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Abstract

Aggregate losses can be applied widely in areas of actuarial science as well as financial mathematics.
They can be calculated using the collective risk model which sums random losses involving both
claim severity and claim frequency. Impact of claim severity on aggregate losses has been well
explored in previous research while less research has been done on impact of claim frequency on
aggregate losses especially using phase type distributions which motivates this study.

In this research we improve on calculation of aggregate losses by introducing phase type distributions
in modeling claim frequency, construct phase type Poisson Lindley, determine their properties and
parameter estimation. This research also determines how to get matrix parameters of phase type
distributions, construct phase type compound probability generating function and apply the proposed
models to secondary cancer cases in Kenya to demonstrate their advantage. Phase type distributions
have one of their parameter as a matrix hence they can be used to model claim frequency for diseases
which have multiple stages of transition and data which applies bonus malus system. The phase type
distributions considered in this research are Panjer class (a, b, 0) , class (a, b, 1) and Poisson Lindley
distributions. Matrices calculated using Chapman-Kolmogorov equation have shown to fit well in
the phase type distributions. The concept of survival analysis (Kaplan-Meier) is used to estimate the
transition probabilities of the matrix parameters and the long run probabilities represent the row
vector . Severity distributions considered are one and two parameter Poisson Lindley distribution,
Pareto, Generalized Pareto and Wei-bull distributions. Method of moments is used in estimation of
parameters of the severity distributions while Panjer recursive model and Discrete Fourier Transform
are used in estimation of aggregate loss probabilities.

Phase type distributions, help us investigate the impact of frequency within frequency in estimation
of aggregate losses. PH Poisson-Generalized Pareto model provided the best fit for Panjer class
(a, b, 0) while PH ZT Poisson-Generalized Pareto model provided the best fit for class (a, b, 1) and PH
two parameter Poisson Lindley-Generalized Pareto model provided the best fit for Poisson Lindley
distributions. Finally, we propose phase type two parameter Poisson Lindley-Generalized Pareto as
the best overall model for modeling secondary cancer data in Kenya and similar data. This research
enables the insurance sector to improve its reserving models for cancer which has become a world
wide menace.



Dedication

For Dad , Mum and Uncle Dr Nyenze
who supported and advised me all through.
You have been my greatest source of inspiration.
For Kim, Juli, Dan, Nicole, Dr Bulinda, Festo and Mary

for always believing in me and encouraging me to soldier on.



Acknowledgments

It is with pleasure to acknowledge the role of several individuals who were instrumental for comple-
tion of my PHD thesis.

First and foremost, | express my sincere gratitude to the Almighty God for giving me the knowledge,
wisdom and strength to undertake and complete this research.

To Prof. Weke, | am entirely grateful for your support, guidance, encouragement and advice accorded
during the writing of this thesis. Thank you for taking your time to read my work and for your
brilliant comments. To Dr Bundi, thank you for your dedication and always being available to go
through my work and guide me accordingly. Thank you for always encouraging me to do more and
advising me on how | can make my work better. Thank you Prof. J.A.M Otieno, for your unwavering
support, encouragement, wisdom, patience and enthusiasm throughout the whole process. | really
thank you for your dedication to mold this research to its completion.

To the Faculty of Science and Technology and Department of Mathematics, | am appreciative of the
support and guidance accorded to me by the academic staff during my progress seminar presentations
and the support of non-academic staff. Special thanks to the Chairman Department of mathematics,
Prof. Stephen Luketero for always being available when his support and guidance was required.

A special thanks to my colleagues in the department of mathematics and Kisii University as a
whole for their moral support.

I cannot put in words how grateful I am to my mother and father for all the sacrifices they have made.

Your prayers, love have been a pillar to hang on and have sustained me this far. To Kim, Juli, Dan,
and Nicole thanks for always encouraging me and pushing me even to greater heights.

Cynthia Mwende Mwau

Nairobi, 2022.



Contents

Declaration @nd APPFOVAL..................coo ittt r ettt ettt n bt re e i
ADSEIACT ... ... bRt R bR bRttt et et ne et b ene i
[0 T ¢ [Tor= T oo TSRS PRSP iii
ACKNOWIEAGMENTES ... ettt et b et be et et ebe s b et ebesbe st enesbe s eneebens iv
Abbreviation and NOTAtION. ... s X
LISEOF TADIES ...........ocooee ettt bbb e bt s st et e e e b et e et ebe e e bt e s arenis Xi
LISEOFf FIGQUI@S ...ttt b ettt e st e se e b e st e st et et e st et e st e st ebe s b e st ebe st e st etesbe st etesbensans Xii
1 INTRODUCGTION ...ttt st ettt e et et e te e b et e Re e b e st e R e ebe b ebe et et eseebe s eseebe st eneetenbeneatensens 1
1.1 Background Of the STUAY ..o et te e e et esbe e te e teenaesreesreenreeneas 1
111 Phase-type diStIDULION .......cooiiiiiiieiee bbbttt bbbt b et nn s 1
112 MAKOV MOEIS .....oviiiiiiiiictetetet ettt ettt et b bbbt b bbbt e e b bbb e s e st bbb et e e e s s b b enene s 2
113 Panjer RECUISIVE MOUE .......c..cuiiiiiiiiiee bbbttt b bbb nn s 3

114 Paner Class (8,0,0) ...cviiiieiiceieeesei ettt ettt et a e e R bt ne ettt e et et rennenn

1.15 Panjerclass (a,0,1) ...
1.1.6 Severity distributions
1.2  Statement of the problem

1.3 GENETAI ODJECLIVE ...ttt b bbbt bbbt b bbbt nn s 6

1.3.1  SPECIIC ODJECHVES ..oviviiiiieiicieiiii ettt bbb et b et R ettt ettt ettt nen 6

1.4 SIgNIfiCanCe Of the STUAY .....coocieicece e et e et et e e be e be e e e s reesreesreeneas 7

I B - | - B OO TSP P PR UPPRPPPPPPPTPR 8

1.6 Organization Of tNESIS .......oiiiiiiiiic bbbttt bbbt 8

2 LITERATURE REVIEW.............coo ittt sttt sttt bttt b e e be st e e e be st e e abeseereatenne e 9
280 R [ 11 o o [T 4o ) o S 9

A = YoV = U 410 o SR 9

2.3 AQOrEOALE IOSSES ...ttt bbbt 11

2.4 FrequenCy diSTHDULION ... ettt b e bbbt bt b e e 13

2.4.1  DISCIEte ISIIDULIONS .....vvviieeiiiie ettt ettt e s bbb s et s b et e b et r e e e e s s na s 14

2.4.2  Continuous distributions diSTHDULION........c..ciiiiiiiec ettt saeseen 14

243 MiIXEA AISTIULIONS ..ottt sttt e e e e st e teebesbesbe b et enaataebeabestesaeneen 14

244  Phase type diStHDULIONS ..........ccoiiieiiiiceecce ettt st a bbb se b se st et e saebe st ebe e ebennsbeseas 14

2.5 MUILE SEALE MOUEIS ... ettt b e e bt s bt bt e bt et e b sbeebesbeebe e b e e e e besbeneas 16

3 PHASE TYPE DISTRIBUTIONS OF CLASS (a,b,0) AND CLASS (@,b,1) ..o 18
K T A [ o1 1o T U7 4 o] TP TPV UPT U 18

3.2 PH Panjer class (a,b,0) distribution and its aggregate loss distribution recursively..........cccccoernionnicnns 19

321 PH Panjer class (a,b, 0) distribution using pgf teCANIGUE ........c.ccvevireieieieseece e 19

3.3 Compound distributions of Panjer class (a,b, 0) distributions with severity distributions.............ccccocvevennne. 29



Vi

3.3.1 General expression of phase type compound diStrDULIONS .......c.ccoveiiiieiiie s
3.3.2 Laplace transform and probability generating function of severity distributions..............cccovvvevieieniieieseisies
3.3.3 Compound phase type distributions probability generating fuNCLONS ..o
3.4  Phase type Panjer recursion formula for class (2,0, 0).....ciiieeeeeeiseissessssssssssssssessssssssssessens
3.5 Phase type distributions of class (a,b,1) and its aggregate loss distribution recursively
35.1 Phase type distributions of class (a,b, 1) using iteration tEChNIGUE.........cccovurriririnininenree e
3.6 Compound distributions of Panjer class (a,b, 1) distributions with severity distributions.............ccc.cccvuuneee. 44
3.6.1 General expression of phase type compound diStDULIONS ..........coiiiiiriiirc s 44
3.6.2 Compound phase type distributions probability generating fUNCLONS ...........ccccoriririnrrese s 46
3.7 Phase type Panjer recursion formula for class (8,0, 1) ... sssssssenes 47
3.8 CNAPLET SUMIMAIY ... cvuieiieiieis ettt es e es bbb 8 s8££ 51
PHASE TYPE POISSON LINDLEY AND ZERO-TRUNCATED POISSON LINDLEY DISTRIBUTIONS.....52
o R [ o1 oo (U To{ 1 o] o T OO U PR U PO ROUPT U PRTURURUROS 52
4.2  Phase type one parameter Poisson Lindley diStriDULION .........ccccveiiiinsnee st sesesssssssssssssesens 52
4.2.1 Properties of phase type one parameter Poisson Lindley diStribution ... 53
4.3  Phase type two parameter Poisson Lindley diStribDULiON...........cocoiiiicseeseesseeses 53
4.3.1 Properties of phase type two parameter Poisson Lindley diStribution ... 54
44  Compound distributions of one parameter and two parameter Poisson Lindley distributions with
severity diStribBULIONS..........c.covvccir e
44.1 General expression of phase type compound diStBULIONS ...
44.2 Compound phase type distributions probability generating fuNCLONS ...
45 Phase type Zero-truncated one parameter Poisson Lindley diStriDUtion ............ccocoeeeeinvsencccccssesssnins
4.6  Phase type Zero-truncated two parameter Poisson Lindley distribution ..............cccovvvinieienrcinniesneennenns
46.1 Properties of phase type Zero-truncated two parameter Poisson Lindley distribution
4.7  Compound distributions of Zero-truncated one parameter and Zero-truncated two parameter Poisson
Lindley distributions with severity diStrIDULIONS .........c.cccoviirinrccne s 60
4.7.1 General expression of phase type compound diStriDULIONS ... 60
4.7.2 Compound phase type distributions probability generating fuNCtoNS ... 61
4.8 CRAPLET SUMIMIAIY ...ttt stie sttt se st bbbt b s bbb bbb bbb bbbt b bbb 63
MULTI-STATE CANCER MODEL..............ccccoooiii et 64
SR [ 11 o T [T 4o ) o SR 64
5.2 MUItIple StAte MOUEIS SELUP ....o.ceiieieiriee ettt ettt 64
5.2.1 Transition probabilities
5.2.2 Chapman-Kolmogorov equation
5.3 Three State CANCEr MOUEN ........cvvvieirrircreie ettt
Lo IR [ 11 (o To [1 o3 1T ISP TTSSRSRPRI
5.3.2  Three state LEUKEMIA CANCET MOUE.......c.ociiiiiiiieieirie st bbbt
5.4 FOUr StAtE CANCET MOUEI ...ttt bbb bbb
Lo R 11 {0 Yo [1 Tox 1T T o OSSOSO TTSTRORPRON
54.2 Four state Liver cancer-Colon model
5.5 FIVE StALE CANCEN MOUEI ..otttk
LTSI 11 (o Yo [1 o3 1T o IS SO TSRS
55.2 Five state Stomach cancer-Pharynx-Colon MOGEL ..........ceuuiiriiniinirininee ettt 77
5.6 SIX StAIE CANCET MOUEI ...t bbb bbb bbb bbb 84
L3I0 R 11 (o o ¥ 1T o OO SP PRSP 84
5.6.2 Six state Oesophagus cancer-Stomach-Lungs-Kidney MOUEI ..o 84
5.7  Estimating transition and transition iNtENSItIES .......c.cceve i 94



Vii

571 INEFOTUCTION ..ottt bbb 94
5.7.2  Modified-product iMit MOOEL.............ccviiiriiiiieeee et bbbttt bens 94
58  Applicability in Discrete phase type diStribUtioNS ... 97
5.9 CRAPLET SUMIMAIY ..ottt ettt b et bbbt b bbbt bbbt bbbt e bt e bt bt e bt b e b bbbt b e 97
SEVERITY DISTRIBUTIONS ...ttt ne b ens 98
LG R [0 1o T BT 4o ] o [PPSR 98
6.2 CONtINUOUS ISTIDULIONS ...ttt ettt ee b be s be et e e s e e e e tesaeneas 98
6.2.1  WEIDUI AISTIIDULION ..ot bbbt bbbttt 98
6.2.2 Generalized Pareto diStrDULION ...t 100
R T - 141 (oo 1] 171 o TU ] o o SRR 102
6.3 Discretization Of ClAIM SEVEIILY ........ciiiiiieiiiiee et b et eb e 103
6.3.1 Method of rounding or method of MAass AISPEISA ... 103
6.4 DISCrete diStrIDULIONS .......cviiiiecicec ettt e s et e tesaesbesreeneereeeenteseeas 104
6.4.1 One parameter Poisson Lindley diStriDULION ............cccceiriiiiiiriiiiiiseee s 104
6.42 Two parameter POISSON LINGIEY .......ccoviiiiiiiiiiiiiiiiisieie ettt ettt ss s 105
8.5 CAPLET SUMIMAIY ....citiiiiiitiieiiit ettt bbb bbbt b s bt e bt b e s e ebesb e s e eb e sb e st eb e s b e st et e nb e e abenbe e 106
ESTIMATION OF AGGREGATE LOSSES USING PH PANJER RECURSION AND DFT ...............cccccevennee, 107
% [ 1 1o o [T 4o ) o OSSPSR
7.2 Phase type recursive model for class (a,b, 0)
7.2.1  Phase type POISSON AISTHDULION ......c.iuiiiiiiiiiieees et
7.2.2 Phase type Negative Binomial distribution
7.2.3  Phase type Geometric diStrDULION .........c.oiiiiii e
7.24  Phase type Binomial diStrIDULION ..o e
7.3 Phase type recursive model for class (a,b, 1)
7.3.1 Phase type Zero Truncated PoisSON diStribDULION..........ccccoviiiiiiiiinieee e 110
7.3.2  Phase type Zero Truncated Binomial diStribUtioN ..........ccooiiieriniiieieiseee e 110
7.3.3 Phase type Zero Truncated Geometric diStriDULION ..........cooviiiiiniiicee e 111
7.4 Discrete FOUNEr TraNSTOMM ... ....ciiiiii ettt e e tesaestesreeneeneeneeneeneens 112
741 NO WEAP CONVOIULION ..ottt e ekt b et bbbt bbbt b et e et bbbt b bt nn e nas 114
742 Estimation of aggregate 10Ss distribution USING DT ........cccviiiiiiiiieieeee e 114
I 1 g T= 1) (=T =101 0] o 0 F= T USSP PO URP PPN 115
DATA ANALYSIS AND RESULTS ... ..ottt sttt st 116
R [0 1o o [T 4o ) o S 116
8.2  Estimation of transition probabilities and transition INtENSILY ... 118
8.2.1 Three state MUIi-State MOUE! ........cccovvviiiiiiiiii ettt s s s 118
8.2.2  Four state MUIt-STALE MOUE! ........ccoiiriiiiiii bbbt 119
8.2.3  Five state MUILI-SLAte MOUE.......cccciiiiiieee et bbbttt 119
8.24  Six state MUItI-StAtE MOUEL..........ccoviviiiiciici ettt sttt e b s bt ssebe st es 120
8.3  Estimation of stationary probabilities for the multi-state models ... 120
8.3.1 Three state LEUKEMIA MOUEL .......ccccoviiirieiiiiieiiiiisie ettt et ettt a et e e e s sesenens 120
8.4  Estimation of frequency probabilities and its moments for class (a,b,0) ....c.ccccoevevivviriiincic v 122
8.4.1 Probabilities of Phase type POISSON diStriDULION...........ccciviiiiiiiiiciec e

8.4.2 Probabilities of Phase type Negative Binomial distribution

8.4.3 Probabilities of Phase type Binomial diStribULION...........c.covoiiiiiiiiiicicces e

8.4.4 Probabilities of Phase type Geometric diStriDULION ...........cc.ccciviceiiieiscseee et 124



viii

8.4.5 Tabulation of frequency probabilities for PH Class (8,0,0) ....c.ovvrrinrneernsississssssssssssssesssssssssssssssssssesssessnns 125
8.5 Estimation of frequency probabilities and its moments for class (8,0, 1) ... 127
8.5.1 Probabilities of Phase type Zero-truncated PoissoNn diStribDULION. ..o, 127
8.5.2 Probabilities of Phase type Zero-truncated Binomial diStribULION .........c.cocevveiinincinessiese e, 128
8.5.3 Probabilities of Phase type Zero-truncated Geometric diStribULION.............c.ccceviieieceeseiecie e 129
8.5.4 Tabulation of frequency probabilities for Class (8,0, 1) ... 130
8.6  Estimation of frequency probabilities and moments of phase type Poisson Lindley distributions.............. 132
8.6.1 Probabilities of Phase type one parameter Poisson Lindley diStribution...........ccccvivvereernrisrnsinsissnsssssesennnns 132
8.6.2 Probabilities of Phase type two parameter Poisson Lindley diStribution ..., 133
8.6.3 Tabulation of frequency probabilities for PH Poisson Lindley distributions...........c..ccceveeeeicieieieeiseeceesins 134
8.7  Estimation of frequency probabilities and moments of phase type Zero-truncated Poisson Lindley
GISTIIDULIONS ...t E bRt R et R et e bt r bt 136
8.7.1 Probabilities of Phase type Zero-truncated one parameter Poisson Lindley distribution ..o, 136
8.7.2 Probabilities of Phase type Zero-truncated two parameter Poisson Lindley distribution ............ccc.cccereeinnene. 137
8.7.3 Tabulation of frequency probabilities for PH Zero-truncated Poisson Lindley distributions ...........c.cccccccevunee. 138
8.8  Estimation of SEVErity diSIIDULION ........covv bbb 140
8.8.1 Estimation of parameters and discretization of Weibull diStribUtion ... 140
8.8.2 Estimation of parameters and discretization of Generalized Pareto distribution............ccccoevvniniencniinnn. 141
8.8.3 Estimation of parameters and discretization of Pareto diStribULION.........ccc.vvvrrninrineineeisssssesssssssesenes 142
8.8.4 Estimation of parameters and probability of one-parameter Poisson Linldey distribution...........ccc.cccceeeeinnene. 142
8.8.5 Estimation of parameters and probability of two-parameter Poisson Linldey distribution..............cccoevevnnnee. 143
8.8.6  Tabulation Of SEVENItY QAtA FESUILS ........c.ivieieeieee bbb 144
8.9 Estimation Aggregate loss probabilities using phase type Panjer recursive model for class (a,b, 0)............ 145
8.9.1 Aggregate Loss probabilities of phase type Poisson and severity distribution
8.9.2 Aggregate Loss probabilities of phase type Negative Binomial and severity diStribution ...........c.ccccooveveniienn. 147
8.9.3 Aggregate Loss probabilities of phase type Geometric and severity diStribution ..., 148
8.9.4 Aggregate Loss probabilities of phase type Binomial and severity diStributions .........c.ccccovvviicnnnenininn, 149
8.10 Estimation Aggregate loss probabilities using Panjer recursive model for class (a,b, 1) .occveeveciveciveciieciecnne. 152
8.10.1 Aggregate Loss probabilities of phase type Zero -truncated Poisson and severity distribution...............ccocceeuee. 152
8.10.2 Aggregate Loss probabilities of phase type Zero -truncated Binomial and severity distribution........................ 153
8.10.3 Aggregate Loss probabilities of phase type Zero -truncated Geometric and severity distribution ..................... 154
8.11 Estimation Aggregate loss probabilities using Poisson Lindley distributions...........ccccocvnrnrnennineneirneneen: 157
8.11.1 Aggregate Loss probabilities of phase type one and two parameter Poisson Lindley and severity distribution 158
8.11.2 Tabulation of aggregate loss probabilities using OPPL and TPPL diStributions........ccc.ocvrernernnisnsrinsinnennenns 158
8.11.3 Aggregate Loss probabilities of phase type ZT one and ZT two parameter Poisson Lindley and severity
Lo Y41 0T o o ST 160
8.11.4 Tabulation of aggregate loss probabilities using ZT OPPL and ZT TPPL diStributions ..........cccceeerrrrennreneernnnnns 161
CONCLUSIONS AND RECOMMENDATIONS ...........ccoooiiiiniitnsisseetsss sttt st sssnes 164
9.1 Summary of ReSUItS and ChAlIENQES ..o 164
9.1.1 Frequency and SevVerity iStIOULIONS. ... s sss sttt senssns 164
0.1.2  PanJer's reCUISIVE MOUEL.......oviieiirirerieiicississeess ettt 165
9.1.3  Phase type POISSON LINAIEY MOUE! .........iiirririirriieriiesisnsissssesessssssss sttt ss st ssesssssssssssssssssns 166
9.2 RECOMMENUALION ......coieiiireiirererer et 166
9.2.1  FIEQUENCY ANU SEVEIIY ...cvvvveveeciecisieie ettt b bbbt bbb bbb 167
9.2.2 Phase type Panjer reCUrSIVE MEHOM. ......civiuiiuiriesisiiesiesie st ettt st 167
9.2.3  P0ISSON LINAIBY MOUEL ..ottt st et 167

0.2.4  POlICY IMPIICAIONS......c.cvitiiiiiiie ettt bbbt e e e s bbb e se s st b et et e e e e s et sese s 167



BiBHIOGERAPRY ... e e e b e bR e bbbt re st e re et 168
7Y 5] s L=Ty T [T o= RS PRPR 173
AAPPENTIX | oottt bbb bbb bR R R R £ R R R AR R bR bbb et n s 173
MATLAB codes fOr MALriX PATAMETETS ......cciiiiueieieiirerieieieieee sttt bbbttt bbbttt b bbbttt es 173

APPENTIX ] ottt b b bbb bt b E R bR R R R R R bR bbb et b 175
MATLAB codes for frequency probabilities.............ccc.ciiiiiiiiiiiccccce e 175

Y o] 0= o 10 1 OSSN 176
MATLAB codes for severity ProDabilIIES ...........cccoeiiiiiiiceiec e 176

TS oYl 1] o Lot Lo o TR 178



Abbreviation and Notation

The abbreviations and notations used in this study are as listed below:

ZTP Zero Truncated Poisson

ZTB Zero Truncated Binomial

ZTG Zero Truncated Geometric
MLE Maximum Likelihood Function
DPH Discrete Phase-type

CPHD Compound Phase Type Distribution
PH PL Phase Type Poisson Lindley
PH-P Phase Type Poisson

PH-NB Phase Type Negative Binomial
PH-B Phase Type Binomial

PH-G Phase Type Geometric

PH-OPPL Phase type one parameter Poisson Lindley PH-
TPPL Phase type two parameter Poisson Lindley SBPD
Size-Biased Poisson Distribution
PH-ZTOPPL Phase type zero truncated one parameter Poisson Lindley
PH-ZTTPPL Phase type zero truncated two parameter Poisson Lindley

Sn Compound distribution

Xi Severity

N Frequency

pdf Probability density function

pgf Probability generating

pmf Probability Mass Function

cdf Cumulative density function

cf Characteristic function.

fx Severity probability distribution
Pn Frequency probability distribution
Pn Phase type distribution

DFT Discrete Fourier Transform

FT Fourier Transform

PH Phase type

ETNB Extended Truncated Negative Binomial

PLD Poisson Lindley Distribution
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1.1

INTRODUCTION

Background of the study

Aggregate loss distribution is distribution of aggregate monetary loss in activities which have
occurred over a one year period. Different approaches have been developed to estimate aggregate
losses, including Monte Carlo method, Panjer recursive formula, Fourier Transform and simulation
[Pavel, 2011]. Aggregate losses are as:

N
SN :ZG‘ SN =06G1+Gz2+...+Gn (1.1)
=1

where:

Gi represents the claim severity/amount and N represents the claim count/number. Aggregate loss dis-
tributions were introduced way back in 1980’s by [Dmitry et.al, 2001], [Glenn, 1981] , [Hewit, 1967],
[Harry, 1981] and [Felix et. al, 2014]. Originally aggregate loss distributions were developed using
ordinary distributions such as Poisson for claim frequency, Gamma and exponential distributions
for claim severity distributions.

[Persi et. al, 1991] extended construction of aggregate loss distribution using mixtures such as
Negative Binomial for claim frequency, Pareto and Generalized Pareto for claim severity distribution.
[Mohamed et. al, 2010] further extended estimation of aggregate loss distribution using simulation
method. Aggregate loss distributions have been evolving gradually with some of distributions
being constructed only in their closed form hence they are calculated using numerical methods
[Heckman et. al, 1983].

Modeling of aggregate losses plays an important role in decision making in the business field
especially the insurance sector. The aspect of phase type distributions on aggregate loss distribution
have not been widely investigated hence any development in this area provides great help to
insurance firms.

1.1.1 Phase-type distribution

Phase-type distributions are derived by convoluting exponential distribution. These distributions
come about from interrelated Poisson process which are in phases as shown in [Asmussen, 1996].
The sequence in which these processes occur is a stochastic process. It is shown by a random variable
which describes the time until the Markov process reaches the one absorption state where the every
state represents a phase.



Phase type distributions can be divided into two which are discrete phase-type distributions and
continuous-time Markov process. Phase-type distributions which are discrete result from inter-
related geometric distributions occurring in phases where the sequence the phases occur in can
be stochastic processes. [Erlang, 1909] introduced phase type distributions and they have been
extended to more modern theories by [Neuts, 1981] as well as [Asmussen, 1996]. Degenerate distri-
bution (0 phase/empty phase), exponential distribution representing (1 phase), Erlang distribution
representing (2 or more identical phases) were first introduced by [Erlang, 1909] and was later devel-
oped further by [Jensen, 1953]. Theoretical properties of phase type distributions have been studied
by [O’cinneide, 1990] while [Asmussen, 1996] generalized risk models to model situations where
the premium is depended on current reserves. He further extended his work to provide an algorithm
to model finite time-horizon ruin probability. This was later extended to its application to survival
analysis as well as queuing theory. The most recent work on phase type distribution has been done
on its statistical inference where likelihood estimation is proposed based on the EM-algorithm and
Markov chain Monte Carlo (MCMC) based approach. In the recent past phase-type distribution
have been used to approximate any positive-valued distribution as they preserve the Markovian
nature of the model which is crucial for tractable computation used in performance evaluation.

1.1.2 Markov models

A model of a random occurance which evolves from time to time in a manner which the past activities
affects the future activities through the current activity with some degree of probability is known
as a Markov chain. The “time” can be either be discrete that is integers, continuous that is real
numbers or a set which is totally ordered. Markov chain describes a process which has been observed
at discrete intervals. Markov model have been extended to modeled infectious diseases taking
into consideration environmental factors which leads spreading of diseases which are infectious
[Kehinde et. al, 2019]. This research tested the Markovian property and estimated how stationary
the process was over the period.

Recent models have been developed to address spreading dynamics disease contagion and rumor
spreading separately despite them being similar. This was elaborated by [Guilherme et. al, 2016] by
developing a model based on discrete time Markov chain which included transitions which were
plausible for both a disease contagion process and rumor propagation and consequently showed that
their model covered traditional spreading schemes as well as features relevant in social dynamics,
which include apathy, not remembering, and lost recovering of interest.

This was further advanced to joint observation and disease transition model which was modeled using
latent continuous time Markov chain; and the observation process, according to a Markov-modulated
Poisson process with observation rates that depend on the individual's underlying disease status by
[Jane et. al, 2015]. All these types of matrices are considered in this research. [Sietske, 2009] showed
that matrix-geometric distributions can equivalently be defined as distributions on the non-negative
integers that have a rational probability generating function. It has been shown that the class of
matrix-geometric distributions is strictly larger than the class of discrete phase-type distributions
[Gareth et. al, 2015]. There are three special kinds of matrices which are: square matrix which has



equal number of row, row vector which contains one row and colum vector which has one column
as highlighted by [John et. al, 2016].

1.1.3 Panjer Recursive model

Panjer recursion are random variables of special type where in most general cases the distribution
of S in equation (1.1) is a compound distribution. Recursion for special cases were introduced by
Harry Panjer and they are used to calculate compound distribution. The claim size Xi is assumed
to be i.i.d and independent of frequency distribution. For continuous severity distribution the
severity probabilities are obtained by discretization of the claim density function but discrete severity
distributions can be applied directly to Panjer recursive formula. The claim number N is a random
variable which takes 0, 1, 2... values. Panjer recursion requires the probability of N to be a member
of the Panjer class and the classes whose recursion has been developed are the (a, b, 0) class and
(a,b, 1) class of distribution.

Distribution of class (a, b, 0) should satisfy the relation:
b
PIN = k] =px pk= a-+ Pt k>1 (1.2)

where the initial value po is determined such that Y7_, px = 1.
The distribution of class (a,b, 1) should satisfy the relation;

b
PIN = k] =p« Pe=at P k> 2 (1.3)
where the initial value Po is an assumed value and p1 is determined by:

pr+p2+..+pk=1-po (1.4)

1.1.4 Panjer class (a,b, 0)

Panjer class (a, b, 0) recursion formula is satisfied by four distributins which are ,Binomial, Poisson,
Geometric and Negative Binomial distributions. More distributions in this class can be derived
by fixing the initial value p j and consequently applying the recursion tp the subsequent vales.
Negative Binomial distribution is constructed by fixing two parameters k and n using methods
which rely on: Binomial expansion as well as Poisson with Gamma mixing distributions and mixing
of iid random variables of Geometric distribution. Experiments with the random variable which
represent the number of failures experienced before achiving the n" success as well as the total
number of trials which are needed to achieve the n success as highligted by [Oketch, 2011]. If
the class (a, b, 0) recursion holds for a given range of values of k, known distributions are then
available. [Sundt et. al, 1981] proved that only these four distributions mentioned above belong to
class (a, b, 0). The four distributions can be represented by a united formula called united Panjer
distribution .



The values of a,b and po in these distributions can be represented depending on the distribution as:

i. Binomial distribution

1-p 1-p
ii. Poisson distribution
a=6 b=A po =e*
iii. Negative Binomial distribution
a=1-p b=(1-p)r—1) po=p"'
iv. Geometric distribution
a=1-p b=0 Po=1p

The values of a, b, po using united Panjer distribution of class (a, b, 0) are expressed as:

a— A bzﬁa__m p0:(1+A)_a
a+A a+A a

A matrix has been derived from the recursion of Panjer class (a, b, 0) for the distribution of compound

distribution when frequency distribution belongs to the generalized Panjer class (a, b, 0) family and
this has been a major development in risk theory.

1.1.5 Panjer class (a,b,1)

Panjer recursion algorithm is used to estimate the probability distribution approximation of a
compound random variable . Panjer class (a, b, 1) contains distributions such as Zero truncated
distributions as shown by [Fackler, 2009], Zero modified distribution as shown by [Younes, 2012],
Extended truncated Negative binomial (ETNB) distribution and Sibuya distribution . Class (a, b, 1)
distributions increase the flexibility in modeling claim frequency distributions. The Zero modified
distributions are derived from zero truncated distribution. In the case of zero truncated distribution
as highlighted by [Elsayed, 2011] the value of zero is not recorded hence it can be expressed as:

pT = L Pk k=1,2,3,4,.. (1.5)

k 1-po

Zero modified distribution is expressed as:

pr = (1— g"pk k=1,2,3,4,.. (1.6)



The Zero modified distributions can be derived from the distributions of class (a, b, 0) by modifying
formula (1.6) to:

o l—pmp k 1234
(=0, =, e (1.7)
1_
Po

Panjer recursive formula of class (a, b, 1) was derived by [Sundt et. al, 1981]. A matrix has been
derived from the recursion of Panjer class (a, b, 1) for the distribution of compound distribution
when frequency distribution belongs to the generalized Panjer class (a, b, 1) family. The development
of a matrix form formula for the moment of compound distribution has also been a major step in
evaluation of compound distribution.

1.1.6 Severity distributions

Severity distributions are distributions used to model claim count distributions. The Wei-bull
distribution has been reviewed intesively since its was introduced in 1951 by Professor [Ernst, 1951].
[Mohammad, 2000] compared multiple methods of calculation of Weibull parameters which included
how it fits based on the method of mean square error (MSE) and also the Kolmogorov- Smirnov
(KS) criteria. Weibull distribution has been used in modeling squared returns of stock prices of the
Cornerstone Insurance PLC and results showed that it has a good fit for the data . [Oscar, 1981]
simplified method of moments in order to find Wei-bull distribution with specified mean and variance
as itis tedious to calculate these values.

Discrete distributions are very important distriutions when modeling frequency data in various
applied fields such as epidemiology, public health e.t.c. Parameter estimation of distributions can
be considered in guiding on how to estimate parameters for the model which is very important
for reliability engineers and applied statisticians. Ordinary discrete distributions such geometric
and Poisson exhibit weak applicability in modeling failure times and frequency. This is majorly
because most real frequency data will show either under-dispersion or over-dispersion. This is not
the case with these distributions as highlighted by [Abdulhakim et. al, 2021]. [Rama et. al, 2015]
worked on one parameter Poisson Lindley distribution in modelling frequency data and it arises
from Poisson distribution when its parameter A follows Lindley distribution. General expression
for the r'" factorial moment of PLD has been obtained and hence its first four moments about
origin has also been obtained by Shanker. One parameter Poisson Lindley distribution has been
applied in data-sets relating to ecology and genetics to test its goodness of fit and the fit shows
that it can be an important tool for modeling biological science data. [Rama et. al, 2016] obtained
two-parameter Lindley distribution in 2013. When a = 1 for two parameter Poisson Lindley then
it becomes one parameter Poisson Lindley distribution. Two parameter Poisson distribution has
been found to be a beNer model than the one parameter Poisson Lindley distribution for analyzing
waiting time, survival time and grouped mortality data [Tanka, 2016]. Two parameter Poisson
Lindley distribution have been estimated by [Rama et. al, 2016]. Two parameter Poisson Lindley
distribution has been extended to three parameter Poisson. Parameters estimation of three state
Poisson Lindley distribution has been explored using maximum like likelihood and method of
moments and simulation study has been carried out to check the consistency of the maximum
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likelihood estimates. [Kishore et. al, 2018] applied three parameter Poisson distribution to read
data and it was discovered that it is a flexible model that may be a useful alternative to known
distributions like Poisson, Poisson Lindley, Two-parameter Poisson Lindley and many others for
count data analysis . [Rama et. al, 2017] highlighted on Zero-truncated two parameter Poisson
Lindley distribution.

Statement of the problem

Aggregate losses combine the likelihood (frequency) and size (severity) of losses. This produces a
beNer estimate of the impact of the losses to the institution. Aggregate loss is usually expressed in
terms of probability distribution to enable evaluation of the magnitude of the risk. [Harry, 1981]
derived a recursive formula to estimate aggregate loss which required discrete claim frequency
distributions and if claim amount distribution were continuous the values had to be discretized using
method of rounding or method of local moment matching. [Xueyuan, 2010] introduced a different
approach using matrix-form recursion which estimated compound distributions if claim severity ,Xi,
were discrete or continuous phase-type distributions and claim frequency , N, were generalized class
(a,b, 0) family. The class of discrete phase-type distributions is one of the classes of distributions
which are dense in the class of all discrete distributions how ever only few distributions have been
explored.

Claim severity has been well explored in previous research while less has been done on claim
frequency more so using phase type distributions which is a developing field. In this research we
contribute in calculation of aggregate loss probabilities by in-cooperating phase type distributions
in modeling claim frequency and consequently compound phase type distributions. The phase type
distributions considered in this research will be constructed as well as their properties and parameter
estimation methods developed. Phase type distributions requires one of its parameters to be a matrix
hence a model to determine how to select the matrices will be developed and the proposed models
applied to secondary cancer cases in Kenya to demonstrate their applicability and advantage. These
models improve estimation of aggregate losses for cancer insurance policies as it in-cooperates
transition of the secondary cancers. Phase type models are preferred because matrix parameters
provide great flexibility. Cancer has over the years become one of the leading killer diseases hence
insurance sectors have recently ventured into insurance policies to covers cancer patients. Itis a
dynamic disease hence it needs models that can capture its dynamic nature. In-cooperation of phase
type distributions enables modeling of the dynamic aspect of cancer.

This research is aimed at developing a model which improves the estimation of aggregate losses of

cancer and other diseases with transition states hence enabling insurance sectors to draft competitive
policies which increase the uptake of cancer policies and other chronic diseases.

General objective

The primary research objective is to compute phase type compound probability generating function
for various cases and estimate aggregate losses of secondary cancer cases.
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1.3.1 Specific objectives

i. To develop phase type distributions using phase type Panjer class (a, b, 0) and class (a,b, 1) and
calculate their properties.

ii. To formulate phase type Poisson Lindley distributions and determine their properties.

iii. To construct compound phase type probability generating functions when N is a phase type
mixture and discrete phase type distribution.

iv. To develop a model of determining the matrix of the phase type distributions using multi-state
Markov model.

v. To estimate aggregate loss probabilities of secondary cancer cases using the proposed phase
type models.

Significance of the study

Distributions of aggregate claims are used to calculate premiums and estimate claim fluctuation
reserves. The distribution of retained losses is useful for the insured in deciding on the degree of
coinsurance expressed in deductible arrangements, stop loss levels and quota insurance. Phase
type distributions provides great flexibility in estimating aggregate losses. In-cooperating phase
type distributions helps insurance sector to almost accurately reserve for their anticipated losses
hence reducing the risk of going into ruin. This enables the insurance companies to plan on different
investment ventures which can increase returns hence increasing their capacity and creating more
opportunities for the ambitious young generation.

Construction of phase type models enables great flexibility in estimation of aggregate losses be-
cause of the matrix parameters. In this work phase type distributions are used as claim frequency
distribution hence increasing the flexibility in estimation of claim frequency. Determination of an
algorithm which can propose appropriate condition upon how to select proper matrices to build up
claim number distributions which is developed in this research is a major development in estimation
of aggregate loss distributions.

This achievement transforms the insurance sector in estimation of aggregate losses. Improving
modeling of cancer policies transforms lives of policy holders who eventually suffer from cancer and
help insurance sectors make beNer estimates in their computation. This enables more insurance
firms introduce chronic illness insurance policies which eventually improves access to quality health
care for cancer patients. Transforming the insurance sector gives me a sense of accomplishment
as a mathematician as this improves the survival rate of cancer patients as it has been proven that
cancer can be treated successfully if detected early and given the correct medication.
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1.6

Data

We considered 850 patients between calender years 2013-2018 from a large health facility in Kenya.
The following data about the patients was available, age, sex, type of cancer, date of diagnosis and
transition stages of the cancer. This data-set was used to compute aggregate loss probabilities of
secondary cancer cases and is shown in Appendices.

Organization of thesis

This thesis progresses as follows;chapter one give background of aggregate loss distributions as well
as phase type distribution which chapter two highlights on previous literature done on aggregate
losses and phase type distributions. Chapter three reviews distributions of class (a, b, 0) and class
(a, b, 1) and also Panjer recursive model for these two classes. The pgf of these distributions which
satisfy condition of class (a, b, 0) and (a, b, 1) are derived using pgf technique and iteration technique.
Chapter four expresses distributions of class (a, b, 0) as phase type distributions and also estimates
their properties. Panjer recursive model for class (a, b, 0) is expressed as a phase type recursive model.
It also extends to distributions of class (a, b, 1) and they are expressed as phase type distributions
and also their properties are estimated. Panjer recursive model for class (a, b, 1) are also expressed
as phase type recursive model. These phase type distributions are used to model claim frequency for
secondary cancer cases. Phase type Poisson mixture distributions and their properties are derived in
chapter five. Chapter six derives expressions of the multi-state models using Chapman-Kolmogorov
for three state, four state, five state and six state models for cancer data. These multi-state models
represents the matrices in the phase type distributions used in modeling claim frequency.

Chapter seven estimates parameters of distributions used to model claim severity. Severity distribu-
tions considered are both discrete and continuous distributions. Parameters of severity distributions
are estimated using method of moments. The continuous distributions are discretized in order to be
applied in phase type Panjer recursive model for both class (a, b, 0) and class (a, b, 1) and in Discrete
Fourier Transform. Severity distribution are used to model claim amounts of cancer cases and hence
they are in-cooperated in estimating the aggregate losses. In chapter eight, transition probabilities
and transition intensities of three state, four state, five state and six state are estimated. The long
run probabilities which are represented as y in our research are calculated for each multi-state model.
Claim frequency probability for distributions of both classes are calculated as well as their moments.
Claim severity probabilities are also estimated for each claim severity distribution. Aggregate loss
probabilities in-cooperating different claim frequency distributions and severity distributions are
estimated for class (a, b, 0), class (a, b, 1) and Poisson mixture distributions. Chapter nine concludes
on our research and also highlight our recommendations.
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2.2

LITERATURE REVIEW

Introduction

This chapter outlines relevant literature on aggregate losses as well as phase type models. This
chapter is divided into subsections that explain on choice of frequency and severity distributions,
compound distributions explored in previous research and outline the research gaps handled in this
research.

