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Abstract

Mixed Poisson distributions have been used in scientific fields for modelling non-homogenous
populations, (Karlis and xekalaki, 2005)..

For example, in acturial applications, mixed Poisson distributions are used for modeling
total claims in insurance.

In this work, the concentration is mainly on the estimation of the parameters of Poisson-
Lindley distribution using EM Algorithm which was first introduced by Dempster (1977).
One-parameter, two-parameter and three-parameter Lindley distributions are compounded
by the Poisson distribution to form the Poisson-Lindley distributions and then the param-
eters estimated.

In order to carry out the EM Algorithm successfully, the posterior distribution is applied
and the posterior expectation calculated.

Various properties of each distribution are determined, for example, the " moment, the
cumulative distribution function (cdf), the moment generating function (mgf), the prob-
ability generating function (mgf) and the characteristic function.
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1.1

1.2

General Introduction

Background Information

Probability distribution can be constructed by combining two or more distributions to
obtain a new distribution called called a mixture.

There are three types of mixtures namely; finite mixtures, continous mixtures and discrete
mixtures.

Lindley distribution is an example of a finite mixture of two gamma distributions.

It was first introduced by D.V Lindley (1958) in the context of Bayesian analysis as a
counter example of fiducial statistics.

The Lindley distribution has been used in the modelling and analyzing of lifetime data
that are crucial in many applied sciences including medicine, engineering, insurance and
finance.

The introduction of Poisson-Lindley distribution was as a result of comparing the Poisson
distribution with the Poisson-Lindley distribution to see the most preferable.

This was achieved by Shanker and Fesshaye, (2015) who fitted some data sets in ecology
and genetics to the two distributions and they found that Poisson-Lindley distribution is
more flexible for analyzing different types of count data than Poisson distribution.

The EM Algorithm was first introduced by Dempster (1977) to obtain the MLEs of incom-
plete data.

Mclachlan (2004) states that the EM Algorithm is n applicable approach in the iterative
computation of maximum likelihood estimates which is useful in a variety of incomplete
data.

Mclachlan (2004) explains that the EM Algorithm is simply a generic method for com-
puting the MLE of an incomplete data by formulating an associated complete data and
exploiting the simplicity of the MLE of the latter to compute the MLE of the former.

Research Problem

Karlis(2005), discussed the EM Algorithm for mixed Poisson and other discrete distribu-
tions and he considered the Poisson-Lindley distribution using the posterior expectation
which was first introduced by Sapatinas (1995).

However, he did not show how we obtain the posterior expectation of the Poisson-Lindley
distribution and how he arrived at the final solution.

The problem is one would like to know how he came up with the final solution.
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1.4

This project reconstructs the Poisson-Lindley distribution, that is, one parameter, two
parameter and three parameter Poisson-Lindley distributions and then estimate the pa-
rameters of the distributions using the EM Algorithm method where the posterior distri-
bution and the posterior expectation is applied.

Objectives

The main objective of this study is to estimate the parameters of Poisson-Lindley distri-
bution with the help of the posterior distribution and the posterior expectation.

The specific objectives are:

1. To estimate the parameter of one-parameter Poisson-Lindley distribution using the
EM Algorithm method.

2. Using the EM Algorithm method to estimate the parameters of two-parameter Poisson-
Lindley distribution.

3. Estimating the parameters of three-parameter Poisson-Lindley distribution using the
EM Algorithm method.

Methodology

The method used for the estimation of the parameters is the EM Algorithm method which
is described below.

Expectation-Maximization Algorithm method

EM Algorithm method was first introduced by Dempster et al. (1977) to obtain the max-
imum likelihood estimates for an incomplete data.

Assume that the true data are made of an observed part X and unobserved part A.

This then ensures that the log likelihood function of the complete data (x;,4;) for i =
1,2,3,...,n factorizes into two parts (Kostas 2007).

This then implies that the joint density function of X and A is given by:

fA) = f(x/A)g(A)
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The likelihood function is:

L=T]/(/2)s(h)

1

s |

n

fxi/Ai) ] ()

1 i=1

i

cdog L= long(x,-/li) +logHg(7Lz)
1 J

N

ZogfxzﬁL Zlogg )

i=1

Let )
=Y log f(xi/A)
i=1

and (1)
L= logg(k)
=1

For optimization, /; is differentiated with respect to parameters in the function f(x;/A;);
then equated to zero.

Similarly, I, is differentiated with respect to the parameters in g(4;) and then equated to
zero.

Literature Review

Etimating the parameters of a mixing distribution was first introduced by Pearson (1984)
who estimated the parameters of the mixture of two normal densities.

Poisson-Lindley distribution was first introduced by Sankaran (1970) who introduced the
one-parameter discrete Poisson-Lindley distribution by mixing Poisson distribution with
the Lindley distribution.

Although there are upto five parameters Lindley distribution, Poisson-Lindley distribu-
tion have only been introduced upto three-parameter Poisson-Lindley distribution which
include Poisson-Lindley (Sankaran 1970), Poisson Quasi-Lindley (Shanker and Mishra,
2013), another two parameter Poisson-Lindley (Shanker and Mishra, 2013), thre-parametr
Poisson-Lindley (Kishore et. al, 2018).

Under estimation, EM Algorithm is used to obtain the estimates of the parameters.

EM Algorithm have not been considered in most of the articles as a way of estimating
the parameters.

