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SUMMARY OF CONTENTS

In developing countries education patterns

are constantly changing due to rapid population

growth and other socio-economic factors. This

trend calls for transition models which incorporate ̂ . !■ ---- -_—

factors which are internal or external to the 

system. These models are used together with the 

theory of stochastic processes to define various 

measures of academic retention. Estimates of these 

measures are computed using the stocks and flows 

data of the primary school system in Kenya. An 

attempt is made to control the system in two ways. 

First, control is made via some quantifiable factors 

which affect the system, so as to achieve some 

future desired educational characteristics,

Secondly, some desired educational characteristics 

are specified and the problem is to find the 

transition process that should be followed in order 

to achieve the targets.

In chapter I an overview of mathematical 

modelling as applied to hierarchical processes is 

given. A brief description of the work already 

done in the area of modelling hierarchical processes 

in general and education systems in particular is 

also given in this chapter.
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Chapter II examines the homogeneity of the 

Kenyan primary education system between 1964 to 

1980. This is done by partitioning the entire 

period into equal intervals and comparing the 

average education characteristics of each of these 

intervals. Any appreciable difference in these 

characteristics would suggest departure from 

homogeneity of the process over the considered

period.

The results of chapter II suggest possible 

inhomogeneity in the Kenyan primary education 

system. For this reason in Chapter III the 

assumption of homogeneity in the education process 

is relaxed. It is suggested here that the 

transition process changes in time. In particular 

a study is made of a number of transition models 

which attempt to incorporate endogeneous factors 

in the system over a period of time by means of 

time dependent—nrobabi 1 itv distribution functions. 

These models are used together with the theory of 

the time dependent Markov chains, to compute 

various measures of academic retention.

Chapter IV describes a model which traces 

the flow of a cohort of students through the Kenyan 

primary education system. For the purpose of this 

study the term cohort is used to denote a group of
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students regardless of age or socio-economic 

background, who enter the first grade in the same 

academic year. In particular the cohort transition 

model is used as an application of the more general 

Markov chain model described in chapter III.

In chapter V the transition process is 

modelled as a function of time dependent quantifiable 

factors. The proposed model is first used to 

describe some educational characteristics. Then 

an attempt is made to control some of the factors 

so as to achieve some desired future educational 

characteristics optimally.

Finally in Chapter VI we consider a control 

problem where the desired educational characteristics 

are specified and we aim at finding the transition 

process to be followed in order to achieve the 

desired targeted characteristics optimally.

The thesis ends with a few general remarks 

by way of conclusion, regarding the results obtained 

in the present work and possible problems for future 

research. These conclusions form the contents of 

Chapter VII.

Every model proposed in the thesis has been 

illustrated by computing numerical values of 

several educational characteristics. The results
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of such computations are given in tables through

out the thesis.

The theoretical contents of this thesis is 

mostly based on the theory of Markov chains, 

especially the time dependent Markov chains. Use 

is also made of linear regression models and 

statistical control theory in multivariate 

regression models.
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CHAPTER I 

INTRODUCTION

1 . 1 AN OVERVIEW OF EDUCATION PLANNING MODELS

Education activity is becoming more complex 

and planning its development more difficult. This 

complexity is due to a multiplicity of factors, 

such as population increase, economic constraints 

and so on. These factors are more pronounced in 

developing countries, such as Kenya, where 

population increase is rapid.

To evolve an efficient system, educational 

activities need to be coordinated, for which an 

abstract realisation of the real system is necessary. 

A good model will, in addition to adequately 

describing the past, also give reliable estimates 

for the future. In order to understand the function 

of an education system, it is useful to study the 

long-run implications of the present educational 

structure and parameters.

Mathematical modelling has gained prominence 

as a means of improving education planning. At 

present there are many types of models, some deal 

with the whole system, some with particular sectors 

of the system and others with specific institutions. 

The functional forms of the models are similarly 

varied. There are stochastic models Gani (1963),
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Propoi ( 1 978 ), Clowes ( 1 972 ); regression models, 

Pickford (1974), Young and Vassiloiu (1974), Drui 

(1963); demographic models, Stone (1966), Young 

(1971); computer simulation models, Baisuck and 

Wallace (1970) and many other approaches.

In this study we consider stochastic models 

and in particular the markovian model as applied 

to education planning. A stochastic process is 

one which develops in time according to probabili

stic laws. This means that we cannot predict its 

future behaviour with certain ; the most that 

we can do is to attach probabilities to the various 

possible future states. Such processes occur 

widely in nature and their study has provided the 

impetus for the rapid development of the theory 

of stochastic processes in the past few decades.

Education can be considered as a hierarchical 

organisation. Students usually stay in a given 

grade for one academic year and then move to the 

next grade or leave the system as graduates or 

dropouts. This is the basic idea of the markovian 

model. When students graduate and leave the system 

or when they drop out due to illness, death or poor 

academic performance, the situation is akin to

Thonstad (1967); mathematical programming models

Marshall and Oliver (1970)5Mc Namara (1973),
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transition into absorbing states. Transition 

between grades is similar to that between non

absorbing states. Consequently, an absorbing 

Markov chain is often used, for which it is 

essential to identify the transition ratios 

between grades or from a grade into a final 

educational qualification. These ratios can be 

interpreted as transition probabilities and as 

such give rise to the usual stochastic matrix.

The grades and final educations form the states 

of the process.

The states of the education system will be 

partitioned into two categories: non-absorbing

states corresponding to the various grades within 

the system and absorbing states corresponding to 

the various final educations, mortality etc. 

Transition between grades is thus similar to that 

between non absorbing states. One important 

aspect of this model is that it gives a good study 

of the variate under consideration, the student, 

from entry to exit.

Suppose the states of the education system are 

denoted by the integers 1,2,3#...,N and the times 

by t = 0,1,2,...: We now let P-jj(t) denote the

probability that a. student in state i at time t 

will transfer to state j at time (t+1). This will
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give rise to the transition matrix

P(t) = ((Pij(t) )), i,j = 1 ,2, . . . ,N

If we further assume that the system has r 

absorbing and s non-absorbing states, then the 

transition matrix will have the canonical form,

P(t)

I 0

_G(t) ' Q (t)

where:

I is an r x r  identity matrix giving transition 

probabilities between absorbing states;

0 is an r xs matrix of zeros giving the

transition probabilities from absorbing to 

non-absorbing states;

G(t) = ((gik(t) )) sxr, where gik(t)'s are 

the probabilities that a student in grade 

i at time t will graduate with final 

education k at time (t + 1), i = l,2,...,s 

and k = 1,2,...,r;

and

Q (t) = ((qi .(t) )) sxs, where q ̂ j (t ) 1 s are 

the probabilities that a student in grade 

i at time t will be in grade j at time 

(t + 1 ); i , j = 1 , 2 , . . . , s .
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The diagonal elements of Q(t), q.^(t)'s are the 

probabilities of a student repeatinggrade i, 

i = l,2,...,s. There is sometimes a tendency for 

a student obtaining a final education from the 

same school activity in which case we would have 

only one element in each column of G(t). However, 

in most cases persons who. successfu11y complete 

a given final education often try for a year or 

more at a more advanced school activity, thus, it 

is reasonable to classify them as having the 

education they finally successfully completed.

