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Abstract
The objective of this project is to study discrete probability distributions and their 
recursive patterns.

In Chapter I, we state the importance of expressing probability distributions in terms of 
recursive relations. This is because in some certain probability distributions it is often 
easier to deal with the recursive relations rather than the distributions themselves in 
obtaining the moments.

In Chapter II, we reviewed the various methods for determining discrete probability 
distributions. Some of these methods include both the binomial and exponential 
expansions, the Jacobian transformation (Change of Variable technique) .We also applied 
the expectation and convolution approaches to sums of iid random variables to obtain the 
resulting compound distributions.

In Chapter III, we have derived the recursive ratios and recursive relations for the various 
probability distributions that have been identified in Chapter II. Using the recursive 
relations, we have obtained the means and variances, based on the pgf technique (where 
possible) and Feller’s method.

In Chapter IV, we reviewed a number of patterns o f recursive relations; the main ones 
being the Panjer (1981) and Willmot (1988) patterns .With these patterns, we have been 
able to identify the corresponding probability distributions.

In Chapter V, we have reviewed some maximum likelihood estimation procedures. We 
have applied Sprott’s procedure for deriving maximum likelihood equations.

Chapter VI contains the conclusions of this project and recommendations for further 
research.
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C hapter 1

GENERAL INTRODUCTION

1.1 Problem  Statem ent
One major study in statistics is Probability Distributions which can be dis
crete,continuous or mixed in nature.

In developng these distributions,some are not easily expressible can be 
expressed in easily expressible forms but their Probability Generating Func
tions and Recurrence Relations are.

Parameters of Probability Distributions and Recurrence Relations need 
to be estimated if not known.

Thus a number of issues arise in studying probability distributions.

1.2 O bjectives
The main objectives of this project are:

• To review discrete probability mass functions

• To obtain recursive relations for these probability mass functions

• To study patterns of recursive relations

• To estimate parameters by Maximum Likelihood 

Specific objectives are:

• To review Standard Discrete Distributions,Distributions based on Con
volutions and Compound Distributions.
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• To obtain the ratio where p* =  Prob(X = k) hence to derive E(X)
and Var(X) using pgf technique anci Feller’s method on the recursive 
relations obtained.

•  To review patterns of recursive relations that have been developed;and 
identify probability mass functions corresponding to each pattern.

• To estimate the parameters of a convolution by Maximum Likelihood; 
to estimate the parameters of Compound distributions;
to determine discrete distribution estimators from the recurrence equa
tions for probabilities.

1.3 Application
The theories developed here can be applied in :

• Acturial Science for Insurance claims.

• Group-screening Designs for Identification and Estimation problems.

• Demography when studying waiting time birth-interval distributions in 
Human Reproductive Processes.

1.4 Literature Review
Let

X  — Y\ + V2 4- ... 4- Yjy

denote the aggregate (total) claims amount where X  =  0 if N  =  0.
It is assumed that the severities VTV -̂ • • axe mutually independent and dis
tributed on the non-negative integers with common probability function

Sy =  Prob(Yi = y)  ; y =  0 ,1 ,2 ,. . .

It is further assumed that N is stochastically independent of VTV^,... with 
probability function

pn =  Prob(N =  n) ; n =  0 ,1 ,2 ,...
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If
9x =  Prob(X =  x)

then,Feller (1968,Vol l,p286-287) has shown that

00

9x =  ^  Ph/*" (1.1)
n=0

where f*n denotes the n-th convolution of f.
Using the pgf technique,

G(s) = P[F(s)] (1.2)

where F(s),P(s) and G(s) are pgfs of F,,N and X respectively.
Formula (1.1) may be difficult to use because of the high order of convo

lution. The computational complication of the convolutions prompted people 
to look for other alternative methods.

Panjer(1981) derived his famous recursive formula for the case where' 
counting probabilities pn satisfy the recursive relation

pn =  (a + - )p n_i ; n = l , 2 , . . .  (1.3)
n

Under these assumptions,

<AX) = ]T (a  + ~)Pig{x -  i)
i=i x

Hess et al (2002) extended (1.3) to

Pn+i =  ( a + — ~ ) P n  fo r  n > k  (1.4)n -F 1

where

pn — 0 for  n < k — 1 (1.5)

which is called Panjer distribution of order k;with parameters a,b 6 sl? and k 
€  N

Sundt and Jewel(1981) have shown a distribution that satisfies (1.3)(i.e. 
Panjer class of order 0) is
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(i) Binomial if a < 0
(ii) Poisson if a =  0
(iii) Negative Binomial if a > 0

W illmotf 1988) and Hess et al(2(KJ2) have identified all distributions of the 
Panjer class of order k with arbitrary k.

Recursions for a different extension of the class (1.3) can be found in 
Schroter(1990) and Sundt(1992).

Schroter(1990) extended Panjers original recursion to

, b. c
Pn = {a + - ) p n- i  + ~Pn-2 ; n =  1,2,... (1.6)n n ' '

with p -1 =  0
which is further generalized by Sundt(1992)

* b
p„ = Y ( a j  +  ;n =  1,2, . . .  (1.7)

^ ' n 
j=i

with pn = 0 for n < 0 In the same paper,Sundt( 1992) extended (1.7) to

k b
Pn = y^(aj + — )pn_i ;n  =  a; +  l,a; +  2,. . .  (1.8)

1' n3=1

However,the model fitting the class (1.8) in practical applications and the 
computational aspects are not discussed in Sundt(1992).Thus Panjer and 
Wang (1995) addressed these concerns.They stated that,
(i) since it is desirable to try and fit a claim frequency model with relatively 
fair (2 or 3)parameters,the recursive relation (1.8) is useful only where k and 
uj are small.
(ii) a probability function can satisfy many different recursions.

In applications,among various recursive schemes,it would be good to know 
which one is preferable based on the following criteria 
-stability 
-simplicity 
-computing effort.

There are many well known counting distributionswhich can fit into (1.8) 
with k < 2 and u  > 1.

The Delaporte distribution (Ruohonen,1988;Willmot and Sundt, 1989)which 
is in the class of Schroter(1990) satisfies (1.8) with k =  2 and u  = O.The
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Polya-Aepli distribution (Johnson et al 1992,p329-330),which is not in tin* 
classes of Panjer(1981) or Schroter(1990).satisfies (1.8) with k■ =  2 and u; = 0.

Other interesting examples for the general class of (1.8) can be found 
among the mixed Poisson distributions in Willmot(1993).

The Poisson-Pareto probability function satisfies (1.8) with k -  2 and
lj = 2.

The Poisson-Truncated normal satisfies ( 1.8) with k = 2 and uj =  0.
Sundt(1992,p70-71) presents a nice argument on convolution of the mem

bers of the class of (1.7).He proves that the convolution of r distributions can 
be evaluated recursively as

* b
P" =  (1-9)

j=l

under certain conditions.
Panjer and Willmot(1982) went on to consider the class of counting dis

tributions which satify a recursion

£>'=()
Ef=0 htn‘

Pn = — Y " .--- :Pn-l 1,2, . . . ( 1.10)

for some k, and derived recursions for the compound distribution when k = 1 
and k =  2.These recursions were further developed by Willmot and Pan- 
jer(1987).

In the case of arbitrary k,it is not possible to give a complete characteri
zation of the class (1.10).

Ord( 1967) characterizes those distribut ions which satisfy a difference equa
tion analogous to Pearson’s differential equation,and also derives a recursive 
relation for the factorial moments.Also Guldberg(1931) considered recursive 
calculation of moments for certain members of the class (1.10).

Hesselager(1994) considers the class (1.10) and derives the following new 
recursive formula:

k
Pn 2 2  btT)t 

t=o

k
Pn-1 ^  at7lt

t=0 
k

pn-i 2 2 c t(n  -  1)'
t=o
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Thus

k k

p „ ^ 6 ,n '  =  p„-, ^ c * ( n - 1)' ( M l )
<=0 t=0

where

k

c> = Y , ( $ ai  (112)
J=t

Using (1.10),(1.11) and (1.12) Hesselager(1994) finds the parameters at,bt 
and ct,t =  1 , 2 , . . . , A: for Waring (Beta-Geometric) distribution;the Polya- 
EggenbergerfNegative Hypergeometric) distribution;the hypergeometric dis- 
tribution and the generalized Waring(Beta-Negative-Binomial) distribution.

Wang and Sobrero(1994) extended the recursive algorithm of Hesselager(1994) 
to a more general class of counting distributions,which includes Sundt’s(1992) 
class as well as all the mixed Poisson distributions discussed by Willmot(1993). 

The claim frequency N has a probability function satisfying

k a k

( ^ 6, n > n = (1.13)
»=0 j = l  i=0

for n  =  c, c + 1, . . .  where c is a positive integer and pn =  0 for n < 0.
Putting k =  s = c =  2 in (1.13),Wang(1994) identified the matrix A

for

A =
b0 6 , b2 

«io an « i2
a 20 «21 «22

(i) the Sichel distribution which is obtained by mixing the Poisson mean 
over the Generalized Inverse Gaussian;

(ii) the Poisson-Beta distribution which is obtained by mixing the Poisson 
mean over the Beta distribution;

(iii) the Poisson Generalized Pareto which is obtained by mixing the Poisson 
mean over the Generalized Pareto;
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(iv) the Poisson Inverse Gamma which is obtained by mixing the Poisson 
mean over the Inverse Gamma.

It is noted that Sundt’s(1992) class is a particular cast? of (1.13) when

1.5 M ethodology

The methods used in this project are the pgf technique and Feller’s method 
to obtain the moments (means and variances) of the distributions using the 
recursive relations.

For pgf techique we define

G(s ) = ^2pkSk = j T p k- is k 1
k=0 k=  1

G'(s) =  —  =  £ > * / -  =  ^ { k  -  1
k=l k = 2

J2/-Y 00 oo
G"M  =  ^  = £ ( *  -  W * -  2)» -,* * -*

fc=2 1=3

£(*) = G'(l)
K ar(X ) = G "(l) +  G '( l ) - [ C '( l ) ] 2

For Filler’s method

Ml = E(X) = Y , k p k
k=  1

oo
M2 =  £ (X 2) =  ^ f c 2pk

fc=l
Far(X) = A/2 -  M?
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C hapter 2

M ETHODS FOR 
DETERM INING DISCRETE 
PROBABILITY 
DISTRIBUTIONS

2.1 Introduction
Let X be a random variable taking the values 0,1,2,3,....
If pk = pi'ob(X = k) implying that 0 < Pk <  1
and YlkPk = 1 ^hen pk is a probability mass function(pinf).

For a continuous random variable, a function f(x) is a probabilty density 
function (pdf) if 
f (x )  > 0 and j  f(x)dx  =  1.

The aim of this chapter is to construct probability mass functions and 
probabilty density functions based on various methods.In particular,we shall 
deal with distributions based on exponential and binomial expansions,change 
of variable technique,sums of a fixed number of independent random vari
ables and conditional probabilities given sums of two independent random 
variables.

We shall also construct compound distributions based on varying param
eters of known probability distributions.Soine of the parameters that become 
random variables will be of continuous form,namely,exponential,gamma and 
beta density functions.
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Other compound distributions are based on the sum of a random num
ber of independent random variables. It will be noticed that some compound 
distributions are easily expressed in terms of pgfs.However,their explicit prob
abilities are not easily obtained.

2.2 D istributions based on Exponential Ex
pansion.

A _  . , A A2 A‘ 
r + 1! + 2! + " ' + fc! + ' “

°° \ k 
=  Y -z. 1

k=o K'
Therefore

"  P-k \k
i = Y e

^  k\k=0
Thus

Pk =  k} for k  =  0,1 ,2 , . . .

which is the Poisson probability distribution with parameter A.

From equation (2.1)

A , A A2 Xk
1! 2!
00 A,

k\

^  f c !
k=l

Therefore
°° \ k

1 = V -------------
(eA -  l)fc!

Thus

P k =  ( e x - l ) - ' ^  ;fc  =  1 , 2 , 3 , . . .
A

(2. 1)

(2.2)

(2 .3 )

12



which is called a zero-truncated Poisson distribution. 
Equation (2.1) can also be expressed as

Therefore

Therefore

e

Pk =  i \p j-l e-*\k »  ̂ =  ^ j  +  t  • • •
1 l^k=Q k\ 

and pk = 0 for k < j  — 1
which is called the Extended Poisson distribution.

(2.4)

2.3 D istributions based on Binomial Expan
sions.

Consider (a + b)n.
When n is a positive integer,then

n
(a + b)n = Q fc V -*  (2.5)

k=0

Putting b =  p and a =  1 — p then



Therefore

which is a Binomial distribution with parameters n and p,denoted by b(n,p) 
When n=l ,  and b =  p and a = 1 -  p then

Pk =  pk( 1 -  p)l~k fo r  k  =  0,1 (2.7)

which is a Bernoulli distribution with parameter p.
When n is a negative integer,let n =  - r  where r is a positive integer.Then

(a + b)-'='jr(-')b*«— *
k=0

Putting a = 1 and b =  —s,we have

(l-s )'r = E ( - 1)*(~;K (2.8)
k=0
oo

= e c t v
k=0

Putting s = 7,we have

oo

( i - « r  =  E  C T  V  (2.9)
*=o

Therefore

1 =  E ( T ) 9 ‘ ( l - ? ) r (2.10)
k=0

= E ( rT ‘) ? V ; p = ( i - ? )
fc=0

Thus

Pit =  (r+Jr‘)<lV /or  ^ =  0, 1, 2, . . .  (2.11)

Pk =  (*)P*(1-/> )" '*  fo r  * =  (), 1 , 2 , . . . , n (2.6)
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which is a Negative Binomial Distribution where the random variable? X  = k 
is the number of failures before the rth success.

From (2.10)

i =  C o h v + e  m « v
k=l

= ? + E  m * v
k=\

i.e.separating k = 0 from k > 1 
Therefore we have

1 - p r =  E C T h V
k=\
oo

*:=!
Thus

Pk =  (r+ib~1)gA I k  =  1 ,2 ,3 , . . .  and r =  1 ,2 ,3 , . . .  (2.12)

which is a zero-TYuncated Negative Binomial Distribution.
Let X = the total number of trials required to achieve r successes 

If
X  =  x — k +  r

then
k =  x — r

and (2.9) becomes

( i  -  ? r  =  E  (r+(: : ? - l) < r r
x —r=  0

= E  C :i)9 I' r
x —r=0

=*1 = E
x —r=0

15



Thus

which is a Negative Binomial Distribution with the random variable X x  
being the total number of trials required to achieve r successes.

Again from (2.9)

Pk = ( l - D f  rPr I™ x =  r , r  + l , r  + 2 ,... (2.13)

that is

Therefore

Thus

o  -  « r = E  (rT V = E ( - d ‘ ( 7 ) ( -? ) '
k=0 k=0
rn-1 oo

=  E ( 7 ) H ? ) fc +  E ( 7 ) H ? ) ‘
k=0 k=m

m -1

a -«r-E c;)(-?)*=E (■;)(-«)*
k=0

m -1

k=m

(i - ?r - E CTV = E CTV
k=0 k=m

S L  C+7 V
( i - ? ) - r - E ^ ' r r v

i =

p* = =
a  -  ? )-r -  E r „ '  r r v

; x = m, m + 1, (2.14)

and pk =  0 for k < m — 1
which is called the Extended Negative Binomial Distribution. 

When s — q and r =  1 formula (2.8) becomes

i

E?*
k=0 
oo

E < ‘
k=0

P

(2.15)
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Therefore

which is a Geometric distribution with parameter p -  1 -  q and where the 
random variable X  =  A; is the number of failures before a success.

Let X  =  x  =  k +  1 = >  k = x  — 1

Pk = qkp fo r  k =  0,1,2,... (2.16)

Then (2.15) becomes

(i - ? ) _ , = i t  ?i_ i
x—1=0 
oo

1=1

Therefore

1 = 1  y - ' p
X=1

Thus

Px =  qx l p f o r k =  1,2,3, . . .  (2.17)

which is a Geometric distribution with the random variable X  =  j- being the 
total number of trials required to achieve a success.

For truncated geometric distribution,we can re-arrange (2.15) as follows:

oo
(1 -  q)~l = 1 + q + q2 + ... + qm~l + ^ q k

I 1 
—

 

1

k=m
I _  n m  00

= , +  E * *l —o
1 k= m

1 _  nm °°
, - E « *l — o

k=m

17



Therefore

nm oc

i ^  = E<*
k —m

oc

> = E > 1 - 7

*=m ? 
OO

- X ! qk "'p ; p - 1 -  <7
*=t

Thus

Pit =  qk Tnp for  k = m, m + 1, m +  2, . . .

which is m-truncated Geometric distribution. 
Equation (2.15) can also be re-arranged as

oo m —1

Therefore

( ! -< / )  1 - ^ > 2 (ik = ^ 2 qk + qk •f01' ~  1 < a < 1
k=0 k —0 k= m

m - 1 oo

d  -  ,)-*  -  y . =  E  9*
fc=0 fc=m

T ° °  nk l^k=m 71 =

Thus

(2.18)

P* =
(1 -  7)-> -  7*

; A: =  m, m  +  1 .

and 7̂ . = 0 for k < m  — 1
which is called the Extended Geometric distribution. 

Again from (2.15)

1
= 1 +  q + q2 +  <73 -|-. . .

1 -  q

[  ■ ~ i = f [ l + q  + q2 + q3 + ...]dq

(2.19)
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(2.20)- i o g ( \ - q) =  q + (±  +  ^  + . . .  =  £ ^  
2 3 ^  k

k = 1

Therefore

Thus

1 = Y -------2_____
^  -A,7o«5f(l -< 7)

P* = -klog{\ -  q) for' k  =  1, 2, 3,.

which is a Logarithmic distribution with parameter q. 
The logarithmic series is given by

j - 1  J  j m  1 \ l J

Extend^- to for j  > m 
Thus

00

 ̂ ( -M ( * )
j = m  V m / i = m  V m /

i.e.

£  (m) V = £  (m) V
j= m k=m

> = £
“ O '1?1

*•=.» £$Lm U  '<?
Therefore

Pk = e r v——- /o 7’ p =  m, m + 1, . . .
2^.C0"V

which is the Extended Logarithmic distribution

(2.21)

(2.22)
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2.4 D istributions based on Change o f Vari
able Technique

2.4.1 E xponential D istribution

Let, X be a continuous uniform distribution over the interval [0,1].Thus

f (x)  = 1 ,0 < x < 1
and zero elsewhere.
If

V =  - I n X  i  ,A > 0
then

Inx* =  —y 

==> x* = e~v 
= * x  = e~Xy 

==> dx = -A e~Xydy

Therefore the pdf of y is

g(y) = f{x)  | J  |

- ' l l
= | - \ e ~ Xy |

g(y) = Ae Xy
for y > 0
which is an exponential distribution with parameter A.

2.4 .2  Gam m a D ensity  Function
A gamma function of a  > 0 is defined by

r« =

1 =

x° le Xdx 

dx
xa le x

r a

(2.23)
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Therefore

/ m
xa le~x 

Ta

for x  > 0
is a gamma density function with one parameter a.

Let

and

x
V = ~P

= > x  = py  

dx = pdy

The pdf of Y is given by

9(y) = f(x )  | J  |
_ xQ~le~x dx 

Ta 1 dy 1

= ~ e - ^ { 0 y ) a- l0

Thus

9{y) =  ^ rV a le 0V

for y > 0
is a gamma density function with two parameters a and /?. 

Now let
z = fix

and

(2.24)

(2.25)
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Therefore the pdf of Z is

h(z) =  f(x )  | J  |

ro  p

Thus

(2.26)

for 2 > 0
This is another gamma density function with two parameters a  and p.

2 .4 .3  B eta  D en sity  Function
D efin ition

A beta function of a  and P is defined by

(2.27)

for 0 < x  < 1 
When we put

V =  1 -  x
then
x  =  1 — y and (Lx = —dy 
Therefore

B(P,a)

22
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Next,put

x  =  sin2 # 
dx = 2 sin #eos#r/#

Therefore

B(a,/3)= f  (sin#)20 2(cosO)20 22sin# 
Jo

cos ###

=  2 /" (s in # )2'* 1 (cos#)2'* ld0
Jo

R elationship betw een B eta and G am m a functions.

roc poc

Tar/? =  [ /  x<t~le~xdx]{ /  y0~le~vdy]

=  [ "  [ - x - V - ' e - ^ d y d x  
Jo Jo

Let x = s2 and y =  t2 => dx =  2sds and dy =  2tdt
Therefore

ror/?= [  f  s2a~2t2/3 -  2e~{a*+t2)2sds2tdt 
Jo Jo

= 4 f  [  s2a-'t2/3 -  le~i,1+ll)dsdt 
Jo Jo

Next let s = rsin# and t = rcos#.

J =
d.s dt
dO dO dt_ ds
dr dr

i.e. J is the determinant of the matrix

A = rcos# —rsin#  
sin# cos#

= rcos2# -I- rsin20 = r

(2.29)
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Thus

Therefore

J = r

VaYp = 4 [ ” f  (rsin0)2a \rcos0)2ii 1e~r* \ J  \drdff 
Jo Jo

= 2 [  e~r\ 2  [ 2 (sinO)2a~l (cosO)2(3~l d0]
Jo Jo

= [  2e~r* B (a , W r
Jo

2o+2/3-2rdr

Put u =  r2 
Therefore

Thus

► du =  2rdr

T ar/? =  B(ct,0) [  r2(a+0- % - r,2rdr
Jo

=  B(a,0) (ua+0- ' e - udu
Jo

= B(a,p)T(a + p)

TotTP
B(a,P) = r (a  + p)

But

B (a ,p )=  (  xa *(1 — x)fi~ldx 
Jo

, [ 1 x°_1 (1 — x )^-1
= > •  1 =  /  ------- — ----- TT------ d i

Jo B{a,P)

Therefore

/(* )  =  /Jo

' r ( a  + ;?)xa - ‘(l - x ) 0-'dxr«r/?

1 r ( a + /?) , .  _  ,/)-i
r<*r/j 1 ’

for 0 < x < 1
is a Beta pdf with parameters a and p.

(2.30)

(2.31)
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2.o Probability distributions based on sums 
of fixed number of iid random variables

Let
Sj\f = X\ +  X.2 "I- • . .  +  Xff

where the X 's  are iid random variables and N is fixed.
We wish to find the pgf of SNusing the Expectation Approach and the Con- 
volution Approach and then apply it to the sum of standard discrete distri
butions.