More concentration have been on the method of moments and the maximum likelihood
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estimation as a way of estimating the parameters of a distribution.

Karlis (2005) was the first to use EM Algorithm method to estimate the parameters of
mixed Poisson and other discrete distributions.

Shanker and Fesshaye (2015) used the method of moments and the maximum likelihood
estimation method to estimate the parameter of one-parameter Poisson-Lindley distri-
bution.

Shanker and Mishra (2015) used the method of moments and the maximum likelihood
estimation method to estimate the parameters of a Poisson Quasi-Lindley distribution.
Kishore et. al (2018) introduced a new three-parameter Poisson-Lindley distribution and
used the method of moments and the maximum likelihood estimation method in esti-
mating the parameters of the distribution.

Significance of the study

Mixture models have a wide variety of applications in statistics.

The number of applications have increased in the recent years mainly because of the
availability of high speed computer resources which have removed any obstacles to apply
such methods.

"Thus mixture models have found applications in fields as diverse as data modelling, dis-
criminant analysis, cluster analysis, outlier-robustness studies, ANOVA models, kernel
density estimation, latent structure models, empirical Bayes estimation, Bayesian statis-
tics, random variable generation, approximation of the distribution of some statistic and
others." (Karlis and Xekalaki, 2005).

Therefore, Poisson mixtures have also a variety of applications in statistical science since
its an example of ixture models.

In this work, our main concern is on the applications of Poisson-Lindley distributions.
Poisson-Lindley distribution was first introduced by Sankaran(1970) to model count data.
In Ecology, Poisson-Linldey distribution has been used as an important tool for modelling
count data to analyse the relationship between organisms and their environment.(Shanker
nad Fesshaye, 2015)

In Genetics, which is a branch of biological science that deals with heredity and variation,
Poisson-Lindley distribution has been considered as an important tool for modelling the
genetics data.

In acturial science, Sankaran (1970) applied the Poisson-Lindley distribution to errors and
accidents.

Ghitany (2009) applied the Poisson-Lindley distribution to determine service rate (how
long a customer waits on the queue at the bank).
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2.2

Poisson-One Parameter Lindley Distribution

Introduction

In this section, we will discuss the one-parameter Poisson-Lindley distribution. We will
show the distribution is obtained by constructing the distribution. We will also obtain the
posterior distribution and hence the posterior expectation which will aid in the estimation
of the parameter using the EM Algorithm. We will then determine the properties which
in our case is the 7 moment about the origin. Lastly, we will then estimate the parameter

of the distribution using the EM Algorithm method.

Construction

The pdf of a one parameter Lindley distribution is given by:

0 ~20 4 _o.
g(A) = 9+1(7L+1)e ,A>0;0>0

The pdf of a poisson distribution is given by:

e A

flsA) = x=1,2,3, ..

The pdf of the mixed poisson-lindley distribution is given by:

ooe—l X
0= [

x!
_ 6%(0+2+x)
10 =gy

x=0,1,2,...,650

()

@3)

@



Proof.

o ,—Ax 2
f(x):/o A O b 1)er0an

x! 6+1
Flx) = x!(g;il) /0 T+ DATe MO g
9 = gt [ e r 0 2oy gy
A,
=1 3 D /Om[’ljl et ged”l]dl
Puty = 92
> A=Zidh %
Therefore,
- [
Flo) = (¢(q—>)§)2 Lot ;iffjff D F(;c;!l)]
1= i
ro =0t
10 = o et
flx) = °(6+2+x) 0,1,2,...;6>0

(1+6)p+3 7
(Sankaran 1970)

2.3 Posterior Distribution

The pdf of a posterior distribution is defined as follows;

) = L) ~Le2) 10

5)
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The posterior mean is;
E(A/X) =
E(A/X) =

E(A/X) =
T herefore,

E(A/X) =

Properties

2.4.1 The r'" moment

The r'" moment about of the one-parameter Poisson-Lindley distribution is given by;

py=E[E(x"/1)]

where

X' =x(x—1)(x—2)...(x—r+1)

Jo Af(x/A)g(A)dA
Jo fx/A)g(A) A
fO Ae” l/l" 0> (l—i-l) —26 49

s eii( +A)eH0dA
Jo e A (1+L)e A0 dA
Jo e 2 Ax(1+L)e10d2

Jo Al (14 2)e 20 )
Joe e A (1+A)e A0 dA
[(x+2) + [(x43)

_(01)xt2 T (41)%=3
I'(x41) + [(x+2)

(9+1)x+] (+])x+2
(x+1)I(x+1) + (x+2) (x+1)I(x+1)
(6+1)¥+2 (6+1)*+>

[(x+1) + (x+ 1) (x+1)
(041)x+! (6+1)x+2
x+1 + (x42)(x+1)
_ ot [

L+ 55

x+1D)(O0+1)+ (x+2)(x+1)

(6+1)2+(0+1)(x+1)
x+1)(0+1+x+2)

6+ 1)(6+1+x+1)
x+1)(x+3+6)
0+1)(x+2+6)

AA/—\

_
- (
_
- (

—~

(6)
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From
o p—A3x p2
ok ar(1+24)e*0dn

we have
o o0 ef/lkx 92

! __ r —A
u,_/o[x;)x g1+ A)e

(7)

_ ) fl)Lxr 92 Y
= | Wl (A 0

Subsitituting (x+r) with x, we have;

oo oo —)L x 2
w2 X5 2 (14 e Man

Since the expression in the bracket is a unity function, that is, is equivalent to 1, we have,

ul = /k (14+24)e *0da

9+1
/ Ale _ledl—b—/ lr—&—l —ledl]

9 +1
2 (®)
6 [F(r+1) (r+2)]
T o411t ertl or+2
_ri(@+r+1)
o 07(0+1)
Estimation
2.5.1 EM Algorithm for One-Parameter Poisson-Lindley Distribution
For a continuous Poisson mixture, the joint distribution is given by;
fod) = f(x/2)g(A)
eflkx 9)

= g(4)

x!