Review framework

The literature is outlined as follows; aggregate losses distribution and methods applicable in calcula-
tion of aggregate losses are explored as well as framework used in choice of severity and frequency
distributions. Previous literature on distributions used to model claim frequency are extensively
explored as well as for severity distribution and previous research on aggregate loss distributions also
examined. The distributions can either be ordinary distributions, mixture distributions or phase type
distributions. Compound distributions explored so far are highlighted and the methods employed in
calculation of the aggregate loss probabilities. This research is aimed at modeling claim data with
multiple transition states hence phase type distributions are preferred to other models. Lastly areas
of application of the phase type models are explored and their parameter estimation consequently
identifying more research gaps.
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Aggregate losses

Aggregate loss distributions are calculated using compound distribution of claim frequency and claim
severity distributions. Recursive formula for compound distribution (S) when claim frequencies,
pn ,belongs to the Schroters family was derived by Schroter (1991). The concept of compound
distribution was further elaborated by [Harry, 1981] using a recursive formula when claim fre-
quency (N) belong to the (a, b, 0) family. This formula was generalized further to class (a, b, 1) by
[Sundt et. al, 1981]. [Eisele, 2006] derived a procedure for compound phase-type distribution but
it was not computationally efficient because of its high convolutions. A simplified recursion algo-
rithm for aggregate claims distribution with individual claim amounts having phase-type random
variable has been derived by [Christian, 2006]. [Xueyuan, 2010] and [Kok et. al, 2010] derived phase
type Panjer recursive model for class (a, b, 0) and class (a,b, 1), however they did not determine
applicability of the models to real data and they did not develop a model to determine the matrix
parameter. [Hess et. al, 2002] extended Panjer classes to class (a,b,k).

The claim frequency distribution which belong to class (a, b, 0) are Poisson , Negative Binomial,
Binomial and Geometric distributions [Garrido, 2006]. A frequency distribution that is a member of
class (a, b, 0) the following recursive relation must hold for some constant a and b.

e o b k=123 (21)
Pk—-1 k

where px is the claim frequency probability. The initial probability po of a member of class (a, b, 0)

is fixed implying that the sum of all px must sum to 1. The member of class (a, b, 0) class has two
parameters a and b [Stuart et. al, 2008].

[Kok et. al, 2010] extended [Xueyuan, 2010] work expressed a matrix-form recursion formula for
class (a, b, 1) family. The mean and variance of these distributions were evaluated. [Kok et. al, 2010]
also discussed the mixtures of zero modified and zero truncated versions of logarithmic distributions
and their linear combinations. It is clearly demonstrated in this work how to compute moments of
compound distribution (S) recursive based on aggregate claim distribution. Only some very special
members of the generalized (a, b, 1) family are examined in this work which opens more problems to
be explored. Panjer class (a, b, 1) contains distributions such as Zero truncated distributions (po = 0),
Zero modified distribution (po > 0) , Extended truncated Negative binomial(ETNB) distribution and
Sibuya distribution .

Class (a, b, 1) distributions increase the flexibility in modeling claim frequency distributions [Marcelo et. al, 2015].

The Zero modified distributions are derived from zero truncated distribution where in the case of
zero truncated distribution the value of zero is not recorded. Distributions which satisfy conditions

of Panjer class (a,b, 1) include:

(a). Zero-truncated distribution,where Po = 0

i. Zero truncated Poisson distribution.
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ii. Zero truncated Binomial distribution.

iii. Zero truncated Geometric distribution.
(b). Zero-modified distributions where Po = 0

i. Zero modified Poisson distribution.
ii. Zero modified Binomial distribution.
iii. Zero modified Geometric distribution.

iv. Zero modified Extended truncated negative binomial distribution(ETNB).
(c). Other distributions

i. Extended truncated Negative binomial (ETNB) distribution.
ii. Logarithmic distribution.

iii. Sibuya distribution.

Panjer recursive formula of class (a, b, 1) was derived by[Sundt et. al, 1981]. A matrix has been
derived from the recursion of Panjer class (a, b, 1) for the distribution of compound distribution
when frequency distribution belongs to the generalized Panjer class (a, b, 1) family. Generalized phase
type distributions have been derived for class (a, b, 0) distributions . [Vilar et. al, 2009] assumed
that insurance companies provides historical sample of claim frequency and claim severity hence
he developed a non-parametric approach which can be used in insurance. [Harchol, 2012] based
his work on non parametric estimators to calculate density functions where data is censored or
truncated using Monte Carlo simulation methods and bootstrap re-sampling. A methodology
useful in comparing various strategies used in pricing insurance products was developed. Different
numerical methods which can be used in calculation of aggregate loss so far are:

(i) Monte Carlo simulations.
(i) Panjer recursion.
(i) Heckman-meyers.

(iv) Fourier Transform.

Panjer recursive model is the oldest method of calculating aggregate loss distribution and is discussed
in [Heckman et. al, 1983]. The method of Heckman-Meyers is discussed in detail in Heckman
[Heckman et. al, 1983] and its application in calculation of aggregate loss models. The application of
Fast Fourier Transform in calculation of aggregate loss models is discussed in [Robertson, 1992]. The
latest method to be developed is the stochastic simulation by [Mohamed et. al, 2010]. [Pavel, 2010]
reviewed the three numerical algorithms which had been developed by 2010. [Paul et.al, 2010]
showed that Monte Carlo method is the easiest to implement but it is a slow method hence Panjer
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recursive method and Fourier Transforms are more preferred. [Kumer et. al, 2011] reviewed and
extended Panjer’s recursion formula used in derivation of compound negative binomial distributions
where they explored gamma as well as its mixtures distributions and developed a theory which can
apply R software directly. The accuracy of the method used proved to be beNer and the computation
time quite faster. The numerical methods considered in this research are Panjer recursive model
as some of the distribution considered follow Panjer classes and Discrete Fourier Transform for
distributions that do not follow Panjer classes.

A model to determine matrix parameters is developed in this research and extends application of Pan-
jer class (a, b, 1) distributions not considered so far as well as mixture distributions. [Sundberg, 1974]
highlighted that aggregate loss models can be modeled using two modeling approaches which are:

(i) Individual risk model
This model emphasizes the loss from each individual contract and represents the aggregate
losses as:

Sn:(31+GZ+...+Gn

where Gi(i = 1, 2, 3, ...n) is the loss amount, n denotes fixed number of contracts in the portfolio
which is a fixed number and G; are independent and not necessarily identically distributed.

(ii) Collective Risk model
This model represents aggregate losses in terms of a frequency distribution and a severity
distribution and is expressed as:

SN=G1+G2+...+Gn

where N is a random number representing the number of losses or payments, Gi(i = 1,2, 3, ...,N)

represents the claims amounts which are assumed to be iid and both N and G; are assumed to
be independent of each other .

Severity and frequency distribution can be applied to the collective risk model to determine the
aggregate losses. Severity distributions have been well explored in previous literature, however less
research has been done on impact of claim frequency on aggregate losses. This research expands the
scope of claim frequency distributions in estimation of aggregate losses. Phase type distributions
are employed to address this short coming.

Frequency distribution

Frequency distributions can be divided into three categories which are discrete distributions, contin-
uous distributions and mixed distributions.
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2.4.1 Discrete distributions

A discrete probability distribution depicts the occurrence of discrete outcomes and is made up of
discrete variables. The probability mass function of discrete distributions can be expresses as:

pe) =Y f(x)
x=0

Most claim count distributions considered so far are discrete distributions. This research extend
used of discrete distributions as claim count distributions to phase type discrete count distributions
in estimating aggregate losses.

2.4.2 Continuous distributions distribution

A continuous probability distribution is a distribution in which the random variable can take on any
continuous value . The probability density function is expressed as:
U n
p(x) = f(x) dx
0

X=

2.4.3 Mixed distributions

A mixture distribution is a probability distribution whose random variable is derived from a group
of other random variables. The random variable is selected randomly from the collection of other
random variables according to the given probabilities of selection. The values of selected random
variables are then realized. The underlying random variables can be random real numbers and if they
are continuous then the outcome will be continuous. If the underlying random variable is discrete
then the outcome is a discrete. Discrete mixture are expresses as:

px) = > wif(x)
x=0

Continuous mixture are expresses as:
U n
p(x) = w; f (x) dx
x=0
This research extend used of mixture distribution in modeling claim count data to phase type mixture
distributions.

2.4.4 Phase type distributions
Phase type distributions are constructed by mixing of exponential distributions resulting from a chain

of inter-related Poisson processes which occur in sequence also known as phases. [Sophie et. al, 2012]
showed that under the constraint that their representation is to be non-negative, Poisson distributions
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which are extensions of phase type disributions. [Gabor et. al, 2012] introduced the libphprng library
for generating random-variates from PH distributions. A compound random variable X is important
in various experiences which include reliability which is used for modeling the lifetime of a system
in a particular shock model as shown in [Verbelen, 2013].

Research has been done on distribution of the random variable T = z’\%:lGi where Gi fori > 1is a
sequence made random variables which are independent and identically distributed and also have a
common phase-type distribution with the distribution of T having been obtained using phase-type
distributions as shown in [Serkan, 2016]. Victoria generalized phase type distribution by replacing
the underlying by Markov mixtures process enabling them to model heterogeneity and inclusion
of past information which is due to the Markov property of the underlying process as shown in
[Surya, 2016].

[Asger et. al, 2018] demonstrated how similar coalescent theory and Phase-type theory are and
the implication of that close relation. The translations are useful, complex and difficult to derive.
Coalescent theory formula equations are trivial to define and compute using phase-type theory as
well as the matrix notation. This work obtained explicit formula for the joint distribution of the
height of a tree, explicit formula for expected values, co-variances of the height of a tree height
and total length of branchs. [O’cinneide, 1990] highlighted on Phase type distributions and their
invariant polytopes. [Mogens, 2005] introduced use of phase type distributions in risk theory while
[Antony et. al, 2020] developed compound distribution to model extreme natural disasters in Kenya.
Continuous phase-type distribution have various special cases which are:

(i) Degenerate distribution- this is where the point mass is zero or it is an empty phase-type
distribution meaning it has 0 phases.

(i) Erlang distribution — This has 2 or more phases which are identical and in sequence.

(i) Deterministic distribution (or constant)- This is limiting case of the Erlang distribution
where the number of phases consequently become infinite and the time in each and every state
becomes zero.

(iv) Coxian distribution — This has 2 or more phases which are not necessarily identical in their
sequence with a certain probability of transiting to the absorbing state after each phase.

(v) Hypoexponential distribution — it has two or more phases which are in sequence and they

can either be non-identical or a mixture of identical and non-identical phases. [Mogens et. al, 2017].

This research modifies the concept of Hypoexponential distribution which is expressed as a phase
type distribution as:



16

2.5

a = (alaaﬁiai})a‘h"'»aﬂ)
with ) " e; = 1 and
i=1
[ =1 0 0 0 0
0 —Ag 0 0 0
&= 0 0 —A3 0 0
0 0 0 A4 0
| 0 0 0 0 —As

Multi state models

Phase-type distribution is a probability distribution which is constructed by mixing exponential
distributions. Markov processes are stochastic process and they are shown by a random variable
which describes the time up to absorption for a Markov process which has one absorbing state where
each state represents one of the phases.

A mathematical model representing of a random scenario which evolves with time in a manner
that the past affects the future through the current state with some level of probability. Markov
chain describes a process observed at discrete intervals and they have been used in epidemiological
models as shown by [Abdulhakim et. al, 2021]. However they do not project other relevant disease
information such as probability of geNing infection and recovery from first infection or the anticipated
time to geNing an infection and recovering for both prone and infected people [Juan, 2020]. These
disease models considered in estimating the transition probabilities (TPs) cannot generalize the
transition estimates of disease outcomes at discrete time steps for predictions in the future. This
necessitated the adoption of a discrete-time Markov chain model. [Clement et. al, 2019] sought
to address aforementioned issues using discrete-time Markov chain model. This study came to
the conclusion that hepatitis B is more infectious over a long period of time than tuberculosis or
HIV despite the probability of geNing first infection of these two diseases being comparatively low
within the population considered. Hiv infected Patients had a considerably lower life expectancy
compared to those suffering from tuberculosis and Hepatitis B. This study came to the conclusion
that discrete-time Markov models are good models in modeling diseases dynamics in Ghana .

[Asmussen, 1996] developed a model based on discrete time Markov chain including all transitions
affecting disease contagion process as well as rumor propagation. They consequently showed that
their model covered traditional spreading schemes as well as features which are relevant in social
dynamics, such as apathy, in ability to remember, and lost recovering of interest. [Manuel et. al, 2021]
considered a non-homogeneous continuous time Markov chain model for Long-Term Care to monitor
the quality of the labeling using Portuguese life expectancies taking into consideration reasonable
monthly costs for each dependence state and consequently computing them by Monte Carlo
simulation, trajectories of the Markov chain process hence deriving relevant information for model
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validation and premium calculation. Chapman-kolmogorov equation is used to derive the Multi
state models considered in this research. It based on the fact that, a process which begins in state i

at time s and is in state j at time r occurs through some state k € M at an unknown intermediate
timeRi.e

n

pij(s,r) = z priZ(s,r) = j,Z(s,r) = k|Z(s,s) = i] pij(s, 1) = Z pik(s, R)pkj(R, 1) (2.2)
k=1 k=1

In the recent past insurance companies have embraced the thought of insurance for chronic diseases
such as cancer hence multi state models improves it's estimation as it allows modeling of transition
between states.
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3.1

PHASE TYPE DISTRIBUTIONS OF CLASS (a,b,0) AND

CLASS (a,b,1)

Introduction

Discrete phase type distributions (DPHD) are derived from a Markov chain which has one which
is absorbing and retains the remaining states as transient. The transition matrix of a phase type

distribution is expressed as:

Clo C11 C12 C13 Cim
0 C0 C21 C22 C23 C2m .
C30 C31 C32 C33 C3m
C=
a a
0 Cmo Cmi Cmz Cm3 Cmm ]
0 0 0 0 0 1
O [l
_p% Y0
01
where
y represents (n * 1) non-zero column vector.
Z represents (n * n) non-zero matrix.
0 represents (1 * n) zero row vector.
1 represents (1 * 1) single element matrix.
The higher orders of C are represented as:
cr —Ct
_ZY¥pgo o
o oo '8
01 =
O O
_ o Z* B O
a 0 1
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3.2

Hence C" can be expressed as:

il B, n-1 ‘

| U !
[ L where B, = Z U

0 1

In this chapter we improve on the work of [Xueyuan, 2010]. The distributions considered in this
chapter and chapter four satisfy the conditions of discrete phase type transition matrix. The algorithm
of selecting matrix parameters for phase type distributions was not determined which will be one of
the main objectives of this study. In this chapter distributions of class (a, b, 0) and class (a, b, 1) are
expressed as phase type distributions and their properties derived.

PH Panjer class (a,b,0) distribution and its aggregate loss distribution
recursively

3.2.1 PH Panjer class (a, b, 0) distribution using pgf technique

PH Panjer formula for class (a, b, 0) is illustrated as:

B
Pn = A+ _n Pn—l (3.1)

Multiplying all through by n results to:

nP,=An+B Pn-1

= n-1+1 A+B Py-1
= n—1 APp-1+ A+B Pp n=1,2,.. (3.2)

Expressing equation (3.2) in terms of pgf and multiplying it by s" and sum the result over n.

o0 o0 o0

Z nPns" = A Z (n—1)Pn-18"+ (A + B) Z Pn-18" (3.3)
n=1

n=1 n=1

Factoring out s,s2 and s respectively results to:

o0 o0 o0

S Z NPps"-1 = As2 Z (n—1)Pn-18"-2 + (A + B)s Z Pn-15"-1 (3.4)
n=1

n=2 n=1

Divide through by s resulting to:

o] o] o0

Z NPps"-1 = As Z (n—1)Pn-18"-2 + (A + B) Z Pn-15"-1 (3.5)

n=1 n=2 n=1



20

Let the pgf of phase type frequency distribution be defined as:

o]

Y(S) = z Pns"
n=0

The first derivative of the pgf is:

o]

Y'(s) = z NPys"-1 (3.6)

n=1
Let the pgf of the phase type frequency distribution be defined as:

o]

Y(s) = Z Pn_1s"-1 (3.7)
=1

The first derivative of the pgf is:
Y'(s) = Z (n - 1)Pps"-2 (3.8)
n=2

Combining equation (3.6),equation (3.8) and equation (3.5) it becomes :

Y'(s) =AsY (s) + (A + B)Y(s)
(I —As)Y'(s) =(A+B)Y(s) (3.9)

Rearranging equation (3.9) it becomes:

’

(s)
(s)

=<

= A+B I-As ! (3.10)

<

This expresses the discrete distributions of phase type Panjer of class (a,b, 0) in terms of pgf.

Theorem 3.2.1 (PH Panjer class (a, b, 0) distributions). The distributions arising from pgf of phase
type Panjer class (a, b, 0) model

’

(s)
(s)

=<

= A+B I-As ! R

<

are:

(i) Phase type Poisson when A = 0,B > 0.
(i) Phase type Negative binomial A > 0,B > 0.
(iii) Phase type Binomial when BA-1 > 0,BA-1 < 0.

(iv) Phase type Geometric when A>0,B = 0.
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Proof of theorem 3.2.1

() WhenA=0,B=0
From equation (3.11) replacing the value of A and the value of B results to:

Yis) g
e
U U
dInY(s) = Bds
InY(s) =Bs+C
The above equation simplifies to:
Y (s) = eCe®®
Replacing s with 1 results to :
Y (1) =e%e® 1 =eCe® g€ =g B

Combining equation (3.13) and equation (3.12) results to:
Y (s) =e—BeP® Y(s) = eB+BS Y (s) = eBC-1

Summary
This represents the pgf of phase type Poisson distribution with parameter B.

Theorem 3.2.2 (Properties of phase type Poisson distribution). Letting B from
(3.14) be A the properties of Phase type Poisson can be expressed as:

@ pof
Y (§) =YerC-11T
(b) Expectation
E(N) =yA1"
(c) Variance
Var(N) = YA1T

Proof of theorem 3.2.2

(3.12)

(3.13)

(3.14)

equation

g 7
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(@) The pmf of phase type Poisson distribution is:

—AAn
y() = —;
The pgf of Poisson is given by:
yn s" i _AAn
( ) —nz‘o = rZ‘b
Y (s) =e—"eM* Y (s) = er6c-1)

A ® (SA)n

n!

(3.18)

Equation (3.18) can be transformed to a proper pgf by multiplying by ¥ on the left hand

side and-1" on the right hand side to become:

Y (§) =Ye 11T

(3.19)

Derivative of pgf can be used to obtain other properties of PH Poisson distribution. The

derivatives of equation (3.18) are obtained as:

Y (s) =AeED
Y (s) =A%AD
In general the k™ factorial moments is given by:
Yk(S) _ AkeA(s—l)
(b) E(N) =Y '(1) hence equation (3.20) can be expressed as:

Y '(s) =Aere-D Y(1)=A

Equation (3.22) can be wriNen as a proper expectation as:

E(N) =YAlT

(c) Variance of N can be expressed as:

Var(N) = Y"(1) +Y'(1) = [Y'(1)]2

Y"(1) can be obtained from equation (3.21) as:

Y (s) =A2er-D) Y"(s) = A2

Hence equation (3.24) can be expressed as:

Var(N) =A2 + A — [A)? Var(N)

Equation (3.26) can be rewriNen as :

var(N) = YA1T

E(N) = A

=A

(3.20)
(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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(i) WhenA>0,B>0

From equation (3.10) replacing A and B results to :

Y's) )
0] =(A+B)(I _ As)-1

U U
dInY(s) = (A+B)( —As)-1ds
Introduce —A
U U
dInY(s) =(A+B)(—A)-1 (I —As)-1ds
InY () =(A +B)(=A)-1In(l —As) +InC  InY(s) = In(l — As)-1&+B® 1 1 |nC
InY (s) =InC (I — As)-[A+B)® ']
Therefore:
Y(s) =[C] (I — As)-lA+B® ] (3.28)
Lets=1
Y1) = C (1—A)-[aB® ] C=(-A®HH® (3.29)

Replacing equation (3.29) in equation (3.28) :

h Jamm
Y(s) = (I=A)—As) (3.30)

Summary
This is the pgf of phase type negative binomial distribution with parameters (A + B)(A)-! and

(I —A) for 0 <A< 1. Any data set that has the values of A> 0 and B > 0, the most appropriate
frequency distribution is the negative binomial distribution.

Theorem 3.2.3 (Properties of phase type Negative Binomial distribution). Letting A from
equation (3.30) be Q and B = (a — 1)Q the properties of phase type Negative Binomial distribution
are expressed as:

(@) pof
Y(©) =Y{[l -QIll -sQl-1}*17 B
(b) Expectation
E(N) = aYQ[I -Q]-*17 B
() Variance

var(N) = a¥{Q?[1 -Ql-2+Q[l -Q]-1}1" B
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B b I 3

(@) The pmf of phase type Negative Binomial distribution is:
n+a-1 n+a-1
y(h) = [I-QleQ" y(f) = PaQ"

n n

The pgf of n is given by:

vo=Yyms =y "Il e _pey 0 T sy
I ?FO ig =0
Y(s) =P2 1-Qs = P[I-Qs]! B

P can be expressed in terms of Q as P = [I — Q] hence equation (3.34) can be written as:
’ I’ a
Y(s) = [I-QIlI-sQJ! B

Equation (3.35) can be transformed to a proper pgf by multiplying by Y on the left hand side
and-1" on the right hand side to become:

’ 1
YO =Y [I-Qlll-sQ]-'* B
which is the pgf of Phase type Negative Binomial distribution. Derivative of pgf can be used
to obtain other properties of phase type Negative Binomial distribution. The derivatives of

equation (3.34) are obtained as:

Y'(s) =aP2Q[l —sQ]--1! B
Y"“(s) =a(a + 1)P2Q2[l —sQ]-a-2 B

In general the k™ factorial moments is given by:
Y&s) = a(a + 1)(a + 2)...(a + k — 1)PaQ¥[I — sQ]-a-K
(b) E(N) = Y'(1) hence equation (3.37) can be expressed as:
Y'(s) =aP*Ql[l — Q]! = aP*Q[l - Q]-*[I - Q]!
Hence:
E(N) = aQ[l — Q] B
Equation (3.39)can be written as a proper expectation as:

E(N) = aYQ[I - Q-1 P



25

(c) Variance of N can be expressed as shown in (3.24) and Y “(1) can be obtained from equation
(3.38) as:

ala + 1)PeQ2[l — Q]a-2 = a(a + D[I - QI*Q[l — QJ*-2
ala + 1)Q[I — Q]2 B

Y (1)
Y'(1)

Hence equation (3.24) can be expressed as:

Var(N) = a(a + 1Q2[1 — Q12 + aQll — Q11 — a2Q?[1 — Q]2
=aQ?[l - Q]2 + aQll — Q]!

var(N) =a Q2[1-QJ-2+ Q[ -QJ-! B

Equation (3.42) can be rewritten as :
Var(R) = o Q[1-Q]2 +QlI - QI 17 B

(ii) WhenA<0,B>0
From equation (3.10) replacing the A and B results to:

Y '(s)

W = (A + B)(I — AS)f1

From equation (3.30) we know that:
h (A+B)A™1
Y (s) =is(l — A)(I — As)

Let (A+B)(A)1=-M
Where M is a positive matrix .

Therefore:
h i, h i
Y(s)= (I1-A)(I1-As)-1 = (I-As)(I-A)-1
Y() = 1(-A)-1-[AU-A)1]s YE) = (I-A) 1+ -AU-A-1s (344
Summary

This is the pgf of phase type binomial distribution with matrix parameter M. This means that for
any data with matrix of value A <0 and matrix of value B > 0 the most appropriate frequency
distribution for that data set is phase type binomial distribution.

Theorem 3.2.4 (Properties of phase type Binomial distribution). Letting A from equation
(344) be — (I — Q) Qtand B = (a + 1) (I — Q)Q-1 the properties of phase type Binomial
distribution are expressed as:
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a) pof
Y($) = Y[Ps+QJ1T B
b) Expectation
E(N) = a¥Y[l-QHT B
¢) Variance
Var(N) = a¥{[l - QIQ}1" 87

Proof of theorem 3.2.4

(@) The pmf of phase type Binomial distribution is:

=" a-Qreen  yw= 7 prga
n n
The pgf of n is given by:
0 o0 a
Y(s) = ms" = P"Qa " = (Ps+ Q)¢ (3.48)
O 2o

Equation (3.48) can be transformed to a proper pgf by multiplying by ¥ on the LHS and-1T
on the RHS to become:

Y($) =Y[Ps+QloiT (3.49)

which is the pgf of Phase type Binomial distribution. Derivative of pgf can be used to obtain
other properties of phase type Binomial distribution. The derivatives of equation (3.48) are
obtained as:

Y'(s) =aP[Ps + Q]o-1 (3.50)
Y “(s) =a(a — 1)P2[Ps + Q]a-2 (3.51)

In general the k™ factorial moments is given by:
Y*s) = ala — 1)(a — 2)...(a + k — 1)PX[Ps + Q]o—*
(b) E(N) =Y'(1) hence equation (3.50) becomes:
Y'(1) =aP[P + Q]o-1 = aP = afl - Q]
Hence:
E(N) = afl — Q] (3.52)
Equation (3.52) can be wriNen as a proper expectation as:

E(N) = a¥[l -QHT (3.53)
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(c) Variance of N can be expressed as shown in (3.24) and Y “(1) can be obtained from equation
(3.51) as:

Y “(1) =P2a(a — 1)[P + Q]o-2 Y"(1) = P2a(a — 1) (3.54)
Hence equation (3.24) can be expressed as:
Var(N) ={P2a(a — 1) + Pa — P2a?} = Pa[l — P] = PaQ (3.55)
Equation (3.55) can be rewriNen as :

var(N) = aYPQ1T (3.56)

(iv) WhenA>0,B=0

From equation (3.11) replacing A and B it becomes :

Y'(s) d 0 0
=(A)(I — As)-1 ~InY (s) = (A)(I — As)~1 dInY(s) = (Al —As)-1ds
Y (s) ds
Introduce a negative sign:
U U
dinY(s) =— (=A)(I —As)-1 ds InY(s) = —In(l —As) +InC
Therefore:
Y(s) =(C)(I — As)-1 (3.57)
Lets=1
Y (1) =C(l — A1 | =C(l-A)! C=1-A (3.58)
Combining equation (3.58) and equation (3.57) results to:
Y(s) =(I — Al — As)-t (3.59)

Summary
This is the pgf of a phase type geometric distribution with parameter (I — A).
i.e Ph=AY—-A) n=20,1,2,..

For any data which has its value of B = 0, the suitable frequency distribution is phase type
geometric distribution and its mean should be greater than its variance.

Theorem 3.2.5 (Properties of phase type Geometric distribution). Letting A from equation
(3.59) be Q and B = 0 the properties of phase type Geometric distribution are expressed as:
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(@) pof
Y($) =Y[I-sQ]- 1[I - QHT p
(b) Expectation
E(R) =¥Qll -Ql-1" B
(c) Variance
var(N) =¥Q2[I -Q]-2 + Q[I - Q]-*1" B

Proof of theorem 3.2.5
(@) The pmf of phase type Geometric distribution is:
y(f) =Q"[I - Q] y(f) =Q"P
The pgf of n is given by:

Y(s) = Z y(A)s" = Z Q"Ps" = P[I - Qs]-1 (3.63)
n=0 n=0

Equation (3.63) can be transformed to a proper pgf by multiplying by ¥ on the LHS and1T
on the RHS to become:

Y(S) =¥Y[I-QJll -Qs]-HT (3.64)

which is the pgf of Phase type Geometric distribution. Derivative of pgf can be used to
obtain other properties of phase type Geometric distribution. The derivatives of equation
(3.63) are obtained as:

Y'(s) =QP[l — Qs] -2 (3.65)
Y "(s) =2Q2P[l — Qs]-3 (3.66)

In general the k™ factorial moments is given by:
YX(s) = kIQ*P[I — Qs]—*+D
(b) E(N) =Y (1) hence equation (3.65) can be expressed as:
Y'(1) =QPP-2 Y'(1) = QP!
Hence:
E(N) = QP! (3.67)
Equation (3.67) can be wriNen as a proper expectation as:

E(N) =YQP-HT (3.68)
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3.3

(c) Variance of N can be expressed as shown in (3.24) and Y “(1) can be obtained from equation
(3.66) as:

Y (1) =2Q2PP-3 Y"(1) = 2Q2P-2 (3.69)
Hence equation (3.24) can be expressed as:
Var(N) =2Q2P-2 + QP-1 — Q?P~2 =Q%»P%2+QP! (3.70)
Equation (3.70) can be rewriNen as :

Var(N) = YQ2P-2 + QP-HT (3.71)

Compound distributions of Panjer class (a, b, 0) distributions with severity
distributions

This section develops and applies compound phase type distributions (CPHD) in modeling secondary
cancer cases for distributions of Panjer class (a, b, 0). Compound distributions considered in previous
researches do notin cooperate diseases with transition phases, which can be considered by compound
phase type distribution(CPHD). Convoluting pgf of count distribution and pgf of severity distribution,
the pgf of compound distributions can be derived.

Definition 3.3.1. Let N be a random variable whose pgf is Y (s) and Gi, ..., Gy is a set of independent

and identically distributed random variable which has a common pgf X (s) which is independent from
N, therefore the pgf of compound distribution is illustrated as:

Z(s) = Y[X(s)] B

3.3.1 General expression of phase type compound distributions

Theorem 3.3.2 (Compound PH-Poisson ). If the pgf of N ~ PH — P(A) the compound pgf of N is:

Z(S) — ¥e/\ Lx[X(s)]-1 _1T B

where Lx[X (S)] represents Laplace transform of the claim amount distribution for continuous severity
distributions.

Proof of theorem 3.3.2
Let the pgf of the compound distribution be illustrated as Z(s) = Y [X (s)], hence replacing the pgf of
frequency distribution as shown in equation (3.18) it becomes:
h i
Z(s) =Y Lu[X(3)] = yet BIXOI 4T (3.74)
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Theorem 3.3.3 (Compound PH-Negative Binomial ). If the pgf of N ~ PH — NBin(Q, a) the compound
pof of N becomes:

. h i1
26 =Y P I- LiX®] [I-P] 1 5

where Ly[X(s)] is as the Laplace transform.

Proof of theorem 3.3.3
Let the pgf of the compound distribution be illustrated as Z(s) = Y [X(s)], hence replacing the pgf of
frequency distribution as shown in equation (3.35) it becomes:

7(s) =Y Ly[X(S)] “Y Pl LX) n-p Vs (3.76)

Theorem 3.3.4 (Compound PH-Binomial ). If the pgf of N ~ PH — Bin(Q, a) the the compound pgf
of N becomes:

h i
Z(s) =Y P LX(9)] +[I-P] 1 g7

where Ly[X(s)] is as the Laplace transform.

Proof theorem 3.3.4
Let the pgf of the compound distribution be illustrated as Z(s) = Y [X(s)], hence replacing the pgf of
frequency distribution as shown in equation (3.48) it becomes:

7(s) =Y [LIX©)]] Y P LIXE)] +[1-P] 1T (3.78)

Theorem 3.3.5 (Compound PH Geometric ). If the pgf of N ~ PH — Geo(Q) the the compound pgf of
N becomes:

h i
Z(S) =Y I- LJX@®)] [1-P] P17 )
where Ly[X(s)] is as the Laplace transform.
Proof of theorem 3.3.5

Let the pgf of the compound distribution be expressed as Z(s) = Y [X(s)], hence replacing the pgf of
frequency distribution as shown in equation (3.63) it becomes:

26 =Y[LIXOI =Y 1- LIX©] [1-P] P17 (3.80)
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3.3.2 Laplace transform and probability generating function of severity distributions

The continuous severity distributions taken into consideration in this study are; Weibull, Pareto
and Generalized Pareto. Most continuous distributions do not have probability generating function

hence their Laplace transforms are derived and replaced in equation (3.74), (3.76), (3.78) and (3.80) to
get the pgf of the compound distributions.

(i) Weibull distribution
The Laplace transform of Weibull distribution can be derived as:

LxX(s) =E[e—¥]

U
© Q X B-1 X
LyX(s) = g-% e ¥ dx
0

a a
B L'(B)
a [sa +(X)F-1]8 (381

LyX(s) =

(ii) Pareto distribution
The Laplace transform of Pareto distribution can be derived as:

LxX (s) =E[e~*]
U o g~ X
LX) =aB o C

X+ )a+1
Lx = ° (krfourk) k!

x (8) :Bookz‘b(_l) k! T'(q) sz+1

L X k_a T'(a+k)
JO=3 (1

(3.82)
= () B2+2

(iii) Generalized Pareto distribution
The Laplace transform of Generalized Pareto distribution can be derived as:

LxX(s) =E[e—¥]
U

0 a—1
LX(9) = e X
1 Ty~ aty xk

= d
SO =gy TS k4

— 1 « —(a+y) "~ y+k+1-1 j—sx

TR B o O e
L X s 1 —(a+y) I'(a +Kk)

(3.83)
x () :AV,B (a,y) kZ::O Ak sa+k

The discrete distributions considered in this study are one parameter Poisson Lindley and two
parameter Poisson Lindley distributions which have probability generating functions expressed as:
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(i) One parameter Poisson Lindley distribution
The probability generation function of one parameter Poisson Lindley distribution can be

derived as:
v 62
A(l S) oA

X(9) = . e I+9(1+/\)e dA

62 hu 0 U © i
)((3) _ Ae—A(1+6-5)4) n e A @ +1-5)4)

I+6 o ) 0

62 N gip_s|

(3.84)

X(S):1+9 [6+1—g]2

(i) Two parameter Poisson Lindley distribution
The probability generation function of two parameter Poisson Lindley distribution can be

derived as:
02 oh ¢ ix 92 % h Ix
X(s) = (—[Z @+1) +(9+1)2(09+1));)(G+X)9—
X s ab|[6 +1—s]+e2 (3.85)

( ):(ae +1)[06 +1—5]?

3.3.3 Compound phase type distributions probability generating functions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (3.74) the pgf of the compound
distributions of PH-Poisson with severity distributions are:

Distributions Pgf of compound phase type distributions

7(s) = Ye Erarifap—1 4

PH Poisson-Weibull

A T* (—1)k—a_T@+k)
PH Poisson-Pareto Z(s) =Ye 0 @ pzk+2 4

1 o  =(aty) T(a+k)

A -
PH Poisson-Gen Pareto | Z(s) =Ye A'fan ko Ak <o byt

T

62  9+2-s _

A
PH Poisson-OPPL Z(s) =Ye 7 lo+is U

afl0+1-5]+62

PH Poisson-TPPL Z(s) =Ye (@o<vip+i-s2 4T
Table 3.1. Compound phase type Poisson distributions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (3.76) the pgf of the compound
distributions of PH-Negative Binomial with severity distributions are:
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Distributions Pgf of compound phase type distributions
= [ SN 5.V = A — 1 T
PH Neg Binomial-Weibull 2@ =% Pli- 2 —— (1-P)] ;L: .
PH Neg Binomial-Pareto Z(5) =Y Pli- Zw NS D “)I;:K; (1-p)Jr 1T
PH Neg Binomial-Gen Pareto | Z(8) = Y PlI- Ayﬁ(a,y) ZMOW (- P)O]r*1 17
3 Z 3
PH Neg Binomial-OPPL Z() =Y Pll- Py pitsr (-P)1 AT
- v pi - G001 SIT07 vy 4T
PH Neg Binomial-TPPL Z(s) =Y Pl ST (1-P)] 1

Table 3.2. Compound phase type Negative Binomial distributions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (3.78) the pgf of the compound
distributions of PH-Binomial with severity distributions are:

Distributions Pgf of compound phase type distributions
PH Binomial-Weibull 2O =X P ey TUPL ]
PH Binomial-Pareto Z5)=Y P Z‘::O(—l)k . 1;:;’ FA-P) -1;
PH Binomial-Gen Pareto | 2&) =Y P WZ‘%O—WH){(HK) + (I,;P) e
PH Binomial-OPPL Z(s) =¥, P 2 iyt _p),a—lT
PH Binomial-TPPL Z(s) =Y P (ngﬁ[lei]f_i]z +(U-P) 4T

Table 3.3. Compound phase type Binomial distributions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (3.80) the pgf of the compound
distributions of PH-Geometric with severity distributions are:

Distributions Pgf of compound phase type distributions
’ v -1
PH Geometric-Weibull Z(s) =Y |- %[T% (1-P) P17
’ » —1
PH Geometric-Pareto Z&) =Y 1- y%2_ (-1 & )rg(fzk) a-pP) P17
Z8) =Y - z (@) I@FK) ([-P PT
PH Geometric-Gen Pareto ) AYB(a,y) zk:o—/ﬁ‘—sﬁk— { )
PH Geometric-OPPL FYTT T e e YT T
- oy able+1-s146% 1 oy TpaT
PH Geometric-TPPL Z2(s) =¥ | @O DTS a1-pP) P

Table 3.4. Compound phase type Geometric distributions

3.4 Phase type Panjer recursion formula for class (a, b, 0)

Phase type Panjer recursion formula is obtained from the pgf of the phase type distributions of

aggregate losses, claim count distribution and claim amount distributions. Let Z(s),

Y (s)

and X(s)
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be M x M matrix representing the phase type aggregate loss, phase type claim count distribution pgf
and phase type claim amount distribution pgf respectively.

Theorem 3.4.1. B p M H b B (@, b,0) k& If the distribu-
tion of N belongs to Panjer class (a, b, 0) therefore it should satisfies the following equation:

© x h i,
Z(j) = Z‘iy(x)z j- X A+B—j I — Ay(0)

where Z(j) is a M * M matrix and Z(0) is the initial matrix.

Proof of theorem 3.4.1
The pgf of phase type aggregate loss distribution is expressed as:

Z(s) =E[s*] = > Z(j)s’
j=0

The pgf of phase type frequency distribution is expressed as:
Y =ElsY] = Y P’
n=0

The pgf of severity distribution is expressed as:

o0

X(s) =E[s"] = > y(x)s*
x=0

Phase type aggregate loss distribution can be represented as a convolution of the pgf of phase type
claim count distribution and pgf of claim amount distribution as:

Z(s) = Y [X(s)] (3.86)
Equation’s (3.86) first derivative is:
Z'(s) = {Y'IX'(SIX(s) (3.87)
The pgf of phase type claim count distribution is:
Y(s) = z Pns” (3.88)
n=0

Combining equation (3.86)and equation (3.88) it becomes:

Z(s) = Y PalX(©)I" (3.89)
n=0



The first derivative of the pgf of the phase type aggregate loss distribution as expressed in equation

(3.89) is:

0

Z'(s) = >’ nPa[X(s)]"-1X(s)

n=0

Phase type Panjer's model is expressed as :
B
Pn = A‘|‘n Pn-1 n=1,2,3,..
Multiplying all through by n equation (3.91) becomes:

NPh= nA+B Pp1 n=1,2,3,..