If a person is in one of the r final educations 

we shall say that he(she) is absorbed so that he(she) 

will not leave that state. This assumption could 

slightly be modified by introducing the probabilities 

of returning to certain types of schools after some 

time of work, illness etc. This may include, 

retraining of working staff, adult education 

programs and so on. It should be noted that the 

rows of Q(t) and G(t) all add to one, since a 

student either goes to one of the s school activities 

or leaves the school activities thus ending up in 

one of the r final education categories.

We now defi ne ,

nij(t) to be the number of students in

state i at time t who go to state j
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at time t+1. We shall call these values 

the flows at t;

and

n^(t) to be the number of students in state 

i at timet. These we shall call the 

stocks at time t.

Then

N
l n,i(t) = ni (t) 

j = l 1J

and for each n..(t) there is associated aJ
probability p. .(t) of moving from state i at time t

1 J
to state j at time t + 1 , so that 

N
2 P,i(t) = 1.

j = l 10

For a large population size we may therefore assume 

that the flow sequence at time t,

tn -j 1 (t), ni2(t), . . . ,niN(t)} 

has a multinomial distribution given by

n.(t)l N n (t)
r ------- « Pij(t) J
n n..(t).' 3

HR

So, the maximum likelihood estimate of P-jj(t) will 

be
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which is the proportion of persons in state i at 

time t who go to state j at time t+1.

Next, the probabi1ity.distribution at time t 

i s

p(t) = (pt (t) ,P2 (t ),. . . ,pN (t)^

where,

p^(t) is the probability of an individual

being in education category i at time 

t, i = 1,2,... , N.

If we consider the number of students or people in 

state i at time t as a random variable which takes 

the value n ̂ (t) with probability p..(t) for 

i - 1 ,2 ,. . . , N; then the stock sequence at time t,

{n1(t),n2(t),...,nN(t)}

can be assumed to have a multinomial distribution 

given by

(t),n2 (t).... nN(t)V --NN(t); 5 Pj(t)nj(t)
n n (t)!1 

j = l 3

where ,
N

N(t) = Z n (t),
j = l 3

is the total number of people in the system at time 

t. The maximum likelihood estimate of p_.(t) is 

therefore
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p i (t ) = n i (t )/N (t ), i = 1 ,2 ,. . . , N ;

which is the proportion of persons in the various 

educational categories at time t.

When t = 0, for some base year, then

p(0) = ([>!«)),p2(0).... PN(0)T

is the initial probability vector.

An important property of an absorbing Markov 

chain is that the probability of the system being 

absorbed tends to one as the number of trials gets 

larger. That is, the components of G(t), g . ̂ (t ) 1 s, 

tend to one as the number of trials increase and so 

the components of Q(t), q..(t)'s, tend to zero as
J

the number of trials increase. If we therefore 

consider higher transitional probabilities and their 

limiting values with reference to the matrix P(t) 

we can make the following i nterpretations:

(a) The probability that a student now in 

school grade i will be in any of the 

school grades n years later is interpreted 

as the fraction of students now in school 

grade i who will still be in school n 

years later., It is called the School 

Staying Ratio.

(b) The probability that a student in grade i 

will graduate with a final education k is
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interpreted as the proportion of 

students now in grade i who will graduate 

with final educational qualification, k, 

n years later. It is called the drop

out ratio. The proportion of students 

now in grade i who drop out from school 

with final educational qualification k 

within n years is called the school 

completion ratio and is an important 

factor in manpower supply.

(c) The expected number of years left for 

students in grade i before graduating 

with any of the final educations is 

interpreted as the average length of 

time remaining for students now in grade 

i before graduation. It is called the 

school survival time.

(d) The expected number of school years left 

for any of the students in school now, 

before graduating with any of the final 

educations is interpreted as the average

length of time remaining for any student
-----------------

in school now before graduating. It is 

called the expected length of schooling.

Generally probabi1ities are interpreted as 

proportions or fractions while expected values are
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interpreted as average values. The characteristics 

of the type cited above, together with the grade 

structures, once obtained may be used to estimate 

additional educational characteristics. These 

may include; cost of education up to completion; 

staffing and capital requirements; pupil performances 

etc. Some of these measures for the Kenyan primary 

education system are illustrated in Owino (1982).

Most of the characteristics of the type cited 

above are directly or indirectly a consequence of 

the systems promotion criteria. In order to avoid 

ending up with undesired characteristics in the 

education system, there is a need to apply some 

control strategy in the system. This is because, 

for example, a reasonable looking promotion 

criterion in an education system could lead to 

unreasonable resource allocation within the states 

of the system. More specifically, some desired 

future characteristics may be. specified and one 

would then wish to find the transition process to 

be adapted so as to reach them. This type of 

problem is of great importance since its implemen

tation at an appropriate time would stop a bad 

situation from getting out of hand.
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1 ,2 BRIEF LITERATURE REVIEW

One of the early markovian models for educ

ation planning was proposed by Gani ( 1 963 ) who 

used it to forecast enrolment and degrees awarded 

in Australian Universities. Since then many 

similar models have been discussed. Among the 

more substantial contributions, Thonstad's (1969) 

book on education planning makes an extensive use 

of stochastic models. Prior to the publication of 

this book, Thonstad (1967) had applied the 

markovian model to the Norwegian education system 

and reported some of his findings in an O.E.C.D. 

meeting. Other contributions include Uche (1978a, 

1978b, 1980, 1982) who applies markovian model to 

the Nigerian education system. Applications of the 

Markov chain model to the Kenyan primary education 

system include Owino (1982), Khogali (1982), 

Odhiambo and Owino (1985), Odondo (1985), Odhiambo 

ahd Khogali (1 986 ) and Owino. and Philips ( 1 989 ).

In these applications, several educational 

character!’s ti cs such as drop-out ratios, school 

survival time, staying ratios, cost of education 

and many others were computed. More specifically 

Owino (1982) compares the education characteristics 

between sexes, for the Kenyan primary education 

system; Khogali (1982) considers a cohort type 

analysis of the system; Odondo (1985) compares
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the educational characteristics within provinces 

of the country. Recently Owino and Philips (1989) 

have looked at the problem of homogeneity of the 

system by comparing the educational character!* s ti cs 

before and after 1972. This study suggested that 

the Kenyan primary education has not stayed 

homogeneous over time.