2.5.1 E xp ectation  Approach
Let

C M  =  E(sx <)

the probability generating function (pgf) of X t and

H{s) = E(ss")

the probability generating function (pgf) of S yv

= *  H(s) = E ( sSn )

= E{sXi+X2+- +Xn)
= E(sx ').E(sX2) . . .E ( s x ")
— Gi (s ).G2(s ) . . .  Gn (s)

N

= n
i=l

Since the X 's  are identically distributed,then Gi(s) =  G(s) Vi =  1. 2 , . . . ,  N. 
Thus

N
H (S) = n  c m

»=i
= |G(s)]w

25



2 .5 .2  C onvolution Approach

Consider three sequences: {a*}, {bk} and {c*}.
If

C/c =  a0bifc +  (libk-i +  (l2bk-2 +  . . . +  CLrbk-r +  • . . +  lIkbo 
k

/  ̂Qrblc—r
r=0

then we say {c*} is a convolution of {ak} and {bk} i.e.

{ĉ -} =  {a*} * {bk}

Theorem

If the generating functions of {ak}, {/;*} and {c*} are:
oo

M s ) = ^ a ksk
k= 0

and

respectively, then

B{s) =  7 :  bksk
k= 0 

oo

c(s)  =  y ,  cksk
k= 0

C(8) =  >l(s)tf(s)

proof:

■d(s)Z?(s) — (ao 4~ flis 4- a2s2 4" • • .)(6b T "h 62s2 4" . . . )
=  a0b0 4- (uo î 4- ai60).s 4- {a0b2 4- fi\b\ 4* Q2bo)s2 4- . . .  
= Co +  C]S 4- c2s2 4- . . .

00

k=0
= C(s)
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Let X and Y be two independent random variables. If

pt =  Prob(X =  i)
and

Qj = Prob(Y =  j )
then

Prob(X — i , Y  = j)  =  Prob(X = i)Prob(Y = j)  =  piQj
Now let

z  =  x  + r
Then

rk =  Prob(Z = k)
=  Prob(X +  Y = k)
= Prob(X =  0, Y  = k) + Prob{X =  1 ,Y  =  k -  1) +  . . .  + Prob(X = k ,Y  =  0)
=  Prob(X =  ())Pro6(Y =  *) + Pro6(X =  l)/Vo/>(Y =  A: -  1) +  . . .  + Prob(X = k)P rd  
=  P0<?A; + P l^ -l +  P2(fr-2 +  • • • +  PkQO 

which implies that
K }  =  {pk} * {qk}

i.e. {rk} is a convolution of {pk} and {qk}
If Gx(s),Gy(s) and Gz(s) are pgfs of {pk},{qk} and {r*} respectively,then 

from the theorem
Gz(s) =  Gx(s)Gy(s)

Thus,the pgf of the sum of two independently distributed random variables 
is the product of two pgfs.

then
W }  =  { p k }  * { P k }

that is {r*} is a two-fold convolution of {p/tjwith itself denoted by

M  =  {p* P
If X and Y are independently and identically distributed with common 

pgf G(s),then
G,(a) = (C(S)]2

Generalizing to an arbitrary number of random variables,we have tin4 
following theorem
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T heorem  2.1

respectively. The probability distribution of the sum

Zfj = X\  +  X 2 +  . . .  +  Xu

which we denote by {rk} is the convolution of {p m M p*.2},. . .  ,{/?*.*} i.e.

W }  =  {Pk,l} * {Pk,2} * . . .  * {Pfc.AT}

The pgf of ZN is the product of G\(s),G2(s) , . .. ,GN(s)\i.e.

Gzn («) =  G\ (s)G2(s) . . .  Gn (s)

Corollary 2.1

If X i , X 2, . .. ,Ajv are independent and identically distributed (iid) random 
variables with a common probability distribution {pk} and the same pgf 
G(s),then the probability distribution of the sum

2 .5 .3  A pplication

2.5 .3 .1  The sum of Bernoulli variables

Given
pk = Prob(X = k) = pk{ 1 -  p)l' k ; k =  0,1

t hen

; <7 =  1 “  P
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Hence
H(s) = [G(s)]n 

= [Q + P«)‘V
which is the pgf of a Binomial distribution with parameters N and p.
I hus the distribution of the sum of Bernoulli independent and identically 

distributed random variables is Binomial.

2 .5 .3 .2  The sum of Binom ial variables

Given

Pk =  Prob(X = k) =  (” )//(1  -  p)m~k ; k =  0 ,1 ,2 , . . . ,  m

then
m n

G(s) =  £  Pksk = £  (X) (pS) V ’ * 9 =  1 -  P
fc=0  fc=0

= (<7 +  ps)m

Hence

"  W =  ( G « f
= [(q + ps)m\N

=  ( q + p s r N

which is the pgf of a binomial distribution with parameters Nm and p.
Thus the distribution of the sum of Binomial independent and identically 
distributed random variables is Binomial.

2 .5 .3 .3  The sum of G eom etric variables 

T ype I:
Let X be the number of failures before the first success.

Then
pk = Prob(X =  k) = qkp ; k =  0 ,1 ,2 , . . .  ; q -  1 -  p
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and

G(s) = ^ f t s 1 = Y^(qs)kp
k=0

oo
k=0

~  p ]£(<75V
k=0

= P 
1 — qs

Hence

H(s)  =  [G(S))W
=  [ _ p _ l *

l l - q s 1
which is the pgf of a Negative Binomial distribution with parameters N 

and p.
T ype II;
Let X be the number of total number of trials required to achieve the first 

success.
Then

pk = Prob(X = k) = qk~lp\ k  =  1, 2, 3, . . .  \ q - \ - p
and

oo oo

) =  £*>*** =  £ ' / " V p
k= 1 k—l

fc=i
ps

l — qs
Hence

//(s) =  [G(s )]n  
= r_P f_ |N  

l l -<7.sJ
which is also the pgf of a Negative Binomial distribution with parameters N 
and p.
Thus the distribution of the sum of Geometric independent and identically 
distributed random variables is Negative Binomial.
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2 .5 .3 .4  The sum o f N egative Binom ial variables 

T yp e I:
Let X be the number of failures before the rth success. 

Then

Vk = Prob(X =fc) =  ( - l ) ‘ ( - r) ( l  -  p ) V  ;fc =  0 ,1 ,2 , . . .  

=  (r+t~ ')? V  ;? =  l - p
and

g (s ) = ^ p*s‘ =  E ( - i )‘ (-;)(? * )V
fc=0  k —0

= p r E  ( 7 )  (-?*)*
fc=0

= Pr 
(1 - g s ) r

Hence

//(«) =  [G(S)]"

which is the pgf of a Negative Binomial distribution with parameters Nr and 
P-

T yp e II:
Let X be the number of total number of trials required to achieve the rth 

success.
Then

pk = Prob(xi =  k) = C:J)(1 - P ) k~rPr ;fc =  r,r +  l ,r  +  2 , . . .

31



and

G ( s )  =  Y  p k s k =  Y  ( £ ! ) « * " V « *  ; <1 =  l  -  p
fc = r  ik = r

=  (P«)r ^  (rZ\)(QS)k' r
k=r

=  (p * )X :[)  +  L'-l)(qs) +  C \ ) ( < is f + . . .

=  ( p s ) r ( l  +  r ( q s )  +  r- ^ - ~ ^ - ( q s f  +  . . .

=  (psY{\ +  { ^ ) ( - q s ) + { ^ ) ( - q s f  +  . . .

= (P»Y X] (T)(-9*)*
k —r

= (P^)r
(1  - < 7 s ) r

Hence

#(«) =  [G(«)]"

which is the pgf of a Negative Binomial distribution with parameters Nr and 
P-
1 hus the distribution of the sum of Negative Binomial independent and iden
tically distributed random variables is Negative Binomial.

2 .5 .3 .5  The

Given

sum of Poisson variables

Pk  =  P r o b ( X  =  k )  =  e- £ - ; k 0 ,1 ,2 ,. . .
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then

G(s) = Y l pksk = XI
00 e~x\k

k=0 k=0
k\

- .8

-  e~x V  2 d *
^  k\k=0

_Af (As) (As)2 
=  e A[1 + 1Tr i + *-z r-  + ...1! 2!
= e~x.eXa 
-  e -A ( l-« )

Thus

//(s) =  [G(s)]"
=  [c-M1-) ]^  
_  g-NA(l-a)

which is the pgf of a Poisson distribution with parameter NA.
Thus the distribution of the sum of Poisson independent and identically 
distributed random variables is Poisson.

2 .5 .3 .6  The sum of Uniform  variables

Given

then

Pk =  Prob(X =  k) =  -  ; k  = 1 ,2 ,..., a 
a

G(s) = Y .P k S k =  b '
*r=l 
1 “

=  £ *

Jt=l k=  1

.k
k=l

= -fs  + s2 + s3 +  .. .  + sc

=  - [ l  + s + s2 +  . . .  + s 
a

a 1 — s

a — 1
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Thus

H(s) =  [G(8)]n

tS t l -  sa
a 1 — s

a ! \ l ~ s<1
l - s

r

\\ 11i(1 i is a pgf, but not of uniform distribution.

2 .5 .3 .7  The sum o f Logarithm ic variables

Given

then

Pk = Prob(X = k) = — 1*
klog( 1 -  p) \ k =  1, 2,

Thus

c w - f v - g ;
Ac=1
oo

r{ k lo g ( l - p )

E - r
(p»y

klog( 1 - p )

(ps)kV  [ps_
l o g ( l - p ) f ^  k

— I_\ps+M !, W !,
log(\ - p y  2 3

1
log( 1 - p )  

log( i - p s )
log(l - p )

-  log( 1 -  ps)

m  =  [G(s)\ N

= Jog(i - p s ) ]N
log(l - p )

wliirh is a pgf, but not of a logarithmic distribution.
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2.6 Conditional probability distributions given 
the sum of two independent random vari
ables.

We can use sums of iid random variables to obtain conditional distribution 
functions.

2.6.1 C onditional probability distribution given sum  
of two B inom ial random  variables.

Let, X and Y be two independent random variables from a binomial distri
bution that is X ~  B(m,p) and Y ~  B(n,p).Then

Prob(X = x / X  + Y  = x + y) = Prob(X = x , X  + Y  = x + y) 
Prob(X +  Y  = x  + y)

ProbjX =  x)Prob(Y =  y)
Prob(X + Y  =  x  +  y)

Q p ‘^ - p ) m- x Q p , ^ - p ) n- y
(rn + n)(x + y)pe+v{ 1 -  p)(m+n)-(z+v)

x  = 0 , 1, 2, . . . ,  m

Let r =  x  +  y,then

Prob(X =  x / X  + Y  =  r)

where r < m  +  n
which is a Hyper-geometric distribution.

x =  0 ,1 ,2 , . . . ,  ;• (2.32)
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2*6.2 C onditional probability distribution given sum  
of two Poisson  random  variables.

Lot X and V be two independent random variables from a Poison distribution 
that is X ~  Poisson (A) and Y ~  Poisson (/i). Then

Prof,(X = x / X  +  Y  = x + y) = Prob(X = x , X  + Y = x  + y) 
Prob(X + Y  = x  + y) 

Prob(X = x)Prob(Y =  y) 
Prot)(X + Y  — x y)

\*'~x tive~̂
____________ x ! • y\ __________

(A + ^)x+Ve~(A+̂ )(x -f y)\ 
A X̂ iy(x +  y)\ 

x!?/!(A + //)*+»

Let x + y = n and x = k 
Thus

Prob(X =  x / X  + Y  =  x  + y) = \ ky n~k(n)\
k\(n .-it)!(A  + //)»

k = 0,1,2........n  (2.33)

which is a binomial distribution witli parameters n and AA+/i'

2 .6 .3  C onditional probability distribution given sum  
of two G eom etric random  variables.

Let, X and Y be two independent random variables from a Geometric distri
bution that is X ~  Geometric(p) and Y ~  Geometric(p).Then

Prob(X =  x / X  + Y  = x + y) =
Prob(X =  x, X  + Y  = £ +  ?/) 

Prob(X + Y  = x + y) 
Prob(X =  x)Prob(Y =  y) 

Prob(X + Y  =  x + y)

due of independence.
Let x - y = n ==> y =  n — x
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Therefore

Prob(X  =  x / X  + Y = ( 1  ~ p ) ' p (  1 - p ) U XJ)

(2T ‘) ( i - p ) V
1

1
n + 1

which is the Uniform distribution.

x  =  0 ,1 ,2 , . . . ,  n (2.34)

2.7 Com pound distributions based on vary
ing parameters of probability mass func
tions.

2.7 .1  C om pound distributions from Binom ial D istri
bution

Let
Pk =  Prob(X = k) =  (‘l )pk(^~k k =  0 ,1 ,2 , . . . ,  N. where q =  1 - p  
which is Binomial with parameters N and p.

2 .7 .1 .1  B eta-B inom ial D istribution

Let p ~  Beta(a,/?) i.e. the parameter p is from the Beta distribution which 
is a continous probability distribution; i.e.,

Prob(P = p) = r(r" p  f p°~'(i -  p)fl_,;0 < p < 1
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Pk = J  Prob(X = k / P  = = p)dp

=  ®  ^ n ^ F B Q̂ + k’n + P - k )

Thus

Pk
n r(o + /7) r(o + Ar)r(>g + n -  t) 
u ' r a n ?  r (a  + /? + n ) 0,1,2 , . . . , n (2.35)

If a  = /? =  l,then

_ wr(fc + l)r(n-fc+l)
P*' W  T(n +  2)

1
n +  1

which is the Uniform distribution.

k  =  0 ,1 ,2 ,...  , n (2.36)

2 .7 .1 .2  B inom ial-B inom ial D istribution

Let N Binomial(M,q) i.e.

Pn = Prob(N =  n) =  (*')0”(1 n = 0 ,1 ,2 ........M
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Therefore

M
Vk =  Prob(X = k) =  ^ 2  Prob(X = k / N  =  = n)

n =0 
M

= E  C)p*(! -  p)n-* (" ) r ( l  -  <?)"-"
n=0
M

= E ( * ) ( n ) p * fl" ( i - p r * ( i - t f ) " - n
n=0

M
= («?)* E  (I) -  p)"-*(i -  »)W-B

n=0
M

=  (0p)fcE O ( n ) w i - p ) r ‘ ( i - ® ) w- n
n=0

A/
Af!

SS « (»  -  *) l »!(M -  n)!
M

[ e ( l - p ) )» - ‘ ( l - 0 ),A/ —n

= («p)1 E
A/!

r P ( l - p ) ] n“* ( l - * )
lM-n

^  k\(n — k)\(M — //)!

= (6lp) ^  fe!(M -  k)Un -  Ar)!f A/ -  n)! ^  “  p)^  * (1 “  ^  "

=  «p)‘ -
M! A/[I >—-»

— I f 71 — L'
(M  -  k)\

k\(M — k )\“  (n — *)!(A/ -  n)!
M

= «P)*( *) E  (n-t)M l -  P)I""‘ (1 -
n=0

=  (A ) ( ^ P ) * [ ( l - « ) + e ( l - p ) ] M- ‘

(0 ( l-p )]" -‘ ( l - P )i M —n

Thus

P* =  (^)(0p)‘ ( l - f lp ) M- ‘ * =  0 ,1 ,2 , . - . ,M

which is a binomial distribution with parameters 0p and M.

(2.37)
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Using the pgf technique i.e.

M
G(s) =  Y l pksk

k=0 
M M

= E E 0*0 - p)B_* (")»"(i -
k=0 n=0 
M M

k=0 n=0
M M

= -  o r -
k=0
M

n=0
M

- k M\
r(i - 0 )

M—n
k=0

A/ M

= E(«p*)‘ E m ^ k ) \

n\(M -  n)\

M\(M -  k)\ %W/l mA/_n

k=0
M

E i 5 7 # E , ( » P . ) ‘ E ^

^ * !(n -* )!(M -* )!(M -n )!
M

w i  - p ) i  ( i - o y

(M -  k)\
S  k \ { M - k ) \ K H “  (n -  k)\(M -  n)\ P ( i - p ) r * ( i - * )

\ M —n

M M
= E (t)(dPs)k E (T*>o - p)r_fc(i - «)M- n

k=0 n=  0
M

=  5 1  -  ®) +  •( !  - p ) l J
1 A /—fc

k=0 
A /

= E OfKMli - hM - k

k = 0

=  [(1 ~  0p) + Qps\ M

Hence

G(s) = [(1 (2.38)

which is the pgf of a binomial distribution with parameters Op and M.
Thus the Binomial-Binomial Distribution is Binomial.
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2 .7 .1 .3  Poisson-B inom ial D istribution

Let N rsj Poisson (A) i.e.

e-AAn
pn = Prob{N  = n) = n = 0 ,1 ,2 ,. . .

Therefore
oo

pk =  Prob(X = k) = y ^  Prob(X  =  k / N  = n)Prob(N  =  n
n= 0  

P_A\ n, n - k e  A

Thus

= E  ( > v
n=0

71!

An
=  e - V  E  © 9 " ' ^

n=0

n=0
oo , / \ _ \n —A:

' fc!(n — A:)! n!
n= 0  v ’

e ~ \ \ v ) k (A</)"~a'
(n -  A:)!A-! n=k

e -xM k „Xa 
k\

e~A(Ap)f c xg-P)
f c !

Pk =
Xp(X p)k 
~~k\

fc =  0 ,1 ,2 ,. . .

wliich is the Poisson distribution with parameter Ap.

)

(2.39)
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Using the pgf technique i.e.

oo
G(s ) =  ^ ,P k S k

k= 0
OO 00

= £  £  © A
P - A  \ nn-A: e___sk

k= 0  n = 0
oo 00

T il

=  e ' AX > ) ‘ £  (*)«n'*^r

Ar=0 n = 0
00 oo n! (A*/)"- *=  e - AV (A p .sf Y ----- -------

U  ’« ( „ - * ) !  n!

&  * ! £ S  ( » - * ) !
= e~xeXp,eXq
—  g - A ( l - ( l  - p ) - p a )

—  e - A p ( l - s )

Thus

G(s) =  e- Ap(1- a)

which is the pgf of a Poisson distribution with parameter Ap. 
Thus the Poisson-Binomial Distribution is Poisson.

( 2 .4 0 )

2 .7 .1 .4  Logarithm ic-Binom ial D istribution

Let N ~  Logarithmic(a) i.e.

pn =  Prob(N =  n) = ---- ------------ r n =  1 ,2 ,...
—7i/o#(l — q)

L0t C =  -loi(l-a) theI*
cctn

Prob(N =  n) = ----
n
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?r
-| 

o
Therefore

oo
pk =  Prob(X = k )  = Y ^  Prob(X  = = = n)

n= l

= E © p * ( i  - P ) n- k
n = l

C Q n

71

=  c( p
1 - p f  E (*) - p ) ] w

n

c( P \k n! [q (1 -  p)\n
1 —p k\(n — fe)l n

c(-E — \k V" (n-1)! 1Q(] — p)]ri
1 — p A-!(// — A-)! //

_  c j P > i y '  ( » - ! ) !  [«(1 — p))"
" t l - p '  (* -  l)!(n -  A:)! n

= Y '  c"-i\ M 1 ~ p )]"
k Kl - p 1 ̂  U~‘'  n

n=k

= I  ( r z / l ( i = i )  W 1 ~ r i l* + -  p t +l +  • ■ •

= ^ r ^ ,t[Q(1 ~ p),‘[1+ fc|Q(1 -  r tl + -  p)]2 + •

=  £(«*)*[! + ( f ) [« 0  -P ) l +  (*}‘)W 1  -P ) ]2 + •••

=  r M < E ( ‘T ,) W i - p ) ] r
r= 0
oo

=  ^ ( a p ) * E ( - i ) , ("ri ) w i - p ) r
r=0

=  | ( “P)t [i - « ( i  - p ) ] ‘ k

c (c*p)*
A: [1 — a(l — p)]fc

(op) it 
1 — a(l — p)
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Lot

Hence

But

Therefore

P = (op)
1 - a ( l  - p )

(3k
Pk = k t3 ~  -  q ) t = 1 ’2’

00

I * + Pk =  i
*:=i

oo

*=1

Po T c[—/o«9(l -/?)] = !

But

Therefore

Po = 1 T clog( 1 -  ft)
_  % (1 - /? )

/o</(l -  a)

1 - 0 = 1 -

ap
1 — a  + ap 

1 -  a 1
1 — a  + ap

Po = 1 -
M i :

1 —Q
ar+ap

log( 1 -  a)
Zo</(l -  a) -  Zo<7(jr1 —a

a + a p

log( 1 -  a)

f o g ( i - r c ) r £ S ;
log( 1 -  a)

1 - a  + ap 
log( 1 — a)
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Therefore

_  j M.t?) /<"• *=°
fo r  k=  1.2.3.

P* — l ' °p )*( l-ofap‘ ktog(l-o)
Using pgf technique,we have

which is a pgf. 
Therefore

Gw  =  E E C ) w ‘ d - p r ‘ —
*=0 n= l U

=  £ [ (  i - r i + r t " ——, nn = l

_  c y *  M l ~  p) + o H n

n= 1
— c[-/o</(l -  q (1 -  p) — ops)]

/o^[l -  q(1 — p) — aps]
log( 1 -  a)

_  /op[l -  q(1 -  p)][l -  

/op(l -  a)
_  l°9( 1 -  Q +  ap) + /o,ry(l -  j z ^ s )  

log(\ -  a)
_  log{ 1 - a  T a p )

/og(l-o ) £-^Mog(l -  a)

PA: —  \  ( “£ — jfc

-E f g )  / -  ‘='.2,3....

(2.41)

(2.42)

2 .7 .2  C om pound distributions from Poisson D istribu- 
tion

The Poisson distribution is an example of a discrete probability distribution 
with

p
pk =  Prob(X = k) = fc =  0 ,1 ,2 ,...

A is the only parameter.
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2.7 .2 .1  E xponential-Poisson D istribution

Let A ~  Exponential i.e.

