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Abstract

The main focus of this research is to construct balanced asymmetrical factorial
designs in which main effects and higher order interactions are estimated with high
efficiencies if not full efficiencies. The specific objectives in this work is to illustrate
straight forward procedures for constructing balanced arrays/resolvable balanced
incomplete block designs and hence balanced asymmetrical factorial designs.

The available literature has given methods of calculating efficiencies for balanced
asymmetrical factorial designs. These methods are not clear and have used the
traditional approaches. Therefore in this work we have made a contribution in
which we have given a direct method that uses Kronecker product of matrices to
evaluate such efficiencies.

Another major contribution is the use of Resolvable balanced incomplete block
designs in construction of balanced asymmetrical factorial designs

A notable contribution in this research work is in the construction of transitive
arrays which are extensively used in the construction of balanced asymmetrical
factorial designs by the use of Latin squares. In literature, such arrays have been
constructed by using ¢ — ply transitive groups

An additional contribution in this work is in the construction of resolvable balanced
incomplete block designs (BIBD’s) that have block size & = 3 More specifically we
have used the geometry of chords constructed in a circle. We have used resolvable
BIBD’s of block size £ = 3 to construct many more balanced asymmetrical factorial
designs

This research work has come up with a noble method of constructing balanced
arrays/resolvable BIBD’s which have been used to construct a wide range of bal-
anced asymmetrical factorial designs.

This research work is however based on the construction of balanced asymmetrical
factorial designs that are connected, so the results that we have illustrated in this
thesis are not valid in the disconnected case. This calls for suitable modifications
of these results to make them applicable to the disconnected case.

In this thesis we have restricted our considerations of balanced asymmetrical fac-
torial designs to one way designs only. These concepts can also be extended to
two way designs i.e. designs with rows and columns as blocks
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Chapter 1

Introduction

This chapter reviews earlier work, gives literature review or work done by
previous authors in balanced asymmetrical factorial designs and on the
construction of some arrays useful in the construction of these designs.
The chapter also gives background information, statement of the problem

and states the main objective of the study and the specific objectives

1.1 Background Information

One major area of statistics is balanced factorial designs: their construc-
tion, properties, their efficiencies and applications. There are various meth-
ods of constructing these balanced factorial designs. There are those that
are based on orthogonal arrays, balanced arrays, curvilinear spaces or hy-

per surfaces and truncated EG(m, s) e.t.c.

In this work we wish to construct efficient balanced asymmetrical factorial
designs using transitive arrays, balanced arrays and balanced Incomplete

block designs that are resolvable.
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Historical background of balanced asymmetrical factorial designs goes back
to 1937 when Yates used trial and hit methods to obtain confounded plans
for experiments of the type 3™ x 2" where n and m are any positive integers.
This work considers many other confounded plans of experiments of the
type: s1 X S9,81 X Sg X ... X X§,, Where s;,2 = 1,2,...,m are prime

numbers.

1.2 Statement of the Problem

Nair and Rao (1948) and Lewis and Tuck. (1985), Gupta (1987b), Suen
and Chakravati (1986) are among those who reviewed work on balanced
asymmetrical factorial designs. However their ways of constructing bal-
anced arrays/resolvable balanced incomplete block designs were not very

clear.

In construction of balanced arrays/resolvable balanced incomplete block
designs and hence BAFD’s a number of issues arose and need to be ad-

dressed.

Thus some of these issues have formed part of the problem statement

described below inform of questions

i Only a few BAFD’s are obtained using balanced arrays/resolvable bal-
anced incomplete block designs that have been obtained using earlier
methods. The question therefore is, is there a direct method that can
be used to construct balanced arrays/resolvable balanced incomplete

block designs so as to obtain more BAFD’s explicitly?

ii Is there a direct method that can be used to calculate efficiencies of
BAFD’s without necessarily having to use the traditional method of

evaluating efficiencies?
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1.3 Objectives

1.3.1 Main Objective

Our main objective is to construct a subclass of Balanced Asymmetrical

Factorial Designs.

1.3.2 Specific Objectives

a. To construct balanced asymmetrical factorial designs via

i Transitive arrays
ii Balanced arrays

iii Resolvable incomplete block designs

b. To evaluate the efficiencies of the designs constructed in a above

1.4 Literature Review

In a factorial design, an interaction will be said to be balanced if either

a.) All treatment contrasts belonging to the same interaction are estimable
and the best linear unbiased estimators (BLUE’s) of all normalised con-

trasts belonging to that same interaction have the same variance; or

b.) No contrast belonging to a given interaction is estimable. The trivial
solution (b) has been included mainly for Mathematical completeness;

this situation will never arise if in particular, the design is connected.

An interpretation of balance which is useful in practice is as follows:
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In a factorial design, an interaction is balanced in the sense
of (a) above if and only if all treatment contrasts belonging
to this interaction are estimable and the BLUE’s of every two
mutually orthogonal contrasts belonging to the said interaction

are uncorrelated.

Yates (1937a), by trial and hit methods obtained confounded plans for

experiments of the type 3™ x2", where m and n are any positive integers.

Li (1944) also employed similar methods and obtained plans for confound-
ing in asymmetrical factorial experiments 4x22, 5x 22, 4x3x2, 42x2, 4x 32,

42%3 and 42x2.

It was however the work of Nair and Rao (1941, 1942, 1948) which yielded
a number of useful plans. They developed a set of sufficient combinatorial

conditions for this purpose.

Bose and Kishen (1940) developed the method of finite geometries for
solving the problem of confounding in the general symmetrical factorial
design s™, where s is a prime positive integer or a power of a prime and

m any positive integer.

Kishen and Srivastava (1959a,b) constructed confounded balanced asym-
metrical factorial designs (BAFDs) of the type s;Xs3X- - X, where s7 is
a prime positive integer or a power of a prime, m any positive integer, the

si's (1 =1,2,...,m) are not all equal (s; < s1,Vi =2,3,...,m).

Shah (1958, 1960a) gave the exact definition of a balanced factorial exper-

iment.

To overcome the drawbacks of using finite geometries, Kishen and Sri-
vastava (1959¢,b) proposed the utilisation of Balanced Incomplete Block
(BIB) designs.



Chapter 1. Introduction )

Kishen (1960), Kishen and Tyagi (1961, 1964a), Tyagi (197156, 1972) de-
veloped the method of constructing confounding plans for BAF designs
with the help of Incomplete Block designs. They not only made extensive
use of BIB but fully used the balancing properties of Symmetrical Unequal
Block (SUB) designs developed by Bose and Kishen (1940) and pairwise
balanced (PB) designs.

Tyagi (1972) has also used the GD designs to construct BAF designs.

The use of SUB and PB designs in getting confounded plans for BAF de-
signs has led to considerable economy in the experimental resources. There
are however, situations where the experimental resources are very scarce
and only two or three replications are desired. To meet such contingencies,
Kishen and Tyagi (1961) suggested the use of partially balanced incomplete
block (PBIB) designs as developed by Bose and Nair (1939)

Kishen and Tyagi (1964b) discussed in detail the construction of partially
balanced asymmetrical factorial (PBAF) designs of the type ¢x 22 and ¢x 32
associated to PBIB designs and those derivable by the use of pseudofactors.
Thus, the use PBIB has enabled them to obtain 12x22 PBAF design in 3
replications only, and a large number of ¢x3% (¢ = 4,6,8,9,10,12) PBAF

designs in 2 replications only.

The reduction in the number of replications was achieved by the use of
PB or PBIB designs in the case of asymmetrical designs of the class ¢gx22
and ¢x32. However the problem of having blocks of smaller size covering a
wide class of BAF designs with varying block sizes was still there. This has
been tackled by Tyagi (1971b) by use of group divisible (G.D) designs with
parameters v, b, r, k, A1, Ao, m, n for constructing BAF designs of the type
mxn in blocks of size k. As a number of the GD designs are available in two

or three replications, the corresponding BAF designs are also obtained with
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three replications. Some more confounded plans associated to hierarchical

group divisible designs have also been obtained.

Das (1960b) used the method of fractional replication of symmetrical fac-
torial designs to obtain BAFDs. He also gave the criteria of choosing
suitable interactions confounded in each replication so that the complete

design becomes balanced and is easily amenable to statistical analysis.

Das and Rao (1967) gave an alternative series of confounded asymmetri-
cal factorial design with factors at two and three levels which confound

interactions involving linear and quadratic components of the factors.

Banerjee and Das (1969) have also developed further methods for con-

structing BAF designs derivable from the 2" series.

In order to obtain confounded asymmetrical factorial designs with the
smallest number of replications which can provide mutually orthogonal
estimates of all effects, Banerjee (1968) advanced a method of construc-
tion of such designs by linking the main effect and interaction contrasts
of suitable groups of factors, each at two levels, forming a symmetrical

design. This method provides BAF designs even in one replication.

The problem of using a small number of treatment combinations as possible
was solved by Bohra (1970) who obtained ¢x22 designs in four blocks of
(¢ + 1) plots each in a single replication.

Puri and Nigam (1976, 1978), Nigam et al. (1988), Gupta (1988), Gupta
and Mkerjee (1989) and Mukerjee and Wu (2006a) made use of cyclic or
generalised cyclic designs and Kronecker-type products in construction of
BAFDs. These designs have orthogonal factorial structure (OFS) and if

appropriately used, are capable of ensuring high efficiencies.
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Parsad et al. (2007) generated a large number of extended group divisible
(EGD) designs for BAF experiments. These designs have orthogonal fac-
torial structure (OFS) with balance. They also generated a catalogue of
designs giving efficiency of factorial effects. But all these designs do not
ensure that main effects would be estimated with full precision, although

their efficiencies are too high.

Parsad et al. (2007) gave a series of EGD designs with three factors in
which it is possible to generate BAF designs that estimate main effects
with full efficiency. In most of these designs, however, the levels of the first

factor are two.

Parsad et al. (2007) gave a method of running a BAF experiment in an
incomplete block design. An alternative approach to generate BAF designs
with OFS is to employ Kronecker-type products of unstructured block
designs popularly known as varietal designs. These alternative approaches
were developed by David and Wolock (1965), Dean and John (1975), John
(1966, 1973, 1987), Gupta (1983, 1985, 1987a), and Mukerjee (1980b,a),
Mukerjee and Wu (2006b), Gupta and Mkerjee (1989).

Gupta et al. (2011) proposed a method of construction of resolvable block
designs for BAF experiments. These designs have orthogonal factorial
structure, have balance, estimate all main effects with full efficiency and

have control over the interaction.

Sreenath (2011b) gave a general method of obtaining block designs for
asymmetrical confounded factorial experiments using block designs for
symmetrical factorial experiments. The effects of confounded interactions
of the symmetrical factorial, in the context of association schemes and
also on the context of connectivity of the asymmetrical factorial are also

discussed.



Chapter 1. Introduction 8

Using orthogonal arrays of strength 2, Nair and Rao (1948) gave meth-
ods for constructing FG'D designs for an s; X s, experiment in block size
s1 or So. These authors also indicated how, starting from these one can
construct EGD designs involving more than 2 factors in simple cases. Fol-
lowing Nair and Rao (1948), several authors considered various methods
for constructing these designs. Thomson and Dick (1951), starting from a
basic s1 X s2 design in block size s9 (s2 < s1, $1 being a prime number or a
power of a prime), obtained three factor designs with the same block size,

and number of levels being si, so or factors of s,.

Rao (1956) constructed some series of designs from orthogonal Latin squares
for s; X so experiments in blocks of size s; and so — 1 replications. He
also gave some designs for 2 x sy? experiments. Kishen (1958) has given
balanced designs with OFS of type s; x 2% and s; X s92. Kramer and
Bradley (1957) and Zelen (1958) used group divisible incomplete block de-

signs which have FGD scheme for two factors.

Kishen and Srivastava (1959a) gave some general methods for constructing
balanced designs with OF'S for asymmetrical factorial experiments. They
extended the methods of finite geometries of Bose and Kishen (1940) by
using curvilinear spaces or hypersurfaces and truncating the EG(m, s) suit-
ably and by using vectors in Galois fields. They illustrated their methods
by constructing the following series of designs: (i)s1? X sy design in blocks
of size $159, balanced in (s; — 1) replications (s > s2), (ii)s1 X s2 X s3 de-
sign in blocks of size sys3, balanced in (s; — 1) replications (s; > sgs3), (iii)
designs for experiments where the number of levels is a prime number or
a power of a prime number; (iv)s; X sg... X s, design in blocks of size

$18384 . .. S, wWhere so is a factor of s15384 ..., and is a prime number or
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a power of a prime number (s32 > s;,7 # 2). Several other series of de-
signs were also given by them. Das (1960a) gave a method of construction
for asymmetrical factorials by linking them with the fractions of suitable
Symmetrical factorials. Das and Giri (1986) have discussed this method
in details and also gave several examples. Tharthare (1965) gave a class of
balanced designs with OF'S for s1 X $9™ experiments. Similar designs were
obtained by Kishen and Tyagi (1964a) using pairwise balanced designs of
Bose et al. (1960). Shah (1960b) gave a method of construction for s; + so
factor experiment using balanced designs with OF'S in s; and sy + 1 fac-
tors respectively. Shah (196006), Kishen and Tyagi (1963) constructed a
5 x 22 design in 10 blocks of size 2 each. An alternative design for this
experiment can also be obtained by using the method of Tharthare (1965).
Muller (1966) developed designs for s1 X sg X ... X s, experiments where
mq is a prime or a power of a prime number. His procedure is to replace
each factor except the first one by one or more pseudofactors each at s;
levels. He also considered the use of balanced incomplete block designs for
the construction of s; x s balanced factorials with OF'S, when mq; > mo.
Further construction procedures were suggetsed by Tyagi (1971a), Aggar-
wal (1974).

Among the more recent authors, Lewis and Tuck. (1985) gave some designs
with block size 2 while Gupta (1987a) presented an algorithm for obtaining
a class of EGD designs.

Suen and Chakravati (1986) constructed several series of two factor bal-
anced designs with OF'S using balanced arrays of strength 2. Gupta et al.
(2011) purposed unified methods of construction of resolvable block de-
signs for factorial experiments. These designs have orthogonal factorial

structure, have balance, estimate all main effects with full efficiency and
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have control over interaction efficiencies.

Sreenath (2011a) proposed a general method for obtaining block designs
for asymmetrical confounded factorial experiments, using block designs for

symmetrical factorial experiments.

Rajarathinam et al. (2014) utilized the methods used in constructing vari-
ance balanced designs in order to construct variance balanced block designs
that are highly efficient. They proposed two methods for their construc-
tion. Specifically they used incidence matrices and also 2™ symmetrical

factorial designs.

Ghosh et al. (2018) also extended on the work of Rajarathinam et al. (2014)
in the construction of variance balanced block designs using methods used
in construction of variance balanced designs i.e. designs which are balanced
and in which the BLUE’s of every two mutually orthogonal contrasts are

uncorrelated

The purpose of this thesis is to use the methods used in construction of
variance balanced designs in order to construct variance balanced asym-
metrical factorial designs that posses an additional property known as
orthogonal factorial structure(OF'S). The methods used will involve uti-
lization of well known arrays viz orthogonal arrays, balanced arrays and
transitive arrays. Specifically we shall construct variance balanced asym-
metrical factorial designs with O F'S where two or more factors are involved
and in which main effects and lower order interactions are estimated with
high efficiencies. However, we shall restrict designs to those with the same

replication.



Chapter 2

Treatment Contrasts (TC) and
their Relevance in defining

Balance and Orthogonal Factorial

Structure(BOFS)

This chapter shows the relevance of treatment contrasts in defining balance

and orthogonal factorial structure

2.1 Treatment Contrasts

1. There are v treatments, each replicated r times.
2. There are b blocks, each having k plots.

3. No treatment occurs more than once in a block.

The fixed effect model is assumed:

Yij = b+ VU + B + €ij where i1 =1,...,v,5=1,...,b (2.1.1)
11
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yi; is the yield of the i treatment applied to the j block, u is the overall
effect, B, is the effect of the j™ block, U, is the effect of the i'" treatment,
g;; is the experimental error. ¢;;’s are independent normal distributions

with mean 0 and variance o?2.

An experiment involving m>2 factors Fi, Fs,..., F,, that appear at
S1y. . Sm(> 2) levels is called an s;x---Xxs,, factorial experiment (or an

$1X- - X 8y, factorial for brevity).

In particular, if s1 = --- = s,,, it is called symmetrical s” factorial; other-

wise it is called an asymmetrical factorial.

For 1<i<m, the s; levels of the " factor F; are denoted by s; sym-
bols. Suppose that these levels are coded as 0,1,...,s; — 1, then a
typical treatment combination, i.e. a combination of the levels of the
m factors will be represented by an ordered m— tuple j;,..., 7, where
Ji€{0,1,...,5;— 1}, 1<i<m clearly, altogether there are [[}*, s; treatment

combinations.

For example, if there are three factors at two, three and three levels respec-
tively, then m = 3, s1 = 2, s = 3 and s3 = 3, and there are 18 treatment

combinations, namely,

000,001,002, 010, 011, 012, 020, 021, 022,
(2.1.2)

100,101, 102,110, 111, 112, 120, 121, 122

Let U(j1,...,jm) denote the treatment effect corresponding to a treatment
combination ji ... j,,. These treatment effects are unknown parameters in

the context of a factorial experiment; a linear parametric function

s1—1 Sm—1

Jj1=0 Jm=0
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where £(j1- - jm) are real numbers, not all zero, such that
s1—1 Sm—1
D D e jm) =0 (2.1.4)

Jj1=0 Jm=0

is called a treatment contrast.

In factorial experiments, we are concerned with special type of treatment

contrasts, namely those belonging to factorial effects.

To motivate the ideas, consider a 3x4 BAF experiment. Then there are
two factors Fy and F,. The first factor is at three levels 0, 1, 2 while
the second factor is at four levels 0, 1, 2, 3. We have twelve treatment

combinations given by 00, 01, 02, 03, 10, 11, 12, 13, 20, 21, 22, 23.

The effect of changing the factor F; from a given level to a different level

with factor 2 held fixed at level 0 is clearly given by

L(Fy|Fy = 0) = ¥(10) — ¥(00) + ¥(20) — ¥(00) + ¥(20) — ¥(10) (2.1.5)

The effect of changing the factor F; from a given level to a different level

with factor F5 held fixed at level 1 is clearly given by

L(Fi|Fy = 1) = W(11) — U(01) + U (21) — W(01) + U(21) — U(11) (2.1.6)

It also follows that the effect of changing the factor F; from a given level

to a different level with factor F5 held fixed at level 2 is clearly given by

L(F|Fy = 2) = U(12) — U(02) + ¥(22) — T(02) + T(22) — U(12) (2.1.7)



Chapter 2. TC and their Relevance in defining BOFS 14

and that the effect of changing the factor F; with factor F, held fixed at

level 3 is given by

L(F\|Fy = 3) = U(13) — W(03) + ¥(23) — ¥(03) + ¥(23) — ¥(13) (2.1.8)

Thus the main effect of F} is measured by the arithmetic mean of the 12

quantities (2.1.5), (2.1.6), (2.1.7) and (2.1.8) respectively which is given by

L(FY) = 15 {W(10) — W(00) + W(20) — W(00) + ¥(20) — W(10) + ¥(11)
W (01) + W(21) — W(01) + W(21) — W(11) + ¥(12) — U(02)
4 U(22) — U(02) + W(22) — W(12) + W(13) — U(03) + U(23)
— w(08) + ¥(28) — W(13)}
_ 112{_2\1;(00) 1+ 20(20) — 20(01) + 2(21) — 20(02)

+20(22) — 20(03) + 20(23)}

(2.1.9)
1 1 1 1
=~ W(00) — (W(01) — (W(02) — W(03)
+ OW(10) + 0T(11) + 0(12) + 0% (13) + é\p(zo) (2.1.10)
1 1 1
£ LW(2L) + SU(22) + U (23)
= 12: 22: ((j12) ¥ (jrj2) (2.1.11)

71=0 j2=0
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is a linear parametric function where ¢(j1j2) are real numbers not all zero

such that

€(00) 4 €(01) 4 £(02) 4 £(03) + £(10) + £(11)+
0(12) + £(13) + £(20) + £(21) + €(22) + £(23)

s1—1s9—1

= > > ljij2)

J1=0 j2=0

_ L1l 1+0+0+0+0+1+1+1+1

6 6 6 6 6 6 6 6

—0 (2.1.12)
where

1

where £(00) = £(01) = ¢(02) = £(03) = ~5
and ((10) = ¢(11) = ¢(12) =4(13) =0

while £(20) = £(21) = £(22) = £(23) = +é (2.1.13)

clearly £(00), £(01),£(02),£(03), £(10), £(11), £(12),
0(13),£(20),6(21),£(22),£(23), add up to zero, i.e. satisfy (2.1.4) thus ¢(F})

is a treatment contrast that measures the main effect of F.

Now, the effect of changing factor 2 from a given level to a different level,

given that factor 1 is fixed at level 0 is given by

L(Fy|Fy = 0) =¥(00) — ¥(01) + ¥(00) — ¥(02) + ¥(00) — ¥(03)
+U(01) — W(02) + U(01) — W(03) + (02) — ¥(03)
(2.1.14)
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Similarly, the effect of changing factor 2 from a given level to a different

level, given that factor 1 is fixed at level 1 is given by

L(Fy|Fy = 1) =(10) — ¥(11) + ¥(10) — ¥(12) + ¥(10) — ¥(13)
F0(11) = U(12) + U(11) — U(13) + U(12) — U(13)
(2.1.15)

and that the effect of changing factor 2 from a given level to a different

level, given that factor 1 is fixed at level 2 is given by

L(Fy|Fy = 2) =0(20) — ¥(21) + ¥(20) — ¥(22) + ¥(20) — ¥(23)
F(21) — W(22) + U(21) — W(23) + U(22) — U(23)
(2.1.16)
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Hence the main effect of F5 is measured by the arithmetic mean of the 18

quantities in (2.1.14),(2.1.15),(2.1.16) given by

L(F) :118{\11(00) —W(01) + W(10) — (1) + T(20) — W(21)
L W(00) — W(02) + W(10) — W(12) + W(20) — ¥(22)
L W(00) — W(03) + W(10) — U(13) + T(20) — U(23)
S (01) — W(02) + U(11) — W(12) + U(21) — W(22)
L W(01) — W(03) + W(11) — W(13) + W(21) — ¥(23)
FW(02) — W(03) + U(12) — W(13) + U(22) — W(23)}

:118{3‘1’@0) 4+ 30(10) 4 31(20) + T(01) + U(11) + T(21)

— 0(02) — W(12) — U(22) — 3W(03) — 3W(13) — 3U(23)}

1 1 1 1

= W(00) + S W(01) — S W(02) — W(03)
+ éxp(m) + 118@(11)
~ (1)~ (13) 4 W (20)
L U(21) - W(22) W (23)
~5 S WG v (2.1.17)

71=0 72=0
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this is a linear parametric function where £(j1j2) are real numbers not all

zero such that

£(00) + £(01) + £(02) + £(03) + £(10) + £(11)+
0(12) + £(13) 4+ £(20) + £(21) + £(22) + £(23)

s1—1s2—1

= > > i)

71=0 j2=0

=0 (2.1.18)
where

where  £(00) = ((10) = ((20) = ¢

and  £(01) = £(11) = £(21) = 118
and  £(02) = £(12) = £(22) = —118
and  £(03) = £(13) = £(23) :—(15 (2.1.19)

The (i, j) satisfy(2.1.4) and thus L(F3) is a treatment contrast that mea-

sures the main effect of F5.

Next, consider the interaction between F} and F5. This is measured by the
influence of the level where F3 is held fixed on the effect of a level change

of F}. Thus
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L*(F\Fy) =L(F\|Fy = 0) — L(Fy|Fy = 1)
+ L(Fi|F> = 0) — L(F1|F2 = 2)
+ L(Fi|F> = 0) — L(F1|F2 = 3)
+ L(Fi|Fo =1) = L(F1|F; = 2)
+ L(F\|F> = 1) = L(F|F> = 3)

+ L(Fy|Fy = 2) — L(F|Fy = 3)

—U(10) — U(00) + ¥(20) — ¥(00) + ¥(20) — ¥(10)
— W(11) + W(01) — W(21) + W(01) — W(21) + W(11)
+W(10) — U(00) + ¥(20) — ¥ (00) + ¥(20) — ¥(10)
— U(12) + U(02) — W(22) + U(02) — W(22) + (12)
+W(10) — T(00) + ¥(20) — ¥(00) + ¥(20) — ¥(10)
— W(13) + (03) — W(23) + W(03) — ¥(23) + W(13)
+W(11) — U(01) + W(21) — B(01) + W(21) — B(11)
— U(12) + U(02) — W(22) + U(02) — ¥(22) + U(12)
+W(11) — W(01) + W(21) — W(01) + W(21) — U(11)
— W(13) + U(03) — W(23) + U(03) — W(23) + W(13)
+W(12) — U(02) + W(22) — B(02) + ¥(22) — U(12)

— W(13) + U(03) — U(23) + U(03) — U(23) + U(13) (2.1.20)
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So the interaction between F; and F5 is measured by the arithmetic mean

of the 36 quantities above i.e.

1 *
L(A\F) =5 L' (R F)

:316{—2\11(00) +20W(20) + 20(01) — 2W(21)
— 20(00) + 2W(20) + 20 (02) — 2W(22)
— 2W(00) + 2W(20) + 2W(03) — 20(23)
—2W(01) 4 2W(21) + 20 (02) — 20(22)
—2W(01) + 2W(21) + 20 (03) — 20(23)

_ 2W(02) + 20(22) + 20(03) — 2W(23)}
:316{—@(00) — 2W(01) + 20(02)

+6W(03) 4 0W(10)

+0W(11) 4+ 0W(12) + 0 (13) + 6W(20)

+2W(21) — 20(22) — 60(23)}

1 1 1 1
= — —0(00) — —T(01) + —U(02) + ~ U
S(00) = —W(01) + —W(02) + W(03)

+ 0¥ (10) + 0¥ (11) + 0W(12)

1 1
+0¥(13) + 6\11(20) + E\11(21)

1 1
— g W(22) — ((23)

s1—1 so—1

=>. 2 (12)¥() (2.1.21)

j1=0  j2=0
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which is also a linear parametric function where ¢(j1j2) are real numbers

not all zero such that

£(00) + £(01) + £(02) + £(03) + £(10) + £(11) + £(12)+

0(13) 4 £(20) + £(21) + £(22) + £(23)

s1—1s2—1

:Z 25(]1]2)

J1=0 j2=0

_ 1+1+1+0+0+0+0+1+1 L1
6 18 18 6 6 18 18 6
0 (2.1.22)

where

£(00) =¢(23) = —é,

((01) =6(22) = _118,

0(02) =((21) = 118

£(03) =£(20) = é

£(10) =¢(11) = €(12) = £(13) = 0 (2.1.23)

Hence the £(j1j2)’s satisfy(2.1.4) thus L(FF) is a treatment contrast that

measures the interaction effect of I} F5.
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Definition 2.1.1.

A treatment contrast

s1—1 Sm—1

J1=0 Jm=0

belongs to the factorial effect

lg

1<ip<...<ig<m;1<g<m)
if
a) L(ji...jm) depends only on jj,.. .j;,,

b) writing £(j1. - .jm) = £(ji,- - -Jis,), in view of (a) above, the sum of

(i, - - -Ji,) separately over each of the arguments jj,...j;, is zero.

A factorial effect F},...F; , as defined above, will be called a main effect if
it involves exactly one factor (i.e., ¢ = 1) and an interaction if it involves
more than one factor (i.e., g > 1). Clearly, there are m main effects and
(i;) g-factor interactions. Thus, the total number of factorial effects in

$1X- X8, factorial is

(1) () i)

The order of a factorial effect is the number of factors that it involves. For
example, a main effect is of order 1, a two factor interaction is of order 2
and so on. Now, to motivate the ideas further, for a 3x4 BAFD taking
g = 1 and 7; = 1 in this definition, a treatment contrast belongs to the

main effect of F provided that it is of the form

s1—1 Sm—1 _

Do 2 MG)Y (e ) (2.1.24)

71=0 Jm=0
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where
s1—1
Z [(71) =0 (2.1.25)

J1=0

note that (2.1.24) and(2.1.25) correspond to the requirements (a) and (b)
respectively of the definition 2.1.1. Consider now the contrast L(F}) given

in (2.1.10) and observe that it can be expressed as
L(F) =— é[qf(oo) + U (01) + T(02) 4+ U(03)]
+ 0[W(10) + W(11) + ¥(12) + ¥(13)] + é[\IJ(QO)
+ U(21) + W(22) + W(23)]

hence in compatibility with definition 2.1.1 (a), the coefficients of W(j;j2)
in L(F}) depends only on j;. In other words, L(F}) is of the form (2.1.24),

since the coefficient of W(j172) in L(F}) depends only on j;. We can write

- 1 - - 1

[(0) = ~& [(1) =0, and [(2) = 6
obviously

- - - 1 1

10)+1(1)+1(2) = _6+0+6:0

as it should in view of(2.1.25).

Similarly, L(F») given in (2.1.17) can be expressed as

L(Fy) = - [¥(00) + ¥(10) + ¥(20)] + 118 [T(01) + U(11) + T(21)]

[N

W(02) + W(12) + W (22)] — é (W(03) + W(13) + ¥ (23)]

5|~

hence in compatibility with definition 2.1.1 (a), the coefficients of W(j1j2)
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in L(F3) depends only on js. In other words, L(F3) is of the form (2.1.24)
with

Ly 1 _ 1

obviously

as it should in view of(2.1.25).

Turning to the case of the two factor interaction Fy Fy, we take g =2, [y =1
and [y = 2 in definition 2.1.1. The treatment contrast F;F, provided it is

of the form

s1—1 Sm—1 s1—1sa—1
Do 2 LG gm) PG gm) = 30 >0 Lj2) Y (jij2)  (2.1.26)
]1:0 ]mzo ]1:0 .]2:0
where
s1—1
[(j172) =0 for each jo(0 < jo < 59 — 1) (2.1.27)
J1=0
and
so—1
> U(jij2) =0 for each j1(0 < j; < s —1) (2.1.28)
J2=0

As before (2.1.26) is dictated by requirement (a) of definition 2.1.1 where
(2.1.27) and (2.1.28) are dictated by requirement (b). The contrast
L(F1F,) defined in (2.1.21) can be expressed as

L(F\F) = —é[qf(om +w(23)] - 118[qf(o1) +w(22)] + é[\p(og) + 0 (20)]

+ 0[W(10) + ¥(11) + ¥(12) + ¥(13)] + 118[\11(02) + U(21)]
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where

1100) = (28) = £ T(0) = [(22) = - 1(03) = [(20) = |

<, 1(03) = 1(20) = .

obviously the sum of these coefficients is equal to zero.

2.2 Kronecker Product Formulation For Facto-

rial Effects.

Continuing with an sy x- - -xs,, factorial, we now discuss some basic prop-
erties of treatment contrasts belonging to factorial effects. An alternative
formulation for such contrasts which is equivalent to definition 2.1.1 but
involves Kronecker products of matrices, will be helpful in this context.
This formulation was introduced formally by Kurkjian and Zelen (1962,
1963). Some of their ideas were inherent in Zelen (1958) and Shah (1958).

The definition and few elementary properties of the Kronecker product

matrices are given here; more details are available in Rao (1973).

If By = ((bl(jl))) and By are matrices of orders p;xq; and pyxqy respec-
tively, then the Kronecker product of B; and Bs, denoted by B1®Bs,, is
a (p1p2) X (q1g2) matrix defined by B1®Bs = ((bl(;)Bg)) in the partitioned

form.

Similarly, the Kronecker product of three matrices By, By and Bj is defined
as B1®By®Bs = B1®(B2®B3) = (B1®B2)®Bs3, and so on. The following

properties of Kronecker products will be useful in the sequel:
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i. For any m matrices By, ..., B,
(Bl®' . .®Bm)/ = Bll®. . .®B;n

where the prime denotes transpose.

ii. For any m matrices By, ..., By,

rank(B;®- - -®B,,) = ] rank(B;)
i=1

iii. For any 2m matrices By, ..., Bim, Bo1, ..., Bop,
(Biui® -+ ®@Bim)(Ba® - - - @Bay,) = (B11521)®- - -®(B1mBam)

provided that the ordinary product Bj;Bo; is well defined

for every i (1 <i <m).

We are now in a position to proceed with Kronecker product formulation
for treatment contrasts belonging to factorial effects in an sy x---xs,, fac-

torial. We first write
v = ﬁ S;
i=1

to denote the total number of treatment combinations. Without loss
of generality, we assume that the v treatment combinations are ar-
ranged lexicographically . For example, if m = 2, they are arranged as
00,01,...,089,10,11,...,189,...,510,811,..., 8152 where s; = s; — 1 and
Sy = s9 — 1. Let W be a column vector, of order v, with elements given
by the treatment effects U(j;. . .7, )(0<j;<s; — 1, 1<i<m), which are lexi-
cographically arranged. Any treatment contrast can then be expressed as

(U, where / is a non-null vx1 vector whose elements add up to zero.
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Observe that a typical factorial effect Fj,...F;, can be denoted by F(y),

where y = y1- - ‘Y, is a binary m—tuple such that

1, ifiefir, ... i}
yi = ? (2.2.1)

0, otherwise

This establishes a one-to-one correspondence between the set of the 2™ — 1
factorial effects and the set 2 of the 2 — 1 non-null binary m—tuples. For
example, with m = 3, the main effect of F5 can be denoted by F'(010), the

interaction F1F3 by F(101), and so on. We need some more notation.