Other substantial contributions of stochastic 

models to educational planning include Armitage, 

Philips and Davies (1970); Johnstone and Philip 

(1973); Johnstone (1974); Moore (1975); Balinsky 

and Reisman (1973); Barthomomew (1975) and Mark 

Blang (1967). These works generally apply the 

probabilistic approach to study the stocks and 

flows patterns of some hierachical organizations.

In particular Marshall (1973) compares enrolments 

at a university in California using both the Markov 

and the cohort model approaches. See also Marshall 

(1975) and Marshall (1971).

Apart from trying to identify the long run 

implications of the present propensities of an 

educational system, there is interest in what should 

be done to alter the future outcomes of the system. 

This is the process of exercising some control in 

the system. Several authors have looked at this 

problem of control for various hierachical systems.
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These include; Davies (1973) and Davies (1975) 

who look at the control problem based on grade 

structures in manpower systems. In the later study 

he considers the maintainability of grade structures 

in a graded system through recruitment control.

Other applications on control include, Grinold and 

Stanford (1978) and Uche (1984). These works 

consider the control problem as applied to some 

graded manpower systems. Bartholomew (1982) gives 

a detailed consideration of the grade structural 

control problem in hierachical organizations in 

terms of the flow in the system.

It should be noted that the educational system 

is just one of the fields of study in which stoch

astic models have been successfully applied. In the 

neighbouring area of demography Keyfitz (1968) has 

provided a basic source of methodology for mathema

tical analysis of population. White's (1970) work 

on chains of opportunity is a detailed study of job 

mobility based on the idea of modelling the flow of 

vacancies through the system. Buying behaviour 

has been studied as a stochastic process see for 

example Cha.tfield and Goodhart (1 970 ).

Quantitative geographers have, shown a growing 

interest in stochastic methods, much of it stimulated 

by the pioneering work of Hugerstrand (1967) on the
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diffusion of innovations. The use of stochastic 

models in studying spread of epidemics and rumours 

is also important; Becker (1968), Daley and Kendall 

( 1 955 ) and so on.

The developments refered to above which have 

taken place in recent years have been almost 

overshadowed by the rise of interest in manpower 

planning. Most of the new work in this area has 

been published in volumes of conference proceedings 

including Wilson (1969), Smith (1971) and 

Bartholomew and Smith (1971); see also Bartholomew 

(1982), Bartholomew (1973), Bartholomew and Forbes 

(1979), Sales (1971), Glen (1977), V^ssoliou (1976) 

and Butler (1971).

Another important area of application of 

stochastic models is ecology and pest control; 

see for example Pielou (1976).

1.3 OBJECTIVE OF THE STUDY

The aim of the present study is to assess the 

long run implications of the present educational 

propensities. For example what is the long run 

implications of the present educational properties? 

What proportion of today’s students will finally 

emerge from the present lot with a given final 

educational qualification? And so on. All these
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implications are important in a country's manpower 

and economic planning. In many educational planning 

exercises, for example, forecasting of enrolments, 

graduations, and so on, quite a number of ratios 

are used. For instance it is assumed that a given 

proportion will proceed to another school category 

and so on. Those ratios are obviously affected by 

a number of factors, like, the capacities of the 

schools, admission policies, availability of funds 

for running the schools etc. Qsee for example; the 

General discussions on projections of student 

numbers in higher education in the J.R. Statist. Soc. 

Soc.A (1985); Uche (1978); and Le'gare (1972)].

It is thus important to study the expected future 

characteristics in relation to some of these factors. 

More specifically the objective of this thesis is 

to develop statistical models, based on the theory 

of absorbing Markov chains, for studying;

(i) Enrolment patterns

(ii) The school staying ratios and drop-out 

rates

(iii) The school survival times

(iv) The expected length of schooling by any 

pupil in the system

(v) The possible plan of action associated 

with controlling future system outcomes.
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The study is divided into five broad headings 

as foilows:

(a) The homogeneity of the educational 

transi tion process .

(b) Models based on time dependent Markov 

chains.

(c) Models based on a generalised cohort 

analysis.

(d) Models for estimating and controlling 

academic survival.

(e) The problem of attainability and maintain

ability of characteristics of an education 

system .
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1 ,4 BRIEF OUTLINE OF WORK DONE IN THIS THESIS

In this thesis we have used the Markov chain 

model to study various character!* s ti cs of an 

educational system. Most of the studies cited in 

section 1.2 assume that the transitional probabili

ties are constant, which is convenient for purposes 

of analysis. In this study we have adjusted this 

assumption and considered situations where the 

probabilities change with time. An attempt has 

been made to study the functional relationship 

between transition rates and factors such as 

admission policies, availability of scholarships, 

social and political factors. All these factors 

are bound to change with time.

To justify the above considerations, the study 

begins by examining the homogeneity of the Kenyan 

primary education system via the educational 

character!* s ti cs , of the types mentioned earlier, 

over various equal time periods. This enables us 

to apply the theory of homogeneous Markov chains 

to study the flow process in each of these periods, 

by computing the corresponding characteristics.

Any appreciable difference in these characteristics 

suggests departure from homogeneity of the process, 

over the entire period of consideration. The Kenyan 

primary education system is found to be inhomogeneous
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over time. Furthermore, a chi-square test based 

on flow values shows that the transition process 

is inhomogeneous. This suggests therefore that 

the system changes with time, which leads to the 

study of the time dependent process.

In studying the time dependent models we have 

considered the transition probabilities p^.(t)'s 

as probabilities of occurrence of a random process 

with a corresponding distribution function, F(t), 

defined on the time domain. We have suggested some 

probability transition models, which are found to 

be useful in describing the transition process on 

the basis of a goodness of fit test. These probab

ility transition models are then used to obtain the 

educational characteristics using the theory of the 

inhomogeneous Markov chains.

A further consideration of the system is made 

via the generalised cohort analysis to study the 

flow of a particular cohort of students through 

the education system. For the purpose of this 

study, the term cohort is used to denote a group 

of students regardless of age or socio-economic 

background who enter the first grade in the same 

academic year. The applications of the generalised 

cohort model are given on the basis of the time 

dependent probability transition models.
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The study then considers the inhomogeneous 

transition process in terms of the effects of 

quantifiable factors which may change in time. 

Measures of academic retentions are obtained 

under this consideration. Using the multivariate 

control theory as described in Press (1982), an 

attempt is made to control some of the factors so 

as to attain some desired future educational 

characteristics. The main advantage of this 

variable dependent approach is that it takes into 

account factors which affect the system's transi

tional process. This implies that, which ever 

assumption on the transition process we opt for 

in future, the procedure gives a plan of action 

to be taken on the controllable factors so as to 

attain the goal.