P \  = Prob( A =  A) =  - e -  ̂
P

A > 0

Let

and

Therefore

Pk =  f Prob{X = k / A = \ ) P r o b ( A  = A)dA

f 00 e - AA* 1 _ 4 .
=  / ——— e "dA 

7o Ad ^

= T C  [  A ke~(,Lr )xdXk\p Jo

l / = ( ^ ) A
P

A = 2/

dA = P

/i + 1dy

Pk = -  /V -./o /* + 1// + 1
 ̂ f P  lfc+l 

A’!// p -f* 1 
1

V]*e ^  .p + 1

[  yke~ydy 
Jo

dy

= n - H — ]*+1r(A; +  i)k \p lp + 1
 ̂ r P  jfc+1

p [p + V

> + r > + r
A: =  0, 1, 2, . . .

which is the Geometric distribution where p =  and r/ =  1 —

(2.43)

=  -H-
,< + l
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Using the pgf technique we have

G{s) =
/t=o
00 1 ro o

= y . T T  I *ke~(‘$~)>ld\8k S  k't‘ Jok=0 " r_
00

= E i ( r 7 T ) ‘+,r( ^ i ) « ‘

^  fc! ̂

L

(/*v
( /X  +  1 ) * + 1

(f*)* _*

i*fc!

J S  <" +  » ‘+1 

m + 1 f -  V  + 1A:=0

=  p 5Z(9«V
k=0

_ P 
1 -  qs

which is the pgf of a Geometric distribution with k being the number of 
failures before a success.
Thus the Exponential-Poisson Distribution is Geometric.

2 .7 .2 .2  G am m a-Poisson D istribution

Let A Gammafa,/?) i.e.

px = Prob(A = A) =  '^-Aa- le -0X A X )  
Ta
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Let

and

Therefore

Pk = J  Prob(X  =  k /A  =  =  \)<1\

g o  roc  
_ _ _  /

kWa J0

V = (0 + 1)A
VX —

0 + 1

dX =
dy

0 + 1

Pk  =
0C

A:!ra
P*

r  n - * - r +k- ' e - ’ -*LJo JoV + 1; p + i
roc

{— r i .  <

r(a  +  A;)

Ar!ra\0 + 1
0 ° 1

fclTa (,9 + 1)°+* 
( a +  & - ! ) ! ,  1

(t t t ) ('
0

k\(a  -1 ) !  0  + 1 1r

0
=  < * ) W f e > “ * - 0 , 1 . 2 . . . .

which is the Negative Binomial distribution with parameters a  and

(2.44)

0
0+r
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Using the pgf technique we have

G(s) =
*=<)
00 roc

-E /, */0
e"AA* ^  A“- ‘e- flW

A;! Tqk= 0 
00

fc=0
00

- E m i y f r H j E ) - .

0
f - 1 *

- ( ^ ) - E ( - » ‘ ( r ) ( 5 ^ ) -
fc=0

k=0
00

which is the pgf of a Negative Binomial distribution with parameters a and
0

0+1
Thus the Gamma-Poisson Distribution is Negative Binomial.

2 .7 .2 .3  Logarithm ic-Poisson D istribution

Let A r>sj Logarithmic(p) i.e.

a
p x  = Prob( A =  A) = P

— \log{\ - p )
A = 1 ,2 ,...

Pk = Y l  Prob(X  = k / A = A)Pro6(A = A)
A=1

k\ —\log(l -  p) A' = 0’ 1- 2"-E00 e~xXk

which cannot be expressed explicitly.
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Using the pgf technique,we have

G(s) = PkS*
k=0

OO OO __ ^  e xXk pT
— \ l n n (  1 —

t i t l fcl -

fc! - ^ o s ( i - p )

1 e~xpx A  (As)*
— ln n (  1 —  \  I*■log(\ — p) ^  A

V 7 7 A = 1  * = 0

i 00 —A X
= 1 v  1 ^ - p**

— In n (  1 — n \

A;!

1 00
=  — -— y— I n n (  1 — rt\ '

^  e A(i â px 
M 1 - p )  “  A

1 .e â p e â p e-3  ̂ 8bj
r + -----r— -  + ---- —— -  + ...]- l o g ( l - p )  1 2  3

_  1 .e~^~^p (e~^l~^p)2 (e“(1-8*p)3
—log{\ — p) 1 2 + 3

=  -Zo9(l - p )  X - ;°9[1 - p e ' 0 ' ”’1 

/o#[l — pe- (1-s)]
*00(1 - p )

2 .7 .2 .4  Poisson-Poisson D istribution

Let A Poisson (p) i.e.

e-flnx
px =  Prob(A = A) =  ■ Aj—

+
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Pk = ] T  Prob(X  =  k /  =  A).Prob(A = A)
A=0

E e  a

M  ’

aAa e ,i/iA

A = 0
A:! A! k =  0 ,1 ,2 ,..

which cannot bo expressed explicitly. 
Using the pgf technique,we have

G(s) = Y PkS‘
k=0
°° 00 e -AA* e ' V

k\ A!

A e - V e ' - A

= £s * h
_  y -  e~<A+ > V  A.

(AsV
fc!

A=0 A!

E
x __ p- A-p+A*̂ A

A=0 A!
e - A ( l - « ) ^ A

=e"S  A,

=  e. , g [ e - ( - « V ]

A=0 A!

=  fc =  0 ,1 ,2 ,. . .  (2.45)

It is not easy to express p*,the coefficient of sk in G(s).
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2 .7 .3  C om pound d istributions from G eom etric D istri
bution

The Geometric distribution is an example of a discrete probability distribu
tion with 

Case 1
Let X be the number of failures before the first success,then from equation 

(2.16)
P* =  Prob(X -  k) =  qkp k  = 0 ,1 ,2 ,...

where q = 1 — p 
p is the only parameter.

Case 2
Let X be the total number of trials required to achieve the first suc

cess,then from equation (2.17)

Pk — Prol)(X =  k) = qk lp k: = 1 ,2 ,...

where q = 1 — p 
p is the only parameter.

2 .7 .3 .1  B eta-G eom etric D istribution  

T yp e I
Let p ~  Bet,a(a,/?) i.e. the parameter p is from the Beta distribution 

which is a continous probability distribution.

pp = Prob(P = p) = ' °  < P < 1
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where q =  1 — p

Pk =  J Prob(x =  k /P  =  p)Prob(P =  p)dp

[  paq0+k- 'dp  
Jo

B(a  +  1, p  +  A;)

_ r (g  +  /?)
Tar^

_ r (a  +  P)
YaYp

Y(a + p) r (a  + 1)T(/? + k) 
ra r^  r(Q •+• p k  -+■1)

a r  (a + p)Y{P + k) 
r  pY(a  + p  + k + 1) (2.46)

which is a probability mass function.
T ype II
Let p ~  Beta (a,/?) i.e. the parameter p is from the Beta distribution 

which is a continous probability distribution.

pp = Prob(P = p) = * >  + / y »
f aYp y <7/3 -1

where q — 1 — p

Pk = ^  Prob(x = k / P  = p)Prob(P = p)r7p

*-i £ ( a + ^ )  J -
- jC far/?

dp

r (a  + 0 )
Tor/? ,/0/ p(» + l ) -y m -l ) - ldp

r (a  +  /J)
Z?(q 1, At — 1)

YaYP
Y(a + P) r (o  +  1)Y(P +  k -  1) 

far/?  T(a + P +  A:)
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which is a probability mass function.

2 .7 .4  C om pound distributions from N egative Binom ial 
D istribution

2.7 .4 .1  B eta-N egative Binom ial D istribution  

T yp e I
Let X be the number of failures before the rth success,then from equation

where q =  1 — p,p and r are parameters.
Let p ~  Beta (a,/?) i.e. the parameter p is from the Beta distribution which 
is a continous probability distribution.

(2.11)
Pk =  Prob(X = k )=  C+‘- ‘)9y  k =  0 ,1 ,2 ,. . .

where q =  1 — p

Thus

= r+t- Mr(q + /?) r(Q + r)r(/7 + A-)
Vk '  k ' TaY(3 f (q  + 0  + k + r)

k =  0 ,1 ,2 ,. . .  (2.48)

which is a probability mass function.
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T ype II
Let X be the total number of trials required to achieve the rth success,then 

from equation (2.13)

Pk = Prob(X = k) = (kk_]r)qk~rpr = (*”} )qk~rpr k = r,r + 1, r + 2 ,... 

where q = 1 — p,p and r are parameters.
Let p ~  Beta(a,/?) i.e. the parameter p is from the Beta distribution which 
is a continous probability distribution.

pp = Prob(P = p) = £ ( 0 4 ^ )  i

fa f /?  v Q0-1

where q =  1 — p

Pk =  f  Prob(x =  k /P  = p)Prob(P =  p)dp 
Jo

fJo
=  [ '  r , v - y r ( a + ^ V - y - 1./„ U l 7 /  7 rar.y p 7

/*-l\ + ft)
" ra r^  y0 p 9

( r - i)~ rQ r-j g(Q + r,/? + fc -r )

dp

Thus

_ r(a + /?) r(o + r)r (0 + k - r )  
U  VaV0 r (a + 0  + k)

for k  =  r, r +  l , r  + 2, . . .
which is a probability mass function.

(2.49)

2.8 Com pound distributions based on the sum 
of a random number o f independent and 
identically distributed random variables.

Let S n =  X\ T X -2 + . . .  +  X u  where the X[s are iid random variables.N is 
also a random variable independent of the X[s.Let
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G(s) =  E(sx ) the pgf of X 
F(s) =  E(sN) the pgf of N 
H{s) =  E(ssv ) the pgf of Sn 
Therefore

H{s) =  E[s Sn \

=  EE\sSn/N\
=  EE[sXi+X2+-+Xn ]

=  £[£(***) +  e (8**) + . . .  +  e (5^ ) ]

Thus

H(s) = Fyv[Gx (5)] (2.50)

which is a compound distribution.

2.8.1 C om pound D istributions for Standard D iscrete  
D istributions

2.8 .1 .1  Compound Binom ial D istribution

From H(s) = C/v[G*(s)],when N is Binomial (m,p) then

Fy(s) = [q + ps]m

where q =  1 — p 
Thus

H(s) =  [q + pGx (s))m (2.51)

When X is Bernoulli with parameter 7r,then

H(s) = {q + pGx ( s ) r
= [q + p( l-TT + 7Ts)]m 
=  [\ -  p + p -  I'M + nps]m 
= [1 -  pn + pnsY"

H(s) — [(1 -  pn) +  pns]m (2.52)

which is the pgf of a Binomial distribution with parameters m and jm.
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2 .8 .1 .2  C om pound  Poisson D is tr ib u tio n

Prom H(s) =  / r/v[Gx(s)],when N is Poisson (A) then

Thus

F„(5) = e-M i->

H(s) =  e~X(l~Gx(a))

When X is Bernoulli with parameter 7r,then

H{s) =  e~A(1- Gx(*))
—  g - A ( l —(1 —tt+ tts))

_  g —A (l —1+7T —7rs) 

_  g -A (T T - jra )

Thus

H(s) = e“A7r(1_J,)

which is the pgf of a Poisson distribution with parameter 7tA. 
W hen X is Logarithmic with parameter p,then

Therefore

Gx(s) lo(]( 1 -  ps) 
log(l - p )

H(s) = e-Mi-Cx(«))

y , /0g( i —;> )- /°gn - p » ) |
= e 1 ‘og(l-p)  J

i.e.

H(s)  — e l°9̂1 ~p} ^

(2.53)

(2.54)

(2.55)

57



i f r rI herefore

H(s)  =  erlogh-p»)

Thus

//(s) 0  ~P ) ir
(1 - p s ) (2.56)

which is the pgf of the Negative Binomial distribution with parameters r and
(1 - P ) .

2 .8 .1 .3  Com pound G eom etric D istribution

From
H(a) = Fn [Gx (8)]

T yp e I:W hen N is the number of failures before the first success

where q =  1 — p 
Thus

F n ( s )
P

1 — qs

H(s) V

i - q G x (s)
(2.57)
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When X is Bernoulli with parameter 7r,then

Let

Then

Therefore

H(s) =
1 -  qGX(s)
_________ P __________

\ — q(l — n + ns)
_____________ P_____________

1 — (1 — p)(l — 7r + ns)
__________________ P ___________________

1 -  (1 - n  + ns — p + j m -  pns)
_____________ P_____________

n — ns +  p -  jm +  pns)
_____________ P______________

p + n — pn -  (1 — p)ns)
______________ P______________

(1 -p)7r -  (1 — p)ns)
_ p + ( l- p ) n

1 ____ (Lz e I z l . c
p + (l-p )7 r'S

Q = P

1 - 0 = 1 -

P + (1 - p )tt 

p (1 - p ) n
P+ (1 —p)n p +  (1 -  p)n

H(s) =
a

1 -  (1 — o)s (2.58)

which is the pgf of a Geometric Distribution with parameter a.
T yp e II:W hen N  is the total number o f trials required to achieve the first si

Fn (s) =
ps

1 — qs
where q =  1 — p 
Thus

H(s) = ps
1 - q G x ( s )
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When X is Bernoulli with parameter 7r,then

Let

Then

Therefore

H(s) =
ps

1 -  qGx (s) 
ps

1 — </(l — 7r + ns) 
ps

1 -  (1 ~ p )( l — 7T 7TS)
ps

1 — (1-7T+7TS — p pn -  pns) 
ps

n — ns + p — jm + pns) 
ps

p + n -  pn — (1 — p)ns) 
ps

p +  (1 - p ) n  -  (1 p)ns)
p

P+(1-p)tt
1 _  _iiz£lZ!_e

p + (l-p )7 T '

Q = P

1 — a  =  1 —

P+  (1 - p )tt 

p (1 — p)n
p + ( l - p ) n  p + ( \ - p ) n  

H(s) =
as

1 -  (1 — a)s

which is the pgf of a Geometric Distribution with parameter a.

( 2.6(1)

2 .8 .1 .4  Compound N egative  Binom ial D istribution

From
H(s) =  Fn [Gx (s)]

T yp e I :W lien N is th e  number o f failures before the r"‘ success * 1

Fn (s)= - Z - l1 — qs
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where q =  1 — p
Thus

H(a) =  l r  I n  V1 -  <lGx (s)

When X is Bernoulli with parameter 7r,then

Let

Then

Therefore

*<•> -
V

1 — 7(1 — 7T + 7Ts)J

1_________ i _________ r
1 -  (1 -  p)(l -  7T + 7Ts)

[_____________ E_____________
1 — (1-7T + 7TS — p + pn -  p7Ts)

[-------------- E---------------r7T — 7TS + p — pn -I- JMS)

[-------------- E---------------rp T 7r -  jm — (1 -  p)ns)
[__________ E__________
p +  (1 -  p)7T -  (1 -  p)ns)

p + (l -p )n

1 ___ilr£)” c
p + ( l-p )7 r ‘

Q =

1 - a  =  1 -

P +  (1 -  p) 7T 

p (l-p)TT
P + (1 -  p)7T p +  (1 -  p)7T

a

(2.61)

H (») = I, . l" (2-62)1 — (1 — QjS

which is the pgf of a Negative Binomial Distribution with parameters a  and 
r.

T y p e  II:W h en  N is th e  to ta l n u m b er o f tr ia ls  req u ired  to  achieve 1 successe
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where q =  1 — p
Thus

H(s)  =  [■ ps
1 ~ q G x (a) 

When X is Bernoulli with parameter 7r,then

H( s)  =
ps

1 — q{ \ -  7T +  7TS)J

[----------- E l________IT
1 -  (1  -  /> )(1  -  7T +  7Ts)

j_____________P£_____________
1 — (1 — 7r +  7T5 — p  +  pn  -  jm s)

[---------------- --------------r7r — ns  +  p — jm  +  pns)

[----------- E l________r
p  +  7T -  jm  -  (1 -  p )n s )

l________ E l________ r
P+ (1 - p ) *  -  (1 -  p ) * s )

f P + ( l  - p ) v

11 ___0-p)" J
1 p+ (l—p)n ’’

(2.63)

Let

Then

Therefore

q =

1 - q = 1 -

p +  (1 -  p)n 

p (1 — p)n
p + ( \ —p)n p + ( l - p ) n  

H(s) =
as

1 — (1 — q ) s
(2.04)

which is the pgf of a Negative Binomial Distribution with parameters a and
r.
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2 .8 .1 .5  Compound Uniform  D istribution

From H(s) = / rJv[Gx(s)] when N is Uniform(a),then

Fn(s) =  - [ i —  
a 1 — s

Thus

H(s) Gx ( s ) l - ( G x (s ))° 
a 1 — G\(s)

When X is Bernoulli with parameter 7r,then

Let

Thus

H(s)
(1 — 7r + ns) 1 — (1 — 7r + ns)“ 

a 1 — (1 — 7r 4- ns)
(1 — n 4- 7rs ) . 1 — (1 — n +  ns)a 

a 1 — 1 + n — ns
(1 — n + 7rs). 1 -  (1 — n +  7rs)a.

a n — ns
(1 — n + ns) 1 — (1 — n 4- 7rs)a 

a (1 — s)n

z = 1 — n 4- ns 

= 1 — 7r( 1 — s) 

=>  1 — Z =  7r( 1 — s)

H(s) 2 , 1  -  2 ° .

a 1 — z

which is a pgf of a Uniform distribution.

2 .8 .1 .6  Com pound Logarithm ic D istribution

From H(s) = FN[Gx{s)] when N is Logarithmic(q),then

log(\ -  qs)
F n {s ) = log{ 1 -  q)

(2.65)

( 2.00)
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Thus

H(s) logjl - g G x j s ) )
log( 1 -  q)

When X is Bernoulli with parameter 7T,then

H(s) l o g {  1 —  q ( l  —  7T +  7 T S ) )

log( 1 -  q)

l°g( 1 -  g + qn — qns) 
log( 1 -  (?)

which is a pgf but not of a Logarithmic distribution.

(2.67)

( 2.68)
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C hapter 3

MOMENTS BASED ON 
RECURSIVE RELATIONS

3.1 Introduction
Let

Pk =  Prob(X =  k) for k  =  0 ,1 ,2 ,. . .

This implies that

Pk-i =  Prob(X = k -  1) fat' k  =  1 ,2 ,3 ,...

For zero-truncated distributions, pk holds for k = 1 ,2 ,3 ,... and pk-\ is for 
A: =  2 ,3 ,4 ,. . .

The aim of this chapter is to determine the ratio pk/pk- i for each proba
bility mass function under consideration.From this ratio we get the recursive 
relation by expressing pk in terms of pk-\.

Using this recursive relation we can obtain means and variances using the 
pgf techique,where possible,or by what we call Feller’s method.

For pgf techique we define

oo oo
G{s) =  £ > /  =

A:=0 k—\

rlC _°°_ oo
G\s)  =  —  =  kpksk~l =  ^ (A ; -  l)p*_is*~2

k= l k=2
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fJ2 r *  00 00

G”(s ) = H  (* -  1)(* -  2)p*-,s*"’
* ■ = 2 * = 3

£ (X ) =  G'(1)

Var(X)  = G"(l) +  <7(1) — [(7(1)]2

For Feller’s method

OO

My = E(X) = Y ,kpk
k=l

M2 = E ( X 2) = J 2 k2P*
k=1

Var(X ) = M2 -  M 2

We are going to apply the above mentioned methods for the following 
standard discrete distributions along with some truncated distributions that 
have been identified in Chapter 2.

• Poisson Distribution

• Zero-truncated Poisson Distribution

• Geometric Distribution:Type I and II

• Zero-truncated Geometric Distribution

• Logarithmic Distribution

• Binomial Distribution:Type I and II

• Negative Binomial Distribution

• Zero-truncated Negative Binomial Distribution

• Hypergeometric Distribution

Also in Chapter 2,the following distinct compound discrete distributions 
have been derived.

• Beta-Geometric Distribution
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• Beta-Binomial Distribution

• Beta-Negative Binomial Distribution

It is noted that a number of compound distributions have reverted back 
to standard discrete distributions.We have shown that 
Binomial-Binomial is Binomial 
Poisson-Binomial is Poisson 
Exponential-Poisson is Geometric 
Gamma-Poisson is Negative Binomial

3.2 Recursions and m om ents of Standard Dis
crete D istributions

3.2.1 Poisson D istribution
Given

then

Therefore

c  ̂Xk
Pk  =  — f or k =  0 ,1 ,2 , . . .

Po =  e~x

e~xXk~l
P k - i  =  ( f r Z  ^  f ° r k =  1 . 2 > 3 , . . .

Pk  

P k - i 

kpk

-  (3.1a)

Xpk-i for  k =  1 ,2 ,3 ,. . .  (3.16)

To obtain M\ sum (3.1b) over k to get

Thus

oo oo

2 _ j k Pk  =  X ^ P k - l
k=l k= 1

<=> A/1 = A.l 

E(X)  =  A/, =  A
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Multiply (3.1b) by k and sum the result over k

OO 0 0

=  a 5Z kp*-1
* = 1  ifc=l

i.e.,

OO

M2 =  A ^[(A: -  1) + l]p/fc_i
A?=l

OO o o

= a ~  + a Pfc-i
* = 1  A-=l

Therefore

M2 — AA/j + A 
= AA +A 
= A2 + A

Thus

VarfAf) =  A/2 -  {A/j }2 
= A2 + A -  A 
= A

For pgf, multiply (3.1b) by sk and then sum the results over k

00 00
Y .  =  a
A=1 k=1

i.e.

where

«=► s 1
k=l

00 

k=1

=  AsG(s)

G(s) =  ^L,Pksk = ^ P k - i s k 1
A-0 A=1
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Therefore

r '(  \ dG V', 
r' (*) = = Z -  *P*a

k= 1
it-1

oo
= 2 

k=2

f  dG f
J ~ G = X J ds

= >  logG(s) = As +  A- 

=  eA,+*

= > G ( l ) = e V  
=*• 1 =  e V  

= >  ek = C = eA

Hence
G(.s) =  e - A(‘-',>

SO

G'(s) =  Ae-A(‘-*>

and
G"(s) = A2e -A<‘-*)

Therefore
E(X) = G'(l) =  A

Var(X) = G"(l) +  G'(l) — [G'( l)]2 
=  A2 + A -  A2 
=  A

3.2 .2  Z ero  Truncated Poisson D istribution
Given

Pk = {e~x -  A; = 1 ,2 ,3 , . . .i-i
k

Pi =

then

Pk-i = (e A -  1)

e~x -  1

- i  A*'1 
k -  1

k =  2 ,3 ,4 ,. . .
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Therefore

Pk _  A
Pk-i ~  k

kpk =  Apk.-i for  k = 2 ,3 ,4 , . . .  (3.26)

(3.2a)

To obtain A/j sum (3.2b) over k to get

oo 00

2 2 kPk =  A ^ P k - l
k—2 k-2

i.e.