For 1<i<m, let 1; be the s;x1 vector with all elements unity, [;, the

identity matrix of order s;, and M; an (s; — 1)xs; matrix such that

These equations do not specify M,; uniquely, but the present discussion
does not depend on the specific choice of M; as long as it satisfies the
conditions(2.2.2). For any y = ...y, €S, the set of non-null binary m-
tuples, define

M(y) = M{'®- - - @M} (2.2.3)
where, for 1<:<m,
L ify=0
M) = (2.2.4)

It is not hard to see that M (y) involves m(y) rows and v columns, where

m(y) = [(si — 1)* (2.2.5)

1=1
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we state the following theorems without proof:

Theorem 2.2.1.

For any y = y1...yn€€), a treatment contrast A belongs to the
factorial effect F(y) if and only if £ €R[M (y)] where R[M (y)] stands

for the row space of M(y).

Note that by (2.2.2) and (2.2.4), M} has full row rank for each ¢ (1<i<m).
Hence by (2.2.3), M(y) has full row rank for every ye(2. Since M (y) has

m(y) rows, the following result is evident from Theorem 2.2.1.

Theorem 2.2.2.

For any y = 1. . .¥m €S2 the maximal number of linearly independent

treatment contrasts belonging to factorial effect F(y) is m(y). Fur-

thermore, the m(y) elements of M (y)V represents a maximal set of

linearly independent treatment contrasts belonging to F(y).

The concept of orthogonality of treatment contrasts plays a crucial role in
factorial experiments. Two treatment contrasts (W'Y and (AT are said

to be orthogonal if
(W@ = ¢ (2.2.6)

For example from (2.1.10),(2.1.17), and (2.1.21) any two of the contrasts
L(Fy), L(Fy), and L(F}F3) are orthogonal to each other since

1 1 1 1 1111
L(Fy) 0 = ————0000]
(1) i 67 67 67 67 y Uy Yy 76767676
L(F).g(g),_'1 1 1 11 1 1 11 1 1 1]
2 16718 18 6’6’18 18 676718 18" 6
1 1 11 1 1 1 1
L(F\F) 4% = ——0000—_]
(12) I 67 18718767 ) ) ) 767187 187 6
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The contrasts are mutually orthogonal since they belong to different fac-
torial effects, this is actually a consequence of a more general result as

presented below

Theorem 2.2.3.

Any two treatment contrasts belonging to different factorial effects

are orthogonal

Proof. In view of (2.2.6) and Theorem 2.2.1 it is enough to show that
M(y)M(z) =0 (2.2.7)

whenever y = y1.. .y, and z = 21.. .z, are distinct members of 2. Now,

by (2.2.3)

M(y)M(z) = (MP(M7))@- @ (MY (MZ)) (2.2.8)

If y and z are distinct members of €2, then y; # z; for some 7. Without loss
of generality, let y; # z; and suppose y; = 1,27 = 0. then by (2.2.2) and
(2.2.4), MY (M§") =0 and (2.2.7) follows from (2.2.8). O

Theorems 2.2.2 and 2.2.3 together have an interesting implication. Since
a typical treatment contrast is of the form E/\If, where ¢ is a none-null
vx1 vector whose elements add up to zero, clearly the maximal number of
linearly independent treatment contrasts (belonging to factorial effects or

not) is v — 1 by equation (2.2.5),

m

v—lzﬁsi—lzn(si—l—i—l)—l:Zm(y).

i=1 i=1 ye
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hence, in view of theorems 2.2.2 and 2.2.3 we reach the satisfying conclu-
sions that treatment contrasts belonging to a factorial effects together span

all treatments.

Theorem 2.2.2, in conjunction with equations (2.2.3) and (2.2.4) helps
in explicitly describing treatment contrasts belonging to various factorial
effects in any given context, to motivate the ideas consider a 2x3x3 BAFD
whose treatment combinations have already been given in equation (2.1.2).
Here m = 3, following equation (2.1.2) the vector ¥, with lexicographically
arranged elements W(jyj273), is given by

U = (T(000), T(001),. .., U(121), T(122))
Since 51 = 2, 55 = 53 = 3, we have 1, = (1,1), 1, = 13 = (1,1,1)". Also,

!

following equation (2.2.2), one can take

-1 0 1
Ml - (_17 1)7M2 - M3 -
1 -2 1

where the matrices M; and the vectors 1; are stated above.

By theorem 2.2.2, the elements of M (100)¥, M (010)¥, and M (001)¥
represents maximal sets of linearly independent treatment contrasts be-

longing to factorial effects F(100), F'(010), and F(001) i.e. the main
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effects of Fy, F, and Fj respectively.  Similarly, the elements of
M(110)¥, M (101)W, M(011)¥ and M (111)¥ represents maximal sets of
linearly independent treatment contrasts belonging to interactions F}F5,

Fng, F2F3 and F1F2F3 respectively.

Lemma 2.2.1.

For any g(1<g<m), the row spaces of the matrices M;®- - -®M, and

0L - ®l,
H, = : (2.2.9)

e - @l

are orthogonal compliments of each other.

Proof. To motivate or to give flavour of the basic idea of proof without
making the notation too complex, we prove the lemma for g = 3 though
at the expense of heavier notation, the lemma can be proved similarly for
any g. By (2.2.9)

_1,1®]2®]3_

Hs = |[,®1,®15

_[1®12®1;,_

for 1 <i <3, let

M;=| " (2.2.10)
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by (2.2.2), M; is non-singular for every i. Hence, premultiplying Hs by the

non-singular matrix diag(]\7[2®M3, M ®@Ms;, ]\7[1®M2) yields

R(Hs) =R

1/1®M2®M3_

M @15, Ms

M1®M2®1/3_

(2.2.11)

where as before R(-) stands for row space of a matrix. But by(2.2.10),

1, @Mo®@M; =

101,01,
1,®@15®M;

1 @My®1,

_11®M2®M3_

on the basis of similar considerations for M1®1/2®M3 and M1®M2®1/3.

It follows from(2.2.11) that

R(H3) = R(M),

where

1

M - 1/1®M2®M3

M

M,

1, @150 M;

1)@ M@ 1,

Mi®1501,

1,15

1, Ms

DMp® 15|

(2.2.12)

(2.2.13)
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Now, by(2.2.10),

M .
:M1®M2®M3
MR Mo® Ms

is non-singular, while by (2.2.2) and (2.2.13)
M(M;®Mo®@Ms) =0

hence the row spaces of M and M; @ My® Ms are orthogonal compliments of
each other. Therefore, by (2.2.12), the row spaces of Hz and M;®@My® M;

are also orthogonal compliments of each other. O

2.3 Elements and Operations of Calculus for

Factorial Arrangements

The calculus for factorial arrangements provides a very powerful tool for
expressing the notation in a very compact and convenient form. This
calculus was introduced by Kurkjian and Zelen (1962, 1963) although it
appears that some of their ideas were also inherent in Zelen (1958) and

Shah (1958).

Let a, = (0,1,...,m; — 1)/, 1<i<m. The v treatment combinations will

be considered in the lexicographic order given by a;xaqX---xa,,, where

x denotes symbolic direct product as defined by Shah (1958). Let ¥
be a vx1 vector, with elements given by the W(ji, ja,. .., jm)’s arranged
lexicographically. For example, if m = 2,s; = 2, s9 = 3, then

a; = (0,1) a, = (0,1,2)
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then
a; xa, = (00,01,02,10,11,12)

and

T = (¥(0,0),T(0,1), ¥(0,2), ¥(1,0),¥(1,1),¥(1,2))

A typical treatment contrast is of the form 5/\11, where the vx1 coefficient
vector £ is non-null and the sum of elements of ¢ equal to zero. Such a
contrast will be said to be normalised if Elﬁ = 1. Two treatment contrasts
éll\lf and ﬁ;\ll will be called mutually orthogonal if 5/152 = 0. A set of
treatment contrasts will be called orthonormal if the contrasts in the set

are all normalised and mutually orthogonal.

Let Q be the set of all m-component non-null binary vectors. It is easy to
see that there is a one to one correspondence between (2 and the set of all

interactions, in the sense that a typical interaction
Fy Fiy - F, 1<ii<ig<-<ig<m,1<g<m)

corresponds to the element y = (y1,...,ym) of Q such that y;, = vy, =
- =y;, =1land y, =0.

For w # 11,1,...,%5. Thus the 2™ — 1 interactions may be denoted by
F(y), yeQ). For expample, if m = 2, then the main effects Fi, Fy and
the 2-factor interaction F}F, may be denoted by F'(10), F(01) and F(11)
respectively. The treatment contrasts belonging to the interactions may be
conveniently represented making use of Kronecker products, as indicated

below.

For each y = (y1,...,ym) € , let

MY = M{'"@M$*®- - - @My = &L M;" (2.3.1)
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where ® denotes the Kronecker product and for 1 < i < m,

‘ ]z — Si_lJi, if Y; = 1
MY = (2.3.2)

S-_lji, lf Y; = 0

here I; is an identity matrix and J; is a matrix of 1’s both of order s;xs;.

Lemma 2.3.1.

For each y € 2, the elements of MYV represents a complete set of

treatment contrasts belonging to the interaction F(y).

Proof. The proof may now be completed by observing that in view of

(2.3.1) and (2.3.2)
rank(31”) = [T sank(112) = [[ (s~ 1"

which is the same as the maximum number of linearly independent con-

trasts belonging to F(y). ]

Lemma 2.3.2.

Treatment contrasts belonging to any two distinct interactions are

mutually orthogonal.

Proof. By lemma 2.3.1, it is enough to show that for every y = (y1,...,Ym)
and © = (x1,...,2m) € Q, z £y,

M*MY =0 (2.3.3)
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Now, by (2.3.1) and the standard rules for operations with Kronecker prod-

ucts,
M*MY = @, (M M) (2.3.4)

Now, z # y, implies that x; # y; for at least one 7, and for this i, by (2.3.2)
(M M) = 0. Hence (2.3.3) follows from(2.3.4). O

Lemma 2.3.1 gives a representation for the treatment contrasts belonging
to the different interactions. Another equivalent representation in terms
of orthonormal contrasts is often helpful. For 1 < i < m, let 1; be s;x1
vector with all elements unity and p; be an (s; — 1)xs; matrix such that
$; X 8; matrix (s;%li,P;)/ is orthogonal. For example, if m = 2, s = 2,

s9 = 3 i.e. we have a 2x3 asymmetrical factorial then one may take

_ 1 1
Pi=l+d —3]
1 1 0
Py=|V2 V2
11 2
V6 V6 V6
For each y = (y1,...,ym) € Q, let
pY = @m pY (2.3.5)
where, for 1 <7 <m
pr={" (2.3.6)
s; 21, ify; =0
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By equations (2.3.2) and (2.3.6), the relation Pz-ngiy’i = M} holds for every
i, whether y; equals 0 or 1. Hence, by (2.3.1) and (2.3.5), for every y € )

PYPY = MY (2.3.7)

Analogously to (2.3.3), it may be seen that for each
T,y €Q, v #y,

P*P* =1, P°PY =0 (2.3.8)

where [ is the identity matrix of appropriate order.

Lemma 2.3.3.

For each y € 2, the elements of PYVU represents a complete set of

orthonormal contrasts belonging to the interaction FY.

In the sequel, the representations as given in lemmas 2.3.1 and 2.3.3 above,

will be found to be useful.

2.4 Orthogonal Factorial Structure and Balance

Consider an arrangement of the v = []s; treatment combinations in a
block design involving b blocks of sizes ki, ko, ..., ks, the j* treatment
combination being replicated r; times. The design will be called proper
if ki,ko, ..., ky are all equal and called equi-replicate if the r;’s are all
equal. The vxb matrix N = ((n;,)) will be termed the incidence matrix
of the design where n;,(> 0) is the number of times the j™ treatment
combination occurs in the h*" block.

Let

!

Ir= (7’1,7’2,...,7‘v),
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!

1_{: (klak%*"akb);
6 o .

r® = Diag(ry,72,...,7y),

04 di ] ix wh in di 1 el

r? is a v X v diagonal matrix whose main diagonal elements are ri,79...7,

k% = Diag(ky, ko, ..., ky). k° is a bx b diagonal matrix whose main diagonal

elements are ki, ko ... kp

The fixed effects intrablock model with independent homoscedastic errors
(The constant error variance being, say ¢2) and no block versus treatment
interaction will be assumed. Then it is well known (see e.g. Raghavarao
(1971)) that the intrablock reduced normal equations for the vector of

treatment effects W are given by

Cv =Q (2.4.1)

where
C=r’—NEN (2.4.2)

is the usual C-matrix of the design, £ = (k°)~! and Q is the vector of

adjusted treatment totals.

From equation (2.4.2), C is a symmetric matrix with all row sums zero.
Hence rank(C) < v — 1. A design is called connected if rank(C) = v — 1.
A treatment contrast E/\ll is estimable if E/ € R(C), where for any matrix
A, R(A) stands for it’s row space. Clearly, for an estimable treatment
contrast fl\ll, there exists a vx1 vector ¢* such that El = ﬁ*/C’. The best
linear unbiased estimator (BLUE) of g'\y is given by Z\if = é*/@. All

treatment contrasts are estimable if and only if the design is connected.

In analysing the results of a factorial design, the experimenter is primarily
interested in drawing conclusion on the contrasts belonging to different

interactions. A great simplification occurs in interpreting the results of
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analysis if the design has orthogonal factorial structure. In the sense of
definition 2.4.1 given below. Another use of OFS is realized while con-
structing confidence intervals for estimable contrasts belonging to different
interactions. A discussion on the importance of orthogonal estimation of
parameters in constructing confidence intervals can be found in Box and

Draper (1987).

Definition 2.4.1.

A factorial design will be said to have orthogonal factorial structure
(OFS) if the BLUESs of estimable treatment contrasts belonging to

distinct interactions are mutually orthogonal, i.e. uncorrelated.

In other words, by lemmas 2.3.1 and 2.3.3, OFS holds for each z,y, €
Q, x # y if the BLUE of every estimable linear combination of the elements
of M*W¥ (or P*V) is uncorrelated with the BLUE of every estimable linear
combination of the elements of MYW or PYW. When this is realised, in the
connected case, the adjusted treatment sum of squares (SS) can be split
up orthogonally into components due to the different interactions and, as
such, these components may be shown in the same analysis of variance
(ANOVA) table. The same can be done also in the disconnected case,
provided some further conditions hold. Incidentally, in lemma 2.3.2, it
was shown that contrasts belonging to distinct interactions are mutually
orthogonal. The OFS calls for a reflection of this property in terms of the
BLUES of such contrasts.

Another important and useful concept in the context of factorial design is
that of balance. A definition of balance along the line of Shah (1958) is as

follows:
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Definition 2.4.2.

In a factorial design, an interaction FY, y € €2, will be said to be

balanced if either

(a) all treatment contrasts belonging to FY are estimable and the
BLUE:Ss of all normalised contrasts belonging to F'¥ have the same

variance or;

(b) No contrast belonging to FY is estimable.

A factorial design will be called balanced if F¥ is balanced for every y € €}
in definition 2.4.2, the trivial situation (b) has been included mainly for
mathematical completeness; this situation will never arise if, in particular,
the design is connected. The following lemma provides an interpretation

for balance which is useful in practice.

Lemma 2.4.1.

In a factorial design, an interaction FY is balanced in the sense (a)
of definition 2.4.2 if and only if all treatment contrasts belonging to
FY are estimable and the BLUESs of every two mutually orthogonal

contrasts belonging to F¥ are uncorrelated.

Proof. Only if: Suppose that the interaction F"¥ is balanced in the sense
of (a) of definition 2.4.2. Let E;g and ﬁ;\If be two mutually orthogonal
treatment contrasts belonging to FY. Define ¢; = (ﬁ;ﬁi)_%ﬁi, (1=1,2) and
= %(gl + £5), and note that §/1£, §,2£ and £ U are normalised contrasts

belonging to F¥. Since FY is balanced in the sense of (a) of definition 2.4.2

Var(e W) = Var(e,¥) = Var(e,¥) (2.4.3)
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again
I~ 1 ! A ! A
Var(e V) = §Var(§1i +e,¥)
1 A A
= (Var(E, ) + Var(s, )
+ QCov(élli, élzi)}
which together with (2.4.3) yields Cov(e;®¥,e,0) = 0 and hence,

Cov(ﬁlli, ﬁ;@) = 0, as desired.

If: Let the conditions stated in the lemma hold. Consider any two distinct
contrasts which are normalised glli and §'2i belonging to FY. If e = —&9
then trivially Var(e,¥) = Var(e,¥), otherwise, (£, +&5) ¥ and (g, —g5) ¥
are mutually orthogonal treatment contrasts belonging to FY, and hence
under the condition stated in the lemma

Cov{(g1+e2) U, (g1 —&2) U} = 0, which yields Var(e,¥) = Var(e,¥). O

The following corollary is an immediate consequence of lemmas 2.3.3 and

24.1

Corollary 2.4.1

In a factorial design, an interaction FY is balanced in the sense (a)

of definition 2.4.2 if and only if all treatment contrasts belonging to
FY are estimable and the dispersion matrix of Py s proportional

to the identity matrix.
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2.5 Balanced Arrays

The concept of orthogonal arrays was first introduced by Rao (1946). They
play a vital role in the construction of asymmetrical confounded facto-
rial experiments.Rao (1946), Bose and Bush (1952),Bush (1952),Plackett
(1946) and Addelman and Kempthorne (1961) have constructed useful or-
thogonal arrays. Several authors(Masuyama (1969);Xu (1979);Jungnickel
(1979), Xiang (1983)) studied the construction of difference schemes that
are used in construction of orthogonal arrays. The recursive construction
of orthogonal arrays that makes use of a series of difference schemes is
based on the work of several authors, including Shrikhande (1964),Ma-
suyama (1969),Xu (1979) and Mukhopadhyay (1981). Further, informa-
tion about difference schemes can be found in Beth et al. (1986),Butson
(1962, 1963),Dawson (1985) and Jungnickel (1979), Launey (1986), Drake
(1979), Dulmage et al. (1961), Jungnickel (1979, 1992) and Seberry (1980).
Addelman and Kempthorne (1961), Wang and Wu. (1991), Hedayat et al.
(1992), Dey (1985), Wu et al. (1992) used expansive replacement method in
construction of mixed orthogonal arrays. While Wang and Wu. (1991), He-
dayat et al. (1992), Mendeli (1995), Wang and Wu. (1991), Dey and Midha

(1996) constructed mixed orthogonal arrays using difference schemes.

Chakravati (1956) introduced the concept of partially balanced arrays,
which generalize the concept of orthogonal arrays. He (1961) constructed
partially balanced arrays from tactical configuration and pairwise partially
balanced designs. Srivastava and Chopra (1975) made contributions to
the theory and construction of partially balanced arrays, renaming them
balanced arrays. For some constructions of balanced arrays reference may
be made to Chakravati (1961), Srivastava and Chopra (1972), Rafter and
Seiden (1974), Sinha and Nigam (1983), and Saha and Samanta (1985),
Niishi (1981), Srivastava (1990), Raktoe et al. (1980).
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Definition 2.5.1.

A k x b array with entries from a set of v symbols is called an or-
thogonal array of strength ¢ if each ¢ x b subarray of A contains all
possible v' column vectors with the same frequency \ = % It is de-
noted OA(b, k,v,t; \); the number A is called the index of the array.
The numbers b and k are known as the number of assemblies and

constraints of the orthogonal array respectively.

Example 2.5.1. OA(8,4,2,3;1)

01111000
10110100
11010010
11100001

Definition 2.5.2.

Let A be a k x b array with entries from a set of v symbols. Consider
the v’ ordered t-tuples (z1, ..., ;) that can be formed from a t-rowed

subarray of A, and let there be associated a non-negative integer

A(z1, ..., z¢) that is invariant under permutations of xy, ..., x;. If for
any t-rowed subarray of A the v’ ordered t-tuples (z1,...,x;), each
occur A(zq,. .., 2:) times as a column, then A is said to ba a balanced

array of strength t. It is denoted by BA(b, k,v,t) and the numbers

A(z1,...,7¢) are called the index parameters of the array.

Clearly a BA(b, k,v,t) with A(z1,...,2:) = A for all t-tuples (z1,...,x) is
simply an orthogonal array OA(b, k, v, t; \).
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Example 2.5.2. BA(10,5,2,2)
01 0101O01O01

1110110000
00111000171
1100001011
00001111T1Q0

A(0,0) = A(1,1) = 2 and A(0,1) = A(1,0) = 3

Definition 2.5.3.

An OA(Xs?,m,s,2), where A = af3 is said to be B-resolvable if it is
the juxtaposition of as different OA(5s, m, s, 1). A 1-resolvable array

is said to be completely resolvable.

For example if m = 3, s = 3, § = 1, A = 1 it implies that if & = 1 then
the OA[1x3x3,3,2;1] = OA[9,3,3,2;1] is 8 = 1 resolvable if it is the jux-
taposition of as = (1)(3) = 3 different orthogonal arrays OA[1x3,3,1; )]
= 0A[3,3,3,1;\] which includes

000 01 2 021
OA1=|1 1 1|0A=|12 0|0A3=1|1 0 2
2 2 2 2 0 1 2 10

The 8 = 1 resolvable (completely resolvable) OA[9,3,3,2;1] is however

00011122 2
01 2 120201
021102210
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Definition 2.5.4.

An OA(As%,m, s,2) is said to be partly resolvable if there exists s

assemblies which form an OA(s,m, s, 1).

A completely resolvable orthogonal array is certainly partly resolvable.

Example 2.5.3. The completely resolvable orthogonal array OA[9,3,3,2;1]
is partly resolvable since we can obtain s=3 assemblies which form an

OA(3,3,5;1) that includes

000 01 2 02 1
OA1=|11 1|0A=|1 2 0|0A3=1]1 0 2
2 2 2 2 0 1 210

The following example gives a partly resolvable orthogonal array which is

not completely resolvable.

Example 2.5.4. A Partly resolvable OA(12,6,2,2)

01 0000011T1TI1T1
010011100011
0110011110060
0101101011O00
0111100100¢0°T1
0111010001T120

This orthogonal array is partly resolvable since it is the juxtaposition of

61% = 1 orthogonal arrays such that each factor occurs in each of these

arrays 6 times at each level

Theorem 2.5.1.

If A and s are both powers of the same prime p, a completely resolv-

able OA()\s?, \s, s,2) can always be constructed.
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Addelman and Kempthorne (1961) gave a method of constructing an
OA(2s", 2(s™ — 1)/(s-1)-1, s, 2) but only for the case n = 2. Mukhopad-
hyay (1981) observed that the arrays for n > 3 can be obtained recursively

from those of n = 2.

Definition 2.5.5.

A transitive array TA(b, k,v,t; \) is a k x b array of v symbols such
that for any choice of t rows, the (vﬁ—'t), ordered t-tuples of distinct

symbols each occur A times as a column.

Example 2.5.5. TA(12,4,4,2;1)
012301230123

103223013210
230132101032
3210103223201

Bose et al. (1960) constructed TA(v(v — 1),k,v,2;1) from a set of k — 2
mutually orthogonal latin squares of order v. Suen (1982) constructed
TA(v(v —1),v,0,2;1) from doubly transitive groups of order v if v is even.
Morgan and Chakravati (1988) showed that b must be a multiple of 2(;) =

v(v — 1) in construction of transitive arrays.



Chapter 3

Methodology of evaluating
efficiencies of Balanced

Asymmetrical Factorial Designs

BAFD’s

In this chapter balanced confounded asymmetrical factorial designs with
orthogonal factorial structure are considered. Algebraic characterization
for balance with orthogonal factorial structure is given and a methodology

of evaluating efficiencies of such designs is given

3.1 Algebraic Characterization for Balance

With Orthogonal Factorial Structure

This chapter considers asymmetrical factorial designs which are bal-
anced and have orthogonal factorial structure (OFS). Such designs have
been termed balanced asymmetrical factorial experiments by Shah (1958,

1960a). They are known as balanced confounded asymmetrical designs

47
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according to the nomenclature of Nair and Rao (1948). The main result,
namely theorem 3.1.1 gives an algebraic characterization for balance with
orthogonal factorial structure. For equireplicate and proper designs, the
efficiency part of this result was proved by Kurkjian and Zelen (1963) while
the necessity part was proved by Kshirsagar (1966). Gupta (1983) consid-
ered extensions to designs that are not necessarily equireplicate or proper.

The following definitions and lemmas will be helpful

Let I, Fy, ..., F,, be m factors at s1, s, ..., s, levels respectively and N

be the incidence matrix of a BAFD

Definition 3.1.1.

Suppose we have a C'— matrix of the design in v(= s155...s,,,) treat-
ment combinations, then the design is said to possess property A
if

C = Z g(y)(J1 — [1)y1 & (J2 — ]Q)yQ Q... & (Jm — [m)ym (311)
ye*

where g(y)’s are constants depending on y.s and y; = 0 or 1

th

The element which is in the (xq,9,...,2,)" row and (y1,v2, ..., Ym)"

column of the matrix (the treatments are in lexicographic order) is 1 if

(71,29, ..., 7m) and (y1,%2, ..., Ym) are (Y1, Y2, ..., ym)" associates, and 0
otherwise.
Two treatments which are (yi,v,...,¥ym)"" associates occur together in

AY1Ys - . . Ym blocks; hence we have the following lemma
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Lemma 3.1.1.

Let N be the incidence matrix of a BAFD; then

NN =3 Mpyo. o ym(Ji — )" @ (Jo — L) Q... Q (S — Ln)¥"
ye*
(3.1.2)

where A\ggo._ o is defined to be r

Further let J; = s; ® s; to be a matrix with all elements equal to 1

Let Q* be the set of all m— component binary vectors, that is

Q*=QU{(0,0,...,0)} where Q is defined in chapter 2
for y = (y1,y2, - -, Ym) € QF let

7Y = @, ZY (3.1.3)

where for 1 <1 < m,

(3.1.4)
::ch if Y; = 0

Definition 3.1.2.

A v X v matrix G where v = IlIs; will be said to have property A if

it is of the form

G= % h(y)z*

yen*

where h(y),y € 0¥, are real numbers

Let M"%0 = g™ (s71J), (3.1.5)
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Which together with equation (2.3.1) and (2.3.2), define MY for every
y € *. Also let the (v — 1) x v matrix P be defined as

P=(..,PY, ..., (3.1.6)
where PY is included in P for every y € ). For example if m = 2 then
p— (POl, plo’ P“l)/

Lemma 3.1.2.

a. For each y € Q*, ZY can be expressed as a linear

combination of MY,y € Q*.

b. Conversely, for each y € Q0*, MY can be expressed

as a linear combination of ZY y € Q*

Proof.
MY =M @M ® - @ M

where
Mg/i _ IZ - Si_lji, lf’yZ =1

Si_lji, lf’gZ =0
Now

Zy:Z%1®Zg2®...®Z%m

where
Thus if y; =1

Yi _ 71 -1_0
M" =2 —s; 2

7
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and if y; = 0

Hence MY can be expressed as a linear combination of Z¥ and conversely

ZY can be expressed as a linear combination of MY Il

Lemma 3.1.3.
PP=1—-v1J

where [ is an identity matrix and J is a matrix of 1’s both of order

VXU

Proof. It may be seen from equations (2.3.5), (2.3.6), (2.3.8) and (3.1.6)
that in the v dimensional Euclidian space, the rows of P form an orthono-

mal basis of the orthocompliment of the space of vectors having all elements

equal. Hence the lemma follows Il

Example 3.1.1. Consider a 2 x 3 BAFD where m = 2, s;1 = 2,89 = 3
b=4,r=2 k=3 and
Ao1 = A11=1,A0=0

If we take
1 1
Py = 2 T2
1o-1
Py = \{2 \12 then
V6 V6 /6
1 1 1 1
por_ |2 2 0 2 2 0
11 2 1 1

P10:_1
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0 — 0

1 1 1
pit _ | 2 2 2

1 .2 1 1 2
Jiz 12 V12 12 Jiz 12
but

!

P = [POl/,Plol,Plll} isa(v—1)xv=>5x6 matriz

hence
1 1 1 1 1]
2 V12 /6 2 V12
1 1 1 _ 1 1
2 /12 /6 2 V12
2 1
P = 0 V12 6 0 V12
1 1r 1 1 1
2 12 /6 V2 V12
1 _ 1 _ 1 1 _ 1
2 V12 V6 2 V12
2 _ 1 2
| 0 V12 /6 0 V12
! 1 1 1 i
: =2 0 -3 5 0
2+ 1 2 _ 1 _ 1 2
V12 12 V12 V12 JI2 /12
p=|_L1L 1 1 1 1 1
hence /6 V6 6 /6 /6 6
1 1 1 1
: 2 0 -3 5 0
2+ 1 2 1 1 2
V12 /12 V12 V12 V12 12
and
(5 _1 _1 _1 _1 _1]
6 6 6 6 6 6
1 5 1 1 1 _1
6 6 6 6 6 6
1 1 5 _1 _1 _1
P’P: 6 6 6 6 6 6
1 1 1 5 _1 _1
6 6 6 6 6 6
1 1 1 1 5 _1
6 6 6 6 6 6
1 _1r 1 _1 _1 5
L 6 6 6 6 6 6 |
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100
010
001
oo o
00 0
0 00
=] —vlJ

o O = O O O

oS R O O O O

—_ 0 O O O O
=

r 1
—_ —_ —_ —_ —_ —_

—_ = = = e

—_ = = = e

—_ = e e e
—_ = = = e

IH —_ —_ —_ [y )_ll

where I is an identity matriz and J is a matriz of 1's both of order v x v =

6 X6
and
1
2
1
/12
"1
PP =| &
1
2
1
L V2
100
010
=10 0 1
0 00
000

is an identity matriz which is (v — 1) X (v —1) =5 x b))

0
0
0
1
0

= o O O O

_
S [\V]

<
o
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Lemma 3.1.4.

For a connected factorial design

(a) PCP' is positive definite (p.d)
(b) PYC'PY is pd for every y €
Proof. Since C' is non-negative definite (n.n.d), for every v — 1 component

vector U,

UPCPU>0

Furthermore as the design is connected equality holds in the above only if

the elements of P'U are all equal i.e. only if

PU = u,(®7,1,) (3.1.7)

For some constant ug. By equations (2.3.6), (2.3.8), (3.1.6), P'P equals

an identity matrix and

P(®iL,1;) =0

Hence on premultiplication by P

PPU = Puy(®i2,1;)

= u, P(®;%1;)

which yields U = 0 This proves (a). The proof of (b) now follows noting
that for each y € €, PYCPY is a principal submatrix of PCP'. O
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Lemma 3.1.5.

For a connected factorial design to be balanced with OFS, it is nec-

essary and sufficient that the C matrix of the design be of the form

C=> ply)M" (3.1.8)

ye

where p(y),y € Q, are real numbers

Proof. Sufficiency
Let C be of the form (3.1.8) then by equation (2.3.7), (2.3.8), it is easy to

see that for every y,z € Q,y # z,

PYC = p(y)PY (3.1.9)

PYCPY = p(y)IW (3.1.10)

PYCP* =0 (3.1.11)

where W is the identity matrix of order IT (s; — 1)¥ (= a(y) say) O

Example 3.1.2. Suppose y = (10)andz = (01) in example 3.1.1 then

4 1 1 1 1
3 —3 73 0 —3 —3
1 4 1 1 1
-3 3 —3 3 0 —3
114 _1 _1 g
plocy :{1 11 1 1 _1] 3 73 3 73 73
V6 Ve VB TV TV VBl g 1 1 o4 1 1
3 3 3 3 3
1 11 4 1
3 0 3 3 3 3
1 1 1 1 4
-3 3 0 —3 —3 3

:4[1 B T T _1}
3|6 V6 V6 6 V6 6
= 3PV = p(y) P

hence
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i.e.

POCPY = 4Ll L 48] = 21— ()T

where I is an identity matriz of order I, (s; — 1)¥* which in this case
(s =) =(2-1)'3-1)°

= (D)

= (1)

and PYCP? = p1°C P

N
<

—_

[\

D[
<.