The other type of problem investigated in this 

thesis is that of attainability and maintainability 

of desired educational characteristics. In this 

case, desired characteristics are specified and the 

problem is to obtain the transition process to be 

followed so as to achieve them. A condition for 

maintainability for some characteristics of the 

process is obtained in the form of a system of 

linear equations dependent on the system growth 

rate. Following the identification of the
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maintainable characteristics, an investigation 

is made into the methods of solution to the problem 

of attainability of the characteristics.

Each of the models introduced in this thesis 

has been illustrated by computing numerical values 

of the characteristics derived under the models.
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C H A P T E R  II

THE PROBLEM OF HOMOGENEITY IN AN EDUCATION SYSTEM

2.1 INTRODUCTION

In earlier studies on the Kenyan primary 

education system it was assumed that the transition 

process remained homogeneous over the entire time 

period, extending from 1964 to 1980. The changes 

that have taken place over this period include;

(i) making primary education available to all,

(ii) abolishing building funds,

(iii) formation of Parents Teachers Associations 

(PTAs) to help run schools, 

and many others. These changes justify the need to 

check for any variations in the average education 

characteristics over various time intervals.

In this chapter we study the average flow rates 

for the periods 1964-1969, 1969-1974 and 1975-1980. 

This is done in order to examine the homogeneity of 

the transition process over the entire time perio°d. 

It is assumed that within each of the three time 

periods, the transition process is homogeneous.

This enables us to apply the theory of homogeneous 

Harkov chains to study the flow process in each 

period. The homogeneity of the process over the 

entire period is examined in terms of the following



22

educational characteristics:

(i) the school retention rates,

(i i) drop out rates ,

(i i i) completion rates

(iv) survival times, and

(v) expected length of schooling.

Any appreciable difference in these characteristics 

between the time periods will suggest departure 

from homogeneity of the process over the entire 

period.

The data used for the analysis is based on the 

first seven grades of the process, that is grades 

one to seven.

2.2 THE MODEL

The states of the education system are denoted 

by 1,2,...,N; where N is the number of possible 

states. Let the transition matrix be denoted by 

p = ((Pijft))) where P T J- (t) is the probability of 

moving from state i to state j in the time interval 

(t,t+l). Suppose that observations are available 

over T time periods denoted by t = 1,2,...,T; 

representing the periods between 1964 and 1980. 

Suppose that the time period can be further 

partitioned into I time intervals so that the u-th 

time interval is of size xu, allowing for over

lapping if necessary. We can then write the i time
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i nterva1s as;

t = T-j+1, +2 , . . . , T-j + t i ; t = T2"*’l»T2 + 2,...,

T 2 + t 2 > •••> t ~ where

T-j+1 = 1 and T£ + t  ̂ = T- 

The u-th time interval is then

t = Tu + 1 ’Tu + 2 *‘ *,Tu + Tu for u = 1 >2,...,£.

If xi = t 2=.. = t£, then the intervals are of equal 

size.

Suppose that the transition process is homo

geneous over the u-th interval. The transition 

matrix for this interval is then given by

Pu = CCu p i j)) » u = l>2,...,£• (2 -1)

The maximum likelihood estimates of the u-th 

transition probabilities are given by

T. + tT +T u u
u p i j I n . . (t)

t=Tu+l i J ( 2 . 2 )

where, n..(t) is the number of pupils who move
' J

from grade i to grade j in the time interval 

(t,t+l) and n.j(t) is the number of pupils in grade 

i at time t. That is, n..(t) and n.(t) are respect-I J 1
ively the flows and stocks at time t. These 

estimates will be used to compute the educational
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characteristics mentioned above, for each time 

interval u .

Suppose the education system consists of r 

absorbing and s non-absorbing states, where r + s = N.

Then the transition matrices for the u-th time period can be 

expressed in the following canonical form:

Pu

I
(2.3)

for u = 1 ,2 . In this canonical representation,

I is an r x r  identity matrix of transitions between 

absorbing states; 0 is an r x s  matrix of zeros 

giving transitions from absorbing to non-absorbing 

states; Gu = ((ugik )) is an s x r  matrix which gives 

the transitions from non-absorbing to absorbing 

states and Qu = is an s x s  matrix giving

the transitions between non-absorbing states.

The n-step transition matrices according 

each of the time periods u = 1 , 2 ,  are

to

(2.4)

Assuming a one-step markov process, we have,

p (n ) = pn
u u
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I

Gu

0
n

0

n-1
(I+Qu + V - ” +Qu >Gu Q,

(2.5)

The n-step transition matrix P ̂ n ̂ for the u-th 

period gives the n-step probabilities during this 

time interval.

2.3 RETENTION PROPERTIES OF THE EDUCATION SYSTEM
WITHIN EACH OF THE TIME PERIODS.

In this section we obtain expressions for the 

school retention ratios, drop out and completion 

rates, the expected length of schooling and the 

school survival times, for each of the time periods. 

We examine the homogeneity of the education system 

by comparing the flow rates for the three time 

periods: 1964-1969, 1969-1974 and 1975-1980. This 

entails comparing the above educational character

istics for these periods.

S c h o o l  R e t e n t i o n  R a t e s

During the u-th time period, the probability 

that a student in grade i will be in grade j,n years
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later, is the (i,j)-th entry of the matrix ; 

that is qj^. The Probabili ty that the student 

will be in any of the s school grades is the sum 

of the elements of the i-th row of qJJ, which we

denote by q1(n) Tha t i s

Uqi
(n) .

s
l

j=l

(n) q : . 7 u M J i = 1 ,2 , s ; n = 0 ,1,2..

( 2 .6 )

This is the i-th entry of the column vector Q̂ j_, 

where j_ is an sxl column vector of ones. It is 

called the school retention rate.

Tables 1(a)- 1(g) give the school retention 

rates for the Kenyan primary education system for 

the periods 1 964 - 1 969, 1 969 - 1 974 and 1 975 - 1 980. 