Thus

A/i -  p \  = A 
• • Mi = A 4- p \

E ( X )  =  M i  =  A +
(e*A -  1)

Multiply (3.2b) by k and sum the results over k

^  k2pk = A ]T
fc=2 it=2

oo

A/2  — P i  =  A ^  " [(A: — 1) +  l]p fc -i 

k = 2

00 00
- A 2 ^ { k  — l)pk-i + A p k - 1

k=2 k= 1
i.e.

A/2 — pi — AA/j A 
=£* A/2 = AA/j -f- A -j- pi

Therefore

M2 = A2 + A + A2
+

(e-A -  1) (e~x -  1)
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Var(X)  =  A/2 -  {A/,}

l2=  Az + A +  — f  .. + A _  (A + -----------12

— A +

(e~x -  1) (e-A -  1)
A A2 A2

(e-A-  1)

e~x -  1 (e~x -  1) (e_A -  l)2

after simplification.
Therefore

Var(X)  =  A + (1 -  A -
e A -  1 e~A -  1

To obtain the pgf X, multiply (3.2b) by sk then sum the results over k

OO OO

y  kpksk = A -  l)pk- i s k
k=2 k=2

s ^ 2  W  1 = As2 -  l)pit-isfc 2
k=2 fc=l

i.e.

Thus

fdG . zdG
= ^ S[ ^ - Pl] =  AS» - )  

ri \ \dG A

f  ,ig  =  —^ —  [  -J e~x -  1 J 1 -  A

= >  G(a) = -

Putting s =  1 the pgf becomes

/n(l -  As) 
e~x -  1

As

+ k

Therefore

G(l) =  +  k  
e~x -  1

e_A — 1

GW =  — +  l - Ai  + 1
e~A — 1 e-A — 1
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so

and

Hence

G'(s) =  —  =
ds (1 -  As)(e-A — 1)

G"(s) =  ~G'(s)  = ---------- _________
ds ' (1 -  As)2(e~A -  1)

E{X) = G'( 1) = 

G"( 1) =

(1 -  A)(e~* -  1) 

A2
(1 -  A)2(e~A -  1)

Variance(X) = G"( 1) -f G'(\) -  (G"(l)]2

= ______ ________  I A , >
(1 — \ ) 2(e~x -  1) (1 -  A)(e~A -  1) l(l — A)(e-^ -  1) 

Ae-A -  A -  A2 
“ (1 — A)2(e-A — l)2

after simplification. 
Therefore

Var(X)  = Ae“A -  A -  A2 
(1 -  A)2(e~A -  l )2

3.2.3 B inom ial D istribution
Given

Pk = (l)pkq(n- k) A-= 0 .1 ,2 ........n ;9 = 1

po = <r
then

Pk-1 =  (k!!1) / ~ Y n"(*~I,) k  =  1,2....... n
Therefore

Pk _  n -  k + 1 p
Pk-i k q

kpk = (n — k + l ) - p k-i k =  1 ,2 ,. . . , n 
Q

(3.3 a) 

(3.3 b)
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Using Feller’s method
To obtain M\  sum (3.3b) over k which results to

^  kPk -  ~  k 4- l) -pk- i

n

Ml =  1)]p* - i
1 k = 1

n n
= ~in ^2Pk-l  ~ l )Pk~l\

* k = 1 fc=l
= “M 1 “ Pn) -  (Ml -rcpn)]

Therefore

<̂=> q M i  = p[n -  Mj ] 
=> A/i = np

Thus
E ( X )  = Mi = np

Multiply (3.3b) by k and sum the results over k

n n

y 2  k*Pk = k(n ~ k + *)~p*
fc=l /c=l ^

- i

M2 =   ̂ “  *) +  i)!71 -  (k ~ l)]PJfc-i
A:=l

=  “  ^P*-! ”  ^ 2 ( k ~ l )2Pk-1 +  n ^ T p k - i  -  ]T(fc -  l)p*-
 ̂ fc=l fc=l fc=l fc=l

= [̂n(Mj -  n p n ) -  (M2 -  n2p„) + rc(l -  Pn) -  (Mi -  n p n )]
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But Mi =  np hence

hh  — ■j' _  p [n2 -  M2 + n — np]

*=* qM2 =  p[n2 -  A/2 + n -  np] 

=> M2 =  n2p2 + n p -  np2
Therefore

V

Var(X) = M2 -  {Mi}2
=  n2p2 + np -  np2 -  (np)‘ 
=  np -  np2 
= np</

To obtain the pgf X
Multiply (3.3b) by sk and sum the results over k

i.e.

9 "^2 kpi,sk = p ^ 2 \ n  — (A: — l)jp*-is*
k= 1 k=l

oo oo oo
= p [ n ^ p fc_ist -  ^ { k  -  l)pk- i s k

k= 1 A;=l fc=l

<7* ^  1 = nps ^ p i t - i /  1 -  ps2 £ ( k  -  l)pk-i s
k=1

,dG

k-2l
A.—  1 fc=l

r/s—  =  npsG{s) -  p s —  
as as

{q + ps)~r~ =  npG(s)

f § - ° !
pels

Therefore

(q + ps)
InG(s) = nln(q + ps) +  Ink 

G(s) = k(q +  ps)n
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Put s =  1 

Thus

Implying that

and

Hence

and

Therefore

(7(1) = k(q + p)n 

= > k = \

G(s) = (q + ps)n 

G'(s) npiq + ps)”- '

G"(s) =  — G'(s) =  n(n -  1 )p2(q +  ps)n~2 

E(X)  = G(  1) = np 

G"( 1) =  n2p2 — np2

Kor(X) =  G"(l) + G'(l) -  [C'(l)]2
2 2 2 9 9

=  n  p  -  n p  +  n p  — n  p  

=  n p  — n p 2

=  « P ( 1  ~  P )

=  npq

3.2 .4  G eom etric D istribution

T ype I; Let X be the num ber of failures before the first
Given

Pk = qkp k = 0 ,1 ,2 , . . .  \q =  1 -  p

Po =  P

then
Pk-i = Prob(X = k -  1) =  qk~lp k  =  1, 2,3, . . .

—  = q (3.4a)
P fc-i

pjt =  9P*-i A; =  1,2, — (3.46)

75

success



oo oo
= q ^ 2 k p k.i

k=l k=l

Using Feller’s method
Multiply (3.4b) by k and sum the results over k

Thus

-  1) +
k=1
oo oo

= “  l)Pfc-1 +  ^ P k - l .
k- 1 k= 1

M i =  q M i +  q 

=> M i  -  (7 M i  =  q

= >  M, = -
P

E{X) = Mi =  -  
P

Multiply (3.4b) by A:2 and sum the results over k

oo oo

k'2Pk =  q J 2 k2pk~l
k = l k= l

oo

A/2 =  q ' ^ [ ( k  — 1) +  1)2PA:-1
k= 1 
00

=  q — 1)2 +  2 (fc - 1 )  +1 jp*:—1
/c=l
00 00 00

=  “  y V i + 2 ~  ^p*-1 +
fc=l A.-1 Ar= 1

= >  A/2 =  q[A/2 T 2Mi + l]

=  q A/2 4  2qAI\ 4  <7
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But M\ =  21 p
2 a2

M2( l - q )  = 2 - + q
V

m 2
p2 p

Var(X) = M 2 -  { M i } 2

1 ' q 
P2 * P 
q(q + p)

— -0.  + 1 _  (1)2 
" P

P2
o_
p2

since q + p = 1
To obtain the pgf of X

Multiply (3.4b) by sk and sum the results over k

Thus

implying that

and

Hence

oo oo
$ > < *  =  (l ^ J Pk-\Sk 
k=l k=l

<==> G(s) -  po =  qsG(s) 

= >  (1 -qs)G(s)  =  P0 = p

p
1 -  f/S

G ( S )  =
<iG
ds

PQ
(1 - q s Y

G ' W - j j G ' W -
2p<?2

(1 - 7s )3

£(X ) =  G'(l) =  ^ 5

= <7 
P
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since l — q = p

Therefore

G "( 1) = 2pg2 
(1 -  q f
V
P2

Var(X) — G"(l) +G'(1) -  |G'(1)]2

= % + q- i q- rpr p p

_  0* , 9 
P2 P

=  </2 + qp 
p2

= ?(<7 + p)
P2

.
P2

T ype II: Let X be the to ta l number of trials required to achieve the first sue
Given

Pk =  q k~ lp  k =  1,2,... ; <7 = 1 — p

Pi = P
then

p*-i =  gfc-2p fc =  2,3, . . .

Therefore

-Eh- = q (3.5 a)
Pfc-i

pfc = e/Pfc-i k = 2 ,3 , . . .  (3.56)

Using Feller’s method
Multiply (3.5b) by k and sum the results over k

00 00

y :  /t-pt=<7 kph—i 
k=2 k=2
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but pi = p

oo
W\ -  pi] = q - 1) +  i]pit-i

k=2
oo oo

=  -  Opt-i + ^ P * - i )
k—2 k=2

Mi -  p\ =  qM\ + q

<=> Mi — p = <7A/1 + 7

==> Mi -  qMi = q + p

pMi = 1

since q +  p =  1 
Thus

E(X ) =  A/, =  -
P

Multiplying (3.5b) by fc2 and summing the results over k

oo oo

^ 2  k 2Pk = q ^ 2  fc2P* -1
k=2 k=2

oo

[M2 — pi] = q ^ 2 [ ^  ”  *) +  }̂2Pk- 1
k=2
00

= _  l ) 2 +  2(fc -  1) +  l]pfc—1
k—2
00 00 00

= 9 E ( fc“  l )2Pfc-i +  2 ^ ( f c -  l)p/t-i +  ^ p * - i ]
Ar=2 k=2 k=2

= >  [M2 — pi] = <7(^2 +  2Mi + 1] 

But pi =  p and M\ = ^

, ,  27
M 2 ~  P  — Q M 2 H-------■+• <7

P

= >  M2(l — <7) =  “ A 7 + P
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M2

But \ — q = p and q + p =  1
Therefore

Hence

2 q 1

P2 P

Var(X) = M2 -  {A/,}2

= |  + 1 - { 1 } 2V  P P
_

p2
To obtain the pgf of X

Multiply (3.5b) by and sum the results over k
oo oo

^ P k S k = q ^ 2 p k- i s k
k—2 k—2

But Pi = p and p0 =  0

Therefore 

implying that

G{s) - Pls - p o  = qs[G(s) -  po]

==► (1 -  qs)G{s) = P \ S  = ps 

ps
<?(«) =

G'is) =  "  =

1 — qs 

P +
jjqs

and
ds -  qs) (1 -  qs)2

r"(*\ -  ± r > ( -  2qp 4- 2])q2s
°  W "  dsG{ ) ~  ( \ ~ q s ) 2 (1-7-5)3

t f (1) =  TrJ ^  +  »
( 1 - 9 )  (1“ 9):

=  l + «  
P

p + q
V

1

P
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Thus

E(X) = <7(1) = -  
P

G"( 1 )=  , . 2gP. „ +  2p?2
(1 -  9)2 (1 -  9)3

= 29 V
P P2

Hence

Var(X) = G"( 1) + G'(l) -  [C'(l)j2 

=  H2 +  V  + I _ (i p
P  p r  P  P

2qp +2q2 + p -  \
p2

2r/(l — ^) -T 2<72 -h p — -h p)
p2

P2

3.2.5 Truncated G eom etric D istribution

Given
pk =  qk~mp k = m, m +  1, ra + 2, . . .  ; <7 =  1 — p

P m  = P

pk-l = g(fc_1)_mp £ = 771 + 1,171 +  2 ,...
then

Therefore

Pfc-i
=  Q (3.6 a)

pk = </pfc_i k = m + 1, ra + 2 ,... (3.66)

Using Feller’s method
Multiply (3.6b) by k and sum the results over k

00 00

kpic = q y"y kpk-1
k= m + 1 /c = m + l
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but pm =  p

[M, -  mpm] = q ^ [ ( *  -  1) + 
k=2
OO 00

= QiY,(k  -  l)p/c-l +  Pit-1 ] 
k=2 k=2

Mi -  mpTn =  qMx + q

<=> M\ -  mp  =  qM\ -f q 

=> M\ -  qM\ =  q + mp 

==> pM ] = q + mp

Thus
E(X) = Mi

q + mp q
-----------------  =  777 +  -

P V
Multiplying (3.6b) by k2 and summing the results over k

oo ooY k2pk =  (l Y k2pk~l
k=m+1 k=m+1

oo
[M2 -  m 2pm] = q Y  [ ( £ - ! )  +  l ] V i

fc = m + 1 
oo

=  q Y [(  ̂“ l)2 + 2(fc -  1) + l]pk-i
k —m + l

oo oo oo

= q[ Y (k -  l)2Pfc-i +2^(A ; -  l)pfc-i + Y Pk-
k —m + l k=2 k=2

= »  [M2 -  ra2pm] =  <?[A/2 + 2Mi + 1]

But pm = p and Mi = m  + J

M2 -  m 2p = qM2 +  2q(m + - )  + q
P

2 q2 2
= >  A/2(l — q) = 2qm +  —  + 7 + m P

P
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But 1 — q =  p
Therefore

Hence

2qm 2q2 q 2
m 2 = ------- h —7T H----Ym

P P  P

Var(X) = M2 -  {Mx}‘ 
2 qm 2 q2

=  +  -  + m2 -  {m +  - } 2
p jr  p p

2qm, 2q2 q 2 2 0 Q
= ---------1— -  H-------- f - r a - r a -  2m---------- -

p jr  p P P
= <?_ £

P2 P
= </2 +  <ip

p2

= <7(<? +  p )

p2
. ±  

p2

To obtain the pgf of X
Multiply (3.6b) by s* and sum the results over k

oo oo

^  = q
fc=m+l fc=m+l

<=> G(s) -  PmS7'1 =  qsG(s)

But Pm = p 

Therefore

implying that

(1 -  qs)G{s) = pmsm = psr

G(s) =  ^ <is

dG mpsm—1 pqs
^  ^  ds (1 -  qs) + (1 -  qs)2
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and

Hence

Thus

Hence

n»t \ _  d n'(  -  m <m ~ 2 . 1 2pq2sm
S ds S ( l - t f s )  (1 — gs)2 ( l -<ys )3

m  = - ! 2 -  + - 5 -

mp qp
P P2

, <7 = m  H—
P

E(X) = G '(l) =  m +
P

^ „ , , N m ( m - l ) p  , 2pqm i 2pq2 
G ( 1 , _  ( 1 - 9 )  ( 1 - 9 ) 2 ( 1 - 9 ) 3

m(m -  \)p ( 2pqm. ( 2pr/2
P3P P2

/ , 2?m , W= m im  — 1) H--------- 1---- «-
v p p2

V a r ( X ) = G " ( l )  + G '( l ) -{G '( l )}2
, x 2 am 2pq2 , <7l2

= m(m — 1) H— —— h — -̂---[m “1
P

2 qrn 2 ql
P

Q= m 2 — m  + — + —rr + m + -  — m2 — 2m^ -  ^
p jr p P

= £ 
p2 p

= </2 + QP
p2

q{q + p)
f

Q_
p2
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3 .2 .6  N eg a tiv e  Binomial D istribution

Type I: Let X be the number of failures before the
Given

Pk = C?:7')gV k = 0 , 1 ,2 , . . .  ;<j = 1 -

Po =  pr

then
Pk-i =   ̂=  1,2,3, . . .

Pk
=

k + r — 1
Pfc-i fc

kpk = <?(A: + r -  l)pt_i A: =1,2,3,

Using Feller’s method 
To obtaim Mi sum (3.7b) over k i.e.;

kpk = q ^ ( f c  + r -
fc=i fc=i

oo

m , = 9 ^ [ ( fe-  i) +  rW -i
Jk=l

oo oo
= Q^2(k -  !)Pfc-i

fc= l

Mi = qM\ -I- qr

A/1 (1 -  </) =  <7r

Thus ar
E(X)  =  Mi =  — 

P
Multiply (3.7b) by k sum the results over k

^ 2  = q ^ 2 k (k + r -
fc = l k = \

rth success 

P

(3-7 a) 

(3-7 6)
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oo

m2 = q5̂[(fc -  !) + i][(fc -1 )  + Avk-\
k=  1 oo oo00 30 _ —*

=  &  -  1 )V -1  + (r +  1) $ J (*  -  l)Pfc-i + r Z^P‘- ' !
jt=i *-• 1=1

=  <jM2 +  g(r + l)M i + qr

But Mi =  E

= t  M2(l -  <?) = (<pf + <?V + ?r 
(qr)2 + q2r + qr

V

Var(X)  =  Mi -  {A /,}2
_ (qr)2 +  q2r + qr _  ^ j 2

gr
p2

To obtain the pgf
Multiplying (3.7b) by sfc and sum the results over k

00 —
y > Pfcs‘ = 9 D ’- + ( f c - i ) ] p* - i s
fc=i fc=1

00 ,
= qr^^P k- \S k +  — ^)Pk~is

k= 1

X >  “  1)p‘- lS‘’ 2
fc=l fc=l

dG AG
q s — = qrsG{s) + qs dg

i.e.

(1 _  qs)i J  = qrG{s)
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Thus

/ § - /
qds

Therefore 

Put s = 1

since G(l) =  1 Thus

implying that

and

Thus

Therefore

(1 -
InG(s) = - r ln ( \  -  qs) + Ink 

G(s) =  fc(l - q s ) ' r 

G{l) = fc(i -  q)~T = fcP 'r
= > k  = pr

G(s) = Pr(i -  qSr  = i ^ r

qvpr
G'W =

<?Mr + !)Pr 
°  (4,)~  (1 -

q2r V  + <72?‘Pr 
— ( 1 - q s ) ’"1’2

B(X) = (7(1) = 7

G"(l) =  q2r(r +  l)pr(l -  <z)
—r—2

r/V2 +  r/2r
p2

Var(X) = G"( 1) + <7(1) -  [<7(1)]'
q2r2 + </2r AT _ <?V

p2 + P P2 
qr

~~ P2
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successT y p e  II: L e t X  b e  th e  num ber o f tria ls  requ ired  to  achieve th e  ;
Given

P k=  C_[)9* V  fc = r,r +  l ,r  + 2, . . .  \ q - l - p  

Pr ~  PV

then
Vk_j =  ({k' l_\ '1)q{k' l)~rpr fc = r  +  l ,r  + 2,

Vk k — l
—  =  Q -

(3.8a)
Pk—l ^  ^

(k — r)pk =  (/(A: — l)pit-i fc =  r + l ,r  +  2, . . .

Using Feller’s method
Multiply (3.8b) by k and sum the results over k

oo OO ~

Y  kPk = q Y ^ k ~ +r Y pk
k=r+ 1 fc = r+ l fc = r - f l

Mi — rpr =  qM  i +  r(l — pr)

Mi(l-<?) =  r

But 1 — q =  P 
Therefore

£(X ) =  =  ^

Multiplying (3.8b) by k2 and sum the results over k

y  k2Pk= ,  yp - 1) +  i p  -  + r  Z  fcPk
L.—> ^—*  f c = r + l

fc= r+ l fc = r+ l

M 2 -  r 2pr = q { T  (k -  l ) V i  + £  -  1)Pk- [1 +  r(Ml
f c = r + l  fc= r+ 1

=  (7M2 + <?A/i + r^ i  _  r2Pr

- r p r)
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But

Thus

since 1 — q = p

M2(l -  q) =
qr +  r2 

P

M2 =
qr' + r2 

P2

Var(X) = M2 -  [A/i]2

<P' + 7’2 _ r̂ i2
p2 1PJ

= <r
p2

To obtain the pgf
Multiply(3.8b) by and sum the results over k

OO OO 00

y :  kpksk -  r ^ 2  Pksk = Y  (k ~  1)^fc- l6'A
k= r+ l k=r+ 1 k=r+l

OO OO OO

S Y 2  ^Pfc^"1 -  r ^  =  9s2 Y ( k ~  \ ) p k - l S k 2 
k= r+ 1 fc=r+l A;=r+1

=*> S[ ^  -  rp V 1] -  r[G(«) -  p V =

l e ' , *d nts (l -  «s)—  = rG(s)

fdG_ f  ds J ds ~ 1 J  s ( l -qa)
Applying the partial fractions technique,

f d G  , f d s  f  qds
J Ts=r[j  T  + J{

=> lnG{s) = r[lns -  ln( 1 -  gs)] + Ink
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Thus

InG(s) =  rln [-— —) + Ink

G(s) =  k \ - ^ — Y 1 -  qs
Put s = 1

g (d = M y ^ r
=> k =  (1 -  = Pr

since G(l) =  1 and p =  1 — q 
Therefore

G(s) - P r[ i _ g/
r PS i r
1 -  qs

implying that
dG rpr sr ~r—1 qrpr sr

G'( s ) _  ds ~ (1 -  qsY + (1 -  <7*)r+1

and

Put s =  1

r f r - l W 2 2 ,
G"(s) =  \ 4 ^ + ( ^ r T +  (1 -  Qs)r+2

G'( 1) =  - TP — + VP(1 -  <?)r (1 -  <?)r+1

Therefore

rpT qrf_
p r +  p r+ 1

r
V

E{X)  =  G'(l) = -

r(r — l)pr <?r{r + l)pr
G"( 1 ) _  (l — qY + ( l - « ) r+1 ( l - 9 ) r+2

r(r -  l)pr 2qq2r(r + l)pr 
pr pr+l P

clar2 a2r(r + 1)



Var{X) = G"{l) + G '{ l ) - [G '( l ) ]2
/ 2 qr2 q2r ( r + 1) r rr l2

= r(r -  1) + +  — 3 ------ + -  -  -  2
P V  P P

r2p2 — rp2 + 2qr2p -f q2r2 + q2r + rp — r2
f

qr
P2

3 .2 .7  T runcated N egative Binom ial D istribution

Given

then

P k = j ^ - { kZ 7‘)« V  k -  1 ,2 ,3 ,...; ? = 1

P\ =
qrp 

1 -  pr

Pk - i  =  r i ^ ( (*‘ ‘> r 1)9‘",pr f c = i -2'3 .---

-2*_ = qk t l — 1 (3.9a)
P*-i k

kpk =  <7(A: +  r -  l)p*-i A: =  2,3,4, — (3.96)

Using Feller’s method 
Summing (3.9b) over k results to

^ 2  kpk = « y >  +  r “  l)PAr-i
k=2 k=2

oo

M , - p 1 =  9 ^ ( ( f c - l ) + ' - ] p / t - i
k=2

oo OO

=  qrr ^  Pfc-1 + g 5I(fc -  l)Pfc-l
fc=2  fc=2

Mi -  pi =  qr + tfMi
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==► (1 -  q) A/i =  qr + Pi

But Pl =  fl^r
Therefore

r/7-

P(1 - r )
Multiply (3.9b) by k and sum the results over k

k2pk = q ^ k ( k  + r -  l)pk-i
k=2

M2 -  Pi =  q ^ [ ( f e  -  1) +  1 \[(k -  1) +  r]pk-1
fc=2
oo OO ~

=  g [ ^ ( fc -  !)2P*-' + (r + !) -  ^P*-1 +  r X . Pfc- ‘l
k = 2 fc=2 A;-2

=  qM2 +  (gr +  g)Mi +  qr

= >  m 2(i -  g) =  (gr)2 +  ?2r + 9r  +  pi
o qrr/

=  (g r )2 +  g2r +

since pi =  and p = 1 — g

(qr)2 +  g 2r +  gr , qrf
<* Mr>    ' ' / -I \

p p ( l - p r)

Var(X) = M2 - { M i } 2

(qr)2 T q2r + qr
p ( l - p r) P ( l~ P r)

qrpr f qr
1 _r  \  * /*-»! 1 _

p(1 
q2r2pr
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To obtain the pgf,
Multiply (3 .9b) by sk and sum the results over k

oo oo
y  kpkSk =  q ^ ( / c  +  r — l)pk-iSk
k=2 fc=2

oo
= 9 ^ l ( fc~  !) +  r]Pt-is‘'

k=2
OO OO

=  q ^ { k  -  l ) p k - i s k +  q r ^ 2 p k - \ S k

fc=2 fc=2

00 00 .
s ^ ^ k p k S k~l = qs2 ^2 {k — l)pk-isk~2 + q r s )  pk-is

k=2 k=2 * = 2

=*■ -  p,l =  9S2^  +  «w[G(«) -  ft]
ds as

But p0 =  0 and p\ =
Therefore

i.e.;

^ _ _ ^ s = gs2^ + 7rsG(S)
ds 1 -  pr

dG

ds

,.w  , v qrp

5(1 _  ,s )  T$ = qrsG[s) +

which cannot be solved explicitly.