P

)

NI
Q‘

iy

N

N[ —
<
=
[N}

|
l? [SVIIN
L —|
(e}
(@)
| I
(e}
—_

I
=

Example 3.1.3. For a 2 x 3 BAFD where m = 2,51 = 2,59 = 3,
b=4,r=2k=3, 1 =XM1 =1, 09=0 in example 3.1.1 we can obtain
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matriz C' of the design as follows

NNIZ Z )\y(Jl_Il)yl®(J2_[2)y2®"-®(=]m_]m)ym
yeN*

=Xo(J1 —11)°® (Jo — 1)’ + A1 (J1 — [1)° @ (Jo — Io)*
+ 01 — L)@ (J2 — L)+ A(S — 1)@ (Jo — I)!
=2(J; — 1) ® (Jo — L)° + X1 (J1 — )" @ (Jo — Lp)*
+ M0 = 1) (S — L)Y+ A (S — L)' @ (Jo — I)!
=2 L+ ot [L @ (Jo — L) + Mo(J1 — 1) @ I
+A1(Nh— L) ® (S — 1)

but in this design we have that \og1 = A1 = 1, A\ig = 0 hence

NN =2 @ L+ (WL @ (Jo— L) + (Ji — [) @ (Jo — o)
=2LQL+ L H—6LRL+ /1 ®J— 1 ® I
L@+
=2L KL +0[ K S+ 1 ® Jy— 1 R I

where as usual I, 15 are 2 X 2 and 3 X 3 identity matrices and Ji, Jo are
2 X 2 and 3 x 3 matrices of all I's. By (3.1.3) and (3.1.4),

NN' =27" 40210 — 70 4 700

which shows that NN has property A
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Furthermore

C=r(@",1)—k 'NN

1
=21 ® L) = S[22" +02'0 — 2% + 2%

2 1 1
_ 2Z11 . 7211 OZlO 7201 . 7200
37 T3 3
:%le_{_lel_}ZoO
3 3 3
where by (3.1.3) and (3.1.4)
4 1 1
C:§211+§Z_01_§Zo0 — — _
4 1 1
300 000 $00 300
030 000 050 030
005 000 004 00 3
- 4 + 1 1 +
000 300 $00 300
000 0350 0£0 010
000 003 0045 00 3
e _
3 3 3 3 3 3
e |
3 3 3 3 3 3
R e
3 3 3 3 3 3
e |
3 3 3 3 3 3
e e |
3 3 3 3 3 3
-1 -1 -1 -1 -1 -1
3 3 3 3 3 3
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133 0 3F 3]
743 203
FFs R0
023 4 3F 3
703 243
F30 023

By Lemma 3.1.4 (b) and (3.1.10) p(y) > 0; hence by (3.1.9)
PY = {p(y)}'PYCand from the reduced normal equations C¥ = Q it
follows that the BLUE of PYV is given by

P = {p(y)} ' P'Q,y € O (3.1.12)

It is well known that the dispersion of Q is given by

Disp(Q) = o°C (3.1.13)

o2 being the constant error variance.

Hence (3.1.11) and (3.1.12) for every y,z € Q,y # 2

Cov(PW, P*0) = {p(y)p(z)} ' Cov(P'Q, P*Q)
= o*{p(y)p(z)} ' PPCP”

=0

which shows that the design has OFS. Also by (3.1.10), (3.1.12) and
(3.1.13) for every y € 2

Disp(p"¥) = *{p(y)} 1V (3.1.14)
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So by corollary 2.4.1 the design is balanced.

Proof. necessity
Let P be as in (3.1.6) since C has all row and column sums equal to zero,
by lemma 3.1.3,

PPC=C=CPP (3.1.15)

hence

PC = PCP'P.

But by lemma 3.1.4 (a) PCP' is p.d. Therefore, P = (PCP)~'PC, and
from the reduced normal equations C¥ = @, the BLUE of PV is given by
PV = (PCP)~'PQ by (3.1.13)

Disp [P¥] = a*(PCP)™! (3.1.16)

Suppose now the design is balanced and has OFS. Since the design has
OFS, cov(P*W, P¥®) = 0. For every z,y(z # y) € Q. Hence all of
diagonals blocks in Disp(P¥) must vanish so that by (3.1.16),

(PCP)~' = Diag(...,A,,...),z €Q (3.1.17)
where Disp(PV) = 02A,,z € Q
Since the design is balanced, by corollary 2.4.1 for every x € 2, A, must
be proportional to the identity matrix.

Let A, = a,I®) where a, > 0 this together with (3.1.16) yields
PCP' = Diag(...,a;'1® .. )
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Pre and post multiplying the above by P and P respectively, one obtains
C= Y a'PYP*= Y a;'M? by (2.3.7), (3.1.6) and (3.1.15), hence the
xef)

€
necessity of the stated conditions follows ]
Now
C = X a;'P" P* where a;' = p(z) hence

x€)

hence the necessity of the stated condition follows

Exar{lple 3.1.4. For the 2 x 3 BA_FD in example 3.1.3

4 1 1 1 1
3 3 3 0 —3 —3
1 4 1 1 1
-3 3 —3 —3 0 —3
1 1 4 1 1
-3 —3 3 —3 —3 U
C =
0 _1 _1 4 _1 _1
3 3 3 3 3
1 1 1 4 1
5 0 -3 —3 3 —3
11 1 _1 4
3 3 0 3 3 3
1 1 _1 1 ]
2 2 0 2 2 0
1 2 1 1 2
J2 V2 Ty 12 Y2y 12
po|l 11 1 a1
=| /6 6 /6 6 /6 /6
1o 11
2 2 0 2 2 0
1 1211 2
J2 V2 Ty 12 Ty Ji2 12
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Hence

PCP =0 0 3 00

)
=)
S
ol
)

0000

Ol
L

= Diag(...,a;'I%,...)
= Dz'ag(a(_oll)f(m), a(_l%))f(m), a(_lll)f(n))

4 4
= Diag(21Y, §I<10>, §1<11>)

where IOV s of order (s; —1)%(sg — 1) = (2 - 1)°(3 - 1)! =2
and 1109 s of order (s; — 1) (sg — 1) = (
and IO s of order (s; — 1) (sg — 1)* = (
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It can also be verified that
. —1lasx
C=> a, M
x€)
11 11 1 1] 111 11 1]
3 6 6 3 6 6 6 6 6 6 6 6
11 1 11 _1 11 1 11 1
6 3 6 6 3 6 6 6 6 6 6 6
1 _1 1 1 _1 1 11 1 11 1
6 6 3 6 6 3 416 6 6 6 6 6
r 1 _1 L1 1 311 1 1 11 1
3 6 6 3 6 6 6 6 6 6 6 6
11 1 11 _1 111 111
6 3 6 6 3 6 6 6 6 6 6 6
1 _1 1 1 1 1 111 11 1
6 6 3 6 6 3 6 6 6 6 6 6
(1 1 1 _1 o1 1] [a4 _1 _1 g _1 _1]
3 6 6 3 6 6 3 3 3 3 73
11 1 r 1 1 14 1 L 9 _1
6 3 6 6 3 6 3 3 3 3 3
1 1 1 1 1 _1 1 4 L _1 9
4 6 6 3 6 6 3 3 3 3 3 3
_|_ — —=
3|11 1 1 1 _1 _1 o —i _1 4 1 _ 1
3 6 6 3 6 6 3 3 3 3 73
1 1 1 1 -1 9 _1 _1 4 1
6 3 6 6 3 6 3 3 3 3 3
1 1 _1 11 1 1 _1 9 _1 1 4
6 6 3 6 6 3 3 3 3 73 3
/ 4 4
— 2P01 P()l 4+ 7P10 PlO + *PH Pll
3 3
i ! /!
= p(0,1) P P + p(1,0) PO P10 4 p(1,1) P P
I
= > pla)P" P"
x€)
= pla)M”
x€)
= C.

where p(0,1) = ag' = 2,p(1,0) = ayy = s and p(1,1) = ayl =3

3
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Theorem 3.1.1.

For a connected factorial design to be balanced with OFS, it is nec-

essary and sufficient that the C' matrix of the design has property
A

Proof. Necessity
This follows from lemma 3.1.2 (b) and the necessity part of lemma 3.1.5 [

Proof. Sufficiency
Let the C' matrix have property A. Then by lemma 3.1.2 (a), it is possible

to express the C' matrix as

C= 3 plx)yM* =" p(x)M* + p(0,0,...,0)M%0 (3.1.18)

reN* AV

where p(z),x € Q* are constants

By (2.3.1), (2.3.2), and (3.1.5) for every y € 2

MY MO0 —

also

MN00-.0 3700..0 — MOO...O(# 0)

and

CMOO"'O —0

as each row sum of C' equals zero.

Hence post multiplying equation (3.1.18) by M99,

it follows that p(0,0,...,0) = 0. The sufficiency of the stated condition

now follows from (3.1.18) and sufficiency part of lemma 3.1.5. ]
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To motivate the ideas further using the BAFD in example 3.1.3

11 1 1 1 1
6 6 6 6 6 6
11 1 11 1
6 6 6 6 6 6
11 1 1 1 1
6 6 6 6 6 6

M =
111 1 1 1
6 6 6 6 6 6
111 1 1 1
6 6 6 6 6 6
11 1 1 1 1
6 6 6 6 6 6
1 1 1 1 1 _1]
3 6 6 3 6 6
1 1 _1 _1 1 _1
6 3 6 6 3 6
1 1 1 _1 1 1
6 6 3 6 6 3

MO =
11 _1 1 _1 _1
3 6 6 3 6 6
1 1 _1 _1 1 _1
6 3 6 6 3 6
1 1 1 1 1 1
6 6 3 6 6 3
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Then
MYM® = 0 since for example if y = 01 then

1 _1 _ 1 1 =1 _1; |1 1
3 6 6 3 6 6 16 6
1 1 1 1 1 _ 1)1 1
6 3 6 6 3 6] [6 6
1 1 1 1 =1 1 1 1
6 6 3 6 6 3 ]|6 6
013,00 __
MM_l_l_l 1 -1 _ 1|1 1
3 6 6 3 6 6 16 6
1 1 1 1 1 _ 1] (1 1
6 3 6 6 3 6] [6 6
1 1 1 1 =1 1 1 1
6 6 3 6 6 3 |]|6 6
00000 0
000000
000000
“loooo0o0o0
000000
000000

[N [N = [N [N

=

= = = o= =

=

o= = = o= =

=

D= D= [N D= D=

=
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Also M9 p00 — 790 gince

D D
= (=N
= =
= (=N
= =
[ D=

S|
D=
=
=
=
NI

MOO MOO —

D= D
= (=N
= =
= (=N
= =
[ [

|
=
o=
=
=
=

— MOO

Similarly

CMY” =

Theorem 3.1.1 provides a characterization for balance with OFS in terms
property A of the C' matrix in the connected case. Hereafter, a design will
be said to have property A if its C' matrix has property A. As indicated
below, one can work out very simple formulae for the analysis of such

designs.
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Consider a connected design with property A. Then by Lemma 3.1.5 and
theorem 3.1.1 the BLUE of PYW¥ and the dispersion matrix of this BLUE
are given by (3.1.12) and (3.1.14) respectively. Hence by (2.3.7) SS due
to interaction FY = SS due to PY¥

i R
= | Disp(PY¥) :
= (PYY) 02] (PYY)
i P
- | Cou(PYY, PYY -
= (priy [T

= {p(y)}'Q P PYQ

= {p(y)}'Q M¥Q, € Q (3.1.19)

Since the BLUE of I is I” and BLUE of ¥ is Q The formulae (3.1.19) is

extremely simple in the sense no matrix inversion is required.

Designs which are equireplicate or proper deserves some attention. For an
equireplicate design with common replication number r,

C =r(®m",I;) — NEON

and by definition 3.1.1, C' has property A if and only if NN’ has property

A. Hence our next result follows as a consequence of theorem 3.1.1
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Theorem 3.1.2.

(a). For a connected, equireplicate factorial design

to be balanced with OFS, it is necessary and
sufffient that the matrix Nk°N’ has property
A

(b). For a connected, equireplicate, proper facto-
rial design to be balanced with OFS, it is nec-
essary and sufficient that the matrix NN’ has
property A

For connected equireplicate designs with property A and a common repli-
cation number 7, it is possible to give a simple formulae for interaction
efficiences. Recall that for the kind of design under consideration, the dis-
persion matrix py\if is given by (3.1.14). On the other hand, it is readily
seen that for a randomized (complete) block design with the same number

of replicates, one would have obtained

Disp(PY0) = g%~ W (3.1.20)

A comparison of (3.1.14) and (3.1.20) shows that the efficiency with respect

to interaction FY in the design under consideration is given by

o’r W p(y)
= T = e V€D (3.1.21)

E(y)

To motivate the ideas further using BAFD in example 3.1.3 we have
p(0,1) =2,p(1,0) =5 p(1,1)=3

So

B(0,1) = 200 = 20 _ 1 apq

B(1,0) = 200 — o7 =

Wl
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[SV] )

Example 3.1.5. Consider a 3 X 4 factorial arranged in twelve blocks as

shown below

+—— Blocks ——
00 00 00 01 01 01 02 02 02 03 03 03
11 12 18 10 12 13 10 11 13 10 11 12
22 23 21 23 20 22 21 23 20 22 20 21

The design is connected, proper with constant block size 3, and equirepli-
cate with common replication number r = 3. It may be seen, by explicit

computation, that for the above design

NN = S N =0 @ (Jy— )2 @ ... @ (Jy — L)'
yeN*

=Xo(Ji —1)° @ (Jo — L)Y + Xou(J1 — [)° @ (Jo — Ip)*
+ho(J1—1)' @ (L= L)+ (i — 1) @ (S — L)'
=3L QL+ 11 ®(Jo— )+ o(J1 — 1) ® I
+Ai1(J1 — L) @ (Jo — 1)

but from the design it can be verified that A\og1 = A9 = 0 while \;1 = 1

hence
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NN =3L@L+1(Jy — 1) ® (Jo — L)
=3LRX L+ /1 Q@ —/[h QI —L QS+ 11 R
=4 @ L —5L®J— 1 Q@L+J1®J

where as usual I; and Iy are 3 X 3 and 4 X 4 identity matrices and J; and

Jo are 3 x 3 and 4 x 4 matrices of all 1’s

By (3.1.3) and (3.1.4)

NN’ = 4211 _ ZlO _ ZOl —|—Z00

which shows that NN’ has property A. Hence by theorem 3.1.2 (b) the
design is balanced and has OFS. Furthermore

1
C=3(I,®I)—-NN

3

= (@™ 1) — kT INN
5 1 1 1

_ 7zl1 7zl0 7201 . 7200
37 T37 T3 3

which also shows that C has the property A

1 =1

V2 V2
Suppose P, = L1

V26 VB

and Py well chosen by (2.3.5), (2.3.6), (3.1.3), (3.1.4)
11 1 1 _ 1 _ 1 _1 _1 g5 g 0
P10 _ 22 2VZ B2 22 22 22 22 22

1 1 1 1
26 26 26 26 26 26 26 26 V6 V6 VB
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and ZY = I, an identity matriz of order 12

hence
10

plozuplo’ — = TU9) where IW) is identity matriz of order
01

[T(si = 1% = (s1 = 1)!(s2 — 1)°
=3-1'4-1)"
=2

Sitmilarly pLoz10 p1o° — 4 (10)

Pl0701 plo" _ pl0 700 pl0" _

It also follows that )
11110000000 O0

111100000000

111100000000

ZlO —
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100010001000
01 00010001O00

001000100O0T1Q0

ZOl —

and

1 T
N = T S S S e S T e e e T = T
e S e S e oy S Gy S G st
G S Gt
N = T = S e S e G e N T e T = T
S S S wt
N = T S S S e S e S T e T e T =
e e T e S ey Sy S Gy S Gt
G S G it
N = T = S S S e e G e G I N
S S S wt
N = T S S S e S e S T e T e s T SNt
e e e G T T S =

hence

C=32" 41704179 — LZ% that is,
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2 0 0 0 0 b} -b o -}
o 2 0 0 b0 b b b0 )]
11 11 _1 1
-0 2 0 -3 -5 0 -3 -5 -3 0 —3
11 _1 11 _1
¢ 0 0 2 -3 -3 -5 0 -3 -3 -3 0
o 43 b2 0 0 0 0 ot
1 11 1 11
o—| 3 0 =35 0 2 0 0 = 0 =3 =5
11 1 11 1
-3 3 0 —5 0 0 2 0 -5 -3 0 -3
11 _1 11 _1
-3 3 3 00 0 0 2 -3 -5 -3 0
o 4o b2 o0 0 o
1 11 _1 11
-3 0 -3 3 -3 0 —3 -3 0 2 00
11 11 _1 1
-3 3 0 -3 -3 -3 0 -3 0 0 2 0
11 _1 11 _1
'3 3 35 0 -3 -3 -3 0 0 0 0 2
hence
30 10
PYCPY = =3 = 3710
0 3 01
where I1W) is the Identity matriz of order I] (s; — 1)¥
= (s1=1)" (52— 1)"
=B-1'4-1"
= 2.
Similarly it may be seen that
01~ p0l’ _ 87(01) plliypll’ _ 5 (11
polopPOT = 8100 piioplt = 2701,
. . o o 8
A comparison with (3.1.10) shows that p(1,0) = 3,p(0,1) = 35 and

p(1,1) = 2.
under consideration are given by
E[1,0] =20 —3_19

E0,1] = p(?fl) 33) — 9

Hence by (3.1.21) the interaction efficiencies in the design

8 8
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The characterization for balance with OFS, as given in theorem 3.1.1 has
immediate applicability in the actual construction of designs. It is possible
to derive another characterization, mainly of theoretical interest, in terms

of eigenvalues and eigenvectors for the C' matrix.

Theorem 3.1.3.

For connected factorial design to be blanced with OFS, it is neces-

sary and sufficient that every x € €2, the columns of pe represents an
orthonomal system of eigenvectors corresponding to the same eigen-

value of C.

Proof. This is an immediate consequence of (2.3.7), (2.3.8) and lemma

3.1.5 ]

Theorem 3.1.4.

The eigenvalues of NN’ of a BAFD are g(y1,vy2,--.,Ym)’s with

corresponding eigenvectors given by the columns of py/

where y = (y1, Y2, .-, Ym) € £

It should be noted that the multiplicity of ¢(y1,y2,...,Ym) Iis
iz (s — 1)V

Since C' = r(®",I;) — k" 'NN',

The columns of PY y € Q are also the eigenvectors of C' with correspond-

ing eigenvalues
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1
1
=r—gly), yeq (3.1.23)

Let E(y) denote the interaction efficiences, then

Corollary 3.1.1.

E(y) =1— 2g(y) and E(y) =1 if and only if g(y) =0

3.2 A Combinatorial Charaterization

Nair and Rao (1948) and Shah (1960a,b) defined a 2™ — 1 class associate
scheme for m factor experiments. Their association scheme has been re-
ferred to as the extended group divisible(EGD) scheme by Hinkelmann and
Kempthorne (1963) and binary numbers association by Paik and Federer
(1973). In this association scheme, two distinct treatment combinations are

h associates, © € Q where x; = 0 if the i** factor occurs at the

defined as 2
same level in both the treatment combinations and x; = 1 otherwise. The

number of 2" associates of any treatment is given by a(x) = [1(s; — 1)%

For x € Q let B* be a v X v matrix such that its (.J, J')"* element equal

th associates and zero

to 1 if the J* and J™ treatment combinations are z
otherwise. Then B”*, x € €, defines the 2™ — 1 association matrices of the
EGD association scheme. Using the method of induction, Gupta (1988)
verified that

B = @ BY (3.2.1)
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where for 1 <7 <m

— I, if ;=0 (3.2.2)

Definition 3.2.1.

n arrangement of the v = [[s; treatment combinations in b blocks
each of size k will be called an Extended Group Divisible (EGD)
design if

(i) The design is binary in the sense that each treatment combination

occurs at most once in each block.
(ii) Each treatment combination occurs in exactly r blocks and
(iii) Every two distict treatment combinations, which are x — th as-

sociates of each other occur together in \(x) blocks, © € Q

For example it may be seen that the design in example 3.1.5 is an EGD
design with parameters m = 2,51 = 3,50 = 4,b = 12,r = k = 3, \p1 =
Ao =0, 1 =1

It is readily seen e.g. Raghavarao (1971) that for an EGD design

NN =rl+ > MNz)B* (3.2.3)

€S

where [ is the v x v identity matrix.

By (3.1.3), (3.1.4), (3.2.2), for each x € Q, B* can be expressed as a linear
combination of Z¥,y € Q*. Also, I = Z'"1. Hence by (3.2.3), for an
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EGD design, the matrix NN’ has property A. Conversely, for each x €
Q*, 7" can be expressed as a linear combination of the I and BY,y € ().
Consequently if the NN’ matrix of a binary proper design has property
A, then the design must be an EGD design. We thus have the following
result that was proved by Paik and Federer (1973) using an alternative

argument.

Theorem 3.2.1.

A binary proper design is an EGD design if and only if NN’ matrix
has property A

Proof. Combining theorems 3.1.2 (), 3.2.1, one obtains the result. ]

Theorem 3.2.2.

For a connected, equireplicate, proper, binary factorial design to be

balanced with OFS, it is necessary and sufficient that the design is
an EGD design.

Theorem 3.2.2 presents a combinatorial characterization for balance with
OFS in the case of connected, equireplicate, proper, binary designs. Such
a characterization is of much help in the actual construction of the de-
signs. The "Sufficiency’ part of this theorem was proved by Nair and Rao
(1948), while the proof for ’Necessity’ part is due to Shah (1958, 1960a)and
Kshirsagar (1966).



Chapter 3: Methodology of evaluating efficiencies of BAFD’s 79

It is of interest to find explicit formulae for interaction efficiences in an

EGD design. To that effect note that by (3.2.3), for an EGD design

1
=rl—-NN’
C=r ?
1
=rl——|rl+ > )\(x)Bx}
k e
=rl ! I+EZA( )B*
=T k?” 2 = T
(1= 7) 5 @) B
- k k zef) !
k-1, 1 N
=rlk k-1 k1Y Ax)B*
€
=kt r(k—1)I -3 \Nz)B* (3.2.4)
€

From (2.3.5), (2.3.6), (3.2.1), (3.2.2), it may be seen after a little algebra
that for every z,y € Q

PYB*PY = [/ {(1 — yi)s; — 1} IW)

hence by (3.2.4), PYCPY = p(y)I¥

where

ply) =k~ [7“(/6 -DI=> A(w){ﬁ((l —yi)si — 1)} (3.2.5)

el i=1

From (3.1.21), (3.2.5), the following result is evident

Theorem 3.2.3.

For a connected EGD design, with parameters as stated above, the

efficiency with respect to the interaction FY is given by

Bly) =k~ (k= 1) = 7! 5 A1 - s — D7)




Chapter 4

Construction of balanced Arrays

In this chapter we have given a method of constructing transitive arrays
of strength t by using orthogonal arrays of strength ¢. A method of con-

structing orthogonal arrays using difference schemes is also given

4.1 Construction of transitive arrays

Transitive arrays are defined in section 2.5 and transitive arrays of strength
two are useful in the construction of two-factor BAFDs. Therefore, we are
especially interested in constructing the transitive arrays of strength two.
Very important arrangements of arrays are defined by Rao (1961), these are
orthogonal arrays of type 1 and type 2, later renamed as transitive arrays
and semi-balanced arrays respectively. Bose et al. (1960), constructed
TAv(v—1),k,v,2: 1] from pairwise balanced designs while Suen (1982)
constructed T'A[v(v — 1), v,v,2 : 1] from doubly transitive groups of order
v. In this section, we shall give a method of constructing transitive arrays

of strength ¢ by using orthogonal Arrays of strength ¢.

80
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Theorem 4.1.1.

If v = s is a prime number or a power of a prime number, then a

TA[As(s —1)...(s =t + 1), s,s,t] can always be constructed.

Proof. Construct an orthogonal array OA[s, s, s,t] by using a suitable
method. From this orthogonal array, delete all columns whose elements are
not distinct if s is odd in order to obtain a reduced orthogonal array. The
required transitive array is the reduced orthogonal array. However, if s is
even, the required transitive array is obtained by appending the reduced
orthogonal array to the transpose of each of its columns. We would like to
construct T'A[As(s — 1), s, s,2| hence, by theorem 4.1.1, we shall be inter-
ested in constructing OA[s?, s, s, 2] first before we construct the required
transitive arrays. Usually A is required to be as small as possible so that
the size of the transitive array would not be too large. However, if X is not
restricted to be too small, we can always construct a TA[As(s — 1), s, s, 2]

for any s > 2. O

A few examples which illustrate the applications of theorem 4.1.1 are given

below.

Corollary 4.1.1.

If s is a prime power, then there exists a T'A[s(s — 1), s, s, 2]

Proof. If we delete s columns whose elements are not distinct from the
orthogonal array OA[s?, s, s,2], the reduced orthogonal array will be

TA[s(s —1),s,s,2] by theorem 4.1.1 O

Example 4.1.1. For s=5, we can construct a T'A(20,5,5,2) where A =1
i.e. TA(20,5,5,2;1). This is obtained by first constructing OA[25,5,5, 2]

and deleting five assemblies with elements that are not distinct.
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123402 3401340124401 2 3
23 4 0140123123403 401 2
3401 2123404012323 401
4012 3 3 40122340112 34290
012340123 401234012 3 4

TABLE 4.1: TA[20,5,5,2;1]

Example 4.1.2. For s=3, we can construct a T A[18,3,3,2], where A = 3
this is obtained by first constructing an OA[27,3,3,2] and then deleting

nine assemblies with elements which are not distinct.

SN =
= O N
N = O
O = N
_ o O
N O =
SN =
S =N
=N O
O =

2
0
1

o = O
O~ N
— N O
o O =
SN =
_— o N
o = O

TABLE 4.2: TA[18,3,3,2;3]

The T A[s(s — 1),s,s,2]'s constructed in corollary 4.1.1 are completely

resolvable.

Theorem 4.1.2.

The existence of a resolvable T'A[s(s —1),s —1,s,2 : ] is equivalent

to the existence of s — 1 mutually orthogonal latin squares of order s

and hence also equivalent to the existence of an OA[s?,s —1,5,2 : )]

Example 4.1.3. For s = 7, we can construct a TA[42,6,7,2 : 1].
This transitive array s completely resolvable and it is equivalent to

OA[49,6,7,2]. The transitive array T A[42,6,7,2 : 1] is given below.

123 456 02 345601345601 2435
23456 0145601 23601234512
3456 0126 012345 234560156
456 01 23123456056 01234 2 3
56 01 23 43456 01212345606 0
6 01 23 455 6 01234456 0123 3 4

U= = O WD

Continuation...
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01 235 6 01 2 3 46 01 2 2 45
456 03 45601256013 3 4
12 3 412 3 45 6 045 6 01 2 3
56 01 6 012345 3 456 01 2
23 45 456 01 23 23456 01
6 01 2 2 3 45 601123 456 0

TABLE 4.3: TA[42,6,7,2:1] - continued

Theorem 4.1.3.

The existence of a TA[s(s—1), s—2, s, 2] is equivalent to the existence
of s — 2 mutually orthogonal latin squares and hence also equivalent
to OA[s? s —2,5,2]. The said mutually orthogonal latin squares are

of order s and all have different symbols in the diagonal.

Example 4.1.4. For s = 5, we can construct a T'A[20,3,5,2;1] by first
constructing an OA[25,3,5,2] and then deleting five assemblies with ele-

ments that are not distinct.

1
2
3

= W N
O =W
— O
N = O

2
4
1

N O W
W o=
= N O

1
3
0

S =W
O oo
—w o

1
4
2

w O N
O W
W =~ O
=~ O
O =N
— N W

TABLE 4.4: TA[20,3,5,2;1]

Example 4.1.5. For s = 4, we can construct a T A[24,4,4,3;1] by first
constructing an OA[32,4,4,3] and then deleting eight assemblies which

contain elements that are not distinct.

O DN = W
W= NN O
S W N =
=N Ww o
O = W N
N W= O
—_ W N O
SN W
_ O W N
N WO~
_= N O W
W o N
N O W
_ W O N
N = O W
W O = N
N W= O
O~ W N
W = O N
N O =W
W N = O
O~ N W
W O N =
=N O W

TABLE 4.5: TA[24,4.4,3:1]
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4.2 Difference Schemes

In this section, (A4, +),or simply A, will denote a finite abelian group with
a binary operation +. A will have a cardinality denoted by s, its identity
element will be 0 and the inverse of © will be —©. The pair (A, +) will
be taken to be the additive group associated with the Galois fields with s
elements. We shall then have the following definition of a difference scheme

based on (A, +).

Definition 4.2.1.

An r x c array D with entries from A is called a difference scheme
based on (A, +) if it has the property that for all i and j with 1 <,
j < ¢, the vector difference between the i and j** columns contains

every element of A equally often if i # j

Necessarily r is a multiple of s, say, r = As, where \ is the number of
times each element of A occurs in the difference of two columns. We will
denote such an array by D(r,c,s) and refer to it as a difference scheme

with s levels and index \.

Example 4.2.1. Any orthogonal array OA(N,k, s, t), with t > 2 may be
regarded as a difference scheme D(N,k,s), simply by taking the levels to

be integers modulo s

Example 4.2.2. Let (A, +) be the additive group associated with the Field
GF(s), whose elements, we denote by (o, ay, -+ ,as_1]. Let D be the s X s
multiplication table of this field. (Thus the table contains a row and column
of zeros corresponding to the multiplication by 0).Then D is a difference

scheme D(s, s, s).
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Example 4.2.3. By Juztaposing difference schemes D(ry,c,s) and
D(ry,c,s) we obtain a difference scheme D(ry + ra,c,s). By taking
the component-wise products of the rows of different schemes D(r1,c, s1)
and D(rg,c,s9) in all possible ways we obtain a Difference scheme

D(rirs, ¢, $182).

Theorem 4.2.1.

A difference scheme D(p™, p™, p") exists for any prime p and integers

m>n> 1.

Proof. Let the elements of GF(p™) be represented by polynomials
bo+ b1z 4+ by 4+ byyga™ ! (4.2.1)

where by, -+ b1 € GF(p). We may regard GF(p") as the additive
subgroup of GF'(p™) by identifying it’s elements with the subset of GF'(p™)
consisting of elements of the form by + bz +- - - +b,_12"~'. Note that here
we are only using the additive structure of GF(p™). Now let D* be the
p™ x p™ multiplication table of GF'(p™). Map every entry by + byx + - - -+
by,—12™ ! in this table to by + bz + - -+ + by_12" L. Let D be the array
obtained this way, and view it’s entries as elements of GF(p"). Then D is

the desired difference scheme. ]

Example 4.2.4. We illustrate the construction for the case p = 3,m =
2,n = 1, this will result to a difference scheme D(9,9,3). In this special
case the field GF(p") in the construction is actually the subfield of GF(p™)
and the multiplication of elements of GF(p") is the same in both fields.

Table 4.6 is a multiplication table for GF(3%), based on the irreducible
polynomial f(z) = 2% + x + 2, we represent the nine elements of GF(3?)

in condensed notation writing 0 as 00, 1 as 10, 1 + 2z as 01 and so on.
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(*)

00

10

20

01

11

21

02

12

22

00
10
20
01
11
21
02
12
22

00
00
00
00
00
00
00
00
00

00
10
20
01
11
21
02
12
22

00
20
10
02
22
12
01
21
11

00
01
02
12
10
11
21
22
20

00
11
22
10
21
02
20
01
12

00
21
12
11
02
20
22
10
01

00
02
01
21
20
22
12
11
10

00
12
21
22
01
10
11
20
02

00
22
11
20
12
01
10
02
21

TABLE 4.6: Multiplication table for GF(32)

Upon applying the map: For m = 2 : by + byx is the polynomial and for

n = 1: by is the polynomial hence we apply the map. by + byx — by to

the entries of this table to obtain the Difference Scheme D(9,9,3) based

on (GF(3),+) which is exhibited in Table 4.7

TABLE 4.7: A difference scheme based on (GF(3),+)

OO OO OO o oo

N — O N = OND = O

N O~ NO =N O

NN R BRPR PR OO0

— O N ON N —=O

O = N DN OO

R R EF NN OO

O = = O NN = O

N O~ O NN O

4.3 Orthogonal Arrays Via Difference Schemes

The procedure that converts a difference scheme into an orthogonal array

can be illustrated as follows If D is a difference scheme based on (A, +),

where A = {00, - 95—1} We will use D; to denote the array obtained from

D by adding 6; to each of its entries. Obviously D; is a difference scheme

with the same parameters as D. We just juxtapose the D;’s to obtain an
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orthogonal array of strength two. We refer to this process as developing

the difference scheme into an orthogonal array.

Lemma 4.3.1.

If D is a difference scheme D(r, ¢, s) then

is an orthogonal arrayOA(rs, ¢, s, 2)

Proof.

Select two factors from A, say Fy and Fy, F} # Frand two elements from
A, say 0 and 0. If ¢; and ¢y denote the columns of D corresponding to
the factors F} and F5 respectively, then we know that \ entries in ¢; — ¢
are equal to 6 -§'. For each occurrence of - § in c1 - ¢o there is a unique
row in a unique D; in which Fj is at level § and F5 is at level 0. Since
these are the only runs with factor F; at level 8 and factor Fy at level 9/,

we conclude that there are indeed \ such runs in A. O

Example 4.3.1. Construct a difference scheme D[9,9,9] and use it to
construct OA[81,9,9, 2]
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000 00 O0O0O00O0
01 2 3 45 6 7 8
0 23 45 6 7 81
0 3 456 78 1 2
0456 781 2 3
056 781 2 3 4
06 78 1 2 3 4 5
078 1 2 3 4 5 6

0 8 1 2 3 4 5 6 7

TABLE 4.8: The Difference Scheme D[9,9,9]

1 2 2 2 2 2 2

1

1

1

1
0123456 78120453786 2015 3 4

012 3 456 78 20153 48¢6 7120453

000 00 O0O0O0O01

2 6 78 01 2

2 3 45 6 78 3 45 6 7801

012 3 45 6 78 45 3 7861203867201

1

0

0123456 785 3 48672017861 20

012 3 456 786 78012345 3 45 6 7 8
01 2 3 45 6 787 861 2045 35 3 48¢6 7

23 45 6 788 6 720153 445 3786

1

0

22 2 3 3 3 3 3 333 3 444 4 4 4 4 4 4 5 5 5

8 6 73 4 5 6 78 01245 3786 1 205 3 4

78 6 6 78 012 34586 7 2015 3 47286

345 45 3 7861207 861 20453120

5 3 4 7 8 6

2045320153 486 73 45

1

45312045 3 786 3 456 78012867

0128 6 720153453 48¢6 7 2012201

53 48 6 76 78012345 45 3

1 205 3 48 6 7 2 01

1

201 2 0

1 204 5 3 7 8 6 6 7 8
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5555556 6 6 6 6 6 6 6 6 7 77T 777777
8 6 72 016 78 012345 786 1 2045 3
12045 3 345 6 7801253 48¢6 7201
453 78 6 8 6 72015 342015 3 486 7
6 78 01 25 3 486 72016 780123435
2015 3420153486745 378¢6 120
5348 6 745 3786 1 2012045 3 786
78 6 1 2012045 3786 86 7 2015 3 4
012 3 45 7861204533456 7801 2

8 8 8 8 8 8 8 8 8

8 6 7 2 0 1 5 3 4

4 5 3 7 8 6 1 2 0

5 3 4 8 6 7 2 01

1 2 04 5 3 7 8 6

6 7 8 01 2 3 4 5

78 6 1 2 0 4 5 3

345 6 7 8 01 2

2 015 3 48 6 7

TABLE 4.9: An OA[81,9,9,2]A =1

Definition 4.3.1.

