap
2—_AAA
&:bnx—kbe ipk (45)
kb
t0(i+Db)— ab
ﬁ:x (n+A) a (49)
p
s XO(A+b)—ab
B = ( ﬁ) (50)

Maximum Likelihood Method.

In this section,we consider the method of likelihood to estimate five parameters and use
them to come up with confidence intervals for the unknown parameters.Let X1,X5 -+, X,
be of a sample size m from FPLD.The Likelihood function is given as;

Likelihood function; I = T f(6, e, B,k,n/x;)
j=1
( 1 )m m kOO Bl

—0x;
Ok 1 n JH] @) 1@ |°

1 M oem L T e )
= <9k+n) e 0L (T (ax)T(B)] Jl—ll _kr(ﬁw +1xj ]+nT(a)6ﬁxf 1]

The log-likelihood function;L = Inl
m
hence, L = —mln(0k+n)—6 Z xj—minI'(a) —minI'(B)
j=1

+ Zl[kr(ﬁ)eaﬂx;?‘—l +nl(a)0Pxl 7]
Jj=

L mk | k(o 1)D(B)0%S ™" + npI(o)0F 1!

- = _ xi+
A = ,:21 KD(B)6+1x% ! 4 nI(cr) 98!

=0 (51)
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now we divide each term by sample size,m and solve as follows;

1 i k1o | ko DI(B)8%% ! +nBr(a)6f~1xf !
m = / n+ 0k m = kr‘([})eaﬂx;?‘_l+nF(a)9ﬁx§3_l
_ 1Bl
x:li k(ot+ 1)T(B)0%% !+ nBI(0r) 6P ~1x” ok
m ;D kF(ﬁ)QO‘Jle?‘_] +nF(a)95x§3_l n+ 0k
_ aBk+np
h —
whnerex 9(9k—|—n>
n+ 0k = mk —~
k(o+1)1(B) 6% +npT (a) 08147 B
a—1 B—1 +mx
kD(B)O1x¥~ 4l (o) 6P
6 e i

1
k k(a+1)r(ﬁ)eax;?*‘+nﬁr(a)9ﬁ*1xf*‘ _
KT(B)6%+1x%~ 4T (cr) 0B~ "

and with reference to method of moments, a quadratic equation was obtained where

b=0k=60=2_

A~ 1 mk
0= — — —n
k| [k(o+1)(B)0%x% ' +nBT(cr) 0B~ _
KT(B)0+ x4l (cr) 0B mx
mk
=b= — —n
k(o+1)T(B) 6% +npT ()0~ 1x7 _
o—1 B—1 +mx
K(B)OH1 x4 +nl (o) 6P
~ 0k A
hence, E(0) = E (7 = 0 ,therefore 0 is Unbiased Estimator of 6.
dL _ —mnl'(a) i KL(B)0%+1 1%~ log(6x;) + I () 9P ! _0 2
da  Wnl(a) & KD (B +1x% ! 4 nI” () P!
m | KT(B)0%H X% og(6x;) +nI” (a) 0P P!
= —ml//(OC) + Z 4 a—1 B—1 / =0
=1 KD(B)6*+1x¢ ™! 4 nl (o) 0P
dL m (KT (B)O% x4 (o) 0822~ log(6x;)
S=—my(B)+ Y =0 6

=—m
dp = KD(B)6%+1x%~! 4 nl () B!



L -mo ¥ L(B)o™+ixs!

al _ n 5| = 0 (54)
dk n+0k = | kD(B)0* XY 4l (o) 0P,

b _ _—m .y F(a)eﬁxf_l =0 55
dn nt 0k & N )

=1 | KD(B)O+ x4 T (00) 0B

~—

w@=%MM=%%

The above five equations are solved using non-linear optimization algorithms such as

,W(a) is a dia-gamma function.

quasi-Newton algorithms to numerically maximize log-likelihood functions.

To estimate parameter intervals and test the Hypothesis we require Fisher Information
matrix (I) to solve the above five equations iteratively. The standard errors and asymptotic
confidence intervals are obtained by use of large sample approximation (n — o) ,where ML
estimates are taken to approximate tri-variate normal with zero means and variance-co
variance matrix as I~ .