3 .2 .8  Logarithm ic D istribution

Given

Pk =
P

-klogq
k = 1, 2, . . . ;  r/ =  l - p

Pi =
-P

logq

then

P fc-i =
P, fc-i

- { k  -  1 )logq
k = 2 ,3 ,. . .
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Pk (3.10a) 

(3.106)

k - \
—  =  p(—r ~ )Pk- 1 K

> hpk =  p{k -  \)pk-i k =  2,3 , . . .

Using Feller's method 
Summing (3.10b) over k results to

o° oo
^  fcp*= p -  !)pfc-i
fc=2 fc=2

<=> Mi -  pi = pMi

But

Therefore

-P
Pl logq

M i( l - p )  = ~P
logq

E ( X )  =  Mi ~P
qlogq

since 1 — p =  q
Multiply (3.10b) by k and sum the results over k

oo oo
^ k2pk = P ^ 2 k { k -  l )Pk- 1
Jk=2 fc=2

M2 -  pi = P^Zlfk ~ 1) + _
k=2
oo °°̂

= p [ T ( fc -  i ) 2p*-i + _
kS ‘=2

= p[M2 + Mi]

=> M2 -  Pi = pM2 + pMi

But M, =  ^  and Pi = ^
Therefore _^2
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But 1 — p =  q

Mo - p  + -p 2 
qlogq qHogq

Var(X)  [Mi]2

=  -Z£_ + _ = £ _  _  (- ^ - V  
qlogq q2logq qlogq
-plogg ~  p2

q2(logq)2

To obtain the pgf
Multiply (3.10b) by and sum the results over k

oo oo
^2 kpksk = p ^ ( k  -  l)pk-isk 
k=2 fc=2

o o  OO

s ^ 2 kpksk~l =  ps2 -  \)pk- i s k~2
k=2 k=2

J G  , 2dG ^ s[_ _ p i] =  p s _

i.e.
.d C  _  - p

rfs logq
since ~P

Vx logq
Therefore

[ dG = TL f - ^
J logq J  1 - p s

Thus
r i s )  (oj7(1_ps) 

logq

implying that

G ^  ~  (1 — ps)logq

and

G ( s ) _ S G ( s ) _  (1 -p s f lo g q
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£(X ) = £ '( ! )  = -P
(1 -p)logq

~P
qlogq

G',(1) (1
- P 2

q2logq

Therefore

Var(X) = G"(l) + C '(l) -  [G;( l )]2

_  ~P2 ~P________ ~P2
~ q2logq (1 -  p)logq q2{logq)2

_ -plofM ~  P2 
q2{logq)2

3.2 .9  H ypergeom etric D istribution

Given

then

pk =  Prob(X = k )=  k = 0 ,1 ,2 , . . . ,
\  n )

( V )

( d )( N~d )•. \ k —1' Vn—(k— 1)/ i   -I r\
pk-1 =  Prob(X = k -  1) = ------- k -  b  2,.

p  ̂ (<f — k \){n — /c + 1)
pk_ x ~ k(N - d - n  + k)

k (N  -  d -  n +  k)pk =  (d -  h + l)(n -  k + \)pk- i  k = 1, 2,.

,d

(3.11a) 

. . , d  (3.116)

96



Using Feller’s method,
Summing (3.11b) over k results to

d d

^  k{N — d — n + k)pk = — k + l)(n  — k 4* l)p/r-i
it=i fc=i

d d d

( N - d - n ^ k p t  + Y , k2Pi< =  -  (* -  1)11" -  (* -  !)]P‘-i
fc = l fc = l k =  1

d d <1

* = > ( N - d -  n)M\  +  M2 =  d n ^ P k - i -  (d + *0 ~  1^ " 1 + " 1)2pfc-1
*=i fc=i *=i

=  dn[l — pd] — (d + n)[M\ — dpd] +  [A/2 — d Pd]

=> N  Mi =  dn

Therefore ,dn
E(X) = M, = -

Multiply (3.11b) by k and sum the results over k

d d
y y  k2(N -  d -  n + k)pk = ^  k(d — k +  l)(n  -  k +  l)Pfc- i

k= 1 fc=1

(AT -  d -  n) y y  k2pk +  fc'Vfe = y~^[(fe— 1) + l))ln _  1
fc=l fc=l k=l

This is equivalent to
d d

(N  — d — 7?) A/2 A/3 = {dn ~ d ti) B *  -  l)pfc—1 -  (d + n -  1) y^(fc 1) Pfc-i
fc=i fc=1

d (l

+  — 1 )3PAr—1 + dn T  Pk-l

i.e.

{N — d — n)A/ 2 T A/3 dn[Mi -  dpd] -  (d + n)[M2 -  d2Pd] +  [A/3 -  d3pd] + d»[l -  Pd] 
— [d + n)[A/i — dpd] + [A/2 — d pd]
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M2(N — 1) = dn + (dn -  d — n)M\

But Mi = f  
Hence

Therefore

M2 =
Nrfn + dn(dn — d — n)

yV (N - 1)~

Var(X) = M2 -  [A/i]2
Ndn + dn(dn — d - n )  (tin |2

= N ( N  1) IV
(Pn +  -  d2nN -  dn2N  

N 2{N -  1) 
dn(N — n)(N — d)

Af2(Ar -  1)

To obtain the pgf
Multiply (3.11b) by sh and sum the results over k

^  k(N — d -  n + k)picSk = ]T (d  -  l)(n  -  +  l)Pfc-i«*
fc=l fc=1

(Ar - d - n ) ^ 2  kpksk + £  f c W  =  -  ( k -  l))[n -  (k -  l)]pk- i s k
k= 1

d d
=  n d ^ ^ p k - is k ~  (n +  d) — l)p*:-i s

fc=l k= 1

fc=l fc=l

fc=l

which is equivalent to
j  d d

{ N - d - n ) s Y ^ k p ksk- '  + j r k 2Vksk =  n d s J ^ p . - i s ^ - i n  + ^ ^ k - D p . - i d
k=1 A-=l fc=l

+ ^ ( f c -  i)2Pk-i«*'
fc=l
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i.e

==> [{N — d -  n)s +  (n + d -  1 )*2] —— h s2(l -  s)— r  = ndsG(s) + (PpdS*1' 1
as as1

which cannot be solved explicitly.

3.3 Recursions and m om ents for Compound  
Distributions

3.3.1 B eta  - G eom etric D istribution
T yp e I: W hen X is the number o f  failures before the first success

Given

r (a  + i)r (a  + /?)ro3 + fc) 
r /? r(o  +  /? +  A,- + 1)

r ( a  + 1 )
,JD (a + 0 )

then
+ l)r (a  + P)^{P + {k -  1)) 

rp r {a  + p + { k -  1) +  1)

Pk (P + k — l) (3.12a)

k  =  1 ,2 ,...  (3.126)
Pk- i {a + p + k)

= > ( a  + P + k)pk = (P 4- k -  \)pk-i k

Using Feller’s method
Multiplying (3.12b) by k and sum the results over k

^ k ( a  + P + k)pk = ^ 2 k{P + k -  l)pk-i
k=i k= 1

oo oo

(a + 0) J 2 kpk + Y ,  k2Pk = “ 0 + ! P  + (* l)K -i
k=l
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00

k=\
(a+(3)M,+M2 =  /J ^ ( A - l ) p t - , + £ ( A - - l ) V i + ^  w t - i + 5 j * - l ) w - i

k=1 k=l k=\

=*•(<* + 0)Mi + M? =  0M\ + M2 +  0 +  Ml
0E(X) = =

a  — 1
Multiplying (3.12b) by A2 and sum the results over k

OO OOY  A:2(a + /? + k)pk -  Y  k2(P + k “ 1 )Pfc— 1
k=l k=l

OO OO oo
(a +  /?) Y ,  k2Pk + Y  k 'Pk = ”  1) +

fc=l A:=l fc=l
OO OO OO »

(a+/?)M2+M 3 =  (0+2)
■ ■ /t=iit=i fc=i fc=i

(a +  0)M 2 + A/3 = (0 + 2)M2 + (20 +  l)Mi +  0 + A/3

But A/i =  A t1 a —1
Thus

M2 =
202 + a/3

(a -  l)(a -2 )

Var(X) = A/2 — [A/i]2
2/?2 + a/? 0

(a -  l)(a  -  2) a  -  1
q0 (q +  0  — 1)
(a — l ) 2(a — 2)

To obtain the pgf
Multiply (3.12b) by sk and sum the results over k

y ^ (q  + 0 +  k)pkSk = Y P  + k -  \)pk-isk
k=i k=l

OO OO 00 ̂ -X  .
(OL+0 ) Y  kPkS>C =  ^ H  Pfc"15  ̂+  “  1 )P,C_1 *

fc=l fc=l fc=l fc=l
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i.e.

(a + 0) ^ P k S k 4  s ^ k p ksk l = P s ^ 2 p k-iSk 1 4- s2^ ( k  -  \)pk-is k-2

k=\ k=\ k= 1 fc=l

(a 4  P)\G{s) -  Po] 4  = 0sG{s) 4  s2 ds

But. po =
Therefore

( a + 0 )

dGs (l -  5)—  = (0s — a  — (3)G{s) 4  T(a 4- 1) 
as

which cannot be solved explicitly.
T ype II:W hen X is the total number of trials required to achieve the first_su
Given

r (a  + i)r (a  + < ? )r (/? + fc -i)
Pk rp r ( a  + 0 + k)

P i =
r ( a +  1)
( a + 0 )

Then

P k
r (o  +  i)r (o  + 0)T(0 +  (fc- 1) -  1) ,

C_1 Y0T{a + 0 + ( k -  1))

P* =  ^ +  fc~ 2 (3.13a)
pk- 1 a 4  (3 4  k — 1

=$> (a + (3 4  k — l)pk =  {(3 4  k — 2)pk-\ k = 2 ,3 , . . .  (3.136)

Using Feller’s method
Multiply (3.13b) by k and sum the results over k

00 °°̂
^  k(a + 0 - 1  + k)pk =  ^  k{0 4  k -  l)pk-\
fc=2 k=2

OO ^

(Q + 0 - i ) Y , k p k + Y .  =  D < fc - ^ - ' ) + (fc -
fe=2  fc=2 k=2
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{a + P — l)[Mi — pi ] + [A/2 — Pi ] [(/? - i ) p k - i+ y >  ~  )̂2p*-i
fc=2 *=2

00 00

+(/?- l j^ p it - i  + 5 j fe~ l)pt-i
Ar=2 fc=l

= >  (a +  /? — 1)[A/ 1 -  pi] +  [A/2 -  Pi] = (P ~ l)A/i + A/2 + (/? -  1) + A/i

But p, =  ^
T h ere fo re  th is s im p lifies to

A/1 (or — 1) = (a + P)pi T {P — 1)
_ r ( a + ! )  + ( / ? - ! )

( a  -  1)

T h ere fo re

E(X)  =  Mi =
r(a  + !) + (/? — !)

(a  -  1)

M u ltip ly  (3 .13b) b y k 2 and sum  the results over k

00 ^
y  k:2(a +  p -  1 +  k)pk =  ~  1) +  1]2K^ ~ 1) +  (*: “  1 )lPfc-i
k=2 k=2

00 00 00

{ a +  1 3 - 1) 5 3  k2pk +  53  fc3Pfc =  5 3 ( fc _ ]) + -  !) + (fc "  1 )!£*-■
k=2 k=2 k=2

(a + P — 1)[M 2 — p i] +  [A/3 — P i ]  — [ ( / ? - ! ) +  2] £ ( * - l ) V - i
k—2

00 %

+[2(/? -  1) +  1] _
fc=2 *=2

+ ( /3 -  1 ) 5 3 ^ - '
k—2

=> (a + /?— 1)[M2 — Pi] + [M3 —Pi] = { P  +1)A/ 2 + (2// -  1) M i  + M 3 + {P 1) 
<=> M2{q -  2) =  (a +  /?)Pi +  (2/? ~  l ) ^ i  +  (/? “  ! )
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Substituting p, =  and M, =

A/2( a -  2) = (a  +  0 ) ^  T!* + (2>9 -  l ) r(a +T  U
(a + /?)

=  T(a + 1) + (20 — 1)

(a -  1)
r ( a  +  l )  +  ( 0 -  1)

( a - 1 ) + ( 0 - D

M2
r (a  + 1) + (20 -  l ) r<°+(b_H^li + -  1)

( a - 2 )
r ( a  +  l)  +  ( / ? - 1) +  !) +  /?— !)

( a - 1 )  + (a -  l ) ( a  -  2)

Therefore

Var(X)  =  M2 -  [M,]2
r ( a  +  l) +  ( / ? - l )  2 /?(r (a +  ! ) +  / ? - ! )  T ( a +  1) + Q3 -  1)

( a - 1 )  + (a  — l)(u — 2) ( a - 1 )

To obtain the pgf
Multiply (3.13b) by sk and sum the results over k

oo 00

^ ( a  + 0 - 1  + k)pkSk =  + k ~ !)Pk-is‘
k=2 k=2
oo oo 50 °° ̂

(a + /? -  l ) ^ T p ksk + ^  /cpfcS* =  (P -  !) ^ P k - l S k + “  1 )PA:- 1
fc=2 fc=2 fc=2 fc=2

oo OO 00 , *
=  ( /? - l ) 6 ^ p f c _ i /T s 2 2^(A’- l ) p fc- is  

fc=2 *=2 fc=2
dG 2 dG

=t* (a  + ^  -  l)[G(s) -  po -  Pis] +  -Pi\  = (0~  + s —

But pn = 0 and pi =  therefore this simplifies to

S(1 _  =  H a  + 1) +  \(0 -  1 ) s - ( a  + 0 -  l)]G(s)
ds

which cannot be solved explicitly.
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3 .3 .2  B eta  - Binom ial D istribution

Given

r { a + m » + m 0 + n - k ) ........n
/ <■ \k) r /? ra r(o  + 0  + n)

then 

P k - i  =
r (g  +  m a  +  (k- l»rQ ? + n- (k -  1)) f c = 1 2  „

1 T0TaV(a + 0  + n)

Vk 

Pk-1
k ( n  -  k  +  0 ) f k

(n -  fc + l)(a  +  fc — 1) (3.14a)
Ar(77. — k 4~ /?)

(n — A: +  l)(a  +  A; — l)p*r-i A: =  1 ,2 ,3 ,... ,n  (3.14/;)

Using Feller’s method 
Summing (3.14b) over k results to

n n

y ;  A:(n — k + P)pk = ^ l n ~ ~  l)Ha  + (A: -  l)]]Pfc-i
k = l  k = 1

n n n

(n 4- (3) V ' k p k  = naVpit-i + (n — a) ~ 1)(Pfc—i _ ^ Pfe_1
fc=i *=1 fc=1

(n 4- /?)Mi = na 4- (n -  a)[Mi -  npn\ -  [M2 -  n2p„] 

which simplifies to
(a 4  P)M\ =  not 

Therefore nQ
E W  =  M > =  ( ^ j

Multiply (3.14b) by k and sum the results over k

jrk2(n -  k + 0 )pk = -  0  + ill" -  (fc _  M ® + (~k ~  1^ pk- 1
k = 1 k = l
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n n

k=  1 k = 1

(n 4  /?) ^  A'2pjt 4- k'pk = na[^2{k -  l)p/t-i + ^ P fc - i]
fc=i *=i

n n
+(n — a ) [ ^  A; — l ) 2Pfc-i +  _ 1 )pfc—l ]

fc=i *=i

-  ] P ( A ;  -  l ) 3P fc-i -  ^ ( A :  -  l ) 2P k - i

it=i *=i

(n+/?)M2+M3 = na[M i-npn]+(n-a)[M 2-n2p„]-[A/3-n3pn]+riQ+(n-a)[A/i-np„]-[A/2

which simplifies to
an(an  4  n) 4  afin

(a + ? + \)M2 =

an(an  4  n) 4  otpn 
(a 4  /3)(a 4  /? 4  1)

Therefore

Mo =

Var(X)  = Â 2 — [Mi]2
an(an 4 n) 4 a/?n _  , p

= (a 4/?)(<* 4/? 4 1) (a + PY 
a(3n(a 4/3 4  u)

(a 4  /3)2(<* 4  /? 4  1)

To obtain the pgf
Multiply (3.14b) by sk and sum the results over k

V  k(n -  k + 0 )PkSk = £ >  -  (* -  1)H« +  (* “
k=1 fc=1

(n + ^ )^ fcp * s 'e- ^ f c W = " “ E P ‘- ‘sk+(n - Q) £ (fc_1)P*-lSt" | t (fc" 1)2pk' i S
rr^ fc=i fc=i fc_1

<=>
n n

(n + 0 )s Y  kP ^ '  ~  H  * V
k= l *=1

n a s Y p k - ^  + i n - ^ Y ^ - 1^ - ' 9" '
k fc=1

-  ^ ( k  -  l )2Pfc-i«^
k=i
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= >  ( n + 0 ) s ^ - s 2^ — s ^  =  n Q s [ G ( s ) - p „ s n } + ( n - a ) s ' 2 \ —  »/v>" '] *3 »J ^

which simplifies to

[(n + 0  -  1) + ( a  -  n  + l)s ]^  - s ( \ - s ) - ^  =  n a G ( s )  -  n 2p „ s "

which cannot be solved explicitly.