An orthogonal array OA[N, k, s,2| is said to be a -resolvable if it
is statistically equivalent to the juxtaposition of % arrays such that
each factor occurs in each of these arrays a times at each level. A 1
-resolvable orthogonal array is also called completely resolvable,

otherwise it is called Partly resolvable.

Example 4.3.2. The OA|9,3,3,2] shown in table 4.10 is completely re-

solvable.
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NN~~~ OOO
— O N ON N O
O = NN O == DNDO

TABLE 4.10: A completely resolvable O A9, 3, 3, 2]

The % = 3 arrays in which each of the factors occur once at each level

and whose Juxtaposition is statistically equivalent to the OA[9, 3, 3, 2| are

000 01 2 021
Air=111 1,4 =11 2 0|, A3=1{1 0 2
2 2 2 2 01 210

Theorem 4.3.1.

The existence of both an a- resolvable OA[N,ky,s,2] and an
OA[%, ks, s,2] implies the existence of an OA[N, ki + ko, s,2]. Fur-
thermore, if the OA[éV—S, ks, s,2] is b - resolvable, there is an (abs) -

resolvable OA[N, ki + ko, s, 2]

T
Proof. Let A = {AL---»AL] be the a - resolvable OA[N, ky,s,2] where
u = % and in each Aj, Ao, ..., A, every factor occurs a times at each
level. Let B be the OA[%,kQ,S,Q] if B is b - resolvable we take it to

T
be B = {BL . Bﬂ where v = % and in each B; every factor occurs b -

times at each level for ¢ = 1,2, ..., v.

Now let C' be the N x [k; + ko] array formed by following each run in A; by
the i run in B for i = 1,...,u.C' is an OA[N, ki + ko, 5, 2] which is (abs) -
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resolvable since B is b - resolvable.

Corollary 4.3.1.

Suppose a divides Sﬁz, then, an a -resolvable OA[N, k, s, 2| can always
be extended to an (as) resolvable OA[N,k + 1,s,2]. In particular
any completely resolvable OA[N,k,s,2] can be extended to an s-
resolvable OA[N, k + 1, s,2].

Theorem 4.3.2.

An orthogonal array OA[N, k, s, 2| that is obtained by developing a

difference scheme is completely resolvable.

Proof. Let the orthogonal array be as in Lemma 4.3.1, with N = rs and
k = c. Let A; consist of the s-runs obtained by taking the i** row of each
of Dy, Dy,--- ,Ds_1,fori=1,---,r. Thus, A; consists of the runs formed
by taking the i'® row in D and adding 617, - - , 0,117 to it in turn. Every
factor occurs once at each level in each A; and the Juxtaposition of the Als
is statistically equivalent to the OA[rs, ¢, s, 2] that we obtain by developing

difference schemes. ]

Corollary 4.3.2.

A difference scheme D(r, ¢, s) can be used to construct an orthogonal

array OA[rs,c+1,s,2]

Example 4.3.3. Let D be the difference scheme D(s,s,s) according to
corollary 4.3.2 D can be used to construct an OA[s? s+ 1,s,2] of index

unity. Suppose now s = 4, as usual we denote the elements of GF(4) by
0,1,2,3. The Difference Scheme D(4,4,4) is given by the following table.



Chapter 4. Construction of balanced arrays 92

o O OO

TABLE 4.12:

O OO OO

TABLE 4.13:

O O OO
W N = O
_= W N O
N = W O

TABLE 4.11: A difference scheme D(4,4,4)

W N = O
— w N O
o = W O
— = =
N WO~
N W
W O N
DN DO
_ O W N
W = O N
O W =N
W W w Ww
O~ N W
N D = W
_= NN O W

A completely resolvable OA[16,4,4,2] obtained by developing a
difference scheme D(4,4,4) in table 4.11

0o oo0111 12222333 3
123103 2 230132120
23113 202013310 2
3121 203 2134030 21
123 0123012320123

An OA[16,5,4, 2] obtained by appending a symbol to each of the
runs in the OA[16,4,4, 2] of table 4.12

Example 4.3.4. Let D be the difference scheme D(9,9,3) exhibited in

table 4.7 by developing this, we obtain a completely resolvable OA[27,9, 3, 2]

exhibited in table 4.14. From example 4.3.2 we also know that a completely

resolvable OA[9, 3,3, 2] exists. From theorem 4.5.1, we can then deduce the

existence of a 3 - resolvable OA[27,12,3,2]. By applying corollary 4.3.1
we obtain an OA[27,13,3,2].

SO OO DD OO OO
N — O = O NN —=O
R NORF~RNORFDNO
NN~~~ OO0
— OoONONRFEDND—O

0oo0o0o01111111 1112222272272 :2
2012120120120 2°¢012°01201
1 021102102102 21°0210210
1 2221112220002 22000111
0201120201012 2¢010121722¢0
2210102210021 210021T1720 2
211111 100°©02%2222211T1T¢0°00
112012001 220120112W90°012
01o0210%2©02121°021¢01°02°¢0 21

TABLE 4.14: An OA(27,9,3,2)A =3



93

Chapter 4. Construction of balanced arrays

1 2 2 2 2 2 2

1

1

1

1
601 2012o0121%2W01%2¢012°¢0201201

000 00 O0O0TO0OO01
0210 210 21

102102102 210210

222 000 2 2 2 000

1

1 1 2 2 2 11
01 2 1 2 0 2 01

0 0 0 1

120 2 01012 20101 2

1022101022 10021210021

1

2
0 00 2 2 21

01 2 2 0 1
0 21 2 10

0

1
0
2
1

1
2

0
1

100 0 2 2 2 2 2 21

1 1 11
120120012201 201

1
12 2 2 0 0 0 1

1
1

0 210

1
12 2 2 0 0 0 1

0210 2 0 2 1 2

1

1
0601212020101 212¢0201F¢0T1217220

0 0 0 1

1 0

1

10 2 2 1 0 0 2

10 2 2 100 2 1

1

2
6120120125001 2012F50T1?2¢012°01 2

0

AN O O N O AN AN — O AN

AN O = 1 ANO O AN O —~

AN NN~~~ O OO NN AN O

TABLE 4.15: An OA(27,13,3,2)A =3

Definition 4.3.2.

(bij) be respectively m x n and u X v matrices

(a;j) and B

Let A

with entries from an abelian group A with binary operation * (usu-

. Their tensor or kronecker product

ally addition or multiplication)
denoted by A® B, is the mu X nv matrix
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an*xB . . . a,*xB

AR B =

a1 *B . . . Qmp*x B

where a;; * B stands for the v x v matrix with entries a;; * brs(1 < r <
u,1 < s <w). In this chapter,* will denote addition. Using this definition,

we may write the array A in lemma 4.3.1 as
A=F®D (4.3.1)

T
where F = [00, 01, ..., 95_1} however there are other choices of F in equa-

tion (4.3.1) for which A is also an orthogonal array of strength 2.

Lemma 4.3.2.

If D is a difference scheme D(r, ¢, s) and B is an OA[N, k, s, 2| both
based on the abelian group A, then the array A = B ® D is an
orthogonal array OA[NT, ke, s, 2]

4.4 Bose and Bush Recursive Construction

The construction to be discussed in this section due to Bose and Bush
(1952) is in the spirit of example (4.3.4). It allows us to construct orthog-
onal arrays of strength two with a large number of factors, possibly the
maximal number, provided that the number of symbols s and the index A
are powers of the same prime p. In example 4.3.4, we took s =A=p =3

and obtained an orthogonal array with maximal number of factors. i.e

£(27,3,2) = 13
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Theorem 4.4.1.

Let s = p¥ and A\ = p“, where p is prime and u and v are integers

with «w > 0,0 > 1.Let d = [“}

v

Then there exists an OA [)\32, A1 4 59

gd_gd—1

Proof. Let D(i) be the difference scheme D(\s!™! \s'™ s), For i =
0,1,....,d. Since s and \s'~* are powers of the same prime and As'=* > s,
these difference schemes can be constructed as in theorem 4.2.1. De-
velop the Difference scheme D(0) to obtain a completely resolvable
OA(Xs?, \s, s,2).If d = 0, add one more factor to this orthogonal array as in
corollary 4.3.1 to obtain the desired OA(As?, As+1,5,2). Ifd > 1, use D(1)
to construct a completely resolvable OA(As, A, s,2). The completely resolv-
able OA(\s?, \s, s,2) and the completely resolvable OA(\s, ), s,2) can be
used as in theorem 4.3.1 to obtain an s resolvable OA(As?, As + A, s, 2).If
d = 1, we can again add one more factor as in corollary 4.3.1 to obtain
the desired OA[Xs*, As + A+ 1,s,2]. If d > 2, we can use the s resolvable
OA[Xs?, A\s+ ), s,2] and the completely resolvable OA[\, %, s, 2] which can
be obtained from D(2) to obtain an s?-resolvable O A[As? As + \ + %, s, 2]
using the method described in theorem 4.3.1

If we continue in this way using all the D(i)’s after d applications of the-

orem 4.3.1 and one application of corollary 4.3.1 we obtain an array with

s+ N+ % + e Sd% + 1 factors = ?ifd_zldill)) -+ 1 factors.

AS+A+2 4+ A+
= s+1+§+---+8£1}+1
:A'SHZM}H
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sd7171
—a [s52y] 1
— ) {s{sds;l_;l.sfl}] 41
= MEEa ) 1

d+1_1

= /\{Ssdfﬁ}%-l

since s2 = s(mods — 1)

This is the required or desired orthogonal array. ]

Example 4.4.1. The construction of an OA(27,13,3,2) in example 4.3./
follows the recipe of theorem 4.4.1. Since \ is a power of s (infact A = sb),

we know that this array has mazximal number of factors

The levels of the first nine factors are obtained by developing D(0), a
difference scheme D(9,9,3).

The levels of the next three factors are obtained by appending the appro-
priate runs of an OA|9,3,3,2] which was obtained by developing D(1), a
difference scheme D(3,3,3).

The levels of the last factor are obtained by appending appropriate runs
of an OA[3,1,3,1] which was obtained by developing D(2), a difference
scheme D(1,1,3) or by using corollary 4.3.1, using the 3- resolvability of
the orthogonal array formed by the first twelve factors.

Example 4.4.2. Let p = 2, s = 2V and \ = 25" 2. This corresponds to
an orthogonal array that was mentioned following the method of the
Addelman and Kempthorne (1961). When s is a power of 2 we shall

give a general construction for an OA[2s", 22‘5__1)1) —1,s,2], n > 2 using
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theorem 4.4.1

First consider the case when v > 2 and u =1+ (n — 2)logss then
A=2s""2=2.(20)F =2.2u"1 = o
d=2butu=(n—2v+1

Thus d =% = @02+l 94 1

v
hence
sd+1

ﬁ—i—l:)\ 5

87172+% 7Sn72+%71

n72+%+1_( %)0

+1

_ A [s"1 40

5% [8n72_5n*3}

+1

but A =2" and u=1+4 (n— 2)logss
SO \=2u :21—1—(11—2)[0925
— 2‘2(71—2)[0925
but
2(n—2)loggs —
= (n — 2)logaslogs2 = logax
Als" 1]

= gn—2_gn—3 + 17 or

(n — 2)logas = logax

or
logox = logys™ 2
=z = "2
hence
A=2.5""2
n—2r_n—1
_ 2s[s"!
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2s[s" 1 —1]4+[s—1]
s—1

25" —25+s—1
s—1

25" —s—1

25" —s5—2+1
s—1

25" —2—s+1
s—1

2[s"—1]—[s—1]
s—1

_ 2[s"—1]
- 271 -1

2[s"—1]
271 -1

thus the parameters above yields

OA 25", 72[27:_11] —1,5,2

Since

As? =2-5""2.5%2 = Number of Assemblies

(4.4.1)
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=2.-s"

Ifv=1, thens=2"=2! =2

=d="=7=d=1+(n—2)log2

=n-1

Theorem 4.4.1 yields an array
OA[2" ! 2"t — 3,2 9]
Example 4.4.3. An orthogonal array with parameters in theorem 4.4.1 in
the case s =4 and n = 2 can be constructed using theorem 4.4.1
Since s = 4,n =2
=4=2" =22=2
and v =2
but u =14 (n — 2)logss

ieu=14(2—2)loge4

=1
hence
d=%=1¢Nandd<1

d=1,(0,3,1)

so we need only D(0), a difference scheme D(8,8,4) to construct this array.
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The Difference Scheme
D(0) = D(8,8,4) = D(2°%,2%,2%)

can be obtained by starting with multiplication table of GF(23) using the
irreducible polynomial f(z) = 3+ x + 1 over GF(2). The entries by +
bix + byx? in this table will then be mapped to by + biz and these images

will be considered as the elements of GF(22) with x written as 2 and x + 1

as 3.

000000O0O0OT1T1T1T111112222222232333233733
012301231032 10332230123013210321°0
020231311313%2020202013133131020 2
03213012123021032103123¢0307120321
0033221111223 3002211003333¢00112 2
01 1023321001322 33233%2071103223100 1
023113201320023120133T102310220T13
03 1212031203031 221303¢0213021213°0
01 2301230123012 3¢012301230123¢0123

TABLE 4.16: An OA[32,9,4,2]

Parameters of this orthogonal array

Number of assemblies = 32
Number of constraints = 9
Number of symbols = 4
Strength = 2

A=2

4.5 Difference Schemes of Index 2

Several authors Masuyama (1969), Xu (1979), Jungnickel (1979), Xi-

ang (1983) have studied the construction of index 2 difference schemes
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D(2s,2s,s) where s is a power of a prime. The construction given below

is a modification of Xu (1979), Jungnickel (1979).

If s is a power of 2, we have already seen that a difference scheme
D(2s,2s, s) exists (in theorem 4.2.1) and in example 4.4.2 we have shown
that an OA[2s% 2s + 1,5,2] can be obtained. We will therefore restrict
our consideration to the case when s is the power of an odd prime.
We will write the elements of GF(s) as ko, ki, ..., ks—1, where kg = 0
and k; = k',i = 1,...,s — 1, for a primitive element k. In particular

ks_1 = Bt =1.

Theorem 4.5.1.

If s is a power of an odd prime then there exists a difference scheme

D(2s,2s,s) and an orthogonal array OA(2s% 2s + 1, s,2).

Proof. We construct four s X s matrices

A = (a;5), B = (b;j), C = (cij), F = (fij)

0 <1, 5 < s—1 whose entries are given by

CLZ']' = kzk]
bij = kik; + hk?

(4.5.1)
Cij = ]{71]{] —+ mkf

Where h,m,n, g, e are elements of GF(s) that satisfy the conditions
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n =1+ 4he = e/m = n* — 4ge, (4.5.2)

In particular we may take

1 kE—1 k k—1
n==%kh 3M="59 §ande—T, (4.5.3)
Then
A C
D= (4.5.4)
B F

is a difference scheme D(2s, 2s, s) based on the additive group GF'(s) [

Example 4.5.1. We use theorem 4.5.1 to construct a difference scheme
D(10,10,5). We work modulo 5, taking k = 2 as the primitive element of
GF(5) and use (4.5.3) to obtain the difference scheme ezhibited in table
4.17 and use this to construct an orthogonal array OA[50, 11,5, 2] in table
4.18

000 0O0O0OO0TO0OO0TO0
0 4 3 1 2104 2 3
0 3 12 4 4 2 01 3
012 4 312 3 0 4
0 2431413 20
0 23 2 3 04141
0113 0 2 4 4 3 2
00442 3 3 11 2
0 3 0112 3 2 4 4
04 204312 31

TABLE 4.17: A difference scheme D(10, 10, 5)

where
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n? — 4dge

9 _

2
£ _
=

n=14+4he

We can check :

— |
I

— | A

— |
<
+

L

1 2 2 2 2 2

1

1

1

1
043 121042310423 2103421°03 4

000 0O0O0O0O0OO0O01
0 31 2 4 4 2 0 1 3

142 3 00 312 4 20 3 41

012 4312350412350 42341023 410
02431413 25013¢042¢9024312410 3

0 2 3 2 3 041 41

1 343 410202 2 4040

1302 4 4 3 2122413004323 30 2

1
0 04 4 2 3 31

0 3 0 1

0

4

1

1 00 3 4 4 2 2 3 2 21

1

2

1
12 3 2 4 4 1 412 2 3 4 30020 2 3 3

0420431231103 1042 34221421

23401234012 340123 4¢012 3 4

1

0
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OO O N W WD
— W OO = Wk &N
N Wk WD oD DN
WO WO =N WEREDN
I N U N R Bl e B N
O W W W WWWwwWwwww
NN Wk OO DN W
N O WN R DNO =W
W WHRNHFEOFENO W
=N RO W B F,NO W
O R O O W WN k=W
— R = =N OO WW
N OO DN WD W
W HE N PR PFEREDNOOWRROW
B R ND OO WD -~ W
SRR R R R R R R
— WK A O R ON WK
N — = WO W ON
WK O WN DN WRFR O
WO RN O NN W
O N B WD WO
— O NN WWO
N = = O WONDN R W

TABLE 4.18: OA[50,11,5,2] : A =2

Parameters of this array

Number of assemblies = 50

Number of constraints = 11

Number of symbols = 4

Strength =2
e \N=2

Example 4.5.2. Table 4.19 shows a difference scheme D(6,6,3) con-

structed in a similar way from GF(3)

000 0 00
01 2 1 2 0
0 21 1 0 2
0 2 2 0 1 1
0 01 2 2 1
01 0 2 1 2

TABLE 4.19: A difference Scheme D(6, 6, 3)

Theorem 4.5.1 provides a simple way of constructing an

OA(2s?,2s + 1,5,2), there is an analogous construction for orthogo-

nal arrays OA(2s", ZEZ:)D —1,s,2), with n > 3 that is also very simple.

WNWODODN W & O

O W = O WD N
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The recursive construction that we give makes use of a series of differ-
ence schemes. This is based on the work of several authors, including

Shrikhande (1964), Masuyama (1969), Xu (1979), Mukhopadhyay (1981).

The following lemma, due to Shrikhande (1964), is a convenient tool for

recursively constructing difference schemes.

Lemma 4.5.1.

The tensor product of difference schemes D(rq, 1, s) and D(rg, co, S)
based on the abelian group A is a difference scheme D(ryrs, cic2, )

based on A

Proof. Let D = (d;;) be a difference scheme D(ry,cy,s) and D' = (d},,,) a
difference scheme D(ry, ¢y, s). The entries of ¢; — ¢o where ¢ and ¢y are

distinct columns of D ® D’ are of the form
dij +dy,, — dijg — dj,pi=1,...,11

I=1,... 7 for fixed j,j € {1, ...,cl},

m,m’ € [1,..., co]

and (j,m) # (j',m’). If j # j' then for any fixed | we see that

! ! .
dij + dlm - dij’ — dlm/,i = 6, AT
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contains every element of A equally often because D is a difference scheme.

If j = 5/ then m # m’ and for every fixed i we see that
dij + dzm - dij' - ;m’ = ;m - ;m’l =1,...,19,

Contains every elements of A equally often, because D is a difference

scheme. This shows that D ® D’ is a difference scheme. ]

Corollary 4.5.1.

For any n > 1 and prime power s, there exists a difference scheme

D(2s™, 25", s) based on the additive group associated with GF(s).

Proof. 1f s = 2%, v > 1 then we know that from the proof of theorem 4.2.1
that there exists a difference scheme D(2s,2s,s) based on the additive
group GF(s). If s is a power of an odd prime the existence of such a
difference scheme was established in the proof of theorem 4.5.1. From the
proof of theorem 4.2.1 we also know that there exists a difference scheme
D(s, s, s) based on the additive group of GF(s). The desired result now

follows by repeatedly using these difference schemes in Lemma 4.5.1

This corollary enables us to establish the claim that the family of orthog-

onal arrays OA(2s", 225__1)1) — 1,,2) can also be obtained via the use of

difference schemes if n > 3. We already know that this is true if s is a
power of 2 from example 4.4.2. Now we need to distinguish between odd

and even values of s. ]
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Theorem 4.5.2.

If s is a power of a prime and n > 2, then an orthogonal array

2(s" — 1)

OA[2s", o1

—1,s,2]

can be obtained by using difference schemes.

Proof. From corollary 4.5.1 and theorem 4.3.2 we know how to construct a
completely resolvable OA[2s™,2s™ ! s, 2] say A(m), For m > 2 applying
theorem 4.3.1 to A(3) and A(2) results in an s resolvable OA[2s3,2s? +
2s,s,2] say A(2,3). Applying theorem 4.3.1 to A(4) and A(2, 3) results in
an s? resolvable O A[2s%, 253 4 25 + 25, 5, 2] say A(2,3,4). Continuing this
way we eventually obtain an s"~2 resolvable OA[2s", 25" ™1 + 25" 2 ... +
2s,8,2] say A(2,3,---,n). Asin corollary 4.3.1 we can add one more factor

but 25" 1+ 25" 24 42541 =2[s" T+ "2 5]+ 1 = 2%5_*1)1) —1

Hence this gives the desired orthogonal array. ]

4.6 Orthogonal Arrays and Hadamard Matrices

Hadamard matrices are square matrices with +1’'s and —1’s as the only
elements and whose rows are orthogonal. The study of two level orthogonal
arrays of strength 2 and 3 is essentially equivalent to the study of these

matrices.
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Definition 4.6.1.

A hadamard matrix of order n is an n x n matrix H, of +1's and
—1's whose rows are orthogonal, that is, which satisfies
H,H' =nl, (4.6.1)

n

For example, here are hadamard matrices of order 1,2 and 4.

1
1
Hy =[1],Hs = JHy = (4.6.2)
1
1

-1 -1 1]
These matrices are named after a French mathematician Jacques

hadamard. In Hadamard (1893) he showed that if A = (a;;) is an

n x n matrix with |a;;| <1 then

|detA] < n? (4.6.3)

Hadamard matrices may be regarded as the special class of difference

schemes D(r,c, s) with s = 2, r = c and index A = §.

4.6.1 Basic Properties of Hadamard Matrices

Suppose H,, is a hadamard matrix of order n.Then H, ' = n"1HT, so

HTH, = nl, (4.6.4)
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which implies that the columns of H,, are orthogonal. If H,, satisfies (4.6.1)
or (4.6.4), then so does any matrix obtained from H,, by permuting its rows
(or columns) and negating any of its rows or columns. All the matrices
obtained in this way are said to be isomorphic or equivalent. By transfor-
mations of this kind, we can always arrange the first row and column of H,

to have entirely of +1s. Such a hadamard matrix is said to be Normalized.

Lemma 4.6.1.

Let H, be a Normalized hadamard matrix of order n,n > 2 let
u = (uy,....,u,) and v = (vy,...,v,) be any two distinct rows of H,,

not including the first. Then

a). There are

)

coordinates 7 with u; = +1 and § with u; = —1;

I3

b). There are 7 coordinates with u; = v; = +1, § with w; = +1,v; =

_]., % with U; = —1, Vi = _|_]_’ and % with w = v; = _1,

c¢). Similar results hold for the columns of H,

Proof. These are the immediate consequences of orthogonal relations

(4.6.1) and (4.6.3). 0

Corollary 4.6.1.

If a hadamard matrix H,, exists then n is 1,2 or a multiple of 4. The

hadamard conjencture is that the converse to this corollary holds.
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4.6.2 The Connection between hadamard matrices and or-

thogonal arrays

Rao (1946) proved f(4X,2,2) < 4X —1 and f(8),2,3) < 4\. As we shall
now show equality holds in these two bounds if and only if there exists a

hadamard matrix of order 4\

Theorem 4.6.2.1.

Orthogonal arrays OA[4\, 4\ — 1,2,2] and OA[8), 4\, 2, 3] exists if

and only if there exists a hadamard matrix of order 4.

Proof. An OA[4\, 4\ —1,2,2] exists if and only if an OA[8, 4\, 2, 3] exists
as shown by Hedayat et al. (1997). Suppose Hyy is a normalized hadamard
matrix by Lemma 4.6.1 the matrix obtained by omitting the first column of
Hyy is an OA[4\, 4)\ — 1,2, 2]. Conversely let A be an OA[4\, 4\ — 1,2, 2]
in which the levels are +1 and —1. It follows from the definition of an
orthogonal array that the matrix formed by adding the initial column of

+1 to A satisfies equation (4.6.1).

It can aslo be shown that F'(4\—1—p,2,2) > 4X and F(4\—p,2,3) > 8\
for A > 1,0 < pu < 3. These two inequalities become equalities if and only

if a hadamard matrix Hy), exists.

In view of theorem 4.6.2.1 orthogonal arrays with parameters O A(4\, 4\ —
1,2,2) and OA(8),4),2,3) are called hadamard arrays. ]

Theorem 4.6.2.2.

A hadamard matrix H, exists if and only if a difference scheme

D(n,n,?2) exists
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Proof. By lemma 4.6.1 any two distinct columns of a hadamard matrix H,
must agree in n/2 places and disagree in n/2 places. The component-wise
product of these columns therefore contains n/2 +1’s and n/2 —1's and
so H, is a difference scheme D(n,n,2) based on the multiplicative group

[+1,—1]. [

4.6.3 Construction of hadamard matrices

Several classical methods for constructing hadamard matrices are available
in literature but in this thesis we shall only construct the Sylvester type
hadamard matrices using the tensor product construction of definition
4.3.2. This method can enable one to construct hadamard matrices of most

orders up to 200.

Theorem 4.6.3.1.

The tensor product of H, ® Hp of hadamard matrices of order a and

b is a hadamard matrix of order ab.

Proof. This is an immediate consequence of lemma 4.5.1 and theorem
4.6.2.2 So once we have a hadamard matrix of order b we can immediately
obtain matrices of order 2b, 4D, 8b, 160, ... by repeatedly tensoring with the

matrix
+1 +1
Hy, =
+1 -1
The hadamard matrices of order 2™ obtained in this way by starting from

b= 1 and H; = [1] are called sylvester type matrices.

Using lemma 4.3.1 the difference scheme D(8, 8,2) can be used to construct

an orthogonal array OA(16,8,2,2) ]
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+ + + + + + +

+ -+ -+ -+ -
+ o+ - -+ - -
+ - - 4+ o+ - -+
+ o+ o+ - - - -
T
+ 4+ - - - -+ o+
+ - -+ -+ o+ -

TABLE 4.20: Sylvester type hadamard matrix of order 8

00 0 0 0 O0O0O0
01 01 01 01
0 01 1 00 11
01100110
000 0 1 1 11
0101 1 010
001 1 1100
01 1 01 0 0 1

TABLE 4.21: Difference Scheme D(8,38,2)

ooo0oo0o0O0OO0OO0OT1TT1T1T1T1T1TT1:1
0101010110101 °O0T12®0
001100111 1TO0O01T1TUO020O0
o1 1001 101O0O0T1T1TO0°O01
o 0001111111100 00O0
06101101010 1O0O0T1UO01
0 o0o1111001T1QO0UO0O0O0T171
01 1010O011O0O0T1TO0T1T12O0

TABLE 4.22: OA[16,8,2,2]\ =4

4.7 Orthogonal Arrays Of Strength ¢ > 2

In order to obtain orthogonal arrays of higher strength by developing a
difference scheme, the scheme should posses Additional regularity property.
We call such schemes "difference schemes of strength ¢". The case t = 2
will correspond to ordinary difference schemes. These notions were first

formulated by Seiden (1954).

Let A be an abelian group of order s. By A’, for t > 1 we will denote the

abelian group of order s consisting of t—tuples of elements from A4 with
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the usual vector addition as the binary operation. Further, let

Al = {(:pl, X)X = ... =14 € A}

Then A} is a subgroup of A" of order s, and we will denote its cosets by

Ali=1,..,s1-1

Definition 4.7.1.

An r x c array D based on A is a difference scheme of strength ¢ if for

every r x t subarray each set Al i = 0,1,...,s""t — 1, is represented

i
equally often when the rows of the subarray are viewed as elements of
A?. Tt follows that r is a multiple of s*~1, say r = As'~!. We denote
such an array by Dy(r, ¢, s). For t = 2 this definition is equivalent to
definition 4.2.1. Developing a difference scheme of strength ¢ results

in an orthogonal array of strength ¢, to which under certain conditions

at least one additional factor can be added.

Theorem 4.7.1.

A difference scheme Dy(r, ¢, s) of strength ¢ can be used to construct

an OA[rs, ¢, s, t]. If the difference scheme itself is already an orthogo-
nal array of strength ¢t — 1 or if it can be written as the Juxtaposition

of s Difference schemes D;_1(%, ¢, s) then it can be used to construct

s
an OA[rs,c+1,s,t]. Note that corollary 4.3.2 is a special case of this
theorem, since any difference scheme Ds(r, ¢, s) is the Juxtaposition

of s difference schemes D;(%, ¢, s)

Example 4.7.1. Let D be an OA[4\, k, s,2]| over (GF(2),+),k > 3. Then
D is also a difference scheme of strength 3. So we can use it to construct

an OA[BN k + 1,2, 3]
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Example 4.7.2. An OA(8,7,2,2) which is also a difference scheme
DI (8,7,2) of strength 3 over (GF(2),+) is shown below.

000 0 0 0 O
0 01 01 11
01 01 0 11
01 1 1 1 0 O
10 01 1 0 1
1 01 1 010
1100 1 1 0
111 0 0 0 1

TABLE 4.23: Difference Scheme DI'(8,7,2) of Strength 3

The resulting OA(16, 8,2, 3) is shown in table 4.24

o oo0o0111111T11%0°000O0
001100111 1TO0O01T1UO00O0
01 010101101010 T120
001111001 T1O0O0O0O0T171
6101101010 1Q0O0T1UO01
611001 1O01O0O0T1T1T0O01
01 1010O011O0O0T1TO0T1T12®O0
0ooo0o0O00O0OO0OT1T1TT1T1T1T1T1:1

TABLE 4.24: OA[16,8,2,3] A =2
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4.8 The Product Of Balanced Arrays

Bush (1952) provided the following theorem for the product of orthogonal

arrays

Theorem 4.8.1.

The existence of OA[N, ki, s;,t] for i = 1,2, ...,m implies the exis-
tence of an OA[N, k,s,t] where N = N1Ns...Np,, § = 5152...5,, and
k= mm(k’l, k‘g, ey l{im)

The product of orthogonal arrays can generate orthogonal arrays
from several known orthogonal arrays. The procedure can be simi-

larly used to determine the product of balanced arrays.

Theorem 4.8.2.

The existence of BA[N;, k;, s;,t] for i = 1,2, ...,m implies the exis-
tence of a BA[N, k,s,t] where N = NiNy...Np,, s = $189...8,, and
k= min(ky, ko, ..., k).

If the symbols of the BA[N, k, s,t] are denoted by ordered k tuples

then the parameters are

A((an, a1, .- am1)(a12, aza, ..., am2)-~-(a1t> Aty .-, amt))

— )\(G/ll; a1, ..., alt))\(an? asg, ..., a’2t)--')\(am17 Am2; -+ amt)

Proof. Let the BA(Ny, k1, s1,t) be denoted by the ki x N1 matrix A = (aij)
and the BA[Ns, ko, $2,t] be denoted by ko X Ny matrix B = (bij). Let Ay
and B; denote the first k& rows of A and B respectively. Then form the
k x N1 Ny matrix.
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(a11,011)...(a11, bin2)...(a1n1, b11)-..(@1n1, bin2)

(aa1, b21)...(as1, bana)...(azn1, b21)...(agn1, ban2)

(a1, br1) - - - (ag1, bene) - - - (@rn1, be1) - - - (arn1, Diva)

This is a BA[N1Na, k, s152,t] with parameters \((aq,b1), ..., (at, b))

= )\(CLl, ...at))\(bl, ceey bt)

From this array by following the same procedure with BA(Ns, ks, s3,t) we
get a BA(N1N5Ns, k, s18983,t). Continuing this procedure,we finally get a
BA[N, k, s, t]. ]

Example 4.8.1. The product of the following balanced arrays

BA[2,2,2,2] BA[6,2,3,2]
0 1 0120 1 2
10 120201

is a BA[12,2,6,2]

00 01 02 00 01 02 10 11 12 10 11 12
11 12 10 12 10 11 01 02 00 02 00 O1
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with parameters

0 ¢f ar=as or by =0b
A(a1by, agbs) =
1 Otherwise

4.9 Construction Of Some Balanced Arrays of

strength ¢t = 2

In this section we are interested in construction of balanced arrays of
strength ¢ = 2 with parameters A(x,y) = A1 or A9 according as x = y
or not. In particular we are interested in the BA[(ks — 1)sA, ks, s, 2] with
parameters A(z,y) = (k — 1)\ or (kX) according as x = y or Not. For
brevity we shall call it the balanced array of type T with index A and
denote it by BA[T][k, s, A].