Each entry consists of three values correspond!* ng 

to the three respective time periods.
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Table 1(a): Fraction of pupils in grade 1 who will be in grade
j, n years later and the retention rates.

grade j 

n-years^
1 2 3 4 5 6 7

retention

rates

.0336 .8824 .9160
1 .0323 .8164 .8487

.0840 .7413 .8253

.0011 .0618 .8219 .8848
2 .0010 .0589 .7594 .8193

.0071 .1251 .6136 .7458

.0000 .0033 .0880 .7597 .8510
3 .0000 .0032 .0876 .6936 .7844

.0006 .0158 .1565 .5155 .6884

.0002 .0063 .1110 .6658 .7833
4 .0001 .0068 .1113 .6100 .7287

.0018 .0266 .1790 .4271 .6345

.0000 .0004 .0101 .1199 .5999 .7303
5 .0000 .0004 .0113 .1276 .5455 .6848

.0002 .0038 .0388 .1901 .3653 .5982

.0000 .0007 .0130 .1395 .5358 .6890
6 .0000 .0009 .0161 .1518 .4935 .6623

.0005 .0067 .0508 .2079 .2855 .5514

.0000 .0005 .0011 .0190 .2077 .2283
7 .0000 .0001 .0016 .0248 .2141 .2406

.0001 .0010 .0106 .0692 .2029 .2838
.0000 .0001 .0020 .0492 .0513

8 .0000 .0001 .0031 .0558 .0590
.0001 .0019 .0176 .0828 .1024

.0000 .0002 .0094 .0096
9 .0000 .0003 .0151 .0154

.0003 .0038 .0255 .0296
.0000 .0016 .0016

10 .0000 .0021 .0021
.0007 .0066 .0073
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Table 1(b): Fraction of pupils in grade 2 who will be in
grade j, n years later and the retention rates.

grade j 
n-yearT* 2 3 4 5 6 7

retention
rates

.0364 .9315 .9679
1 .0399 .9302 .9701

.0847 .8277 .9124

.0013 .0683 .8609 .9305
2 .0016 .0773 .8496 .9285

.0072 .1415 .6955 .8442

.0000 .0038 .0968 .7545 .8551
3 .0001 .0048 .1095 .7472 .8616

.0006 .0181 .1830 .5761 .7778

.0000 .0002 .0073 .1105 .6798 .7978
4 .0000 .0003 .0094 .1322 .6682 .8101

.0001 .0021 .0321 .2080 .4929 .7352
.0000 .0005 .0101 .1352 .6072 .7530

5 .0000 .0007 .0146 .1643 .6046 .7842
.0002 .0047 .0470 .2390 .3851 .6760

.0000 .0007 .0162 .2149 .2318
6 .0000 .0013 .0244 .2427 .2684

.0006 .0085 .0698 .2413 .3202

.0000 .0000 .0015 .0478 .0493
7 .0000 .0001 .0028 .0599 .0628

.0001 .0013 .0159 .0887 .1060
.0000 .0001 .0088 .0089

8 .0000 .0003 .0119 .0122
.0002 .0031 .0250 .0233

.0000 .0015 .0015
9 .0000 .0021 .0021

.0006 .0060 .0066

.0000 .0002 .000210 .0000 .0004 .0004

.0001 .0013 .0014
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Table 1 (c): Fraction of pupils in grade 3 who will be in
grade j, n years later and the retention rates.

grade j 

'n-yearŝ * 3 4 5 6 7

retention

rates

.0369 .9243 .96121 .0432 .9133 .9565.0863 .8403 .9266

.0014 .0702 .8100 .88162 .0019 .0813 .8032 .8864

.0074 .1499 .6960 .8533

.0001 .0040 .0891 .7298 .82303 .0001 .0054 .1101 .7183 .8339

.0006 .0201 .1924 .5955 .8086

.0000 .0002 .0065 .1186 .6519 .7772
4 .0000 .0003 .0101 .1480 .6499 .8083

.0001 .0024 .0355 .2383 .4653 .7416
.0000 .0004 .0121 .2070 .21955 .0000 .0008 .0192 .2350 .2550
.0003 .0055 .0599 .2521 .3178

.0000 .0010 .0429 .04396 .0001 .0020 .0540 .0561

.0008 .0121 .0825 .0954

.0000 .0001 .0075 .00767 .0000 .0002 .0102 .0104

.0001 .0021 .0211 .0233

.0000 .0012 .00128 .0000 .0018 .0018

.0003 .0047 .0050

.0000 .0002 .00029 .0000 .0003 .0003

.0001 .0009 .0010

i n .0000 .00001 u .0000 .0000
.0002 .0002
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will be in grade j, n years later 
and the retention rates.

Tabl e 1(d): Fraction of pupils in grade 4, who

grade j 

v̂-̂ yeTrs'" 4 5 6 7

retention 

ra te s

.0391 .8764 .9155
1 .0458 .8794 .9252

.0921 .8284 .9205

.0015 .0640 .7896 .8551
2 .0021 .0825 .7865 .8711

.0085 .1575 .7087 .8747

.0001 .0035 .0991 .7053 .3080
3 .0001 .0054 .1101 .7183 .8339

.0008 .0225 .2225 .5537 .7995

.0000 .0002 .0084 .1979 .2065
4 .0000 .0004 .0140 .2266 .2410

.0001 .0028 .0468 .2523 .3020
.0000 .0006 .0381 .0387

5 .0000 .0013 .0480 .0493
.0003 .0082 .0723 .0808

.0000 .0064 .0064
6 .0001 .0086 .0087

.0013 .0167 .0180

.0000 .0010 .0010
7 .0000 .0014 .0014

.0001 .0034 .0035
.0002 . .0002

8 .0002 .0002
.0006 .0006

.0000 .00009 .0000 .0000

.0001 .0001
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Table 1(e):

will be in grade j,n years later 
and the retention rates.

Fraction of pupils in grade 5 who

grade j retention

n^yTTrT^ 5 6 7 rates

.0340 .9010 .9350
1 .0480 .8943 .9423

.0980 .8555 .9535

.0012 .0779 .8048 .8839
2 .0023 .1047 .8091 .9161

.0096 .1898 .6684 .8678

.0000 .0051 .1943 .1994
3 .0001 .0093 .2206 .2300

.0009 .0317 .2430 .2756

.0000 .0003 .0347 .0350
4 .0000 .0007 .0427 .0434

.0001 .0047 .0592 .0640

.0000 .0057 .0057
5 .0001 .0073 .0074

.0007 .0121 .01 28

.0000 .0009 .0009
6 .0000 .0012 .001 2

.0001 .0022 .0023

.0001 .0001
7 .0002 .0002

.0004 .0004

.0000 .0000
8 .0000 .0000

.0001 .0001
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Table 1(f): Fraction of pupils in grade 6 who
will be in grade j, n years later
and the retention rates.

grade j retention

rv-yeTrT^ 6 7 rates

.0525 .8932 .9457
1 .0691 .9048 .9739

.1239 .7814 .9053

.0028 .1854 .1882
2 .0048 .2032 .2080

.01 53 .2075 .2228

.0001 .031 2 .031 3
3 .0003 .0359 .0362

.0019 .0414 .0433

.0000 .0050 .0050
4 .0000 .0059 .0059

.0002 .0073 .0075

.0008 .0008
5 .0009 .0009

.001 2 .0012

.0001 .0001
6 .0001 .0001

.0002 .0002
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will be in grade j, n years 
and the retention rates.