3.3 .3  B eta  - N egative B inom ial D istribution
T yp e I; W hen X  is the number o f failures before th e r f/,_success C >iven

r (k + r)T(a 4- 0 )r(a + r)T(0 + k)
Pk =  r (k 4- l)rrraI7?r(a + 0  4- k + r)

then r((fc -  1) 4- r)r(a 4- 0)T(« +  r)T(0 4- {k -  1)) 
Pk~l =  r((ife - 1) +  i)rvrar/?r(a  + 0 +  (fc - 1) +  D

Pk 

P k - 1

/c(a: 4* /? + 4- v — \)pk

(k + r — l ){0  + k — 1)
A;(a +  /? 4- A: 4- r  — 1)

(fc +  r - ! ) ( /?  + fc -  l)Pfc-i

(3.15a)

(3.155)

for /c =  1 ,2 ,3 ,. . .
Using Feller’s method 

Summing (3.15b) over k results to

S '  k{a + 0  + h + r -  l)p* =  ' f ^ ( k + r ~  1K'J + k ~
fc=1k=1

(a + /? + r -  1) £  t o  + £  + rll/? + (fc “ 1)!P‘-'
s i  fc-1 *=1

oo 00 ^
=  0? +  r) -  l)Pfc-i + D fe ■- 1} ^  +  ^  ^

k —l k—\

= >(a + 0  + r - l ) M i + M 2 = (0 + r )Ml + M2 + Jr
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which simplifies to

Mi =
0 r

a  — 1
Therefore -dr

E(X)  = Mi =  ----- rQ -  1
Multiply (3.15b) by k and sum the results over k

oo 00
Y  k2{a + 0  + k  +  r -  l)pt =  Y  + r “  X) ^  + k -

fc=l

OO 00
(Ck +  /? +  r — 1) ^  ̂ Pk T ^  ̂  ̂ Pk ~  

k =  1 fc=l

^ [ ( j f c - l )  +  l][(A :-l)+r][^ +  (A:-l)bib-i
Jk=l

i-e.;
o o  OO

(a + 0  + r -  1) Y k2P k + Y k3pk 
k = i  fc= i

(/? +  r) ~  l )2Pfc-i +  ^ 3Pfc_1
k=1 *=l

oo 00
-f (fir +  /? +  r) ~  l)Pfc-i +  ”  1)2Pfc

/t=i *=i
oo

+ P r ^ p k-i
fc=i

=> ( a  + (3 + r -  l ) M 2 + M3 = (P + r -  l)Mi + M3 + (/3r + 0  + r)Mt + ;ir

which simplifies to

Qrjfir +  /? + r + (a -  1))

Therefore

Var(X)  = M2 — [Mi]2
0r(pr + 0  +  r +  (a -  1)) _  

= a (a -  1) 1
/?2r + r20  r/7 t? r 2

= o ( a - l )  +  o  a ( a - l ) 2

107



To obtain the pgf
Multiply (3.15b) by sk and sum the results over k

oo oo
^  ' k(ot +  p  -|- k 4* r — l)pksk =  ^  ^(k r  — \)(P +  k — \)pk-isk
k= l k = 1

fc = l fc= 1
(q 4- p  -I- r -  1) ^  kpksk 4- ^  k2PkSk =  ^T[ {k -  1) + r][/? 4- (A: -  1)]pa.- isa

Ac=l
oo oc

=  (P 4- r) ^(A : -  l)p*_is* 4- P r ^ 2 p k- i s k
k= 1

00
+  £ ( f c - l ) V i s *

*r=l

*=1

,/k-2

fc = l fc = l

(a +  /? + r -  l ) s ^ A :p fcsfc 1 + ^ A : 2pfcŝ  =  (/? 4- r)s2 ^ (A : -  l)p/t-is*
*=i

oo oo

+ /? r s ^  p*:_isA_1 4- y^(A: -  1)2Pa:-i«A
fc=i fc=i

, „ x dG 2cPG dG , 0 , 2dG t a n (  . 3(PG 2dG
(a + /? + r - l  )s— +s l j + STs =  {0+r)S teT+s rfj

= *  [(a +  0  +  r) -  (0 +  r  -  1 ) s } ^  + s(l  -  s ) ^  = /3rG(s)

which cannot be solved explicitly.
T ype II: W hen X is the number of trials required to achieve the r"' success
Given

then

r(A:)r(a + P)T{q + r)F(p + k — r)
Pk ~ T(A- + r 4- l)IY rar/?r(a + (3 4- A:)

T(A: -  l ) r ( a  4- p)r{a  4- r)V(p + (k -  l )  -  r) 
Pk~l ~  F((k -  1) 4  r  +  l)T r ra r /? r (a  + p  + (k -  if)

Pk

P k - i

(k -  r)(a +  p +  k -  l)pk

(k — l)(k +  p  — r  — 1)
(A; -  r)(a 4- p  4- A; -  1)
{k -  \)(k + p - r  -  l)pk-i

(3.16a)

(3.166)
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for k =  r 4- 1, r +  2,r +  3,...
Using Feller’s method

Multiply (3.16b) by k and sum the results over k

00

5 3  — r)(a + / ? + ^ —i )pk = 5 3  -  i ) ( £ + @—r -  i)p*~t
* = r + l  Jk=r+1

(a +  (3 -  r -  1)[ 5 3  k2pk ~  r 5 3  ^*1 + 5 3  ^ Pk =  (/? “  r + 1) 5 3  ~  ^Pfc-i
fc=r+l

00 oo

+  5 3  ~  + 5 3

f c = r + l f c = r + l * = r + l

i t = r + l fc=r+1

~ ( P ~ r )  Y i  ( * “  !)P*-i
f c = r + l

=>• (a + /? —r — l)Afi +  M3 —r(a + /? — l)Mi —rM2 = (/3 — r)M\ —rM2 + M$ 

which simplifies to

Mi =
r(a + / ? - ! )

Therefore
E(X)  = Ah =

( * - l )

r(a +  / ? - ! )
(a -  1)

Multiply (3.16b) by k2 and sum the results over k

OO 00
5 3  -  r)(a + (3 + h -  1 )pk =  ^3 ^2{k -  1)(A: + P -  r -  \)pk-\

fc=r+l k—r+\

00 00 00 00
(a + p - r - 1)[ 53 ^2pk ~ r 53 *p*i + 53 *3p* = (/?-r+i) 53 ( _̂ i)2p̂ -i

fc=r+l fc=r+l fc=r+l fc=r+l
00 00

+  5 3  _ ! ) Vfc-i + (0 - r ) 5 3  ~ 1^ - 1
fc=r+l A:=r-H

= »  (a+(3—r — l)M 2 +M 3 + ( ra+rP—r) =  (p —r)M2 +  M3 +  (/?-r)M i +  M2
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which simplifies to

m 2 =  !:(r;j + ' «  + 3 ) ( o + . j - n
(a -  l)(o -  2)

Therefore

Var(X) = M2 ~ [M\]2

r jj j j  + ra + /?)(a + /? -  1)
(a - l ) ( o  -  2) I (o — 1) I

r a p  2 r2 + rp2
= (̂ 1)2 +  1)(Q _ 2) + r«" »  + r ,H r  + !)(„ Irio  J

To obtain the pgf
Multiply (3.16b) by sfc and sum the results over k

oc 00

(k -  r)(a + p + k -  l)pksk = ^ { k -  \)(k + .? - r 1)//, V
A— r+ 1  fc = r+ l

(a + p - r  — 1) ^  /cpfcSA + ^ 2  k2PkSk -  r(a i  3 - 1) ^  ]n P
k —r+ l k=r+ 1 A r I

oo oo
(P~ r) ^ 2  ( k -  l)Pk-isk + ^ 2  (k -  \ )V  i s*

fc = r+ l A=r + 1

which is equivalent to
oo OO

(a + P — r — l ) s  ^ 2  kpk$k l + ^ 2  ~~ r(a * ^ ^  lu "
fc = r + 1 /c = r+ l

oo
( /? - r ) S2 £ ( f c - l ) p ,  £

This implies that

ds

k=r+\ k=r+1

, 2dC. i<PG ,'IG 
^ " r)s d7 ,  rf?

, 2,dC , ,2 (1 - ,)—  (Q+/J 1
- r ) s - ( i ? - r + l ) s t + , l ‘ S ; </s2 V

d

[(o -f/? -/ — VM —' ' */*' j rfg

which cannot be solved explicitly.
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C hapter 4

PATTERNS OF RECURSIVE 
RELATIONS AND THEIR 
CHARACTERIZATIONS

4.1 Introduction
Our interest in this chapter is to identify patterns of recursive relations that 
were derived in chapter 3.

For each pattern,examples of probability distributions satisfying it are 
given.

An attempt has also been made to study some properties of particular 
patterns.

Research questions to be addressed are:

1) Given a recursive pattern,can one identify probability distributions sat 
isfying it?

2) Can we find the pgf,mean and variance of the recursive relation with 
that particular pattern?

3) What are the estimators of the parameters of the recurrence equation 
with that particular pattern?
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4.2 Patterns of Recursive Relations

4.2.1 P an jer’s Pattern (1981)

Pn =  (a + - ) P n-\ n = 1 ,2 ,... n
Examples of distributions satisfying this recursive pattern are:
i)  Poisson D istribution

Pn = - P n- 1 n =  1 ,2 ,...n
► a =  0 and 6 =  A
ii)  B inom ial D istribution

_  (m —n + l)p
' n — P n—1qn

n =  1 ,2 , . . . ,  m

=  [-5 +
9 gn

= > a  = - £  and 6 =
. . .  q q . . .iii)N eg a tiv e  Binom ial D istribution T ype I
W hen n is the number of failures before the r"' success

Pn = <1-  + -?— Pn-l n = 1 ,2 ,3 ,...n
where q =  1 — p

= >  a = q and b = q(r — 1)

r , <l(r -  Otn— [Q H------ 1 \Pn-ln

4.2.2 W illm o t’s pattern (1988)

P„ = (a + - )P „ - i n =  2,3 
n

E xam ples o f distributions satisfying this recursive pattern are
i)L ogarithm ic D istribution
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pin -  1) _
Pn =  ---------~Pn-l 71 =  2 ,3 ,...n

— \p H— ~ ] P i-i n
= >  a =  p and b = —p

ii)G eoin etric  D istribution Type II
W hen n is the total number of trials required to achieve the 

first success

Pn = qPn- 1 n =  2 ,3 ,. . .

> a = p and b = 0
i i i)  Zero-Truncated Poisson Distribution

Pn = -P n - 1 n =  2 ,3 ,4 ,...n
> a = 0 and b = A
iv )  Zero-Truncated N egative Binomial D istribution

P„ = q " -  — P n -  1 n =  2 ,3 ,4 ,. . .
71

where <7 =  1 — p 

=>• a =  q and b =  q(r — 1)

r , <l(r- ! ) ,„
“ [<H------ 1 H n-ln

4.2 .3  Schroter(1990)

Pn =  (0 +  -)P n -l +  ~ Pi—2 71 = 1 , 2 , . .  .
71 71

No exam ples o f probability distributions satisfying this pattern  
were found.
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4.2.4 S un dt(1992)

Pn — ^  "(flj 4—~)Pn-1 n =u; 4- l,u ;4 -2 ,. . .
z '  711=1

Special cases
i)W hen A: =  1 and u  = 0 we have

4.2.4.1 Panjer’s Pattern

Pn — (a -\— )Pn- i  n — 1 ,2 ,...
n

which is th e Panjer(1981) pattern.

ii)W hen k  =  1 and u  = 1 we have

4.2.4.2 The zero-truncated pattern

Pn — (fl H--- )Pn-1 71 — 2, 3, . . .
71

iii)W hen  k = 2 and u  = 0 we have

2 6
P n =  ; n  =  i ^ 2 , • • •

j=i

Pn =  [(al 4 ") +  ( 2̂ "I----)]Pn- 1 i n 2 , . . .
71 71

No exam ples o f probability distributions satisfying this case woie 
found.

iv )W h en  k = 4 and u  =  0 we have
i)H yper-G eom etric D istribution

( d - y + l ) ( x - y  + l ) p  
n(JV -  d -  x + y) v '

l/ = 1 ,2 ,. . .

(y — d — x — 2 (dx 4- d -f £ 4- 1) i ^
(TV -  d -  x 4-1/) y(iV -  d -  x 4- t/) y
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k = 4 and

fll ( W - d - x + y )  0,2 ~  (N - d - x + y ) (1[i ~  ( N - d - x + y )  ( l* =  ( N - d - x + y )  

. .  (N -d -x + y )^  _  (N -d -x + y )  3̂ — ( N - d - x + y )  ^  =  ( N - d - x + y )
ii)B eta-B in om ial D istribution

_  (m - w  + l)(q +  n -  1)
n(m -  n +  /?) ”-1 n = 1 ,2 ,. . .  ,m

(m -  a  — n +  2) 
(m -  n + ft) +

(men + a — m -  1) 
n(m — n -f /?) ]Pn-l

A: = 4 and
/7 , — in   - a  _ - n  n  ___  2

(m —n+/3) 2 (m —n+0) 3 (m —n+ 0) ^ (m -n + 0 )
h — -™  U __  a  U _ mg i __ -1

(m —n + 0)  2 (m - n + 0 ) 3 ( m —n + 0)  ^ ( m - n + 0 )
iii)B eta -N egative  Binom ial D istribution
C ase l:W h en  n is the number of failures before the rth success

_  (n + r -  !)(/? +  n — 1)
 ̂ n(a + (3 + n + r — 1) 1

n =  1,2,3,

(/? + n +  r - 2 )  r/? -  r -  /? +  1 .
(a +  /3 + n + r -  1) + n(o + /? +  n + r -  1) " 1

k = 4 and
n  __ ______ 0______  _ ______ r______  _ ______n______ _  _____ ^2_____

* (a+ 0+ n+ r—1) 2 (a+ 0+ n+ r— 1) 3 (a + 0 + n + r-l) * (a + 0 + n + r-l)
i _ _____ —0_____  i _ —r  i _ _____ r/?_____  l _ 1

1 (a+ 0+ n+ r— 1) 2 ~  (a+ 0+ n+ r—l)  3 (a + 0 + n + r-l)  * (g + /? + n + r-l)

4.2 .5  Panjer and W illm ot(1982)

p  _  E t o  ^ ' n  

Et=obtn‘
n =  2 ,3 , . . . ,  Pq =  0

No exam ples o f probability distributions satisfying this pattern  
were found.

4.2 .6  P anjer and Sundt(1982)

p = A) + A(w- l )  + f t (n-l )<2) + ...
Oo + a\Tl + Q2H(2) +  •..
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where nW =  n(n — 1 )(n — 2 ) .. .  (n — k + 1)
Exam ples o f distributions satisfying this recursive pattern are:

i)P oisson  D istribution

Prx =  - P n - 1 n = 1 ,2 ,... n
=> k = 1 (3q = A /?! = 0 Qo = 0 Q1 =  1

ii)B in om ial D istribution

o (m " n + l ) P n-* n — * n—1qn
n =

, P , (m + l)p ,_
— -------- 1" ----------------\P n - 1

9 Qn
= >  =  1 p0 = mp Pi =  - p  Qo =  0 Qi = q

iii)N eg a tiv e  Binom ial D istribution
C a se l:W h en  n is the number of failures before the r11' success

O _n + r - 1 oPn — Q Pn- 1 n = 1,2,3,
n

w here q = 1 — p

= +
g ( r -  1)

n ]Pn-i

= >  A: =  1 po = qr p\ = q Qo = 0 Qi =  1
iv )B eta-G eom etric  D istribution
C a se l: W heri IT is the number of failures before the first success

_  0  + ( n -  1)
(a  +  /?) +  n

fc =  l/?o =  ^ A  =  l O0 =  O' +  p  a\ =  1

n = 1 ,2 ,. . .

4.3 Characterization of Recursive Patterns

4.3 .1  O riginal Panjer’s Pattern

Let
pn = ( a + - ) P n - 1 ;n =  1 ,2 ,... n
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and P0 > 0 
Therefore

nPn = (an + 6)Pn_i
=  [a(n — 1 +  1) +  b]Pn-\
=  a(n -  l)P„_i -I- (a + 6)Pn-i ;n = 1,2, . . .

Thus

^  nPnsn = a -  l)P„-iSn +  (a + 6) ^  Pn-iSu
n = l n = l

clG

n=l
oo

s —  =  as2 ^ ( n  -  l)P n -isn 2 + (a + 6)s ^  Pn-isr' 1
n = l n = l

Thus

Therefore

dG dG . \
—— = as—— h (a + b)G(s) 
as as

(1 —as ) ^~  =  (a-\-b)G(s) 
as

Solving (4.1)
Case (i):a =  0,6 = 0

dG
^  = 0 = >  G(s) = c =► 1 =  (7(1) =  c
ds

i.e.

Therefore

Case (ii):a =  0,6 ^ 0

G(.s) =  1

p    r 1 / o r  n = 0
■* n  10 / o r  n > 0

Thus

dG \ 1 dG k
—  = bG(s) ==> \ ~ r  -  °ds G(s) ds

^-logG(s) =  6 =$> logG(s) = 6s -f c 
ds

G(s) =ciebs = >  1 =C (1) = c ,e '

(4.1)
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implyng th a t
c \ —e h

Therefore
G(s) =  e"60"'*

which is tlie  p gf of a Poisson distribution with parameter b i.e.

Pn =  —-7-  for n = 0, 1, 2, . . .  (6 > 0)
n!

Case (iii):a ^ 0,6 =  0

(1 — a s ) ^  = aG(s) 
as

1 c/G a
G(s) ds 1 — as ^  d s ^  1 — as

logG(s) =  ------- — ds =  —logc( 1 — as)
./ 1 -  as

Therefore
G(s) = Cl C l

Thus

= * 1 = G (1 )  = —  
1 — as 1 —

= >  ci =  1 -  a

GW  = 1 — as

as

which is th e  pgf of a G eom etric distribution w ith probability 1-a 
i.e.

P„ = a"(l — a) n = 0,1 ,2 , . . .

Case (iv):a ^  0,b ^  0 * 1

(1 -  as) — (a + b)G(s) 
ds

a ^  0,/; ^  0,a + b = 0 we go back to case(i)
a ^  0,6 ^ 0,a +  b > 0 
Therefore

1 dG _  a + b 
G(s) ds 1 -  as
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d f  ds (a + b) [  - a
= >  — logG(s) = (a + b) /  --------= ---------------- /  ---------ds

ds J  1 — as - a  J  1 — as

Thus

logG(s) = ^  logc( 1 -  as)
—a

=  — m/o<7c(l -  as)

where m =  im plying that

G(s) =  C i ( l  -  as)~m

1 = G(l) =  c ,(l -  a)~m 

= * Cl =  ( l - a ) m

H ence

If m  is a positive integer,then

G(s) =  (1 — a)m(l -  as)~m
OO

=  ( l - a ) m
n=0
oo

=  ( l - a r ^ ( - l ) " ( T ) a V
n=0 
oo

=  ( i - « r E
n=0

m+n— 1)a"s"

Therefore

Pn =  (m+”"1)fln(l -  a)m /or 0 < a < l,m  > 0 

If m is a negative integer,let m = - a  where a  is a positive integer.

G(s) = ( l - a ) - Q( l - a s ) °

= ( i - « r E C ) W "
n=0
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that is

c m  -  t  n  ,(_as)" 
(!-<*)«

V ' (»\ (

n=0

Let a
P= ,1 -  a

then
a 1

l - p =  1 +  ------ =  --------1 — a 1 — a
Therefore a

GW =  E (n )P " (1 - P ) “"nSn ; a < 0

im plying th at
n=0

Pn = (“)pn(l -  p)a " for n =  0 ,1 ,2 , . . . ,  a

Thus we have the following theorem:
Theorem :
T he recursive relation

Pn =  (a + - ) P n- 1 ; n =  1,2, . . .  
n

and P0 > 0 
satisfies

(1 -  a s ) ^ -  =  (a + b)G(s) 
as

which gives

(i)
Pn =  {J !, z  a =  0,6 =  0
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for n =  0,1,2, . . .  b > 0 and a = on\
(in)

Pn — a"(l — a) n — 0 ,1 ,2 , . . .  0 < a < 1 and 6 = 0

(iv)

(v)

So given

we have found that when
a < 0,Pn is a B inom ial distribution
a, = 0,Pn is a Poisson distribution
a > 0,Pn is a N egative Binom ial distribution

4.3.1.1 A pplying the PG F technique on the original Panjer pattern

L
Pn = {a+ -)Pn-i  for n  =  1,2, . . .  

n
(4.2)

a) Special cases of a and b.
Let us consider eq u ation (l) for 
C ase l:W h en  a == 0 and 6 ^  0

= >  nPn = bPn-\

M ultip lying by sn and sum m ing up over n results to

y ;  nPnsn =  6 y  pn~ i ^
n = l n = l
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Recal:

OO 00
< = >  S ^ 2  nPnsn~l =  bs ^  Pn_|5n_1 . . . (*)

n = l n=l

OO 00
G ( s ) = ^ P „ s "  =  ^ P „ . |S"-‘

n=0 n=l

G'{S) = (J ^  = Y ^  nPnSn~l =  Y ^ ( U ~ l )Pn-l SU~2
n = l n= l

Therefore equation (*) becom es

=  bsG(s) as

=* S = 6G(s)
Thus

/ # = > / * ■
i.e/r?[G(s)] = 6s + C

= >  G(s) =  e6*+c =  elsec  =  /fce6*

W hen s =  l,th en
G (l) =  fcefc 

< ;• 1 =  G*'

H ence
C(s) =  e - ‘e**

GW e—6(1—a)

which is the p gf of a Poisson distribution with param eter b

(4.3)

i.e.

Pn
e~bhn

n!
for  n -  0 ,1 ,2 , . . .

Case 2:W hen a ^  0 and b =  0

(4.4)

122



for n =  1,2, . . .Pn =  aPn-i

= >  TlPn =  anPn- 1

M ultip ly ing  by sn and sum m ing up over n results to

o° oo
^ ^TlPnSn =  ay^TlPn-iSn
n = l n = l

Therefore

since G(l) =  1 
Therefore

s ^  nPnsn 1 =  f l^ [ ( n  -  1) +
n=1 n=1

oo 00
= a [£ (n  -  l)P„-is" + Y ,  P"->s"]

n= l n= l

o°
=  as2^ ( n  — 1 )Pn-\Sn 2 +  Pn- \ 8

n = l n=  1

dG odG ,s —  =  as2—  + asG(s) 
ds as

s(l — as)—  = asG(s) ds

i.e.( 1 — as)-— = aG(5) 

r dG _  f  ads
J ~G~ J ( l - a « )

lnG(s) =  - /n ( l  - a s )  +  /nfc
k

=> G(s) =

G( 1) =

(1 -  as) 
k

(1 -  a) 
k = l -  a

G(s)
1 -  a 

(1 -  as)
(4.5)

123



which is a probability generating function of G eom etric T ype I 
disribution.

Case 3:W hen a ^ 0 and 6 ^ 0
p n =  ( a + $ ) P n - i  n  =  1 , 2 , . . . ,

^ p . . (2 L ± V ,n

nPH =  (an + 6)Pn_!

M ultip ly ing by s" and sum m ing up over n results to

5~^nPns" =  ^ ( a n  + 6)Pn_jSn
n = l  n = 1

OO OO 0 0

s ^ n P „ s " -1 = a ^ n P „ - , s "  +  6 ^ P „ - i s "
n = l n = l  n=  1

oo oo
= a j ] [ ( n  -  1) + l]P„.,s" + 6 ^  Pn-IS"

n = l  n = l
oo oo oo

=  a [ £ ( n  -  1 )P„_,sn + £  p „ -,sn] + 6 ] T  P„.,s"
n=l n=l

oo
n = l

Therefore

=  as2 ]T (n  -  l)P„_,s"-2 + a s ^ P n_ ,sn-1 +  6s ^  Pn-,s" -1
n = l  n = l  n = l

dG 2dG , us s=> s—  = asz —— f- (a + b)sG(s) 
as as

1/̂ 1
s(l — as)—  =  (a + b)sG(s) 

as

i.e.( 1 -  as)^~  = (a + 6)G(s) 
as

[ d G  [ ,  ,» ds
. / W (" + 6)( T ^ )

InG(s) = — — — —ln( 1 — as) + C = _ — as) + Ink
a a

. (a-f-6)
= >  G(s) = A-(l -  as)-  •
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W hen s = l,th en
G(\) = A:( 1 -  a ) ' ^

= >  A: =  (1 — a) •

T hus su b stitu tin g  this value of k,

G(s) =  (1 -  a) « (1 -  as)

L et a + b = a  and a = (3

G(s) =  (1 - /? )3 (1  -0s)?  (4.6)

T here are now two subcases to  be considered.
Sub-C ase 1: W hen 0 < (3 < 1
Let g  =  r  and l — (3 = p.Then equation(4.5) becom es

G(») = f ( l  -  qs) 'r = ( j ^ ) r (4-7)

w here q = l — p = {3.
T h is is the pgf o f a Negative Binom ial distribution.