It is clear that a BA[T][1, s, A]
= BA[Xs(s —1),s,s,2]

=TA[Ns(s —1),s,s,2].

In constructing a BA[T[k, s, A] for any given k and s we would like A to
be as small as possible so that the size of the balanced array is not too

large. However if there is no restriction on A, we can always construct a

BA[T|[k, s, A] for any k and s.

Theorem 4.9.1.

For all k£ and s,there always exists a BA[T|[k, s, A] for some .

Proof. For all k and s, there exists a T A[(ks — 1)ksn, ks, ks, 2] for some n

from the discussion in section 4.1. Let the symbols of the transitive array be
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denoted by [0, 1, ..., ks—1]. If we replace each symbol in the transitive array
by xz(modk). Then the transitive array becomes a BA[(ks —1)ksn, ks, s, 2]
with parameters A(z,y) = (k — 1)kn or k?n according as x = y or not,
which is a BA[T][ks, s, kn]. The method of construction in theorem 4.9.1
does not usually provide balanced arrays with a small number of assemblies

as we desire. ]

Example 4.9.1. Suppose k = 2,5 = 2, and n = 1 then we can construct a

TA[(ks — 1)ksn, ks, ks, 2] = TA[12,4,4, 2]

3102 1 3 2 02 01 3
1 3202 013 3 10 2
2013 310213 20
023102 3102 31

TABLE 4.25: TA[12,4,4,2]

replacing every symbol in T'A[12, 4,4, 2] by x(mod2), we shall have a
BA[12,4,2,2] = BA(T)[2,2,2]

1 100 1 1 0 0O0O0T11
1 100 001 1 1 1 00
001 11 10O01T1UO00O0
001100110011

TABLE 4.26: BA[12,4,2,2]

parameters of BA[12,4,4,2] are

A(0,0) = A(1,1) = 2 = (k — 1)kn and
A(1,0) = \0,1) = 4 = k?n.

We shall now discuss methods of constructing balanced arrays of type T

with index unity.
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Theorem 4.9.2.

The existence of a partly resolvable (Definition 4.3.1)
OA[ks?, ks, s, 2]is equivalent to the existence of a BA[T][k, s, 1]

Proof. If a partly resolvable OA[ks?, ks, s,2] exists then there exists s as-
semblies which form OA[s, ks, s,1]. We can permute the symbols of the
orthogonal array in each row such that these s, assemblies are of the form
(4,4,...,4) for i = 0,1,...,s — 1. Deleting these assemblies we obtain a

BA[T[k, s, 1] O

Example 4.9.2. Suppose k = 2 and that s = 5, we can construct
OA[50,10,5,2] by developing a difference scheme D(10,10,5) as in exam-
ple 4.5.1 and also a BA[45,10,5,2]. The Difference Scheme D(10,10,5) is

0 000O0O0OO0TO0O0O0

04 312104 2 3

0 31 2 4 4 2 0 1 3

012 431 2 3 0 4

02431413 20

0 2 3 2 3 041 41

011 3 0 2 4 4 3 2

0 044 2 3 311 2

030112 3 2 4 4

04 2 04 31 2 31

TABLE 4.27: Table D(10, 10, 5)

cooo0oo0oo0oo0o0o0011111111112222:2
43121042 304232 10341034 3
312 44 20134230031 2403 411
124 31230423042 34103410 3
2431413 203¢0425024314103°1
2323041413 4341022024040 2
113024432 224130043330 2 4
0442 331121003442 2321140
301 12 3 24441223 430002 3 3 4
4 2 04 312 31031042342 14210
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2 2 2 2 3 33 33 33 33 4 4 4 4 4 4 4 4 4
21 402140432013 2¢010431 2
423 01402 2034120133 1420 2
4021 40213¢0132¢0132¢01243
304 202142410313 2030214
1313010132424 12124320320
110404 1302210002413 3 21
03 3 432201144043 31222001
0411134401022 240¢01213 3
3403 2032140143143 2¢012290
TABLE 4.28: Table BA[45, 10,5, 2]
A0,0) = A(1,1) = A(2,2) = A(3,3) = \(4,4) =1
A(0,1) = A(0,2) = A(0,3) = A(0,4)

=MN1,0) = X(1,1) = A\(1,2) = A(1,3) = A(1,4)

=A(2,0) = A\(2,1) = A(2,2) = A(2,3) = \(2,4)

=XA(3,0) = XA(3,1) = A(3,2) = A(3,3) = A(3,4)

=A4,0) =X\4,1) = \4,2) = A\(4,3) = A\(4,4)

=2

TABLE 4.29: Parameters of BA[45, 10,5, 2]

Corollary 4.9.1.

Suppose there exists a BA[T][k, s, 1] we can obtain a partly resolvable
OA[ks?, ks, s,2] by adding s assemblies of the form (i,4,...,41) (i =
0,1,...,s = 1).

We first give a method of constructing BA(T)[k, 2, 1] by using hadamard

matrices.

Corollary 4.9.2.

If a hadamard matrix of order 4k exists, then a BA(T')[k, 2, 1] exists,

and can always be constructed.

Proof. 1f a hadamard matrix of order 4k exists, we can arrange its elements
such that all the elements in the first column and the first row are +1. All
other columns must then contain 2k(41's) and 2k(—1"s). Deleting 2k rows
whose second column is 1. We obtain O A[4k, 2k, 2, 2] with all the elements
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equal to +1 in the first column and equal to —1 in the second column. By
theorem 4.9.2 we can construct a BA(T)[k, 2, 1] since the OA[4k, 2k, 2, 2]
is partly resolvable. ]

Example 4.9.3. Using the Sylvester type hadamard matrixz of order 8 in
table /.20 k = 4, that leads to an OA[16,8,2,2] in table 4.22. Using
theorem 4.9.2 we obtain BA[T][4,2,1].

0o oo0oo0o0O0OO0O1T1T1TT1T1T1F1
101010101 01O0T1@O0
o1 100111001100
11001 10O0O011O001
000111111 1¢0¢0O00O0
1 01 101001O0O0T1°O01
06111 10010O0O0O0T11
1 101001 0O01O0T1T1FO0

TABLE 4.30: Table BA[14,8,2,2] = BA[(T)[4,2,1]]
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Parameters of BA(T)[4,2,1]

e A(0,0) =A(1,1) =3

e M0,1) = \(1,0) = 4

If the symbols of the BA(T)[k, 2, 1] are denoted by 0 and 1, the balanced
array becomes the incidence matrix of a balanced incomplete block design
with 2k treatments, 4k — 2 blocks of k plots each and any two treatments
occur together in k — 1 blocks. Thus we state the following theorem

without proof;

Theorem 4.9.3.

The existence of a BA(T)[k,2,1] is equivalent to the existence of a
BIBD[2k, 2k — 2, k.

The corollary below follows from theorem 4.9.3

Corollary 4.9.3.

If a hadamard matrix of order 4k exists, then a BIBD[2k, 2k — 2, k|

can always be constructed since it is well known that hadamard ma-
trices of order 4k exist for all £ < 25 we can always construct a

BA(T)[k,2,1] for k = 1,2, ..., 25.

Corollary 4.9.4.

If k£ and s are both powers of the same prime p a BA(T)[k, s, 1] can

always be constructed.

Proof. By theorem 4.4.1 we can construct a completely resolvable orthogo-
nal array OA[\s?, \(s+1)+1, s, 2] by deleting any A+1 constraints(factors)
we obtain OA[\s?, s, s,2]. Then theorem 4.9.2 is applied. H
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Example 4.9.4. For k = 3 and s = 3 we can construct a BA(T)[3,3,1] by

first constructing a completely resolvable OA[27,9,3,2] which is exhibited

in table 4.14. Applying theorem 4.9.2, we obtain BA(T)[3,3,1]

ooo0oo0oo000O01111 111122222 2 2
1 2012012201201 2¢0012°¢01220
21021021021H9021TQ021F502T1F¢0 21
6oo0o11122211222¢004022200011
12120201202 01O01201O01 21 2
2110221002 21S0021T1T60U 0?2T1T1SF®0
602 2211111000222 22111T00O0
12201 1202001220101 12°2001
21210102020 2121Q01Q01°¢0220 2

TABLE 4.31: Table BA(T)[3,3,1] = BA[24,9,3,2]

Parameters are;
A0,0) = A(1,1) = A(2,2) =2
A0,1) = A(1,0) = A(0,2) = A\(2,0) = A(1,2) = A(2,1) =3

Corollary 4.9.5.

If s = p", k = 2s' where p is an odd prime, n > 1 and [ > 0, then a
BA(T)[k, s, 1] can always be constructed.

Proof. By using theorem 4.5.1, we can construct OA[ks? ks, s, 2| by de-
veloping a difference scheme D(2s,2s,s). We then apply theorem 4.9.2 to
construct a BA(T)(k, s, \) O

Example 4.9.5. For s =3 and k = 2 implies 3 =3 k=23 —n=1

and | =0 We can therefore construct
0A[2.3%,2.3,3,2] = OA[18,6,3,2]

by developing a difference scheme D(2s,2s,s) = D(6,6,3) which is exhib-
ited in table 4.19

N O NO RO DN
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0000001111112 22222
01 2120120201 20101 2
0211021022 10210021
022011100122 2112°00
0012 2111200222011 0
0102 1212102020210 1
TABLE 4.32: Table OA[18,6,3,2]
0000011111222 22
1 2120202010101 2
2110202210100 21
22 0110012211200
01 2211200220110
1 0212210200210 1

TABLE 4.33: Table BA(T)[2,3,1] = BA[15,6,3,2]
Applying theorem 4.9.2 to this orthogonal array we obtain BA(T)|2, 3, 1]

Parameters of BA(t)[2,3, 1]

e AN0,0)=A(1,1)=X(2,2) =1
e A0,1)=A(1,0) = X(0,2) = A(2,0) = \(1,2) = A(2,1) =2
The method of Difference Schemes used in the construction of orthogonal

arrays can also be used to construct the type of balanced arrays discussed

in this section.
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Theorem 4.9.4.

Let M be a module of s elements. It is possible to choose k rows and

N columns (N = A\ + A2(s — 1), A\; and \q integers)

aip; a2 . . . Q1N
as1 Q92 . . . QaN
agr ag2 . . . QgN

with elements belonging to M such that among the differences of
the corresponding elements of any two rows, the element 0 occurs \q
times and the other non zero elements occur Ay times, then by adding
the elements of the module to the elements in the above array and
reducing mod s, we can generate Ns columns: this constitutes a
BA[N, k, s, 2] with parameters A(z,y) = A\; or Ay according as x =y
or r # .

The balanced arrays that can be constructed by theorem 4.9.4 are com-
pletely resolvable. We shall give the following four examples to illustrate

the application of theorem 4.9.4.

Example 4.9.6. Let M = [0,1,2]. Among the differences of the corre-
sponding elements of any two rows of the following array 0 occurs once

wheres 1 and 2 occur three times each.

000O0O0O0O
121201 2
2121021

hence we can construct a BA[21,3,3,2] shown in table 4.3/ below
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o 0oooo0o001 1111112222222
1212012 2 0201200101201
21 2 1 02102 021021010210
TABLE 4.34: Table BA[21,3,3,2]
Parameters of BA[21,3,3,2] are
A(0,0) = M(1,1) = A(2,2) = 1
A0, 1) = M(1,0) = A\(0,2) = A(2,0) = \(1,2) = \(2,1) = 3

Example 4.9.7. Let M = [0,1]. Among the differences of the correspond-
ing elements of any two rows of the following array 0 occurs twice wheres

1 occurs four times

000O0O0®O
110101
001111
111010

hence we can construct a BA[12,4,2,2] shown in table 4.35 below

000 0O0OO0OT1 11111
1 101 01 00 1 010
0011111140000
1 1101 00 0O0 101

TABLE 4.35: Table BA[12,4,2, 2]

Parameters of BA[12,4,2,2]

A0,0) =A(1,1) =2
A0,1) = A\(1,0) =4
Example 4.9.8. Let M = [0, 1,2]. Among the Differences of correspond-

ing elements of any two rows of the following array,0 occurs 6 times wheres

1 and 2 each occur 8 times.
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DN O OO NRF N~ O
N O, OO NRFNRF R~ DNO
O LR OO N FNFFDNDDNDO
_H OO N NRFRFDNDDND OO
OO NP NP, PP DNDDNO—~O
O NP NNFFRF P DNDDNDO OO
N = N = =N~ OOO
R N R PN O RO OoODNO
N R EF NN OO N —=O
— RPN O R, OONRFNOD
R NN O R OONDRFDNRFRO
— = ON OO N FENDNDO
R ONOO R NFEFNDNRFEO
O N OO NEFENDNRFERFEO
N OO R NN EF NN = OO
OO NFNDNNFRFRODNDO
O R N~ NN~ ONOO
R NN R NN, PR ONOO OO
N R NN R ONO O~ O
R NN~ ONOOFDNDO
NN = OO N O
N = = O N OO NN O

hence we can construct a BA[66,12,3, 2] with parameters A(xz,y) =6 or 8
according as x =y or not. i.e BA(T)[4,3,2].

Example 4.9.9. Let M =[0,1,2,3]. Among the differences of the corre-
sponding elements of any two rows of the following array,0 occurs 4 times,

wheres 1,2 and 3 occur 6 times each.

O R N ONRF R WD WWOo
R NONEFE R WD WWoo
N ODN R~ P WD WWoH—=O
SN W WWoFDNDO
O — = W WWoRNDD
— = WK WWO~RNONO
— W WWOFRNONRF~O
W W WO NN == O
W WO L NN RFE WO
W WO LR NODNRFRF WD O
WO NONRFRRFRWN WO
O WD W WHE N = O
WNODNN WWHE N = OO
DO W WHFENREFEF~HOWO
O W WHFHDNMFEFEOWND O
N WWHF N RO WND OO
W WHENFEFFOWNDONDO
W HFEF NFHE O WNDODN WO
NN HRE P O WhNhODNDWWO
N = = O WNONWWRO
== O WO N WWENDO
— O WD ONWWENDEFEO

hence we can construct a BA[88,12,4, 2] with parameters A(xz,y) =4 or 6
according as © =y or not,i.e BA(T)[3,4,2]

Efforts have been made to reduce the number of assemblies in example
4.9.8 and 4.9.9 by a half, i.e to construct a BA(T)[4,3,1] and BA(T)[3,4,1]
but without success. Examples 4.9.3, 4.9.4, 4.9.5 can also be constructed

by using theorem 4.9.4 but certainly there are balanced arrays which
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can be constructed by corollary 4.9.3 and cannot be constructed using
theorem4.9.4. For example, a BA(T)[3,2,1] which can be constructed
using corollary 4.9.3, is not completely resolvable. Therefore it cannot be
constructed using theorem 4.9.4. However, all balanced arrays that can be
constructed using corollary 4.9.4 can also be constructed using theorem
4.9.4 since the orthogonal arrays used in corollary 4.9.4 are constructed

using the method of Differences.

4.10 Balanced Arrays of Strength ¢t > 2

Using theorem 4.7.1 and theorem 4.9.2 we can construct balanced arrays

of strength t > 2.

Example 4.10.1. We can apply theorem 4.9.2 in the OA[16,8,2,2] that
appears in table 4.22 to obtain BA[14,8,2, 3| shown below;

000111111 1¢0¢0O00O0
011001 11001100
1 0101010101010
06111 10O010O0O0O0T1]1
1 01 101001O0O0T1°O01
1 10011 0O0O01T1O00O01
1 101001 0O01O0T1T1FPO0
0o 0o00O0OO0OO0OT17TT1T1T1T1T171

TABLE 4.36: Table BA[14, 8,2, 3]

parameters of BA[14,8,2,3] are:
Mz, y,2) =1 or 2 according as

r =1y =z or not.



Chapter 5

Two Factor BAFD’S

This chapter will focus on some methods of constructing balanced asym-

metrical factorial designs (BAFD’s) consisting of two factors only

5.1 s; x so BAFD’S with block size si(s; < 9)

We shall discuss the construction of two factor BAFD’s. Construction of
more than two factor BAFD’s using two factor BAFD’s will be discussed
in the next chapter. We are only interested in BAFD’s in which the main
effects are estimated with high efficiencies. These designs can usually be

constructed using arrays discussed in the previous chapter.

Let I} and F5 be the two factors in a BAFD at s; and s levels respectively.
We assume that s; < so without loss of generality. Let N denote the inci-
dence matrix of BAFD. By equations (3.1.3) and (3.1.4), the eigenvalues
of NNT are obtained using the following

2

glyr,yol = v+ > Mo, ) {1 — vi)si — 1]}

e i=1

129
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where y; =0 or 1 and z; =0 or 1

hence

9(1,0) =r-+ (32 - 1))\01 — )\10 — (Sg — 1))\11 (511)
g((), 1) =T — )\01 + (81 - 1))\10 — (81 — 1))\11 (512)
g(l,l) :T'—)\Ql —)\10+)\11 (513)

using the equality due to Nair and Rao (1948) and corollary 3.1.1

S (O0k1) - 0(ks) -+ () - Mgkt ) = (E — 1) (5.1.4)

where 0(k;) = 1 or (s; — 1) according as k; = 0 or 1 and 3 denotes the

summation over 2™ — 1 terms. We then obtain
T(k? — 1) = (81 — 1))\10 + (82 — 1))\01 —+ (81 — 1)(82 — 1))\11 (515)
we can now derive the efficiencies of the main effects as follows;-
E0,1] = 1— —g[0,1]
Y - rk:g Y

=1 r—Ao1+(s1—1)A10—(s1—1)A11
rk

B kr —r+ X1 — (81 — 1))\10 + (Sl — 1))\11

B kr

(81 — 1))\10 + (82 — 1))\01 + (Sl — 1)(82 — 1))\11

+Xo1 — (51 — D Ao + (s1 — 1) A
kr
(82 — 1))\01 + (81 — 1)(82 — 1))\11 + )\01 + (81 — 1))\11

kr

B [82 — 1+ 1]/\01 + [81 — 1])\11[82 -1+ 1]
kr




Chapter 5. Two Factor BAFD’S 131

_ sa[Ao1 + (51— 1)A14]

kr
_ 82[)\ 1+ (81 — 1))\11]
- Okr[k—l] k=1l
B SQ[/\01 + (81 — 1))\11] [k’ — 1]
B rlk — 1] k
_ [k‘ — 1]82 [)\()1 + (Sl — 1))\11]
k rlk — 1]
[k —=1]s [Ao1 + (51— 1)A11]
B TR P 1 s P 1 Yo P P 1 VR
using equation (5.1.5)
Similarly
E[1,0] =1— rlkg[l,()]
_ [k —1]s [A10 + (52 — 1)A11] (5.1.7)

k [82 — 1])\01 + [81 — 1]/\10 + [81 — 1”82 — 1]/\11
If the main effect of F} are estimated with full efficiency i.e E[1,0] = 1 then
the block size k must be a multiple of s;. We shall assume that £ = s

throughout this section. For k = s; equation (5.1.7) becomes
Ao + (52 — DA

(SQ — 1))\01 + (81 — 1))\10 + (51 — 1)(82 — 1))\11
(5.1.8)

E[1,0] = 1 if and only if Ag; = 0; that is two treatments at the same level

E[L,0] = (51 — 1)

of F1 never occur together in the same block.

Theorem 5.1.1.

In an s; x s9 BAFD with block size s;, the main effetcs are estimated

with full efficiency if and only if A\g; = 0. This design is equivalent to
a BA[Aps2+ A152(s2 — 1), 51, S2, 2] with parameters A(z,y) = Ajg or

A11 according as x = y or not.
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e Proof.

The first part of the theorem has has been shown: we only need to prove the
latter part. Suppose such a balanced array exists: if we identify columns,
rows and symbols with blocks, the levels of F}, and the levels of F; respec-

tively then it is the specified BAFD.

In proving theorem 5.1.1, we don’t really use the condition s; < s9;hence

the theorem is true for all s; and ss.

For k = s1 and A\g; = 0 in equation (5.1.6), we have

[81 — 1]82[0 + (81 — 1))\11]

E0,1] =
s1 {(31 — Do+ 0+ (s1— 1)(s2 — 1>An}

(51— 1)%s9A11
{1 = DA + (51 = D2 = D
(s1—1)%s9A1y
s1(s1—1) {)\10 + (52 — 1))\11}
 (s1- s
B S {(52 — DAy + )\10}

E|0, 1] has the maximum value of gﬁ;j% when Ajg =0

(5.1.9)
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Theorem 5.1.2.

In an s; x s BAFD with block size s1(s1 < $2), if the main effects

of F} are estimated with full efficiency and the main effects F, are
estimated with maximum efficiency g‘jl(;zl_)‘ﬁ then the BAFD has pa-

rameters Ajg = A\o1 = 0 and A\;; # 0. This design is equivalent to a

TA[)\llSQ(SQ — 1), S1, S92, 2]

Since A\jg = 0 means that two treatments at the same level of F5 do
not occur together in the same block, which implies so > k£ = 51 we
do not need s; < sy in the construction of the designs in theorem

5.1.2.

The construction of T'A[sg(ss—1)A11, 51, S2, 2] has been discussed in section
4.1. Deleting any (sy — s1) constraints from a T A[sa(se — 1)A11, S2, S2, 2|
we obtain a T'A[sg(se — 1)A11, 81, 82,2]. If we restrict \j; = 1 then the
existence of a T'A[sa(s2 — 1), 81, S92, 2] is equivalent to the existence of s; — 1
mutually orthogonal latin squares of order s; or s; —2 mutually orthogonal

latin squares of order s, with different elements in the diagonal.

Example 5.1.1. A 3 x4 BAFD withb=12, k=3, r=3, Aot = A10 =0
and A1 =1 can be constructed from a T A[12,3,4, 2]

Blocks 1 2 3 4 5 6 7 8 9 10 11 12
levels of Fi | Levels of Fy

0 0 1 2 3 01230 1 2 3
1 1 o 3 2 2 3 013 2 1 0
2 2 3 01 32101 0 3 2

TABLE 5.1: Table of a 3 x 4 BAFD

In this design,

E[1,0] =1, E[0,1] = § and E[1,1] =}
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Example 5.1.2. A 3 x 6 BAFD with b= 30,k =3,r =5 X1 = Ao =0
and A1 = 1 can be constructed from a T A[30, 3,6, 2].

The efficiencies are

E[1,0] = 1.0,E[0,1] = £ and E[1,1] = 2

Example 5.1.3. AT7x20 BAFD with b = 80, k= 7, r= 4, /\01 = )\10 = 0,
A1 =1, can be constructed from a T A[80,7, 20, 2]

The efficiencies are;

E[1,0] = 1.0, E[0,1] = 123 and E[1,1] = 23

Example 5.1.4. A 12 x 15 BAFD with b = 630,k = 12,r = 42, \¢y1 =
Ao = 0, A\11 = 3, can be constructed from a T A[630,12,15, 2]

the efficiencies are;

E[1,0] = 1.0, E[0,1] = 1 4nd E[1,1] = %

168
Corollary 5.1.1.

In an s? symmetrical F'D with block size s and if all the main effects

are estimated with full efficiency then the F'D has parameters A\ = 0
and Ay # 0.This design is equivalent to a

TA[Ns(s —1),s,s,2]

Example 5.1.5. If s is a prime power, then there exists a TA[s(s —
1),s,s,2] by corollary 4.1.1. Hence we can always construct an s* symmet-
rical FD withr =s—1,b=s(s—1),k=s,A\ =0,F =1 and Ey = g

assuming that Ao =1

Example 5.1.6. A 62 symmetrical FD with r = 10,b = 60,k = 6,\; =
0,\a = 2 can be constructed from a TA[60,6,6,2]. The efficiencies are:
Ei=1and Fy = %
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Example 5.1.7. A 21 x 21 FD can be constructed from a
TA[2,100,21,21,2] with \y = 0,A = 5,b = 2,100,k = 21 and
r = 100.

The efficiencies are 4 =1 and Ey = %—g.

Similarly —we can  construct 10%,122,14> BAFD’S by using
T A[360, 10, 10, 2], TA[660, 12,12, 2] and T A[1092, 14,14, 2] respectively.

5.2 51 X ss BAFD’s with blocksize sy(s; < $9)

If the main effects of F5 are estimated with full efficiency then the block size
k must be a multiple of s5. Assume that k = so throughout this section.
By theorem 5.1.1, F[0,1] = 1 if and only if A\jg = 0. Furthermore the
design is equivalent to a BA[Ag1s1+ A1151(s1—1), s9, $1, 2] with parameters
Az, y) = Ag1 or Aj1 according as x = y or not, if we identify the columns,
rows, and symbols of the balanced array with blocks, the levels of F5 and

the levels of Fj of the design.

Example 5.2.1. A 2 x 3 BAFD with b = 4,k = 3,7 = 2, \;p = 0 and
A1 = A1 =1 can be constructed from the OA[4,3,2,2]

Blocks 1 2 3 4
Levels of F5 | levels of F)

0 0 0 1 1
1 0 1 0 1
2 0 1 1 0

TABLE 5.2: Table of a 2 x 3 BAFD

In this design, the efficiencies are: E[0,1] =1 and E[1,0] = E[1,1] = 2

Example 5.2.2. A 11 x 12 BAFD with b = 121,k = 12,r = 11, A0 = 0
and Ag1 = A1 = 1 can be constructed from an OA[121,12,11, 2]

The efficiencies are;
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E[0,1] =1 and
E[1,0=1

Example 5.2.3. A 3x13 BAFD withb =27,k =13,1r =9, 190 =0, A1 =
A1 = 3 can be constructed from an OA[27,13,3, 2]

E[O, 1] =1.0
E[1,0] = 3
E[la 1] - %

Example 5.2.4. A 4x9 BAFD with b = 32, k= 9,?” = 8, )\10 = O, /\01 =
A11 = 2 can be constructed from an OA[32,9,4, 2]

E[0,1] =1.0
E[LO] :%
E[1,1] :3

Example 5.2.5. A 5 x 11 BAFD with b = 50,k = 11,r = 10,y =
0, Ao1 = A1 = 2 can be constructed from an OA[50,11,5, 2]

E[0,1] = 1.0

E[1,0] =12

Bl1,1] =12

Example 5.2.6. A 2 x 8 BAFD with b =16,k =8,r =8 A\ = 0, \g1 =
A1 = 4 can be constructed from an OA[16,8, 2, 2]

E[0,1] = 1.0

E[1,0] =
E[1,1] =

0|~3 00|~
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For A\jp = 0 and k = sy equation (5.1.7) becomes

~(k=1)s Ao+ (s2 — 1)An
E[l,O] B k (82 — 1))\01 + (81 — 1))\10 + (81 — 1)(82 — 1))\11
(52 — 1)81 (52 — 1))\11

S9 (82 — 1))\()1 —+ (81 — 1)(82 — 1))\11
s111(s9 — 1)2
s2(s2 — 1)[Ao1 + (51 — 1)A1q]

o 81)\11(82 — 1)
~ s9ldor + (51— 1A
B (s2 — 1)s1A11
~ so[Ao1 + (51— 1)Aq]

(s9 — 1)s1
- sof(s1—1) + 3]
(s2 —1)s1 1

S9 (81 — 1) + %

(5.2.1)

Note that A\g; # 0, since k = s9 > s implies that at least two treatments in
a given block have the same level of F}. To maximize E(1,0), it is required

that :\\—(1’1 be as small as possible.

Theorem 5.2.1.

In an s1 X s2(s1 < s9) BAFD with block size s and Ajg = 0 the

following inequality holds:

A S9 — S
01 > 2 1
A1 S92

(5.2.2)

when the equality holds, £(1,0) = 1.0 and E(1,1) = 22

Proof. g(0,1) = 0 in this BAFD since the main effect of F3 is estimated
with full efficiency. By equation (5.1.2) we have

r= A1 + (51 — 1))\11 (523)
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If we substitute r in equation (5.1.1) in equation (5.2.3), we have

g(l, 0) = A1 + (81 — 1))\11 + (82 — 1))\01 — (82 — 1))\11
= soho1 + [s1 — 1 — s+ 1]JAny (5.2.4)

= S9\01 — (82 - 81)>\11

but ¢g(1,0) > 0, since ¢g(1,0) is an eigenvalue of the none negative definite
matrix NN . Therefore we have equation (5.2.2) and the equality holds if
and only if g(1,0) = 0. i.e E(1,0) = 1.

i.e
g(l, 1) =T — /\01 — )\10 + )\11
= X1+ (51— DA1 — Aor — 0+ A
= (s1 — A1+ Ay
but

Bl 1 =1~ [o(1,1)]

[81 — 1]52 + S9

—1_
sa[Ao1 + (51 — 1)A11]
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if i—‘ﬁ = 2-% and using equations (5.1.5) and (5.2.3)

(s1 —1)s2+ s
52[32 — 81 + (81 — 1)82]
82[52 — 81 + (81 — 1)52] —+ —[(81 — 1)52 + 82]
Solsy — 1+ (51— 1)s9]
82[8182 — 81] — 5159
So[s159 — $1]
525182 — 5182 — 5152

82[3182 - 51]

S9 — 2 .
= as required.
S9 — 1

=1—-

Since a necessary condition for E[1,0] = 1 is that block size k must be a
multiple of s; we must assume that sy = ms;(= k) for some integer m in
order to construct a BAFD such that all main effects are estimated with

full efficiency. When so = ms; equation (5.2.2) becomes

)\01 m—1
—_ > — 5.2.5
S (5.2.5)
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Corollary 5.2.1.

In an s; X so BAFD with block size so(> s1) the main effects

of F1 and F, are estimated with full efficiency if and only if

Ao

&= m=l for some m. The design
11 m

So = msl;)\lo = 0 and
is equivalent to a BA[(ms; — 1)siA,msy,s1,2] with parameters
AMz,y) = (m — 1)\ or mA according as = y or not, ie. a

BA(T)(m, s1,\).

By theorem 4.9.1 for any given m and s; we can always construct
a BA(T)(m,s1,A) for some A\. Thus we can always construct an
ms; X s; BAFD such that all main effects are estimated with full
efficiency, but a large replication may be needed. The construction
of a BA(T)(m,s1,1) for some m and s; are discussed in corollary
4.9.2, 49.4, and 4.9.5. In example 4.9.8 and 4.9.9 we also gave a
BA(T)[4,3,2] and a BA(T)(3,4,2).

Example 5.2.7. A 2 x 4 BAFD with b = 6,k = 4,r = 3, Ao = 0, can
be constructed from a BA(T)(2,2,1) = BA|6,4,2,2] with \(z,y) =1 or 2

according as r =y or not

Blocks 1 2 3 4 5 6
Levels of Iy | Levels of Fj

0 1 0O 1 0 1 0
1 0 1 1 0 0 1
2 1 0 0 1 0 1
3 0 1 0 1 1 0

TABLE 5.3: Table of a 2 x 4 BAFD

In this design, the efficiencies are: E[0,1] =1, E[1,0] =1 and E[1,1] = 2

Example 5.2.8. A 7 x 42 BAFD with b = 287,k = 42,r = 41, A9 =
0,\1 = 5,A1 = 6 can be constructed from a BA(T)[6,7,1] =
BA[287,42,7,2]
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with \(z,y) =5 or 6 according as x =y or Not.
The efficiencies of this designs are: E[0,1] = 1.0, F[1,0] = 1.0 and
El1,1] =4

5.3 51 X s, BAFD’s with block size a common

multiple of s; and sy

In an s1 x s BAFD with block size ss, if so is not a multiple of s1, then
the main effect of F; cannot be estimated with full efficiency. To estimate
all main effects with full efficiency, the block size k£ must be a common
multiple of s; and sy. Let s1 = ps and sy = ¢gs where s > 1. A method is
given below to construct s; x so BAFD with block size pgs such that all

the main effects are estimated with full efficiency.

Theorem 5.3.1.

If there exists a resolvable BIBD with ¢s treatments and block size

q, then there exists a ps x gs BAFD with block size pgs such that all

main effects are estimated with full efficiency.

Proof. Construct a BA(T)(p,s,n) for some integer n by theorem 4.9.1.
In the resolvable BIBD, there being s blocks in each replication , we can
number the block in each replication by 0,1,---,s — 1. Replacing each
symbol in the balanced array by a group of symbols which represents blocks
in the BIBD for each replication, we obtain a pgs X [ps — 1]sm"l matrix,
where 7 is the number of replications in the BIBD. Assign i*" level of F}
to the rows from the (i, + 1)** to the (i + 1), where i = 0,1,--- ,ps —
1.Identifying columns and symbols with blocks and the levels of F5, we get
a ps X gs design with block size pgs.
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We shall show that all the main effects of the design constructed above
are estimated with full efficiency.Let A" be the number of blocks in which
two treatments occur together in the BIBD, then (¢s — )X = (¢ — 1)r.
Assume that 7 = (¢gs — 1)m and X\ = (¢ — 1)m, where m need not be an
integer. Let A\g1, A1g, A11 denote the parameters and r denote the number

of replications in the ps x gs design, then through inspection we have
M, y) = (ps — 1) (gs — 1) (p = 1)"(q — 1)!mn + (xy) (pg) (s — 1)™mn

z,y =0 or 1 in mod 2 (5.3.1)

A1 = (ps —1)(g — 1)mn
Ao = (gs — 1)(p — 1)mn

(5.3.2)
A= (p—1)(¢g — 1)mn + pq(s — 1)mn

Ao =71 =(ps—1)(gs —1)mn

if we substitute the parameters of the equations (5.1.1), (5.1.2) and (5.1.3)
in equations (5.3.2) and corollary 3.1.1 we get
s—1

E[0,1]=E[1,0)=1 and E[1,1] = ~ G D@ =) +1

Given any ¢ and s, there always exists a resolvable BIBD with ¢s treat-

ments and block size ¢ if the number of replications is allowed to be large.