Multiplying equation (3.92) by [X(s)]"-1X'(s) and adding the result over n it results to :

o0 o0

S PAX @] IX(S) = 3 (MA +B)Po 1[X(S)]™1X(5)

n=1 n=1

Merging equation (3.90) and equation (3.93) it becomes :

0 o0

Z'(s) = Y (n=DAPy-1[X($)]"-1X'(5) + (A + B) D Pn-1[X(s)]"-1X(s)

n=1 n=1

By definition the pgf of phase type aggregate loss distribution is:
Z(s) = Y Z(j)s’
j=0
The first derivative of equation (3.95) is :
Z(s) =) jz(jsi
=1

By definition the pgf of severity distribution is:

[00]

X(s) = ) y(x)s"

x=0

Equation’s (3.97) first derivative can be expressed as:

(3.90)

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)
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Merging equation (3.94) and equation (3.96) it becomes:

o0 o0 o0

Y iz(pst = S (- P aX@PIXE +A+B) Y PalX@PIXE  (399)
= n=1 n=1

Apart from equation (3.95) Z(s) can be shown as:
Z(s) = 3 Pn 1X(9)]"1X(s)’ (3.100)

Hence the first derivative of equation (3.100) ;

0

Z'(s) = Z (n DPn 1[X(s)]"-2X'(s) (3.101)
n=2

Merging equation (3.100), (3.101) and equation (3.99) it becomes:

Z JZ()si-1 =A X(s)Z'(s) + (A + B)Z(s)X(s)

=AY y0s* > JZ(Ps1 + (A+B) Y Z(Ps! D xy(s* (3.102)
X= j=1 j=0

x=1

Multiplying equation (3.102) by equation (3.90) it becomes :

Z st =A Z y()s* > jz( j)si + (A +B) > j)s? > xy(x)s* (3.103)
j=1 = j=1 j=0 x=1
But we know:
Y izt = Y, (1=xZ(j—x)s'* (3.104)
j=1 j=x+1
and
Y Z(j)s! = Z Z(j —x)si~* (3.105)

i=0

Combining equation (3.103), (3.104) and (3.105) it becomes :

Z]Z j)s! AZ Z (j — x)y( J—x)sJJr(AJrB)ZZ(j—x)sJ Xny(x)sX
x=0 j=x+1 J=X x=1
=AY > (=X)y(0Z(j —X)sj + (A + B)Z > XYZ(j —X)s;
x=0j= x+1 =1x= 1
Z Z J =0y00Z(j = ks + Y {A+B) 3 xy(0Z(j =)l (3.106)

j=1 x=1
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Combining the coefficients of s/ in equation (3.106) it becomes :

iZ() =AY (j=Xy0Z(j —x) + (A+B) > xy()Z(j —X)
Xx=0 x=1
=AJy(O)Z()) +A > (1 —xyXZ(j —x) + (A+B) >’ xy(x)Z(j —x) (3.107)
x=1 x=1

Factoring out | —Ay(0) in equation (3.107) it becomes:

» h [

|- AY(0) JZ() = A~ %)+ (A+BIXYKZ - X
x=1

| _ Ay(0) jZ(j):i Aj +BX Y(X)Z j - x (3.108)
x=1

The recursive form of the compound distribution is found by dividing equation (3.108) by | —Ay(0) |
to get:

" # #_4
Z()= ). Aj+BX YOZ j-x  I-Ay(0) ] (3.109)

x=1
Equation (3.109) can be rearranged to:
o x h i_q
Z(j) = Ziy(x)z j-x A+BT | _AyQ0) (3.110)
& J

Z(j) can be expressed as a row vector as YYZ(j) hence equation (3.110) becomes:

h i,

o0 X —
Z()) = z;y(x)z j-x A+B. | _Ay0) (3.111)
= J
The initial aggregate loss probability matrix is exprgssed;as:
n
Z0 yo P (3.112)
( ): Z ( ) n
n=0

Z(j) can be expressed as a probability as:

2(j) =YZ(j1"

Phase type distributions of class (a,b,1) and its aggregate loss distribution
recursively

3.5.1 Phase type distributions of class (a,b, 1) using iteration technique



38

Theorem 3.5.1 (Phase type Panjer class (a, b, 1) distributions). The distributions arising from

phase type Panjer recursive model
B
Pn= A+ 0 Pr-1 forn=2,3,4,..
are:
(i) Phase type Zero-truncated Poisson distribution when A = 0,B > 0.

(i) Phase type Shifted (zero-truncated) geometric distribution when A > 0,B = 0.

(iii) Phase type Zero-truncated Negative Binomial distribution when A > 0,A+ B > 0.

Proof of theorem 3.5.1

() When A=0,B>0

Equation (3.113) becomes:

B
I:)n:EPn—l
n=2;
B
P2=EP1
n=3;
p B B B B2
3=_P2 =_ % _P1 = —
372 3!P1
n=Kk;
Bk—l
Pk:Tpl k=2,34..
Px can be expressed as:
Z k=1 P1+Zpk—| P1+Z—P1—I
Bk-1
P1I+Z = plBlzk'— PB-1e® _1)=1

P1=B(E8-1)!

(3.114)
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Therefore:
Bk—l
P« :T* B(e® —1)~1 P = [BX(BKk!)-1]%[(B)(eB® —I)-1] (3.115)
P« =[B¥][Kk!(eB — I)]-1 k=0,1,2,... (3.116)

This is phase type Zero-truncated Poisson distribution with parameter B> 0 .

Theorem 3.5.2 (Properties of phase type Zero-truncated Poisson distribution). Letting
A from equation (3.116) be 0 and B = A the properties of phase type Zero-truncated Poisson
distribution are expressed as:

(@) pof
X(§) =Y[AeM][er - 1] - 117 g 7
(b) Expectation
E(N) =YA[l —e-2]-#T B
(c) Variance
Var(N) = A[l -e-*]-1 B

Proof of theorem 3.5.2
(@) The pmf of phase type Zero truncated Poisson distribution can be shown as:
f(n) = A"[(e*-NDn']-1 n=1,2,3,..

The pgf of n is given by:

X(s) =) f(n)s" = 3 A" - hn!]-1s" = [1(e* = 1)-1] e — |
n=T n<T
X(s) =[e* —1][e* —1]-1 (3.120)

Equation (3.120) can be transformed to a proper pgf by multiplying by % on the LHS and
1T on the RHS to become:

X(©) =Y[er - 1][er-1]-H1T (3.121)

Derivative of pgf can be used to obtain other properties of phase type Poisson distribution.
The derivatives of equation (3.120) are obtained as:

X'(s) =[Ae™][eM - 1]-1 (3.122)
X"(s) =[Aze™][e? —1]-1 (3.123)

In general the k™ factorial moments is given by:

X¥s) = [Ake™][e? — 1]-1



(b) E(N) = X'(1) hence equation (3.122) can be expressed as:

X'(s) =[Ae™][e* —1]-1

Hence:

E(N) = All -e2]-1
(c) Variance of N can be expressed as:

Var(N) = X"(1) + X'(1) — [X'(1)]2

X'(1) = [AeM][e* - 11

X"(1) can be obtained from equation (3.123) as:

X"(s) =[AzeM][e* - 1]-1

Hence equation (3.126) can be illustrated as:

Var(N) =A2[l —e=2]-1 + Al —e-A]-1 — A2[| —e-"]-2
Var(N) =YA[l —e-A]-HT

(i) WhenA>0,B =0

Equation (3.113) becomes:

n=2;
n=3;
P3 =AP2
n=Kk;
Pk =A-1P;

Py can be expressed as:

Z Pk =1

k=1

P+ STACT

Pn = APn—l
P2 = APy
=A% AP:

k=2,3,4..

P1+ZP|<=1
k=2

PLY AT =
k=1

E(N) = YA[l —e-2]-HT

X"(s) =

X(1) = A[l —e-7]-t

(3.124)
(3.125)
A2l —e-2]1 (3.126)
= All —e-]-1
(3.127)
(3.128)
= A2Pq
Pi+ ) A1py = |
k=2
Pl - A =1
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Therefore:

Py = A-1(] — A) (3.129)
This is a phase type Zero-truncated geometric distribution with parameter 0 <1 —A<|.
Theorem 3.5.3 (Properties of phase type Zero-truncated geometric distribution). Let-

ting A from equation (3.129) be > Q and B = 0 the properties of phase type Zero-truncated geometric
distribution are expressed as:

(@) pof
X(§) =YP[Q - Q2s]-HT B
(b) Expectation
E(N) =YP-HT R
(c) Variance
var(N) =¥1-P-HT B

Proof of theorem 3.5.3

(@) The pmf of phase type Geometric distribution is:

f(n) =P[l —P]"1 f(n) = PQ"-1
The pgf of nis given by:
X(S) = Z f(n)s” = Z p[| _ p]n_lsn
"B : R W
g Siop 2 0P TP 1-(-Ps (3.133)
X(s) =YPIQ- Q211 (3.134)

which is the pgf of Phase type Zero truncated Geometric distribution. The derivatives of
equation (3.134) are obtained as:

X'(s) =Q?P[Q — Q]2 (3.135)
X"(s) =Q*P[Q — Q%] -3 (3.136)

In general the k™ factorial moments is given by:

X(s) = Q¥P[Q — Q2] -1



(b) E(N) = X'(1) hence equation (3.135) can be expressed as:

X'(1) =Q*PIQ - Q]2 =P[l - Q]2 p-1

Hence:
E(N) = P-1 E(N) =YP-HT (3.137)

(c) Variance of N can be expressed as shown in (3.125) and G"(1) can be obtained from equation
(3.136) as:

X"(1) =Q*P[Q — Q2] -3 = QP[l - Q]-3 = QP-2 (3.138)

Hence equation (3.125) can be expressed as:

Var(N) =Q[I = Q]-2+[I —Q]-* —[I — Q]2 = Q[ = Q2+ 1[I =Q]-1 - I[I - Q]2
Var(N) =1 -P-1 var(N) =Y -P-HT (3.139)

(i) WhereA>0,A+B>0

Equation (3.113) becomes:

Pn = —nA:B Pn-1 n=23,4,.. (3.140)
n=2;
P, — 2A+B .
2
n=3;
Ps3 =MP2 =3A+B*2A+BP1 = 3A+B 2A+B Py (3.141)
3 3 2 31
n=Kk;
P =(A+B)(k DA+BI..BA+B)2A+ B)%
h ' ip
=A1 Kl +BA-1 (k—1)I + BA-1= 31 +BA-1 2| +BA-! —1k|
h - i
P
=AXA+B)-1 BA-1+kI BA-1+Kk-=1Dl.... BA-1+31 BA-1+21 BA-1+] ! __
_1 BA-1+KI
—AA+B)" P,

" (3.142)



P can be expressed as:

lilpk:l

P1+§2AK(A+B)—1 BA;* ke

aé(Ak)(m B)~! BA_; S

A(A+ B)_lk;ilAk BA-1+ |k|+ k=1

Pu(A + B)-1 ﬁ A D —[(BA)S—1+ o,

P(A+ B)lé]1 LA E:()lA_l ' _I] (A =1
B |

Pi(A + B)-1 (I — A)-[A+BATT _ | — |
P1(A +B)-1 = [(I — A)-TA+BA T )1

Pi=(A+B)[(I —A)IABA T -1 k=1723,.. (3.143)
Therefore:
_1 _
Pk:Ak(A—i—B)_l BA k|+ ki Q& +B)[(I- A)—[(A+B)A g B |]—1
" B # #_q
p= TAEBA Ay goaeea (3.144)

This is Zero-truncated Negative Binomial distribution with parameter (A + B)(A)-1 >0
0<I-A<I

Theorem 3.5.4 (Properties of phase type zero-truncated Negative Binomial distribution).
Letting A from equation (3.144) be B [I + B 1]-tand B = [(r — 1)B ][I + B I]-1 the properties of phase
type Zero-truncated Negative Binomial distribution are expressed as:

(@) pof

XO = [1-BIG- DI (4B 1= +pD-r M7 B

(b) Expectation

EN)=Y rB I-(1+81)" M7 B
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(c) Variance

Var(N) =% rB[(l+,8|)—(1+,B+rB)(|+,B)—f]} [l—(|+,3|)‘r]‘2}_11T L)

Proof of theorem 3.5.4

(@) Letthe X(s) = 37, f(n)s" hence:

=Y rr+1)..c+n-1) n[A+8D)" =1 L BU+BN-1"
2

n=1 . 1 . H H _1|n
— (1+81) —| an r(r+1)...rg|r+n—1) BI(I + B)
n=1 )
X(s) =Y [I-Bl(s-D]"-l +[3I]J} -l +,8I)*'} 4T (3.148)

(b) The expectation of Zero-truncated Negative Binomial distribution can be derived from equation
(3.148) based on the fact that E(N) = G'(1) hence:

X@s) = rBs I—(+BH-T *

EN)=YrB I-(+BD-" HT (3.149)

(c) The variance of Zero-truncated Negative Binomial distribution can be derived as:
Var(N) =E(N2) — [E(N)]?
Var(N) =Y rB[(I1+B8D -1 +B +rB)( +,8)*']} (- +ﬁ|)*r]*2} 4T (3.150)

Compound distributions of Panjer class (a, b, 1) distributions with severity
distributions

Compound phase type distributions (CPHD) used in modeling secondary cancer cases for distri-
butions satisfying of Panjer class (a, b, 1) are developed in this section. Distributions of Panjer
class (a, b, 1) are zero truncated hence they do not factor in zero claim count which is the nature of
real claim count data. Convolution of probability generating functions of claim count distributions
and probability generating function of claim amount distributions can be used derive probability
generating function of compound distributions as shown in definition (3.3.1).

3.6.1 General expression of phase type compound distributions

Theorem 3.6.1 (Compound PH Zero-truncated Poisson distribution ). If the pgf of N ~ PH —ZTP(A)
the compound pgf of N is:

h ih i
Z(S) =Y AeA Lx[X ()] eA -1 _1T E
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where Ly[X(s)] is as the Laplace transform.

Proof of theorem 3.6.1

Let the pgf of the compound distribution be expressed as Z(s) = Y [X(s)], hence replacing the pgf of
frequency distribution as shown in equation (3.117) it becomes:

h i
Z(s) =Y Lx[X(9)]

h ih i
=Y Aer Li[X(9)] eh o 1T (3.152)

Theorem 3.6.2 (Compound PH Zero-truncated Geometric distribution ). If the pgf of N ~ PH —
ZT Geo(Q) the the compound pgf of N is:

h i
29 =YP Q-QLX(E)] T

where Ly[X(s)] is as the Laplace transform.

Proof of theorem 3.6.2

Let the pgf of the compound distribution be expressed as Z(s) = Y [X(s)], hence replacing the pgf of
frequency distribution as shown in equation (3.130) it becomes:
h i
Z(s) =Y L[X(s)]
h i_q
=YP Q-Q2LX(s)] + (3.154)

Theorem 3.6.3 (Compound PH zero-truncated Negative Binomial distribution ). If the pgf of N ~
PH — ZTNeg Bin(B, r) the compound pgf of N is:

268 =Y [1-BILIX O] - DI~ [+ 8117 1=+ 0" 4T

where Ly[X(s)] is as the Laplace transform.

Proof of theorem 3.6.3

Let the pgf of the compound distribution be expressed as Z(s) = Y [X(s)], hence replacing the pgf of
frequency distribution as shown in equation (3.145) it becomes:
h i
Z(s) =Y Ly[X(9)]

=Y [1-BI(LXE)]-D]" -1 +8 |]—f} I-(1+8 |)—f} 4T (3.156)

The Laplace transforms and probability generating functions are as shown in Subsection (3.3.2)



3.6.2 Compound phase type distributions probability generating functions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (3.152) the pgf of the compound

distributions of PH-Zero-truncated Poisson with severity distributions are:

Distributions

Pgf of compound phase type distributions

PH Zero truncated Poisson-Weibull

A B I8
a 18
WA fsa+( %8 1] T
Z(9 =-YA¢E a—1 1

C(a+k
A SReo DGR RT

PH Zero truncated Poisson-Pareto Z(s) =Y 1¢ eA—t 17
Ay 1 5o —(a+y) Ta+k
PH Zero truncated Poisson-Gen Pareto | Z(s) = Y2 2@ F:?O_; M f“k 17
A 1259 6+2-s
PH Zero truncated Poisson-OPPL Z(s) = YAhe AT 4T
ab[6+1-s]+62
PH Zero truncated Poisson-TPPL Z(s) =YAhe aeet‘l_?ﬂ_s 17

Table 3.5. Compound phase type Zero truncated Poisson distributions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (3.154) the pgf of the compound

distributions of PH-Zero truncated Geometric with severity distributions are:

Distributions

Pgf of compound phase type distributions

PH ZT Geometric-Weibull

Z()=YPQ-Q2F __ B 1]

a [sa+(QF11P

— _ 2 o0 _ K g T\a 1~y T
PH ZT Geometric-Pareto Z(s) =¥YP Q-Q?3» (DL ™7 1
_ k=0 Fa B2k+2
PH ZT Geometric-Gen Pareto | “©/ = 77 ¥ ¥ )3 T
S=TF A_V'B(E’Y,) k=0 Ak Sal+k
PH ZT Geometric-OPPL ¢ hV AN st §
i — A2 aflB+1-s+8 © LT
PH ZT Geometric-TPPL Z(s) =YP Q-Q* T o7 1

Table 3.6. Compound phase type Zero truncated Geometric distributions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (3.156) the pgf of the compound

distributions of PH-Zero-truncated Negative Binomial with severity distributions are:
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3.7

Distributions

Pgf of compound phase type distributions

PH Negative Binomial

B Y
Z&) =Y 1-Bl, araror !

LI g

-TPPL

. B T T R I (. (S
-Weibull h h 1(a+K; i,
= p K
PH Negative Binomial | £ =Y 1-81 > (D2 -
U4BIT -+ 1T
-Pareto h ” i,
PH Negative Binomial | Z(5) =¥ 1-BlI %V,Zf:o_(jff)f;if -1
-[1+B1-" I-(+B1-" 1H
-Gen Pareto _h h i i
2
PH Negative Binomial ZG) =Y -8l P i N |
-[I+gIi-- 1-a+pn" 1
OPPL [ ,Bh ] (1+B1) i
2
PH Negative Binomial Z(s) =Y 1-Bl  Glo e, |
N4BIT -0+ 1T

Table 3.7. Compound phase type Zero truncated Negative Binomial distributions

Phase type Panjer recursion formula for class (a, b, 1)

The pgf of the phase type distributions of aggregate losses,frequency distribution and severity
distributions are used to derive phase type Panjer recursion formula. Let Z(s), Y (s) and X (s) be

M *x M matrix representing the phase type aggregate loss, PH count distribution pgf and phase type

severity distribution pgf respectively.

Theorem 3.7.1 (Recursive form of phase type class (a, b, 1) compound distribution). If the

distribution of N belongs to class (a, b, 1) group then it follows the following recursive formula:

h

Z(G)= P~ (A+BR YT Y y00Z j-x A+B, 1-A/0)

x=1

where Z(j) is a M % M matrix and Z(0) is considered as the initial matrix.

Proof of theorem 3.7.1

The pgf of phase type aggregate loss distribution is expressed as:

Z(s) =E[s*V] = > Z(js’
j=0

The pgf of PH frequency distribution is expressed as:

YO =EN =Y P
n=0
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The pgf of phase type severity distribution is expressed as:
X(s) =E[s"] = > y(x)s*
x=0

Phase type aggregate loss distribution can be represented as a convolution of the pgf of phase type
claim count distribution and pgf of phase type claim amount distribution as:

Z(s) =Y [X(s)] (3.157)
The first derivative of equation (3.157)is:
Z'(s) = {Y'[X'G)}X'(s) (3.158)

It is known that the pgf of PH frequency distribution is:

o0

Y(s) = Z Pps" (3.159)
n=0

Combining equation (3.157) and equation (3.159) results to:

Z(s) = ) PalX(®)" (3.160)
n=0

The first derivative of the pgf of the phase type aggregate loss distribution as expressed in equation
(3.160) is:

0

Z'(s) = Z NPA[X (s)]"-1X'(s) (3.161)
n=0

Phase type Panjer's model is expressed as :
B
Ph= A+ . Pn-1 n=2,734,.. (3.162)

Multiplying all through by (n — 1) equation (3.162) becomes:
h B i
(n—=1Pn= (n—-1)A+ _n( n—1) Pn_1
h g i

MPn=Pn= AN=" = A+BP.:

B
npn - Pn :(An + B)Pn—l - A+ _n Pn—l

B
NPy =(An+B)Ph-1+Pn— A+ _nPn—l (3.163)
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Multiply equation (3.163) by [X(s)]"-2X'(s) and sum the outcome over n resulting to:
P A B

“pP Xs "X's  ® pA BP Xs "' 2p Xs"2X's
n = n— n + n-—
ZZ [ ()] O=>,0 +)nal O] O+, . il O] (35.254)

Combining equation (3.161) and equation (3.164) it becomes :

Z'(s) = (n=DAPn-1[X($)]"-1X'(s) + (A+ B) D" Pn-1[X()]"1X'(s)
n=1 n=1
+n;Pn _ A+ f Po_1[X(s)]" X (s) (3.165)

By definition the pgf of phase type aggregate loss distribution is:
() =3 X(j)s? (3.166)
j=0

The first derivative of equation (3.166) is :

oe]

Z'(s) = Z jZ(j)si—1 (3.167)

j=1

By definition the pgf of phase type severity distribution is:

X(s) = Z y(x)s* (3.168)
x=0
Equation’s (3.168) first derivative is :
X'(s) = Z Xy(x)s*—1 (3.169)
x=1

Merging equation (3.165) and equation (3.167) it becomes:

3 JZ(Psi-t =ALY (= DPa-alX (S 1X () + (A + B)Y Y. Pooa[X (911X (s)
j=1 n=1 n=1
0 B n-1 '
+ Y Pi—(A+ PraXE] X () (3.170)
n=1

Apart from equation (3.166) Z(s) is also wriNen as:

Z(s) = Z Pn_1[X(s)]"-1 (3.171)
n=1
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Hence equation’s (3.171) derivative is ;

o0

Z'(s) = Y (n —1)Pn_1[X(9)]"2X"(s) (3.172)
n=2

Combining equation (3.170), (3.171) and equation (3.172) results to:

© jzjs-t AXsZ's A BzsX's P A TP g1y
Z () = () O+C +)(0) ()+Z n— ( +n)n—1[()] ()
=1 n=1 »
=AY Yy > JZ(j)si1+ (A+B) Y Z(j)sT Y xy(x)s*-1
x=0 =1 j=0 x=1
+> Po- A+ % Po_1[X(s)]" ! > xy(x)s* (3.173)
n=1 X=1

Factoring out s from equation (3.173) results to :

0

Y izZ(Ds' =AY y()s* Y jz(j)st + (A+B) Y Z(s’ D xy(x)s*
j=1 x=0 =1 =0

x=1
B n-1 *® X
+ Z Pn—(A+ )Pnﬁ1[X(s)] Z Xy(x)s (3.174)
n=1 X=1
But we know:
Y iz(psi = ), j—xZ(j-ws (3.175)
=1 j=x+1
and
Y. Z(jsj = Z Z(j —x)si* (3.176)
j=0
Combining equation (3.174), (3.175) and (3.176) results to:
Z iZ(j)s? Z (j—X)y(X)Z(j —x)s! + (A+B) Z Z (j — X)sIxy(x)
=1 =0 j=x+ T=x =1
B [o0]
+ Z Po A+ TPuaX()]"1 ) xy(0s® (3.177)
n=1 n x=1
Replacing equation (3.177) with n = 1 results to:
=AY Y (j—xyWZ(j—xs '+ (A+B) > Y xyzZ(j - X)s + P1—(A+B)Py Vi
x=0 j=x+1 ] X X= 1
0 0 j h i
=A > (—0yMZ(j—x)s '+ (A+B) Z xy()Z(j—x)s + P1—(A+B)Py Vi
X=0 j=x+1 =1x=1
0 ce] o0 i h |
=AY (G —0y00z(i—w}s |+ Z{ Z YOOZ(j — s+ P1—(A+B)Po Vi
j=1 x=0 j=1 x=1

(3.178)
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Combining the coefficients of s/ in equation (3.178) results to : i

iZioA X AB°°xyij p A BPY
()= z(—>()(—)+ + )Y OCr =+ )0
=AYOZ(R) +A > (= xyWZ(j =X + (A+B) ¥ xy(IZ(j —x)
h i
+ P1—(A+B)Poy; (3.179)
Factoring out | —Ay(0) in eqtgoat'H)n (3.179) results to; h i
I Ay 0 jZ ] Aj x A BxyxZj x P A BPy
— () ()= (=)+C+) () = + 1= +)o |
X; j
» h i h i
=Zi Aj—AX+Ax+Bx YXZ j-x + P1—(A+B)Po V]
. h i
I _ Ay(0) jZ(j):X1 Aj+Bx yX)Z j-X + P _(ALBRY; (3.180)
X=
The recursive form of the compound distribution is found by dividing equation (3.180) by | —Ay(0) j
to get:
¢ | )y .
_ i % X i_q
Zh= P _(A+BRYI+ Y, A+B Y00Z - () (3.181)
x=1

Z(j) can be expressed as a row vector as YZ(j) hence equation (3.1815becomes:
. X . -1
Z()= p-(A+BRYiTY A+ B, ¥60Z j- X ' Ay(0) (3.182)
x=1

The initial aggregate loss probability matrix is expréssedigs:
Z0 yo P

():Z () n

n=0

(3.183)

Z(j) can be expressed as a probability as:

2(J) =YZ(j1'

3.8 Chapter summary

The main objective of this chapter was to develop phase type Panjer class (a, b, 0) distributions,
phase type Panjer class (a, b, 1) distributions and their compound phase type probability generating
functions. Phase type distributions of Panjer class (a, b, 0) and class (a, b, 1) are developed using pgf
technique as well as their compound phase type probability generating functions. Panjer recursive
formulas for both classes are also developed.
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4.1

4.2

PHASE TYPE POISSON LINDLEY AND
ZERO-TRUNCATED POISSON LINDLEY DISTRIBUTIONS

Introduction

In this chapter phase type one parameter and two parameter Poisson lindley distributions can be
derived considering a mixing distribution which follows phase type lindley distribution. Phase type
Zero-truncated one parameter and two parameter Poisson Lindley distributions are also derived when
the prior distribution follows size-biased Poisson distribution (SBPD). These phase type distributions
are used to estimate claim frequency probabilities of secondary cancer cases. These distributions
are phase type distribution hence they in cooperates matrices. The matrix inverse of these matrix
parameters have been wriNen as fractions for simplification of the distributions appearance and
understanding. Matrices of these phase type distributions are derived using Chapman-Kolmogorov
equations as multi-state models hence in-cooperating secondary cancer transitions in claim frequency.
This improves projection of aggregate losses as it also in-cooperates the dynamic nature of cancer
and also heterogeneity aspect of claim data as they are mixture distributions. The phase type Zero-
truncated Poisson Lindley further affect estimation of claim count data as the do not in-cooperate
zero claim counts which can not aNract any claim severity amounts.

Phase type one parameter Poisson Lindley distribution

Definition 4.2.1. A random variable X is considered a PH one parameter Poisson Lindley distribution
if:

X]y ~ Po(y) yIT ~ PH — OPL(T)

for y >0 and I" is M * M matrix.

Theorem 4.2.2. If X ~ PH — OPPL distribution the pdf of X can be given as:

1"2

ﬁ{(x +2)1 + 1“}1’T

from —
() _?(I +T

where I represents M x M and | represents an identity matrix.

Proof of theorem 4.2.2
If X|y ~ Po(y) and y|T" ~ PH — OPL(I'), then the pdf of the variable X is illustrated by;
U

o]

P(x) = . Pr(x|y) f (y; Ddy
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4.3

where f(y;T) is PH — OPL(I).
U

P(X) = eyt IF (1+y)e-Tvd >0, =MM
0 6(! I+ Y vy T X
rz2 2oelyx L i 2
= Y a—y(+D) y(1+T) _ T

4.2.1 Properties of phase type one parameter Poisson Lindley distribution

The ' moments of PH-OPPL distribution expressed as:

U 2 U
o r © XHx+ DI+T] 1
ry _ r — ra—I'x — .
EXX") = . X' f (x,I")dx T, x'e™ @ + x)dx Y T 1 (4.3)
The mean and variance of PH-OPPL distribution is derived from equation (4.3) as:
(i) Expectation
1IMA+DI+T
oo - WA+DI+IT _@I4T) ”
T(r+1) rr+1
(i) Variance
202+ DI+T] » @21+1) 2 20440 +T2  214T _-
Var®) =""rar 4 T+ 1) S (e PR (oo & (43)
The probability generating function of PH-OPPL distribution is expressed as:
L'JOO(1)F2 rz 0. (1+T—sl) U (15 g
_ y(1-s T — —y(I+T=s -y(T+I-s
X(S) = . e h I+F(1+Y)_e vdy T, ye dy + . e dy
1’*2 _ 1
_v T+@-9)I 5 (4.6)

I+T" [T+ (1-29)I]2

Phase type two parameter Poisson Lindley distribution

Definition 4.3.1. A random variable X is considered a phase type two parameter Poisson Lindley
distribution if it satisfies:

Xy ~ Po(y) vIT,a ~ PH — TPL(T, a)

for a >0,y >0 and I represents M * M matrix.

Theorem 4.3.2. If X ~ PH — TPPL distribution, the probability density function of X is given by:
I’ hl (a+x)l ijT

Ta)=Y—
T, ) (I +T)x+2 * al + 1

¢ 7

where a > 0,T"is M % M and | is an identity matrix.
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Proof theorem 4.3.2
If X|y ~ Po(y) and y|T',a ~ PH — TPL(I', a), then the pdf of variable X is expressed as;

U,
Px) = PriX =xIy)f(y;T, a)dy
0
where f(y;T,a) is PH — TPL(T, a).
U

poo= VT i e >0, T = MM

FZ © V VX+1 B I‘*Z (G-I-X)ll
P(x) = L oqe V4D g Y _evi#Dgy —y__ 17T (4.8
) al +1 o x! v+ o X! 4 (I +T)x+2 * (aT + 1) (48)

4.3.1 Properties of phase type two parameter Poisson Lindley distribution

The r' moments of PH-TPPL distribution is illustrated as:

EX)=  xf(xT a)d - foe_YVXi e Ty g
2 N rev1) rees2) Tr+Dlal +(r+ 117
p— = 1 4.

PX) | +Ta a [r+1 T2 Y Ir al’ +1 (49)

The mean and variance of PH-TPPL distribution is derived from equation (4.9) as:

(i) Expectation
u
rz -- @l +Ta)
E(xy — a+ye'vd Y T 4.10
()_aF+I . y(a +v) y ) (4.10)
(i) Variance
Var(x) =E(x2) — [E(x)]? ; )
I
E6d) = al’ + 21 N 2(al" + 31) _y al’ +21 N 2(@r+3) "Q2l+Ta) 7 (a11)
@ +1) T2l +1) C@r+1) T2%al +1) I'Ta+1)
The probability generating function of PH-TPPL distribution can be expressed as:
FZ w h sl 1"2
= — ) +
XS =y XZO (r+|)1 (T + D*( r+|
al'[l + (1 - 9)I] + T2

- -7 (4.12)

=Y 1

(ar + DT + (1 — s)I]?
The value of I" has been calculated hence the value of a can be estimated from equation (4.10) having
calculated the value of E(x) .
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4.4

Compound distributions of one parameter and two parameter Poisson
Lindley distributions with severity distributions

Compound phase type distributions (CPHD) considered in modeling secondary cancer cases using
one parameter and two parameter Poisson Lindley distributions are developed in this section.
These distributions are mixture distributions hence they factor in the heterogeneity aspect of claim
count data. Compound distribution’s probability generating functions are derived by convoluting
probability generating function of claim count and claim amount distributions as expressed in
definition (3.3.1).

4.4.1 General expression of phase type compound distributions

Theorem 4.4.1 (Compound phase type one parameter Poisson Lindley distribution ). If the pgf of
N ~ PH — OPPL(I') the compound pgf of N is:
i

2 T+Q-LIXEON 1 B
I+T [T+ (1 - LIX(S)]I]2

Z(S) =
where Ly[X(S)] is as defined in theorem (3.3.2).

Proof of theorem 4.4.1
Let the pgf of the compound distribution be expressed as Z(s) = F[X(s)], hence replacing the pgf of
frequency distribution as shown in equation (4.6) it becomes:

Z(S) =FIL(X®)]] #
TP T+-LXOD 1
=Y 1

I +T [T+ (1 - LJX(S)]?

(4.14)

Theorem 4.4.2 (Compound phase type two parameter Poisson Lindley distribution ). If the pgf of
N ~ PH — TPPL(I') the the compound pgf of N is:
al'[l" + (1 - L[X(S)DI] + 2
§_Y [T+ ( [X(SDI] o ;
(aT + DT + (1 — L[X(S)DI]?

where Lx[X(S)] is as defined in theorem (3.3.2).

Proof of theorem 4.4.2
Let the pgf of the compound distribution be expressed as Z(s) = F[X(s)], hence replacing the pgf of
frequency distribution as shown in equation (4.12) it becomes:

2(8) =Y [LdX ()]
L, aflM+ (- LIXEODT+T7 1
(4.16)

=Y (ar + DIr+ (1 - LIx©2 '}
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4.4.2 Compound phase type distributions probability generating functions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (4.14) the pgf of the compound
distributions of PH-one parameter Poisson Lindley with severity distributions:

Distributions Pgf of compound phase type distributions

7S =Y . TG P T
© oA G[S‘” o Ry #

PH OPPL-Weibull

r

HCTieo D rg pora DI
PH OPPL-Pareto Z(S) =¥ I} ot e ) AT
" r+Q1- Zk 0(=1) Ta g2k+2 1 #

—(@+y] Ta+k |

o2 r+(2— ,(5, “ 0 7“)
PH OPPL-Gen Pareto | Z(S) =Y |, o 0 Z( 7 rsa+kk

PH OPPL-OPPL Z(S) =Y i1 2 [9:1 iy 4T
U e [

PH OPPL-TPPL Z@) =Y " @ 4T
T rrao—gierizaeet g

(a8 +1)[6 +1-s5]2
Table 4.1. Compound phase type one parameter Poisson Lindley distributions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (4.16) the pgf of the compound
distributions of PH-two parameter Poisson Lindley with severity distributions are:

Distributions Pgf of compound phase type distributions
Z(S) — ¥ h sa+Fta)” 1“J”’ iZTI
PH TPPL-Weibull I g TRE Ty
of T+ 1-3y% (~)at@d  r2
PH TPPL-Pareto Z(S) = M 2a+k s 17
g o+ 1= Zkz® %ﬂ—ﬁ-@lﬁ& | L2
@) k= kK sa+k
PHTPPL-Gen Pareto | Z(9) = — - 5 AT
(ar+|%7r1“+r+1 Tk y Deds Yk|+sptk I
0 194192 T
PH TPPL-OPPL Z(9) =Y A A | |21
@y e 1008 gl |
PH TPPL-TPPL Z(5) =Y h @lon | j4qT
@r4) T+ 1- a9[9+1—s]+922
(@8 +1)[6+1-s]

Table 4.2. Compound phase type two parameter Poisson Lindley distributions
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4.5 Phase type Zero-truncated one parameter Poisson Lindley distribution

Definition 4.5.1. A random variable X is considered a phase type Zero-truncated one parameter Poisson
Lindley distribution if x|y follows size-biased Poisson distribution illustrated as:

e—yvx—l
f(x]y) = x=D
fory>0
where parameter y satisfies the expression ;
1’*2
. — Ty
g(y;I) el C+Dy+@+21)e 3
fory >0, T is M x M matrix and | is an identity matrix.
Theorem 4.5.2. If X ~ PH — ZTOPPL distribution then the probability mass function of X is:
FZ
T =Y DI +T 7 =123, p

I2+3C+1 (T + x

where T" is M x M and | is an identity matrix.

Proof of theorem 4.5.2
Given the prior distribution is X |y ~ SBPD(y), then the pmf of variable X of PH-ZTOPPL distribution
is illustrated as:
U 0
P(x) = . fxy)gly; Dy =

U 0 e—VYX—l 1’*2 h i

(T ly +(T+2ly eTVdy

0 — 1)1 'T2
(x 1).hr + 3 +1 i

2 © _ i}
= e V(Im* (F+I)yX+(F+2|)yX ' dy
(r2+3r2+l)((—1)! 0 )
_ I xX+E2)+T 7 B
TTTEITAT (T4 IR 1 x=1,2,3,.... (4.20)

Properties of phase type Zero-truncated one parameter Poisson Lindley distribution

The r" momegys of PH-ZTOPPL dlstrlbutlon |§Vg|\{é#h by:

1—‘2
E X' Xfxrdy _Us. < r ly, T, 2l ¢T
R Z (x—1)! (+Y+C+Te "dy
, U x=1 ©T24300+1
T 0
“raray, VDI Dy + T+ 20l dy

3T
LT+ I)2[(r +DI+T], 7
(4.21)

M2 +3r+1]
The mean and variance of PH-ZTOPPL distribution id derived obtained from equation (4.21) as
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(i) Expectation

£ 11T + 1)2[2] + 17 R T+ D221 +T], ¢
(X) = -y 1 (4.22)
Iz +3r+1] [[T2+ 3T +1]
(i) Variance
20+ DAGI+TT _ (1 4 1)2[12 + 4T + 61]
varl) =Ebel = (DD BN = Treregarar T rrzear )
n # 2
C+ DA% +4T+ 611 (T4 )220 +T] a1
— - 1 4.23
Var(x) =Y 22 +37+1] [[[2+43C+1] (4.23)
The probability generating function of PH-ZTOPPL distribution is expressed as:
X x 2 x+r+2l
(s) =Els ] TTZ430 41 XZlS T + 1)
" - #
_ T - sl x 2ooslox
243 +1 ;X r+1 +(F+2|); r+1
I's C+D C+2) 7
= (4.24)

- +
I24+3C+1 (C+1-sh2 T+1-sl

4.6 Phase type Zero-truncated two parameter Poisson Lindley distribution

Definition 4.6.1. A random variable X is considered a phase type Zero-truncated two parameter Poisson
Lindley distribution if x|y follows size-biased Poisson distribution which can be represented as:

e—yyx—l
f(xly) = B
¥ '(x)
fory >0
where parameter y satisfies the function ;
1’*2
g(y;T,a) = TC+y+aT+1)+1 ey B

IMa+Ta+2r+ 1

for y >0, I%a + Ta + 2T +1 T > 0 represents M % M matrix and | represents an identity matrix.

Theorem 4.6.2. If X ~ PH — ZTTPPL distribution then the probability mass function of X is expressed
as:

2 X+DI+a@+1), 1

fxT,a) = 1 =
G:Ta) [a+Ta+2l+1 (T + 1) x=123,... ’

where a > 0 ,I" represents M % M and | represents an identity matrix.



Proof of theorem 4.6.2
Given the prior distribution as X |y ~ SBPD(y), then the pmf of variable X of PH-ZTTPPL distribution
is illustrated as:

UOO
P(x) = . f(x|y)g(y; Ddy
Uy
© @ ny 1 Fz .
=0 T® Tarrarzrer &Py ralEhae iy
1"2 U h ;

“[MZa+Ta+ 20 + 1) 0 CHEDY & a@+1)+1 y* 1 e @T+rgy
12 X+DI+a@+1), 1

iZattarar+] TP x=123.. (4.28)

4.6.1 Properties of phase type Zero-truncated two parameter Poisson Lindley distribu-
tion

The r' moments of PH-ZTTPPL distribution is given by:
Ush

EXX") =E[EX =
(X") =E[EX )] . ;

1—‘2 Uoo h i
g rrazarel] o ! WD GHbyral el ey
L@+ DATa+ @+ DIt

YX 1l
Y x[(V+Dy +ay+1)+ [Je-vvdy

1,2,3,... (4.29)

=Y 1
Mg +Ta + 2T + 1]

The mean and variance of PH-ZTTPPL distribution is derived from equation (4.29) as:

(i) Expectation

E 1T + 1)2[Ca + 21] C+0Ta+21] _ 1
" - (4.30)

= =Y
IMr2a +Ta + 2T +1] I'a +Ta + 2l +1]

(ii) Variance

2!/(T + D2[Ca + 31]
I'2[la +Ta + 2T + I]

Var(x) =E[x2] — (E[x])? E[x2 ] =

= 2+ DTa+31] (T4 1)2[la + 21]
Elx 1[14a+1a+a+q
(C+ 12 T3a2 + (a + 5)a + (4a + 6)I + 21
var() =¥ I“[Ma + a2l +1]2 1! (4.31)
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4.7

The probability generating function of PH-ZTTPPL distribution is expressed as:

X x " re xla(l + 1) + |
() =Els]  =D.S mgsTararsT T+,
I'%s rC+1 [aC+D+1] _, 7
=Y + 1 (4.32)

MPa+Ta+2l+1 T+1—sl)? (C+1+sl)

The value of I" has been calculated hence the value a is derived from equation (4.30) considering
E(x) is a known value.

Compound distributions of Zero-truncated one parameter and
Zero-truncated two parameter Poisson Lindley distributions with severity
distributions

Compound phase type distributions (CPHD) considered in modeling secondary cancer cases using
Zero-truncated one parameter and two parameter Poisson Lindley distributions are derived in this
section. These distributions are mixture distributions hence they factor in the heterogeneity aspect
of claim count data. Zero truncated distributions do not take in to account zero claim count which is
the case of real claim data as zero claim count can not aNract any claim severity amount. Compound
distribution’s probability generating functions are derived by convoluting of probability generating
function of claim count and claim amount distributions as expressed in definition (3.3.1).

4.7.1 General expression of phase type compound distributions

Theorem 4.7.1 (Compound phase type Zero-truncated one parameter Poisson Lindley distribution ).
If the pgf of N ~ PH — ZTOPPL(I') the compound pgf of N is:
" #

[2L«[X(S)] (C+1D (C+21) 4T :

ZS Y

O = e yars Crl-LXOM? T T+1 - LX)

where Ly[X(s)] is as the Laplace transform.