N ote:

Since

T herefore

G(s) =  pr ( 1 -  9«)'r
oo

= p r E ( ; r) (-«*)"
k =0

= Pr E ( - i ) n (;% * )"
fc= 0

= p r E r r V « n
k = 0

( - i r r ; )  =  m

P„ = r r * ) 9 V  " = 0 ,1,2 , . . . (4.8)
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Sub-C ase 2: W hen 0  < 0
Let  ̂ =  v w here v > O.Then equation(4.5) becom es

G(5) = ( 1 - / ? P ( 1 - 0 s)‘'

= (p  +  gs)"

w here p = and q =  1 — p = ^
T herefore G (s) is the pgf of a binomial distribution w ith parame
ters p and v i.e .

4 .3 .1 .2  A pplying the Pearson Difference (Iteration) technique on 
th e  original Panjer pattern

where
f(.) is a d iscrete probability distribution; 
P (x ) and Q (x) are polynom ials.

In particular,suppose
P(x) = a  + fix and Q(x) =  x + 1

P„ = ( > V  /or  n = 0 ,1 ,2 ....... v (4.9)

Let in general,
f { x +  1) _  P(x)

/(z )  Qix)

T hen
f ( x +  1) _  a +  0x  

f(x) x  + 1

where

f (x)  =  Prob(X = x) >  0 (4.11)
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and

£ / ( * )  = 1 (4.12)
x=0

E quation(4 .9 ) implies

/(x )  =  ° -+ ■■*(*-!) / ( x - l )  ;x =  1 ,2 ,3 ,...  (4.13)
X

N o te
E quation(4 .12) is similar to the recursive pattern according to  

Panjer (1981) i.e .

Pn = {a + - )P n-i  ;n =  1 ,2 ,3 ,... 
n

an + b
'■* n—1n

b + a(n —1 + 1)
n Pn- 1

(ci +  6)+fii(n — 1)
n Pn— 1

a  + (3{n -  1)
n Pn-l

w here a  =  a  + b and (3 = a
Let us now consider equation(4.12) for /3 = 0 and (3 ^ 0  
Case 1: W hen (3 = 0

f (x )  =  ^ / ( x - l )  ;x =  1 ,2 ,3 ,...  (4.14)

T herefore

x =  1 = >  /(1) =  y /(0 ) 

x =  2 = *  /(2) =  | / ( 1 )  = ^ / ( 0 )  

X  =  3 =9. /(3) =  | / ( 2 )  = ^ / ( 0 )
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In general,

/(x) =  — r / ( 0 ) ;x =  1,2,3—
X!

/ ( i )  =  - r / ( 0 )  ; i  =  0 ,1 ,2 , . . .

^ £ / ( x )  = / (0 ) f ;  5  = /(0)e“
z=0 x=0

Therefore
1 =  / (0)e“

/(0) =  e -

Thus

/(x )  =  -— f or  x =  0 ,1 ,2 ,. . .  
x!

which is a Poisson mass function with parameter a.
Case 2: When /? ^ 0
Then equation(4 .12) can be re-written as

/(x )  =  S L ± ^ z i ) / ( , _ ! )

=  g a +  ^ ( x - l ) ] t)
X  f j

for x = 1, 2, 3 ,. . .
Next

* = 1  => /(i) = f | / ( 0 )

- = 2  = *  m  =  | [ 2  +  i ] / ( d  = ^ ( | + D ( |) / ( o )

® =  3 = >  /(3) =  +  2]/(2) =  J ( |  +  2 ) ( |  +  l ) (| )/ (0 )

(4.15)

(4.16)

(4.17)
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/(I) = f (?+* - +* - 2> • • • <?+2><i+x)im
= ’̂ + x - l)(r x - 2)- {-0+2){ i + 1 # (°)

Therefore

/ ( i )  = l _(̂ + i_ 1 ) ( ^ + i _ 2 ) ---(i +2)(i +1)“^)— r(i )/(0) 

= ^ r x - l ^ + x - 2)---{h 2){h m h 2 ) m

In  general,

= ^ % (? + i " 1)r(i + i ~ 1)/(0)

^  r ( § +  x ) / ( 0 ) ; i  =  1, 2 , 3, . . .
x i n  ' 0

f(x)  = ' E r ( ^ + x ) / ( 0 ) ; x =  1,2,3,
x ! r |  ' 0

£™-®£5nS«>
x=0

r« ^  x' 3L 0 x=o x - p

i =  f E | ^ + x)
0  x=0

(4 . 18)

ri = /(0)[ri + i r(? + 15+ 5 r(? +2)+¥ r(i +3)+

= m [ r ~0 + i K ] + ^ - 0 + l + 5 (i +2)(? + ^ +
=  ? / ( 0 ) ,1 +  /3£  +  ^  +  l ) ?  +  ^  +  2 ) ( ^ l ) ^ . . . ]
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Therefore

1 =  /(0)[1 + /»(») + /?2(*2+1) + /?3(^+2) + ...)  

=/(o)fx*+r ‘)
x=0

Thus

i = /(o)
x=0

[Using th e  identity (r+J; ') =  ( - l ) * ( “r)]
Therefore

i = m Y,(-0 r(-}) = /(o)(i -
x=0

H ence

1(0) =  ( ! - /» ) »

T herefore

/(x )  =  j i f | r ^  + x ) ( i - /? )* ; x  =  i ,2 ,3 , . . .

T here are now two sub-cases to be considered. 
Sub-C ase 1: W hen 0 < /? < 1 
Let  ̂ =  r and /? =  p.

T hen  equation(lO ) becom es

/(* )  =  £ ^ ( i - p ) ra:! Tr 
r ( r  +  x)

xlTr px( i - p ) r

_ (r + x  - l)(r + x- 2)... (r + l ) r r r ^ ^  
12.. .aTr

=  r r 1K ( 1 - r t f ; ° < P < 1;® =  0 ,1 ,2 , . . .

i.e

f (x)  = (r+*-')p‘ ( l - p ) r\0l ; x  =  0 , 1 , 2 , . . .

(4.19)

(4.20)

(4.21)
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which is th e  N egative Binomial distribution.
If r is a positive integer then eq u ation (ll) gives the probability 

that x successes precede the rth failure in an infinite sequence of 
Bernoulli trials with probability of success in each trial equal to p. 

Sub-C ase 2: W hen ft < 0
Let % =  —v and 3  =  where u > 0 and 0 < p < 1.

Then equation(lO ) becom es

' x! r - ^  1 p - r

= x!r - v  p - 1  p -  1 
r ( - i /  +  x) p _ p - i - p ,_ 

x i r - i .  > - r  1 p - i

xir -  i/ p - i  p - i
_ r( V + x) . .x-y

x i r - i /  v '  p - i  

=  r ( ^ + x ) (_ 1) . 1,pI ( ^ L ) - ,,+I 
x!l — i/ 1 — p

=  r (~ ‘' +j ) ( - i r ( - i r +y ( i - p r
x!r -  i/

=  r ( - ‘/ +  I ) ( _ 1)— - p) * - 1
xir -  ^

=  r (~ |y~ M (- i)* p 1(l _  py-*

Therefore

f{x)  =  ( - 1 )

= ( - l ) A - v  + x

— 1) ( — v  +  x  — 2) ■ . • ( — v  +  x  — x)I ( _  p Y ~ x

i 2 . . .xr  -  v

-  i ) ( - i /  + x - 2 ) . . . ( - W r ( - ^ ) rI(1 r)- .
i2 . . . x r - i /

^ - D I T V d - p r
=  ( > * (  i - p r *

[Using th e  identity ( tr) — (—l)l ( k )]
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Hence

/(*) =  C ) p * ( l - p r  * far x = 0,1,2........1/

which is a binomial distribution with param eters t/ and p. 
W e can sum m arize the above discussion as 
T heorem  1 
A ssum e that

_ a + bn^ ___ , 0 0
Pn  — Pn — 1 j Tl 1, 2 , 0 , . . .n

hold s.T h en  we have one of the three cases.

Pn
e aQn 

n\
( a >  0)

P n

p- = r r v ( i - r i r o < P < i

= (")pn(l -  pY~n 0 < p < 1 and v > 0

4 .3 .2  W illm ot Pattern

Let ^
P n ~  i f l  “I” )P n—l 1 ^  2 , 3 , . . .n

and pi > 0,po =  0 = >

npn = {a +  bn)pn-\ ; n =  2 ,3 , . . .  
= [a(n — 1 + 1) + b\pn- 1 
= a(n — l)pn-i + bpn-i

T herefore
00 00 00

=  a ^ ( n  — 1 )Pn—i^n + (a + b)
n=2 n=2 n=2

00 00

s  ^ 2  n P n S n ~ l =  a s 2  ~  1)Pn”lSn 2 +  ( a  +  ^ ) S
n = 2  n=2

y^pn-is'
n=2

( 4 .2 2 )
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^ 2 r ip nsn 1
n = 2

oo oo
=  as ^ ( n  -  l)pn_l5n"2 + (a -I- 6) ^  p„-isn_1

n = 2  n = 2

<)(
—  -  P i  = a s—  + (a + &)[£(5) -  Po]

B u t po =  0 
Therefore

SG dG , . . . .  x
—  -  Pi =  as—  + (a + b)G(s)

( 1 - a s )  —-----(a + 6)G(s) = pi (4.23)
os

Solving this differential equation in pgf ,we consider the follow
ing cases

Case (i):W hen a =  0 and 6 = 0 
T hen (4.23) becom es

dG
—  = Pi = >  G(s) =  pis + c

T herefore
G(0) = c

B u t G(0) =  po =  0 =► C = 0

Thus

G(s) = pis = >  G(l) = pi = 1 

G(s) = s

__ r when n = l
Vn  \o  when n ^ l

Case (ii):W hen a =  0 and 6 ^ 0

THen ^G 6n  )—  -  bG s =  pi
os

I =  IntegratingFactoi' =  e  ̂Ws = e

Therefore
.3G -  be~bsG[s) = Ple-b9
ds
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i.e.

Therefore

and

i.e.

H ence

Therefore

Thus

Therefore

H ence

^ [ e - b,G(s)} = Ple-b’

b’G(s) =  J pie~b‘ds = - j e ~ b‘ + c

G{ 0) =  - ^  + C = > 0  =  - ^ - + C = > C  = ^  
b b o

e~bG(l)  =  ~T-e~b + y

1 =  j ( e b ~ 1)

P i  = eb — 1

e~baG(s) =  c -  y e ' 6*

_ P i   Pl_ —6.s

“  6 6
= y [ l - e - 6*]

GW =  y  [e6* -  1]P̂
6

eba -  1 
eb — 1

=  _ i —  [ V M ^ - 1 )eb _  ] [Z n !
n=0

1
GW =  ^ n ( E - 7 Jn=l

;n = 1,2,3, . . .  Po =  0Pn = n!(eb — 1)
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w hich is th e  Zero-truncated Poisson distribution  with parameter 
b.

Case (iii):W hen a ^ 0 and 6 = 0 
Then

(1 -  a s -aG {s)  = p\
r\

=>• ^[(1 -  as)G(s)] = pi => (1 -  as)G(s)

G(0) = C,i.e.O = C
T herefore

C ( 5 )
P i S

(1 — as)
= G(1) = P i

(1 - a )

H ence

w hich im plies that

C(«)
(1 -  a)s 
(1 -  as)

P i =  1 -  a

Pn = an *(1 -  a) ;n = 1,2, . . .  po =  0

Case (iv):a  ^ 0 and 6 =  0 and (a + 6) > 0
Then

c)C
(1 -  as)-------(a + 6)G(s) = p\

os
W hen a +  6 =  0,then a ^ 0

T herefore

which im plies that

, ,dG( l - as ) - = Pl

dG pi
ds 1 — as

ds + C<*>-U ;
a J 1 -  as

ds + C

=  —/ap(l -  as) + C 
a
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Thus

1 =  G(l) =  ^-log( 1 -  a) + C = -C , log(  1 -  as) 
a a

=»C i =  

G(s) =

P\log( 1 -  a) 

log( 1 -  as)
/O0(l ~  a)

which is th e  pgf of a logarithm ic distribution with probability a i.e.

P n  = —nlog(\ — a) 

W hen a + b > 0,then a ^ 0

dG a + b

; n = 1,2,3, . . . ,  0 < a < 1

ds (1 -  as)
G(s) = Pi

(1 -  as)

T herefore

i.e.

_/• (  °± i_ )ds [ - - 2 —ds i£±*2/o9( l -a a )
J  =  f> j  ' ( l - o » )  '  —  g  a j  1 —a s  —  £  a 7

/  =  (1 - o s ) 12̂  =  (1 -  as)’

w here m =
T herefore

<9G

Let

H ence

(1 -  as)m —---- m a(l -  as)”1 lG(s) = P i ( l  -  as)
os

■ -̂(1 -  as)raG(s) = p i(l -  os)m_1 
as

=s> (1 — as)mG(s) =  Pi | ( 1  -  os)m- ‘rfs + C

u = (1 -  as) du =  -ad s

/
um_1— — da + G

a m

m—1
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T herefore

5  =  0 u =  1

0 =  G(0) = — + C
a m

= > c  = - ^
ma

« - c W  =
a m ma

i.e.

GW =
P i r 1 r

-------- 1 -  U
ma 
P i=  — [u"m- l ]  
ma

=  £ - [ ama

T herefore

H ence

OR

1 =  G(l) =  — [(1 -  a)"m -  1]ma
ma =  pi[(l -  a) m -  1] 

ma
^  Pl ~~ (1 -  a)_m -  1

G(s)
1 — (1 -  as)~m 
1 — (1 - o ) - m

N o te  th a t in can be 
a p ositive  integer 
a negative integer 
a fraction
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W hen in is a positive integer,then

a u )  =  i - s ^ r r )  (-« * )n
i - EL,, (T)(-®)“

E r -  ( T ) ( - ° « r
e l , (t ) ( —“)"

ES.I(-1)"(T)«"«" 
E r = ,( - i ) " ( T ) “n 

e l , r r  v « "  
e l  , r r v

T herefore

P n  =

(m+n-l)Q,i

i r r  V
; n =  1,2, . . .  po = 0

W hen m is a negative integer,let r=-m w hich is a positive integer. 
T herefore

G(a) =  i -  (i -  « ) r _  E L .  © ( - « ) "

im plying th at

P n =

i -  (i - “)r EU ©(-«)*

;n = 1,2 , a < 0
EI=1 Q(-«)*

W e can sum m arize the above discussion as

T heorem
Let

T hen
a )

and
b)

Pn  —  ( f l  4 “ ) P n — 1 i H  2 . 3 . . . .  P l  > 0  n

(1 - a s ) ^ - ( a  + b)G(s) = p,
O S
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(i)
_  r when n = l 

/  fl lO when n ^ l
a=0,t=0

(ii)

(iii)

(iv)

(v)

i—77 ; n = l , 2 , 3 , . . ._ /  n!(e*-l)
n = 0V n — {o

_  j a n_ 1 ( l —a) ;n =  1,2,...
n=0

ta
Pn = (o

Pn  =  {

_  - n t o g ( \ - a )  ; n ~ 1’2 ’3 ’ -
P n  —0 n= 0

(m+n-l)an

E n = l O ° (  „  J a n

(—a)n(r)
-----Vr-r ■ t ;n=1’2...r
ES-1

a=0,fr/0

a^0 ,b= 0

a 5̂0,6̂ 0

m = i£±£2€ N,a/0,6#0,a+fc>0

m=—r,r€N,ayK),6̂ 0,a+6>0

4 .3 .3  P anjer D istribution  of order k

Let

<7n+i =  (a + — —  )9n for n >  k n + 1
(4.24)

where

qn =  0 /or n < A: -  1 (4-25)

T his p attern  is said to be Panjer distribution w ith parameters a,b  
e  9$ and k € N;or sim ply Panjer distribution o f order k.

We now wish to characterize this d istribution by a differential 
equation for its probability generating function.
T his result will be used to to  identify all distributions of the Panjer 
class o f order k.
D efine

G(s) = (4-26)
n=0
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Then

Qn =
G,n>( 0)

n\

where

From (4 .26)

=  Y  nqnsn 1 = Y  n9"s” 1
dG 
ds

=  Y ^ n -  l )n(InSn~2 =  ]T (n  -  1 )nqnsn~2

n=0
oo

n = l

n=l n = 2

d*G °°2 2 -  = Y ( n  -  2)(n -  1 )nqnsn~3 = Y ( n  -  2)(n -  1 W„s"- 
ds6 'n=2 n = 3

Therefore

^ 7  =  ^ ( n  -  l +  1). . .  (n -  l)nqnikn —l

n=l

1 d‘G _ V  (" -  1 + !)(" ~ l + 2) ■ ■ ■ (n -  l)ng„s
T \ U  ~ 2-!  1 2  . . .  /

n=l 
oo

= £  tf)**8"- '

n —l

n=l

B ut qn — 0 for  n < k — \ 
Therefore

ldiG =  E ( T ) ^/!
n= k

= {k,)(lkSk ' + ^  (”)9n«n
n=fc+l

(4.27)

(4.28)

(4.29a)
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Thus

1 d'G 
l\ ds‘

0 0

n=k+l

E q u ation (4 .24)implies that

Qn (fl “H )Qn—ln
for n  — 1 > k

S u b stitu te  th is in (4.29b)

1 d'G
/! dsl - 0 ® * * “' =  Z  (?) (a

n=fc+l

P u t n =  j  +  1 ==> j  — n — 1 
Therefore

/! j—k
oo 00 /,

7=fc J=fc J

+  1-1

(4.296)
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1 d'G 
/! ds' 9*(?)**"' = as£  »(TV -' + 6E  7TT(V1>•"" '

>=*
00

^  j  + 1j=k J

V „  ( j + U j !  . V - ,  </j U t i t f i  .+■-<■Q, U +  l)j! ,+!-/,

j=*
00

»-/l

+ ', E f e 7 7 7 3‘(̂  — l)![j — (/ — 1)]!

= 0SEfo77"Tri\ (iV"'l + 6E [H - i)s>~<'~"I
j=fc

oo
j=‘0 - i  +  D

= + 1
j= k

oo

j= k

= asE ig j ( iV  l + 9j(J _ f + 1 ) (i)sj ' i + y E f e G - i ) ^  "i

OO OO . l 30

= « * E  * (i)s’~l+Q E  9j q- _ i ( i ) ^ '41 + y E ^ G - i R
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1 (I^C 00 00 .
n d 7 ~  ’ ‘ (i)**"'= + 0 H

•>=*
oo

>=* (j -  / + 1) /(/ -  l)!(j -  /)!
i-l+l

+  7 E * G i , y - (' - ,)

00

= a s H ,/>G)sJ"' + a H 9 j7 7
;=* O' -  / + 1)(/ -  1)!0 -  /)!

r-/+i

j—k

< £  *  (0*'"' +  “ £  g»( i - 1) | J !- f  +  1)ia>~'+‘ += as -(/-
j=fc
oo

J=fc
oo

=  a s L « j ( i ) s,W +  0 H 9 j(( i- i) )* > ('"l) +  7 l Z * ( i - i ) s i ''' °
j=fc

oo

j=k j=k

= I ]  + (a + i ) ^ 2 ,ii (v-i))si
j—k j—k

Thus

1 d'G
l\ - ? * C K '  = ' +  ( a + y ) ^ 9j((, i 1))s , *<,'(4.29)

j=* J=*

U sing (4 .29a),then (4.29b) becom es

1 d'G as d'G 1 rf'-'G
-? * ( /)«  = - —  +  (“ +  ?)'/! ds' /! ds' ds'-'

Therefore

Thus

1 - as d'G (a + j )d l~lG ^  fc_, 
/! ds1 ~  (l -  1)! dsl~l Qk^

(1 -a s )G ^ (s )  = (la + b)GV-l){s) + qk(kl)sk-1 

P u t l = lc + 1 equation (4.30) becom es

(1 -  as)G(l+1) ( s )  =  [(fc + l)o + 6|C(‘>(s)

(4.30)

(4.31)
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P u ttin g  s = 0 then (4.31) becomes

G<‘+l>(0) =  [(il + l)a +  6]C,‘)(0)

A ssum ing th at k — n

=*• G<n+I)( 0) = [(n + l)a + 6]G(n,(0)

Therefore
G (n+1)(0)

(n + 1)!
[(n + l)a + b]

G(n){ 0) 
(n + 1)!

= >  <7n+l =  [
(fi, + l ) f l |f c G (n>(0) 

(n +  1)! (n)\
— [fl +

b
n + 1 h

Qn+i — [ a + — f]<7n (4 -3 2 )

For equation  (4 .31),when A: = 0 we get

(1 — as)Gl(s) = [a + b]G(s)

i.e .
( l - a s ) ^ ^ - ( a  +  b)G(s) =  0

OS

which is th e  differential equation for the original Panjer’s pattern. 
W hen k  =  1 equation(4.31) becom es

, d 2G{s) ,0 , L,5G(a)
( 1 - " ) - a P "  =  (2 B + 6 )_ a r

P u t

Therefore

1 \
ds

d dG{s)
“+ 1 = (! _ a s )ds

d2G{s) dG(s)
ds2

— a
ds

8 . .  .3C (s), dG(s) ,9 2G(s) ,9 M3G(3)
- [ ( i  - « * ) - ^ ]  + a - ^ -  =  (1 -  « ) T  -  (2a + 6) ^

d „ .  ,3G (s), , , L, d G ( s ) _ n
= > F s [{l- as)^ r ] ' { a + ) ~ d ^ -
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J L [ ( i - a S) ^ M - ( a  +  6 )G (i)]= 0

(1 -  o s -  (a + b)G(s) = c 
as

For s =  0,we have

(1 -  a)
dG(s)

ds |a=o — {a + b)G(0) — c

B ut

Pk
G<*>(0)

A;! k\pk =  G(k)( 0)

P i = G ‘(0) =
dG(s)

ds U=o

and po = G( 0)
B u t pn = 0 for n < k — 1 => n < 0 
T herefore p0 =  0 and pi = c Thus

(1 -  as)
dG(s)

ds
-  {a + b)G(s) =  p\

which is equation (4.23).