The irreducible BIBD of ¢s treatments with block size ¢ in which each of

s
the 1 possible ¢g— element combinations form a block is resolvable with
q

parameters
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2
v=gqs, b= , = , k=gq, A= (5.3.3)

Definition 5.3.1.

Suppose (F,A) is a (v, k, \)-BIBD, a parallel class in (F,A) is a
subset of disjoint blocks from A whose union is F. A partition of A
into r parallel classes is called a resolution; and (F, .A) is said to be
a resolvable BIBD if A has at least one resolution. We say that F is

a finite set of points called treatments.Where
F = {0,1,2,--- ,v—l}

Several methods are used to construct resolvable balanced incomplete block

designs. These methods include:

To construct a resolvable BIBD with block size k£ = 3 and a finite number
of symbols V' = v one can use the methods of one step cycles, two step
cycles or three steps cycles. The method of one step cycles is applicable
when

v=2y+1=24m+3

or when

v=2y+1=24m+9 (5.3.4)

we may denote the element 0 by £ and the others by 1,2, 3, .-, 2y place k
at the center of the circle and the other elements 1,2, 3, --- , 2y at equidis-
tant intervals on their circumference. The companions of k are to be dif-

ferent on each parallel class. If we suppose that on the first parallel class
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they are 1 and y 4+ 1 on the second 2 and 2 + y and so on, then the diame-
ters through k will give for each parallel class a triplet in which k appears.
On each parallel class we have to find @ other triplets satisfying the
conditions of the problem. Every triplet formed from the remaining 2y — 2
elements will be represented by an inscribed triangle joining the points rep-
resenting these elements. The sides of the triangles are the chords joining
these 2y — 2 points. The sides of the triangles so represented are denoted
by the letters p,q,r. The term, triad or grouping denotes any of p,q,r
which determines the dimensions of an inscribed triangle. If p, ¢, r are pro-
portional to the smaller arcs subtended then p+¢g =ror p+q+r = 2y. If
@ scalene triangles can be inscribed in the circle so that to each triangle
corresponds an equal complimentary triangle having its equal sides paral-
lel to those of the first and its vertices at free points then the system of
@ triangles with the corresponding diameter will give an arrangement
for one parallel class. If the system is permuted cyclically(y — 1) times we

get arrangements for the other (y — 1) parallel classes.

The method of two step cycles is applicable when v = 12m + 3. When v is
of this form and m is odd we cannot get sets of complimentary triangles as
required. Hence to apply a similar method we have to find @ different
dissimilar inscribed triangles having no vertex in common and satisfying
the conditions p+¢q = r or p+q+r = 2y. These solutions are also central.
In the first part of this solution £ of these triangles must be selected to form
an arrangement of the first parallel class. By rotating this arrangement

two steps at a time we obtain triples for ¢ parallel classes in all.

The method of three step cycles applies if
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v=18m + 3 or
v=18m+9 or (5.3.5)
v=18m + 15

It gives a solution for every value of v except v = 15. In this, method we
may with equal propriety represent all the elements by symbols placed at
equidistant intervals round the circumference of a circle. Such solutions
are termed as none central. The symbols may be 1,2,3,--- ,v, or letters
ai,by,c1,a9,b9,co,--- any triplet will be represented by a triangle whose
sides are chords of a circle. The arrangement of any parallel class is to

include all the elements and therefore the triangles representing the triplets

v

5 in number, and so each element appears in

for a given parallel class are
only one triplet, thus no two triangles can have a common vertex. The
complete three steps solution will require the determination of a system
of @ inscribed triangles. In the first part of the solution, ¢ of these
triangles must be selected to form an arrangement for the first parallel
class, so that by rotating this arrangement three steps at a time we obtain

triplets for § parallel classes in all.

If ¢ = 4t — 1 is a prime power, then there exists a resolvable balanced
incomplete block design with block size & = 2t and number of symbols
v=4t and A = 2t — 1.

As for the point set we take F = GF(q)U {oo} Developing the parallel

classes.

H2U {0} and H?U {oo} (5.3.6)

over GF'(q) produces the required blocks and resolution.
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The multiplicative cosets HS, Hf, Hs,-- -, HS_; are defined by
H%Z{:ct:tzm mod e}

where x denotes a primitive element of GF(q).

If ¢ = 4t + 1 is a prime power, then there exists a resolvable balanced
incomplete block design with block size & = 2t + 1 and number of symbols
v =4t + 2 and A = 4t. As for the point set we take F = GF(q) U {oo}

Developing the parallel classes.

HZU {0} HZ U {oo}
oo™ o)

over GF'(q) produces the required blocks and resolution.

and (5.3.7)

Let A < k — 1. Suppose there is a difference family
DF)\(k7 'U) {AO; A17 A27 A37 e 7AS—1}

over a ring R whose base blocks are mutually disjoint. If there is a set
of k£ distinct units {Uo, UL, Usg, - - ,ukl} whose differences are all units of
R, then there exists a Resolvable balanced incomplete block design with
block size K = k and number of symbols V' = kv, where s represents the

number of base blocks and that

Bj = Aj X {Z} - {(aljai)v (a’Qjai)? T 7(akj>l)}’ S ]k’ j < [s (538)

In order to get further blocks we put
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Cr = {(up,0), (w, 1), (12, 2). -, (o, k= 1)} -2 2 €R (539)

where (u,7)-x means (ux,i). We must partition the blocks into r = /\E%_l)l)

parallel classes. The first parallel class Py will take all the blocks uiBji

where i € I, j € I, and the blocks C,, where z is distinct from all a/;

i€y, jel

Other classes are given by P, = T,P where T, : (z,i) — (x + g,1),9 € R.
that is

P, ={T,(B): B R} (5.3.10)

We can still construct more parallel classes.

Let Q, = {7;033 1g € R} with

zelJA; and R, = {7;6’96 g € R} with © € R\ UA, (5.3.11)

0<j<s—1 0<j<s—1

Both @, and R, are parallel classes. We take each parallel class (),

A times and each class R, A — 1 times.

If v is even and v > 4 a resolvable balanced incomplete block design with
block size k = 2 and number of symbols V' = v can be constructed as

follows

We take the point set F to be F =7, 1 U {oo}
For j € Z,_1, define

T = {{oo,j}}U{{i+j mod(v —1),7 —i mod(v — 1)}} :
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(5.3.12)

7; is a parallel class and each pair of points occurs in exactly one 7;

To construct a resolvable incomplete block design with block size k£ = ¢ and
number of symbols V = ¢? where ¢ is a prime number, we can construct

an affine plane of order ¢. This is done by defining P = F, x I,.

For any a,b € F,, we define a block

Loy = {(m, y) € P:y=ax+ b} (5.3.13)

and for any ¢ € [F;, we define

Loo,c = {(C, y) TS Fq} (5314)
Finally we define

L= {La7b ca,b e Fq} U {LOO,C ic € Fq} (5.3.15)

Then (P, L) is the required affine plane of order ¢ and it is also the required

resolvable balanced incomplete block design.

Definition 5.3.2.

m
For 0 < d < m, we define the Gaussian Coefficient as follows

d

q

(" =D ("' =D (g™ 1)
L I B [ e I AL (5.3.16)

d 1 if d=0
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To construct a resolvable balanced incomplete block design

(qm7b7 r, qda)\)
where m >2,1<d<m-—1
qm—d
m m m—1
b= . r= , and A= (5.3.17)
d d d—1
q q q

we use equations (5.3.13) and equation (5.3.14) and (5.3.15). However,
in some cases it might not be possible to construct resolvable balanced
incomplete block designs with the given properties in (5.3.17). Like for
example there exists (8, 4,3)—BIBDs that are not resolvable.

To construct a Resolvable balanced incomplete block design

(¢, q" 1)
. . . d-1_4
where ¢ is a prime power and m > 2 with A = qq_1
We first construct a symmetrical BIBD
d+1_q1 d_q d—1_
(qq_1 S =t 1) (5.3.18)

From this symmetrical BIBD, we obtain a quasi-residual BIBD. The

quasiresidual BIBD is an affine resolvable BIBD with parameters

(5.3.19)

Example 5.3.1. A 4 x 6 BAFD with block size 12 can be constructed
using BA[10,6,2,2] and a resolvable BIBD with 4 treatments and block
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size 2 as shown below
Consider the following BIBD with 4 treatments and block size 2 where
Xo, X1, Yo, Y1, Zy, Z1 represents the blocks.
Xo X1 Yo Y1 Zo 7y
0 2 0 1 0 1
1 3 2 3 3 2
TABLE 5.4: Table of BIBD[4,6,2]
Also consider the BA(T')(3,2,1) given below
0000011111
001 1 1 0O0O0 11
100 1 1 1 10 0O
01 10101 10O
1110 0 1 0 0 0 1
1 101 0 0 01 1 O0
TABLE 5.5: Table of BA(T)[3,2,1]
By theorem 5.3.1 we can construct a 4 x 6 BAFD with
k = 12,7’ = )\00 = 15,[) = 30,)\10 = 5,)\01 = 6,)\11 = 8 with

E[1,0] =1,E[0,1] =1,E[1,1] = }i;
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Example 5.3.2. A 6 x8 BAFD with parameters k = 24,r = A\gg = 35,b =
70,01 = 15, A\10 = 14, A1 = 18 and efficiencies E[0,1] = 1, E[1,0] =
1, E[1,1] = 33 can be constructed by using both the BA(T)(3,2,1) given in
example 5.5.1 and a resolvable BIBD with 8 treatments and block of size
4 given below that has been constructed by developing parallel classes as
in equation (5.3.6). The base blocks will be Hy* U {0} = {1,2,4,0} and
H12 U {oo} = {3,5,6,00} The resolvable BIBD will be given as follows

after replacing oo with 7.

1 3 2 4 3 5 46 5 06 1 0 2
25 36 40516 20314
4 6 506 1 02 13 2 4 3 5
o 71 727 37 475 7T 67

TABLE 5.7: Table of BIBD[S,14,4]

Example 5.3.3. A 6 x9 BAFD with parameters k = 18,r = A\gg = 20,0 =
60, \o1 = 5, A\0 = 4, \11 = 7 and efficiencies E[0,1] = 1, E[1,0] = 1,
E[1,1] = 12 can be constructed by using both the BA(T)(2,3,1) given in
example 4.9.5 and the resolvable BIBD with 9 treatments and block size 3
given below. This has been constructed as in equations (5.3.13), (5.3.14)
and (5.3.15). That is, by constructing an affine plane of order 3.

S W O

1
4
7

co Ot N
o = O

1
)
6

N W N
~N Ot O
oo W —
D =N
N = O
Ot = W
o~

TABLE 5.8: Table of a BIBDI9,12,3]

Example 5.3.4. A 10 x 15 BAFD with parameters k = 30,7 = Mgy =
63,0 = 315, 1 = 9, A0 = 7, A1 = 13 and efficiencies E[0,1] = 1,
E[1,0] =1, E[1,1] = & can be constructed by using both the BA(T)[2,5,1]
given in example 4.9.2 and a resolvable BIBD with 15 treatments and block

size 3 given below which was constructed by using the method of two step
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cycles where the first parallel class gives a set of triplets
(k-1-2),(3-7-10),(4-5-13),(6-9-11),(8,-12,-14).

From which by a cyclical two step permutation we get solution

0 3 4 6 8 0 5 6 8 10
17 5 9 12 3 9 7 11 14
2 10 13 11 14 4 12 1 13 2
0O 7 8 10 12 0 9 10 12 14
5 11 9 13 2 7 13 11 1 4
6 14 3 1 4 8 2 5 3 6
0 13 14 2 4 0 1 2 4 6
1 3 1 5 8 13 5 3 7 10
12 6 9 7 10 14 8 11 9 12

0 11 12 14 2
13 3 6
10 4 7 5 8

Ne}
—_

TABLE 5.9: Table of BIBD[15,35,3]

Example 5.3.5. A 6 x9 BAFD with parameters k = 27,r = A\p9 = 20,0 =
96, \o1 = 5, A0 = 4, A1 = 7 and efficiencies FE[0,1] = 1, E[1,0] = 1,
E[1,1] = 2 can be constructed by using both the BA(T)[3,3,1] given in
example 4.9.4 and a resolvable BIBD with 9 treatments and block size 3
given below which was constructed by using the method of one step cycles

where the first parallel class gives a set of triplets
(k-1-5),(3-4-6),(7-8-2)

from which by a one cyclical one step permutation we get the solution
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0 3 7 0 4 8 0 5 1 0 6 2
1 4 8 2 5 1 3 6 2 4 7 3
5 6 2 6 7 3 7 8 4 8 1 5

TABLE 5.10: Table of BIBD[9,12,3]

Example 5.3.6. An 8 x 14 BAFD with parameters k = 28,1 = Mgy =
91,b = 312, g1 = 42, M9 = 39,A\11 = 46 and efficiencies E[1,0] =
1.0, E[0,1] = 1.0,F[1,1] = % can be constructed by using both the
BA(T)[4,2, 1] which can be constructed by using theorem 4.9.1 and a resolv-
able BIBD with 14 treatments and block size 7 given below which was con-
structed by developing parallel classes as in equation 5.3.7. The base blocks
will be Hy*U {o} = {1,4,3, 12,9, 10,0},H12u {oo} = {2,8,6, 11,5,7,00}
and Hy* U {oo} = {1,4,3, 12,9, 10,00},1%2 U {o} = {2,8,6, 11,5,7,0}
The resolvable BIBD is given as follows after replacing oo with 13.



155

Chapter 5. Two Factor BAFD’S

8 12
10

6 10 7 11

9

11

12

0

12 11

10
12
13

12

11

10
11

11

10

12

10

b}

13

13 4
11

13 13 3

9

13

12 12 0

11

10 10

9

12

11

11

10
9

12

10 0

12

10

12

11

13

13 10 13 11

8 13 9

13

13

12
10

11

10

12

0

10 12 11

11

12

11

10
11

11

10

12
13
9

10
13

13
11

13

10 10 11

13

0

12 13

12

9

12
11

11

1210

10
9

12

0

11

12

11

10
12

8§ 13 9 13 10

13

6 13

13

13
12

10

11

10

13 12

13 11

TABLE 5.11: Table of a BIBD(14,52,7)
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Example 5.3.7. A 22 x 55 BAFD with parameters k = 110,r =
Ao = 967,b = 6,237 N1 = 42,9 = 27,A\11 = 52 and efficien-
cies E[0,1] = 1, E[1,0] = 1, E[1,1] = 22 can be constructed by us-
ing both the BA(T)[2,11,1] which can be constructed by using theorem
4.9.2 and a resolvable BIBD with 55 treatments and block size 5 given be-
low which was constructed by developing parallel classes as in equations

(5.3.9), (5.3.10), (5.3.11). Thus we develop parallel classes Py, Qy, Ry.
R = {07 1,2,--- 71()}. To construct a resolvable balanced incomplete block

design with block size 5 and number of treatments 55, k = 5, suppose
A=2<k—1 then s = QEZ:B = 1 base block hence P, parallel classes:

Py, Py, Py, -+ - Pig [11 blocks]. Q. parallel classes: Qo, @1, 2, @3, Q4 each
of which is taken A = 2 times. R, parallel classes: Ry, R1, Ry, R3, R4, R5
each of which is taken A — 1 = 2 — 1 = 1 times. Thus total number of
parallel classes = 11 +2 x 5+ 6 x 1 = 27. As an example the parallel

classes Py, Q1, Ry are given by

15 31 47 8 24 30 6 37 13 44
20 41 7 28 49 35 16 52 33 14
25 51 22 48 19 40 26 12 53 39
45 36 27 18 9 50 46 42 38 34

=W N = O
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11
17
23
29

= w N = O

10
16
22
28
34

© 00 ~J O Ot

15
21
27
33
39

10
11
12
13
14

20
26
32
38
44

15
16
17
18
19

25
31
37
43
49

20
21
22
23
24

Q1

30
36
42
48
54

25
26
27
28
29

35
41
47
93
4

30
31
32
33
34

40 45 50 O

46 51

o2
3
9

35
36
37
38
39

2
8

40
41
42
43
44

1
7

6
12

13 18
14 19 24

45
46
47
48
49

50
51
02
93
o4

TABLE 5.12: Table of Parallel classesP,, Q1, R,



Chapter 6

Multifactor BAFD’S

This chapter gives methods of constructing multifactor BAFD’s

6.1 S symmetrical BFD’s with block size s

The s™ symmetrical balanced factorial design (BFD) has been shown by
Shah (1958) to be equivalent to a PBIB with a hypercubic association
scheme.We shall consider the construction of such designs with block size

s in this section, we have

Ms—1)=Y (m) (s — )i\, (6.1.1)

hence

r=Y (T) (s — 1)1\ (6.1.2)

r is completely determined by the values of A.s. When s is a prime power
Suen (1982) showed that there exists an s™ symmetrical BFD with block

size s for any given i, Ao, ..., \p.

158
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Lemma 6.1.1.

If s is a prime power, then given j (1 < j < m) there exists an s™

symmetrical balanced factorial design with block size s and parame-

ters \; =1, \; =0 for all i#j.

The efficiencies of the symmetrical balanced factorial design constructed
in Lemma 6.1.1 can be calculated by equation (3.2.5) and theorem 3.2.3

and hence

1 P;(i;m, s)

Bi=1-—-— ) i=1,2,...,m (6.1.3)
S GeEVEr
In particular when j = m, P, (i;m, s)
= (=D'(s—1)"
and equation (6.1.3) becomes (6.1.4)
1 (-1
B=l—-——"" _ i—192. .. .m 6.1.4
s (s—=1)-1s ! " ( )

This balanced design has been constructed by Bose(1947);the main effects

are estimated with full efficiency since £y = 1 in equation (6.1.4)

Theorem 6.1.1.

If s is a prime power, then for any given Ai, Ao, ..., \,, there exists

m

an s symmetrical balanced factorial design with block size s and

parameters Ay, Ag, ..., Ap-

Proof. Let D; denote the design constructed in Lemma 6.1.1. The sym-
metrical balanced factorial design consists of A; D;s for y =1,2,....m

has parameters A, Ao, ..., A\,
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Now consider the case when s is not a prime power. In an s symmetrical
balanced factorial design with block size s if we can construct a design with
A1 = 0 and A9 # 0 then the design is equivalent to a TA[Aas(s — 1), s, s, 2]

by corollary 5.1.1 and the main effects are estimated with full efficiency.

In the case of s” symmetrical balanced factorial designs with block size
s, if we can construct a design with parameters \,, # 0, and \; = 0 for
1=1,2,...,m—1, then the main effects are estimated with full efficiency.
If a TA[As(s —1),s,s,2] exists,we can multiply (see theorem 4.8.2) m — 1

m=1's, s, 2] with parameters

such transitive arrays to get a BA[As(s — 1)
M@, Tme1), (W1 Yme1)] = AN iy Ay foralli =1,2,...,m—1
and A[(x1,...,Zm-1), (W1 ..., Ym-1)] = 0 otherwise. Identifying rows with
the levels of F}, symbols with the levels of Fb, ..., F},, and columns with
blocks, we obtain an s™ symmetrical balanced factorial design in [As(s —
1)]™~1 blocks of s plots each with parameters \,, = A ! and \; = 0 for

t=1,...,m — 1.Thus we have the following theorem O

Theorem 6.1.2.

The existence of a TA[As(s—1), s, s, 2] implies the existence of an s™

symmetrical balanced factorial design with b = [As(s — 1)]™" 1 k =

s,;r=[As—=D]" " Ay =A""1and \; =0, fori =1,...,m—1.

6.2 Methods of Constructing Multifactor
BAFDS.

The methods are in form of theorems:
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Theorem 6.2.1.

If there exists a BA[N;, S, si,2](i = 1,...,m — 1) with parameters

Ni(z,y) = p or pb according as x = y or not then there exists an

S1 X8y X ... XSy BAFD with k& = Sm, b= N1 ca Nm—l; /\041062__'Oém_l():o7

_ 1,2 m—1
>\a1a2...(1m711 - IU/OQMO(Q e ,LLam71

where «a; =0 or 1.

Proof. Multiply the m — 1 balanced arrays to obtain a BA[N1Ny... Ny, _1,
Sm, S152...Sm-1,2] with parameters A[(x1,22,...,Tm-1), (Y1, Y2,
Ym—1)] = Mg;qM?OQ . ,ug:_ll where a; = 0 or 1 according as x = y or not.
Identifying the symbols with the levels of Fy, Fb,... F,,_1, rows with the
levels of F;,, and columns with blocks, we obtain an s; X s9 X ... x s, BAFD
with the specified parameters. The method used in theorem 6.2.1 can usu-
ally produce efficient BAFDS if we use balanced arrays corresponding to
efficient two factor BAFDS. While applying this method, the block size
remains the same but the number of blocks increases very rapidly. Hence

this method is used when the number of assemblies in the balanced arrays

are not too large. O

Example 6.2.1. Consider the product of the OA[4,3,2,2] in Example
5.2.1 and the T A[6,3,3,2] given below

01 2 0 1 2
1 2 0 2 0 1
2011 20

TABLE 6.1: TA[6,3,3,2]

00 01 02 01 02 00 01 02 00 00 01 02 10 11 12 10 11 12 10 11 12 10
01 02 00 00 01 11 12 10 02 12 10 11 01 02 00 02 00 01 11 12 10 12
02 00 01 02 00 12 10 11 01 11 12 10 12 10 11 11 12 10 02 00 01 01

TABLE 6.2: BA[24,3,6,2]

11
10
02

12
11
00
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which is a BA[24, 3,6, 2] with parameters A\[(x1,22), (y1,y2)] = 0 or 1 ac-

cording as xo = yo or not.

By theorem 6.2.1 this corresponds to a 2 x 3 x 3 BAFD with k£ = 3,0 =
24,7 =4,7(0,1,1) = A(1,1,1) =1

A(0,0,1) = A(0,1,0) = A(1,0,0) = A(1,0, 1)
— A\(1,1,0) =0
E[0,1,0] = E[0,0,1] = 1,
F[1,0,0] = E[1,1,0 = E[1,0,1] = B[1,1,1] = g

1
E0,1,1] =—.

[07 Y ] 2
Example 6.2.2. The product of BA(T)(3,2,1) in example 5.5.1 and a
BAT(2,3,1) in ezample 4.9.5 generates a 2 x 3 x 6 BAFD with
r=25,b=150,k = 6, \(0,1,0) = A(1,0,0) = A(1,1,0) = 0,
A(0,0,1) = 2,7(0,1,1) = 4,A(1,0,1) = 3 and A(1,1,1) = 6.

The efficiencies are

E(0,0,1) = E(0,1,0) = E(1,0,0) = 1.0

4
E(0,1,1) = B(1,0,1) = B(1,1,0) =

and
21

E(1,1,1) = T
We can also obtain an efficient 2x3x6 BAFD by collapsing the first factor
of the 62 symmetrical balanced factorial design in ezample 5.1.2 into two
factors one at 2 levels and the other at 3 levels. The BAFD has parameters
r=10,0 =60,k =6,)(0,0,1) = A(0,1,0) = A(1,0,0) = A(0,1,0) =0
and A(0,1,1) = A\(1,0,1) = A(1,1,1) =2
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The efficiencies are
E(0,0,1) = £(0,1,0) = £(1,0,0) = £(1,1,0) = 1.0

and

4
E(0.1,1) = B(1,0,1) = E(1,1,1) = -.

all the main effects are also estimated with full efficiency like in example

6.2.2 but we only need 10 replications in this design.

Example 6.2.3. The product of the BA(T)[4,3,2] in ezample 4.9.8 and
the BA(T)[3,4,2] in example 4.9.9 generates a 3 X 4 x 12 BAFD with
r = 484,b = 5808, k = 12, \(0,1,0) = A\(1,0,0) = A(1,1,0) = 0
A(0,0,1) = 24,0(0,1,1) = 36, A(1,0,1) = 32 and A(1,1,1) = 48

The efficiencies are

E[0,0,1] = E[0,1,0] = E[1,0,0] = 1.0

10
E[0,1,1] = B[1,0,1] = E[1,1,0] =
and
111
E[1,1,1] = —
121

The second method of constructing multifactor BAFD’s we shall discuss
was suggested by Yates (1937b) and employed by Nair and Rao (1941), Li
(1944), Kishen (1958).The general form with exact conditions for validity
was proved by Shah (1960a).This method replaces different levels of a
factor in one design by distinct sets of treatment combinations forming the

blocks of another design.

Assume that there exists a BAFD with m factors Fi, Fs, ..., F, at
1,82, .- ., Sm levels respectively,each of the v x (= s185...5,,) treatments

replicated r* times in b* blocks of k* plots each,with the incidence matrix.
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N* = [Af| AL | A 4] (6.2.1)

Further assume that b* = pg, and the pg blocks can be divided into p
groups of ¢ blocks each, such that the design consisting of p blocks formed
by adding together all the blocks of a group is a BAFD.The incidence

matrix is

N;q - Z?’zl A*j| 23'21 A*j+q| R | Z?:l A*pq—qﬂ' (6‘2‘2)

for a resolvable design N*, the corresponding N*,, exists with p = r*. The

following theorem was proven by Shah (1960a).

Theorem 6.2.2.

Let there be a BAFD with the incidence matrix N in

n + 1 factors Fy, Fri1,. .., Finin at @, Smat, - - -, Sman levels respec-
tively in b blocks of k plots each.Also let there be two BAFDs with
incidence matrices N* and N*,, as given by equations (6.2.1) and
(6.2.2) respectively.If the level j — 1 of the factor Fy is replaced
by the block A;p4;(j = 1,2,...,¢q) in each of the treatments of N
sthen the design obtained by adjoining the p designs so formed (for
i=0,1,2,...,p—1) is a BAFD in m + n factors in bp blocks of kk*

plots each.

This method generates an m +n factor BAFD from an n+ 1 factor BAFD
and an m factor BAFD.Thus from the two two-factor BAFD’s we can
generate a three-factor BAFD. If the two-factor BAFD’s are efficient, then
three-factor BAFD is also efficient. We can therefore construct efficient
multi-factor BAFD’s step by step from efficient two-factor BAFD’s. While

applying this method, the number of blocks does not increase so quickly
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as in the first method, but the block size does increase. It can be seen that
the theorem 5.3.1 is a consequence of theorem 6.2.2 if we let m =n =1 in

theorem 6.2.2.

Example 6.2.4. Let N be the incidence matriz of the 3 x 6 BAFD con-
structed by identifying rows,columns and symbols, with the levels of the
second factor, the blocks ,and the levels of the first factors respectively in
the BA(T)(2,3,1) given in example 4.9.5. Let N* be the incidence matriz

of the resolvable 3% symmetrical balanced factorial design given below

Xo X1 X2 Yo Y1 Y2
00 01 02 00 01 02
11 12 10 12 10 11
22 20 21 21 22 20

TABLE 6.3: 3% Symmetrical BFD

where xg,x1, X2, Yo, Y1, Y2 represents blocks. Then by theorem 6.2.2we can
construct a 3* x 6 BAFD with r = 10, b = 30, A(2,0) = 5, \(0,1) =
2,0(2,1) = 3, A(1,1) = 4, X\(1,0) = 0, E[2,1] = 2 and all main effects
and first order interactions are estimated with full efficiency. The BAFD is

given below.

Blocks 1 2 3 4 5 6 7 8 9 10
Levels of I3 | Levels of F; and F;

0 Zo Zo To Zo Zo T I T T T

1 T ) T ) i ) ZTo T2 o I

2 ) T T ZTo ) o ) T2 I Zo

3 To Ty Tg X1 T1 Tg Ty L1 Te o

4 To Ty To Xo Ty Tl Tog Ty Ty Lo

5 T Zo T T ) Ty T o T2 Zo

Blocks 11 12 13 14 15 16 17 18 19 20
Levels of I3 | Levels of F; and F,

0 T Tog Tz T2 T2 Yo Yo Yo Yo Yo

1 Zo 1 To X1 T2 Y1 Y2 Y1 Y2 Yo

2 T To To T2 X1 Y2 Y1 Y1 Yo Y2

3 T T T2 To To Y2 Y2 Yo Y1 U

4 Ty xe T3 Xy To Yo Y1 Y2 Y2 U1

5 Zo To Ty To X1 Y1 Yo Y2 Y1 Y2
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Blocks 21 22 23 24 25 26 27 28 29 30
Levels of F5 | Levels of F; and F
0 Y % Y Y1 1 Y2 Y2 Y2 Y2 Y2
1 Yo Yo Y2 Yo Y1 Yo Y1 Yo Y1 Yo
2 Yo Yo Y2 Y1 Yo Y1 Yo Yo Y2 W
3 Yo Yo Y1 Yo Yo Y1 Y1 Y2 Yo Yo
4 1 Y2 Yo Yo Y2 Y2 Yo Y1 Y1 Yo
3] Y2 Y Y Y2 Yo Yo Y2 Y1 Yo Y1

TABLE 6.4: 32 x 6 BAFD

Example 6.2.5. Let N be the incidence matriz of the 3 x 6 BAFD
constructed by identifying rows, columns, and symbols, with the levels of
the second factor, the blocks and the levels of the first factor respectively in
the BA(T)(2,3,1)given in example 4.9.5. Let N* be the incidence matriz
of the resolvable 2 x 3 BAFD given below.

X X1 X2 Yo Y1 Y2
00 01 02 00 01 02
11 12 10 12 10 11

TABLE 6.5: Resolvable 2 x 3 BAFD

where xg, X1, T2, Yo, Y1, Y2 represents blocks. Then by theorem 6.2.2, we can

construct a 2 x 3 x 6 BAFD with r =10,k = 12,b = 30

A(0,0,1) =2,A(0,1,0) =
A0,1,1) =4,A(1,0,0) =
A(1,0,1) =4,A(1,1,0) =
A(1,1,1) =3

and efficiencies
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E[0,0,1] = E[0,1,0] = E[1,0,0] = 1.00

and

E[1,1,0] = E[1,0,1] = 1.00

19
E [0, 1, 1] = 20
17
E [1, 1, 1] = 20
The BAFD is given below
Blocks 1 2 3 4 5 6 7 8 9 10
Levels of F5 | Levels of F; and Fy
0 o To Xg Xy Xy T1 T1 X1 X1 T
1 T Ty X1 X9 Xg Ty Tg X2 Ty T
2 Lo Ty X1 Xy X9 Ty To X X1 X
3 ) T2 Xy T ry o9 T X1 X9 X9
4 ZTo 1 X9 ) ry X1 T2 XTog Xog T2
5 T Tog Ty X1 Ty Tg X1 Tog Ty X
Blocks 11 12 13 14 15 16 17 18 19 20
Levels of F5 | Levels of F; and F,
0 X2 Ty Tz T2 T2 Yo Yo Yo Yo Yo
1 xg 1 To X1 T2 Y1 Y2 Y1 Y2 Yo
2 1 To To T2 Ty Y2 Y1 Y1 Yo Y2
3 Ty Ty Tz To To Y2 Y2 Yo Y1 Y1
4 Ty XTo T1 X1 To Yo Y1 Y2 Y2 Y1
5 Zo T T1 Xo T1 Y1 Yo Y2 Y1 Y2
Blocks 21 22 23 24 25 26 27 28 29 30
Levels of F5 | Levels of F}, and F
0 Y% Y% Y1 Y1 Y2 Y2 Y2 Y2 Y2
1 Y2 Yo Y2 Yo Y1 Yo Y1 Yo Y1 Yo
2 Yo Y2 Yo Y1 Yo Y1 Yo Yo Y2 Wi
3 Yo Yo Y1 Y2 Y2 Y1 Y1 Y2 Yo Yo
4 Y1 Y2 Yo Yo Y2 Y2 Yo Y1 Y1 Yo
5 Y2 Y1 Y Y2 Yo Yo Y2 Y1 Yo Y1

TABLE 6.6: 2 x 3 x 6 BAFD
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6.3 Examples of multifactor BAFDS

In this section, we shall use the methods discussed in the preceding section
and some known balanced factorial designs to construct examples of mul-
tifactor BAFDS. We are especially interested in BAFDS of which the main

effects and lower order interactions can be estimated with high efficiencies.

TYPE I

If there exists T'A[s;(s; — 1), Sm, 4,2 for i = 1,2,...,m — 1 then by the-
orem 6.2.1 we can construct an s; X Sy X ...s,, BAFD with k& = s,,,
b=T11" si(si — 1), r = 1" (s; — 1), M(1,1,...,1) = 1 and other \'s
being 0. By theorem 3.1.4 the eigenvalues of NN of a BAFD are given
by

91, Y2, - Ym) =Tk — kp(y1, Y2, - - -, Ym)

=rk— {T(k} —1) = Zrea A(w) {H;nl [(1 — Yi)si — 1]%}}
(6.3.1)

=7+ > A) {H?il [(1 — Yi)si — 1r} (6.3.2)

e

hence

Elyi,y2, ... ym] =1 — rlkg[ybym o Ym]
—1- rlk {r + Yreq M) {H?il {(1 — Yi)si — 1rH
=1 O [ - s 1] )
(6.3.3)

B (Rt Vi

Sm sm 72 (51— 1)
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1 [ = gi)si — 1"
Sm sm 1127 (51— 1)

Let y; = 1 and y = 0 for i # j, equation (6.3.4) becomes
E[0,0,...,1;,...,0,...,0]

-1

(6.3.4)

{(1—0)51 — 1}11{(1—0)32— 1}1,,,1
R {(1_1)5j—1} "'{(1_0)5m—1}

—1 -

Sm, sm Ity (s — 1)

1 {s D — D (-1 (50 - D)
1= — .