Proof of theorem 4.7.1
Let the pgf of the compound distribution be expressed as Z(s) = Y [X(s)], hence replacing the pgf of
frequency distribution as shown in equation (4.24) it becomes:

Z(S) =Y [L(X(O)]] = 4
. 2L X (S)] C+1) (C+20)

ST

S : (4.34)
YR 3T T4 = LIXOI2 T T+ 1= LIXO)]
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Theorem 4.7.2 (Compound phase type Zero-truncated two parameter Poisson Lindley distribution).

If the pgf of N ~ PH — ZTTPPL(I', a) the the compound pgf of N is:
" #
17 B

7 ¥ T2L,[X(9)] r+1 [aC+D+1]
OV ="TasTa+ar+i T+ 1= LIXOIZ T @ +1=LIXOI)

where L{X(s)] is as the Laplace transform.

Proof of theorem 4.7.2

Let the pgf of the compound distribution be expressed as Z(s) = Y [X(s)], hence replacing the pgf of
frequency distribution as shown in equation (4.32) it becomes:

Z(S) =Y [Lu[X(9)]] 4
C2L[X(S)] (C+1D [aC+ 1) +1]

ST

v . (4.36)
T Mg+ Ta+ 2T +1 (C+1—LIXEO)IN2 T (@ +1— LIXE)]N)

4,7.2 Compound phase type distributions probability generating functions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (4.34) the pgf of the compound
distributions of PH-one parameter Poisson Lindley with severity distributions are:



Distributions Pgf of compound phase type distributions

PHZT OPPL - (r+1)
Z(8) =Y 2430+l 2
r+1- g#@%?qﬁﬁ |
- Weibull + (r-+20) 1
I+l- B
@ [sa+(H)8 118
2 e o(—1)k % %,
PHZTOPPL | Z() =Y ) d +h )
I#+31+1 K Dla+k
R Y G e o
-Pareto + T+21) 1T

k a T(a+k)
I+l Zf:o(_-l) Ta g2k+2 I

2 1 3 —(a+y) ra+k
k=0

PHZT OPPL | 7(5) =y oot o (T4l —
= by e @k
#

-Gen Pareto + (T2 1T
e e . TN
p— 9+1—52—
PH ZT OPPL Z(9) =Y X i
I2430+1 LU 5
T+l- 5o @rp |
-OPPL -
+ grhzel)z i 4T
— n +2—
2 MW]Z |
PH ZT OPPL Z(S) =Y (%eltrlgle"ilfslz D 2
I'+I- (:gﬁ_[ﬁt_f]z_ I
#
-TPPL N (42D o
[4]— —000+1-5]+62
(aB+1)[6 +1-5]?

Table 4.3. Compound phase type zero truncated one parameter Poisson Lindley distributions

Replacing equation (3.81), (3.82), (3.83), (3.84), and (3.85) in equation (4.36) the pgf of the compound
distributions of PH-two parameter Poisson Lindley with severity distributions are:
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Distributions Pgf of compound phase type distributions
PH ZT TPPL Ay ()
Z(8) =Y 1“2+31:+| L z
r+1- ‘%@%W |
-Weibull * (r-+20) 1
I+l- B
9 [sa+()B 118
2 © (1)K a I'(a+k)
PHZTTPPL | Z(s) =y T i T+h 2
I=+31 +1 K a4k
THl= YoV Eghazr |
-Pareto + (C+21) T
I+l= Zf:o(_-l)k r% ggaki;) I
2 1 3 —(a+y) Ca+k
PHZTTPPL | 7(5) =y _ "Fan kil ye satk ()
PR Ty B e g, ]
#
-Gen Pareto i r+2) 4T
[lp o o =R 1
1+8 9+1—52—
PH ZT TPPL Z09) =Y H :
2437+l 02 iz 2
I+l= r3e ) I
-OPPL n Cy2D  § 4T
2. m _
o b gt e |
PH ZT TPPL Z(S) = Y —§5: o1t ()
rel- e
#
-TPPL + Tr+2D _1T
- af[6 +1-s]+62
(a8 +1)[6+1—5]?

Table 4.4. Compound phase type zero truncated two parameter Poisson Lindley distributions

4.8 Chapter summary

The main objective of this chapter was to develop phase type Poisson Lindley distributions, Phase
type zero truncated Poisson Lindley distributions and compound phase type probability generating
functions. Phase type Poisson Lindley and Phase type zero truncated Poisson Lindley are constructed

as well as their compound phase type probability generating functions.
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5.2

MULTI-STATE CANCER MODEL

Introduction

In this chapter, we outline the mathematics of applying a Markov framework to multiple state
models for secondary cancer insurance products. The Markov framework is used to determine the
paNern of secondary cancer models and therefore the transition probabilities as well as the transition
intensities are estimated. The transition matrix obtained improves on the estimation of aggregate
losses of cancer as it factors in the movement between different states. Only Markov models with
finite states are be considered in this research. Multi-state models derived in this chapter represents
the matrix parameters of the phase type distributions of class (a, b, 0) and class (a, b, 1) illustrated in
chapter three as well as Poisson Lindley and Zero-truncated Poisson Lindley distributions illustrated
in chapter four. This research introduces estimation of aggregate losses based on the results obtained
from our multiple state models. This chapter considers three state, four state, five state and six state
models of different cancer transitions. Three state model illustrates cancer patients who transit
from Healthy state-Leukemia state-Dead states, four state model illustrates patients who transit
from Healthy state-Liver cancer state-Colon state-Dead states, five state model illustrates Healthy
state-Stomach cancer state-Pharynx state-Colon state-Dead states and six state model illustrates
Healthy state-Oesophagus cancer state-Stomach state-Lung state-Kidney state-Dead states. These
models are non recovery models as it assumed that once a patient is infected with cancer their
transition probability changes tremendous due to the first infection.

Multiple state models setup

Consider m possible transition states in a multiple state model. Let 7 be a finite and countable set
such that: m ={1,2,3,...,m} and leNing the set of direct transitions to be W expressed as:

WeGjli/=j but ijen

The set m,W is called a multiple state model. Let Z(r) be the state of occupancy by individual under
study at time r where r > 0. {Z(r);r = 0,1,2,3,...} is a time-discrete Markov process if for;

0<rm=n<snrr=<..<m

and corresponding states
lo,i1,12,...,Iim € S

with probability

priZ(rm) = in, Z(r-1) = in-1,...,Z(ro) = i)] >0
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satisfies the Markov property:

priZ(rn) = in|Z(rn-1) = in-1,...,Z(ro) = io) priZ(rn) = in|Z(rh-1) = in-1]

5.2.1 Transition probabilities

Let probability of moving from a given state to the next state in a Markov process by pi (s, r) and

be define such that: pi, j(s, r) = represents conditional probability of an individual being in state j at
time r provided that they were in state i at time s.

_ priZ(r) = j,Z(s) = i]

pi j(s,r) =pr[Z(r) = j|Z(s) = i]
’ pr[Z(s) = il

where; r >,s>0andi,j €M
The above equation holds if pr[Z(s) = i] > 0 else pij(s,r) = 0 hence:

[[ 0 ifij
pi.i(s, ) = o
Ol ifis

This implies that an individual under consideration, can only be in one state at a given time but
cannot be in two states at the same time. The transition probabilities have the following properties:

0 < pij(s,n <1

where ;i,j €M

Z/I pij(s,r) =1

]

This model is build on the assumption that:

* The transition process depends on the length of time interval [s;r]

* |t also depends on the time s and r when it starts and ends.

Hence the process is classified as time-inhomogeneous.

5.2.2 Chapman-Kolmogorov equation

Definition 5.2.1 (Chapman-Kolmogorov equation). It states that, a process which begins in state i
attime s and is in state j at time r occurs through some arbitrary state k € M at an arbitrary intermediate
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timeRi.e
0 n " priZ(s,r) = j,Z(s.r) = k,Z(s) = ]
ij(s,r) = [2(s,r) = j,Z(s,r) = k|Z(s) =i] = Z(s) = i
i(s,r ;pr s,r) = j,Z(s,r s) =i |<Z::1 prz(s) =i
_ pr[Z(s,r) = jlZ(s,r) = k,Z(s) = i] * pr[Z(s,r) = k, Z(s) = i]
&1 pr[Z(s) = il

n

z priZ(s,r) = j|Z(s,1) = k,Z(s) = i] xpr[Z(s,r) = k|Z(s) = i]

Using Markov property:
pij(s, 1) = ; priz(s,r) = jlZ(s,r) = K] * pr[Z(s,r) = k|Z(s) = i] = Z pkj(R, rpik(s, R)
=1 k=1

n

pij(s,r) = Z pik(s, R)pkj(R, 1) B
k=1

Kolmogorov Forward equation

Equation (5.1) can be transformed to its differential form. Let r = W; + kg implying that R = W;
hence equation (5.1) can be rewriNen as:

n

Pij(s,Wt + Kg) = Z; Pik(S, W) pi j(We, Wt + Ka)
K&
n
Pij(S, Wt + Kg) — pij(s,Wp) = 21 Pik(S, W) pk j(We, Wt + Ka) + pij(S,Wopj j(We, Wt + Ka) — pij(s, Wy
=

n
= Z Pik(S, Wo)pk j(We, Wt + Ka) — pij(s,W)[1 — pji(W, Wt + Ka)]
Ke
lim DiWe + Ka) = pii(s W) _ 1 Yke1 Pik(s, WOPKi(We, We + Kd) — pij(s, W[1 — pji(We,We + Kol
Kd—0 Kd Kd—’O k'{Wt W + Kd: Kd

ij (s,Wp) = Z plk s,Wp lim - pij(sywt)
3Wt k=1 Kd—0 Kd

lim 1= Pi iWe,W: + k)]

Kd—0 Kd

n

= Z Pik(S, W) 3kj — Pij(S,W))3; (5.2)

k=1
where : e
lime  pWWrkg) _ g li [=piiWWekl _ 5 The Kolmogorov Forward equation

d—0 Kd ~ ki Mo Kd

is therefore:

n
p
ij(S,Wp) = Pik(S, WSk — pi j(S,Wp)3i
Wt kZ1
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where 3;j(W;) represents transition intensity between two states i and j. In a summary we can say
that, 3ij(Wy) represents the change rate of the transition probability pij in a small time interval, h

. ij (W, Wt + L
3ij(Wy) = lim D (W Wo + ko) for i j
Kq—0 Kd

In our study, we consider and define the transition intensities and probabilities between different
cancer states such that:

pij(Va,Wp) = The probability that a life aged Va +W: and in state j was in state i at age Va.

Sv,+w, = The transition intensity/rate from state i to state j at age Va + W:. In the above cases,

Lj=1,2,3,..,mVa=0,1,2,3,..and 0 < W; < 1. It is important to note that we consider constant
force of mortality hence we have;

3ii(Va +Wp) = 3ij(Va) forx=0,1,2,3...and 0 <W; < 1

Hence ;
n n
Pij(s, Wt + Ka) = Z Pik(S, W) pk j(Wt, Wt + Ka) Pij(Va,Wt + Kq) = Z Pik(Va, Wo) pj(We, Wt + Ka)
k=1 k=1
where: l
0 ifi/= ]

[
PiLiVaVa) = 11 if i=j

implies that a person can only be in a particular state at a particular time but cannot be in two

stages at the same time.

Three state cancer model
5.3.1 Introduction

This section considers a three state cancer Markov model which in cooperates Healthy state,
Leukemia and Dead state. A case where the patients can not move back to any state is considered.
This leads to the assumption that a life is not permiNed to enter a state more than one time. The
patients who recover are assumed to have been censored from the study. Leukemia was considered
for three state model as most of the patient did not transit to any other type of cancer.

5.3.2 Three state Leukemia cancer model

Figure (5.1) represents the three-state model in which we systematically derive the respective
Kolmogorov Forward Differential Equation.
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STATE 2
STATE 1 S STATE 3
HEALTHY STATE . DEAD
Figure 5.1. Leukemia cancer model
From the figure (5.1) above the transition probability matrix is expressed as:
. p11(Va,Wt) p12(Va,We) p13(Va, W) 1 0 ar b1 0 .
0 p21(Va,Wy)  p22(Va,Wp)  p23(Va,Wh) U= 0 ¢ i [
p31(Va,Wp)  p32(Va,Wi)  p33(Va,Wy) 0 0 1

Hence the values of interest are; ai, b1, ¢c1 and di. Where a1 represents the transition probability of
remaining in healthy state, b: represents the transition probability of transiting from healthy state
to Leukemia state, c1 represents the transition probability of remaining in Leukemia state and d:
represents the transition probability of transiting from Leukemia state to Dead state.

Theorem 5.3.1 (Three state Leukemia model ). The transition probability matrix for this model is:

L] O o ([l
p1i(Va, W) prz2(Va Wy pis(Va,We) e~ S12(VAt 1 — g—S12(Valt 0
p21(Va, W) paz(Va, W) pas(Va, W) 0 — 0 e—323(Valt 1 — e~ 323(Valt 0
P31(Va,Wp) - p32(Va,Wp)  p33(Va, W) 0 0 1

Proof of theorem 5.3.1

Figure 5.1 represents the Three state Leukemia model. The transition intensities and probabilities
are derived using Kolmogorov forward equations. Kolmogorov Forward Differential equation is
expressed as:

n
Pii(Va,Wt + Ka) = pik(Va, Wo)prj(Wi, Wt + Ka)
K=1

In this model we consider the following: (i,k, j) = 1,2,3
Wheni=1and j=1

3
p11(Va,Wt + Kg) = z p1k(Va, Wo)pra (W, Wt + Ka)
k=1

=p11(Va,W)[1 — p12(We, Wt + Ka)] + p12(Va,Wi)p21(We, Wt + Ka)

+ p13(Va,Wy)p31 (W, W; + Ka)
=p11(Va,W)[1 — pr2(We, Wt + Ka)] + p12(Va,Wop21 * 0 + p13(Va,Wi) * 0
=p11(Va,Wi)[1 — p12(Wi,W: + Ka)] (5.3)
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Subtracting p11(Va,Wy) from equation (5.3)

P11(Va, Wt + Ka) — p11(Va,Wp) =p11(Va,W)[1 — p12(We, Wt + Ka)] — p11(Va,Wi)

=p11(Va, W) [—p12(W;, Wt + Ka)]

lim P11(Va, Wi + Ka) — p11(Va, Wi —py3 (VA W) lim —P12(We, W+ Ka)
Kd—0 Kd Kd—0 Kd

9 p11(Va,Wt) =p11(Va,Wi) % —J12(Va) (5.4)
OW;

Wheni=1and j =2
3
p12(Va,Wt + Ka) = Z P1k(Va, Wo)pra (Wi, Wi + Kq)
K=1

=p11(Va,Wo)p12(W;, Wt + Ka) + p12(Va,W)[1 — p23(Wy,W: + Ka)]
+ p13(Va,Wo)p32(We, Wt + Ka)
=p11(Va,Wo)p12(Wi;, Wt + Ka) + p12(Va,W)[1 — p23(W;, Wt + Ka)] (5.5)

Subtracting p12(Va,Wy) from equation (5.5)

p12(Va,Wt + Ka) — p12(Va,Wo) =p11(Va,Wop12(We, Wt + Ka) + p12(Va,W)[1 — p23(Wi, Wt + Ka)]
— p12(Va,Wh)
=p11(Va,W)p12(We, Wt + Kq) + p12(Va,We) k —p23(Wi, Wt + Ka)
=p11(Va,W)p12(Wi, W + Ka)
lim P12(Va, Wt + Kd) — p12(Va,Wi) p1 (VAW Tim D12(We, Wi + Kq)

Kd—0 Kd Kd—0 Kd
0

. p12(Va,Wp) =p11(Va,Wi) * 312(Va) (5.6)

oW,
Wheni=2and j =2

3
p22(Va,Wi + Kg) = Z p2k(Va, Wo) pra (Wi, W + Kq)
k=1

=p21(VaA,W)p12(W, Wt + Ka) + p22(Va,W)[1 — p23(Wy, Wt + k)]
+ p23(Va,Wy)ps2(We, Wt + Kq)
=p22(Va,W)[1 — p23(Wi, Wt + Kd)] (5.7)

Subtracting pz2(Va,Wy) from equation (5.7)

p22(Va,Wt + Ka) — p22(Va,Wp) =p22(Va,W)[1 — p23(Wi, Wt + Ka)] — p22(Va, W)
=p22(Va,Wp) * —p23(We, Wt + Ka)

lim P22(VaWi + Ko) = paa(Va, W) (VA W) % — lim p23(We, Wi+ Kq)
Kd—0 Ky Kd—0 Kd

9 p22(Va,Wi) =p22(Va,Wh) k —323(Va) (5.8)
oW,
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Wheni=2and j=3

3
p23(Va, Wi + Kg) = z p2k(Va, Wo)pra(We, Wt + Ka)
k=1

=p21(Va,Wo)p13(We, Wt + Ka) + pz2(Va,We)p23(We, Wt + Kq)
+ p23(Va,Wpp33(Wy, Wt + Kad)
=p22(Va,Wh) * p23(Wi, Wt + Ka) + p23(Va, W) (5.9)

Subtracting p23(Va,Wy) from equation (5.9)

P23(Va,Wt + Ka) — p23(Va,Wp) =p22(Va,Wp) * p23(W, Wi + Ka) + p23(Va, W) — p23(Va, W)
=p22(Va,Wr) % p23(Wi, Wt + Ka)

lim P23(Va,Wi + Ka) — p23(Va,Wh) (VA W) % lim p23(We, W + Ka)
Kd—0 Kd Kd—0 Kd

ELW p23(Va, W) =p22(Va,Wi) 5k 323(Va) (5.10)
t

This model is build on the assumption that our observations are done within the interval time
(0, 1). We solved individual derivatives to aNain the required transition probabilities. Solving for the
derivative of equation (5.4) we obtained the transition probability of remaining in healthy state. The
derivative of equation (5.4) is expressed as:

2 p11(Va,Wt) =p11(Va,Wi) % —312(Va) g In p11(Va,Wp) = —312(Va)

] oW ) oWy
U, ¥ U,
0o AW, Py (Va, Wp) oW, = 0 —312(Vp)ds In p11(Va, W) = [~ 12(V)
In pra(Va,Wo) =[~S12(Va)] p11(Va, W) = et/ (5.11)

Solving for the derivative of equation (5.6) we obtained the transition probability of moving from
healthy state to Leukemia state. The derivative of equation (5.6) is expressed as:

o 2
aW_ p12(Va,Wp) =p11(Va, W) * 312(Va) a\_N p12(Va,Wp) = e-312VAt 5 515(Vp)
t t
. U 312(Va) U 312(Va)
oy P12V, Wy W, — - e Vs g, (Viyds  pyp(Va, Wy = S1a(Vy) e 12V05ds
0 oW "o 4 0
t
p12(Va,Wy) = 312 (Vp) 4 g~312(Vs P12(Va,Wp) = 1 — e S12lValt (5.12)
—312(Va) 0

Solving for the derivative of equation (5.8) we obtained the transition probability of remaining in
Leukemia state. The derivative of equation (5.8) is expressed as:

o p22(Va,Wi) =p22(Va,Wi) % —323(Va) L 2 p22(Va,Wi) = —323(Va)

oWt pzz(VA,Wt) oW
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5.4

U, 9 U, U, U,
. Inp22(Va, W) oW, = —323(VA)dS Jdln pzz(VA,Wt) = —323(VA)dS
0o oW 0 0 0
In p22(Va,Wp) =[—323(Va)sl',, p22(Va,Wp) = e~ 32Val (5.13)

Solving for the derivative of equation (5.10) we obtained the transition probability of moving from

Leukemia state to Dead state. The derivative of equation (5.10) is expressed as:

9 a3(Vat o U 323(Va)s

— —e- 23 (VA %k V — — —I23\VA %

W p23(Va,W,) =e . 3 23(Va) . ath23(VAr,]Wt)aWt . e | 3 23(V,)ds

t Foa(Va) k e—323(Va)s It

PaVa ) =S2sVp)  eTEUNGS DV Wy = 2

0 —323(Va) 0

p23(Va, W) = — e-32Vat | 1 p23(Va,Wp) = 1 — e-323(Valt (5.14)

In this model state 3 is an absorbing state hence the transition probabilities are defined as:
p31(Va,Wp) = 0, p32(Va,W) = 0, p31(Va,Wy) = 1 The transition probability matrix for this model is :

U] O O ([l
p11(Va, W) pr2(VaWe)  pis(Va,We) e~ S12(VAt 1 — g—S12(Valt 0
p21(Va,Wy)  p22(Va,Wo)  p23(Va, W) O = 0 e—323(Valt 1 — e~ 323(Valt 0
P31(Va,Wo)  p32(Va,Wp)  p33(Va, W) 0 0 1

Four state cancer model

5.4.1 Introduction

In this section four state cancer Markov model which in cooperates Healthy state, Liver cancer
state,Colon state and Dead state is derived. A case where patients can not move back to any state
is considered. This leads to the assumption that a life cannot enter a state more than once. The
patients who recover are assumed to have been censored from the study.

5.4.2 Four state Liver cancer-Colon model

Figure (5.2) represents the four-state model in which we systematically derive the respective Kol-
mogorov Forward Differential Equation.

STATE 1 STATE 2

STATE 3 STATE 4

HEALTHY

COLON v
STATE DEAD

CANCER

Figure 5.2. Liver cancer-Colon model



From the figure (5.2) above the transition probability matrix is expressed as:

Dp11(VA,Wt) p12(Va,We)  p13(Va, W) [1)14(VA,Wt)D az bz 0 0

O d
= 0 c2 d2 O 0
Va,W. Va, W Va,W Va,W
0 BaVaW BatValy putVaWs putaWso oy o o 4
Pa1(Va,Wp)  paa(Va,Wp)  paz(Va,Wy)  paa(Va,Wy) a o 0o 0o 10

Hence the values of interest are; az, bz, c2,dz,e2 and f2. Where a2 represents transition probability
of remaining in healthy state, bz represents the transition probability of moving from Healthy state
to Liver cancer state, c2 represents the transition probability of remaining in Liver cancer state, d2
represents the transition probability of moving from Liver cancer state to Colon cancer state and
e2 represents the transition probability of remaining in Colon cancer state and f2 is the transition
probability of moving from Colon cancer state to Dead state.

Theorem 5.4.1 (Four state Liver-Colon cancer model ). The transition probability matrix for this
model is:

p11(Va,Wy)  p12(Va,Wy)  p13(Va,Wp)  p1a(Va,Wy)
i p21(Va,Wy)  p22(Va,Wy)  p23(Va,Wp)  p24(Va, W) E
p31(Va,Wy)  p32(Va,Wy)  p33(Va,Wp)  p3a(Va, W)

S PN, _PeGpWD  Prs(aW) puVai) U

0 e—323(Valt 1 — e~ J23(Valt 0
0 0 e—334(Valt 1 — e~ 334(Valt 0
0 0 0 1

Proof of theorem 5.4.1

Figure (5.2) represents the Four state Liver-Colon cancer model. The transition intensities and
probabilities are derived using Kolmogorov forward equations. Kolmogorov Forward Differential
equation is expressed as:

n

Pij(Va, Wt + Kg) = Z Pik(Va, W) pr (Wi, W + Kq)
K=1

In this model we consider the following: (i, j,k) = 1,2,3,4
Wheni=1and j=1
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4
p11(Va,Wt + Ka) = Z P1k(Va, Wo)pi1 (Wi, Wt + Kq)
k=1

+ p13(Va,Wpp31(We, Wt + Ka) + p1a(Va,Wy)par(We, Wr + Kq)
=p11(Va,W)[1 — p12(We, Wt + Ka)] + p12(Va,Wy)p21(Wi, Wt + Ka)

+ p13(Va,Wop31(W;, Wt + Ka) + p1a(Va,Wo)pa1 (Wi, Wt + Kaq)
=p11(Va,W)[1 — p12(We,Wr + Kd)] (5.15)

Subtracting p11(Va,W;) from equation (5.15)

p11(Va,Wt + Ka) — p11(Va,Wp) =p11(Va,W)[1 — p12(Wi,W: + Ka)] — p11(Va,Wr)
=p11(Va,W)[—p12(W;, Wt + Kd)]
lim P11(Va Wt + kg) — p1a(Va,Wp) —P12(Wi, Wi + Ka)

=p11(Va,W) lim
Kd—0 Kd Kd—0 Kd

ﬁ p11(Va,Wt) =p11(Va,Wi) % —J12(Va) (5.16)
t

Wheni=1and j=2

4

p12(Va,Wt + Kq) = Z P1k(Va, Wo)pra (Wi, Wi + Kq)
k=1

=p11(Va,Wop12(We, Wt + Ka) + p12(Va,W)[1 — p23(Wi, Wt + Ka)]
+ p13(Va,Wpp32(W, Wt + Ka) + p1a(Va,Wy)paz(We, We + Ka)
=p11(Va,Wo)p12(Wi, Wt + Ka) + p12(Va,W)[1 — p23(W;, Wt + Kd)] (5.17)

Subtracting p12(Va,Wy) from equation (5.17)

p12(Va,Wt + Kqg) — p12(Va,Wy) =p11(Va,Wo)p12(W,W: + Ka) + p12(Va,Wo[1 — p23(Wi,W: + Ka)]
— pr2(Va,Wy)
=p11(Va,Wo)p12(Wt, Wt + Ka) + p12(Va,Wh) * —p23(Wi, Wt + Kq)

lim p12(Va, Wi + Kd) — p12(Va, Wy :pll(VA1Wt) % lim p12(Wi, Wt + Ka)
Kd—0 Kd Kd—0 Kd

2 p12(Va,Wp) =p11(Va,Wp) * 312(Va) (5.18)
oW,

Wheni=2and j=2
4

p22(Va,Wt + Kg) = Z p2k(Va, Wo)pra(We, Wr + Kq)
k=1

=p21(Va,Wo)p12(We, Wt + Ka) + p22(Va,W)[1 — p23(Wy,W: + Ka)]
+ p23(Va,Wop32(Wi, Wt + Ka) + pza(Va,Wr)paz(Wi, Wt + Kaq)
=p22(Va,Wp[1 — p23(Wi, Wt + Ka)] (5.19)
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Subtracting pz2(Va,Wy) from equation (5.19)

P22(VaWe + Ka) — p22(VaWo) =p22(Va,Wi[1 — p2a(We,We + Ka)] — p22(Va, W)
=p22(Va,Wp) * —p23(Wy,Wr + Kq)

lim P22(VaWi + Ka) — p2a(Va, W) —0p(VaAW,) % — lim P23(We, W+ Ka)
Kd—0 Ky Kd—0 Kd

ﬁ p22(Va,Wp) =p22(Va,Wp) * —323(Va) (5.20)
t

Wheni=2and j=3
4
p23(Va, Wi + Kg) = Z P2k (Va, Wo)pia(We, Wt + Kq)
k=1

=p21(Va,W)p13(W, Wt + Ka) + p22(Va, W)p23(Wi, W: + Kq)

+ p23(Va,Wp)p33(Wi, Wt + Ka) + p2a(Va,Wr)pas(Wi, Wt + Kaq)
=p22(Va,W)p23(W, Wt + kq) + p23(Va, Wp)p33(Wi,W: + Kq)
=pz22(Va,We)p23(Wi, Wt + Ka) + p23(Va,W)[1 — p34(W;, Wt + Ka)] (5.21)

Subtracting pz3(Va,Wy) from equation (5.21)

p23(Va,Wt + Ka) — p23(Va,Wo) =p22(Va,Wo)p23(We, Wt + Ka) + p23(Va,W)[1 — p3a(Wi, Wt + Ka)]
— p23(Va,Wy)
=p22(Va, Wo)p23(Wi, Wt + Kq) + p23(Va,Wo)[—p3a(Wi, Wt + Kg)]

lim P23(Va,Wi + Ka) — p23(Va, W) DoV WD) % lim p23(We, Wt + Ka)
Kd—0 Kd Kd—0 Kd

6LW p23(Va, W) =p22(Va,Wi) * 323(Va) (5.22)
t

Wheni=3and j=3

4
P33(VaWt + Ka) = " pae(Va,We)pia(Wi,We + Ka)
k=1

=p31(Va,Wo)p13(W;, Wt + Ka) + p32(Va,We)p23(We, Wt + Kq)
+ p33(Va,Wop33(Wi, W + Ka) + p34(Va,We)pa3(Wi, Wt + Kq)
=p33(Va,Wi)[1 — p3a(Wi, Wt + Kq)] (5.23)

Subtracting ps3(Va,Wy) from equation (5.23)

P33(Va, Wt + Ka) — p33(Va,Wp) =p33(Va,Wi)[1 — p3a(We, Wt + Ka)] — p33(Va, W)
:p33(VA,Wt)[—p34(Wt,Wt + Kd)]

lim P33(VaWi + Kg) — p33(Va, W) —psa(VA W) % — lim P3a(We, Wt + Kq)
Kd—0 Ky Kd—0 Kd

ﬁ p33(Va, W) =p33(Va,Wi) k —334(Va) (5.24)
t



Wheni=3and j =4

4
p32(Va, Wt + Kg) = Z P3k(Va, Wo) pra(We, Wt + Kq)
K=1

=p31(Va,Wo)p1a(We, Wi + Ka) + p32(Va,We)p24(We, Wt + Kq)
+ p33(Va,Wo)p3a(We, W + Ka) + p3a(Va, We)paa(We, Wi + Kq)
=p33(Va, Wo)p3a(Wi, W: + Ka) + p3a(Va, W) (5.25)

Subtracting p3s(Va,Wy) from equation (5.25)

P32(Va, Wt + Ka) — p34(Va,Wp) =p33(Va,Wo)p3a(Wi, Wt + Ka) + p3a(Va,Wp) — p3a(Va, W)
=p33(Va, Wi)p3a(We, Wt + Ka)

lim P3a(Va, Wt + Kq) — p3a(Va,Wy) —paa(VaWe) * lim p34(Wi, Wt + Kq)
Kd—0 Kd Kd—0 Kd

2
aW p32(Va, W) =p33(Va, W) * 334(Va) (5.26)
t
This model is build on the assumption that our observations are done within the interval time
(0, t). We solved individual derivatives to aNain the required transition probabilities. Solving for the
derivative of equation (5.16) we obtained the transition probability of remaining in healthy state.
The derivative of equation (5.16) is expressed as:

2 p11(Va,Wy) =p11(Va,Wi) %k —312(Va) 1 2 p11(Va,Wp) = —312(Va)
oW L,j)u(VA,Wt) oW,
%) ! t
a_vvt In p11(Va,Wy) = —312(V,) . dlnp; (Vo Wy = . —312(V,a)ds
In p11(Va,Wp) =[—312(Valt] p11(Va,Wp) = e-312(Valt (5.27)

Solving for the derivative of equation (5.18) we obtained the transition probability of transiting from
healthy state to Liver cancer state. The derivative of equation (5.18) is expressed as:

0 e,
— p12(Va,Wp) =p11(Va,Wh) % 312(Va) = p2(Va,Wy) = e-S12(Valt o F12(Va)

g 0 oWt g

t t
. IP15(Va, Wy = . e 9125 5 5 15(Vp)ds P12(Va,Wy) = F12(V,) . e~ 312(VA)sgg

p12(Va,Wp) = — e-912Vat 4 1 p12(Va,Wp) = 1 — g-312(Valt (5.28)

Solving for the derivative of equation (5.20) we obtained the transition probability of remaining in
Liver cancer state. The derivative of equation (5.20) is expressed as:

1
2 p22(Va, W) =p22(Va,Wh) % —323(Va) 2 p22(Va,Wp) = —323(Va)
oW d)ZZ(VA,Wt) oW, )
5 t Yt
o I p22(Va, W) = —323(Vy) dInpy,(Va Wy = =3 23(Vp)ds
3Wt 0 0

In p22(Va,We) =[—323(Vat] p22(Va,Wy) = e—323(Valt (5.29)
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Solving for the derivative of equation (5.22) we obtained the transition probability of moving from
Liver cancer state to Colon cancer state. The derivative of equation (5.22) is expressed as:

d %,
aW_ p23(Va,Wp) =p22(Va,Wh) * 323(Va) a;\/ p23(Va,Wp) = e-323VA 5 5o5(Vp)

t t
g, 0, o
. IP23(Va, Wy) =0 e~ (VS ¢ 5 23(Vp)ds P23(Va, W) = 523(Va) . e~ 23(VAsgs

#
p2s(Va W) = 323 (Va) s g9 P23(Va,Wy) = 1 — ™ 32a) (5.30)
—323(Va)

0

Solving for the derivative of equation (5.24) we obtained the transition probability of remaining in
colon cancer state. The derivative of equation (5.24) is expressed as:

1
g p33(Va, W) =p33(Va,Wi) k —334(Va) d p33(Va,Wy) = —334(Va)
oW, . p33(Va,Wy) dW; )
2 o Vi
— N — In _ —
AW In p33(Va,W,) = 334(VA) rm P33(Va, W)W, = . 3 34(VA) ds

In p33(Va,Wp) =[—334(Valt] p33(Va,Wh) = g~ I3Vt (5.31)

Solving for the derivative of equation (5.26) we obtained the transition probability of moving from
Colon cancer state to Dead state. The derivative of equation (5.26) is expressed as:

g 9
—— p3a(Va,Wp) =p33(Va,Wh) % 334(Va) = p3a(Va,Wp) = e-33sVAt ¢ 34(Va)
IW oW,
U, U, U,
8_VV p34(VA’Wt)8Wt = e~ 334(VA)s 4 g 34(VA)dS P34(Va, W) = 3 34(V,) e~ 334(VA)s(g
0 t " 0
#y
D34(Va W) = 34 (Vi) g~ 3a4(Vas P3a(VaWy) = 1 — ™ SsslVal (5.32)
—334(Va) .

In this model state 4 is an absorbing state hence the transition probabilities are defined as:
ps1(Va,Wp) = 0, ps2(Va,Wy) = 0, pa3a(Va,Wy) = 0, pas(Va,Wi) = 1 . The transition probability matrix
for this model is :

[
[ p11(Va,W)  p12(Va,Wp)  p13(Va,Wy) p14(VA,Wt)D

p21(Va,Wp  p22(Va,Wp)  p23(Va,Wp)  p24(Va,Wh) -
| p31(VaW)  ps2(Va, Wy  p3s(Va,Wy)  p3a(Va,Wi) [
pa1(Va,Wy)  paz(Va,Wp)  pa3(Va,Wy)  paa(Va,Wp)

O
e—312(VAt 1 _ g—F12(Valt 0 0
0 e—323(Valt 1 — e~ J23(Valt 0

0 0 g—334(Valt 1 — e~ 334(Valt 0

0 0 0 1
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5.5

Five state cancer model

5.5.1 Introduction

In this section five state cancer Markov model which in cooperates Healthy state, Stomach cancer
state, Pharynx state, colon state and Dead state is derived. A case where the patients can not transit
back to any state is considered. This leads to the assumption that a patient cannot enter a state
more than once. The patients who recover are assumed to have been censored from the study.

5.5.2 Five state Stomach cancer-Pharynx-Colon model

Figure (5.3) represents the five-state model in which we systematically derive the respective Kol-
mogorov Forward Differential Equation.