Table 1(g). Fraction of pupils in grade

grade j retention

rvvyTar^" 7 rates

.1550 ,1550
1 .1555 .1555

.1416 .1416

.0240 .0240
2 .0242 .0242

.0201 .0201

.0037 .0037
3 .0033 .0038

.0028 .0028

.0006 .0006
4 .0006 .0006

.0004 .0004

.0001 .0001
5 .0001 .0001

.0001 .0001

7 who 

later



34

Comment s  on T a b l e s  1 ( a )  -  1 ( g )

The average promotion rates for all the grades 

before 1969 was 0.8934; between 1969 and 1974 it was 

0.8833 and after 1974 it was 0.8190. This indicates 

a drop in the average promotion rate of about 8%.

The corresponding average repeat rates increased 

from 0.0554 to 0.0620 and then to 0.0895 over the 

periods. This is an overall increase in repeat 

rates of about 62%.

Before 1969 the proportion of grade one pupils 

still in school after the first year was 0.9160; 

between 1969 and 1974 this proportion was 0.8487 

and after 1974 it was 0.8253. This indicates a 

high retention rate for the pre-1969 system during 

the first year of schooling. These proportions 

were 0.8848, 0.8193 and 0.7458 after two years of 

schooling for the three time periods respectively. 

After eleven years of schooling the proportions 

were respectively 0.0003, 0.0004 and 0.0016. This 

indicates that in the long run the post 1974 pupils 

stayed longer in school than their earlier counter

parts. We can make similar deductions for pupils 

who were already in any of the other grades. For 

example, the proportion of grade seven pupils still 

in school after one year were respectively 0.1550,

0.1555 and 0.1416. After three years these
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p ro p o r t i o n s  were r e s p e c t i v e l y  0.0037, 0.0038 and 

0.0028. This seems to reflect the fact that after 

1974, grade seven pupils left the system faster 

than during the earlier periods.

S c h o o l  D r o p - o u t -  a n d  C o m p l e t i o n  R a t e s

The p r o b a b i li t y  that a student entering grade 

i g r a d u a t e s  n years later with final e d u c a t i o n  k 

is given by

( n) ! (n-1 )
g ik = j f 1 u q i j u 9 j ̂  > i 1 , 2 , . ..,s ; k= 1 , 2,. .

(2.7)

for the u-th time interval. This q ua n t i t y  is the
n 1

(i , k ) - 1 h entry of the m atrix p r oduct Q u G u > for

n = 1 , 2 , . . ; . It is called the d r op -o u t r a t e .

Summing the left hand side of e q ua t io n (2.7) from

n = 1 to n = w , we get the p r o b a b i l i t y  of g r a d u a t i n g

with final e d u ca t i o n  k w i t h i n  w years. We denote
_(w )

this sum by g • ̂  and write

_ ( W ) _ w ( n )
u 9 i k n ̂  u 9 ik 5 i-l>2,..,s; k = l , 2 ,. . ., r

( 2 .8 )

This is the (i,k)-th ent r y  of the m a t r i x sum, 

w-1
l Q G ,

n = 0 u u

and is i n te rp r e t e d  as the school comple tion rate

\ * •



36

It is an important factor in manpower planning.

The sum to infinity

E g (^  
n=1 u lk

exists since for an absorbing Markov chain

1i m Qn = 0 . 
n+<» u

00

This means that the matrix series £ Q^Gu converges.
n = 0

We call this infinite sum the school absorbing rate 

and denote it by u g-̂ ̂ . That is

u^ i k
00 , \
2 g^n)

n=l u lk (2.9)

and so ugik is simply the (i.k)-th entry of the 

ma tr ix
00

Z QnG . 
n = 0 u u

Table 2 below gives the school absorbing rates 

for the Kenyan primary education system for the 

periods 1964-1969, 1969-1974 and 1975-1980 respect- 

i vely .
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Table 2. Fraction of pupils who drop out from grade j within 
x years.

grade j 

x^years 1 2 3 4 5 6 7

.0840 .0321 .0388 O0845 .0650 .0543 .8450
1 .1513 .0299 .0435 .0748 .0577 .0261 .8445

.1747 .0876 .0734 .0795 .0465 .0948 .8584

.1152 .0695 .1184 .1449 .1161 ,8118 .9760
2 .1807 .0715 .1136 .1289 .0839 .7920 .9758

.2542 .1558 .1467 .1253 .1322 .7772 .9799

.1490 .1449 .1770 .1920 .8006 .9687 .9963
3 .2156 .1384 .1661 .1661 .7700 .9638 .9962

.3116 .2222 .1914 .2005 .7244 .9567 .9972

.2167 .2022 .2228 .7935 .9650 .9950 .9994
4 .2713 .1891 .1917 .7590 .9566 .9941 .9994

.3655 .2648 .2584 .6980 .9360 .9925 .9996

.2697 .2470 .7805 .9613 .9943 .9992 .9999
5 .3152 .2158 .7450 .9507 .9926 .9991 .9999

.4018 .3240 .6823 .9192 .9872 .9988 .9999

.3110 .7682 .9561 .9936 .9991 .9999 . 1
6 .3377 .7316 .9439 .9913 .9988 .9999 1

.4486 .6798 .9046. .9820 .9977 .9998 1

.7717 .9507 .9924 .9990 .9999 1 1
7 .7594 .9372 .9896 .9986 .9998 1 1

.7162 .8940 .9767 .9965 .9996 1 1

.9487 .9911 .9988 .9998 1 1 1
8 .9410 .9878 .9982 .9998 1 1 1

.8976 .9717 .9950 .9994 .9999 1 1

.9904 .9985 .9998 1 1 1 1
9 .9846 .9979 .9997 1 1 1 1

.9704 .9934 .9990 .9999 1 1 1

.9984 .9998 1 1 1 1 1
10 .9979 .9996 1 1 1 1 1

.9927 .9986 .9998 1 1 1 1
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Comments on T a b l e  2

From Table 2 we observe that, before 1969, 

the proportion of grade one pupils who dropped out 

from school after one year was 0.0840. This 

proportion was 0.1513 between 1969 and 1974 and 

it was 0.1747 after 1974. For a grade seven pupil, 

the proportions were 0.8450, 0.8445 and 0.8584, 

for the three respective periods, after one year. 

Similar values can be obtained for other years.

For example, the proportions of grade one pupils 

who dropped out after eight years were 0.9487, 

0.9410 and 0.8976 respectively. All the grade 

seven pupils would have dropped out of the system 

after s i x years.