Sm, Sm I (s — 1)

:1_i_(31—1)(32—1)...(—1)...(sm_1—1)(3m_1)

Sm Sm(s1—1)(sa—1)...(s; —1)...(sp-1 — 1) (6.3.5)
L =M)m =1

1 =
Sm Sm(sj — 1)

:1_i+ Sm — 1
Sm Sm(s; — 1)
Sm — S

R L C—
Sm(sj — 1)
Si— 8

=1— J m
sm(s; — 1)

This is the efficiency of the main effects of the factor F; and it is 1 when
j = m. Hence the main effects of F}, are estimated with full efficiency.

In general, let y;; = 1 for i = 1,... ,¢(¢ < m) and other y's be 0, then
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equation (6.3.5) is

Elyi,y2,-..,ym] = E[1,1,...,14,0,0,...,0]

1 TEE [ —yi)si — 1)
Sm Sm HTII(Sl —-1)

R o P |

)
1 ~--{1—1 }1 sq+1—1}1...{(1—o)sm_1}1
).

Sm Sm {(31 — 1)( -1 ( )(Sq-i-l — 1) (Sm—l — 1)}
1L DMED D g = 1) (S = D(sm — 1)

1 ()
Sm Sm ngl(sji - 1)
1 (s
Sm Sm ngl(sji - 1)

(6.3.6)

which is efficiency of the (¢— 1) order interaction between Fji, Fja, ... Fj,.

Example 6.3.1. For any given s; > 3,(i = 1,2,3,...,m — 1). The
TA[si(s; —1),3,4,2]'s always exists. Hence we can always construct an
§1 X 83 X ... X Sy X 3 BAFD with k = 3,b = [ si(s; — 1),7 =
17 (si — 1),A(1,1,...1) = 1 and all other N's being 0.

Example 6.3.2. Using the TA[20,3,5,2] in example j.1.4 and the
TA[6,3,3,2], we can construct a 5 x 3 x 3 BAFD using theorem 6.2.1.The
parameters of this BAFD are k = 3,b =120, = 8,A(0,0,1) = A(0,1,0) =
A0,1,1) = A(1,0,0) = A(1,0,1) = A(1,1,0) = 0,A\(1,1,1) = 1.0 The

efficiencies of this design are

E[0,0,1] = E[0,1,0] = 1.00

)
E1,0,0| = =
[77] 6
E[0,1,1] = &
) _2
7
E1,0,1]| = FE[1,1,0]| = —
[707] [770] 12

17

B[1,1,1] = o

Sm Sm(sl—l)(2—1)(3—1) (sq = D)(Sq+1 = 1) ... (Sm—1 — 1)
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Other examples of this type include 5 X 4 X 4,5 X5 x4, Tx5 x4, 7Tx5x
47X 7x5,..., BAFD’s and so on.

TYPE 11
Let S, = n1sy = nasSo = ... = Nyy_1Sm—1 and there exists BA(T)[n;, s, 1]
fori=1,2,...,m— 1. By theorem 6.2.1 there exists an s; X s9 X ... X S,

BAFD with & = s, b = (8 — 1) 5189, .. 8m_1, 7 = [sm — 1]™7L,

)\(Z/l, Y2, .« - Ym—1, 0) = 0 and )\(yl, Y2, ... Yn—1, 1) — H;nll n (nz . 1)1—331-.
By theorem 3.1.4 the eigenvalues of the NN of the BAFD are given by

gl vo. oyl =7+ S A I [0 - s - 17} (63.7)

e

Y TL (- 1) {H?l (1= wi)si 1]“} (6.3.8)

zeQ) 1—1

Let y, =1,y; =0fori=1,2,... ,m—1 in equation (6.3.8)
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)\1($1,$2, ey T, 1)[{(1 — 0)181 — 1}951 {(1 —0)sy — 1}362 o
{ﬂ—lﬁm—l}}hvmbmwu
zm D (1 0)s1 — 1}“ {(1-0)s - 1}“ .

{u_1pm_1fy+ .................. (6.3.9)

where \'(xq,29,... 2y 1,1), b = 1, 2, ..., m — 1 is the h'" distinct
term of A(x1,29,...,%Tm-1,1) and hence we have 2™ — 1 distinct terms
of AM(z1,x9,...,Tm-1,1).

After expanding equation (6.3.9) we have

g(0,0,...,0,1)

=r+ {—s"ml Ly (m—1)sm—2 (m71)2(m72)5%_3 T l)m_l}

A G R R e
{mlcosml( 1)0 _|_m71 615%72<_1)1 _i_mfl 028%73(—1)24- +

o

similarly we can show that ¢(1,0,0,...,0) = ¢(0,1,0,...,0) = ... =
g(0,0,0,...,1,0) = 0. Thus all main effects are estimated with full ef-
ficiency. Let y,—1 =y = 1 and y; = 0 for i = 1,2,...m — 2 then (6.3.8)

becomes
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g(0,0,...,0,1,1) =r+

M (21,29, .. T, 1)[{(1 —0)s; — 1}x1 {(1 —0)sy — 1}362 .. (a)

x1

{(1 — 1)sy — 1}1] F 221, 2, T, 1) )(Sll—_()l {(1 sy 1}532

...(a){(l—l)sm—1}1]+...
AT 1, 1) {(1 —0)sy — 1}9“ {(1 — 0)sy — 1}“ .
{a=Dspa—1} " {0-Dsu—1)

(6.3.10)
(In the above equation (6.3.10), let {(1 — 1D)Sp_1 — 1}%11 be a value rep-
resented by (a))
where M'(zy,29,...,0_1,1),h = 1,2,...,2™ — 1 is the h'" distinct term
of Mx1,x9,...,2,-1,1) and hence we have 2™ — 1 distinct terms of

A1, 22,0y Ty, 1).

After expanding equation (6.3.10) we have

9(0,0,...,0,1,1)

=7+ {sm? = (m - 23 4 Dot 0 (1)
N m=2c0sMm=2(—1)0 42 o M3 (1) M2 s (1) 2 L+
=r
m_2cm—259n(_1)m_2

In general, when >, y; = g equation (6.3.8) is

91, Y2, Ym) = (8m — 1)m_1 + (=1)(sp — 1)1 (6.3.11)
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hence by corollary 3.1.1

g[y17 y27 AR 7ym]
rk
(5m — D)™+ (=1)% (80 — 1)
($m — 1) 1sy,

E[y17y27"'7ym] =1-

—1—

- =
Sm Sm(Sm — 1)471

(6.3.12)

where Sy =q.
It can be seen that equation (6.3.12) is the same as the equation (6.1.4)
with s, = s, hence the efficiencies are equal to those of s symmetrical

balanced factorial design in lemma 6.1.1 with 7 = m.

Example 6.3.3. A BA(T)(3,2,1) given in example 5.3.1 can be used to
construct a 22x6 BAFD with k = 6, b =100, r = 25, A\(1,0) = A(2,0) = 0,
A0,1) =4, M\(1,1) =6, A\(2,1) =9

The efficiencies are;

E[0,1] = E[1,0] = 1.0

1
B[1,1] = B[2,0] =
21
E2,1] = =

25

Example 6.3.4. A BA(T)(2,3,1) given in example 4.9.5 can be used to
construct a 3°> x 6 BAFD with

k=6,b=23,375r=125 A(1,0) = X\(2,0) = X\(3,0) = 0,

A0,1) =1,A(1,1) =2,A(2,1) =4,A(3,1) =8
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The efficiencies are;

E[0,1] = E[1,0] = 1.0

4
B[11) = Bl2,1] =
21
E[2,1] = =
25
104
E[3.1] =

Example 6.3.5. Example 6.2.2 is also of this type. Other examples include
2X2x4,2x4x4,3x3x6,2x5x10,...and so on.

The following example is also a 22 x 6 BAFD with only 5 replications;the
main effects are estimated with full efficiencies and some interactions are

not estimable.

Example 6.3.6. A 22 x 6 BAFD with k = 6, b = 20, r = 5, A\(1,1) =
A(1,0) = A(2,0) =0 and A(0,1) =2, A\(2,1) =3

The efficiencies are;

E[0,1] = E[1,0] = E[2,1] = 1.0
and

E[1,1] = =, E[2,0] = 0

G| W~

can be constructed using theorem 6.2.2 and by letting N be the incidence
matriz of the 2 x 6 BAFD that was corresponding to a BA(T)[3,2, 1] which
was given in example 5.3.1. In this case, we shall let N* be the incidence
matriz of the following 2° design with block size 1.

00 11 01 10

TABLE 6.7: resolvable 22 Symmetrical design
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and we shall let N3, be the following 2% balanced factorial design with in-

teraction confounded

00 01
11 10

TABLE 6.8: 22 balanced factorial design with interactions confounded

Applying theorem 6.2.2 we get the following 22 x 6 BAFD.

Blocks 1 2 3 4 5 6 7 8 9 10
Levels of I3 | Levels of F;, and F,
0 00 o0 o0 00O 00 11 11 11 11 11
1 00 00 11 11 11 00 00 00 11 11
2 11 o0 00 11 11 11 11 00 00 00
3 00 11 11 00 11 00 11 11 00 00
4 11 11 11 00 00 11 00 00 00 11
5 11 11 00 11 00 00 00 11 11 00

Blocks 11 12 13 14 15 16 17 18 19 20
Levels of F5 | Levels of F}, and F,
0 01 01 01 01 01 10 10 10 10 10
1 01 0r 10 10 10 01 01 01 10 10
2 10 01 01 10 10 10 10 01 O1 o1
3 01 10 10 01 10 01 10 10 01 oO1
4 10 10 10 01 01 10 01 01 01 10
5 10 10 01 10 01 01 01 10 10 o1

TABLE 6.9: 22 x 6 BAFD
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Example 6.3.7. A 22 x 4 BAFD with k = 4, b = 24, r = 6, A\(1,1) =
A(1,0) = A(2,0) =0 and A(0,1) =2,A\(2,1) =4 and efficiencies are;

E[0,1] = E[1,0] = E[2,1] = 1.0
and

E[1,1] =

[GCRIV)

L E[2,0] =0

can be constructed by letting N be the incidence matriz of the 2 x 4 BAFD
that corresponds to the BA[12,4,2,2] in example 4.9.7. In this case, we
shall let N* be the incidence matriz of the following 2% design with block
size 1

00 11 01 10

TABLE 6.10: 22 design

and we shall let N3, be the following 2° balanced factorial design with in-

teraction confounded

00 01
11 10

TABLE 6.11: 22 BFD with interactions confounded
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Applying theorem 6.2.2 we get the following 2° x 4 BAFD.

Blocks 1 2 3 4 5 6 7 8 9 10 11 12
Levels of I3 | Levels of F; and I

0 00 0o 00 00 00 OO0 11 11 11 11 11 11

1 11 11 00 11 00 11 00 00 11 00 11 00

2 00 00 11 11 11 11 11 11 00 00 00 00

3 11 11 11 00 11 00 00 00 00 11 00 11

Blocks 13 14 15 16 17 18 19 20 21 22 23 24
Levels of F5 | Levels of F; and F,

0 01 0r o1 01 01 01 10 10 10 10 10 10

1 10 10 01 10 01 10 01 01 10 01 10 oO1

2 01 01 10 10 10 10 10 10 01 01 O01 01

3 10 10 10 01 10 01 01 01 01 10 01 10

TABLE 6.12: 22 x 4 BAFD

Example 6.3.8. A 32 x 9 BAFD with k =9, b = 144, r = 16, \(1,1) =
A(1,0) = A(2,0) = 0 and A(0,1) = 4,\(2,1) = 3

and efficiencies;

E[0,1] = E[1,0] = 1.0

7 1

El1, 1] ==, F2,0] ==

[7] 87 [7] 2
1
B2,1] = 22
16

can be constructed by letting N be the incidence matriz of the 3 x 9 BAFD
that corresponds to the BA(T)[3,3,1] in example 4.9.4. In this case, we
shall let N* be the incidence matriz of the following 3% design with block

size 1.

00 12 21 01 10 22 02 11 20 00 11 22 02
10 21 01 12 20

TABLE 6.13: 32 design with block size 1

and we shall let N3, be the incidence matriz of the following 3? balanced

factorial design with interaction confounded.
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00 01 02 00 02 01

12 10 11 11 10 12

21 22 20 22 21 20

TABLE 6.14: 32 BFD with interactions confounded
Applying theorem 6.2.2 we get the following 3% x 9 BAFD.
Blocks 1 2 3 4 5 6 7 8 9 10 11 12
Levels of F5 | Levels of F; and F;
0 00 00 00 00 00 OO0 00 00 12 12 12 12
1 12 21 00 12 21 00 12 21 21 00 12 21
2 21 12 00 21 12 00 21 12 00 21 12 00
3 00 00 12 12 12 21 21 21 12 12 21 21
4 1221 12 21 00 21 00 12 21 00 21 00
5 21 12 12 00 21 21 12 00 00 21 21 12
6 00 00 21 21 21 12 12 12 12 12 00 00
7 12 21 21 00 12 12 21 00 21 00 00 12
8 21 12 21 12 00 12 00 21 00 21 00 21
Blocks 13 14 15 16 17 18 19 20 21 22 23 24
Levels of F; | Levels of F; and F,

0 12 12 12 12 21 21 21 21 21 21 21 21
1 00 12 21 00 00 12 21 00 12 21 00 12
2 21 12 00 21 12 00 21 12 00 21 12 00
3 21 00 00 00 21 21 00 00 00 12 12 12
4 12 00 12 21 00 12 00 12 21 12 21 00
5 00 00 21 12 12 00 00 21 12 12 00 21
6 00 21 21 21 21 21 12 12 12 00 00 00
7 21 21 00 12 00 12 12 21 00 00 12 21
8 1221 12 00 12 00 12 00 21 00 21 12
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Blocks 25 26 27 28 29 30 31 32 33 34 35 36
Levels of F;5 | Levels of F; and F,

0 01 01 01 01 01 01 01 01 10 10 10 10

1 10 22 01 10 22 01 10 22 22 01 10 22

2 22 10 01 22 10 01 22 10 01 22 10 O1

3 01 01 10 10 10 22 22 22 10 10 22 22

4 10 22 10 22 01 22 01 10 22 01 22 01

5 22 10 10 01 22 22 10 01 01 22 22 10

6 01 01 22 22 22 10 10 10 10 10 01 oO1

7 10 22 22 01 10 10 22 01 22 01 01 10

8 22 10 22 10 01 10 01 22 01 22 01 22

Blocks 37 38 39 40 41 42 43 44 45 46 47 48
Levels of I3 | Levels of F| and Iy

0 10 10 10 10 22 22 22 22 22 22 22 22

1 01 10 22 01 01 10 22 01 10 22 01 10

2 22 10 01 22 10 01 22 10 01 22 10 O1

3 22 01 01 01 22 22 01 01 01 10 10 10

4 10 01 10 22 01 10 01 10 22 10 22 01

5 01 01 22 10 10 01 01 22 10 10 01 22

6 01 22 22 22 22 22 10 10 10 01 01 oO1

7 22 22 01 10 01 10 10 22 01 01 10 22

8 10 22 10 01 10 01 10 01 22 01 22 10

Blocks 49 50 51 52 53 54 55 56 57 58 59 60
Levels of F5 | Levels of F; and F,

0 02 02 02 02 02 02 02 02 11 11 11 11

1 11 20 02 11 20 02 11 20 20 02 11 20

2 20 11 02 20 11 02 20 11 02 20 11 02

3 02 02 11 11 11 20 20 20 11 11 20 20

4 11 20 11 20 02 20 02 11 20 02 20 02

5 20 11 11 02 20 20 11 02 02 20 20 11

6 02 02 20 20 20 11 11 11 11 11 02 02

7 11 20 20 02 11 11 20 02 20 02 02 11

8 20 11 20 11 02 11 02 20 02 20 02 20

Blocks 61 62 63 64 65 66 67 68 69 70 T1 T2
Levels of F;5 | Levels of F; and F,

0 11 11 11 11 20 20 20 20 20 20 20 20

1 02 11 20 02 02 11 20 02 11 20 02 11

2 20 11 02 20 11 02 20 11 02 20 11 02

3 20 02 02 02 20 20 02 02 02 11 11 11

4 11 02 11 20 02 11 02 11 20 11 20 02

5 02 02 20 11 11 02 02 20 11 11 02 20

6 02 20 20 20 20 20 11 11 11 02 02 02

7 20 20 02 11 02 11 11 20 02 02 11 20

8 11 20 11 02 11 02 11 02 20 02 20 11




Chapter 6. Multifactor BAFD’S 181
Blocks 73 74 75 76 77 78 79 80 81 82 83 &4
Levels of F5 | Levels of F; and F;
0 00 00 00 00 00 00O 00 00O 11 11 11 11
1 11 22 00 11 22 00 11 22 22 00 11 22
2 22 11 00 22 11 00 22 11 00 22 11 00
3 00 00 11 11 11 22 22 22 11 11 11* 22
4 11 22 11 22 00 22 00 11 22 00 22 00
5 22 11 11 00 22 22 11 00 00 22 22 11
6 00 00 22 22 22 11 11 11 11 11 22 00
7 11 22 22 00 11 11 22 00 22 00 00 11
8 22 11 22 11 00 11 00 22 00 22 00 22
Blocks 85 86 87 88 89 90 91 92 93 94 95 96
Levels of F5 | Levels of F; and F,
0 11 11 11 11 22 22 22 22 22 22 22 22
1 00 11 22 00 00 11 22 00 11 22 00 11
2 22 11 00 22 11 00 22 11 00 22 11 00
3 22 00 00 00 22 22 00 00 00O 11 11 11
4 11 00 11 22 00 11 00 11 22 11 22 00
5 00 00 22 11 11 00 00 22 11 11 00 22
6 00 22 22 22 22 22 11 11 11 00 00 00
7 22 22 00 11 00 11 11 22 00 00 11 22
8 11 22 11 00 11 00 11 00 22 00 22 11
Blocks 97 98 99 100 101 102 103 104 105 106 107 108
Levels of F3 | Levels of F; and F
0 02 02 02 02 02 02 02 02 10 10 10 10
1 10 21 02 10 21 02 10 21 21 02 10 21
2 21 10 02 21 10 02 21 10 02 21 10 02
3 02 02 10 10 10 21 21 21 10 10 21 21
4 10 21 10 21 02 21 02 10 21 02 21 02
5 21 10 10 02 21 21 10 02 02 21 21 10
6 02 02 21 21 21 10 10 10 10 10 02 02
7 10 21 21 02 10 10 21 02 21 02 02 10
8 21 10 21 10 02 10 02 21 02 21 02 21
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Blocks 109 110 111 112 113 114 115 116 117 118 119 120
Levels of F; | Levels of F; and Fy

0 10 10 10 10 21 21 21 21 21 21 21 21

1 02 0 21 02 02 10 21 02 10 21 02 10

2 21 0 02 21 10 02 21 10 02 21 10 02

3 21 02 02 02 21 21 02 02 02 10 10 10

4 10 02 10 21 02 10 02 10 21 10 21 02

5 02 02 21 10 10 02 02 21 10 10 02 21

6 02 21 21 21 21 21 10 10 10 02 02 02

7 21 21 02 10 02 10 10 21 02 02 10 21

8 10 21 10 02 10 02 10 02 21 02 21 10

Blocks 121 122 123 124 125 126 127 128 129 130 131 132
Levels of I3 | Levels of F; and Fj

0 01 0r 01 01 01 O01 01 01 12 12 12 12

1 12 20 01 12 20 01 12 20 20 01 12 20

2 20 2 01 20 12 01 20 12 01 20 12 01

3 01 01 12 12 12 20 20 20 12 12 20 20

4 12 20 12 20 01 20 O01 12 20 01 20 O1

5 20 12 12 01 20 20 12 01 01 20 20 12

6 01 0or 20 20 20 12 12 12 12 12 01 oO1

7 12 20 20 01 12 12 20 01 20 01 oO1 12

8 20 12 20 12 01 12 01 20 01 20 01 20

Blocks 133 134 135 136 137 138 139 140 141 142 143 144
Levels of I3 | Levels of F; and F5

0 12 12 12 12 20 20 20 20 20 20 20 20

1 01 12 20 01 01 12 20 01 12 20 01 12

2 20 12 01 20 12 01 20 12 01 20 12 01

3 20 01 01 o1 20 20 01 o01 O01 12 12 12

4 12 0or 12 20 01 12 01 12 20 12 20 01

5 01 0r 20 12 12 01 01 20 12 12 01 20

6 01 20 20 20 20 20 12 12 12 01 01 oO1

7 20 20 01 12 01 12 12 20 01 01 12 20

8 12 20 12 01 12 01 12 01 20 01 20 12

TABLE 6.15: 32 x 9 BAFD
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TYPE III
Let there exist a BA(T)(n1, s, 1), by corollary (5.2.1). This corresponds to
nis X s BAFD with k =nys, b= (n1s — 1)s, and A\(0,0) =nys —1=r

A0,1) =0
A(1,0) =ng — 1 (6.3.13)
)\(1, 1) =M1

by equations (5.1.1), (5.1.2) and (5.1.3), the eigenvalues of NNT are

9(1,0) =0
g(0,1) =0
g(1,1) = nys (6.3.14)

If there exists a resolvable BA(T)(ng, s, 1),then this corresponds to a re-
solvable nys x s BAFD. By theorem 6.2.2, if we replace the levels of the
second factor of the ni;s x s BAFD by the blocks of the nos x s BAFD, we

get an nys X ngs X s BAFD with k = nynas?, b = (nys — 1)(ngs — 1)s, and

A(0,0,0) = A(0,0)(ngs — 1) = (n1s — 1)(ngs — 1)
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A(0,0,1) = A(0,1)(nes — 1) =0

A(0,1,0) = A0,0)(ns — 1) + A0, 1)(nas — na) = (nys — 1)(ny — 1)
A0,1,1) = A(0,0)ns + A0, 1)(n25 — ng — 1) = (nys — 1)ny
A(1,0,0) = A(1,0)(nas — 1) = (ng — 1)(nas — 1)

A1,0,1) = A(1, 1) (nos — 1) = ny(nas — 1)

A(1,1,0) = A(L,0)(na — 1) + A(1, 1)(nas — 1)

= (n1 — 1)(n2 — 1) + n1(n2s — n2)
A1, 1,1) = A(1,0)ng + A(1,1)(ngs —ng — 1)

= (n1 — Dng +ni(nes —mng — 1)
(6.3.15)
where A(0,0), A(0,1),\(1,0),A(1,1) are given by equation (6.3.13). The

eigenvalues of NN are

gly1, y2,y3] = mnes? if y1 = yp =y3 =1

= nings®(nis — 1) (ngs — 1) if y1=1yo =43 =0 (6.3.16)
=0 Otherwise
hence E[1,1,1] =1 — —————— and all the main effects and first order

(n1s—1)(n2s—1)’

interactions are estimated with full efficiency.

If further there exists a resolvable BA(T')(ng, s, 1), we can replace the levels
of the third factor of the n1s x nys x s BAFD by the blocks of the ngs x s
BAFD to obtain n1s X nes X ns3s x s BAFD with & = ningnss® such
that all the main effects and interactions are estimated with full efficiency

except the third order interactions, which are estimated with efficiency,

1
I - (nis—1)(n2s—1)(ngs—1)"

continuing this procedure, we can get an n1s X n9s X ... x nps X s BAFD
with & = slning...np,b = s(nys — 1)(ngs —1)...(nzs — 1). The X's can

be calculated recursively by the following formulae:
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Note: Replace y; with z;.

A(y17y27"‘7yL—27070) A Y1, Y2, - -, Yr—2, nrs _'1>

( 0)(
Ayt Y2, Y0-2,0,1) = Ay, 92, -, yr—2,1)(nps — 1)
( )

A(y17y27"'7yL—27170) = y17y27"'7yL—270 nr _'1)

(6.3.17)

(y1,y2,---,yr—2,0)(ng)

A
A

+ AW Y25 -y Yr—2, 1) (ns — ny)
AY1,Y2y -, Yp—2, 1, 1) = A
A

(W1,92, .-, yr—2,1)(nrs —np — 1)

1
(nis—1)(ngs —1)...(nps — 1)

E[l,1,...,1]=1—

and all other efficiencies are 1. The proof is given by induction. Equation

(6.3.2) can be written as

9[y1>y2,---7yL+l]

= > {HL ! {(1 — y;)n;s — 1}%} x

T1,L24..3 L[ —1

TL+1
P\(xhﬂ?m ooy 20-1,0,0) X {(1 —yr)nps — 1} { 1 —yri1)s — 1}
L TL+1
+ A1, 22, .., 20-1,0,1) {(1 —yL)ngs — 1} { 1 —yry1)s — 1}
xy TL+1
+)\($1,$27~-~,$L—1,1,0){(1—yL an—l} { (1 —yry1)s 1}
xy TL+1
+)\(CE1,$2,~~,$L—1,1,1){(1—yL an—l} { (1 —yrs1)s 1} }

using equation (6.3.16) we have
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g[y17y27 <o Yr—1, 07 0]

= > {Hf__ll {(1 — Yi)n;S — 1}9:} [)\(551, T2,...,21-1,0)(nps — 1)

T1,L2,..., Tr—1
1
+ A1, 22,21, 1)(nps — 1) {(1 —0)s — 1}
A(xla L2y s L1, O)(TLL - 1) + A('Ccla T2, ..., -1, 1)
+ {an — 1}
(nps —nr)
Mz, 2, .., 20-1,0)(ng) + M2, 22,5 -, 011, 1)

+ (g5 — g — 1) (nps —1)(s — 1)]

=nrs(nps—1) {Hf:_ll {(1 — Yi)niS — 1}$Z} [)\(331, To,...,x5-1,0)

T1,X2,..., Tr—-1
+ )\(1’1,1‘2, ce o, X1, 1)(8 — 1)]

=nrs(ngs — 1)gly1, y2, - -, Yr—1,0]
(6.3.18)
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glyi,y2, .- yr-1,0,1]

SO | =R (Rt i | FE R R

L1,22;-3TL—1

1
+ )\(1‘1,1‘2,. -y TL—1, 1)(77,[,3 — 1) {(1 _ 1)5 _ 1}

+ )\(xl,xg, L. ,xL_l,O)(nL — 1) + )\(1’1,%’2, e, X1, 1)(TLL8 — nL)

X {(1 —0)ngs — 1}1

+ (Azx1, 22, ..., 2-1,0)(np) + AMz1, 22, ..., 211, 1)(nps —ng — 1)

X {(1 —0)nrs — 1}1 {(1 —1)s — 1}]

—(ps—1) Y { L1 {(1 s 1}35} [)\(ml,:@, e w11,0)

1,22, TL—1

(6.3.19)

— Mz, z2,...,xp-1,1) + M1, 29,...,2-1,0)(n, — 1)

+ AMx1, 29, ..., xp-1,1)(nps —nr)
— Mx1,x9,...,21-1,0)(ng) — Mx1,22,...,21-1,1)(nps — np — 1)1

=(nrs—1)(0)=0



Chapter 6. Multifactor BAFD’S 188

g[ylay2a - YrL—1, 1’0]

= > {Hfzf {(1 — Yi)nis — l}x} [/\(37173727 ooy 2r-1,0)(nps — 1)

T1,225--»TL—1

1
+ /\(%1,%2, ey L1, 1)(an — 1) {(1 — ())5 _ 1}

+ M1, 22, .. 2-1,0)(np — 1) + M1, 22, ..., 211, 1) (L5 — np)
L 1 |

X {(1—1)8—1}

+ )\(I‘l,fﬁQ,---,l’L_l,O)(nL)+A(ZL‘1,ZE2,.--,$L_1,1)(”LS—nL_1)

X {(1 —1)ngs — 1}1 {(1 —0)s — 1}1]

= Z { Z,L_—ll{(l—yi)nis—l}xi} [A(xl,xg,..-,xL_l,O)(TLLS—1)

T1,T2,y TL—1
+ ANy, x9,...,xp—1,1)(nps — 1)(s — 1)

— XMz, 22,...,2-1,0)(np — 1) — AM(x1, 22, ..., xp-1,1)(nLs — ng)

— Mz, z2,...,2-1,0)(np)(s — 1) = XM(z1, 22, ..., 2 -1,1)(nrs —np — 1)(s — 1)1

- v {mE{a-wms-1}

Z1,22,.-,TL—1
X [k‘oan — ko + kinps® — kinps — k1s + k1 — kong, + ko — kings + klnL}
+ {—k‘onLS + kong — /ﬁnLSQ + kings + kinps — king + Ki1s — /ﬁ}

=0

(6.3.20)

where ko = A(z1,22,...,21-1,0) and ky = A(z1,22,...,20-1,1)
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g[ylayQa < YL—1, 17 1]

- ¥ {HLI{(l—yans—l }[A:cl,xz,...,xL_l,o,0>

1,725 TL—1

T
+A(xlax27"'7xlz—17071){(1_yL+1 1}

+ )\($1,$2, sy TL—1, ]-50) {(1 - yL)nLS -1

xr, TL+1
SRRt RN 3 R

= Z { lel{(l—yi)nis_l}xi} [)\(arl,xg,...,xL_l,O)(an—1)

Z1,X2,--;TL—1

1
+ M@y, 22,...,p-1,1)(nps — 1) {(1 —1)s — 1}
+ |:A(.T1,.%'2, s 7xL—170)(nL - 1) + )\(xl,.%'g, s TL—1, 1)(7’LL8 - 7’LL):| x

{(1 — Dnps — 1}1

+ |:>\(.’E1,{L‘2, cooyxp-1,0)(ngp) + M1, 29,...,x1-1,1)(nps — np — 1)}

X {(1 —Dnps — 1}1 {(1 —1)s — 1}1]

= > {HiL_ll {(1 — Yi)nis — 1}90} [A(fﬁl,x% coosxp-1,0)(nps — 1)

1,22, TL—1

(6.3.21)

— XMz, 22,...,xp-1,1)(nps — 1)

— XMz, 22,...,21-1,0)(np — 1) — AM(x1, 22, ..., x-1,1)(nLs — nr)

+ |:)\(:E1a Z2,...,Tr-1, 0)(TLL) + A(l‘lal?a s s TL—1, 1)(”1/8 —nL — 1):| ]
= Z {HL 1{(1—y1)n13—1} }
T1,T2, TL—1
konps — ko — kings + k1 — kong + ko — kinps

+king + kong + kinps — king — k1

= Z {HzL_ll {(1 — Yi)nis — 1}961} {koan — klan}

T1,22,.-,TL—1

mos 3 s {o s -1} o)

Z1,225-TL—1

_ i )\(.’L‘l,{L’Q,...,QJL_l,O)
=nLs Y { iy {(1 — Yi)nis — 1} }

T1,L2,...,L[—1 —)\(.Z'l,xg,...,LUL_l,l)

=nrsgly, y2, - Yr—1,1]
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where ko = A(z1,22,...,21-1,0) and k; = A1, 22, ...,20-1,1).

By the recursive formulae (6.3.18), (6.3.19), (6.3.20), (6.3.21) and the ini-
tial values (6.3.16) we have

L
91, Y2, yrs) =P [ if yi=ve=...=yr1 =1
i=1
. L
=5 [[ni(nis—1) if yi=y2=...=yr1 =0
i=1
=0 otherwise
(6.3.22)
hence the efficiencies are
B =1 ! (6.3.23)
yl;yZ,---ayLl = — L.
' M5 (nis — 1)
Ify, =92=...=yry1 = 1 and 0 otherwise. From the discussion of the

type III designs, we state the following theorem;

Theorem 6.3.1.

If there exists a BA(T')(n1, s, 1), and a resolvable BA(T')(n;, s, 1) for

1 =2, 3, ..., [ then we can always construct an nys X ngs X ...nrps

BAFD with

i=1 i=1
and
L
r=[](nis—1)
i=1
such that
—1
El1,...,1]=—+1
r

and all other efficiencies are 1.0.
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Proof. If there exist a BA(T)(n1,s,1) by corollary (5.2.1) this corre-
sponds to nys x s BAFD with £ = nys,b = (nys — 1)s If there exist a
BA(T)(ng,s,1) by theorem (6.2.2) we can replace levels of the second

factor in n1s x s by blocks of nos X s to obtain

k= (n1s)(ngs) = s?ning, b = (n1s — 1)(ngs — 1)s

Continuing with this procedure

If there exist a BA(T)(nr,s, 1) this corresponds to nps x s BAFD. If we
replace the levels of L™* factor in n1s X nas X - - x ny_15 X s by using blocks
of nys we obtain nys X nes X ---ny_18 X nys BAFD with k = s” Hle n;,
b= (ni—1)(ng—1)---(nps—1)s = s[I*,(n;s—1) and by using equations
(6.3.22) and (6.3.23) it follows that E[1,1,---,1] = —+ + 1 and all other

efficiencies are 1.00. ]

Example 6.3.9. A BA(T)(3,2,1) is given in example 5.3.1 and a re-
solvable BA(T)(2,2,1) given in example 5.2.7 which is equivalent to the
following 4 x 2 resolvable BAFD.