The likelihood function is;

no,—AiyXi
e MAT
L= —g(Ai
= g(%)
n e—),,- Xi n
log L=1log[] x-'l +log[Je(A) (10)
=1 i i=1
n —Ai ) Xi n
=Y log—=+Y log g(X)
i=1 ! i=1
Let A
n e Mpx.
=Y lo -
1 l; 8 !
n
I =) [—Ai+xilogh; —logx;!] (1
i=1

=— Xn: Ai+ zn:xilogl,- — an logx;!
i=1 i=1 i=1

The log likelihood function of the Poisson distribution remains as it is since there is no
parameter to be estimated.
For the Lindley distribution, the pdf of a one parameter Lindley distribution is given by:

92

9+1(1+;L)e—“;/1>o;9>o

8(A) =

Therefore

n

L =Y logg(h)
i=1
2

0+1

(1+2;)e M0

Il

- I
~
Q
oQ

2l0g0 +1log(1+A;)) —OA; —log(6+1)

Il
—_

:2nl0g9+2(1 +Ai) — OZli—nlog(G—i— 1)

i=1 i=1
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Therefore

0 2n & n
362" LM e
P
%12—0
2n & n
F_i; T
2 — 1
o * !
- 0
2N — —— =
Ot g1
200+1)—0A(0+1)—0=0
20+2-216>—16—06=0
162+ (1-242)0—2=0
202+ (2 -1)0—-2=0

—A=1D+£{/(A-12+81

6 = —
2%

5 (1=2)£1/(A—1)2482
- 2

Since A>0, we have;

(1-=A)+/(A—-1)2+81
20
(1—I)+\/1—2I+72+87
20

(1-T)+ T +6T+1

21

6 =

Since A is the unobserved part, we estimate using the posterior expectation as obtained
in (6) and the iteraton schemes obtained as follows:

Iterative schemes
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Iterative scheme 1
Let

Si :E(A,’/Xl‘)
(i D(x+3+6)
O+ 1)(xi+2+0)

The k' iteration is:

s = E(A/X;)
(xi+ 1) (xi+3+06K)
(OO +1)(xi+2+6W)

Based on the explicit solution obtained, we have the following iteration:

6(k+1) —

where

Iterative scheme 2

From the quadratic equation,

202+ (A —1)6-2=0

we have
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The iteration scheme now becomes:

e(k-i-l) —

2+(1-350)0

5k g (k)
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3.1

3.2

Poisson-Two Parameter Lindley Distribution

Introduction

In this section, we will discuss the two parameter Poisson-Lindley. The distribution is
obtained by mixing the Poisson distribution with two-parameter Lindley distribution in-
troduced by Shanker and Mishra (2013). This distribution has been found to be a better
model than the one parameter Poisson-Lindley distribution for analyzing gruped mortal-
ity data, survival time and waiting time. We will discuss in particular, how the parameter
is obtained through construction, obtain the posterior distribution which is useful in the
EM Algorithm estimation. We will then discuss the properties which include the 7 mo-
ment, the probability generating function and the moment generating function. We will
then estimate the parameters of the distribution using the EM Algorithm method.

Construction

For a two parameter Lindley distribution, the pdf is given by:

92

g(A) = (a4 A)e *?; a=0, 650, 1>0

afb +1

The pdf of a poisson distribution is as given in (3).
Therefore, the mixed poisson distribution is given by:

62 o+x

(1+9)H2(1+ )i x=0,1.2,... 6>0, 26>~

flx) =




14

Proof.

o ,—Aqx 2
f(.X):‘/O ie_(a_i_k)e—l@dk

x! af+1
0 - A(1+6)
I X —
—(aeﬂ)x!/o (A+@)A%e A
0 [T i) -
_ X )L(x-i-l) A(146) di
(a@)x!{/o ae taT e }
2 ' 2 oo +1
__o6 Eef/l(lJrB)dl_'_ 0 / Al )e*’“(”e)dl
af+1Jp x! ab+1Jp x!
Lety=A(1+0)
y
A= —
T T
dy
B 062 ® yF le*y dy n 02 /°° y(x+1) 1€7y dy
S ab+1Jo (14+0)x! 146 ab+1Jo (1+6)0+Dx!" 1+6
af? ey 1 02 oyt 1
g A | -y
a9+1()xwl+9V“e dY+a9+1[; X! O+9V”e dy
_ ab? {F()H—l) 1 1y 62 {F()H—Z) 1 |
Tab+1Y Xt (10t Tae+1Y xl (1+6)2
0,62 1 62 x+1
o0f+1 (1+0) o06+1 (1+0)
60> o x+1

a9—+1{(14—9)”+‘*_(14_9)x+2}
0% a(1+6)+x+1
- Sarere )

a0 +1
02 ab+a+x+1
“w v
62 {069—|—1+ x—l—a}
(1+6) 2 ab+1  ab+1
62 o +x

= 1
(1+ 9)x+2( + ab

);x=0,1,2,... 650 af>—1
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3.3 Posterior Distribution