STATE 1 STATE 2 STATE 3 STATE 4

v

STOMACH |=—————p| PHARYNY (o COLON
CANCER

HEALTHY
STATE

STATE 5
DEAD
Figure 5.3. Stomach cancer-Pharynx-Colon model
From the figure (5.3)above the transition probability matrix is expressed as:
0 p11(Va,We)  p12(Va,Wt) p13(Va, W) p1a(Va,Wi) p1s(Va,Wi) aa b3 0 0 0 .

p21(Va,W)  p22(Va,Wo)  p23(Va,Wo)  pza(Va,Wo) - p2s(Va,Wh)
p31(Va,Wy)  p32(Va,W)  p33(Va,Wo)  p3a(Va,Wy)  p3s(Va,Wy)
a P41(Va,Wp)  paz(Va,Wi)  pa3(Va,Wy)  paa(Va,Wp)  pas(Va,Wy) i 0 0 0 g3 hs 0
P51(Va,Wy)  ps2(Va, W) ps3(Va,Wo) - psa(Va,Wi)  pss(Va, W) 0 0 0 0 1

g 0

0 cs d3 0 O
. 0 3 3 0
O0=00 0 es f3 0

Hence the transition probabilities of interest are; as, bs, c3, ds, es, f3, g3 and hs. Where a3 represents
transition probability of remaining in healthy state, bs represents the transition probability of moving
from Healthy state to Stomach cancer state, c3 represents the transition probability of remaining in
Stomach cancer state, ds represents the transition probability of transiting from Stomach cancer
state to Pharynx cancer state, es represents the transition probability of remaining in Pharynx cancer
state, fs is the transition probability of transiting from Pharynx cancer state to Colon cancer state,
gs represents the transition probability of remaining in Colon cancer state and hs is the transition
probability of moving from Colon cancer state to Dead cancer state.
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Theorem 5.5.1 (Five state Stomach-Pharynx-Colon cancer model ). The transition probability
matrix for this model is:

p11(Va,Wp)
p21(Va,Wy)
. p31(Va,Wh)
II Pa1(Va,Wh)
ps1(Va, Wy

p12(Va, W)
p22(Va, W)
p32(Va, W)
paz(Va,Wy)
ps2(Va, W)

p13(Va, W)
p23(Va, Wy
p33(Va, Wy
pa3(Va,Wy)
Ps3(Va, W)

p14(Va,Wy)
p24(Va,Wy)
p34(Va,Wy)
paa(Va,Wy)
psa(Va, W)

p1s(Va, W)
p25(Va,Wy) O
p3s5(Va, W) 0_
pas(Va, W) ]
Pss(Va, W)

e~ S12(VAt 1 — g—S12(Valt 0 0 0

0 e—323(Valt 1 — e—J23(Valt 0 0

0 e—334(Valt 1 — e~ 334(Valt 0

e~ Sas(Valt 1 — e—Jas(Valt

0
O o 0 0 0
0

0 0 0 1
Proof of theorem 5.5.1
Figure 5.3 represents the Five state Stomach-Pharynx-Colon cancer model. The transition intensities

and probabilities are derived using Kolmogorov forward equations. Kolmogorov Forward Differential
equation is expressed as:

n

Pii(Va,Wt + Kg) = Z Pik(Va, W) pr (Wi, Wt + Ka)
K=1

In this model we consider the following: (i,k, j) = 1,2,3,4,5
Wheni=1and j=1
5

p11(Va,Wt + Kq) = Z P1k(Va, We) pra (W, W + Kq)
K=1

=p11(Va,W)[1 — p12(We, Wt + Ka)] + p12(Va,Wo)p21(Wi,W: + Kq)
+ p13(Va,W)p31(We, Wt + ko) + p14(Va,Wo)pa1 (W, Wt + Kq)
+ p15(Va,Wo)ps1(We, Wt + Kq)

=p11(Va,W)[1 — p12(W:, Wt + Kd)] (5.33)
Subtracting p11(Va,Wy) from equation (5.33)
p11(Va,Wt + Ka) — p11(Va,Wp) =p11(Va,W)[1 — p12(W, Wt + Ka)] — p11(Va, W)
=p11(Va,W)[1 — p12(We, W + Kg) — 1]
=p11(Va, W) [—p12(W;, Wt + Kd)]
lim P11(Va,Wt + Kg) — p11(Va,Wi) —p11(VAW,) lim —p12(We, Wt + Ka)
Kd—0 Kd Kd—0 Kd
2. p11(Va, W) =p11(Va,Wi) k —312(Va) (5.34)

OWt
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Wheni=1and j =2

5
p12(Va,Wt + Kg) = Z p1k(Va, Wo)pra(We, Wt + Ka)
k=1

=p11(Va,W)p12(We, Wt + Ka) + p12(Va,W)[1 — p23(Wi, Wt + Kd)]
+ p13(Va,Wo)p32(We, Wt + Kq) + p14(Va,Wppa2(We, Wt + Kq)
+ p15(Va,Wy)ps2(We, Wt + Kq)
=p11(Va,W)p12(Wi, Wt + Ka) + p12(Va,W)[1 — p23(W;, Wt + Kd)] (5.35)

Subtracting p12(Va,Wy) from equation (5.35)

p12(Va,Wt + Ka) — p12(Va,Wy) =p11(Va,W)p12(Wi,W: + Ka) + p12(Va,Wh)
[1— p23(Wy, Wt + Ka)] — p12(Va,Wh)]
=p11(Va,Wo)p12(Wt, Wt + Ka) + p12(Va,Wy)
* —p23(Wi, Wt + Kq)
=p11(Va, W) * p12(Wy, Wt + Kq)

lim P12(Va,Wi + Kg) — p12(Va,Wy) —p11(VaWy) * lim P12(We, Wt + Kq)
Kd—0 Kd Kd—0 Kd

aiw p12(Va,Wy) =p11(Va,Wy) * F12(Va) (5.36)
t

Wheni=2and j =2

5

p22(Va,Wt + Ka) = Z p2k(Va, We) pra (Wi, W + Kq)
k=1

=p21(Va,Wp)p12(Wi, Wt + Ka) + p22(Va,Wp[1 — p23(We, Wt + Ka)]
+ p23(Va,Wo)ps2(We, Wt + Ka) + p2a(Va,We)paz(We, Wt + Ka)
p25(Va,We)ps2(We, Wt + Ka)

=p22(Va,W)[1 — p23(We, Wt + Ka)] (5.37)

Subtracting pz2(Va,W) from equation (5.37)

p22(Va,Wt + Ka) — p22(Va,Wp) =p22(Va,W)[1 — p23(We, Wt + Ka)] — pz2(Va,Wh)
=p22(Va, W) * —p23(We,We + Kq)

lim P22(VaWi + Ko) = paa(Va, W) (VA W) % — lim P23(We, Wi+ Kq)
Kd—0 Kg Kd—0 Kd

aiw p22(Va, W) =p22(Va,Wi) % —323(Va) (5.38)
t
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Wheni=2and j=3

5
p23(Va,Wt + Kg) = Z p2k(Va, Wo)pra(We, Wt + Ka)
k=1

=p21(Va,Wp13(We, Wt + Ka) + p22(Va,We)p23(Wi, Wt + Ka)

+ p23(Va,Wo)p33(We, Wt + Kq) + p24(Va,Wppa3s(We, Wt + Kq)

+ p25(Va,Wy)ps3(We, Wt + Kq)
=p22(Va, Wo)p23(We, Wt + Ka) + p23(Va,Wi)p33(We, Wt + Kaq)
=p22(Va,We)p23(Wi, Wt + Ka) + p23(Va,W)[1 — p3a(Wi, Wt + Ka)] (5.39)

Subtracting pz3(Va,Wy) from equation (5.39)

p23(Va,Wt + Ka) — p23(Va,Wy) =p22(Va,W)p23(Wi,W: + Ka) + p23(Va,Wh)
[1 — p3a(Wi, Wt + ka)] — p23(Va,Wy)
=p22(Va,W)p23(We, Wt + Ka) + p23(Va,Wh)
[—p3a(We, Wt + Kd)]

lim P23(Va, Wi + Kd) — p23(Va,Wi) —p2a(VaAWp) % lim P23(Wi,Wi_+ Kd)
Kd—0 Kd Kd—0 Kd

aiw p23(Va, W) =p22(Va,Wh) * 323(Va) (5.40)
t

Wheni=3and j =3

5
P33(VaWt + Ka) = " pau(Va,We)pia(Wi,We + Ka)
k=1

=p31(Va,Wo)p13(We, Wt + Ka) + p32(Va,We)p23(We, Wt + Kq)
+ p33(Va,Wo)p33(We, Wt + Ka) + p34(Va,Wp)pas(We, Wt + Kq)
+ p3s(Va,Wy)ps3(Wy, Wt + Kd)
=p33(Va,W)[1 — p3a(We, Wt + Kd)] (5.41)

Subtracting pss(Va,W) from equation (5.41)

P33(Va, Wi + Ka) — p33(Va,Wp) =p33(Va,Wi)[1 — p3a(Wi, Wt + Ka)] — p33(Va,Wi)
=p33(Va,Wo) [—p3a(Wi, Wt + Ka)]

lim P33(VaWi + Kg) — p33(Va, W) —psa(VA W) % — lim P3a(We, Wi+ Kq)
Kd—0 Kg Kd—0 Kd

aiw 033 (VA WY =pas(Va W) % —Sa4(V) (5.42)
t



Wheni=3and j =4

5
p32(Va, Wt + Kg) = Z P3k(Va, Wo) pra(We, W + Kq)
K=1

=p31(Va, Wp1a(We, Wt + Ka) + p32(Va,We)p2a(Wi, Wr + Ka)
+ p33(Va,Wo)p3a(We, Wt + Kq) + p34(Va,Wppaa(We, Wt + Kq)
+ p3s(Va,Wy)psa(We, Wt + Kq)
=p33(Va, W) p3a(We, Wt + Ka) + p34(Va,W)[1 — pas(Wi, Wt + Ka)] (5.43)

Subtracting p3a(Va,Wy) from equation (5.43)

p32(Va, Wt + Ka) — p34(Va,Wi) =p33(Va,W)p3a(Wi,W: + Ka) + p3a(Va,Wh)
[1 — pas(Wi, Wt + Ka)] — p3a(Va,Wp)
=p33(Va,W)p3a(We, Wt + Ka) + p3a(Va,Wp)
[—pas(We, Wt + k)]
=p33(Va, W) p3a(We, Wt + Ka)

lim P3#(Va,Wt + Kd) — p3a(Va,Wp) —pss(VaA W)  lim P3a(Wi, Wi + Ka)
Kd—0 Kd Kd—0 Kd

aiw P34(Va,Wp) =p33(Va,W) * 334(Va) (5.44)
t

Wheni=4and j =4

5

pasa(Va,W; + Kg) = Z Pak(Va, We)pra(We, W: + Kq)
k=1

=p41(Va,W)p1a(We, Wt + Ka) + paz2(Va,Wp)p2a(We, Wt + Ka)
+ pa3(Va,Wpp3a(Wi, Wt + Ka) + paa(Va,Wy)paa(Wie, Wt + Kaq)
+ pas(Va,Wo)psa(Wi, Wi + Kq)
=pas(Va,W)[1 — pas(W;,W; + Kq)] (5.45)

Subtracting pas(Va,Wy) from equation (5.45)

Paa(Va, Wt + Ka) =paa(Va,Wi)[1 — pas(Wi, Wt + Ka)]
=pa4a(Va, W) [—pas(We, Wt + Kq)]

lim Paa(VaWe + Kg) — paa(VaWy) _ Daa(Va W) % — lim Pas(Wi, Wi+ Kq)
Kq—0 Kd Kd—0 Kd

6LW Paa(Va, W) =paa(Va,Wi) % —345(Va) (5.46)
t
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Wheni=4and j=5

5
pas(Va,We + Ka) = > pa(Va,Wo)pis (Wi, We + Ka)
K=1

=pa1(Va,W)p1s(We, Wt + Ka) + paz2(Va,Wo)p2s(We, Wt + Ka)
+ pa3(Va,Wo)p3s(We, Wt + Kq) + p44a(Va,Wp)pas(We, Wt + Kq)
+ pas(Va,Wy)pss(Wy, Wt + Kd)
=paa(Va,We)pas(We, We + Ka) + pas(Va,Wh)
(5.47)

Subtracting pas(Va,Wy) from equation (5.47)

Pas(Va,We + Ka) — pas(Va,Wo) =paa(Va,W)pas(Wi,Wr + Ka) + pas(Va,Wp) — pas(Va,Wh)
=p44a(Va,We)pas(We, Wt + Ka)

lim Pas(Va, Wi + Kd) — pas(Va, W) —paa(VaWp) % Tim Pas(We, Wi+ Ka)
K¢—0 Kd Kd—0 Kd

ﬁ Pas(Va,Wi) =paa(Va, W) * S45(Va) (5.48)
t

This model is build on the assumption that our observations are done within the interval time
(0, t). We solved individual derivatives to aNain the required transition probabilities. Solving for the
derivative of equation (5.34) we obtained the transition probability of remaining in healthy state.
The derivative of equation (5.34) is expressed as:

= p11(Va,Wp) =p11(Va,Wy) % —312(Va) 1 2 p11(Va,Wp) = —312(Va)
oW . p11(Va,Wp) OW; )
E Ut g Yt
a_V\/t In pll(VA,Wt) = _312(VA) o W In pll(VA,Wt)HWt = . -3 12(VA)dS
In p11(Va,Wp) =[—312(Va)t] p11(Va,Wp) = g—S12(Valt (5.49)

Solving for the derivative of equation (5.36) we obtained the transition probability of transiting from
healthy state to Stomach cancer state. The derivative of equation (5.36) is expressed as:

2 p12(Va,We) =p11(Va,Wp) * 312(Va) ¢ p12(Va,Wy) = e-312VA 5 515(Vp)
; oWt . oWy .
Uta Ut_3 Va) Ut_3 Va)
— plz(VA’Wt)aWt — g 12VAS ¢ 3 12(VA)dS plZ(VA,Wt) = 812(VA) g ~12VASS(dg
0 oWt "0 #, 0
p12(Va W) = S12(Va) * e~ 312048 p12(Va,Wy) = 1 — ™12V (5.50)

—312(Va)
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Solving for the derivative of equation (5.38) we obtained the transition probability of remaining in
stomach cancer state. The derivative of equation (5.38) is expressed as:

1
2 pz2(Va,Wy) =p22(Va,Wi) % —323(Va) 2 p22(Va,Wp) = —323(Va)
oW . p22(Va,Wy) dW; )
2 Yt o Yt
AW, In p22(Va, W) 823(Va) ) oW, P22(Va, W,)OW, . 23(Va)ds
In p22(Va,Wo) =[—323(Valt] p22(Va,Wp) = e-323(Valt (5.51)

Solving for the derivative of equation (5.40) we obtained the transition probability of moving from
stomach cancer state to Pharynx cancer state. The derivative of equation (5.40) is expressed as:

g 2
— p23(Va,Wp) =p22(Va,Wy) * 323(Va) — p23(Va,Wp) = e-3230VMt 5 §,3(Vp)
oWt dW;
Ut 5 Uy U
. Cﬂh p23(Va, W)W = e IVAS 4 §23(V,yds  Pyg(Va, W) = S23(Vy) . e~ 323(V)sgs
#t
p23(VA,Wt) = 323 (VA) * g~ I23(Va)s p23(VA,Wt) —1-— e—323(VA)t (5.52)
—323(Va)

Solving for the derivative of equation (5.42) we obtained the transition probability of remaining in
Pharynx cancer state. The derivative of equation (5.42) is expressed as:

. 1 )
— p33(Va,Wp) =p33(Va,Wh) %k —334(Va) p33(Va,Wp) = —334(Va)
oW p33(Va,Wi) Wt )
3 0, U,
8_Wt In p33(VA,Wt) =-3 34(VA) . a_VVt In p33(Va, VVt) aWt = . —334(VA)dS
In p3s(Va,We) =[—S3a(Va)s]', P33(Va,Wy) = e~ S2aVat (5.53)

Solving for the derivative of equation (5.44) we obtained the transition probability of transiting from
pharynx state to colon cancer state. The derivative of equation (5.44) is expressed as:

J 3
— p3a(Va,Wp) =p33(Va,Wh) * 334(Va) = p3a(Va,Wp) = e-334UWt 4 S34(V)
oW oW,
Uy d U, U,
. 3_\/\/ p34(VA’Wt)aWt = . e—334(VA)S * 334(VA)dS p34(VA,Wt) — 334(VA) . e—334(VA)Sds
t
#1
p3a(VaWe) = F34(Va) o e~ 3s4(Vs P3a(Va W) = 1 — g™ 334(Val (5.54)
—334(Va)

0

Solving for the derivative of equation (5.46) we obtained the transition probability of remaining in
colon cancer state. The derivative of equation (5.46) is expressed as:

1
2 Paa(Va, W) =paa(Va,Wi) k —3a5(Va) 2 Paa(Va,Wp) = —3a5(Va)
oW Raa(Va, W) oW, )
5 Ui g Yt
avt In p44(VA,Wt) = —345(VA) ) oW, In p44(vA,Wt)3Wt = . -3 45(VA)dS

In paa(Va,We) =[—Sas(Vat] paa(Va,Wy) = e—Ias(Valt (5.55)
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Solving for the derivative of equation (5.48) we obtained the transition probability of transiting from
colon cancer state to dead state. The derivative of equation (5.48) is expressed as:

. pas(Va,Wp) =p4a(Va,Wp) * S45(Va)

oWt

U, U,
J -
~ p45(VA’Wt)aWt:"0 e 95V 5 3 (V,)ds

0 OW

#
p45(VA,Wt) = 84-5 (VA) * e—345(VA)s

—345(Va)

)
= pas(Va, W) = e=345Wt 5 S45(Vn)

oWt

Pas(Va,Wy) = 3

Pas(Va,Wy) =1 — e~ Jas(Valt

45(Va

Va)

t
e _345(VA)SdS

(5.56)

In this model state 5 is an absorbing state hence the transition probabilities are defined as:

ps1(Va,Wy) = 0, ps2(Va,Wp) = 0, ps3(Va,Wp) = 0, psa(Va,Wp) = 0, pss(Va,Wy) = 1
The transition probability matrix for this model is :

p11(Va,Wp)
p21(Va,Wy)
p31(Va,Wh)
0 P41(Va,Wo)

ps1(Va,Wh)

O

e~ J12(Valt

p12(Va, W)
p22(Va,Wh)
p32(Va,Wh)
pa2(Va,Wy)
ps2(Va,Wh)

1 — e~ J12(Vat

p13(Va,Wy)
p23(Va, W)
p33(Va, W)
pa3(Va,Wy)
ps3(Va,Wy)

0

p1a(Va,Wy)
p24(Va,Wy)
p34(Va,Wh)
Paa(Va,Wy)
ps4(Va, W)

0

p1s(Va, W)

p25(Va, W) .

p35(Va, W)

p4s(Va,Wo) [

pss5(Va, W)

0

0 e—323(Valt 1 — e—J23(Valt 0 0

0 e~ 334(Valt 1 — e~ Jza(Valt 0

e—345(VA)t 1-— (:_3—345(VA)t

0
0 o 0 0 0
0

0 0 0 1

5.6 Six state cancer model

5.6.1 Introduction

In this section six state cancer Markov model which in cooperates Healthy state, Oesophagus cancer
state, Stomach state ,Lung state, Kidney state and Dead state is derived. A case where patients can
not move back to any state is considered. This leads to the assumption that a life cannot enter a
state more than once. The patients who recover are assumed to have been censored from the study.

5.6.2 Six state Oesophagus cancer-Stomach-Lungs-Kidney model

Figure (5.4) represents the six-state model in which we systematically derive the respective Kol-
mogorov Forward Differential Equation.
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STATE 1 STATE 2 STATE 3 STATE 4
HEALTHY | | OESOPHAGUS # STOMACH  j—eeeeep LUNGS
STATE CANCER
STATE 5
STATE 6
| KIDNEY
DEAD
Figure 5.4, Oesophagus cancer-Stomach-Lungs-Kidney model
From the figure (5.4)above the transition probability matrix is expressed as:
p11(Va,W)  p12(Va,Wy)  p13a(VaWy)  p1a(VaWp)  p1s(Va,Wy)  pie(Va, Wy
. p21(Va,Wy)  p22(Va,Wy)  p23(Va,W0)  p24(Va,Wy)  p2s(Va,Wy)  p26(Va, W) -
p31(Va,Wy)  p32(Va,Wy)  p33(Va,W)  p3a(Va, W) p3s(Va,Wy)  p36(Va, W)
par(Va,Wy)  paz(Va,Wy)  pa3(Va,Wp)  paa(Va,Wy)  pas(Va,Wy)  pas(Va,Wi)
HpSl(VA,Wt) ps2(Va,Wp)  ps3(Va,Wy)  psa(Va,Wp)  pss(Va,Wr) p56(VA,Wt)h
Pe1(Va,Wy)  pe2(Va,Wy)  ps3(Va,W) psa(Va,Wy)  pes(Va,Wy)  pss(Va, W)
a
as bas 0 0 0 O
0 c4 da 0 0 O -
0 0 e fa 0 O
0 0 0 g4 ha O
Ho 0o 0 0 ke if
0 0 0 0 0 1

Hence the transition probabilities of interest are; a4, ba, C4, ds, €4, f4, gs, hs, ks and ls. Where as
represents transition probability of remaining in healthy state, bs represents the transition probability
of moving from Healthy state to Oesophagus cancer state, c4 represents the transition probability
of remaining in Oesophagus cancer state, d4 represents the transition probability of transiting
from Oesophagus cancer state to Stomach cancer state, es represents the transition probability of
remaining in Stomach cancer state, f4 is the transition probability of transiting from Stomach cancer
state to Lung cancer state, gs represents the transition probability of remaining in Lung cancer
state, hs is the transition probability of transiting from Lung cancer state to Kidney cancer state,
ks represents the transition probability of remaining in Kidney cancer state and |4 represents the
transition probability of transiting from Kidney cancer state to Dead state.
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Theorem 5.6.1 (Six state stomach-colon-liver-lung cancer model ). The transition probability
matrix for this model is:

O

p11(Va, Wy
p21(Va, W)

p31(Va, Wy
pa1(Va, W)

EI ps1(Va,Wh)

Ps1(Va, W)

p12(Va, W)
p22(Va, Wy
p32(Va, W)
pa2(Va, Wy
ps2(Va, W)
Pe2(Va,Wh)

p13(Va, W)
p23(Va, W)
p33(Va, W)
pa3(Va, W)
ps3(Va, W)
ps3(Va,Wr)

p1a(Va,Wy)
p24(Va,Wy)
p34(Va, W)
paa(Va,Wy)
ps4(Va, W)
Pe4(Va,Wh)

p15(Va, W)
p25(Va, W)
p35(Va, W)
Pas(Va,Wy)
Pss(Va,Wo)
Pes(Va,Wh)

p16(Va,Wh)
p26(Va, W) 0

P36(Va, W)
pas(Va, W)
pse(Va, W) h
Pes(Va,Wr)

e—S12(VAt 1 — g—S12(Valt 0 0 0

0 g~ S23(Valt 1 — e~ 323(Valt 0 0

0 g—I3a(Valt 1 — e~ 334(Valt 0

o o o o
O

0 e~ Sas(Valt 1 — g~ Jas(Valt

e—356(VA)t 1— 6—356(VA)t 0

o o o O

0
0 0 0
0 0 0 0 1

Proof of theorem 5.6.1

Figure (5.4) represents the Six state Oesophagus-Stomach-Lung-Kidney cancer model. The transition
intensities and probabilities are derived using Kolmogorov forward equations. Kolmogorov Forward
Differential equation is expressed as:

n

D pi(Va, Wo)pij(We, We + Ka)
k=1

Pii(Va,Wt + Kg) =

In this model we consider the following: (i,k, j) = 1,2,3,4,5,6
Wheni=1and j=1

6
Z w(Va, Wo)pra (We, W: + Kq)

p11(Va,Wt + Kq)

=p11(Va,W)p11(We, Wt + Ka) + p12(Va,Wp)p21(We, W + Ka)+
+ p13(Va,W)p31(We, Wt + Kq) + p14(Va,We)par(We, W: + Kq)
+ p1s(Va,W)ps1(We, W: + Ka) + p1e(Va,Wo)ps1 (Wi, Wr + Ka)

=p11(Va,Wi)[1 — p12(W;,W: + Kq)] (5.57)
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Subtracting p11(Va,Wy) from equation (5.57)

p11(Va, Wt + Ka) — p11(Va,Wp) =p11(Va,W)[1 — p12(Wi, W: + Ka)] — p11(Va, W)
:pll(VA,Wt)[—plz(Wt,Wt + Kq)]

lim P11(Va,We + Kd) — p11(Va,Wh) o (VAW lim —p12(We, Wt + Kd)
Kd—0 Kd Kd—0 Kd

ﬁ P11(Va,Wp) =p11(Va,Wp) * —312(Va) (5.58)
t

Wheni=1and j =2

6
p12(Va,Wi + Kg) = Z P1k(Va, WO pk2(We, Wt + Kq)
k=T

=p11(Va,Wo)p12(W;, Wt + Ka) + p12(Va,W)[1 — p23(Wi,W: + Ka)]

+ p13(Va,W)p32(We,W: + Ka) + p1a(Va,Wopaz(We, W + Ka)

+ p1s(Va,W)ps2(We,W: + Ka) + p1e(Va,Wope2(We, W + Ka)
=p11(Va,We)p12(Wi, Wt + Ka) + p12(Va,Wi)[1 — p23(W;, Wt + Ka)] (5.59)

Subtracting p12(Va,W;) from equation (5.59)

p12(Va,Wt + Ka) — p12(Va,Wp) =p11(Va,W)p12(Wi,Ws + Ka) + p12(Va, W)
[1— p23(Wi,W: + Kg)] — p12(Va,Wy)
=p11(Va,W)p12(We, Wt + Ka) + p12(Va,Wp)
* —p23(Wi, Wt + Ka)
=p11(Va,Wp) * p12(W, Wt + Ka)

lim p12(Va, Wi + Kdg) — p12(Va,Wh) =p11(VA,Wt) % lim p12(Wi, Wt + Kq)
Kd—0 Kd Kd—0 Kd

BLW p12(Va,Wt) =p11(Va, W) * 312(Va) (5.60)
t

Wheni=2and j=2
6

p22(Va,Wt + Ka) = Z p2k(Va, Wo)pia (Wi, Wi + Kq)
k=1

=p21(Va,Wo)p12(We, Wt + Ka) + p22(Va,W)[1 — p23(Wy,W: + Ka)]
+ p23(Va,Wop32(Wi, W: + Ka) + p24(Va,We)pa2(Wi, Wt + Kq)
p25(Va,Wo)ps2(Wi, W: + Kq) + p26(Va,Wi)ps2(Wi, Wt + Ka)

=pz2(Va,Wi)[1 — p23(Wi, Wt + Ka)] (5.61)
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Subtracting pz2(Va,Wy) from equation (5.61)

p22(Va,Wt + Ka) — p22(Va,Wp) =p22(Va,W)[1 — p23(Wi, Wt + k)] — p22(Va,Wy)
=p22(Va,Wp) * —p23s(We, Wt + Ka)

lim P22(Va,Wt + Kg) — p2a(Va,Wy) gy (Va W)  — lim p23(We, Wt + Kq)
Kd—0 Kd Kd—0 Kd

ﬁ p22(Va,Wp) =p22(Va,Wp) * —323(Va) (5.62)
t

Wheni=2and j=3

6
p23(Va,Wi + Kg) = Z p2k(Va, WO pka(We, Wt + Kq)
k=T

=p21(Va,Wo)p13(We, Wt + Ka) + p22(Va,W)p23(Wi, Wt + Ka)

+ p23(Va,W)p33(We,W: + Ka) + p24(Va,Wo)pa3(We, W + Ka)

+ p2s(Va,W)ps3(We, Wt + Ka) + pz6(Va,Wo)pe3(We, W + Ka)
=p22(Va,W)p23(We, Wt + Ka) + p23(Va,Wo)p3s(We, Wt + Kq)
=p22(Va,Wo)p23(Wi, Wt + Ka) + p23(Va,Wi)[1 — p34(W;, Wt + Ka)] (5.63)

Subtracting pz3(Va,W;) from equation (5.63)

p23(Va, Wt + Ka) — p23(Va,Wp) =pz2(Va,Wop23(Wi,W: + Kq) + p23(Va, W)
[1 — p3a(Wt,W: + Kag)] — p23(Va,Wh)
=p22(Va,W)p23(We, Wt + Ka) + p23(Va, W)
[—p3a(Wy, Wt + Kq)]

lim P23(Va, Wt + Kd) — p23(Va,Wi) 0o (VA W) 5 lim P23(We, W+ Ka)
Kd—0 Kd Kd—0 Kd

6LW p23(Va, W) =p22(Va,Wi) * 323(Va) (5.64)
t

Wheni=3and j=3
6

p33(Va,Wt + Kg) = Z P3k(Va, We) pra (W, Wy + Ka)
=1

=p31(Va,Wp)p13(We, W: + kq) + p32(Va,Wo)p23(Wi, Wt + Ka)

+ p33(Va,Wo)[1 — p3a(Wi,W: + Ka)] + p3a(Va,Wo)paz(Wi, Wt + Ka)

+ p35(Va,Wo)ps3(Wi, Wt + Ka) + p3e(Va,Wr)ps3(We, Wt + Ka)
=p33(Va,Wi)[1 — p3a(Wi, Wt + Kd)] (5.65)
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Subtracting p33(Va,Wy) from equation (5.65)

p33(Va, Wt + Ka) — p33(Va,Wp) =p33(Va,W)[1 — p3a(Wi, W: + Ka)] — p33(Va,Wh)
:p33(VA,Wt)[—p34(Wt,Wt + Kq)]

lim P33(Va,Wt + Kg) — p33(Va, W) pas(VaWo) % — lim P3a(We, Wt + Kq)
Kd—0 Kd Kd—0 Kd

ﬁ p33(Va,Wp) =p33(Va,Wp) * —334(Va) (5.66)
t

Wheni=3and j =4

6
p34(Va,Wi + Kg) = Z P3k(Va, WO pka(We, Wt + Kq)
k=T

+ p33(Va,W)p3a(We, Wt + Ka) + p3a(Va,Wo)paa(Wi, Wt + Ka)
+ p35(Va,W)psa(We, Wt + Ka) + p3s(Va,Wo)psa(Wi, Wt + Ka)
=p33(Va,We)p34(Wi, Wt + Ka) + p3a(Va,W)[1 — pas(We, Wt + Ka)] (5.67)

Subtracting pzs(Va,W;) from equation (5.67)

p34(Va,Wt + Kda) — p34(Va,Wp) =p33(Va,We)p34(Wi, Wt + Ka) + p3a(Va, W)
[1 — pas(Wi,W; + Ka)] — p34(Va,Wy)
=p33(Va, Wo)p3a(We, W: + Ka) + p34(Va,Wh)
[—pas(Wi, Wt + Ka)]
=p33(Va, W)p34(Wi, Wt + Ka)

lim p34(Va, Wi + Kd) — p3a(Va, Wy =p33(VA,Wt) % lim p34(Wi, Wt + Ka)
Kd—0 Kd Kd—0 Kd

6LW p32(Va, W) =p33(Va,Wi) * 334(Va) (5.68)
t

Wheni=4and j =4
6

Paa(Va, Wt + Kg) = Z Pak(Va, We) pra(We, Wy + Kq)
=1

=ps1(Va, W)p14(Wi, Wt + Ka) + paz(Va, W)p24(Wi, Wt + Kq)

+ pa3(Va,Wo)p3a(We, Wt + Ka) + paa(Va,Wo)[1 — pas(Wi, Wt + Kq)]

+ pas(Va,Wo)psa(We, Wt + Kq) + pas(Va,Wr)pea(Wt, Wt + Kq)
=paa(Va,Wo)[1 — pas(We,W: + Kd)] (5.69)
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Subtracting p44(Va,Wy) from equation (5.69)

Pa4(Va,Wt + Ka) =paa(Va,W)[1 — pas(W, W + Kg)]
=pa4(Va,Wo) [—pas(Wi, Wr + Ka)]

lim Paa(VaWe + Ko) — paa(Va W) 0asVaWy) % — lim Pas(We, Wi + Kq)
Kd—0 Kd Kd—0 Kd

ﬁ P4a(Va,Wy) =paa(Va,Wp) * —Jas(Va) (5.70)
t

Wheni=4and j=5

6
Pas(Va, Wt + Kg) = Z Pak(Va, W) pis(We, Wt + Ka)
K=1

=p41(Va,W)p1s(W, Wt + Kd) + paz(Va, Wo)p2s(Wi, Wr + Kq)
+ pa3(Va,Wo)p3s(Wi, Wt + Ka) + paa(Va,Wr)pas(We, Wt + Ka)
+ pas(Va,Wi)[1 — pse(Wi, Wt + Ka)] + pas(Va, Wr)pes(Wi, Wt + Ka)
=paa(Va, We)pas(Wi, Wt + Ka) + pas(Va,Wi)[1 — pse(Wie, Wt + Ka)] (5.71)

Subtracting pas(Va,Wy) from equation (5.71)

Pas(Va, Wt + Ka) — pas(Va,Wp) =paa(Va,Wo)pas(We, Wr + Kq) + pas(Va, W)
[1 — pse(Wt,W: + Kg)] — pas(Va,Wh)
=paa(Va,Wo)pas(We, Wi + Ka) + pas(Va, W)
[—pse(Wi, Wt + Ka)]
=paa(Va,Wo)pas(Wy, Wi + Kq)

lim Pas(Va,Wi + Ka) — pas(Va, W) pas(Va WD) % lim Pas(We, W + Ka)
Kd—0 Kd Kd—0 Kd

6LW Pas(Va, W) =paa(Va,Wp) * S45(Va) (5.72)
t

Wheni=5and j=5
6

pss(Va, Wt + Kg) = Z Psk(Va, We) prs (W, W + Ka)
K=1

=ps1(Va,W)p1s(We, Wt + Kd) + ps2(Va,We)pzs(We, W + Ka)

+ ps3(Va,Wop3s(W, Wt + Ka) + psa(Va,Wipas(W,Wr + Ka)

+ pss(Va,W)[1 — pss(Wi, Wt + Ka)] + pse(Va, We)pss(Wi, Wt + Kaq)
=ps5(Va,Wi)[1 — pse(Wi, Wt + Ka)] (5.73)
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Subtracting pss(Va,Wy) from equation (5.73)

Pss(Va, Wt + Ka) =pss(Va,Wo[1 — pse(Wi, Wt + Ka)] — pss(Va,Wh)
=ps5(Va, W) [—pse(We, Wt + Kg)]

lim Pss(Va,Wt + Ka) — pss(Va,We) pss(VaWo) % — lim Pse(We, Wt + Kq)
Kd—0 Kd Kd—0 Kd
m Pss(Va,Wo) =pss(Va,Wp) * —3Js56(Va) (5.74)
t
Wheni=5and j=6
6

Ps6(Va,Wi + Kg) = z Psk(Va, WO pke(We, Wt + Ka)
k=1

=ps1(Va,W)p16s(W, Wt + Kd) + ps2(Va, Wi)p26(Wi, W: + Kq)
+ ps3(Va,W)p3s(W, Wt + Kka) + psa(Va,Wo)pas(Wi, Wt + Ka)
+ pss(Va,W)pss(W, Wt + Ka) + pse(Va,Wo)pss(Wi, Wt + Ka)
=pss(Va, Wopse(Wi, Wt + Kd) + pse(Va, W) (5.75)

Subtracting pse(Va,Wy) from equation (5.75)

Pse(Va, Wt + Ka) — pse(Va,Wi) =pss(Va,Wo)pse(Wi, Wt + Ka) + pse(Va,Wi) — pse(Va, W)
=ps5(Va,We)pse(We, Wt + Kq)

lim Pse(Va,Wi + Ka) — pse(Va, W) pss(VaA W) % lim Pse(We, Wi + Kq)
Kd—0 Kd Kd—0 Kd

Ps6(Va, W) =pss5(Va, W) * 356(Va) (5.76)
oW

This model is build on the assumption that our observations are done within the interval time (0, t).
We solved individual derivatives to aNain the required transition probabilities.

Solving for the derivative of equation (5.58) we obtained the transition probability of moving or
remaining in healthy state. The derivative of equation (5.58) is expressed as:

2 p11(Va,Wy) =p11(Va,Wi) % —312(Va) 1 2 p11(Va,Wp) = —312(Va)
oWt lj)ll(VA’Wt) oW ;
E t2 Yt
3_VVt In p11(Va, W) = —312(Vp) ) oW, In P11(Va, W) OW, = . —3 12(V,)ds
In p11(Va,Wy) =[—S12(Valt] p11(Va,Wy) = e-312Valt (5.77)
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Solving for the derivative of equation (5.60) we obtained the transition probability of transiting from
healthy state to oesophagus cancer state. The derivative of equation (5.60) is expressed as:

0 p12(Va,W9) =p11(Va,Wh) * S12(Va) g p12(Va W) = e-312VAt 4 §12(V)
) oW ) W, ’
Uta Ut—s Ve Ut_3 o
< plz(VA’Wt)awt _ e 12WAS g 12(VA)dS P12(Va,W,) = SlZ(VA) e~ 312(VA)sqg
0 W "0 #4 0
pra(Va Wy = F12(Va) xe 92 pra(Va W) = 1— Szt (5.78)
—312(Va)

Solving for the derivative of equation (5.62) we obtained the transition probability of remaining in
oesophagus cancer state. The derivative of equation (5.62) is expressed as:

xa p22(Va, W) =p22(Va,Wh) % —323(Va) 1 d p22(Va,Wy) = —323(Va)

oW L,PZZ(VA,Wt) oW,
t

L’Jt
o Inp,, (VA W)OW, =  —393(V
0 aWt p22( A, t)a t 0 23( A)dS

In p22(Va, W) =[—323(Va)t] p22(Va,Wi) = e-323(Valt (5.79)

0
@Vt In p22(Va,Wy) = —323(Vp)

Solving for the derivative of equation (5.64) we obtained the transition probability of transiting from
oesophagus cancer state to stomach cancer state. The derivative of equation (5.64) is expressed as:

< P23(Va,Wp) =p22(Va,Wh) * 323(Va) g p23(Va, W) = o323Vt 4 §a(V)
W , AW, ,
Ut 5 Uy 0,
. a_th23(VA'Wt)aWt — e 3238 5 §23(V,)ds Poy(Va, Wy = S53(V,) 0 e~ 523(VAsgs
p23(Va W) = 323 (Va) % e‘323(VA)S#t p23(Va, W) = 1 — e~ 323Vt (5.80)
—323(Va)

Solving for the derivative of equation (5.66) we obtained the transition probability of remaining in
stomach cancer state. The derivative of equation (5.66) is expressed as:

1
2 p33(Va, W) =p33(Va,Wi) k —334(Va) d p33(Va,Wi) = —334(Va)
oWt L,j)33(VA,VVt) oW }
2 t 9 Uy
a_VVt In p33(VA,Wt) = — 334(VA) 0 AW In P33(Va, Wt)aWt = . -3 34(VA)dS
In p33(Va,Wo) =[—S34(Va)t] p33(Va,Wip) = e~ 334(Valt (5.81)

Solving for the derivative of equation (5.68) we obtained the transition probability of transiting from
stomach cancer state to lung cancer state. The derivative of equation (5.68) is expressed as:
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4 2
— p3a(Va,Wp) =p33(Va,Wi) * 334(Va) © Daa(Va,Wp) = e-334VAt i §34(V)
) oWt ) aW, '
Uta Ut_q Vs Ut_3 e
Y p34(VA’Wt)aWt =, e JD34(VA *334(VA)dS p34(VA,Wt) — 334(VA) e 34\VA dS
0 oW 0 #4 0
D3a(Va W) = 3% (Va) k e~ 354008 P3a(Va Wy) = 1 — e~ FaslVa)! (5.82)
—334(Va) .

Solving for the derivative of equation (5.70) we obtained the transition probability of remaining in
lung cancer state. The derivative of equation (5.70) is expressed as:

xa paa(Va,Wy) =paa(Va,Wi) % —345(Va) L g paa(Va,Wp) = —3a5(Va)

oW d)44(VA,Wt) oW,
t

U
o _d t
W, In paa(Va, W) = — F45(V) . oW NP 44(Va, W) OW, = . —3 45(V,p)ds

In paa(Va,Wp) =[—Sas(Vat] paa(Va,Wp) = g-Sas(Vall (5.83)

Solving for the derivative of equation (5.72) we obtained the transition probability of transiting from
lung cancer state to kidney cancer state. The derivative of equation (5.72) is expressed as:

d 0
— pas(Va,Wp) =paa(Va,Wh) % 345(Va) = pas(Va,Wp) = e-345Wt 5 S45(V)
] oW ) JW .
Ut 5 Ut (Va)s Ui (Va)s
— p4_5(VA’Wt)3Wt = g V4SHYA *345(VA)dS p45(VA,Wt) = 345(VA) g 4WVAS(s
0 oWt 0 #, 0
Das(VaWe) = 545 (Va) * e~ 345008 Pas(Va W) = 1 — e~ sV (5.84)
—345(Va)

Solving for the derivative of equation (5.74) we obtained the transition probability of remaining in
kidney cancer state. The derivative of equation (5.74) is expressed as:

1
2 pss5(Va, W) =pss(Va,Wh) k —3s6(Va) d P55(Va,Wi) = —3s56(Va)
oWt lj)SS(VA’Wt) oW 3
3 t 9 Ui
a_vvt In ps55(Va,Wy) = —356(Va) ) oW InPge(Va, W) oW, = . =3 56(Vp)ds
In pss(Va,Wp) =[—3s6(Va)t] pss(Va,Wp) = e~ Is6(Valt (5.85)

Solving for the derivative of equation (5.76) we obtained the transition probability of transiting from
kidney cancer state to dead state. The derivative of equation (5.76) is expressed as:

== Ps6(Va,Wi) =pss(Va, W) * 3s6(Va) g ps6(Va, W) = e-356VAL ¢ Seg(Vp)
} oWt . oWy .
o W,)dW st 3 56(Vp)d (Va,Wp) = S (V o ~Is6(Valsg
) AW Pse(Va, V1) t=a € * 956 Q) S PselVa,Wy) = I54(V)y) . € S
pss(Va i) = 356 (V) s e sts Ps6(Va,Wp) = 1 — e~ JssV! (5.86)
—3s56(Va)
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5.7

In this model state 6 is an absorbing state hence the transition probabilities are defined as:
Pe1(Va,Wp) = 0, pe2(Va,Wy) = 0, ps3a(Va,Wp) = 0, pea(Va,Wt) = 0, pes(Va,Wy) = 0, pss(Va,Wp) = 1

The transition probability matrix for this model is :

O
P11(Va,Wo)  p12(Va,Wp)  p13(Va, W) p1a(Va, W)  p1s(Va,Wp)  p1e(Va,Wi)
p21(Va,Wy)  p22(Va,Wy)  p23(Va,W0)  p24(Va,Wy)  p2s(Va,Wy)  p26(Va, W) -
p31(Va,Wy)  p32(Va,Wy)  p33(Va,W)  p34(Va,Wy)  p3s(Va,Wy)  p3e(Va, W)
pa1(Va,Wy)  paz(Va,Wy)  pa3(Va,Wp)  paa(Va,Wy)  pas(Va,Wy)  pae(Va,Wr)
H ps1(Va,Wy)  ps2(Va,Wy)  ps3(Va,Wo)  psa(Va,Wy)  pss(Va,Wy)  pse(Va,Wh) ‘]
Pe1(Va,Wy)  pe2(Va,Wy)  ps3(Va,W) psa(Va,Wy)  pes(Va,Wy)  pss(Va, W)
e—312(VA)t 1-— (:3—312(VA)t 0 0 0 0
0 e~ J23(Valt 1 — g~ 323(Valt 0 0 0
0 0 0 e—334(Valt 1 — g~ J34(Valt 0 0 N
0 0 0 g—Jas(Valt 1 — e~ Sas(Valt 0
. 0 0 0 0 e 3s6(Valt 1 — e~ Jss(Valt 5
0 0 0 0 0 1

Estimating transition and transition intensities
5.7.1 Introduction

Transition probability is the probabilities associated with various state changes and transition
intensity is the the rate of change between states. Transition probabilities are derived from transition
intensities or vice versa transition intensities can be derived from transition probabilities using
Chapman Kolmogorov equations. This research considered estimation of transition probabilities
and consequently estimating transition intensities. Product limit model was modified to estimate
transition probabilities and the transition probabilities are used to calculate the transition intensities.
Product limit model is based on the assumption that individuals under investigation transit at the
same time hence only a single estimate is obtained.

5.7.2 Modified-product limit model

The product limit estimator is considered as the estimator of the survival function of lifetime data.
Product limit is often considered in medical research in measuring the fraction of patients in a
particular state for a certain amount of time after treatment. Product limit estimators can be
considered in measuring the length of time people remain in a particular state after occurrence of a
certain event. Product limit estimate is used to estimate survival estimate. Survival probabilities can
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also be estimated as:

Sx(t) =t px = e M (5.87)

The probability of remaining in one state from the Markov models is defined as:
Pss(Va, W) = g Jsn(Val (5.88)
Let © = 3sn hence combining equation (5.87) and equation (5.88) it becomes:
Sy(t) = e~ Ssn(Valt (5.89)

Equation (5.89) can be estimated using Kaplan-Meier estimate.

Definition 5.7.1 (Modified Kaplan-Meier estimate). Modified Kaplan-Meier estimate is expressed
as:

§a>=11<1-ﬁw P

where:

S'(t) represents the probability of remaining in a particular state.
Py is the hazard function which represents the number of affected cancer patients compared to the
individuals under investigation.

Product limit estimate can be expressed in terms of transition probabilities as :
ﬁss(VA,Wt) = H(l - ﬁy) (5.91)
j<

This research is based on the assumption that there is the risk under investigation occurs at one
period hence equation (5.90) is modified to become:

S@t) = (1-py) (5.92)
Combining equation (5.91) and equation (5.92)
[jss(VA,Wt) = (1 _ﬁ)’) (5.93)

where:

1-py ="-%  nyrepresents the number of people at risk,
my is the number of individual affected by the risk under investigation.
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Estimation of transition probabilities and transition intensities of Three stomach cancer
model

The transition probabilities of interest in the three state stomach cancer model are expressed as:

p11(Va,Wy) =~ 312Valt P12(Va,Wy) = 1 — e~ S12lValt (5.94)
P22(Va,Wy) =~ 3230Valt P23(Va,Wp) = 1 — e~ Szs(Valt (5.95)

Equation (5.94) can be further be expressed as:
A Ny =My
p11(Va,Wt) =(1 - py) = (5.96)

p12(Va, W) =1-(1-py) = 1_L%¢ (5.97)

The same methodology applied in equations (5.96) and (5.97) can be used for equation (5.95).