X X1 Yo Y1 %o 721
00 01 00 01 00 O1
10 11 11 10 11 10
21 20 20 21 21 20
31 30 31 30 30 31

TABLE 6.16: 4 x 2 Resolvable BAFD

where xg, 1, Yo, Y1, 20, 21 represent the blocks can be used to construct a
6 x4 x2 BAFD with k =24, b= 30, r =15, X\(0,0,1) =0, A(0,1,0) =5,
A0,1,1) =10, A(1,0,0) =6, A(1,0,1) =9, \(1,1,0) =8, A(1,1,1) =T,

The efficiencies are E(1,1,1) = %, and all other efficiencies are 1.0. The
design can be expressed as the same table in example 5.5.1 the differences
are the rows representing the levels of the first factor and the xy, x1, Yo,

Y1, 20, 21 representing the blocks as shown above.
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Example 6.3.10. A BA(T)(2,2,2) given in example 4.9.7 and a resolvable
BA(T)(2,2,1) given in example 5.2.7 which is equivalent to the following
4 x 2 resolvable BAFD.

X X1 Yo Y1 %o 721
00 01 00 01 00 oO1
10 11 11 10 11 10
21 20 20 21 21 20
31 30 31 30 30 31

TABLE 6.17: 4 x 2 Resolvable BAFD

where xg, X1, Yo, Y1, 20, 21 Tepresent the blocks can be used to construct a
4 x 4 x 2 BAFD with different parameters as the ones given in theorem
6.3.1 and hence with different values of X\ as the ones given in equation
(6.3.15). For this design k = 16, b =36, r = 18, A\(1,0) =6, A(1,1) = 12,
A(2,0) = 10, A(2,1) = 8 and the efficiencies are

E[1,0] = E[1,1] = E[2,0] = E[0,1] = 1.00 and
1

B2 =S~1- L
9 r

The 4 x 4 x 2 BAFD is given below

Blocks 1 2 3 4 5 6 7 8 9 10 11 12
Levels of I | Levels of Fy; and F3

0 Zo o Xy Zo o X9 1 X1 X1 X1 X1 X7

1 T Ir1T Xy T o X1 g oy X1 Xy 1 Xo

2 Zo o 1 T rT X1 X1 X1 Xy Xy To Lo

3 T r1T X i) r1T Xy X9 X9 X9 X1 Xo I1
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Block 13 14 15 16 17 18 19 20 21 22 23 24
Levels of F| | Levels of F, and F;

0 Yo Y Yo Yo Yo Yo Vi Vi Y1 Y Y1 W

1 Y Y1 Y% Y1 Y Y1 Y Yo Y1 Yo Y1 Yo

2 Yo Yo Y1 Y1 Y1 Y1 Y1 Y1 Yo Yo Yo Yo

3 Yi Y1 Y1 Y Y1 Yo Yo Yo Yo Y1 Yo Y1

Block 25 26 27 28 29 30 31 32 33 34 35 36
Levels of I | Levels of F, and Fj3

0 20 Z0 20 20 20 20 21 21 21 21 A1 o~

1 21 21 20 21 20 21 20 20 21 20 21 20

2 20 20 Z1 21 21 21 21 21 20 20 20 20

3 21 Z1 Z1 20 21 20 20 20 20 21 20 21

TABLE 6.18: 4 x 4 x 2 BAFD

Other BAFDs that can be constructed by using theorem 6.3.1 include
4X4x26x6x3,6x3x3,6x9x3,8x4x4...et.c

Corollary 6.3.1.

If s is a prime power,then there exists a (2s)F x s™(m > 1) BAFD
with k = 2Fstm=1 r = (25— 1)F(s— 1)1, b= (25— 1)F (s —1)™" 1,

E(L,m) =1—1, and all other efficiencies are 1.

Proof. This is a consequence of theorem 6.3.1 since a resolvable
BA(T)(2,s,1) and a BA(T)(1,s,1)i.e a TA[s(s — 1),s,s,2] exists for s

a prime power.

If in addition to the conditions in theorem 6.3.1, there exists a resolvable
BIBD with ny1s treatments and block size ny .1, then we can replace the
levels of the last factor of the nis X nosx ... xnpsx s BAFD by the blocks
of the BIBD to get an n1s X ngs X ...nps X ny11s BAFD with block size
ni... nLnL+1sL . All the main effects and interactions are estimated with

full efficiency except the L'* order interactions. ]
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TYPE 1V

If there exists a BA[Ps® — s,u, s, 2] with parameters \(z,y) = p — 1 or
p according as * = y or not and a resolvable BA[qs? — s,t,s,2] with
parameters A(x,y) = ¢ — 1 or ¢ according as x = y or not, then similar to

theorem 6.3.1, we can construct a u X t X s BAFD with k& = ut,

r = (ps—1)(gs —1),b=s(ps —1)(gs — 1),
A(0,0,1) =0,A(0,1,0) = (ps—1)(¢g— 1)
A0,1,1) = (ps —1)g,A(1,0,0) = (p — 1)(gs — 1),
A(L,0,1) =plgs —1),A(1,1,0) = (p—1)(¢ — 1) + p(gs — q)
=pgs—p—q+1
AL L) =(p—1)g+plgs—q—1)

=Pqs —p—(g.

The efficiencies are given below assuming ps = u and ¢s = t.

0
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(ps —1)(¢ — D)(1)(t —1)(1)
+(ps — (1)t — 1)(s — 1)
:z}t{ut—l—(_lit_l)} +(p—D(gs — (=1)(1)(1)
! +p(gs — 1)(=1)(1)(s — 1)

+(pgs —p—q+1)(-1)(t —1)(1)

+(pgs —p— @) (=)t - 1)(s — 1)

SO sum :Z)\(ac){ g’ll{(l—yi)si—l} Z}
= —pgs® +ps+qs—1
—{pqsz—ps—qs+1}

—lps = 1Ulgs = 1] = =(u =Dt - 1)

Thus
1
E[1,0,0] = ut{ut— 1 D=0 {sum}}
1 {~w-1)-1)}
ut |ut =1 = g
1
_ Ly e
ut {“t 1+ (u—l)(t—n}
) -
ot ut =1+ ot ut ut
—1.00
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1

(ps—l)(q—l){u 0)u — 1}0{(1 1)t — 1} (1—-0)s— 1}0
+(ps—1)q{(1 0)u — 1} {(1 1)t — 1}1{ —0)s }
+(p—1)(gs — 1){(1 0)u — 1}1{ 1t — 1}{1 0)s — 1}0

){(1 0)u — }1{(1 1)t — 1}0{(1 0)s — 1}
+(pgs —p — q+1){(1 0)u — 1}1{(1 1)t — 1}1{(1 0)s — 1}0
(1—0)u— 1}1{1 1)t — 11{1 0)s — 1}
(ps — 1)(q — 1)(1)(=1)(1)
+(ps — Da(1)(=1)(s — 1)
]
+(pgs —p—q+ 1)(u—1)(=1)(1)
+(pgs —p—q)(u—1)(=1)(s — 1)

+p(gs — 1

(pgs —p —q)

and sum = > {/\(37) T2, {(1 — Yi)si — 1}36}
= —pgs® + ps+qs — 1

= —lps—1lgs = 1] = —(u—-1)(t - 1)

{ut —1-— 7@_1)1(15_1) {sum}}

4 1 fum1i-1))
ut — 1 <u—1)<t—1>}

u—1)(t—1
ot — 1+ =i
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E[0,0,1] = {ut - }x
(ps —1)(g—1)3(1—0)u — 1}0{ 1—0)t— 1}1 1—1)s — 1}0
s afa o fo -1} )
+(p—1)(gs — 1){ 0)u — 1} { 0)t — 1} { 1—1)s— 1}
+p(gs — 1){(1 0)u — }1{(1 0)t — 1}0{(1 1)s — 1}1
+(pgs —p — q—%l){(l 0)u — 1}1{(1 0)t — %}1{(1 1)s — 1}0

+(pgs —p—q) (1 — 0)u

_ 1 1
_w{m‘l‘aLMtn}

+

SURCE

+(pgs —p—q+1)(u—1

}{

(ps —1)(q —
+(ps — D)g(1)(t — 1)(-

+(p—1D(gs = (u—1
+p(gs — 1)(u—1)(1)(~
)

(pgs —p—q)(u—1)(t —1)(—
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sosum = Y A(x) {H;‘Zl {(1 — Yi)si — 1}36}

=ps —pst —qsu+qs — 14 ut

Thus
1
B gt_i_ sum
Cut out (u—1)(t— 1)ut
_1_i_ sum

sum
)(t— 1 ut

u— l)t 1)+sum
)(t—1)ut

ut—u— t+1—|—ps —pst—qsu+qs—1+ut
(u—1)(t—1)ut

ut— pst gsutut
)(t—1)ut

{
-
-
{ut gsu— pst+ut}
e
-

)(t—1)ut

u(t— qs) t(ps—u)
)(t—1)ut

u(t—t)~t(u—u) }_1_{ u(0)—£(0) }
(u— 1)(t 1ut (u—1)(t—1)ut

= 1.00
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(ps = Da = 1) {(1 - 0)u -
{

+(p—1)(gs — 1){(1 0)u —

+p(gs — 1{(1 0)u —

)
+(pgs —p —q+

(pgs —p —q)

+(ps — 1)g (1 — 0)u — 1} {(1 1)t — 1}

1

1}0{(1 -1} {(1-1)s - 1}0

== fo- e )

}1{(1 1)t — 1}0{(1 1)s — 1}

1) {(1 O)u 1}1 {(1 — 1)t — 1}1 {(1 —1)s — 1}

}1{1 1) — 1}1{(1 1)3—1}1

(-1}
|

(ps — 1)(g —

+(ps — 1)q(1)(—1)
+(p—1)(gs — )(u—
+p(gs — 1)(u —
+(pgs —p—q+1)(u—
+(pgs —p—q)(u—

DM)(=1)

)(

(=

(
1

(—
(1)
D(1)(=1)
1)(~1
1

1)
)
1)(1)

)(1)
)(=1)

0
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sum = Y A@) {112 {1 - s 1

=ps—qsu+qs—1

1
Thus E0,1,1] = pr {ut —1- m {sum}}

U
B ut 1 sum

Cout o out (uw—1)(t— 1)ut
_q 1 sum

ut  (u—1)(t—1)ut

1 sum
u T (ul)(tl)ut}

(u—1)(t—1)+sum }
(u—1)(t—1)ut

ut—u—t+1+sum
(u—1)(t—1)ut

ut—u—t+1+ps—qsu+qs—1
(u—1)(t—1)ut

(u—1)(t—1)ut

w(t—gs)+(u—u)+(t—t) }
(u—1)(t—1)ut

u(t—t)+0+0 }
(u—1)(t—1)ut

u(0)+0+0 } 1 { 04040 }
(u—1)(t—1)ut (u—1)(t—1)ut

{
{
{
{
1— {utqsu+psU+qst}
{
{
{
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{
+(p—1)(gs -1
+p(gs — 1 {

)
+(pgs —p —q+

(pgs —p —q)

(
{a-
(

1—1)u—

1) {(1
(1—

Du—1} {1~

10151}

0)t —

(ps = 1)la = 1) {(1 ~ 1)u~ :@O{u 0)t 1
+(ps — 1)g {(1 - 1u— 1} { 1

1

i a—oe-1)

D — 1F{u—0ﬁ—

1)u — 1}{1 O)t—l} {(1—1)3—1}1

(ps — 1)(q —

D) = 1)(1)
+(ps — Da(1)(t -
+(p—1)(gs — 1)(-1

+p(gs — 1)(=1)(1)

+(pgs —p—q+ (=) - 1)(1)

+(pgs —p — @) (=1)(t — 1)(-1)

1

{
)
{

(

{

1)
)
(
(

1—1)s — 1}0

Sps—1) 0

1151}

1—1)s — 1}
F{u—1p—1f

(

(=1)

(D)
1)




Chapter 6. Multifactor BAFD’S 202

sum = Y A@) {112 {1 - s 1
= —pst+ps+qs—1

hence

1

ut
— 1 sum
T ut {“’f —1= <u1><t1>}
_ut

1 sum
Cout out (uw—1)(t—1)ut
_q 1 sum

ut  (u—1)(t —1)ut

E A

(u—l)(t—1)+sum}
(u—1)(t—1)ut

ut—u—t+14+sum
(u—1)(t—1)ut

(u—1)(t—1)ut

{
{
{
—1_ {utut+1pst+ps+qs1}
{
{
{

—1— ut—pst—l—(ps—u)—l—(qs—t)}
(u—1)(t—1)ut
—1- t(u—ps)+<u—u>+(t—t>}
(u—1)(t—1)ut
_ 1 _ | tu—uw)t010 } 1 { £(0)-+0+0 }
(u—1)(t—1)ut (u—1)(t—1)ut
0
=1- =1-0=1.00

(u—1)(t — Dyut



Chapter 6. Multifactor BAFD’S

203

R T P ——
(ps —L)(g—1)3(1 = Du — 1}0{(1 1t — 1}1 (1—0)s— 1}0
+(ps 1)q{( — 1u — }{(1 1t — 1}1{ —0)s }
+(p—1)(gs — 1){(1 Du — 1}1{ 1t — 1}{1 0)s — 1}0
+p(gs — 1){(1 Du — }1{1 1t — 1}0{1 0)s — 1}
+(pgs —p — q+1){(1 Du — 1} {(1 1)t — 1} {(1 0)s — 1}

(pas —p—q) (1 — Du — 1}1{1 1t — 1}1{(1 0)s — 1}1
(ps — (¢ — 1)(1)(=1)(1)
+(ps — g(1)(=1)(s — 1)
1 . +(p—1)(gs — (=1)(1)(1)
~u {1 e +p(gs = 1)(=)(1)(s = 1)
+(pgs —p—q+ )(=1)(=1)(1)
+(pgs —p— ) (=1)(=1)(s = 1)

0
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sum = Y A@) {112 {1 - s 1 |

:qs—l—pq52+ps

1
Thus E[1,1,0] = ut{ut— 1— m{sum}}

Cout 1 sum

Cut out (u—1)(t—ut

:l_i_ sum
(w—1)(t — ut

sum
)(t— 1 ut

(u— l(t 1)+sum
Y(t—1)ut

ut—u— t+1+sum
(u—D)(t—1)ut

ut—u— t+1+qs 1—pgs +ps
(u—1)(t—1)ut

i
-
-
-
{ut u—thuttopge }
-
e
L Lt

)(t—1)ut
ut— pqs }
(u—1) (t T)ut
ut— } 1- {t—()(t)}
(u—1)(t—1)ut (t 1 ut (u—1)(t—1)ut

o 0
1 {<—1><t—1>t}

ut—ut
(u—T1)(t—1)ut

1-0=1.00
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E[l,l,l]:ult{ut_l_ 1

(D) (1)

bx

(ps—=1)(¢—1) (1 —Du — 1}0{(1 1)t — 1}1 (1—1)s— 1}0
(1= 1)u— } {1 - 1}1{ —1)s }
){(1 1u — 1}1{ 1)t — 1} { 1—1)s— 1}0
(1—1)u— }1{ 1—1)t— 1}0{1 1)s — 1}

+1){(1 1 — 1} {11y - 1} {1-1s -1}
1

1)u — 1}1{1 1)t — 1}1{(1 1)s — 1}1

0

(ps —1)(q —

+(ps — 1)q(1
+(p—1)(gs -
+p(gs — 1)(—

+(pgs —p — q)(—

1)
)
1

(—
)
+(pgs —p—q+1)(—
1

D(=1D)(1)
1

( (
(=D(-1
)(=1)(1)
1)(1)(—1
(=

)
(
)
1

1)

)(1)

)(=1(=1)
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sum = Y A(z) { i1 {(1 — Yi)si — 1}%}

=ps+gqs—1
Thus

1
E[1,1,1] = — {ut —1- m {sum}}

1
::m{m‘l‘W1W1J
t

_ut i sum
Cout o out (uw—1)(t— 1)ut
_q i sum
- (w—1)(t— Dyut
{ o
_ )(t—1)+sum
o { (u— 1 Y(t—1)ut }
— {ut u— t—|—1—|—p3—|—qs 1}
)(t—1)ut
— { t+ps+qs uU— t}
)(t—1)ut
— {ut+u+t U— t}
( t—1)ut
(u—n@—1)t
_q_ (ps)(gs)
(ps — 1)(gs — Dut
o pgs”

(ps —1)(gs — Dut

Usually the BA[ps* — s,u,s,2] can be obtained by deleting ps — u con-
straints in a BA(T)(p, s, 1) if it exists; Similarly,the resolvable BA[gs® —
s,t,8,2] can be obtained by deleting gs — ¢ constraints in a resolvable
BA(T)(q, s,1).0ther methods of constructing these type of balanced ar-

rays are still to be developed.
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If ps # u and ¢s # t then

1
-E[1,0,0] = pr {ut —-1- Wl(qs—l) {sum}}

_ut 1 sum
S ut ut  (ps—1)(gs — 1)ut
_ 1 1 sum

ut  (ps—1)(gs — 1)ut
sum

{ (ps—1)(gs— 1)ut}

— ps 1)(gs—1)+sum

(ps—1)(gs—1)ut

(ps—1)( qs 1)+—(ps—1)(gs—1)
ps 1 )(gs—1)ut

=1 <ps—1><qs—1> =0

= 1.00

1S
=
\t—‘
)
[

=SS ISEL IS

o
(@)
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1
B[0,0,1] = — {ut ~ 1~ D@D {sum}}

_ut 1 sum
Cut out (ps—1)(gs — 1)ut
_ 1 1 sum

ut  (ps—1)(gs — 1)ut

1 sum
(ps—1)(gs—1)ut

(ps—1)(gs—1)+sum
(ps—1)(gs—1)ut

pqs —ps— qs—l—l—i—ps pst—qsu+qs—1+ut
(ps—1)(gs—1)ut

pgs —qsu—l—ut DS
(ps—1)(gs—1)ut

t
(ps—1)(gs— lut}
t}

qs(ps—u)+t(u—ps

) }
(ps—1)(gs—1)ut

)= }

(

qs(ps—u)—t(ps—
(ps—1)(gs—1)

(ps—u)(gs—t)_ }

(ps—1)(gs—1)ut

u
ut

R
e
-
{pqs _pst—gsutu
-
-
-
t

(ps —u)(gs — 1)

=1 s Dies - Dt
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1
E[O, 1, 1] = % {ut ol Wl(qs—l) {Sum}}

_ut 1 sum
S ut ut  (ps—1)(gs — 1)ut
_ 1 1 sum

ut  (ps—1)(gs — 1)ut

1 sum
(ps—1)(gs—1)ut

(ps—1)(gs—1)+sum
(ps—1)(gs—1)ut

(ps—1)(gs—1)ut

pqs —ps qs+1+ps—qsu+qs—1
(ps—1)(gs—1)ut

R
e
{qu —ps— qs+1+5um}
-
It

_ pgsi—qsu_
(ps—1)(gs—1)ut

qs(ps — u)

= s D Dut

1
- E[1,0,1] = ut{ut_ 1- (ps_l)l(qs_l){sum}}

_ut 1 sum
S ut ut  (ps—1)(gs — 1)ut
1 sum
—1- - —
(ps —1)(gs — Lut

1
ut

sum
+ (ps—1)(gs— 1)ut}

ps—1)(gs— 1+5um}

{
{ (ps—1)(gs—1)ut
-
1-{;

pqs —ps qs+14+ps—pst+qgs—1
(ps—1)(gs—1)ut

_ pgs’—pst
(ps—1)(gs—1)ut
ps(gs —t)

= s Dies - D
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1
B[1,1,0] = — {ut ~ 1~ D@D {sum}}

_ut 1 sum
ut ut  (ps—1)(gs — 1)ut
_q 1 sum

ut  (ps—1)(gs — 1)ut

_ _ 1 sum
=1 {ut + (ps—l)(qs—l)ut}

—1— {(ps—l)(qs—l)—l—sum}
(ps—1)(gs—1)ut

— 1 — ! pgs’—ps—gs+1+qs—1-pgs’+ps
(ps—1)(gs—1)ut

0
(ps — 1)(gs — Dut

=1-0=1.00

-1

_ut 1 sum
Cut ut  (ps—1)(gs — 1)ut
_q 1 sum

B (ps —1)(gs — 1)ut

sum
(ps—1)(gs—1)ut

(ps—1)( qs 1) —|—sum}

{

=1 {
-
-

pqs —ps qs+1+ps+qs—1
(ps—1)(gs—1)ut

pqs
(ps—1)(gs—1)ut

pgs”

=1 s D Dut

Example 6.3.11. As in example 6.5.9 if we use the BA[10,5,3,2]
obtained by deleting a constraint in BA(T)(3,2,1), and other procedures
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being the same, then we get a 5 x 4 x 2 BAFD with k = 20, b = 30,
r=15 and X(0,0,1) =0, A(0,1,0) =5, \(0,1,1) =10, A(1,0,0) = 6,
A(1,0,1) =9, A(1,1,0) =8, A\(1,1,1) =7

The efficiencies are as follows

E[0,0,1] = E[0,1,0] = E[1,0,0] = E[1,1,0]

= 1.00

4 2
PoEpy =2
75

E[0,1,1] = o
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The 5 x 4 x 2 BAFD is given below.

Blocks 1 2 3 4 5 6 7 8 9 10
Levels of I} | Levels of F; and Fj3

0 To To To Ty X X1 X1 T Ty Ty

1 To To X1 X1 X1 Xg Xp Tg T1 Ty

2 T o T Ty ry X1 I1 Ty Ty Xo

3 Zo rT I i) ry Xy I1 1 Xy Xo

4 T rT I To o X1 Tg Lo Xog T1

Block 11 12 13 14 15 16 17 18 19 20
Levels of F| | Levels of F, and F;

0 Yo Yo Yo Yo Yo Y1 Y1 Y1 Y1 Wi

1 Yo Yo Y1 Y1 Y1 Yo Yo Yo Y1 W

2 (7 Yo Yo Y1 Y1 Y1 Y1 Yo Yo Yo

3 Yo Y Yy Y Y1 Yo Y1 Yr Yo Yo

4 Vi % Y Yo Yo Y1 Yo Yo Yo W

Block 21 22 23 24 25 26 27 28 29 30
Levels of I} | Levels of F, and Fj

0 20 20 20 20 20 21 21 21 21 21

1 20 Zo 21 21 241 2 20 20 41 41

2 21 20 20 21 21 21 Z1 20 20 20

3 20 21 Z1 20 21 20 Z1 21 20 20

4 21 21 21 2 20 21 20 20 20 A1

TABLE 6.19: 5 x 4 x 2 BAFD

Example 6.3.12. As in example 6.5.9, if we use a BA[24,7,3, 2]

obtained by deleting two constraints in BA(T)[3,3,1] which is in example
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4.9.4, and also a resolvable BA(T)(1,3,1).

= BA[(s —1)s,s,s,2]
=TAls(s—1),s,s,2]
— TA[(6,3,3,2]

which can be constructed by using corollary 4.1.1. We can construct a

7 x 3 x3 BAFD.The TA[(6,3,3,2] is given by

N — O

1 2 0 1
2 0 2 0
01 1 2

O =N

TABLE 6.20: TA[6,3,3,2]

and it is equivalent to the following resolvable BAFD.

Xo X1 X2 Yo Y1 Y2
00 01 02 00 01 02
11 12 10 12 10 11
22 20 21 21 22 20

TABLE 6.21: 32 Resolvable BFD
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where xg, T1, T2, Yo, Y1, Y2 rEpresents the blocks. The parameters of the 7 X

3x 3 BAFD are k =21,r =16,b = 48,

A(0,1) =0,
A(0,2) =8,
A(1,0) = 4,
A(1,1) =6,
A1,2) =5

with  efficiencies

E[0,1] = E[1,0] = E[1,1] = 1.00

55
F0,2| = —
[7] 56

1
Bl1,2) = 203

112
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The 7 x 3 x 3 BAFD is given below.

Blocks 1 2 3 4 5 6 7 8 9 10
Levels of F| | Levels of F; and Fj3

0 T Ty To Xog Tog Tog Tg To T1 X

1 T To Zo T i) o X1 Ty To9 Xy

2 To Ty Xy X9 X1 Ty To X1 Ty Xo

3 Zo o T T T ) o T2 Iq 1

4 T ) T ) i ) ZTo T T Zo

5 ) T W5} Zo ) ) X1 Zo i T

6 To To To Xy Ty X1 T1 T T1 Ty

Blocks 11 12 13 14 15 16 17 18 19 20
Levels of F| | Levels of F, and Fj

0 I I st T I 1 T2 T2 T2 T2

1 T Ty To X1 X9 Xg Ty T1 Te Ty

2 Ty To X2 X1 Xg Tog Ty Xy X2 T

3 ) Ty X9 Zo o Xog T2 X2 Tog Xo

4 T Tog I1 ZTo I o Tog X1 Xy X1

5 ) I Zo i Tog X1 X1 Tog T T2

6 o Lo Ty X9 Ty Ty Ty X9 T Ty

Blocks 21 22 23 24 25 26 27 28 29 30
Levels of F| | Levels of F, and F;

0 Ty T2 T2 T2 Yo Yo Yo Yo Yo Yo

1 T Toa To T Y1 Y2 Yo Y1 Y2 Yo

2 To T2 T1 To Y2 Y1 Yo Y2 Y1 Yo

3 Zo 1 1 1 Yo Yo Y1 Y1 Y1 Y2

4 T T Ty To Y1 Y2 Y1 Y2 Yo Y2

5 T T1 Ty T2 Y2 Y1 Y1 Yo Y2 Y2

6 Ti T To To Yo Yo Y2 Y2 Y2
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Blocks

31

32

33

34

35

36

37

38

39

40

Levels of F}

Levels of

Fy

and

£y

0

SOk W

Yo
N
Y2
Y2
Yo
Y1
W

Yo
Y2
(Al
Yo
W
Yo
(2!

Y1
Y2
Yo
n
Yo
Yo
Y1

U1
Yo
Y2
n
Yo
Y2
U1

n
n
hn
Y2
Yo
Y2
Yo

n
Y2
Yo
Y2
Yo
Y1
Yo

Y1
Yo
Y2
Yo
hn
Yo
Yo

n
n
n
Yo
Yo
Yo
Yo

(A
Y2
Yo
Yo
W
Y2
Y2

n
Yo
Y2
Yo
Yo
Y1
Yo

Blocks

41

42

43

44

45

46

47

48

Levels of F;

Levels

of

Fy

and

I3

0

O O WD

Y2
Yo
Y1
Yo
Yo
Y1
Y2

Y2
U
Yo
Y2
n
Yo
Yo

Y2
Y2
Y2
Yo
Yo
Yo
W

Y2
Yo
N
Yo
n
Y2
A

Y2
Y
Yo
Yo
Yo
Y1
Y1

Y2
Y2
Y2
n
n
hn
Yo

Y2
Yo
n
n
Yo
Yo
Yo

Y2
(A
Yo
(Al
Yo
Y2
Yo

T
ABLE 6.22: 7 x 3 x 3 BAFD

Other ex )
amples include BAFD’s 4 x 3 x 2,6 X5
,6X5x3,5x3x3
, ,6x8x%x3

Tx4x4,...and so

on.



Chapter 7

Summary,Conclusions,
Contributions and

Recommendations

This chapter covers, summary, conclusions, contributions and recommen-

dations

7.1 Summary, Results and Challenges

The objective of this research was to construct efficient balanced asymmet-
rical factorial designs via three methods namely, balanced arrays, transitive
arrays, and resolvable balanced incomplete block designs.

Balanced Arrays

By using balanced arrays, efficient balanced asymmetrical factorial designs
were constructed. Balanced arrays were achieved by using galois fields.
The construction of balanced arrays was challenging.

Transitive Arrays

217
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By using transitive arrays, efficient balanced asymmetrical factorial designs
were constructed. Transitive arrays were achieved using s — 1 mutually
orthogonal latin squares of order s. The construction of transitive arrays
was however not challenging.

Resolvable Balanced Incomplete Block Designs

By using balanced arrays and resolvable balanced incomplete block designs
or transitive arrays and resolvable balanced incomplete block designs, two
factor and multifactor balanced asymmetrical factorial designs were con-
structed. The construction of resolvable balanced incomplete block designs
was achieved by using galois fields and also by using geometry of chords
constructed inside circles. Their construction was however not as challeng-

ing.

7.2 Conclusions

The results presented in this thesis relate to connected factorial designs.The
disconnected case posses special problems. In particular then, the conclu-
sions of lemma 3.1.4, which is helpful in providing subsequent results, no
more remain valid.Of course one may work with generalized inverses of ma-
trices but even then, some special considerations are required.As a matter
of fact, the results proved in chapter three, at least in their present forms,
do not remain valid in the disconnected case.The following example illus-

trates the point.

Consider a disconnected 22 design in two blocks as shown below.

BLOCK I: 000, 100, 010, 001
BLOCKII: 110, 101, 011, 111

TABLE 7.1: Disconnected 23 Design
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Clearly, each interaction is represented by a single contrast.It may be seen
from the elementary considerations that the contrasts belonging to inter-
actions F'(1,1,0), F(1,0,1), F(0,1,1) are estimable while those belonging
to F(1,0,0), F(0,1,0), F(0,0,1), F(1,1,1) are not estimable.Moreover,
the BLUE’s of the contrasts belonging to F'(1,1,0), F'(1,0,1), F(0,1,1)
may be seen to be mutually orthogonal, i.e Uncorrelated. Hence the design
has OFS. Also trivially, the design is balanced since each interaction is
represented by a single contrast. Thus the design is balanced and has OFS.
However, the C-matrix is not of the form, (3.1.8). In order to appreciate
this point, note that if the C-matrix be of the form, (3.1.8), then by
(2.3.7), (2.3.8), one must have MYC = CMYV for every y € 2. For this
design, explicit computation shows that, in particular M (0,0,1) = M
does not commute with C'. The above example demonstrates that the
necessity part of lemma 3.1.5 does not necessarily remain valid. Similarly,
it may be shown that the necessity part of theorems 3.1.1, 3.1.2, 3.1.3,
3.2.2 may not remain valid for the disconnected designs. In chapter
four, we have shown the usefulness of difference schemes in constructing
orthogonal arrays of any strength. We have shown that several families
of arrays, often with maximal number of factors can be constructed in
this way. Difference Schemes are therefore an important tool to consider
in cases where the maximal number factors has not been determined.
Another advantage is that an orthogonal array obtained in this way
has a concise description since D(r,c,s) yields an OA[rs,c + 1,s,2].
Although constructing a new difference scheme is probably easier than
the direct construction of the corresponding orthogonal array, it remains
a very challenging problem. No general algorithm is known. However,
it seems likely that the group-theoretic approach of L. and P. (1986,
1987, 1990) and Kreher (1990) (see also Kreher and Stinson (1998))

could successfully be applied here. An n x n array based on s symbols
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is called a Frequency square or an F-Square if each symbol appears?
times in each row and in each column. Some orthogonal arrays in chapter
four can be constructed by using F-Squares and pairwise orthogonal
F-Squares or by using Latin Squares and Pairwise Orthogonal Latin
Squares. However, although the connections between orthogonal arrays
and pairwise orthogonal F-Squares are fascinating, it is debatable how
important these connections are for the construction of new orthogonal
arrays. Orthogonal arrays constructed by using various types of combi-
natorial structures are typically larger than the combinatorial structures
used to construct them and hence the constructions of orthogonal arrays
using these structures is perceived to be a more tractable problem than
the direct construction of orthogonal arrays. This reduction in complexity
is no longer apparent when constructing orthogonal arrays using F-
Squares. After all, each of the F-Square presents the levels for a factor in

an orthogonal array merely displaying them in a square instead of a vector.

7.3 Recommendation

Since the results in this thesis relate to connected BAFD'’s, this calls for
suitable modifications of these results to make them applicable to the dis-
connected case. Efforts have been made to reduce the number of assemblies
in example 4.9.8 and 4.9.9 by half i.e., to construct a BA(T)[4, 3, 1] and
BA(T)[3,4,1] but without success. In chapter four, examples 4.9.3, 4.9.4,
4.9.5 can also be constructed by using theorem 4.9.4, but certainly there
are balanced arrays which can be constructed by corollary 4.9.3 and cannot
be constructed by theorem 4.9.4. For example, a BA(T)[3,2, 1] which can
be constructed by corollary 4.9.3 is not completely resolvable. Therefore it

cannot be constructed by theorem 4.9.4. However, all balanced arrays that
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can be constructed by corollary 4.9.4 can also be constructed by theorem
4.9.4 since the orthogonal arrays used in corollary 4.9.4 are constructed by

the method of differences.

In the previous chapters, we restricted our consideration of BAFD’s to one-
way designs only.These concepts can also be extended to two way designs
i.e. designs with rows and columns as blocks. Designs with two-way elim-

ination of heterogeneity are designs that satisfy the following conditions:

(a) Each treatment is replicated the same number of times, say r

(b) There are k—rows and b—columns.At a given row and column, there

exists u plots.

(c) Estimates of contrasts belonging to different interactions are uncorre-

lated with each other.

(d) All the normalized contrasts belonging to the same interaction are

estimated with the same variance.

In designs with two-way elimination of heterogeneity, we do not need the
condition that each treatment occur at most once in each row or each
column. In most cases, u = 1, but for generality, we do not make this

assumption.
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