The S c h o o l  S u r v i v a l  Time

Let uTn be the number of years a student 

spends in grade j during the first n years after 

entering grade i, for each of the Z time intervals, 

u = l ,2, . . . ,1. Then E[uTn] 1S the exPected length 

of time such a student spends in grade j, during 

the first n years of schooling. We shall denote 

this quantity by . . Thus by definition of

E f T 1 we can write.u nj
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( 2 . 1 0 )

Note that u^ij^ is 0ust the (i,j)-th element of

n hthe matrix sum E Q . Letu n uh = 0

5 • • •

Then we can write

The quantity is called the expected length

of stay in school grade j during the first n years 

of schooling, for a student entering school grade 

i. Summing the rows of ^Ln we obtain the school 

survival times for students in grade i during the 

next n years of education.

The infinite sum

Lu = E Qj . (2.11)
u h=0 u '

exists since lim (r = 0. The elements of L t which
h+oo u u

we denote by ., give the expected lengths of 

stay in school grade j by those entering grade i. 

The sums of the rows of l_u give the expected 

survival times in school by those in grade i.

Table 3(a) below gives the expected length of stay
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in grade j by those in grade i and the school 

survival times.

If we let u^1-j denote the probability that 

an entrant into grade i spends some time in grade 

j before leaving the system, then the expected 

length of stay in school grade j by those in 

grade i is given by

u£ij ~ (udi j} Cu^j j} + 0  " udij) x 0 (2*12)

from which we obta.in,

udij ~ u^ij/u^jj (2.13)

Thus to obtain the probabilities of reaching grade 

j from grade i we need simply divide the elements 

of each column of Lu by the diagonal element of 

that column. Table 3(b) below gives these 

probabilities for each of the three time periods.
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Table 3(a) Expected length of stay in grade j by pupils i 

grade i and the survival times.

grade j 

grade i
1 2 3 4 5 6 7

1.0348 .9476 .9166 .8816 .7998 .7605 .8040

1 1.0334 .8786 .8542 .8178 .7553 .7256 .7774

1 .0918 .8842 .8009 .7413 .6808 .6646 .6051

1 .0378 1 .0038 .9655 .8759 .8329 .8804

2 1.0415 1 .0126 .9692 .8954 .8601 .9216

1.0926 .9897 .9160 .8411 .8214 .7476

1.0384 .9987 .9061 .8616 .9108

3 1 .0452 1 .0004 .9242 .8878 .9512

1.0944 1 .0129 .9302 .9083 .8268

1.0406 .9441 .8977 .9490

4 1.0480 .9681 .9300 .9965

1 .1015 1.0115 .9877 .8991

1 .0352 .9843 1.0406

5 1.0504 1 .0091 1 .0812

1 .1086 1.0825 .9854

1.0554 1.1157
6 1 .0742 1.1509

1.1414 1 .0390

1 .1835
7 1 .1842 

1 .1650

Survival

times

6.1449

5.8423

5.4687

5.5963

5.7004

5.4084

4.7156

4.8088

4.7726

3.8314

3.9426

3.9998

3.0601

3.1407

3.1765

2.1711 
2.2251 
2.1804

1 .1835 
1 .1842 
1 .1650



Table 3(b) The probability of reaching grade j from grade i.

grade j

grade i
1 2 3 4 5 6

1 .9132 .8827 .8472 .7726 .7206
1 1 .8436 .8173 .7802 .7191 .6755

1 .8093 .7318 .6730 .6141 .5824

1 .9667 .9278 .8461 .7892
2 1 .9688 .9248 .8524 .8007

1 .9043 .8316 .7588 .7196

1 .9597 .8753 .8164
3 1 .9546 .8799 .8265

1 .9196 .8391 ...7958

1 .9120 .8506
4 1 .9216 .8658

1 .9124 .8653

1 .9326
5 1 .9394

1 .9484

7

.6793

.6565

.5194

.7439

.7732
,6418

.7696

.8032

.7097

.8019

.8415

.7718

.8793

.9130

.8458

.9427

.9719

.8918

1
1
1
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Comments on T a b l e s  3 ( a )  a nd  3 ( b )

From Table 3(a) we notice that, a new entrant 

into school before 1969 took an average of 6.1449 

years in primary school, while during the period 

1969-1974 the average survival time in school was 

approximately 5.8423 years. After 1974 the average 

survival time was 5.4687 years. This seems to 

suggest that after 1974 pupils took a much shorter 

time in primary school than during the earlier 

periods. These observations can be made for pupils 

in the other grades. For example, for pupils in 

grade two the average survival times were 5.5963, 

5.7004 and 5.4084 years respective1y , for the three 

time periods. For a grade seven pupil the average 

survival times were respectively 1.1835, 1.1842 

and 1.1650 years.

From table 3(b) we observe that before 1969 

a new entrant in primary school had a probability 

of 0.6793 of reaching grade seven, while during the 

periods 1969-1974 and 1975-1980 the probabilities 

of a new entrant reaching grade seven were 0.6565 

and 0.5194 respectively. For a pupil already in 

grade two, the probability of reaching grade seven 

was 0.7439 before 1969, it was 0.7782 between 1969- 

1974 and 0.6418 after 1974. Obviously for a grade 

seven pupil these probabilities were all equal to



one, since they were already in grade seven.

E x p e c t e d  L e n g t h  o f  S c h o o l i n g

Let

(2.14)

be the proportions of students enrolled in the 

various grades at time t. These proportions may 

be estimated from the stocks data by

Writing absorbing states first, the vector in (2.14) 

may be partitioned as

where, u(t) is a vector of proportions in the final 

or absorbing grades and q(t) is the vector of 

proportions in the school grades, all quantities 

considered at time t.

The expected length of stay in the various 

school grades by any of these students during the 

next n years are the components of the vector

(2.15)

(2.16)

The expected length of stay in school by any of 

the students during that period is therefore,
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9. ( *)uLn i 5

where j_ is an sxl vector of ones. Taking limits 

as n becomes large, we have

lim = i ' ^ ^ u  (2.17)n-voo

Thus q'(t)L is a vector which gives the expected 

length of stay in the various grades for any of 

the students. It follows that

a' (t)Lu j_

gives the expected length of schooling ,(E.L . S ) in 

the school system by any of the students.

Tha t is,

E.L.S = q ‘(t)Lu j (2.18)

Table 4 below gives the length of schooling 

in grade j by any pupil and the expected length of 

schooling by any pupil for each of the three time 

periods.
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Table 4. The expected length of schooling in grade j and the 

overall expected length of schooling by any student in the 

system.

Grade
j 1 2 3 4 5 6 7

expected 
length of 
schooli ng

Expected 
length of .2388 .4096 .5410 .6518 .7117 .7968 .9482 4.2979
schooli ng 
in .2385 .3943 .5292 .6389 .7123 .8065 .9700 4.2897

grade j
.2520 .4050 .5195 .6199 .6983 .8116 .8430 4.1493

Comments  on T a b l e  4 .
From Table 4 we observe that* for the period 

before 1969, any pupil considered at random was 

expected to take 0.2388 of a year in grade one. 