The pdf of a posterior distribution is as shown in (5).
Therefore,the posterior mean is given by:

Jo A fxA)g(A)dA

A/X
EAX) = = e Mg (AydR
fO le;?/’L" ocgil(a_'—l) —26 g2
e (0 A)e 20 dA

A e M (a+A)e r0da
S e AN (o +A)e A0 dA
oAt e M (a+A)e M9 dn
A e (o4 A)e 20 dA

ol (x+2) + I'(x+3)
(1+6)+2 T (1+)¥+3

= (12)
ol (x+1) I'(x42)

(I+6)x+ + (14+0)¥+=>
o(x+1)C(x+1) + (x4+2) (x+1)T(x+1)
(14+6)*+2 (1+0)x+3
ol (x+1) + (x+ DI (x+1)
(14+6)¥+T (1+0)¥+2

o0+ 1)(x+1)+(x+2)(x+1)
O+ 1)[o(6+1)+ (x+1)]
_ (x+D[a(6+1)+ (x+2)]
(O+1D)[a(6+1)+ (x+1)]
(A D[eb+atxt2]
0+ Db+ o +x+1]

3.4 Properties
3.4.1 The r'" moment

The r'" moment about origin of the two parameter Poisson-Lindley distribution is ob-
tained as;

w=E[EX /1)

From the two parameter poisson lindley distribution, we have;

oo —A{ X 2
r_ e A 6 -6
w= [ 1Y S (at A Ma
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The expression under the bracket is the r'* moment about origin of the Poisson distribu-
tion.
Therefore, we have:

62 0
I r —A0
“’_ae+1/o A7 (04 A)e 0 dn
92 oo o
_ [ / ar e 20 + / A0 )]
ab+1"Jo 0
62 [ozF(r—i—l) F(r+2)]
- o0+ 1 or+1 or+2
_ 6 r!(a@)—kr!(r—l—l))}
T or+2

Taking r=1, we obtain the mean which is given by;

, 62 [a9+2]
M=%er1" 0
ab +2

0(06+1)

Taking r=2, we have;

,  aB+2 2(a+3)
= e+ " 92(ab 1)

3.4.2 Probability Generating Function

The probability generating function of the two-parameter Poisson-Lindley distribution is
obtained as;

P.(t) = E(t")
02 & ¢

92 n t N
CESE );)(e U (I el ey );)(a+x)(9_4—1)

62 6+1 62 (0+1)[a(6+1—1)+1]
BFI20+—0 O+ @b+ (6+1-1)7
ab%(0+1—1)+62
(a6+1)(60+1—1)2

T+
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3.4.3 Moment Generating Function
For the two-parameter Poisson-Lindley distribution, the mgf is obtained by;

M,(t) = E(e")
_ab?(0+1—¢)+ 62
(@ +1)(0+1—¢)

3.5 Estimation
3.5.1 EM Algorithm for Two-Parameter Poisson-Lindley Distribution

The pdf of a two parameter Lindley distribution is given by:

62 16
= + Y050, 10, a0
g(d) ) 1(oc Ae ™%, , , o

The joint distribution is as obtained in equation (9).
The likelihood function is as obtained in equation (10).
l1 is also as obtained in equation (11).

Therefore [ as shown in equation (1) is obtained by:

N
[\
|
I
~~
=)
oQ
oQ

(&)

92
log

N,—Aif
a6+1(a+k,)e

—

|

[2l0g0 +log(a+ A;) — OA; —log(aB +1)]

Il
(agE

n n
=2nlogb + Zlog(a—i—l,') -0 Z?Li —nlog(a6+1)
i=1 i=1

1 1

2(a0+1)—0A(ab+1)—0a =0
0%k +0(A—0)—2=0



Therefore:

;_Olzzz_g—gli_agil
oy
Fn_l;’ aZOle:
’ —
E_A_azog—l:o
2_97_059?—1_0

2(a0+1)—0A(a0+1)—ab =0
2000 +2— 0204 — 01 — a6 =0
a6 +2— 0%k — 61 =0

0%aA +0(A—a)—2=0

~(T-a)+ /(X - ) +8ak
2000

D>

Since >0, a>0, we take:

R a—2A)+ 72+a2+6az
9_

20
Next, we differentiate with respect to a:
Jd v 1 nb
da SHa+l ab+l
- 1 nb _0
Sa+d ab+1
i 1 né
Sa+d ab+1
no
— =06+1
@t
no
— o
(o +4:)
n 1 o
Li(a+d) 6
. n 1
o= —
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Since 4; is the unobserved part, we estimate using the posterior expectation as obtained
in (12) and the obtain the iterative schemes as follows:

Iterative schemes
Iterative scheme 1

Let

si=E(A;/X)
(xi+1) (a0 +a+xi+2)
(0+1)(ax0+oa+xi+1)

The k" iteration is:

s = E(A/X)
(i 1)(@0® + a4 x4-2)
(00 1) (ab® + o+ x;+1)

Based on the explicit solutions obtained, we have the following iterations:

9(k+l) . (a —E(k)) + \/Ez(k) + 062 + 6065(")
B 20i5%)
(k+1) _ n 1
n (a4 sy ok

(04

Iterative scheme 2

From the quadratic equation:

0204 +0(A —a)—2=0

We have:
0%0d =2—0(A— )
=2+60(a—2)
0_ 2+6(a—2)
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The iteration scheme now becomes;

e(k—i-l) _

2+ (a—5%)0

BECITIR
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4.1

4.2

Poisson-Two Parameter Lindley Distribution

Introduction

In this section, we will discuss another two parameter Poisson-Lindley distribution which
is obtained by mixing a poisson distribution with another two parameter Lindley distri-
bution which was introduced by Shanker (2013). We will do the construction, find the
posterior distribution, discuss the various properties which include the cumulative dis-
tribution function and the " moment. We will then estimate the parameters of the
distribution using the EM Algorithm method.

Construction

From the two-parameter Lindley distribution which is given by:

— o’ —A6 .
gA) = 9—}—[3(1_'—[31)6 : 0>0, B>0, A>0

The mixed Poisson-Lindley distribution is given by:

B 62 B(x+1)
flx) = (1+9)X+2[1+ 01p |
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Proof.

o —l X
1= [ Fsaar

—l)yx 92 10
—/ !6+B1+ﬂl)e d

X

(9+[3)x' [/ o M1+0) lxd)u+ﬁ/ A(1+0) ) x+1 g

e Cx+1)  BL(x+2)
= (9—|—ﬁ)x'{(1+9)x+] (1+6)x+2
_ 02 I'(x+1) I+ B(x+1)
“Grpr e T e )
6° Blx+1)
“rparerT Ut e
0 B(x+1)
(1+9)x+2{ T T 1B

}x=0,1,2,...

4.3 Posterior Distribution

The pdf of a posterior distribution is given by the formula in (5).

Therefore, the posterior mean for two-paremeter Poisson-Lindley distribution is given by:

f A Fx/A)s(2)dA
EANX) = =t e i

Sy AR S (14 BA)e 40

00 p—A )X
o (1 BA)e A0 dA
IS A et AN (1+BA)e M0 dn
e PR pA)e F0dA
IO A5+ p—=A(146) (l—l—ﬁ?t)dl
T e A0 (1 + BA)dA
I'(x+2) + BT (x+3)
(9+1)x+z (9+1)x+5
L(x+1) + BT (x+2)
(6+1)+1 T (9+1)%+2

_ O+ 1) (x+1)+B[(x+1)(x+2)]
O+ 1D)[(0+1)+[(x+1)]
_ (x+D[(6+1)+B(x+2)]
O+D[(O+1)+B(x+1)]

E(A/X) =

(13)



4.4 Properties
4.4.1 Cumulative Distribution Function

The cdf of the distribution is given by:

i 02 1+0+nB+pB

“o+p (1460)+2

B0+ 1)"T2—(2BO+B+62+6+P6x)
- O+ 1) 2(0+p)

F(x) =

4.4.2 The " Moment

The 7" moment about the origin of the distribution is given by:
u=E[EX"/A)]

_ 0% (14BA)e”
[t

—l r A6 r
9+B[/ o2 dl+ﬁ/ YRPTY
62 [F(r+1)+BF(r+2)]
T e+pB" ol or+2

6% T(x+r) B(r+1)
0+p ortl [+ 0 ]

Taking r=1, the mean is given by:

, 2B+86
Hi= 0(B+6)
. 2B(6+3)+6(6+2)
2 02(6 +B)

=

4.5 Estimation
4.5.1 EM Algorithm for Two-Parameter Poisson-Linldey Distribution

The joint distribution for a continuous Poisson mixture is as shown in equation (9).
Next, we obtain the log likelihood function which is already obtained in equation (10).
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From (1), we obtain /1, which is the log likelihood function of the Poisson distribution
and is obtained in (11).

Next, we obtain I, which is the log likelihood function of the two-parameter Linldey
distribution.

The pdf of two parameter Lindley distribution is given by:

6 Y
dl%=9+ﬁ(y+ﬁlk

From the pdf above and from (1), [» is obtained by:

(%)

92
9+B

—_

S
|
—
)

03

09

\\.

M: T M:

(I +BA)e”

2 log 0 +1log(1+BA;) — 04 —1log(6 + )]

Il
—_

=2nlog 0+ log(1+BA)—6) Ai—nlog(6+p)
i=1 i=1
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Therefore

200+B)—6A(6+B)—6=0
20+2B8 -6 —-62B—-6=0
0°A+6BA —6—2B=0

0’4+ (BA—1)6—28 =0

—(BT—1)= /(BT —1)> +8pT
N 2
(1—BT)+ /B2 16T + 1

22

D>

Since A>0, B>0, we take;

(1— BT\ B2+ 68T+ 1
2%

é:

We therefore estmate the value of f3,

il . L Ai _ n
0B’ =1+BA 06+B

1
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Therefore,

n
0+ﬁ: n Ai
i=1 T+f 1
A n
ﬁ: n A -0
i=1 l-‘rﬁli

Since A;is the unobserved part, we estimate using the posterior expectation as obtained
in (13) and the iterative schemes obtained as follows:

Iterative Schemes
Iterative Scheme 1
Let
si=E(AN;/X;)