Estimation of transition probabilities and transition intensities of Four state breast-colon
cancer model

The transition probabilities of interest in the four state stomach cancer model are expressed as:

P11(Va,Wp) = g~ 12lValt p12(Va,Wp) = 1 — e~ Sr2(Valt (5.98)
P22(Va, W) = e~ 3z3(Val D23(Va,Wp) = 1 — e~ 2s(Valt (5.99)
P33(Va,Wp) = e~ 33Val D3a(Va, W) = 1 — e~ JaalValt (5.100)

Equations (5.98), (5.99) and (5.100) can be further expressed as shown in equation (5.96) and (5.97).

Estimation of transition probabilities and transition intensities of Five state lung-stomach-
colon cancer model

The transition probabilities of interest in the five state stomach cancer model are expressed as:

P11(Va,W;) = e~ J12(Val p12(Va, W) = 1 — e~ 312Valt (5.101)
P22(Va,Wy) = e~ 323(Valt D23(Va,Wp) = 1 — e~ S2s(Valt (5.102)
P33(Va,Wy) = e 33Va) D3a(Va, W) = 1 — g~ JaalValt (5.103)
Paa(Va,We) = e~ Sas(Val Das(Va,Wp) = 1 — g~ JasValt (5.104)

Equations (5.101), (5.102) , (5.103)and (5.104) can further be expressed as shown in equation (5.96)
and (5.97).
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5.8

Estimation of transition probabilities and transition intensities of Six state stomach-colon-
liver-lung cancer model

The transition probabilities of interest in the six state stomach cancer model are expressed as:

p11(Va,W;) = e~ S12lVal p12(Va, W) = 1 — e~ 312(Valt (5.105)
p22(VaA,W) = e JzslVal p23(Va, W) = 1 — e~ 323Vt (5.106)
P33(Va, W) = e~ J3elVal P3a(Va, W) = 1 — g~ 33e(Valt (5.107)
Paa(Va,Wp) = e~ S4s(Val Das(Va, W) = 1 — g~ Jss(Val (5.108)
Pss(Va,Wp) = e~ Ss6lVal Pse(Va, W) = 1 — e Sss(Val (5.109)

Equations (5.105), (5.106), (5.107), (5.108) and (5.109) can further be expressed as shown in equation
(5.96) and (5.97).

Applicability in Discrete phase type distributions

Discrete phase type distributions are build on a Markov chain where one state is an absorbing state
while the other state are transient. The matrices derived in this chapter should satisfy that condition
for them to be applicable in phase type distributions. For three state model the multi state model

obtained is:
0
-S12(Valt — o~ Sn2(Valt a a
e 1-e 0 0 ZyQ
0 g—J23(Valt 0o 1
- |
This is the representation rgquired for digcrete phase ty&e distribution which represents distribution
of the time to absorption of a Markov chain.

1 e—ﬁn(VA)t 0 =

Chapter summary

The main objective of this chapter was to develop multi-state models of secondary cancer cases to
be applied as the matrix parameters of the phase type models. Multi-state models of four selected
secondary cancer cases are developed for: Leukemia cancer model, Liver cancer-Colon model,
Stomach cancer-Pharynx-Colon model and Oesophagus cancer-Stomach-Lung-Kidney model. The
transition intensities and stationary probabilities for each model are developed.
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6.1

6.2

SEVERITY DISTRIBUTIONS

Introduction
Severity distributions are applied in modeling of claim amounts. Continuous distributions and
discrete distribution are considered in this research. Severity probabilities are applied in Panjer

recursive model and Discrete Fourier in order to estimate aggregate loss probabilities. Continuous
distribution that are considered are:

(i) Weibull distribution
(i) Generalized Pareto distribution

(if) Pareto distribution
Discrete distributions considered in this research are:

i One parameter Poisson Lindley distribution

ii Two parameter Poisson Lindley distribution

Continuous distributions

Continuous distribution are discretized in order to be applied in Panjer recursive formula and Discrete
Fourier Transform which requires only discrete distributions. Method of rounding is to discretized
the continuous distributions.

6.2.1 Weibull distribution

A continuous random variable is said to follow Weibull distribution if its pdf is given by:

‘g(%)ﬁ‘1e—<‘x ¥ ooix> 0;a,6>0
f(x) = a
0 otherwise

where a and g are the parameters.



Cumulative distribution function

The cumulative distribution of Weibull distribution can be derived from its probability density

function.
U, ,Q "
F(X) =p(x < X) = f(x)dx , X 181600 gy
0 0o a
Let (¥)8 =y hence 8 (*)8-1dx = dy
a aa
U ) (x)8 xp
F(x) = e-Vdy =— eV 0 = — e -1
0
Therefore:

0 otherwise

Mean and Variance of Weibull distribution

The r'™ moment about the origin are:
U © U 0 B-1
—EXT = Xfod = B X T gy

x B _ B x B-1, _
Let— "=y, x=ayf and £2% " “dx=dy
U, U, |
W= ayredy =a"  yfeVdy
0 0

U
But I'n = ,"ex"-1dx
Therefore:

x
W =a'l 1+B

When r = 1 we get the expectation of Weibull distribution hence it is expressed as:

1
E(x) = 1+~
X)=al 1+ 5

When r = 2 we get E(x2) which is expressed as:

2
=a ' 1+
M3 8

(6.1)

(6.2)

(6.3)
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Variance of Weibull distribution can be calculated using equation (6.2) and equation (6.3). The
variance is expressed as:

h s

Var(x) =pb—[u42  =a?T 1 +'§ —a2 T 1+ ,5
, by )
=2 1+~ —-TI' 1+ (6.4)
B B
Estimation of parameters using Method of Moments
Expectation is calculated using the formula:
1 N
Ex)= ~ Yy
x) = N z Xi
i=1
Variance is calculated using the formula that:
1
var =~ yx¢ 1N y
oi— D
N3 Ni=
Combining equation (6.2) and (6.4) results to:
2
Var(x) = a2’ 1+ 5 — [E(x)]? (6.5)

Equation (6.2) can be rearranged as:

_ E(x)
r(1+4)

Hence equation (6.5) becomes:

Var(x) — [E@]2 T+ 2)

[EWE M1+ P

_ [E(P? y
[T+ B2

2 2
r i+, —I[EX]

ar(x) 8

6.2.2 Generalized Pareto distribution

Generalized Pareto distribution is constructed by mixing Gamma distribution and Gamma distribu-
tion. Let the conditional Gamma distribution be expressed as:
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Ba
f = __xo-1 ,BX
xI1B) g te (6.6)
and the Gamma distribution as:
AV 1
9By = =B te P (6.7)
r'(y)
Mixing the distribution in equation (6.6) and distribution in equation (6.7) results to:
(00— “tepayas it B m N gt
0 o I'(a) I'(y)
Hence:
Xa—lAy u 0
f(X) _ e—ﬁ(X+A)BG+Y+1 dB (6-8)
L(y)ri(a) °
Let y
y=pBKx+A) B=s"
The derivative if B is:
ag = -
CX4A
Replacing the derivative of 8 in equation (6.8) results to:
xa—14v U, a+y-1 _y_dy xa—IAYT(a + y)
fx — 2 Y eV
()= X+ ATV -
L(y)r(a) o X+ A T(y)Ta(x + A)a+y
Hence:
f xa—1
(x) = dx (6.9)

B(a, y)(x +A)a+y

Mean and Variance of Generalized Pareto

The first moment of Generalized Pareto distribution is expressed as:

_YA
E(X) = (6.10)
a-1

The second moment of Generalized Pareto distribution is expressed as:

VA2(y +a 1)
- (6.11)

Var(x
) (a —1)%(a —2)
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Estimation of parameters using Method of Moments

Generalized Pareto distribution can also be expressed as;

10 e
f(x) = . 1_ %u]) assuming that X = e(1 — exp(—dY))/d.
and a is the shape parameter, b is the scale parameter and c is the location parameter. The moment
estimators of Generalized Pareto distribution is expressed as:

e? _2(1—d)(1 + 2d)05
A+ dRd 2 KWW =""""4

e
E})=f, Var(x) =
1+d

The value of d can be calculated from the skewness formula,hence e and f can be estimated as
follows:

e=SDI+d)(1+2d)05  f=x &

I,

e+d
The cumulative distribution function is expressed as:

h i 1
Fr=1- 1- Q=)
e
6.2.3 Pareto distribution

Pareto distribution is constructed by mixing Gamma distribution and exponential distribution. The
exponential distribution is expressed as:

f(x|8) =0~ x>0,0>0 (6.12)

The gamma distribution is expressed as:

a
9(6y — B_e‘ﬁe g1 (6.13)
I'(a)
The Pareto distribution is derived as by mixing equation (6.12) and equation (6.13).
o0 U
f x Ge—exg 6 dé Ooee—ex Ba e—B@ea—lde IBG I'a
()= () _ — _
’ T I'(a) I(a—1) (x+ )@
Hence :
a
f ab

(x) (6.14)

- (x + B)a+1
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6.3

Mean and Variance of Pareto distribution

The first and second of Pareto distribution is expressed respectively as:

e B ap?

(x)=O{_1 a>1 Var(x)=(a_1)2(a_2) a>

2 (6.15)
The k™ moment of and cdf of Pareto distribution and is expressed respectively as:

Brk! - B a
(a—1)..(a —k) FOJ = 1- B +x (6.16)

Elx¢] =

Estimation of parameters using Method of moments

Estimation of values of a and 8 using method of moments. The value of a is estimated as follows:

B 2 2
a>1 and E(X):(a—l)(a—z)

Ek) = a—-1

B can be estimated by using these two expressions.

E 28° 2 2
(XZ) _ (a—=1)(a-2) B 2B (a—-1) 1 _2a-=1) (6.17)
) A— “@-Da-2 p @V =@y
(a—1)2

Discretization of claim severity

Claim amount distribution should be a scale distribution. A scale distribution is a distribution that if
a random variable from that distribution is multiplied by a positive constant the resulting distribution
belonging to the same family of distribution of the original random variable. Distributions which
satisfy the condition of scale distribution are Pareto distribution,Weibull distribution Exponential
distribution among others. Calculation of aggregate loss distribution using Panjer recursive model
and Discrete Fourier Transform requires a discrete distribution hence method of rounding, also
known as method of mass dispersal is used in discretizing the continuous distributions.

6.3.1 Method of rounding or method of mass dispersal

This method is used to convert the severity distribution to an equispaced arithmetic distribution.
Severity distribution are usually mostly continuous distributions. A span which fit the data according
to how large the data is chosen for discretization. This method hugely relies on the probability
one-half span on either side of jh and places it at jh.The following formulas are used to discretize
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6.4

the continuous severity.
The initial probability is calculated using the formula:

._h h
fo =Pr J <2 = Fj
The subsequent probabilities are calculated using the formula:
h . h h h
fx =pr xh—z—g jSXh-I-Z_ =Fj xh+2— - Fj xh—a x=1,2,3,..
The discretazation process is halved at some point when most of the probability has been accounted
for. The process is halved when all the fy adds up to 1 to ensure that the discretization process leads

to a probability density function. At this point it is expressed as :

h
fm:].—FJ mh—i

Discrete distributions

Discrete distributions can be directly applied in Panjer recursive model hence there is no need for
discretization.

6.4.1 One parameter Poisson Lindley distribution

The probability mass function of one parameter Poison Lindley is expressed as:

2
_x+8+2) x=012 (6.18)

o (e + 1)X+3

Mean and variance of one parameter Poisson Lindley distribution

The r'" factorial moments about the origin is expressed as:
= E[E(X"/A)]

where X" = X(X —1)(X =2)(X = 3)...(X =k + 1)

. 4" #
Uoo U 0 —AAX r 92
1_ XIA)T(A;6)dA = 1+A)e-%dA
W= P(AIT(A;6) 0 x;x—r a1+ M)
Let x + k replace x hence:
1 Uoo . ” —AAX 92 _6i
Mo = A 0 BT 1(1+/\ e “dA (6.19)
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where ¥%_, e_f(—,"x is the pdf of Poisson distribution hence it is equal to 1, hence equation (6.19)
becomes:

U
© g2 r@+r+1)
1 r ) _ _
Mo = . A 9+1(1+/\)e dA = o+ 1) r=1,2,3,.. (6.20)

when r = 1 equation (6.20) is the expectation of one parameter Poisson Lindley distribution which is
expressed as:

;1@ +r+1 _0+2
M = o Lr+l) _ (6.21)
676 +1) (6 +1)
The variance of one parameter Poisson Lindley distribution is expressed as:
oo+ 8(0+1) 020 +1)

Estimation of parameter of using method of moments

6 can be estimated using method of moments as :

~

a R
B X -D+ (X -12+8X
X_N ;x, 6 = X (6.23)

6.4.2 Two parameter Poisson Lindley

Two Poisson Lindley distribution is expressed as:

U _A 2 2 h [
0 AX
F() = e ?) 6 a+ X

0 F(x+1)a6+1(a+x)e_eAdA “w@rpaz 1T 6 >0;a0 > —1(6.24)

(6 + 1)x+2 ab +1

The r' moments about the origin of two- parameter Poisson Lindley distribution is expressed as:

h rol
, X
W =E E -+ (6.25)

Combining equation (6.24) and equation (6.25) it becomes:
. n o #
, U, , A )X 62
M = > x 5
o S Tkx+1) ad+1

(a +x)e”%dA (6.26)

when r = 1 we can evaluate mean of two parameter Poisson Lindley distribution:

"o #
w e AN g2 afb +2

’ —6A 2T &
M, = . X;)XF(XJrl) ae+1(a+x)e dA 96 + 1) (6.27)
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6.5

when r = 2 we can evaluate variance of two parameter Poisson Lindley distribution:

- #
, Yo R ab +2 . 2(ab +3)
M, = Z

—6A —
0o S Tkx+1) a9+1(a+x)e aA 6(ab + 1) * 62(ab + 1) (6.28)

Parameter estimation using method of moments

Combining equation (6.27) and equation (6.28) it becomes:

Uzl _ llll 2(a6 +3)(@b + 1) “2’ _ ul’ 2(b+3)b+1)

i B e (6.29)
[y 12 (@B + 2)2 [y 2 (b+2)2
Let “[2 M ek | hence equation (6.29) becomes;
_2(b+3)b+1)
(b+2)2
0 =(2 —k)b2 + (8 — 4k)b + (6 — 4K) (6.30)

The value of k can be calculated hence equation (6.30) can be solved. Substituting b = a6 in equation
(6.27) becomes;

- b+2
X = (6.31)
O(b+1)

and thus:

_ b+2
(b+ 1)X

(6.32)

The estimate of a can be expressed as :

b(b + X
b+2

Q
I

(6.33)

Chapter summary

The main objective of this chapter was to highlight the severity distributions used in modeling claim
severity data and methods of parameter estimation. This chapter highlights continuous and discrete
distributions considered in modeling claim severity data as well as their parameter estimations.
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[/ ESTIMATION OF AGGREGATE LOSSES USING PH
PANJER RECURSION AND DFT

7.1 Introduction

Phase type Panjer recursive models for class (a, b, 0) and class (a, b, 1) are used to estimate the
aggregate loss probabilities using Panjer recursive model and one, two parameter Poisson Lindley,
Zero-truncated one and two parameter Poisson Lindley distributions are also considered in estimation
of aggregate loss probabilities using Discrete Fourier Transform. The distributions considered for
frequency distributions are:

(i) Panjer class (a, b, 0) distributions.

(i) Panjer class (a, b, 1) distributions.
(iiiy Phase type one parameter Poisson Lindley distribution.

(iv) Phase type two parameter Poisson Lindley distribution.

(v) Phase type Zero-truncated one parameter Poisson Lindley distribution.

(vi) Phase type Zero-truncated two parameter Poisson Lindley distribution.

This research considers both continuous and discrete distributions in modeling of claim severity.
The continuous distributions considered are:

(i) Pareto distribution.
(i) Generalized Pareto distribution.

(i) Weibull distribution

The discrete distributions are mixture of Poisson distribution and Lindley distribution hence they
are not discretized and they are:

(i) One parameter Poisson-Lindley distribution.

(i) Two parameter Poisson-Lindley distribution.
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7.2 Phase type recursive model for class (a, b, 0)

The initial condition Po of phase type Panjer recursive model is estimated as well as the matrices A

and B. Phase type Panjer recursive model for class (a, b, 0) is expressed as:
] X
— — -1

Z(j) = > y(xZ(j =) (A +B Il i Ay(0)] (7.1)

x=1

where Z(0) =YPo
7.2.1 Phase type Poisson distribution

Phase type Poisson distribution is expressed as:

e AAX
P, = (7.2)

X!

where A is M *x M matrix. The value of A is estimated using Markov chains. The initial condition of
phase type Poisson distribution is expressed as:

Po=e (7.3)
The matrices A and B for PH Poisson are:
A=0 B=A (7.4)
Combining equation (7.1) and (7.4) it becomes:
. e X a0 R X
2(j) = X;y(X)Z(j —x)(0+A )l i 0y(0)] Z(j) = XZ:ly(X)Z(j —x)(A j) (7.5)
7.2.2 Phase type Negative Binomial distribution
Phase type Negative Binomial distribution is expressed as:
TR (e el (7.6)

where Q is M * M matrix. The value of Q is estimated using Markov chains. The initial condition of
phase type Negative Binomial distribution is expressed as:

Po = [l — Q] (7.7)
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The matrices A and B for PH Negative Binomial can be shown as:
A=Q B=(a—-1)Q (7.8)
Combining equation (7.1) and (7.8) it becomes:

j
2() = 3 yWzli -0 Q+la-Dal; 1-qyo) (7.9)
1

X=

7.2.3 Phase type Geometric distribution

Phase type Geometric distribution is expressed as:
Po=[I—P]"P (7.10)

where P is M x M matrix.The value of P is estimated using Markov chains. The initial condition of
phase type Geometric distribution is expressed as:

Po=P (7.11)
The matrices A and B for PH Geometric are:
A=[l1-P] B=0 (7.12)

Combining equation (7.1) and (7.12) it becomes:

j -1

Ztj) = > yeZE —0ll - P 1 —[1 - Ply(0) (7.13)

x=1

7.2.4 Phase type Binomial distribution
Phase type Binomial distribution is expressed as:
a
Pn = o P[I — PJe-" (7.14)

where P is M x M matrix.The value of P is estimated using Markov chains. The initial condition of
phase type Binomial distribution is expressed as:

Po = [I — P]@ (7.15)
The matrices A and B for PH Binomial are:
A=—P[l -P]- B = (a + 1)P[l - P]-1 (7.16)

Combining equation (7.1) and (7.16) it becomes:

-1 1

P —p] ¥(0) (7.47)

j
A= YOHG-x) —PlI-PI" +(@+1)PI-P] |
Xx=1



7.3

Phase type recursive model for class (a, b, 1)

The initial conditions Po and P1 of phase type Panjer recursive model are estimated as well as the
matrices A and B. Phase type Panjer recursive model for class (a,b, 1) is expressed as:

i
— — X -1

Z(j) = [P1 = (A+B)Poly(j) + 2 YOZ(j = X)(A+B DIl = Ay(0)] (7.18)

7.3.1 Phase type Zero Truncated Poisson distribution
Phase type Zero Truncated Poisson distribution is expressed as:
Ph = A'e = I)-1 (7.19)

where A is M % M matrix. The value of A is estimated using Markov chains. The initial conditions of
phase type Zero Truncated Poisson distribution is expressed as:

Po=e" (7.20)
Hence P1 is expressed as:

PT.=Pdl —Po]-t  k=1,2,3,... PT = P1[l — Po]-! (7.21)
The matrices A and B for PH Zero truncated Poisson are:

A=0 B=A (7.22)

Combining equation (7.18), (7.20), (7.21) and (7.22) it becomes:

] X

— — -1
Z() =[Pr = 0+ APoly(D) + 5 YX)Z(j =x)(0+ A JII = 0y(0)]
] x=1 X
Z(j) =Y[P1 —APo]y(j) + Zly(X)Z(j - X)(A]) (7.23)

7.3.2 Phase type Zero Truncated Binomial distribution

Phase type Zero Truncated Binomial distribution is expressed as:

-1

Py = s prQa-1 | —Qa (7.24)
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where P is M *x M matrix.The value of P is estimated using Markov chains. The initial conditions of
phase type Zero Truncated Binomial distribution is expressed as:

Po =[I = P]@ (7.25)

Hence P1 is expressed as:

PT =PJl —Po]-1 k=1,2,3,.. PT = P1[l — Pg]-! (7.26)
k 1

The matrices A and B for Zero truncated Binomial are:
A=-P[l -P]-1 B=(a+1)P[l —P]-1 (7.27)

Combining equation (7.18), (7.25), (7.26) and (7.27) it becomes:

h i j
Z()= Pi— —PI-PI ' +(@+ )P =PI " Poy(i)+ Y y)Z(j - %)
n :1
# 4o
-1 -1X
—Pll-P] " +(a+1)P[I - P] j 1 P[I -P] Y(0) (7.28)

7.3.3 Phase type Zero Truncated Geometric distribution

Phase type Zero Truncated Geometric distribution is expressed as:

Pn = P[I — P]"-1 (7.29)

where P is M *x M matrix.The value of P is estimated using Markov chains. The initial conditions of
phase type Zero Truncated Geometric distribution is expressed as:

Po =P (7.30)
Hence P1 is expressed as:
PT =Pl —Po]-1  k=1,2,3,.. PT = Py[l — Po]-! (7.31)
k 1

The matrices A and B for PH Zero truanted Geometric are:
A=[l-P] B=0 (7.32)

Combining equation (7.18), (7.30), (7.31) and (7.32) it becomes:

j
Z(j) =[P1 —[(I - P) + 0]Po]y(j) + Ey(X)Z’(j -x) [I-P] +ij [ -1 - Ply©)]

j
Z(j) =Y[PL- (I -P)Po]y(j) + ;%/(X)Z(J' =x)[I - PI[I -1 - Ply(0)]-* (7.33)
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7.4

Discrete Fourier Transform

DFT is a computed function hence they are used to compute compound distribution. Compound
distribution can be evaluated when both claim count and claim distribution are known. DFT is said
to be a way of representing function in terms of a point value representation (that is a very specific
value representation). DFT converts a finite sequence of equally spaced samples of a function into a
same length of equally spaced samples which is a complex valued function of frequency. The DFT
uses the characteristic function to convert the sequences. The probability generating function of the
frequency distribution is illustrated as:

o) = ¥ Py (7.34)
k=0

The characteristic function of the claim severity density is defined as:
U w _
o) = f(x)e™  dx (7.35)
Let the characteristic function of the claim count distribution be:
U © n
itx _
Px (1) = , € dFyx (X) = Z

eIth _ eIth 1 3
e e (T (7.36)

The characteristic has real and imaginary parts which can be separated by using Euler’'s formula :

el = cos(8) + isin(B)

The real part is:
n

Y(t) =Re[¢x(1)] = t_ Z di[sin(txx) —sin(txk_ 1)] + fa+1 cos(txn)
k=1

The imaginary part is:

20 =imigx®] =

n
Z di[cos(txk_1) — cos(txk)] + fn+1 sin(txn)

The pgf of aggregate loss distribution can be expressed as :
Ps(t) = Pn[Px(1)]. (7.37)
The characteristic function of the aggregate loss distribution can be expressed as:

¢s(t) =E[e™] = Pn[gu()]. (7.38)



113

The characteristic function of the aggregate loss distribution in equation (7.38) can be obtained using
DFT as:

¢s(t) = Pnly(t) +iZ(1)] (7.39)
Equation (7.39) has complex numbers hence it can be re wriNen as :
Ps(t) = r(t)e'®® (7.40)

DFT algorithm of aggregate losses is computed using DFT of claim count and DFT of claim amount
separately. Let X; be the claim amount distribution of the claim data. For any continuous function
Xk the Fourier transform is;

X .
Xk = Xze'D‘dX

—00
The inverse of this Fourier transform can be wriNen as ;

1 ~©
X="—" X el*dt
L2 ., K

When X is a probability function of a discrete distribution then the Fourier transform is known as a
DFT. The characteristic function of the claim severity density function will be derived from discretizing
the the Fourier transform. DFT transforms a sequence of N complex numbers {Xn} = Xo, X1, ..., Xy-1
into another sequence of complex number {Xs} = Xo, X1, ..., Xy-1. This sequence of complex numbers
can either be the severity probabilities or the frequency probabilities.
In the case of discretized severity probabilities its DFT is expressed as:

Y-1

X
<=2
z=0

Expression (7.41) is very complex hence Euler’s formula is used to reduce its complexity. Euler
formula is expressed in two ways.

X ; o< k 012 Y 1
O v = - (7.41)

) b LA |

Case I: for —i
e~ = cosx —isinx (7.42)
Case ll: for i
e = cosx + isinx (7.43)
cosx can be expressed as:
cosX Re(e‘x) eiX g
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sinx can be expressed as:

sinx  Im e” oiX _ gix
Applying Eulers formula equation (7.41) it becomes:
v-1 ) #
- 211kz . 211kz
= —,  —lsin T _— 7.44
X(K Z;) X(2 cos v isin Y (7.44)
Let cos(Z) — isin(2Ty be expressed as W..
This simplifies equation (7.44) to :
X Y-1 @
K = > X@Wy (7.45)
z=0

This is the DFT of the discretized claim amount probabilities. The same procedure is followed in
estimation of DFT of frequency distribution only that the frequency probabilities do not require
discretization because the frequency distribution is already a discrete distribution.

7.4.1 No wrap convolution

The distribution of sum of two random variables is given by the convolution of the respective
distributions. The convolution of vectors is done by multiplying the two vectors.

let a = (ao,at, az,...,an-1) and b = (ho, b1, b, ..., ba—1) be vectors of the same length n. The discrete
convolution of these vectors, ¢ = a* b is vector of length n defined by:

n—-1
Cizzajbi—j 0<i<n-1
j=0

The convolution required in DFT is no wrap convolution.No wrap convolution of vector a and b is
defined to have the following components:

i
Ci = Z ajbij
J=0

No wrap convolution is done by taking one vector,reversing it and placing it so that its first element
is directly below the first element of the other vector. The vector are then successively shifted
together,elements in the same column multiplied and the products added.This is repeated until the
vectors are completely aligned.

7.4.2 Estimation of aggregate loss distribution using DFT
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7.5

The frequency and severity probabilities are lengthened with equal number of zero’s as its elements.
The matrix Wi is multiplied with the claim count and claim amount probabilities to compute the DFT
of the claim count and claim amount probabilities respectively. The DFT of claim count probabilities
is multiplied with the DFT of the claim amount probabilities. The resulting vector from the product
of the DFT of frequency and DFT of severity is multiplied with the matrix W{}Z to get the DFT of DFT
of claim count and DFT of claim amount probabilities. The values without the complex i are singled
out and each value divided by the number of elements in the vector of claim count or claim amount
distribution(i.e The vectors should have the same number of elements).The resulting probabilities
are arranged in reverse except for the first probability. The values that correspond to claim count
and claim amount distribution original values before the padding they become the aggregate loss
distribution.

Chapter summary

The main objective of this chapter was to develop aggregate loss models to be applied in modeling
of secondary cancer cases. Aggregate loss models using PH Panjer class (a, b, 0) and PH Panjer class
(a, b, 1) are developed for each specific distribution. Discrete Fourier Transform used in estimating
aggregate losses is also developed.
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8.1

DATA ANALYSIS AND RESULTS

Introduction

In this chapter transition probabilities of three state model, four state model, five state model and six
state model are estimated and their transition intensities. The parameters of severity and frequency
distributions are estimated and consequently used in estimation of aggregate loss probabilities.
Phase type Panjer recursive model and Discrete Fourier Transform are used to estimate the aggregate
loss probabilities. The data taken into consideration was secondary cancer data obtained from a
health facility in Kenya. The models developed in this research can be employed in different data
sets all over the world. The frequency data is quantified the number of cancer patients affected by
secondary cancers while severity data is quantified by the amount used to treat the patients. In this
research we considered a period of five years, enabling us to capture the transitions. Descriptive
statistics for secondary cancer claim count and secondary cancer claim amount are represented
in table (8.1). The least number of secondary cancer claim count is five which represents the least
number of deaths related to one of the secondary cancers investigated. The least secondary claim
amount number is zero which represent amount related to secondary cancer deaths as it does not
aNract any treatment cost. 481 was the highest number of secondary cancer claim count while
10, 235,000 was the highest for secondary cancer claim amount. The expectations of this data varied
depending on the different states considered as illustrated in table (8.1). The data considered in
this research for three state model, four state model, five state model and six state model has its
expectation less than its median for all variable except for severity data for six state, indicating that
the data is left-skewed.
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Statistics Cancer Occurrences Cancer Amounts
N 850 850
N for States
3 103 103
4 179 179
5 481 481
6 87 87
Total 850 21,735,857
Mean
3 41 339,723
4 35 268,985
5 57 409,702
6 11 1,684,999
Standard Deviation
3 21 960,881
4 44 505,720
5 91 582,156
6 21 3,118,754
Minimum 5 0
1st Quantile 48 1,104,000
Median 82 1,316,865
3rd Quantile 121 1,959,330
Maximum 481 10,235,000
Inter Quantile Range 73 855,330

Table 8.1. Descriptive statistics of occurrence and severity of secondary cancer data

Figure 8.1 illustrates exploratory data analysis for secondary cancer data. Figure 8.1 shows scaNer-
plots for claim count data and claim amount data which shows claim counts and claim amounts
have not seriously violated the independence assumption. The exponential Q-Q plot shows deviation
from the straight line on the lower part indicating that cancer claim amount data is left skewed.



118

%108 Cancer Amounts Cancer Counts

4
2 5 300+
s =
3
£, gl
3 =
c 8 200
S &
ar © 150 f
100}
24
50
ol . . N L . . . + 0 : : : , ; : ¥
1 2 3 4 5 [ 7 8 9 L a 9 2 9 © v 8 g
Secondary cancers Secondary cancers
(a) Severity scatter Plot (b) Frequency scatter plot
Cancer Occurance aganist Cancer Amounts E: jal Q-Q Cancer A
12000 1 2000 o+
B __1800f
10000+ ° o
w & 1600
2 ]
g 3
1400 p
3 soo0f & P
2 =
= 2 120 .
2 6000 3 1000} + e
5 3
g 2 sof
o 40001 é
£ E o0
(] 8 400
2000} <
© 200
[ — . " . " . " . ) o+ . . . .
0 50 100 150 200 250 300 350 400 450 500 0 05 1 15 2 25
Cancer Occurances Exponential Quantile
(c) Comparison scatter plot (d) Exponential

Figure 8.1. Scater Plots and Q-Q Plot of Cancer data

8.2 Estimation of transition probabilities and transition intensity
The concept of survival probabilities is be used to estimate the transition probabilities.
8.2.1 Three state multi-state model

The probability of remaining in state 1, p11(Va,Wy) = e-%12Va! is equal to the probability of survival,

implying that the individuals did not transit to the next cancer state. The probability of remaining
in a particular state can be calculated using the formula:

R ny—m
Pii (Va, We) =(1-py) = (8.1)
The probability of moving from one state to the next can be estimated using the formula:

ny—m
Pik(Va,We) =1~ (1 - py) = 1——3Ln—y (8.2)
y

The transition probabilities for the three state model estimated using Matlab software are:

Va, W Va, W Va, W 0.8788 0.1212 0
. p11(Va,Wt) p12(Va,We) p13(Va, W) 00 .

0 paa(VaW)  pa2(VaW) pas(VaW) S= 0 0.3981 0.6019 ]
p31(Va,Wy)  p32(Va,Wp)  p33(Va,Wh) 0 0 1.0000
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The transition intensity from state 1 to 2 and state 2 to 3 are calculated as:

Dii(Va,Wy) =e-SiG+nlVal 312(Va) = 0.0258 323(Va) = 0.1842

8.2.2 Four state multi-state model

The probability of remaining in a particular state can be calculated using equation (8.1) and the
probability of moving from one state to the next can be estimated using equation (8.2). The transition
probabilities for the four state model estimated using Matlab software are:

- p1i(Va, W) prz(Va,We)  pra(Va,We)  pra(Va, W) . D0.7894 0.2106 0 0 0
= 0 02905 07095 0

[ le VA tﬁ) 522{\\/@ tﬁ) {V N VA 5) o o o 0 0.8976 0.1024
p41(VA,Wt) Pa2(Va, W) |043(VA,Wt) p44(VA,Wt) H 0 0 0 10000

The transition intensity from state 1 to 2, state 2 to 3 and state 3 to 4 are calculated as:

Pii(VaWy) = e-SiirnlVal S12(Va) = 0.0473  S23(Va) = 0.2472  S34(Va) = 0.0216

8.2.3 Five state multi-state model

The probability of remaining in a particular state can be calculated using equation (8.1) and the
probability of moving from one state to the next can be estimated using equation (8.2). The transition
probabilities for the five state model estimated using Matlab software are:

p11(Va,Wy)  p12(Va,Wp)  p13(Va,Wp) p1a(Va,Wy)  p1s(Va,Wy)
- p21(Va,Wy)  p22(Va,Wy)  p23(Va,Wp)  p24(Va,Wi)  p2s(Va,Wy)

p31(Va,Wp)  p32(Va,Wp)  p33(Va,Wy)  p3a(Va,Wp)  p3s(Va, W)
5 pa1(Va,Wy)  paz(Va,Wy)  pa3(Va,Wp)  paa(Va,Wi)  pas(Va,Wy)

ps1(Va,Wp) ps2(Va,Wp) ps3(Va,Wp) psa(Va,Wp) pss(Va, W)

O ™

I |

- 0.4341 0.5659 0 0 0
0 0.3888 0.6112 0 0
= 0 0 0.6701 0.3299 0
0o 0 0  0.5567 0.4433 [
0 0 0 0 1.0000

The transition intensity from state 1 to 2 , state 2 to 3, state 3 to 4 and state 4 to 5 are calculated as:

D i(VaW) =e-Sii+nVAt  g,0va) = 0.1667  F23(Va) = 0.1889
334(Va) =0.0801 J45(Va) = 0.1171
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8.3

8.2.4 Six state multi-state model

The probability of remaining in a particular state can be calculated using equation (8.1) and the
probability of moving from one state to the next can be estimated using equation (8.2). The transition
probabilities for the six state model estimated using Matlab software are:

O

O

]

p11(Va,Wp)
p21(Va,Wy)
p31(Va, W)
p41(Va,Wy)
ps1(Va, W)
pe1(Va, W)

p12(Va,Wp)
p22(Va,Wy)
p32(Va, W)
paz(Va, W)
ps2(Va,Wh)
ps2(Va,Wh)

p13(Va,Wo)
p23(Va, Wy
p33(Va, W)
Pa3(Va, W)
ps53(Va, W)
Pe3(Va, W)

p14(Va,Wy)
p24(Va,Wy)
p34(Va,Wy)
p44(Va,Wy)
ps4(Va,Wi)
ps4(Va,Wy)

p15(Va, W)
p2s(Va,Wy)
p3s(Va, W)
Pas(Va, W)
Ps5(Va, W)
Pes(Va, W)

l
p16(Va,Wh)

p26(Va, W) g
p36(Va, W)
Pas(Va, W)
pse(Va, W) b
pes(Va, W)

O
0.8976 0.1024 0 0 0

0
0 0.1264 0.8736 0 0 0
0 0 0.1579 0.8421 0 0
0 0 0 0.4375 0.5625 0
0 0 0 0 0.8611 0.1389‘]
0 0 0 0 0 1.0000

The transition intensity from state 1to 2, state 2to 3, state 3t0 4, state 4 to 5 and state 5to 6 are
calculated as:

P;j(Va,Wt) =g Jj+nValt
834(Va) =0.3691

312(Va) = 0.0216
F45(Va) = 0.1653

$23(Va) = 0.4137
F56(Va) = 0.0299

Estimation of stationary probabilities for the multi-state models

Y represents the stationary probabilities of the multi-state Markov models hence it needs to be
estimated for each multi-state model.

8.3.1 Three state Leukemia model

Let the three state Leukemia model be expressed as A. Stationary probabilities are evaluated using
the formula:
m=TmA (8.3)

where 17 is row vector of the stationary distribution. Because of the nature of the matrix A it is
not possible to evaluate the stationary probabilities directly hence the stationary probabilities are
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evaluated at a point k where there is the least error values between the stationary probabilities when
fiNed in the formula m = mA. The initial probability o is expressed as:

m = [1,0,0]

This is because every individual considered in this research was alive and healthy at the beginning
of this investigation. Consequently the stationary probabilities are evaluated as:

M =TToA M = mMA M2 = ToA? M = oA (8.4)

The stationary probabilities for three state Leukemia model is evaluated using equation (8.4) as:

11
h 0.8788 0.1212 0
mi= 10 0 *g O 0.3981 0.6019 ]
0 0 1.0000
O L
. 0.2122 0.0535 0.7343

h i h 0 0
0.2122 0.0535 0.7343 = 1 o o %0 o  0.0000 1.0000 ]

0 0 1.0000

Replacing the matrix [0.2122 0.0535 0.7343] in equation (8.3) it becomes :

) 0.8788 0.1212 0
h | h i 0
0.2108 0.0529 0.7363 = 0.2122 0.0535 0.7343 %[ 0 0.3981 0.6019 O

0 0 1.0000

This has an error of 0.02 which is negligible, hence the stationary probabilities for three state
Leukemia model are:

M3sate = [0.2122 0.0535 0.7343] (8.5)

The same methodology is used for three state model, four state model five state model and six state
model resulting to:

States m M2 T3 T4 Ts e

4 state | 0.0000 | 0.0000 | 0.0001 | 0.9999
5 state | 0.0039 | 0.0014 | 0.0053 | 0.0066 | 0.9827

6 state | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0001 | 0.9999
Table 8.2. Stationary probabilities
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8.4

Estimation of frequency probabilities and its moments for class (a, b, 0)

This Section estimates frequency probabilities for phase type Poisson, Negative Binomial, Binomial
and Geometric distribution.

8.4.1 Probabilities of Phase type Poisson distribution

Phase type Poisson distribution is expressed as:
_A4n
e~ A 4T

o =Y "5

(8.6)

Ais a M % M matrix which is evaluated as 3 x 3 matrix, 4 * 4 matrix, 5 % 5 matrix, and 6 % 6 matrix

in this research. The values of A and %Y have already been estimated hence equation (8.6) can be
evaluated. The values of A and ¥ are:
l l

0.8788 0.1212 0 X i
A=l 0 0.3981 0.6019} Y = 0.2122 0.0535 0.7343 (8.7)
0 0 1.0000

Replacing values of three, four, five and six state model in equation (8.6) the probabilities respectively
are:

ps =0.0245 ps = 0.0184 ps = 0.0147 Ps = 0.0123 (8.8)

Estimating moments of Phase type Poisson distribution

The mean and variance of phase type Poisson distribution are evaluated using the formulas;
E(N) =YA1T Var(N) =Y A17 (8.9)

Replacing equation (8.9) with values of stationary probabilities and matrix parameter for three, four,
five and six state model the mean and variance respectively are:

E(N) =1.0001 E(N) = 1.0000 E(N) = 1.0001 E(N) = 1.0000
var(N) =1.001 var(N) = 1 var(N) = 1.001 var(N) = 1

8.4.2 Probabilities of Phase type Negative Binomial distribution
Phase type Negative Binomial distribution is expressed as:

on =Y “*‘;"1 1-01Q4™  n=01,2,.. (8.10)
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Qis a (M x M) matrix which is evaluated as (3 * 3) matrix,(4 * 4) matrix,(5 * 5) matrix, and (6 * 6)
matrix in this research. The value of a for three, four, five and six state model can be evaluate using
the equation of the mean as the value of Q has already been evaluated. The value of a for three,
four, five and six state model can be evaluated respectively as shown in equation (8.11) as:

__EM)
YQII - QI 1T

a3 =4.2025 a4+ =0.64439 a5 =0.39506 as =0.281395 (8.11)

The values of Q and ¥ have already been estimated hence equation (8.10) can be evaluated. The
values of Q and Y are:

0.8788 0.1212 0 h i
Q=’| 0 0.3981 0.6019'{ Y = 0.2122 0.0535 0.7343 (8.12)
0 0 1.0000

Replacing values of three, four, five and six state model in equation (8.10) the probabilities respectively
are:

P =2.1865 % e-19 Ps = 2.5411 % -2 ps =0 D6 = 1.1294 % 22

Estimating moments of Phase Negative Binomial distribution

The mean and variance of phase type Negative Binomial can be evaluated using the formula;
E(N) =a¥YQ[l - Q]-*1" var(N) = a¥{Q2[I - Q]-2 + Q[I - Q]-* 1" (8.13)

Replacing equation (8.13) with values of stationary probabilities, values of a for each state and
matrix parameter for three, four, five and six state model the mean and variance respectively are:

E(N) =6.8116 E(N) = 5.0592e-04 E(N) = 0.0106 E(N) = 1.5577e-04
var(N) =11.0033  Var(N) = 8.9616e-%4  Var(N) = 0.0135 Var(N) = 2.6274¢-04

8.4.3 Probabilities of Phase type Binomial distribution

Phase type Binomial distribution is expressed as:
a N T
po=Y _ [PI'Q"™ n=0,1,2,.. (8.14)

P is a (M % M) matrix which is evaluated as (3 * 3) matrix,(4 * 4) matrix,(5 * 5) matrix, and (6 * 6)
matrix in this research. The value of a can be evaluate using the equation of the mean as the value
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of P has already been evaluated.