4 .3 .4  C om pound D istributions
In C hapter 2 we have discussed com pound distributions based on 
the sum s o f a random number of iid random variables.W e let

S/v =  A"j + X 2 +  . . .  +  X n

where th e  X's  are independent and identically distributed (iid) 
random  variables and N is also a random variable independent of
th e X's.

If G (s),F (s) and H(s) are the pgf’s o f X ,N  and S N respectively,then

H(s) = FN[Gx (s)]

which is a com pound distribution.
Further if Xi is Bernoulli w ith parameter 7r,then

G{s) = Gx(s)  = (1 -  7T + 7rs)
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Therefore
H(t) — F(  1 -  7T +  7rs)

For C om pound Poisson D istribution,let N be Poisson with pa
ram eter A.Then

H(s)  =

= m  1 " *)]

w here j3 = \ n
For C om pound Binom ial D istribution,let N be Binomial with 

param eters m and p.Then

H( s )  =  [1 — 7 rp ( l  — s ) ] m

= F[ p ( l - s ) }

w here (3 = np
For C om pound N egative Binomial D istribution,let N be Nega

tiv e  B inom ial with parameters p and r.Then

H(s)

= F [ 0 ( l - s ) ]

r

w here (3 =  — ---
P nThus com pound distributions of the form

H(s)  =  F\0( 1 -  s)}

com e from Poisson,Binom ial and Negative Binom ial Distributions.
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C hapter 5

MAXIMUM LIKELIHOOD 
ESTIM ATION

5.1 Sprott Approach
S p ro tt(1 9 5 8 ,1965,1983) developed a method for estim ating param
eters  in recursive relations and difference-differential equations. 

W e w ish to  review some of these papers to grasp the concept.

5.1 .1  E stim ating  param eters of a convolution by M ax
im um  Likelihood

Let
Z =  X + K
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and

Pk = Prob(Z =  k)
= Prob(X + Y  =  k)

k
= Y , p r<*>(X = i ,Y  = k - i )

i=0
k

=  ^  Prob(X =  i)Prob(Y =
i=0 

k

= ri9fc- i
i=0
it

i=0
(A: -  i)!

*
■ « - ' g j F r 7 j T O * ‘( ' - «

/V -i

Thus

-  ' - ' E i f n j i O ' c - * )
/V -i

T herefore

k

=  - p fc +  e -9 £  (fcV _ i j j  ( > ‘<1 -

t=0

N-«

(k -  i)0k~i- 
(k -  i)\

t=0

Thus

T herefore

dpk , „
i w  =  ~ Pt+Pk-

1 d p k  _  _  1 P fe-i

P k 9 0 Pk

(5.1)

i f l y t i - * ) " - 1

(5.2)
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i.e.

d_
DOlogpk

w here

Pk

Hi (k) -  1

Hi = —
Pit

(5.35)

(5.3a)
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Next

Q t ~ e Z ^ T i r - T r C j ^ d - ^ )
t= 0 ( k  -  z)!v *'<90

= e' 9E  7 rr7 u ( ') [ '° ' 1(1 -  ^ ,v"  -  (JV -  0^(1  -  *)"-*-']
fcf (* -  0! 

ek^
i= 0

=  e -9 E  -  0)Ar_i' l [i(l -  0) -  (IV -

k 0k~'
= e~°E  7FT7Tt( ^ ,' 1( 1 -  ^ ■ " ‘1' -  W( k  -  i ) \

= e_’ E  J j r z t f O r ' V  -  ~  J T H y P * 1 ~

k ni—. i i i t  t \ N —i k ok—i

- " * - Z ^ 5  (?)

i= 0
k

-  e - o  v  —___ a  + k  -  k ) ( N v [ V - -
^ ( A : - i ) ! ( H J  0 ( 1 - 0 ) i=0 (Jfc-i)!u /  0 ( 1 - 0 )

7V0 *'V— e-° y  - l ___ (w)0 '(i -  0)*-*
* ( i - 0 )  h  1

1 f p ■
k

- e s r e*-*
0(1 - * r 1 ^

1=0 ( k - i ) \ {

N<f)

0 ( 1 - 0 )^
1 k

- « v
Qk-i

0 ( 1 - 0)' t=0 ( k  — i —

A  »k-' \N

i=0 (k -  »)!

Therefore

^  1___ r_ge- « y -  ^ ‘:E ( * y (i _  0)*'-‘ +  -
d(j) 0 ( 1 - 0 )  ^ ( f c - i - 1 ) !

1
0(1 -  0)

[-0p*_i + k p k -  N(frpk\
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Thus

dpk _ 1
d(j> 0 ( 1 - 0 )  

This im plies that

1 dpk _ 1
Vk #0  0 ( 1 - 0 )

1
" 0 ( 1 - 0 )

\ ( k -  N<t>)pk -  0p*_i]

[ (k -  N<f>) - 0 P k - i

P k

[(A; -  N(f>) -  OH\{k)\

(5.3)

i.e.

hlom = w ^ - N * - 9 H x n
(5.4)

Now m ultiply (5.3b) and (5.4) by frequency ak and sum the  
result over k:

For (5.3b)

d
Y , a" M l°9Pk =  ~

= Y ^ a kHi{k) -  y " a k
k k

= ^ a kHi(k) -  n

where
(Ik

Let

Therefore

d
So =  ^ 2 ak-^l°9Pk

S0 =  ^  akH\(k) — n (5.5)
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1

For (5.4)

d
E  “* T4>lo m  - ^TTT^ E  “ (fc -  " *  « |  (*)1

Thus

where

0(1 -  0 )

=  i E  “*//i (*»

= E  a*"> (*>i

•S'rf) — — —  [ « A r  —  A f n 0 —  f) Y, aitHj(k)\

d
S<P = E  a*a7io0P*

v  *

k =  kaic = E(k) =  £ (Z )
72

and

From (5.5) we have

n = ^ 2 ak
k

akHi(k) — So + n

(5.6)

S u b stitu te  th is in (5.6)and we get

1
5*0 —

0 ( 1 - 0 )
[71A; -  Nti(f) -  0(So +  n)] (5.7)

T he M axim um  Likelihood equations are So = 0 and S$ 0.
Thus (5.7) becom es

0 =
1 [nk -  Nn(f) — n0]

0(1 -  (f))

=*» 0 = A: -  JV0 -  9
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Therefore

k  =  N 4 + 6 (5.8)

E ( Z )  =  N

which is th e  first mom ent equation.
This can be used to elim inate one o f the param eters,say <£.Then 

So o f (5.5) can be written as a function of 6 only,and hence the ML 
estim ate  can be found by iterating on So.

A pplying this m ethod to  Panjer(1981) R ecursive pattern i.e.

W e have

and

Thus

and

(ak + b)
Pk = -----— ~Pk-i for k  =  1 ,2 , . . .

dpk d  ak + b (ak + b) d
aT  =  Pk- ' d ^ {~ r ) + — >— TaPk- '

= Pk-l +
(ak + b) d

Pk-\k da 
Pk d

=  Pk-i + -------Pk — 1 oa

dpk d ak + b (ak + b) d
~db =  Pk- '  ¥b{- r ] + k dbPk~1

= l pk- ' +
(ak + b) d

Pk- 1k db 
1 pk d

— jPk-\ H------- -~Z7Pk-\k pk -  1 db

1 dpk Pk- i , 1 d
--- 7T~ =  ----- -̂----T T p k - 1Pk da pk Pk- i da

d Pk- i d .— logpk  -----+  — logpk-i
da Pk da

1 dpk 1 Pk-i , 1 d
— HT =  1------- 1-------- TTrP/c—lPk db k pk Pk-1 db

153



Therefore
db k pk db

-T̂ -logpk =  +  T^-logpk-1 (5.9)
aa pk oa

and

Srl°9Pk = T 1—  + ^ o g p k-i (5.10)ob k pk Ob

Now m ultiply (5.9) and (5.10) by frequency fk and sum the  
result over k:

For (5 .9)

E fkTalom = E + E ikWal09Pk- 1
k k k

Let

T hen

d
S>‘ = L  h d~al°m  

k

(5.11)

For (5.10)

k k k

Let q

s ‘- = Y , f i w,lo m
k

Then
d



T h e  M ax im u m  L ikelihood equations are Sa 0 and St, 0 i.e.

which cannot be simplified further. This shows that this method  
d oes not work when applied to the Panjer pattern.

5.1 .2  E stim ation  based on Com pound Distributions (P ois
son  Binom ial D istribution)

T he Poisson Binom ial distribution is

t=o

w here n is a known integer and q = 1 — p. 
T hen p% ob ey s the Recursion formula

Let

= >  Pk =  e  aS\(k)

H ence
S\(k) = eapk

Let
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S u b stitu te  t = ,lt in S2{k) i.e.

oo
««(*) =  E

(nt -  k + k)a‘ 1
- ( J P  9

<=0
oo

n(t!)

<=0
oo

° °  / , . \ (_ i 00 / - I
-  /c ;a  / n t \ „ k „ n t - k  , 7 . M \ ^ k ^ n t -

+ § W ‘)A
\ — Qf 1 (A + l)(rc*)! fc nf-fc , V  /• a>~‘ (r,tU;V*-fc 
“ jf ti(t!) (fc +  l)!(nt — (A; +  1))! “  n{t\) k

{ k + l ) ^  al~l
t=o

00 1
E ° ( nt 9 , k V '  °~ M\Jc„

—  U +i)P 9 -  + - A ,  t! U )P 9
t=0 ' 1=071

_rtf —  fc

</(fc+l)Si(fc + l) : fcSi(fc)
np a n a

N ote:

H  * K ? ) -  ( " '  A' ) fct(n( _  fc)» Jfe!(nt -  1)! = (fc+D
(nt)\

(k + l)Ar!(n£ -  k -  1)

T herefore

s 2(jt) = nap na
(5.13)

B u t

S u b stitu te  in S2(k) then  

S2(k) =

S\(k)  = eapk 

> Si(k  + 1) =  e > fc+i

(jr(A: + 1) ‘S'i (A + 1) A’ (A’)
np n a

(5.14)

=  (*+!)(
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Further let

C  (1,.\ _  dSl(k) _  0 a1 (rd\ k nt-l
s ^ - ^ - - T P ^ 0

=  E  ^ ( 't W - '< r ‘-k - p l (nt -  k)( i -  p r ‘- ‘ ->]
<=o r*
OO t 00 t

= Z  -  E  J o -  -  * ) ( t ) A
<=0 

00 .*

nt-k—l

00

= * E  ^ a v - v 1- * - ( f c + i ) E 7 r  (h , ) ^ ' w
t=0
OO

t!t=0 
00 ~tw  t - f

' ■ ' E y r O V "  * ; - ( a+ D E | 0
t=o ' <=o 1

P P
Therefore

OR

P

Si(k  +1)

k 
P

A' 4- 1
S ,(fc )- —  S,(fc +  1) 

P
(5.15)

k k + 1 a 
- e  pk e pk+i 
p P

(5.16)

Now since
P* =  c a5i(A:) 
logpk = —a + S\(k)

^-logpu =  -1  +  S-Si(k) 
da da

1 , S2(k)
"  S iM

^ 5 i ( fc + l) +  ^ 5 iW
1+  5, (A)

<?(A: + 1) 5i(A; + 1) ^  A’ 
nap S\(k) na
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B ut

T herefore

Si{k  4  1) _ 
Si{k) pk

-z-logpkoa
j Q(k+ 1 )Pk+i k_ 

nap pk na
(5.17)

± l ° m  = - l  +  l S l (k)

S 3(k)
S\(k)

1)
Si ( k )

k k 4  1 *S*i {k 4  1)
P P Si(fc)

d & k 4  1 Pk+l
— logpk = ---------------—dp p p Pk

M u ltip ly  equation(5.17) and (5.18) by ak and sum over k,

(5.18)

E akfalogVk = ~ E at+E ak
q{k -f 1) pk-n 

nap pk
E k

ak
na

= —n 4- —— ^  ak{k 4 1)Pk+\ . 1 Ylk kak
nap

= - n  H----— y ^ak{k 4  1)
nap

Pk

Pk+\
Pk

4  " a

H—  a

n

 ̂+ 1 Pfc+i
Y aks~p loaVk = 2 ^ % -  2 ^ ak
k k k P Pk

=  1 E ^ - i E ( f c + 1)a‘ v 1P “  P * P*

=  —nfc---- ^ (̂fc 4  l)aJt
Pfc+i
Pk
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since k — S a k,lk =  k<lk
Let

Then

, k ak

dSa =  ^(ik-Tj^logpk

Sa =  - n + - H - Y , ( k + l )ai’—  + -nap Pk a
(5.19)

Let

Then

d
s ” = Y , a*fy)low k

nk  1
Sp = 2 S -  i  +  ! ) « .£

P i + i

v v v  p*
(5.20)

T he M axim um  Likelihood equations are Sa =  0 and Sp 0 i.e.

>„ = —n H— — y ^ ( k  +  -f — =  0
n a p "  Pk a

nk 1
s p = —  - - £ ( * :  +  l)a*—  =  °

P  P Pk

(5.21)

(5.22)

where a*, is the observed frequency o f k and n = ^ ^ a ^ th e  total 
number o f observations.

From equation(5.22),

Pk+lpSp = nk — ^ ( k  + 1 )ak~^— = 0

^ { k  +  l)fljb^ - =  nk -
Pk

S u b stitu tin g  this value in equation(5.21) one gets

Sa = ~n  +  — [nk -  pSp] + -  =  0 
nap a
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i.e.

but Sv =  0 then

-n H— — Ink -  pSp] + -  =  0 
nap a

qnk k
—n  + -—  + -  =  0 

nap a

(1 — p)nk k
- n  +  ------ + -  =  0

nap a

—n + — =  0 
ap

k =  nap (5.23)

w here a and p are the inaximuni likelihood estim ates of a and p 
resp ectively .

A gain from equation(5 .22 ),

P a +1nk — = 0
Pk

nk  = ' ^ { k  4- l)ajfc^^-
k p k

k = — ^ ](k + P a + i

P a

S u b stitu tin g  this value of k in equation(5.21) one gets

S„ = - n  + £ ( *  +  1 +  1  E ( fc +  l)“‘ P‘+‘nap Pk

=  - n  +  ^  £  (fc +  1) ^  +  - £ > +  *)a* nap “  Pk na '

=  —n H-------^(A ; +  l)a*

Pk

PA+1

P a

nap
Pfc+i

P a

Sa = V ]  akTrlogpk =  - n  H-------+  lja*^-—
^  da nap “  Pk
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i.e.

T herefore

where

and

^ a k^-logpk =  —  + l ) a * ^ -  -  n
“  da nap ^  pit

L(p) =  ^  akF(k) -  n (5.24)
k

L(P) = ^ 2 a^ lo9Pk
k

F(k)  =  (fc + % +l 
nappk
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C hapter 6

CONCLUSION AND 
RECOMMENDATIONS

6.1 O bjectives
T he ob jectives of th is project are:-

a) To construct discrete probability distributions.
Specifically  to construct
-Standard discrete distributions 
-C om pound discrete distributions

b) To express pmfs in term s of recursive relations specifically 
expressing  pk in term s of pk-\ where pk =  Prob(X = k)

c) To stu d y  the recursive relations by
(i)  Identifying patterns and corresponding distributions.
(ii)  D eriv in g estim ation  procedures for recursive relations

6.2 W hat has been achieved
From C hapter 2 ,we have th e  following:-

• From th e exponential expansion we obtained; 
-P oisson  D istribution  
-Z ero-truncated Poisson Distribution
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•  F r o m  t h e  B in o m ia l  e x p a n s io n  w e  o b ta in e d ;
- B i n o m i a l  D is t r ib u t io n

- B e r n o u l l i  D is t r ib u t io n  

- N e g a t i v e  B in o m ia l  D is t r ib u t io n - 2 c a s e s  
- G e o m e t r i c  D is t r ib u t io n - 2 c a s e s  
- L o g a r i t h m ic  D is t r ib u t io n

•  U s in g  C h a n g e  o f  V a r ia b le (  J a c o b ia n  T r a n s fo r m a t io n )  te c h n iq u e  
w e  o b t a in e d ;
- E x p o n e n t i a l  D is t r ib u t io n

- G a m m a  D is t r ib u t io n  w it h  tw o  p a r a m e t e r s
- B e t a  d e n s i t y  fu n c t io n .

•  U s i n g  t h e  E x p e c t a t i o n  a n d  C o n v o lu t io n  A p p r o a c h e s  to  th e  

s u m s  o f  id e n t ic a l ly  in d e p e n d e n t  d i s t r ib u t e d  ( iid )  ra n d o m  v a r i

a b le s  w e  p r o v e d  t h a t :
- t h e  d i s t r i b u t i o n  o f  t h e  su m  o f  B e r n o u l l i  iid  ra n d o m  v a r ia b le s  

is  a  B i n o m i a l  d i s t r ib u t io n .
- t h e  d i s t r i b u t i o n  o f  t h e  s u m  o f  B in o m ia l  iid  ra n d o m  v a r ia b le s  

is  a  B i n o m i a l  d i s t r ib u t io n .
- t h e  d i s t r i b u t i o n  o f  t h e  su m  o f  G e o m e t r ic  iid  ra n d o m  v a r ia b le s  

is  a  N e g a t i v e  B i n o m i a l  d is t r ib u t io n .
- t h e  d i s t r i b u t i o n  o f  t h e  su m  o f  N e g a t iv e  B in o m ia l  iid  ra n d o m  
v a r i a b l e s  is a n o t h e r  N e g a t iv e  B in o m ia l  d is t r ib u t io n .

- t h e  d i s t r i b u t i o n  o f  t h e  s u m  o f  P o is s o n  iid  ra n d o m  v a r ia b le s  

is  a n o t h e r  P o is s o n  d is t r ib u t io n .

F r o m  C h a p t e r  3 :  w e  h a v e  d e r iv e d  r e c u r s iv e  r a t io s  a n d  r e c u r 
s i v e  r e l a t i o n s  fo r  v a r io u s  p r o b a b i l i t y  d i s t r ib u t io n s  th a t  h a v e  b e e n  

id e n t i f ie d  in  C h a p t e r  2 .
U s in g  t h e  r e c u r s iv e  r e la t io n s  w e h a v e  d e r iv e d  m e a n s  a n d  v a r i 

a n c e s ,b a s e d  o n  p g f  t e c h n iq u e ( w h e r e  p o s s ib le )  a n d  F e l le r ’ s  m e th o d .
F r o m  C h a p t e r  4 : w e  h a v e  a  n u m b e r  o f  p a t t e r n s  o f  r e c u r s iv e  r e la -  

t i o n s ; t h e  b a s ic  o n e  b e in g  t h e  P a n je r  p a t t e r n  o f  1981  w h ic h  is  in t h e  
fo r m  p n =  22±£pn_i;n =  1,2,. .  . .W it h  t h is  p a t t e r n  w e  h a v e  b e e n  a b le  
t o  g e t  t h e  c o r r e s p o n d in g  p r o b a b i l i t y  d is t r ib u t io n s ,n a m e ly ;P o is s o n ,B in o m ia l  

a n d  N e g a t i v e  B in o m ia l  d i s t r ib u t io n s .
T h e  p r o b a b i l i t y  d i s t r ib u t io n s  c o r r e s p o n d in g  t o  t h e  W illm o t  ( 1988 )
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p a t te rn  w hich  is in th e  form

Pn = {a +  - ) p n- 1 ; n = 2 .3 , . . .
n

are:Zero-Truncated Poisson,Zero-Truncated Geometric and Loga
rithm ic distributions.

For estim ation ,w e have applied Sprott’s procedure for deriving 
ML equations [which have to be in a recursive form].

M cG ilchrist(1969) derived an estim ation procedure from the re
currence relationship betw een probabilities in a discrete distribu
tion .It is lim ited to cases in which only one parameter occurs in 
th e  recurrence relationship.

If the recurrence relation is of the form

Po(x,a)px + Pi(x,a)px-i =0

w here p0 and P\ are fuctions of x and the unknown parameter a,then  
th e  estim ator is obtained from the set of equations

b
y^ujx[Po{x,a)fx +  /? i(s ,a ) /x -i]  = 0
i=i

w here a is an estim ator o f a , /x is the frequency of occurrence of 
x in n independent observations and u)x are arbitrary weights.but 
M cG ilchrist(1969) proposed a suitable criterion for the choice o f 
optim um  w eights. Exam ples have been given for Poisson Distribu
tion ,T runcated  N egative Binom ial D istribution and Logarithmic 
Series D istribution .

6.3 Application
T his work is applicable in three areas of research:

- In insurance we can apply the work for claim s of premiums.

- In group testing  problem s we can apply th e work in estim ation  
problem s.

- In dem ography we can study Birth Interval Analysis using 
th is work.
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6.4 Recom m endations
a) O ther m ethods for constructing probability distributions need 

to  b e looked at and their parameters estim ated.
For exam ple we have estim ation of m ixtures of discrete dis
tribu tions.

Let { / , }  and {<7,} be two probability distributions,o > 0, / > 
0,q +  /? =  l.T hen  {a /, +  /?</,} is again a probability distribution.

{ f i }  and {<7,} could be mixed Poisson distributions with pa
ram eters Ai > A2;mixed truncated Poisson distributions with 
param eters Ai > A2 ; and mixed Poisson w ith parameter A and 
B inom ial parameters n and p.

T he problem  is to estim ate o,/? = 1 -  a  and the parameters of 
each d istribution in th e mixture.

b) Further study is required for distributions whose pgfs can be 
achieved but whose explicit probabilities and hence recursive 
relations are not sim ple.

We have also cases o f differential equations in pgfs which are 
not easily  solvable.Num erical m ethods or other methods need 
to  b e studied.

c) (i)For Panjer’s pattern,we identified the corresponding distri
butions,nam ely,Poisson,B inom ial and N egative Binomial Dis
tr ib u tion  using both pgf and iteration technique.
It w ill be interesting to  identify probability distributions for 
other patterns.
(ii)S p rott(1958) obtained ML equations for Poisson-Binom ial 
distribution ,w ritten  in the form

Y ( k  + 1)*£±L = N k
k Pk

and
Nap =  k

w here ak is the observed frequency of k,d,p are ML estim ates  
of param eters a and p;A' is the sample m ean and N the sample
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size. T h e are calculated recursively. It will be interesting 
to find out ML equations for other distributions.
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