_ i DO+ 1)+ Blxi+2)]
0+ D)[(6+1)+B(x+1)]

The k" iteration is;

(i + D[(0® + 1)+ B(x; +2)]

(k) _ X =
s = E(A/X) IRCCESNCCEEYIE )

Based on the explicit solutions obtained:

(1— B3 + \//3252(’<> +6B5%) +1
(k+1) n 25((2+1)
B = ————— 0

n f(k>
i=1 1+ﬁ(k)§(k)

e(k—‘rl) —
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5.1

5.2

Poisson Quasi-Lindley Distribution

Introduction

In this chapter, we will discuss a Quasi Poisson-Lindley distribution, of which the Sankaran
(1970) Poisson-Lindley distribution is a particular case, which has been introduced by
compounding Poisson distribution with the Quasi-Lindley distribution introduced by
Shanker and Mishra (2013). The construction on how the distribution is obtained is
shown. The posterior distribution is obtained which is useful in estimation of the pa-
rameters using the EM Algorithm. The properties have een discussed which include the
" moment, the cumulative distribution function and the moment generating function.
We wii then estimate the parameters of the distribution using the EM Algorthm method.

Construction

The pdf of a poisson Quasi-Lindley distribution is as follows:

ooe—l x
1= [ S i

x!

__9 26
g(A) = a+l(0¢+67\,)e dA

o) — 0 [oc+oc9+9x+0
a1t (1He)t2

l,x=0,1,..., 650, a>—1
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Proof.

ooe—l X
f)= [ a(aan

x!
) —l X
:/ ¢ ”1 aL_H(OH—Gl)e_’wdl
X.
~ Gl Aerone A0
0

— (a—{_l)x‘ [/ oA e~ A(6+1) dl+/w9kx+1e‘l(9“)]
Jo 0

B 0 ol'(x+1) 6I'(x+2)
B (oc+1)x![(1+9)x+l (9+1)X+2]
0 o O(x+1)

B a+1[(1+9)x+1 (1+9)x+2]

6 oa+ab+0x+0

st (1+6)+2

l,x=0,1,2,..., 650, ot>—1

5.3 Posterior Distribution

The pdf of a posterior distribution is as given in equation (5).
The posterior mean is therefore given by:

Jo A fx/A)g(A)dA

EAX) = T h (2 da
K AR 8 (a4 OA)e 20 dA

TR (04 OA)e 0 dA
A e A (a4 0A)e 0 dn
e A (o +OL)e A0 dA
oAt le M (a+01)e M0 dn
A e (a4 OA)e A0 dA
al(x+2) | OT(x+3)
O T e
T oal(x+1) | 6T(x+2)
oG eV

al(0+1)(x+1)]+0[(x+2)(x+1)]
(0+1)[a(0+1)+0(x+1)]
(e D[a(0+1)+0(x+2)]
0+ D][o(6+1)+6(x+1)]

(14)
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54

Properties
5.4.1 The " moment

The r'” moment about origin of the Quasi-Lindley distribution is given by:

W= E(X')
0 rle(a+r+1)
Ca+1 o7 +2

Proof.

E(X") = /Owl’f(l,e)dk

-/ =2 (a+0r)e 0 an
0 o+1
0

= ([Cane P ar [Coartie P an)
a+1"Jo Jo
0 .al'(r+1) 6I'(r+2)
- a+1[ or+1 + 9r+2 ]
0 Oor'+6(r+1)r!
- o1 [ Qr+2 ]

6 [r!B(OH—r—i-l)]
o+l 67+2

5.4.2 Cumulative Distribution Function

The cumulative distribution function (CDF) of the poisson Quasi-Lindley distribution is
given by:

a+20+a6+x0+1

PO === reys

5.4.3 Momemnt Generating Function
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5.5

The moment generating function (mgf) of poisson Quasi-Lindley distribution sis given

by;

My (t) = E(e")
a6 ¢ +6*
(1+a)(ef+6 e —e?)

Estimation
5.5.1 EM Algorithm for Poisson Quasi-Lindley Distribution

First, we write the joint distribution for a continuous Poisson mixture which is already
obtained in (9).

Next, we obtain the log likelihood function of a Poisson-Lindley distribution which is al-
ready obtained in (10).

From (1), /1 is the log likelihood function of the Poisson distribution which is already ob-
tained in (11).

Again, from (1), [ is the log likelihood function of the Lindley distribution which in this
case is the two parameter Linldey distribution is obtained as follows:
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L= logg()

0
loga (o4 2;0)e 0

+1

Il
M- I

Il
_

[log 0 +log(at+ 0A;) —log(ot+1) — OA]

™=

Il
—_

n n
=nlog 9+Zlog(a+9&,~) - GZli—n log(a+1)
i=1 i=1

3 n
l—— Ai
2 + (x+6m Z
no& Ai L
0=— Ai
9+§'a 02 ;’
n 4 4 Ai
=Y A
0 l;’ ; + 6
0= n nn A
1A~ Xl wrer
N 1
BZI 1 w1
119+_
0 1 1 n
== _
da ? l;a—k@li a+1
_Z 1
a+1_i:1a+97L,-
n
ot+l==—
i=1 o+ 0%
. n
0=c—— 1
i=1 atoA

Since A; is the unobserved part, we estimate using the posterior expectation as obtained

in (14) and the iterative scheme obtained as follows:

Iterative Schemes
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Let

>

S,":E(Ai/
(1
(6+1

i)
[(04+1)+0(x;+2)]
[(0+1)+0(x;+1)]

~— | —

The k' iteration is:

s = E(A/X))
(i D[a(8W +1) + 0% (x;4-2)]
(0O +1)[a(60 +1)+ 00 (x;+1)]

Based on the explicit solution obtained, we have the following iteration:

e(k—‘rl) _ n
n (k) _yn Ssk)
i=15i i=1 (X(k)+9(K)sAk
a1l — n

o) 1 gl
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6.1

6.2

Poisson -Three Parameter Lindley Distribution

Introduction

In this chapter, we shall discuss a mixed Poisson distribution which is obtained by mixing
the Poisson distribution with a three parameter Lindley distribution. We will show how
the distribution is obtained by construction. We will also obtain the posterior distribution
which is useful in estimation using the EM Algorithm. We will then discuss the various
properties which include; the cumulative distribution function, the probability distribu-
tion function, the moment generating function, the characteristic function and the "
moment. We will then estimate the parameters using the EM Algorithm method.

Construction

The pdf of a poisson mixture is as given in (3).

2

~9a15 " +BA)e 0

g(1)

Therefore;

6> a+ad+Bx+p

flx)= (1+9)x+2{ 8o+ B },60>0, >0, >0
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Proof.

o0 —l X
W= [ g

x!
—l X 2
—/ M0t BAYe 0 an

x! BOH-B
m/w(a—Fﬁl)AX x(1+9)d7t
92

)x‘ [/oo O‘)’xefl(1+0)d)L _‘_le+lefl(l+9) dl]

- (6a+B)x!"Jo

62 al(x+1)  Br(x+2)

~ (00 +B)x!

[(1 +0) 1 (1+ 6)X+2]

6> _ al(x+1) B(x+1)F(x+1)]

BCIEY: [x!(l FO) T T I(1+ )12

62 o B(x+1)

- 9a+B[(1+9)x+1

+(1+6)x+2]
62 (1+9)+ﬁ(x+1)}

BTy A ET e
6> a+ab+Bx+f

(1+9)X+2{ Oo+ B

},x=0,1,2... >0, a>0, >0
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6.3 Posterior Distribution

The pdf of a posterior distribution is as given 1n (5).
Therefore, the posterior mean is given by;

_Jo A flx/A)g(A)dA
ENX) =T s
5 g (ot BA)e 0 dA
e S g (o BA)e A0 dA
B f5°7LX+1(a+ﬁ7L)e_M1+9)d7L
T e A (ot BA)e A0 g2,

B fgo alx“e_’l(l"'e)dl +f0°°[3/1"+2e"1(1+9)dl

f— f(;oa}bxefl(kke)dl+f(()x}ﬁlx+leil(l+e)d}'

ol (x+2) + BT (x+3)
. (1+9)x+2 (1+9)x+3
T afetl) | BT(42)
(1+9)x+1 (1+9)x+2

At T(et]) | (+2) (et BT (x+1)
(1+6)~"+2 (1+9)x+3

ol (1] (o DPIGiT)
(1+6) T

@+ Da@+ 1)+ Bx+1)(x+2)
O+ D0+ 1)+ B(x+1)]
~ (x+D[a(6+1)+B(x+2)]

SO+ D[a(@+1)+B(x+1)]

6.4 Properties

6.4.1 Cumulative Distribution Function

Let X be a random variable which follows a three-parameter Poisson-Lindley distribution;

then the cumulative distribution function is given by:

Fx(X;OC,ﬁ,Q):

[0{a(@+1)+BHO+1)* ! —1}+B(O+1){(6+1)"—1} —xB6]

(6+1)*2(0a+B)
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Proof.

X 92
x(x;a,B,0)
,;0 (6+1)2(1+ &222)

[0{ (O+1)+BHO+ 1) 1} +B(O+1){(0+1)" -1} —xB0]
(0+1)2(0a+P)

6.4.2 Probability Generating Function

Let X be a three-parameter Poisson-Lindley variable with parameters a,  and 6; then
the probability generating function of X denoted by P,(¢) is given by:

a(@+1—-1)6%+628

b = e posi-n?
Proof
Pi(t) =E(t")
B o+xp
Zt 9+1 x+2 +6a+[3]

92 . a6? - o>
:(6+1)2x§6(9+1) IRCENECIEY) xzb 9+1 9+1)2(9“+B)xZOX(9+1
_a(0+1-1)62+6%B
B CTEE I CENENE

6.4.3 Moment Generating Function

The moment generating function is obtained by setting t = ¢’ in the expression for the
probability generating function and is therefore given by:

a(0+1—¢)6%+6%p

M) = e TP 6 +1=e)?




6.4.4 Characteristic Function

The characteristic function is obtained by setting t = e in the expression for the proba-
bility generating function and is therefore given by:

_a(0+1—¢")67+6%B
%)= Tae T Bye+ 1o

6.4.5 The r'" Moment

The r'” moment of the three parameter Lindley distribution is given by;
W= E(X")

:/()mmf(e,a,ﬁ)dz

“ r 92 —-A0
_/O M g p BRI A
_ e A A8 “ g+l A0
_9a+[3[/0 ar’e dl+/0 BATH e 28 47
62 [aF(r+1) ﬁF(r+2)]
- oo+ or+1 or+2

62 [r!oz +B(r+1)r!]
o oo+ or+1 9r+2

0%  rloa+pB(r+1)r!