EN)
a= = 470 (8.15)
YP1T

The values of P and % have already been estimated hence equation (8.14) can be evaluated. The
values of P and % are:

l l
0.8788 0.1212 0 h i

P=l 0 03981 06019} Y = 0.2122 0.0535 0.7343 (8.16)
0 0  1.0000

Replacing values of three, four, five and six state model and a in equation (8.14) the probabilities
respectively are:

p3 =2.2457e-102 ps=0 ps = 1.5888e-102 P6 = 0 (8.17)

Estimating moments of Phase Binomial distribution

The mean and variance can be evaluated using the formula;

E(N) =a¥YP1" Var(N) = aY{PQHT (8.18)
Replacing equation (8.18) with values of stationary probabilities, values of a for each state and
matrix parameter for three state model, four state model, five state model and six state model the
mean and variance respectively are:

E(N) =471.0471  E(N) =471 E(N) =471.0471  E(N) =471
var(N) =6.5364e-15  Var(N) = 0 var(N) = 0 var(N) = 1.5958¢-18

8.4.4 Probabilities of Phase type Geometric distribution
Phase type Geometric distribution is expressed as:

pn=Y[-PI"P1T  n=0,1,2,.. (8.19)

Pis a (M * M) matrix is evaluated as (3 * 3) matrix,(4 % 4) matrix,(5 * 5) matrix, and (6 * 6) matrix
in this research. The values of P and Y have already been estimated hence equation (8.19) can be
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evaluated. The values of P and Y are:

. 0.8788 0.1212 0 h i
P:I‘ 0 0.3981 0.6019 [P Y = 0.2122 0.0535 0.7343 (8.20)
0 0 1.0000

Replacing values of three state model, four state model, five state model and six state model in
equation (8.19) the probabilities respectively are:

p3 =3.4694e-18 ps = 1.4476e-% ps =0 P = 3.3087e-24 (8.21)

Estimating moments of Phase Geometric distribution

The mean and variance can be calculated as:
E(N) =Y[I - P][P]-HT Var(N) = Y[l - P]2[P]-2 +[I - P][P]-HT (8.22)

Replacing equation and (8.22) with values of stationary probabilities and matrix parameter for three,
four, five and six state model the mean and variance respectively are:

E(N) =-0.1742 E(N) = -8.8700e-5 E(N) = -0.0074 E(N) = -8.4700e-5
var(N) =0.2736 var(N) = 1.258e-5 var(N) = 0.0233  Var(N) = 1.7640e-5

8.4.5 Tabulation of frequency probabilities for PH class (a, b, 0)

The results obtained above are tabulated for easy comparison and interpretation. The probabilities
of phase type distribution of class (a,b, 0) are tabulated as:

States | Actual | PH Poisson | PH Neg Binom | PH Binomial | PH Geometric

3 state | 0.0435 0.0245 2.1865 x 10719 | 2.2457 % 10-102 | 3.4694 % 10-18

4 state | 0.0168 0.0184 2.5411 % 10-22 0 1.4476 % 10-24
5 state | 0.0174 0.0147 0 1.5888 % 10-102 0
6 state | 0.0224 0.0123 1.1294 % 1022 0 3.3087 % 10-24

Table 8.3. Frequency probabilities of PH distributions for class (a, b, 0) in different states

Table (8.3) shows that PH Poisson distribution has higher frequency probabilities than PH Negative
Binomial , PH Binomial and PH Geometric distributions which are closer to the actual
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frequency probabilities. Table (8.4) represents p-values and Multiple R of frequency probabilities of
Panijer class (a,b, 0) shown in table (8.3) .

Hypothesis P-value Multiple R
Ho : Estimated frequency probabilities of PH Panjer class (a, b, 0)

are not correlated to actual frequency probabilities

PH-Poisson 0.0074 0.9663
PH-Neg Binom 0.1060 0.7980
PH-Binomial 0.0786 0.8347
PH-Geometric 0.1064 0.7969

Table 8.4. P-values and Multiple R for Panjer class (a,b, 0) frequency probabilities

Table (8.4) indicates that the p-values for the models considered were higher than 0.05 except for PH
Poisson indicating that it was the only significant model for Panjer class (a, b, 0) models. It had the
highest Multiple R value indicating that it provided the best fit for frequency data. The values of
claim count distributions for Panjer class (a, b, 0) are represented in figure (8.2) as:

jotioracilaliveclehcyjprobabitiss) 10" Line piot of phase type Geometric probabllities Line plot of phase type Poissan probabilities
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-}"“"'T?"“'.r"““‘:.' PR . - T
(d) PH Neg Binomial (e) PH Binomial
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Figure 8.2. PH Poisson, PH Geometric, PH Neg Binom, PH Binomial and Actual probabilities

From figure (8.2) it is evident that PH Poisson probabilities are similar to the actual frequency
probabilities hence they are compared to determine if it provides a good fit for the data. Frequency
probabilities using PH Poisson, PH Negative Binomial, PH Geometric and actual data can be
compared graphically as:
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8.5

Line plot of comp of PH Pois,PH Geo PH Neg Binom and actual
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Figure 8.3. Comparison of PH Poisson and Actual probabilities

Figure (8.3) shows that PH Poisson distribution provided beNer fit for class (a, b, 0) distributions as
it was close to the actual frequency probabilities. This is supported by its p-values and Multiple R
values in Table (8.4) as it has a p-value less than 0.05 and highest Multiple R value. The moments of
different state of phase type Poisson, Negative Binomial, Geometric and Binomial distribution are
tabulated as:

States 3 state 4 sate 5 state 6 state
E(N)[Pois] 1.0001 1 1.0001 1
Var (N) [Pois] 1.0001 1 1.0001 1
E(N) [NB] 6.8116 5.0592 x e~ | 0.0106 | 1.5577e-0+
Var (N) [NB] 11.0033 8.9618e04 0.0135 2.6274e-04
E(N) [Binom] 471.0471 471 471.0471 471
Var (N) [Binom] | 6.5364 % 10-15 0 0 1.5958 % e~18
E(N) [Geo] -0.1742 ~8.8708 % 10-5 | -0.0074 | —8.47 % 10-15
Var (N) [Geo] 0.2736 1258 % 10-5 | 0.0233 | 1.7640 % 10-5

Table 8.5. Moments of PH Pois, Neg Binom, Binom and Geo distributions

Table (8.5) shows that the mean and variance of Poisson is equal which should be the case for Poisson
distributions. PH Negative Binomial, PH Binomial and PH Geometric distribution indicated under
dispersion as their variance was less than the actual data variance.

Estimation of frequency probabilities and its moments for class (a, b, 1)

Frequency probabilities for phase type Zero-truncated Poisson, Phase type Zero-truncated Binomial
and Phase type Zero truncated Geometric distribution are estimated.

8.5.1 Probabilities of Phase type Zero-truncated Poisson distribution
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Phase type Zero-truncated Poisson distribution is expressed as:
Pn =YA"(e*-1)-HT n=1,2,3,.. (8.23)

Ais a M x M matrix which is be evaluated as 3 * 3 matrix, 4 * 4 matrix, 5 % 5 matrix, and 6 * 6 matrix

in this research. The values of A and % have already been estimated hence equation (8.23) can be
evaluated. The values of A and % are:
l l

0.8788 0.1212 0 h i
A=b 0 03981 0.6019] Y = 0.2122 0.0535 0.7343 (8.24)
0 0 1.0000

Replacing values of four, five and six state model in equation (8.23) the probabilities respectively are:

p3 =0.0388 ps = 0.0291 ps = 0.0233 pe = 0.0194 (8.25)

Estimating moments of Phase type Zero Truncated Poisson distribution

The mean and variance of phase type Zero truncated Poisson can be evaluated using the formulas;
E(N) =YA[l -e"]-HT Var(N) =Y (A + A2)(I1 —e-*) - A2(1 —e~")-21T (8.26)

Replacing equation (8.26) with values of stationary probabilities and matrix parameter for three,
four, five and six state model the mean and variance respectively are:

E(N) =1.5821 E(N) = 1.5820 E(N) = 1.5821 E(N) = 1.5820
Var(N) =0.6614 var(N) = 0.6613 var(N) = 0.6614 var(N) = 0.6613

8.5.2 Probabilities of Phase type Zero-truncated Binomial distribution

Phase type Zero-truncated Binomial distribution is expressed as:

h q [
b =Y n [I-Q]"Qe-" [I-Qa]-HT n=1,2,3,.. (8.27)

Pis a (M x M) matrix which is evaluated as (3 * 3) matrix,(4 * 4) matrix,(5 * 5) matrix, and (6 * 6)

matrix in this research. The values of P and % have already been estimated hence equation (8.27)
can be evaluated. The values of P and % are:

l l
0.8788 0.1212 0 h i

P=l 0 03981 06019} Y = 0.2122 0.0535 0.7343 (8.28)
0 0 1.0000
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The value of a can be estimated as from the expression of the mean for all different state models as :

E(N) =YaP[l -Qa]-#T a =471 (8.29)
Replacing values of three, four, five and six state model in equation (8.27) the aggregate loss proba-
bilities respectively are:

D3 =2.2457 % g-102 pa=0  ps=1.2710%e 102 Pe =0 (8.30)

Estimating moments of Zero-truncated Binomial distribution

The mean and variance of phase type Zero truncated Binomial can be evaluated using the formulas;
A A h ih i_
E(N) =¥aP[l -Qo]-HT Var(N) =Y aP{Q-(Q+aP)Q2} I-Q« 1F (8.31)

Replacing equation (8.31) with values of stationary probabilities and matrix parameter for three state
model, four state model, five state model and six state model the mean and variance respectively are:

E(N) =471.0471 E(N) =471 E(N) = 471.0471 E(N) =471
Var(N) =7.1054%e-15  Var(N) = 8.6736 % &1 Var(N) =0 Var(N) = 8.6736 xe-1
8.5.3 Probabilities of Phase type Zero-truncated Geometric distribution
Phase type Zero-truncated Geometric distribution is expressed as:
pn =YP(I -P)"-HT n=1,2,3,.. (8.32)
Pisa M % M matrix which is evaluated as 3 * 3 matrix, 4 * 4 matrix, 5 * 5 matrix, and 6 * 6 matrix

in this research. The values of P and Y have already been estimated hence equation (8.32) can be
evaluated. The values of P and % are:

3 0.8788 0.1212 0 h i
P=|‘ 0 0.3981 0.6019 IP Y = 0.2122 0.0535 0.7343 (8.33)
0 0 1.0000

Replacing values of three, four, five and six state model in equation (8.32) the probabilities respectively
are:

p3 =9.2519 % 19 ps=0 ps =0 D6 = 1.1294 % g-22 (8.34)
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Estimating moments of Phase type Zero Truncated Geometric distribution

The mean and variance of phase type Zero truncated Geometric can be evaluated using the formulas;
E(N) =YP-HT Var(N) = ¥[I - P]P-21T (8.35)

Replacing equation (8.35) with values of stationary probabilities and matrix parameter for three state
model, four state model, five state model and six state model the mean and variance respectively are:

E(N) =1.1262 E(N) = 1.0000 E(N) = 1.0127 E(N) = 1.0000
var(N) =1.38xe-17 Var(N) = 1.18xe-20 Var(N) = 4.33xe-19 Var(N) = 6.77 xe-21
8.5.4 Tabulation of frequency probabilities for class (a, b, 1)

The results obtained above can be tabulated for easy comparison and interpretation. The probabilities
of phase type distribution of class (a, b, 1) are tabulated as:

States | Actual | PH ZT Poisson | PH ZT Binomial | PH ZT Geometric
3 state | 0.0435 0.0388 2.2457 * g~102 9.2519 x e-19

4 state | 0.0168 0.0291 0 0

5 state | 0.0174 0.0233 1.2710 * e-102 0

6 state | 0.0224 0.0194 0 1.1294 x e~22

Table 8.6. Frequency probabilities of PH distributions for class (a, b, 1) in different states

Table (8.6) shows that PH Zero-truncated Poisson distribution has higher frequency probabilities
than PH Zero-truncated Binomial and PH Zero-truncated Geometric distributions and it is closer
to the actual frequency probabilities. Table (8.7) represents p-values and Multiple R of frequency

probabilities of PH Panjer class (a, b, 1) shown in table (8.6) .

Hypothesis P-value Multiple R
Ho : Estimated frequency probabilities of PH Panjer class (a, b, 1)
are not correlated to actual frequency probabilities

PH-ZT Poisson 0.0073 0.9663
PH-ZT Binomial 0.0677 0.8506
PH-ZT Geometric 0.1064 0.7970

Table 8.7. P-values and Multiple R for Panjer class (a, b, 1) frequency probabilities

Table (8.7) illustrates that the p-values for the models considered were higher than 0.05 except for PH
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ZT Poisson indicating that it was the only model that provided a good fit for frequency probabilities
for Panjer class (a,b,1). The values of phase type claim count distributions for class (a,b, 1) are
represented in figure (8.4) as:
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Figure 8.4. PH ZT Poisson, PH ZT Binom, PH ZT Geometric and Actual probabilities

From figure (8.4) it is evident that PH Zero-truncated Poisson probabilities are similar to the actual
frequency probabilities hence they are compared to actual frequency probabilities to determine if it
provides a good fit for the data. Frequency probabilities using PH ZT Poisson and actual probabilities
can be represented graphically as:
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Figure 8.5. Comparison of PH ZT Poisson and Actual probabilities

Figure (8.5) shows that PH ZT Poisson distribution provided beNer fit for class (a, b, 1) distributions

as it was closer to the actual frequency probabilities. The moments of different state of PH zero-
truncated Poisson, PH zero-truncated Binomial and PH zero-truncated Geometric distributions are
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8.6

tabulated as:

States 3 state 4 state S state 6 state
E(N)[PH ZT Pois] 1.5821 1.5820 1.5721 1.5820
Var (N) [PH ZT Pois] 0.6614 0.6613 0.6614 0.6613
E(N) [PH ZT Binom] 471.0471 471 471.0471 471
Var (N) [PH ZT Binom] | 7.1054 *x e-15 | 8.6736 % -1 0 8.6736 x e~19
E(N) [PH ZT Geo] 1.1262 1 1.0127 1
Var (N) [PH ZT Geo] | 1.3878 % e27 | 1.1858 % e-20 | 4.3668 % e-19 | 6.7763 % e-21

Table 8.8. Moments of PH ZT Pois, ZT Binom and PH ZT Geo distributions

Table (8.8) shows that modeling the data with PH Zero-truncated Poisson distribution, PH Zero-
truncated Binomial distribution and PH Zero-truncated Geometric distribution indicates under
dispersion as the variance is less than variance of the actual data.

Estimation of frequency probabilities and moments of phase type Poisson
Lindley distributions

Frequency probabilities and moments of phase type one parameter Poisson Lindley distribution and
two parameter Poisson Lindley distribution are estimated.

8.6.1 Probabilities of Phase type one parameter Poisson Lindley distribution
Phase type one parameter Poisson distribution is expressed as:
Pn =YT2(1 +T)-+d{(n+2)I + THT n=0,1,2,... (8.36)

The values of I" and ¥ have already been estimated hence equation (8.36) can be evaluated. The
values of I" and % are:

a 0.8788 0.1212 0 h i
1“:[[ 0 0.3981 0.6019 IP Y = 0.2122 0.0535 0.7343 (8.37)
0 0 1.0000

Replacing values of three, four, five and six state model in equation (8.36) the probabilities respectively
are:

p3=0.0169 ps = 0.0125 ps = 0.01 ps = 0.0083 (8.38)
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Estimating moments of Phase one parameter Poisson Lindley distribution

The mean and variance can be calculated as:

EN) =YQI+T) T(C+1) 47 Var(N) =Y (@2l +4T +T2) (T + D2+ 2l + D[ + D]-HT
(8.39)

Replacing equation (8.39) with values of stationary probabilities and matrix parameter for three state
model, four state model, five state model and six state model the mean and variance respectively are:

E(N) =1.8622 E(N) = 1.5017 E(N) = 1.5099 E(N) =1.5
Var(N) =4.3527 var(N) = 3.2554 var(N) = 3.2727 var(N) = 3.2502

8.6.2 Probabilities of Phase type two parameter Poisson Lindley distribution

Phase type two parameter Poisson distribution is expressed as:
h i
Pn =YT2(1 +1)-"+2 | +[(a+ml][alr +1]-1 17 n=0,1,2,... (8.40)

where a > 0,, I is a (M *x M) matrix.
The values of I and % have already been estimated hence equation (8.40) can be evaluated. The
values of I" and % are:

0.8788 0.1212 0 | h i

F:II 0 0.3981 0.6019 [[ Y = 0.2122 0.0535 0.7343 (8.41)

0 0 1.0000
The value of a can be estimated from the expression of the mean as:

E(N) =YQI+Ta)[TTa + 1] as = -0.0667 as = -0.0499 as = -0.0399 as = —0.0333
(8.42)

Replacing values of four, five and six state model in equation (8.40) the probabilities respectively are:

p3 =0.0187 ps = 0.0125 ps = 0.01 ps = 0.0083 (8.43)

Estimating moments of Phase type two parameter Poisson Lindley distribution

The mean and variance can be calculated as:

E(N) =YQl +Ta)[l'(Ca + 1)]-H" (8.44)
n h i
Var(N) =Y[aTl +21][C(aT + D]-1 + [2(aT + 3D]r2(aT + D]-1 - QI +Ta)][['(Ta + 1)]-1 Zlﬁ
(8.45)
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Replacing equation (8.45) with values of stationary probabilities and matrix parameter for three state
model, four state model, five state model and six state model the mean and variance respectively are:

E(N) =2.0717  E(N) = 2.0525 E(N) = 2.0416 E(N) = 2.0344
var(N) =4.0668  Var(N) = 4.0498 Var(N) = 4.0398 Var(N) = 4.0333

8.6.3 Tabulation of frequency probabilities for PH Poisson Lindley distributions

The results obtained above are tabulated for easy comparison and interpretation. The probabilities
of phase type Poisson Lindley distributions are tabulated as:

Distributions | 3 state | 4 state | 5 state | 6 state

PH-OPPL | 0.0169 | 0.0125 | 0.01 | 0.0083
PH-TPPL | 0.0187 | 0.0125 | 0.01 | 0.0083

Actual 0.0435 | 0.0168 | 0.0174 | 0.0224
Table 8.9. Frequency probabilities of PH Poisson Lindley distributions in different states

Table (8.9) shows that PH one parameter Poisson Lindley and PH two parameter Poisson Lindley
distributions had higher frequency probabilities which are closer to actual frequency distributions
hence they will be compared to determine which between them provides the best fit. Table (8.10)
represents p-values and Multiple R of frequency probabilities of phase type OPPL and phase type
TPPL distributions shown in table (8.9) .

Hypothesis P-value Multiple R
Ho : Estimated frequency probabilities of PH Poisson Lindley
distributions are not correlated to actual frequency probabilities
PH-OPPL 0.0070 0.9675

PH-TPPL 0.0045 0.9757
Table 8.10. P-values and Multiple R for PH Poisson Lindley frequency probabilities

Table (8.10) shows that the p-values for all models were lesser than 0.05 indicating that they provided
a good fit for frequency probabilities however PH-TPPL had the least p-value and highest Multiple R
indication that it provided the best fit for frequency data. The values of frequency distributions for
phase type Poisson Lindley distributions are represented graphically in figure (8.6) as:
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Figure 8.6. PH-OPPL, PH-TPPL and Actual probabilities

Figure (8.6) indicates that phase type one parameter Poisson Lindley and phase type two parameter
Poisson Lindley are similar to actual frequency data hence they will be compared to determine
which provides a beNer fit. Frequency probabilities using , PH-OPPL, PH-TPPL and actual data can

be represented graphically as:
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Figure (8.7) shows that PH two parameter Poisson Lindley distribution provided beNer fit as it is
closer to the actual frequency probabilities and has the lowest p-value. The moments of different
states of phase type one parameter Poisson Lindley and phase type two parameter Poisson Lindley

distributions are tabulated as:

Secondary Cancer state
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8.7

States 3 state | 4 state | 5 state | 6 state

E(N) [PH-OPPL] 1.8622 | 1.5017| 1.5099| 1.5
Var (N) [PH-OPPL] | 4.3527 | 3.2554 | 3.2727 | 3.2502
E(N) [PH-TPPL] 2.0717 | 2.0525| 2.0416 | 2.0344

Var (N) [PH-TPPL] | 4.0668 | 4.0498 | 4.0398 | 4.0333
Table 8.11. Moments of PH-OPPL and PH-TPPL distribution

Table (8.11) shows that modeling the data with PH one parameter Poisson Lindley distribution and
PH two parameter Poisson Lindley indicates under dispersion as its variance is less than variance of
the actual data.

Estimation of frequency probabilities and moments of phase type
Zero-truncated Poisson Lindley distributions

Frequency probabilities and moments of phase type Zero-truncated one parameter Poisson Lindley
distribution and Zero-truncated two parameter Poisson Lindley distribution are estimated.

8.7.1 Probabilities of Phase type Zero-truncated one parameter Poisson Lindley distribu-
tion

Phase type Zero-truncated one parameter Poisson distribution is expressed as:
Pn = YA2[AZ +3A+ 171 [(n+2)1 + All(A+D"]-1 1T n=1,2,.. (8.46)

The values of A and Y have already been estimated hence equation (8.46) can be evaluated. The
values of A and ¥ are:

3 0.8788 0.1212 0 h i
A:II 0 0.3981 0.6019 IP Y = 0.2122 0.0535 0.7343 (8.47)
0 0 1.0000

Replacing values of four, five and six state model in equation (8.46) the probabilities respectively are:

p3 =0.0267 ps = 0.02 ps = 0.016 ps = 0.0133 (8.48)
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Estimating moments of Phase Zero-truncated one parameter Poisson Lindley distribution

The mean and variance can be calculated as:

ER) =Y (A+D2@21+A) AANZ+3A+1) 4T (8.49)
h i

Var(N) =Y (A +D2(A2 +4A +61) A2(A2+3A+1) 1= (A+D2Q1I+A) AAZ+3A+1) ! ‘1
(8.50)

Replacing equation (8.50) with values of stationary probabilities and matrix parameter for three state
model, four state model, five state model and six state model the mean and variance respectively are:

E(N) =2.3043 E(N) = 2.3996 E(N) = 2.3967 E(N) = 2.4000
Var(N) =4.3177 Var(N) = 3.0443 var(N) = 3.0874 var(N) = 3.0402

8.7.2 Probabilities of Phase type Zero-truncated two parameter Poisson Lindley distribu-
tion
Phase type Zero-truncated two parameter Poisson distribution is illustrated as:

=Y A2[A2a+Aa+2A+1]"1 (n+DI+a(A+1) (A+D-"HT n=1,2,... (851)

where a >0, A is a (M *x M) matrix.
The values of A and Y have already been estimated hence equation (8.51) can be evaluated. The
values of A and Y are:

0.8788 0.1212 0 X i
A=b 0 03981 0.6019) Y = 0.2122 0.0535 0.7343 (8.52)
0 0 1.0000

The value of a can be estimated from the expression of the mean as:

E(N) =Y (A+1)2[Aa +21] A[A2a+Aa+2A+1] M7
@ =-0.0999 s =-0.0749 as=-0.0599 @ = —0.0499 (8.53)

Replacing values of four, five and six state model in equation (8.51) the probabilities respectively are:

p3 =0.0197 ps = 0.0162 ps = 0.0130 ps = 0.0109 (8.54)

Estimating moments of Phase type ZT two parameter Poisson Lindley distribution

The mean and variance can be calculated as:

E(N) =Y (A+1)2(Aa +21) A(A2a +Aa +2A+]1) 4T (8.55)
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h ih i

Var(N) =Y (A + D2(A3a2 + (a + 5)A2a + (4a + 6)A +21) A2(A2a +Aa2+A+D2 17
(8.56)

Replacing equation (8.55) and (8.56) with values of stationary probabilities and matrix parameter for
three state model, four state model, five state model and six state model the mean and variance
respectively are:

E(N) =2.5653 E(N) = 2.7010 E(N) = 2.6894 E(N) = 2.6896
var(N) =11.1226  Var(N) = 10.2847 var(N) = 10.3880  Var(N) = 10.4145

8.7.3 Tabulation of frequency probabilities for PH Zero-truncated Poisson Lindley distri-
butions

The results obtained above are tabulated for easy comparison and interpretation. The probabilities
of phase type Zero-truncated Poisson Lindley distributions are tabulated as:

Distributions | 3 state | 4 state | 5 state | 6 state

PH-ZTOPPL | 0.0267 | 0.0200 | 0.0160 | 0.0133
PH-ZTTPPL | 0.0197 | 0.0162 | 0.0130 | 0.0109

Actual 0.0435 | 0.0168 | 0.0174 | 0.0224
Table 8.12. Frequency probabilities of PH ZT Poisson Lindley distributions in different states

Table (8.12) shows that PH Zero-truncated one parameter Poisson Lindley and PH Zero-truncated
two parameter Poisson Lindley distributions has higher frequency probabilities which are closer to
actual frequency distributions hence they are compared to determine which between them provides
the best fit. Table (8.13) represents p-values and Multiple R of frequency probabilities of phase type
ZT-OPPL and phase type ZT-TPPL distributions shown in table (8.12) .

Hypothesis P-value Multiple R
Ho : Estimated claim count probabilities of PH ZT Poisson Lindley
distributions are not correlated to actual frequency probabilities
PH-ZT OPPL 0.0074 0.9663

PH-ZT TPPL 0.0108 0.9567
Table 8.13. P-values and Multiple R for PH ZT Poisson Lindley frequency probabilities

Table (8.13) shows that the p-values for all models were lesser than 0.05 indicating that they provided
a good fit for frequency probabilities however PH-ZT OPPL had the least p-value and highest
Multiple R indicating that it provided the best fit for frequency data. The values of frequency distrib
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utions for Zero-truncated Poisson Lindley distribution are represented graphically in figure (8.8) as:
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From figure (8.8) it is evident that PH Zero-truncated one parameter Poisson Lindley distributions
and PH Zero-truncated two parameter Poisson Lindley distribution probabilities are similar to the
actual frequency probabilities hence it they compared to actual frequency probabilities determine
which distribution provides the best fit for the data. Frequency probabilities using PH Zero-truncated
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Poisson Lindley distributions and actual data can be represented graphically as:

Figure 8.9. Comparison of PH Zero-truncated Poisson Lindley and Actual probabilities

Figure (8.9) shows that PH Zero-truncated two parameter Poisson distribution provided beNer fit as
it was closer to the actual frequency probabilities and also had the lowest p-value and Multiple R.
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8.8

The moments of different state of phase type Zero-truncated one parameter Poisson Lindley and
phase type two parameter Poisson Lindley distributions are tabulated as:

States 3 state | 4 state | 5state | 6 state

E(N) [PH-ZTOPPL] | 2.3043 | 2.3996 | 2.3967 | 2.4000
Var (N) [PH-ZTOPPL] | 4.3177 | 3.0443 | 3.0874 | 3.0402
E(N) [PH-ZTTPPL] 2.5653 | 2.7010 | 2.6894 | 2.6896

Var (N) [PH-ZTTPPL] | 11.1226 | 10.2847 | 10.3880| 10.4145
Table 8.14. Moments of PH-ZTOPPL and PH-ZTTPPL distribution

Table (8.14) shows that modeling the data with PH Zero-truncated one parameter Poisson Lindley
and PH Zero-truncated two parameter Poisson Lindley distributions exhibits under dispersion as its
variance is less than variance of the actual data.

Estimation of severity distribution

The parameters of both discrete and continuous severity distributions are estimated. Continuous
distribution taken into account are Weibull distribution, Generalized Pareto, and Pareto distribution.
The continuous distributions are arithmetized using method of mass rounding and the span chosen
is h = 250000, h = 200000, h = 300000, h = 1200000 for three state model, four state model, five
state model and six state models respectively. Discrete distribution considered in this research are
one-parameter Poisson lindley distribution and two-parameter Poisson Lindley distribution. In this
section parameters of the distributions are estimated as well as the severity probabilities.

8.8.1 Estimation of parameters and discretization of Weibull distribution

From chapter seven estimate of a is expressed as:

E(x)

= (8.57)
r1+4)

The estimate of a requires 8 to be estimated first as:

_ r@a+2)
*ru+§>—mum varb) - [EWI _ 767 (8.58)

Var(x) = [E]?
[E()]2 r

[r@+ P

The values of 8 can be calculated for 3 state, 4 state, 5 state and 6 state models from equation (8.58)
as:

3 state = 0.47 4 state = 0.815 Sstate =9.1 6 state = 0.842

Hence the value of a can be calculated for 3 state, 4 state, 5 state and 6 state models from equation
(8.57) as:
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3 state = 150507.7436 4 state = 240521.1121 5 state = 432431.6298 6 state = 1539559.443
Weibull distribution is discretized using the following formula:

h h
fs =F; xh+2— —F xh—z—

The resulting probabilities estimates for three, four, five and six state models for Weibull distribution
are:

fs =0.0171 f» =0.0216 fs=0 fs = 0.0231

8.8.2 Estimation of parameters and discretization of Generalized Pareto distribution

From chapter six Generalized Pareto distribution can also be expressed as;

1 dx— f) 1{1
f(x) = o 1- o X =e[1-exp(-dY)]/d.
The moment estimators of Generalized Pareto distribution are:
_€ 2 _ 0.5
Ex) =1 . Var(x) _ € Skew(x) = 2(1 4 + 2d) (8.59)
1+d (1 +d)2(1+ 2d) 1+3d

The value of d can be calculated from the skewness formula, hence e estimated as follows:
e =S.D(1 + d)(1 + 2d)0-5 (8.60)
The value of f can be calculated as:
foy & (8.61)
Y '

The values of d can be calculated for 3 state, 4 state, 5 state and 6 state models from equation (8.59)
as:

3 state = 17.59 4 state = 5.079 5state =2.13 6 state = 0.268

The values of e can be calculated for 3 state, 4 state, 5 state and 6 state models from equation (8.60)
as:

3 state = 107440000 4 state = 10269000 5 state =4179000 6 state = 4901100

The values of f can be calculated for 3 state, 4 state, 5 state and 6 state models from equation (8.61)
as:

3 state = 339721.7777 4 state =268984 5 state =409701.2222 6 state = 1684997.555

The cumulative distribution function is expressed as:

dx—1f) ¢
Fx=1- 1-— . (8.62)

The resulting probabilities estimates for three, four, five and six state models for Generalized Pareto
distribution are:

f3 =0.0027 f»=0.0280 fs =0.1108 fs = 0.1176
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8.8.3 Estimation of parameters and discretization of Pareto distribution

From chapter six Pareto distribution can also be expressed as;

aB?
f(x) = W (8.63)
The value of B8 is estimated as follows:
_L 2) _ ZBZ
B0 =gy a>1  BXO= -2
We can estimate 8 by using these two expressions.
E ) 2’32 2 2
x) _(a=1)a=2) _ 28 @-1 C2a-1) (8.64)
[E0R2 T —pr— “(a-1a-2) B2 9T " (a-2)

(a—1)?

The values of a can be calculated for 3 state, 4 state, 5 state and 6 state models from equation (8.64)
as:

3 state = 2.285714286 4 state = 2.789019363 5 state = 3.962650275 6 state = 2.824467301

Hence the value of 8 can be calculated for 3 state, 4 state, 5 state and 6 state models from equation
(8.63) as:

3 state = 436786.4286 4 state = 481219.3733 5 state = 1213804.401 6 state = 3074224.767

The cumulative distribution function of Pareto distribution is expressed as:

Fx) =1- 8.65
() B +x (8.65)
The resulting probabilities estimates for three, four, five and six state models for Pareto distribution
are:

f3=0.0156 f+ =0.0166 fs=0.0184 f¢=0.0178

8.8.4 Estimation of parameters and probability of one-parameter Poisson Linldey distri-
bution

The probability mass function of one parameter Poison Lindley is expressed as:
2(x+ 0 +2
f(x) = M x=012 (8.66)
6 +1)**3 C

The value of x in this research considering discrete distributions if sum of the severity values for
each particular multi-state model. The value of 8 is calculated as:

X —1)2+8X

. X =D+ (
2)

6 =

(8.67)
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The values of 6 can be calculated for 3 state, 4 state, 5 state and 6 state models from equation (8.67)
as:

3 state = 5.8871 x e~¢ 4 state = 7.4353 % e~¢ 5 state = 4.8816 x e 6 state = 1.1869 x e~°
For three, four, five and six state models the probabilities are evaluated respectively as:

62(x + 0 +2) 12 12
f(x)s =1.3383 x e~12 f(x)e = 3.2559 x e-13

8.8.5 Estimation of parameters and probability of two-parameter Poisson Linldey distri-
bution

The probability mass function of one parameter Poison Lindley is expressed as:

2 h gyl

) :(9 + 1)X+2 1+ ad +1

X=01,2,..;86>0;00 > _1 (8.68)

Expectation of two-parameter Poisson Lindley is expressed as:

- ab +2
X = (8.69)
6(ab +1)
Let %—% be k , it can be expressed as:
1
= 20EOED o bk (8- 4k + (6 4K) (8.70)
(b + 2)2

The value of k can be calculated hence equation (8.70) can be solved. The value of a and 6 can be
expressed as:

X = b+2 - b+2_ a{=b(b+1zx (8.71)
B(b+1) b+ 1)X b+2
The values of b can be calculated for 3 state, 4 state, 5 state and 6 state models from equation (8.71)
as:
3state =-2.5345 4 state = -2.888268 5 state = -3.400947 6 state =-2.908
The values of 8 can be calculated for 3 state, 4 state, 5 state and 6 state models from equation (8.71)
as:
3 state = 1.02531 xe© 4 state = 1.74885 x e=¢ 5 state = 1.4242 xe~6 6 state = 2.82428 x e~7
The values of a can be calculated for 3 state, 4 state, 5 state and 6 state models from equation (8.71)
as:
3 state = -2471929.869 4 state = -1651525.057 5 state = -2387971.016 6 state = -10296424.92
For three, four, five and six state models the probabilities are evaluated respectively as:

62 h 1 a+x
(6 +1)x*+2 17 46 +1
f(x)s =5.7517 % e~9 f(X)e = 2.8090 % -9

f(x) = f(X)3 = 1.7453 xe8  f(X)a = 1.8066 x ¢”°
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8.8.6 Tabulation of severity data results

The results obtained above can be tabulated for easy comparison and interpretation. The probabilities

of continuous and discrete severity distributions are tabulated as:

States | Actual | Weibull | Gen Pareto | Pareto | One par Pois | Two par Pois
3 state | 0.0046 | 0.0171 0.0027 0.0156 | 1.6142 xe-12 | 1.7453 % ¢-8
4 state | 0.0664 | 0.0216 0.0280 0.0166 | 2.0387 xe-12 | 1.8066 x e~8
5 state | 0.0794 0 0.1108 0.0184 | 1.3383 xe-12 | 57517 % e~9
6 state | 0.1551 | 0.0231 0.1176 0.0178 | 3.2559 % e-13 | 2.8090 * e~9

Table 8.15. Severity probabilities of continuous and discrete distributions

Table (8.15) shows Generalized Pareto had relatively higher probabilities compared to Weibull,
one parameter Poisson Lindley and two parameter Poisson Lindley distributions. Consequently,
Generalized Pareto had probabilities closer to the actual probabilities hence they will be compared
to determine if it provides a good fit. Table (8.16) represents p-values and Multiple R of severity
probabilities shown in table (8.15) .

Hypothesis P-value Multiple R
Ho : Estimated severity probabilities of

are not correlated to actual severity probabilities

Weibull 0.1360 0.7599
Gen Pareto 0.0153 0.9450
Pareto 0.0721 0.8442
OPPL 0.3413 0.5458
TPPL 0.4478 0.4493

Table 8.16. P-values and Multiple R for severity probabilities

Table (8.16) indicates that the p-values for the models considered were higher than 0.05 except
for Generalized Pareto distribution probabilities indicating that it provided a good fit for severity
probabilities. The data of severity distribution can be represented as illustrated in figure (8.10) as:
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Figure 8.10. Comparison of Weibull, Generalized Pareto , Pareto, One parameter Poisson Lindley, Two
parameter Poisson Lindley and Actual probabilities

Figure (8.10) shows that severity probabilities using Generalized Pareto and actual probabilities were
similar hence they will be compared to determine if it provides a good fit for the severity probabilities.
Generalized Pareto and actual severity probabilities can be represented graphically as:
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Figure 8.11. Comparison of Weibull, Generalized Pareto , Pareto and Actual probabilities

Figure (8.11) shows that Generalized Pareto provided a beNer fit for severity probabilities which is
supported by its low p-values and higher R-statistic.
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Estimation Aggregate loss probabilities using phase type Panjer recursive
model for class (a, b, 0)

Aggregate loss probabilities are estimated using PH Panjer recursive model for class (a, b, 0) and
(a,b,1). PH Panjer recursive model for class (a, b, 0) is expressed as:

] X _
- ” A+ BJT [l - Ay()] (8.72)

where Z(0) =YPo Z(j) = Zly(x)z(j X)

8.9.1 Aggregate Loss probabilities of phase type Poisson and severity distribution

The initial condition, matrices A and B of phase type Poisson distribution are calculated as:
Py = e~ A=0 B=A

PH Panjer recursive model when claim frequency distribution is PH Poisson distribution is expressed
as:

Lo . X
Z¢) = X;V(X)Zﬂ -x) A j (8.73)

For three state multi-state model the initial condition is evaluated as:

- 04155 -0.0651  0.0174 X :
Pp=f 0 06745 —0.3066E YPy = 0.0997 0.0251 0.2431
0 0 0.3679

The value of A is constant and value of B = A hence for three state model they can be evaluated as:

0 0.8788 0.1212 0

A=0 B=p O 0.3981 0.6019 0
0 0 1.0000

Replacing values of three, four, five and six state model and severity probabilities in equation (8.72)
the aggregate loss probabilities are:
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States | Actual | PH Poi-Wei | PH Poi-GP | PH Poi-Par | PH Poi-OPPL | PH Poi-TPPL
3 state | 0.0002 0.0065 0.0009 0.0059 5.9232 % e 13 | 6.4383 xe~?
4 state | 0.0011 0.0083 0.0109 0.0063 7.5031 xe-13 | 6.6572 % e~?
5 state | 0.0014 0 0.0503 0.0070 49299 x e-13 | 2.1154 % 07
6 state | 0.0035 0.0089 0.0540 0.0068 1.1990 x e-13 | 1.0335 % e~?

Table 8.17. Aggregate loss probabilities of phase type Poisson and severity distributions

Table (8.17) shows that actual aggregate losses have a similar trend as aggregate losses estimated
using PH Poisson and Generalized Pareto.

8.9.2 Aggregate Loss probabilities of phase type Negative Binomial and severity distribu-
tion

The initial condition, matrices A and B of phase type Negative Binomial distribution are calculated
as:

Po=[1-QJ A=Q B=(a-1)Q

Phase type panjer recursive model when claim frequency distribution is Phase type Negative Binomial
distribution is expressed as:

J
2() = 3 yWzi -0 Q+la-al; [ - gy (8.74)
x=1

For three state multi-state model the initial condition is evaluated as:

0 0.0002 0.0002 0 h i
Poz[[ 0 0.1350 0.1350 IP ¥Po= 0.0001 0.0082 0.0081
0 0 0

The value of A = Q and value B = (a — 1)Q hence for three state they can be evaluated as :

- 08788 01212 0
A=h 0 03981 06019 |
0 0

2.6349 0.3651 0 0
B=p O 1.1814 1.8186 0
1.0000 0 0 3.0000

Replacing values of three, four, five and six state model and severity probabilities in equation (8.74)
the aggregate loss probabilities are:
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States | Actual | PHNB-Wei | PHNB-GP | PHNB-Par | PH NB-OPPL | PH NB-TPPL
3 state | 0.0002 0.0013 1.8214 x g4 0.0012 1.0556 x e~13 | 8.4721 *x e~?
4 state | 0.0011 | 2.4268 xe~7 | 3.2084 xe~7 | 1.8365%e7 | 2.1435%e17 | 1.9019 x ¢~ 13
5 state | 0.0014 0 0.0010 1.3172 % e* | 9.1325%e-15 | 3.9188 x e-11
6 state | 0.0035 | 6.3532 % e~7 | 4.0625%e 6 | 4.832%e7 | 8.4721%e"18 | 7.3027 x e~14

Table 8.18. Aggregate loss probabilities of phase type Neg Binom and severity distributions

Table (8.18) shows that the trend of actual aggregate losses are different from aggregate losses

estimated using PH Negative Binomial.