Fisher Information matrix based on a single observation is stated as;

2

1(6) = [;j(0)] =E {ae,gej lnf(X,G)} .

Therefore,
—02L —9*L —9°’L —9’L 9L
002 d0da JdOIB J0dk JOIn
—92L —9’L 9L 9L 9J’L
doda  Jda? JdadBf Jdadk Jdodn
J—E| =92L =9’L -J’L —J’L L
2008 JadB 9Bp2  IPok IPon
—92L —9*L 9L —9°L —9%L
000k  Jdoadk  JPIk ok? dkon
—92L —9’L —9°L —9°L —9’L
d0dn  dadn JBdn  Indk on?

Hence as m — oo,the asymptotic distribution of the MLE is given by,

6 o (i In - Iis

a o| | b by - bs

B|~N||B||h B - Ls|| where (l;=1;/6=6)
k k|| I - Ls

7] | n] \Is1 Is2 - Iss) |
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2L 2L L PL L

Iy Ly - Iis 902 J00a 9008 960k d6an
A L L 9L 9°L L
21 122 25 d0do.  Jda? JadB Jdadk Jdadn
_ 9°L 9°L 9L 9°L 9°L
andalso, | I3y Iy -+ DIs | = | 7608 a0 op 9Bok 9Bon
9L 9L 9L 9L 9L
In o - lss 300k Jadk JBIk ok Ikon
9L 9L 9L 9L 9L
Iy Isy o Iss 900n Jdadn JPon  Indk  on?
where,
9’L 9 (dL
ok2  dk \ dk
9L 9 (JL\ 9 (JL
okdn dk\on/) on\Jk
Ly Ly -+ L5
by by -+ Dbs
with, "' =—E | | Iy By - bs
Iyy Iy -+ Iys
| \51 L2 -+ Iss) |
L PL me___ ¢ oo+ DAT(B)O* A4~ + B(B — 1)nI(cr) 9P 24P~
1= = -
202 (n+6k? o KD(B)O* 1A% 4 nl(0)0BAS ™!

m ((oc-i—l)kl“(ﬁ)eo‘lx;?‘1+n[3r(a)9ﬁ2x€—1)2

2
= (kr(B)oe 139! +nD ()02 ")
L m i oo+ DAT(B)OHx9 + B(B — 1)nT(a) 88D~
062 (n+6k)? =1 62 <kr(ﬁ)9a+1x§xﬂ —i—nl“(a)@ﬁxf_])

((a+ 1)kT(B)6*H 20! +n5r(a)eﬁx§—l>2

- L 5 (56)

j= 2 1.0—1 B—1

= 02 (kT(B)eo et ar (o) 0P )
P ‘(o) + i(M~+N-) her 57
=527 my & i+Nj),where (57)
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kO TIT(B)(In6)%x% " +2k0%T'T(B) In(6)x% " In(x;) + AT (B)8* ™ (Inx;)2x s~
KD(B)6+1x%~! 4 nI(cr) 9B~
ny (o) ()08 + n(y/ (@)D () 0P !
_I_
KT(B)6%+1x% ! 4 nI(cr) 9B~

M;=

(k6 1T(B)(1n0)x%~" + k6T (B)x? " In(x;) + nT ()P wer)l) - 1)
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Application.

In this section we shall use a real data set to show that G5L distribution can be a better
model than the Lindley distribution.The data set given in table 1 consist of uncensored
data corresponding to the breaking stress of carbon fibers(in Gba) of random sample size
66 initially reported by Nichols and Padgett.

Table1:Uncensored data of Stress on Carbon fibers(in Gba).
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Table2:Summary of data-set.
Units | Min | 1st Qu | Median | Mean | 3rd Qu | Max | Var

66 | 0.390 | 2.178 2.835 2.760 | 3.278 | 4900 | 0.794

AIC,AICC,BIC and K-S Tests.