N 9a+ﬁ[ o7 +2 ]
62 [r!{9a+ﬁ(r+l)}]
o+ 0r+2
Taking r = 1, we have:
,  Oa+2p
M= 900+ p)
, 6a+2B  2(6c+3p)
M= gea+p) " 0Z0a+p)
, 6a+2B  6(6a+3B) 6(60+4P)
Hs = 060+ p) 92(9a+ﬁ)+03(6a+ﬁ)
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6.5

Estimation
6.5.1 EM Algorithm for Three Parameter Poisson-Lindley Distribution

First, we obtain the joint distribution for a continuous Poisson mixture which has been
obtained in equation (9).

Next, we obtain the log likelihood function of the Poisson-Lindley distribution which is
already obtained in equation (10).

From the log likelihood function, /| and [, is obtained where [; is the log likelihood of the
Poisson distribution and I, is the log likelihood of the Linldey distribution as shown in
(1).

l; is already in (11).

To calculate I, we write the pdf of the three-parameter Lindley distribution and find its
log likelihood function.

Given the pdf of a three parameter Lindley distribution as:

2
€)= gorpla+ L
Therefore;
b= ilog g(Ai)
log eiﬁ(wm)

Il
Dbl

[2log 0 +log(a+ BA)—OA —log(6a+ B)]

I
—_

=2nlog 9+Zlog(a+ﬁ7t,~) - OZli—n log(Ba+pB)
i=1 i=1



39

Therefore;

;
ailz:%_;f"eﬁﬁ
55 =0 %‘é’“‘egiﬁ =0
2 -
Y eo‘jj‘_ﬁ ~0

2(00+B)—0A(00+B)— 00 =0
2000+2B —0°Ao—OAB — 0o =0
6o+2B —6%ad —OBA =0
0204 +0BA — 00 —2B =0
0%ad+60(BA—a)—2B =0
~(BT— )% /(BT — 0)? + 8
200
(a—BA)+ \/BZIZ + 02+ 60fA
204

6=

Since A>0, a>0, B>0, we have:

(a— BT)+ /B2 + a2 + 6B
204

6=



Next, we differentiate with respect to a,

0 1 1 no
%lz_;a+ﬁz-_ Oa+p

n

9a+ﬁ ZZ}OH-[”L

0
bo+p = -
tla+/3/1
no
bo==—7—-B
i=1 a+pi
) n B
O==——T7-—9
i=1 a+pA;

Next, we differentiate with respect to f3,

n

;aJrB/l o+

n
9a+[3 l;owrﬁl-
Xi- 1m
ﬁ: — — 6o
=1 ZpT

Since 4; is the unobserved part, we estimate using the posterior expectation as obtained
in (15) and then obtain the iterative schemes as follows:

Iterative Schemes
Iterative Scheme 1

Let

(xi+D[a(0+1)+ B (xi+2)]

S :E(Ai/Xi) = (6+1)[(X(9+ 1)—|—[3(xi+ 1)]
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The k' iteration is;

s = E(A/X)
(i D% 1)+ B(xi+2)]
(W +1)[a(6® + 1)+ B(xi+1)]

Based on the explicit solutions obtained, we have the following iterations;

ity _ 5084/ + o 1 60 5

20 sl(k)
kD) — n _
n 1 (k+1)
Zl:l a(K)+Sikjﬁ 0
B+ — n _ gk+1) g (k+1)

(k)

n S;
i=1 a(k+l)+ﬁ(K)Sl(k)

Iterative Scheme 2

From the quadratic equation;

02al +6(fA —a)—2B =0,

we have:

0%ad =2 —0(BA —a)

=2B+6(a—BA)

o 2B +6(a—BA)
6ol

The iteration scheme now becomes:

gl _ 2B+ 6" (o — B511))
o 5k g (k) o
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7.1

7.2

Conclusion and Recomendations

Conclusion

In this paper, Poisson-Lindley distributions have been obtained right from the one-parameter

Poisson-Lindley distribution all the way upto the three-parameter Poisson-Lindley distri-
bution by mixing the Poisson distribution with one parameter, two parameter and three
parameter Lindley distributions respectively.

Under two parameters, three types of two parameters Poisson-Lindley distributions have
been considered.

Various properties have been discussed including the " moment, the cumulative dis-
tribution function, the probability generating function, the moment generating function
and the characteristic function of the distributions

The posterior distribution and the posterior expectations have also been obtained to aid
in the estimation using the Expectation-Maximization Algorithm method.

The estimation of the parameters of the distributions have been discussed using the
Expectation-Maximization Algorithm method.

Recommendations

In this work, we have considered te Poisson-lindley distribution and estimated the pa-
rameters of the distribution using the EM Algorithm method. One can extend the study
to estimate the parameters of the distributions using the method of moments and the
maximum likelihood method together with the EM Algorithm method and then deter-
mine which method is the most preferable among the three.

Again, we have only considered the Linldley distribution which ia an example of two
componenets finite Gamma mixing distribution. One can extend the study by consider-
ing other Poisson mixtures based on two components based on two components Gamma
mixing distribution like Akash and Shanker distributions and then estimate the parame-
ters using the EM Algorithm method.
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