8.9.3 Aggregate Loss probabilities of phase type Geometric and severity distribution

The initial condition, matrices A and B of phase type Geometric distribution are calculated as:

Phase type panjer recursive model when claim frequency distribution is Phase type Geometric

Po=P

distribution is expressed as:

A=[1-P]

B=0

j
Z(j) = XZ‘Y(X)i(J =x)[I =PI -1 - Ply(0)]-*

For three state multi-state model the initial condition is evaluated as:

3 0.8788 0.1212

P0=[[

0

0 0.3981 0.6019 [P

0 0

1.0000

YPo =

h

(8.75)

0.2108 0.0530 0.7364

The value of A = [I — P] and value B = 0 hence for three state they can be evaluated as :

Replacing values of three, four, five and six state model and severity probabilities in equation (8.75)

0.1303
O
A= 0 0
0

-0.1303

0.6066
0

the aggregate loss probabilities are:

0

0

~0.6066 ]
0
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States | Actual | Geo-Wei Geo-GP Geo-Par | Geo-OPPL | Geo-TPPL
3state | 0.0002 | 2.17 % e-19 | 2.71xe"20 | 2,17 %e 19 | 1.26 e 29 | 3.10 % e 25
4 state | 0.0011 | 5.29 xe-23 | 529%e2 | 529%e 23 | 6.16ke33 | 5.05%e2°
5 state | 0.0014 0 0 0 7.88 % e~31 0

6 state | 0.0035 | 529 xe=23 | 424 %xe 22 | 2.64xe23 | 7.70 ke3¢ | 6.31 xe30

Table 8.19. Aggregate loss probabilities of phase type Geometric and severity distributions

Table (8.19) illustrate that the trend of actual aggregate losses are different from aggregate losses
estimated using PH Geometric.

8.9.4 Aggregate Loss probabilities of phase type Binomial and severity distributions
The initial condition, matrices A and B of phase type Binomial distribution are calculated as:

Po=[I - P]e A= —P[l - P]1 B = (a +1)P[l - P]-!
Phase type Panjer recursive model when claim frequency distribution is phase type Binomial

distribution is expressed as:

-1 -1

J
2)= Y YW -0 —PI-PI" @+ DPI-P] [ 1+PI-P] y(O) (8.76)
x=1

For three state multi-state model the initial condition is evaluated as:

3 0.0002 0.0002 0 i h i
Po :[[ 0 0.1350 0.1350 I‘ YPo= 0 0.0074 0.0060
0 0 0

The value of A = —P[l — P]-1 and value B = (a + 1)P[l — P]-1 hence for three state they can be
evaluated as :

3 -7.2169 1.0000 0 3.3992 -0.4710 0 B
A= [[ 0 —0.6496 1.0000 I[ B=1.0x% e3 [ 0 0.3060 —0.4710[]
0 0 0 0 0 0

Replacing values of three, four, five and six state model and severity probabilities in equation (8.76)
the aggregate loss probabilities are:
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States | Actual | Bin-Wei | Bin-GP Bin-Par Bin-OPPL Bin-TPPL
3 state | 0.0002 0 0 -5.28 xe-102 | —1.08%e 13 | —1.17 %109
4 state | 0.0011 0 0 0 0 0

5 state | 0.0014 0 4.24 xe9 | 1.12 %100 1.65 % g~113 7.08 x g-110
6 state | 0.0035 0 0 0 0 0

Table 8.20. Aggregate loss probabilities of phase type Binomial and severity distributions

Table (8.20) shows that the trend of actual aggregate losses are different from aggregate losses
estimated using PH Binomial. Table (8.21) represents p-values of aggregate loss probabilities shown
in table (8.17), table (8.18) and table (8.19) except for phase type Binomial model which had negative

values.

Hypothesis

P-value Multiple R

Ho : Estimated aggregate losses for Panjer class (a, b, 0)

are not correlated to actual aggregate losses

PH-Poisson Weibull
PH-Poisson Pareto
PH-Poisson Gen Pareto
PH-Poisson OPPL
PH-Poisson TPPL
PH-Neg Binom Weibull
PH-Neg Binom Pareto
PH-Neg Binom Gen Pareto
PH-Neg Binom OPPL
PH-Neg Binom TPPL
PH-Geo Weibull
PH-Geo Pareto
PH-Geo Gen Pareto
PH-Geo OPPL
PH-Geo TPPL

0.1276
0.0927
0.0249
0.4072
0.4952
0.9342
0.8859
0.5525
0.8963
0.8963
0.9344
0.9346
0.9164
0.9067
0.9347

0.7701
0.8151
0.9239
0.4854
0.4080
0.0517
0.0898
0.3593
0.0815
0.0815
0.0515
0.0514
0.0657
0.0733
0.0513

Table 8.21. P-values and Multiple R for Panjer class (a, b, 0) aggregate loss models

Table (8.21) illustrates that the p-values for the models considered were greater than 0.05 except for
PH-Poisson Generalized Pareto model which shows that this model provided a good fit for the data.

The aggregate loss probabilities for class (a, b, 0) and actual can be illustrated as:
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Figure 8.12. Aggregate loss probabilities for Actual data
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Figure 8.13. Comparison of Aggregate loss probabilities using PH Poisson, PH Negative Binomial and PH
Geometric distributions

The data of aggregate loss probabilities using PH Panjer class (a, b, 0) can be represented graphically
as shown in figure (8.13). Aggregate losses using PH Binomial distribution with the severity probabil-
ities had numerous negative values hence they were not ploNed. Aggregate losses using PH Poisson
and Generalized Pareto are similar to actual aggregate losses hence they are ploNed for comparison.
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Figure 8.14. Comparison of Agg loss prob using PH Pois with Gen Par and Actual probabilities

Figure (8.14) shows comparison of aggregate loss probabilities using PH Poisson with Generalized
Pareto and actual aggregate loss probabilities. PH Poisson and Generalized Pareto provided the best

fit for class (a, b, 0). This is also supported by its p-value as it has the lowest p-value and the highest
Multiple R.
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8.10 Estimation Aggregate loss probabilities using Panjer recursive model for
class (a,b, 1)

Phase type Panjer recursive model for class (a, b, 1) is expressed as:

j
20) = [P:—(A+ BPaly() + 3" y00Z(i - A+BL [1-Ay0)] ®77)
x=1

where Z(0) =YPT because P' is the initial condition for Panjer class (a, b, 1).
1 1

8.10.1 Aggregate Loss probabilities of phase type Zero -truncated Poisson and severity
distribution

The initial condition, matrices A and B of phase type Zero-truncated Poisson distribution are
calculated as:

P] =Pi[l — Po]- A=0 B=A

Phase type Panjer recursive model when claim frequency distribution is Phase type Zero truncated
Poisson distribution is expressed as:

] X
— -

Z(j) =Y[Pr —APoly(j) + ZIY(X)Z(J' - X)(A]) (8.78)

For three state multi-state model the initial condition is evaluated as:

3 0.3649 0.0249 -0.0220 i h i
P1= [[ 0 0.2656 0.1023 YPr = 0.0876 0.0220 0.2583
0 0 0.3679

The value of A = 0 and value B = A hence for three state they can be evaluated as :

i 0.8788 0.1212 0
A=0 B=pg O 0.3981 0.6019 0
0 0 1.0000

Replacing values of three, four, five and six state model and severity probabilities in equation (8.78)
the aggregate loss probabilities are:



153

States | Actual | ZT Poi-Wei | ZT Poi-GP | ZT Poi-Par | ZT Poi-OPPL | ZT Poi-TPPL
3 state | 0.0002 | 0.0103 0.0016 0.0094 9.37 x e13 1.02 xe-8
4 state | 0.0011| 0.0131 0.0172 0.01 1.19 * el2 1.05%e8
5 state | 0.0014 0 0.0796 0.0111 7.79 x e~ 13 3.34 % e
6 state | 0.0035 0.0141 0.0855 0.0107 1.89 xe-13 1.63 xe?

Table 8.22. Aggregate loss probabilities of phase type ZT Poisson and severity distributions

Table (8.22) shows that actual aggregate loss probabilities are similar to aggregate loss probabilities

using Zero-truncated Poisson and Generalized Pareto.

8.10.2 Aggregate Loss probabilities of phase type Zero -truncated Binomial and severity

distribution

The initial condition, matrices A and B of phase type Zero-truncated Binomial distribution are

calculated as:

BT =P1[l — Po] - A= —P[l -P]-!

Phase type Panjer recursive model when claim frequency distribution is Phase type Zero truncated

Binomial distribution is expressed as:

2(G) =Y Pi— —P[I-P]}

-1 -1

5 P —p] y(0)

PI-P]

+(a+ 1P —P] *

J
y()+ Y yXZG - x) —P[1-P]
x=1

— (a + 1)P[I - P]-

For three state multi-state model the initial condition is evaluated as:

50 -03174 -03174 _
Py=10e-99% | 0 0.2062 0.2062
0 0 0

The value of A = —P[l — P]-1 and value B = (a + 1)P[l — P]-1 hence for three state they can be

evaluated as :
. -7.2169 1.0000 0

=1
Replacing values of three four Tg gndls(?é) %Qa@ model and &vena/ probaﬁllltles in equation (8.79)

the aggregate loss probabilities are:

YP1 = 1.0e-100%

3399.2
O

h

-471

0 —0.6374 —0.6374

0
O

+(a+1)
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States | Actual | ZT Bin-Wei | ZT Bin-GP | ZT Bin-Par | ZT Bin-OPPL | ZT Bin-TPPL
3 state | 0.0002 | 7.6 %e"% 5.9 % e 101 | 54xe% 1.7 % g-110 1.8 % g~106
4 state | 0.0011 0 0 0 0 0

5 state | 0.0014 0 —44xe % | —95%xe % | —1.7xe110 —7.1 % 107
6 state | 0.0035 0 0 0 0 0

Table 8.23. Aggregate loss probabilities of phase type ZT Binomial and severity distributions

Table (8.23) shows that actual aggregate loss probabilities are not similar to aggregate loss probabili-
ties using Zero-truncated Binomial and severity distribution.

8.10.3 Aggregate Loss probabilities of phase type Zero -truncated Geometric and severity
distribution

The initial condition, matrices A and B of phase type Zero-truncated Poisson distribution are
calculated as:

PlT =P1[l — Po] -1 A=[l-P] B=0

Phase type Panjer recursive model when claim frequency distribution is Phase type Zero truncated
Geometric distribution is expressed as:

i
Z(D =Y Pr [ PIRo~y(j) + > yGOZ(j =)l PI[I = [I - Ply(0)]- (8.80)
_ x=1

For three state multi-state model the initial condition is evaluated as:

a
0.1069 -0.0331 -0.0738 h i
p=0 o 0.2387 -0.2387 YP. = 0.0257 0.0064 —0.0321
0 0 0

The value of A = [I — P] and value B = 0 hence for three state they can be evaluated as :

0.1303 -0.1303 0
O O

A= O 0.6066 —0.6066
0 0 0

B=0

Replacing values of three, four, five and six state model and severity probabilities in equation (8.80)
the aggregate loss probabilities are:
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States | Actual | ZT Geo-Weib | ZT Geo-GP | ZT Geo-Par | ZT Geo-OPPL | ZT Geo-TPPL
3state | 0.0002 | 2.2 xe-1° 5.4 %20 2.2%e19 1.3 %e29 4.1%e2

4 state | 0.0011 | 5.3 %e 23 5.3 xg23 5.3 %23 6.2 x g=33 5.1%xe29

5 state | 0.0014 0 0 6.8 % e~21 3.9 xe-31 0

6 state | 0.0035 53 %e 23 4.2 xe22 2.6 xe 23 7.7e-34 6.3 % g30

Table 8.24. Aggregate loss probabilities of phase type ZT Geometric and severity distributions

Table (8.24) shows that actual aggregate loss probabilities are not similar to aggregate loss probabili-
ties using Zero-truncated Geometric and severity distribution. Table (8.25) represents p-values of

aggregate loss probabilities shown in table (8.22) and table (8.24).

Ho : Estimated aggregate losses for Panjer class (a, b, 1)

Hypothesis

are not correlated to actual aggregate losses
PH-ZT Poisson Weibull
PH-ZT Poisson Pareto

PH-ZT Poisson Gen Pareto

PH-ZT Poisson OPPL
PH-ZT Poisson TPPL

PH-ZT Geometric Weibull
PH-ZT Geometric Pareto

PH-ZT Geometric Gen Pareto

PH-ZT Geometric OPPL
PH-ZT Geometric TPPL

P-value Multiple R

0.1273
0.0946
0.0249
0.4971
0.4952
0.9344
0.9206
0.9255
0.9205
0.9347

0.7705
0.8125
0.9239
0.4854
0.4080
0.0515
0.0624
0.0585
0.0624
0.0513

Table (8.25) indicates that the p-values for the models considered were greater than 0.05 except for
PH ZT Poisson Generalized Pareto, indicating that it was the model which provided the good fit for
the data. The data of aggregate loss probabilities using PH Panjer class (a, b, 1) and actual data can

be represented graphically as shown in figure (8.15) as:

Table 8.25. P-values and Multiple R for Panjer class (a, b, 1) aggregate loss models
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Figure 8.15. Comparison of Aggregate loss probabilities using PH ZT Poisson, PH ZT Binomial and PH ZT
Geometric distributions

Figure (8.15) shows comparison of aggregate loss probabilities using PH ZT Poisson, PH ZT Binomial,
PH ZT Geometric distributions with severity probabilities. It is evident that aggregate loss proba-
bilities using PH ZT Poisson Generalized Pareto model were similar to actual probabilities hence
they are ploNed for comparison. PH ZT Poisson Generalized Pareto had the lowest p-values and the
highest Multiple R values hence it was considered as the best model. Figure (8.16) shows comparison
of aggregate loss probabilities for PH ZT Poisson Generalized Pareto and actual probabilities.
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Figure 8.16. Comparison of Agg loss prob PH ZT Pois-Gen Par and Actual

Figure (8.16) shows that PH ZT Poisson Generalized Pareto provided a good fit although it slightly
over estimated the aggregate loss probabilities. The model that had the lowest p-value and highest
Multiple R was PH ZT Poisson Generalized Pareto model hence it was considered the best model.
Figure (8.17) shows comparison of aggregate loss probabilities using best model for Panjer class
(a,b,0) and best model for Panjer class (a, b, 1).
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Figure 8.17. Comparison of Agg loss prob Pois- Gen Par , PH ZT Pois-Weib and Actual

Figure (8.17) shows that PH Poisson Generalized Pareto model provided a beNer fit compared to PH
ZT Poisson Generalized Pareto.

Estimation Aggregate loss probabilities using Poisson Lindley
distributions

Discrete Fourier Transforms will be used to estimate aggregate loss probabilities of Poisson Lindley
distributions. Discrete Fourier Transform is expressed as:

N-1

X X eﬁ k 012 N 1

K = Z () N =, e — (8.81)
n=0
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Expression (8.81) is complex to compute hence it is simplified using Euler’s formula to:

N-1 2I1kn k

N-1
X(K) =Y X () cos _isin XK = > X mw" (8.82)
n=0 n=0

211kn
N N
which is the expression of DFT of claim amount or claim count probabilities. The claim amount

and claim count probabilities are of the length 8, hence the matrix W is a primitive 8" root of unity
leading to equation (8.82) being:

7

3 X (mw"

N=0

X (k) = (8.83)

8.11.1 Aggregate Loss probabilities of phase type one and two parameter Poisson Lindley
and severity distribution

The DFT of frequency is calculated by multiplying the matrix W} and phase type one parameter
Poisson Lindley and phase type two parameter Poisson Lindley distributions which is expressed
mathematically as:

DFT of frequency = WX" * frequency /severity probabilities
where in this case the frequency probabilities belong to phase type one parameter Poisson Lindley
and phase type two parameter Poisson Lindley distributions and severity probabilities belong to
Weibull, Generalized Pareto, Pareto, one parameter Poisson Lindley and two parameter Poisson
Lindley distributions.

8.11.2 Tabulation of aggregate loss probabilities using OPPL and TPPL distributions

The aggregate loss probabilities using phase type one parameter Poisson Lindley distribution and
severity distributions as obtained from equation (8.83) are:

States | Actual | PH-OPPL | PH-OPPL | PH-OPPL | PH-OPPL PH-OPPL
Wei Par GP OPPL TPPL

3 state | 0.0002 | 0.00028 | 0.00026 | 0.00045 | 2.6971 xe-14 | 2.9146 % g-10

4 state | 0.0011 | 0.00057 | 0.00047 0.0005 | 5.4223 xe-14 | 5.1986 x e-10

5 state | 0.0014 | 0.00044 | 0.00067 0.00223 | 6.3975 % e-14 | 4.9640 % e~10

6 state | 0.0035 | 0.00074 | 0.00083 0.00365 | 5.5951 % e~14 | 4.4436 x e~10

Table 8.26. Aggregate loss probabilities of phase type OPPL and severity distributions
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Table (8.26) illustrates that phase type one parameter Poison Lindley with Weibull, Pareto and
Generalized Pareto are similar to actual aggregate loss probabilities. The aggregate loss probabilities
using phase type two parameter Poisson Lindley distribution and severity distributions as obtained
from equation (8.83) are:

States | Actual | PH-TPPL | PH-TPPL | PH-TPPL PH-TPPL PH-TPPL
Wei Par GP OPPL TPPL

3 state | 0.0002 | 0.00024 | 0.00022 | 0.00003 | 2.2921 xe-14 | 2.4783 x e-10
4 state | 0.0011 | 0.00051 | 0.00042 | 0.00043 | 4.7997 x e-14 | 4.6248 x e~10
S5 state | 0.0014 | 0.00042 | 0.00061 | 0.00193 | 5.85556 % e~14 | 4.6240 % e-10

6 state | 0.0035 | 0.00067 0.00075 0.00327 | 5.2901 %k e-14 | 4.2082 % e~10
Table 8.27. Aggregate loss probabilities of phase type TPPL and severity distributions

Table (8.27) illustrates that phase type OPPL with Weibull, Pareto and Generalized Pareto are similar
to actual aggregate loss probabilities.

Hypothesis P-value Multiple R
Ho : Estimated aggregate losses for Poisson Lindely

are not correlated to actual aggregate losses

PH OPPL-Weibull 0.0243 0.9250
PH OPPL-Pareto 0.0184 0.9378
PH OPPL-Gen Pareto 0.0061 0.9703
PH OPPL-OPPL 0.0649 0.8547
PH OPPL-TPPL 0.0885 0.8208
PH TPPL-Weibull 0.0222 0.9294
PH TPPL-Pareto 0.0164 0.9424
PH TPPL-Gen Pareto 0.0056 0.9717
PH TPPL-OPPL 0.0564 0.8678
PH TPPL-TPPL 0.0778 0.8358

Table 8.28. P-values and Multiple R for Poisson Lindley aggregate loss models

Table (8.28) illustrates that the p-values for the models considered were less than 0.05 for PH OPPL
with continuous severity distributions and PH TPPL with continuous severity distributions indicating
that they were the significant models for mixture models. Aggregate loss probabilities in table (8.26)
and (8.27) can be represented graphically as:
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Figure 8.18. Comparison of Aggregate loss probabilities using PH OPPL and PH TPPL distributions

Figure (8.18) shows that PH OPPL Generalized Pareto and PH TPPL Generalized Pareto models
were similar to actual aggregate loss probabilities hence they will compared to determine which
provides a beNer fit. Figure (8.19) shows comparison of aggregate loss probabilities using PH OPPL
with Generalized Pareto, PH TPPL with Generalized Pareto and actual probabilities.
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Figure 8.19. Comparison of Agg loss pro PH OPPL-Gen Par, PH TPPL-Wei, PH TPPL-Gen Par and Actual

Figure (8.19) shows that PH TPPL with Generalized Pareto provided a beNer fit compared to PH
OPPL with Generalized Pareto model. This is also supported by its p-values and Multiple R values
which were the lowest compared to all the other models.

8.11.3 Aggregate Loss probabilities of phase type ZT one and ZT two parameter Poisson
Lindley and severity distribution

The DFT of frequency is calculated by multiplying the matrix W{" and phase type Zero-truncated
one parameter Poisson Lindley and phase type Zero truncated two parameter Poisson Lindley
distributions which is expressed mathematically as:

DFT of frequency = WX" * frequency /severity probabilities

where in this case the frequency probabilities belong to phase type Zero truncated one parameter
Poisson Lindley and phase type Zero truncated two parameter Poisson Lindley distributions and
severity probabilities belong to Weibull, Generalized Pareto, Pareto, one parameter Poisson Lindley
and two parameter Poisson Lindley distributions.
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8.11.4 Tabulation of aggregate loss probabilities using ZT OPPL and ZT TPPL distribu-
tions

The aggregate loss probabilities using phase type Zero-truncated one parameter Poisson Lindley
distribution and severity distributions as obtained from equation (8.83) are:

States | Actual PH-ZT PH-ZT PH-ZT | PH-ZT OPPL PH-OPPL
OPPL Wei | OPPL Par | OPPL GP OPPL TPPL

3 state | 0.0002 | 0.00046 0.00042 | 0.00007 | 4.3099 x e-14 | 4.6599 % g-10

4 state | 0.0011| 0.00092 | 0.00076 | 0.00080 | 8.6717 xe-14 | 8.3142 x e-10

5state | 0.0014| 0.00071 0.00107 | 0.00356 | 1.0233 xe-13 | 7.9414 % e~10

6 state | 0.0035| 0.00118 | 0.00131 | 0.00583 | 8.9547 xe-14 | 7.1121 % e~10

Table 8.29. Aggregate loss probabilities of phase type ZT OPPL and severity distributions

Table (8.29) shows that phase type Zero-truncated one parameter Poisson Lindley with Weibull,
Pareto and Generalized Pareto are similar to actual aggregate loss probabilities. The aggregate
loss probabilities using phase type Zero-truncated two parameter Poisson Lindley distribution and
severity distributions as obtained from equation (8.83) are:

States | Actual PH-ZT PH-ZT PH-ZT | PH-ZT TPPL | PH-ZT TPPL
TPPL Wei | TPPL Par | TPPL GP OPPL TPPL

3 state | 0.0002 | 0.00026 0.00024 | 0.00004 | 2.4535 xe-14 | 2.6528 % g-10

4 state | 0.0011 | 0.00054 0.00044 | 0.00046 | 5.1165 % e-14 | 49276 % g-10

5 state | 0.0014 | 0.00044 0.00064 | 0.00206 | 6.1967 xe-14 | 4.8778 x e-10

6 state | 0.0035 | 0.00071 0.00079 | 0.00347 | 55426 % e-14 | 4.4011 % e-10

Table 8.30. Aggregate loss probabilities of phase type ZT TPPL and severity distributions

Table (8.30) shows that phase type OPPL with Weibull, Pareto and Generalized Pareto are similar to
actual aggregate loss probabilities.
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Hypothesis P-value Multiple R
Ho : Estimated aggregate losses for ZT Poisson Lindely

are not correlated to actual aggregate losses

PH ZT OPPL-Weibull 0.0243 0.9251
PH ZT OPPL-Pareto 0.0184 0.9378
PH ZT OPPL-Gen Pareto 0.0061 0.9702
PH ZT OPPL-OPPL 0.0648 0.8549
PH ZT OPPL-TPPL 0.0883 0.8211
PH ZT TPPL-Weibull 0.0230 0.9277
PH ZT TPPL-Pareto 0.0168 0.9414
PH ZT TPPL-Gen Pareto 0.0057 0.9715
PH ZT TPPL-OPPL 0.0584 0.8647
PH ZT TPPL-TPPL 0.0806 0.8318

Table 8.31. P-values and Multiple R for ZT Poisson Lindley aggregate loss models

Table (8.31) illustrates that the p-values for the models considered were less than 0.05 for PH ZT
OPPL with continuous severity distributions and PH ZT TPPL with continuous severity distributions
indicating that they were the significant models. Aggregate loss probabilities in table (8.29) and
(8.30) can be represented graphically as:
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Figure 8.20. Comparison of Aggregate loss probabilities using PH ZT OPPL and PH ZT TPPL distributions

Figure (8.20) shows that PH ZT OPPL with Generalized Pareto and PH ZT TPPL with Generalized
Pareto were similar to actual aggregate loss probabilities hence they will compared to determine
which provides a beNer fit. Figure (8.21) shows comparison of aggregate loss probabilities using PH
ZT OPPL with Generalized Pareto and PH ZT TPPL with Generalized Pareto and actual probabilities.
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Figure 8.21. Comparison of Agg loss pro PH ZT OPPL-Gen Par, PH ZT TPPL-Gen Par and Actual

Figure (8.21) shows that PH-ZT TPPL Generalized Pareto model provided a beNer fit compared to PH-
ZT OPPL Generalized Pareto model. Figure (8.22) shows comparison of aggregate loss probabilities
using PH TPPL with Generalized Pareto and PH ZT TPPL with Generalized Pareto and actual
probabilities.
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Figure 8.22. Comparison of Agg loss pro PH TPPL-Gen Par, PH ZT TPPL-Gen Par and Actual

Figure (8.22) shows both PH TPPL Generalized Pareto and PH ZT TPPL Generalized Pareto were
very close to be differentiated graphically. They can be chosen using p-value and Multiple R values
where PH TPPL Generalized Pareto model is superior. Figure (8.23) shows comparison of aggregate
loss probabilities using PH Poisson Generalized Pareto, PH TPPL Generalized Pareto models and
actual probabilities.
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Figure 8.23. Comparison of Agg loss pro PH Pois-Gen Par, PH TPPL-Gen Par and Actual

Figure (8.23) shows that PH TPPL Generalized Pareto model provided the overall best model for
secondary cancer data. This model had also the lowest p-values and Multiple R.
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91

CONCLUSIONS AND RECOMMENDATIONS

Summary of Results and Challenges

The objective of this study is to estimate aggregate loss probabilities using Phase type distributions.
Phase type distributions of class (a, b, 0), class (a, b, 1) and phase type Poisson Linldey distributions
were considered as frequency distributions and both continuous and discrete distributions were
considered in modeling severity data. Chapman-Kolmogorov equations were considered in construc-
tion of multi-state models. This research considered three, four, five and six state secondary cancer
multi-state models. Phase type distributions improves estimation of aggregate loss probabilities
of diseases which are dynamic like cancer. The best phase type distribution of class (a, b, 0) , class
(a,b, 1) and phase type Poisson Lindley distributions in estimation of aggregate loss probabilities
were determined.

9.1.1 Frequency and Severity distributions.

The claim frequency distributions were phase type distributions from Panjer class (a, b, 0), class
(a, b, 1) and phase type Poisson Lindley distributions. Phase type distribution of class (a, b, 0)
considered were PH Poisson, PH Negative Binomial , PH Binomial and PH Geometric distributions,
for class (a, b, 1) the distributions considered were PH Zero Truncated Poisson, PH Zero truncated
Binomial and PH Zero truncated Geometric distributions and PH one parameter Poisson Lindley,
PH two parameter Poisson Lindley, PH ZT one parameter Poisson Lindley and PH ZT two parameter
Poisson Lindley for Poisson Lindley distributions. The frequency probabilities using PH distributions
of Panjer class (a, b, 0) are shown in figure (8.2) and showed that PH Poisson had a similar trend as
the actual frequency probabilities. PH Poisson was compared with actual probabilities as shown
in figure (8.3) and PH Poisson modeled the frequency data best for class (a, b, 0). Phase type
Poisson improves estimation of frequency distribution by in cooperating the transition probability of
secondary cancers which can not be achieved using ordinary Poisson distribution. Phase type Poisson
distribution solved the problem faced by insurance firms of underestimation of claim frequency
which consequently results to errors in estimation of aggregate losses. This can lead insurance firms
in to ruin as the reserves set aside will not be able to cater for the claims.

Frequency probabilities using PH ZT Poisson decreased from three state model to six state model.
PH ZT Binomial probabilities had probabilities of zero for four state and six state model. PH ZT
Geometric probabilities had zero probabilities for four state and five state models. PH ZT Poisson
had frequency probabilities which were similar to actual data as shown in figure (8.4). Comparing
PH ZT Poisson and actual probabilities as shown in figure (8.5) PH ZT Poisson provided the best fit
for frequency data using distribution of PH Panjer class (a, b, 1). PH OPPL and TPPL distributions
are as shown in figure (8.6) and it evident that they are similar to actual frequency probabilities
hence were compared to determined which provided the best fit. Figure (8.7) shows that phase
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type TPPL provided a good fit for all the states. PH ZT OPPL and ZT TPPL distributions are as
shown in figure (8.8) and it evident that they are similar to actual frequency probabilities hence were
compared to determined which provided the best fit. Figure (8.9) compares all the best frequency
models but it was differentiate the best model hence P values and R statistics are used. The two best
distributions for class (a, b, 0) and (a,b, 1) are compared in figure (8.9) and shows that PH TPPL
provided the best overall model for the two classes of distributions based on Multiple R value.
Severity probabilities using both discrete and continuous distributions are shown in figure (8.10). The
severity probabilities of Generalized Pareto distribution increased between the three state model and
six state model which is similar to the actual data. Figure (8.11) compares Generalized Pareto and
actual probabilities and shows that Generalized Pareto provides a good fit for severity probabilities.
One parameter Poisson Lindley distribution and two parameter Poisson Lindley distribution were
totally different from the actual data hence they can not be considered as good models for cancer
severity data as they under estimate the severity probabilities which gives a negative effect on the
insurance companies.

9.1.2 Panj eeclrsive model

Estimation of aggregate loss distributions using Phase type Panjer recursive method depend mainly
on the primary distribution which is the frequency distribution. Aggregate loss probabilities of PH
Panjer distributions of class (a, b, 0) are shown in figure (8.13). Aggregate loss probabilities using
PH Poisson with Generalized Pareto provided a good fit for secondary cancer data. The aggregate
loss probabilities estimated using PH Poisson distribution with Generalized Pareto distribution had
the same trend as actual aggregate loss probabilities hence it is considered as a good model for
modeling aggregate losses for secondary cancer data. Comparing PH Poisson Generalized Pareto
model with actual aggregate loss probabilities as illustrated in figure (8.14) PH Poisson-Generalized
Pareto provided the best fit as it was a good model for all state although it slightly overestimated
aggregate loss probabilities. PH Poisson-Weibull, Pareto, OPPL and TPPL model had aggregate
losses probabilities lower than the actual aggregate probabilities hence they did not model the effect
of in-cooperating the transition probabilities hence they can not be considered as a good model
for secondary cancer cases. PH Negative Binomial and PH Geometric model had aggregate loss
probabilities which were way lower than the actual aggregate loss probabilities hence they can not
be considered as a good fit as it underestimate the aggregate losses. This research concludes that
PH Poisson with Generalized Pareto distribution provided the best model for modeling aggregate
loss probabilities for class (a, b, 0). PH Poisson with one parameter Poisson Lindley and two param-
eter Poisson Lindley under estimated the aggregate loss probabilities which could lead to under
estimation of reserves which can lead to insurance firms going to ruin. Aggregate loss probabilities
using PH Negative Binomial and severity reduced from three state to the four state model, increased
to five state model and reduced for six state model which is contrary with actual aggregate loss
probabilities hence PH Negative Binomial model was not a good model with any of the severity
distribution for secondary cancer data.

Frequency probabilities using PH distributions of Panjer class (a, b, 1) are shown in figure (8.15).
Aggregate loss probabilities using PH ZT Poisson with Weibull, Pareto, OPPL and TPPL were low
hence they did not provide a good fit for the aggregate loss probabilities. PH ZT Poisson with
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Generalized Pareto distributions were similar to the actual aggregate loss distributions hence they
are compared with the actual data as shown in figure (8.16) to determine if it provides a good fit for
secondary cancer data. Comparing the PH ZT Poisson- Generalized Pareto model with actual data
it shows that slightly overestimated the aggregate losses. Aggregate loss probabilities using PH ZT
Geometric distribution with severity distributions and PH ZT Binomial distribution with severity
distributions were inconsistent with real data hence they could not be considered as good models
in modeling secondary cancer data. Aggregate loss probabilities using distributions of Panjer class
(a,b, 1) were best modeled using ZT Poisson distribution and Generalized Pareto distribution.
Aggregate loss probabilities for Panjer class (a, b, 0), PH Poisson and Generalized Pareto distribution
provided the best fit while for Panjer class (a, b, 1), the best model was PH ZT Poisson with General-
ized Pareto distribution. The two models were compared as shown in figure (8.17) and PH Poisson
with Generalized Pareto distribution provided the best fit for the data between the two models.

9.1.3 Phase type Poisson Lindley model

Aggregate loss probabilities of PH OPPL and PH TPPL with severity probabilities are shown in figure
(8.18). Aggregate loss probabilities using PH OPPL with Generalized Pareto and PH TPPL with
Generalized Pareto provided a good fit for secondary cancer data. The aggregate loss probabilities
estimated using these two models had the same trend as actual aggregate loss probabilities hence
they are compared to determine which model provide the best fit for secondary cancer cases.
Comparing the two models with actual aggregate loss probabilities as illustrated in figure (8.19)
indicated that PH TPPL-Generalized Pareto provided the best fit as it was a good model for all states.
PH OPPL and PH TPPL with one parameter Poisson and two parameter Poisson under estimated the
aggregate loss probabilities which could lead to under estimation of reserves which can consequently
lead to insurance firms going into ruin.

Aggregate loss probabilities of PH ZT OPPL and PH ZT TPPL with severity probabilities are shown
in figure (8.20). Aggregate loss probabilities using PH ZT OPPL with Generalized Pareto and PH
ZT TPPL with Generalized Pareto provided a good fit for secondary cancer data. The aggregate
loss probabilities estimated using these two models had the same trend as actual aggregate loss
probabilities hence they are compared to determine which model provide the best fit for secondary
cancer cases. Comparing the two models with actual aggregate loss probabilities as shown in figure
(8.21) indicated that PH ZT TPPL-Generalized Pareto provided the best fit as it was a good model
for all states although it slightly overestimated the aggregate loss probabilities for five state model.
PH ZT OPPL and PH ZT TPPL with one parameter Poisson and two parameter Poisson under
estimated the aggregate loss probabilities which could lead to under estimation of reserves which
can consequently lead to insurance firms going into ruin.

Comparing the best models PH TPPL Generalized Pareto, PH ZT TPPL Generalized Pareto with
actual aggregate loss probabilities as shown in figure (8.22) indicated that PH TPPL-Generalized
Pareto provided the best fit as it was a good model for all states. Figure (8.23) compares the best
models for PH Panjer classes and PH Poisson Lindley models with actual aggregate loss probabilities
indicating that PH TPPL-Generalized Pareto provided the best fit as it was a good model for all
states.
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9.2

Recommendation
The following recommendations have been suggested from this research.
9.2.1 Frequency and Severity

More research can be done on other Phase type distributions in estimation of claim frequency
distributions as well as severity distributions where it is applicable. Research can also be done on
discretization of severity probabilities using the method of local moment matching.

The aggregate loss probabilities were only considered for secondary cancer data hence this method
can be applied in other diseases which can apply multi-state model such as Hiv-Aids.

9.2.2 Phase type Panjer recursive method

Other distributions of phase type Panjer class (a, b, 1) can be used to estimate the frequency
probabilities.

Aggregate loss probabilities using different data set for other diseases can be modeled using phase
type Panjer recursive model.

9.2.3 Poisson Lindley model

Other Poisson Lindley distributions such as the three parameter Poisson Lindley distributions can
be used to estimate the frequency probabilities.

Aggregate loss probabilities using different data set for other diseases can be modeled using phase
type Poisson Lindley models.

9.2.4 Policy implications

This research can be used to improve estimation of aggregate losses of diseases which have multiple
transition states. Policies can be drafted on how to implement this research on current policies in a
way that will be beneficial for both the insurance firms as well as the policyholders as it will greatly
improve access of health care for these diseases. This research methodology can also be extended to
other field which in-cooperate multi- state models.
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Appendices

Appendix I

This appendix shows MATLAB codes used in estimating matrix parameters of phase type distribu-
tions.

MATLAB codes for matrix parameters

%THREE STATE

a=850;

b=103;

c=(a-b)/a;

d=62;

e=(b-d)/b;
A=[c,1-c,9;0,e,1-e;0,0,1];
B=A*A*A*AFAFAXA¥AXAFAKR AN

% FOUR STATE

%Four State

f=858;

g=179;

h=(f-g)/f;

j=127;

k=(g-3)/8;

1=13;

m=(3-1)/3;
B=[h,1-h,0,0;0,k,1-k,0;0,0,m,1-m;0,0,0,1]

H=B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*
B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B*B



174

%FIVE STATE

n=858;

p=139;

q=(n-p)/n;

r=85;

s=(p-r)/p;

t=28;

u=(r-t)/r;

v=12;

w=(t-v)/t;
¢c=[q,1-q,0,0,0;0,s,1-5,0,0;0,0,U,1-U,0;0,0,0,w,1-W;0,0,0,0,1]
M=C*C*C*C*CX¥C¥C¥CHX¥C*XC*XCHCHCHCHCFCHCHCRCHRCXCHCHCHCHCXC*XCHCHCHCRCRCRCHCHRCHRC*C

%SIX STATE

x=850;

y=438;

z=(x-y)/X;

E=384;

F=(y-E)/y;

G=325;

H=(E-G)/E;

J=182;

K=(G-3)/G;

L= 24 ;

M= (3-L)/3 ;
p=[z,1-z,6,0,0,0;0,F,1-F,0,0,0;08,0,H,1-H,0,0;0,0,08,K,1-K,0;0,0,0,0,M,1-M;0,0,0,0,8,1]
Q=D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D
hD*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D*D;
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Appendix II

This appendix shows MATLAB codes used in calculating frequency probabilities of phase type
distributions.

MATLAB codes for frequency probabilities

% Phase type Poisson distribution
% 3 state model

A=[0.8788,0.1212,0;0,0.3981,0.6019;0,0,1.0000];
B=[1:9:9;9:1J959)@:1]5
C=-1*A;

D=expm(C);

E=A.A5;

F=D*E;

H=factorial(5);

I=[F./H]
J=[0.2122,0.0535,0.7343];
K=[1;1;1];

L=[J*1*K]

% Estimation of moments of phase type Poisson distribution
% 3 state model

% Mean

A=[0.8788,0.1212,0;0,0.3981,0.6019;0,0,1.0000];
J=[0.2122,0.0535,0.7343];

K=[1;1;1];

L=[7*A®K]

% Variance

A=[0.8788,0.1212,0;0,0.3981,0.6019;0,0,1.0000];
J=[0.2122,0.0535,0.7343];

K=[1;1;1];
L=[I*A*K]
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% Phase type Negative Binomial distribution
% 3 state model

% Calculation of alpha

-]

m m
Lo

[1,0,0;06,1,0;0,0,1];

[0.8788, ©.1212,0;8, ©.3981, ©.6019; 0,0,1];
[A-B];
E=[7.2169,-1.0600,0;0,0.6496,-1.0000,0,0,0];
F=[0.2122,0.0535,0.7343];

G=[1;1;1];

H=[F*E*G]

I=111/H

alpha=76
% Frequency probabilities

A=5+76-1;

B=5;

C=nchoosek(A,B);

D=[1,0,0;0,1,8;0,0,1];
E=[©.8788,0.1212,0;0,0.3981,0.6019;0,0,1.0000];
F=[E."5];

J=[0.2122,0.08535,08.7343];

K=[1;1;1];

L=J*I*K;

M=L*C

Appendix III
This appendix shows MATLAB codes used in calculating severity probabilities.

MATLAB codes for severity probabilities

% Severity probabilities
% Weibull

% 3 state

[137568e8/150507.7436];
[A*0.47%-1];
[
[

2.718281828~B]
1-C]

oOnNwW>

% Generalized Pareto

% Determining d

HIOMmm>Aa
o m nnnn

% Determining e

9.268;

[1+d];

[2*d];

[C"0.5];

[A*D];
[3118753.791*E]

MmO WO
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% Probabilities

% 3 state
[1375060-339721.8];

B=[17.59*A];

C=[B/1074400001];

E=[1/17.59];

F=[

G=[

% Pareto

% Estimation of alpha

% 3 state

O m>o
nmnunnn

% Probability calculation
% 3 state

A=[436786.4286 + 1375000 ];
436786.4286];

BI,

C"2.285714286];

1-D]

B
C
D
E

L L L L L
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