In order to compare the two distribution models,we shall consider criteria like:-2LL,AIC(Akaike
Information Criterion),AICC(Corrected Akaike Information Criterion),BIC(Bayesian Infor-
mation Criterion) and K-S( Kolmogorov-Smirnov test) for the data.The best distribution
corresponds to smallest AIC,-2LL, AICC,BIC and K-S.AIC act as a guard against over-
fitting;the more the number of parameters you fit the more the penalty is imposed.

AIC =2q—(—2LL) =2q+2LL

29(q+1)
m—q—1
BIC = glog(m)+2LL

K =58 = sup|Fn(x) - F (x)

AICC =AIC +

where F,(x) = %Z;n:ﬂx,gx is empirical distribution function,F (x) is cumulative distribu-
tion function,q is the number of parameters in the statistical model,m is sample size and
LL is the maximized value of the Log-likelihood function under considered model.
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Table3:MLEs,measure of -LL and AIC under considered models based on our data.

Mode Parameter Estimated -LL AIC
Lindley 6 =0.590188 122387 | 246.774
G2L(version 1) 6 = 0.722999 112.1951 | 228.3902
i =98.555751
G3L(version 2) 6 =2.788 91.107 | 188.215
& =7.412
B = 8.485
G5L 6 =5.2241 85.864 | 181.393
& =6.1834
B = 15.2660
k = 0.0000425
A=0.021

Table4:MLEs,measure of -2LL, AIC,AICC,BIC and K-S of models based on data.

Mode -2LL AIC AICC BIC K-S
Lindley 244.774 | 246.768 | 246.830 | 248.957 | 0.282
G3L(version 2) | 182.214 | 188.215 | 188.602 | 194.784 | 0.117
G5L 171.728 | 181.393 | 182.393 | 192.341 | 0.061
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Log-Likelihood Ratio Test (LR).

Using R-software we can compute the maximum unrestricted and restricted Log-likelihood
functions to construct Likelihood ratio(LR) test statistics for testing and comparing sub-
models with G5L.

For instance,we can use the LR test statistics to check if G5L for a sampled data set is
statistically superior to Lindley distribution.

Let our LR test statistic for null (Hp) against alternative(H;) hypothesis be;
e =2(1(¢;1) —(do; 1)) ,where ¢ and ¢y are MLEs under H; and Hy respectively.

The € is asymptotically (as m — oo) distributed as xg,where p is the length of parameter
vector ¢ of interest.

We reject Hy iff € > X;N ,where inN denotes the upper 100% quantile of the xl% distribu-
tion.
The LR test statistic for testing the hypothesis:

1. Hy:a=k=n=1,B =2 (a,B,k,n are not significant in the model.)
H :oa#1,k#1,n#1,B8#2(a,p,k,n are significant in the model.)

2. Level of significance X = 0.05 i.e. the 95" percentile of Xq—1 variable.

3. Test statistic, C = (—2LLgsy) — (—2LLrp)
= 244774 — 171.728 =73.04.

4. Tabulated value,T = %5*13? = )(52,0‘05 = 9.487729.
5. Result;73.04 > 9.487729 = C > T at X-level of significance.

6. Decision;We reject Hy (Null hypothesis) and conclude that the additional parameters
o, B,k and n are significant to the model.



59

Density Shapes & Modeling.
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Figure 4. Density shapes fitted on Lifetime data.

Discussion of Results.

Results from table 4 ,proves that G5L is a strong competitor to LD in fitting our data. Fig
4. presents Pdf of G5L,G3L,G2L and LD with best parameter values and also distribution
of our data in terms of Histogram.

The fitted density for G5L(red) model is closest to the empirical histogram (of our data)
than the shapes of G3L (blue curve),G2L (black) and Lindley (green).G5L proves to be
the most extensive and flexible model compared to other generalizations of Lindley.
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CONCLUSION.

We have constructed G5L by finite mixture of two gamma distributions.It provided larger
flexibility in modeling our lifetime data.Mathematical and Statistical properties studied
included; pdf,cdf and hazard rate function.Other properties included;moments and mo-
ment generating functions.Parameters were estimated by method of moments,maximum
likelihood and best shapes drawn(Fig:4).G5L could accommodate our data compared to
G3L,G2L and Lindley.
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