Between 1969-1974 and after 1974, any pupil 

considered at random was expected to take 0.2385 

and 0.2520 of a year, res pectively, in grade one. 

This time increases with the primary school grade 

so that any pupil considered at random is expected 

to take 0.9482, 0.9700 and 0.8430 of a year in 

grade seven, for the three respective time periods.

Any pupil considered at random for the period 

before 1969 was expected to take, on the average, 

4.2979 years in primary school regardless of their
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initial grade. For the periods 1969-1974 and 

1975-1980, the expected lengths of schooling were 

4.2892 years and 4.1493 years respectively.

2.4 COMPARATIVE COMMENTS

From the results presented in tables 1-4 we 

are able to make the following conclusions. The 

period 1975-1980 had the least average promotion 

rate of approximately 82% as compared to the 

promotion rates of 1964-1969 and 1969-1974 which 

were approximately 89% and 88% respectively . On 

the other hand, the period 1975-1980 had the 

highest average repeat rate of about 9%. The 

earlier time periods 1964-1969 and 1969-1974 had 

average repeat rates of about 5% and 6% respect

ively. This indicates an appreciable difference 

in school repeat rates in that, the later time 

period had a higher repeat rate as compared to the 

earlier periods.

During the period 1964-1969 approximate1y 

92% of grade one pupils were still in school after 

the first year of schooling. During the later 

periods 1969-1974 and 1975-1980, only approximately 

85% and 82%, respectively, of the grade one pupils 

were still in school after the first year of 

schooling. This seems to suggest that more pupils 

in primary school were able to continue with primary
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education after their first year of schooling, 

before 1 969 than after 1 969. On the other hand we 

observe, for example that, after eight years of 

schooling 5% of the pupils enrolled in school in 

the period 1964-1969 were still in school. In 

the periods 1 969-1 974 and 1 975-1 980 approxiniate 1 y 

6% and 10%, respectively, of the pupils were still 

in primary school after eight years of schooling. 

Infact, after eleven years of schooling, a few of 

the 1969-1974 and 1975-1980 pupils would still be 

found in school while all those of the period 

1 964-1 969 would have dropped out of school . This 

seems to indicate that pupils of the 1975-1980 

period were retained longer in primary school in the 

long run than those of the earlier periods. This 

may possibly be due to the high repeat rates during 

the period 1 975-1-980 .

An entrant into primary school during the 

period 1964-1969 took an average of 6 years 2 

months in primary school. During 1 969.-1 974 and 

1975-1980 an entrant into primary school took an 

average of 5 years 10 months and 5 years 6 months, 

respectively, in primary school. This implies that 

pupils in the time- periods 1969-1974 and 1975-1980 

spent, on average, a shorter time in primary school 

than those of the earlier period 1964-1969.
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This may possibly be due to a higher demand for 

grade one places during the later years or due to 

a higher drop out from the system during the later 

years.

The remarks made in the preceding paragraph 

can also be made for any other grade in the school 

system. For example, a pupil already in grade 

five spent on average 3 years 2 months in primary 

school during all the three time periods.

During the period 1964-1969 a pupil entering 

the primary school system had a 68% chance of 

reaching the highest primary school grade, that is 

grade seven. In the periods 1969-1974 and 1975- 

1980 a new entrant into primary school had a 65% 

and a 52% chance respectively, of reaching grade 

seven. This may be because pupils stayed longer 

in school during the period 1964-1969 as compared 

to the later time periods 1969-1974 and 1975-1980.

A pupil already in grade two had a 74% chance of 

reaching grade seven between 1964-1969, The chance 

of reaching grade seven for a pupil already in 

grade two were respectively 78% and 64% during the 

periods 1969-1974 and 1975-1980. Here we observe 

that during the period 1969-1974 a pupil already 

in grade two had the highest chance of reaching 

grade seven as compared to the other periods.
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Infact for pupils already in grades two to six the 

chance of reaching grade seven was highest during 

the period 1969-1974 all through. Generally, for 

pupils in any of the primary school grades the 

chance of reaching the highest primary school grade 

was least during the period 1975-1980. This may 

be due to the high demand for primary school places 

during this period because of population expansion.

Any pupil considered at random, regardless of 

their grade, was expected to take on average 4 

years 3 months in primary school during the time 

periods 1964-1969 and 1969-1974. During 1975-1980, 

any pupil considered at random was expected to take 

on average 4 years 2 months in primary school.

Again this reflects the high demand for primary 

school places during the time period, 1975-1980, 

in that they took a shorter time in primary school 

during this period than during the earlier periods.

As portrayed by the results, the major changes 

that have taken place in the education system over 

the period, 1964 to 1980, are the following:

(i) The average repeat rates continued to rise 

as from the period 1964-1969 to 1969-1974 

and were highest during the period 1975-

1 980.
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(ii) A grade one pupil spent a comparatively 

longer time in primary school dur-ing the 

period 1964-1969 than during the later 

time periods, 1969-1974 and 1975-1980.

(iii) Generally, pupils in primary school

during the period 1969-1974 had a higher 

chance of reaching the highest primary 

school grade than those in p r i m a r y  school 

during the periods 1964-1969 and 1 975- 

1 980.

(iv) On average, any pupil in primary school 

during the periods, 1964-1969 and 1969- 

1974, was expected to stay longer in 

primary school than any pupil in primary 

school during the period 1975-1980.

In view of the above remarks, it seems reason

able to conclude that the Kenyan primary education 

system did not stay homogeneous over the period 

from 1964 to 1980. Most of the changes in the 

educational character!'stics may have been due to the 

effect of changes in education policies and other 

social and economic factors.
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CHAPTER III

TIME DEPENDENT TRANSITION MODE1S

111 introduction

In chapter II it was found out that the Kenyan 

primary education system has not remained homogen

eous over time. In order to study a system, one 

needs to take into account past behaviour of the 

system. This means that in studying the transition 

process of the Kenyan education system the changes 

in the system over time cannot be ignored.

The application of time homogeneous transition 

models, such as stationary Markov chain models, 

though simple to apply, would only be suitable for 

studying education systems which are fully developed 

and which have stablised. In the third world 

countries and especially in Africa, education 

patterns are constantly changing due to rapid 

population growth and other socio-economic factors. 

This trend calls for time dependent dynamic models 

which would incorporate important factors, which 

could be internal or external to the system over 

a period of time.

The purpose of the present chapter is to relax 

the assumption of constant transition probabilities 

and instead assume that they change with time 

according to some models. In section 3.3, a
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number of transition models are proposed. The models 

attempt to incorporate endegeneous factors in the 

system over a period of time by means of probability 

distribution functions.

These models are then used together with the 

theory of time-dependent Markov chains, to compute 

various measures of academic retention. The 

measures include school staying ratios, drop out 

and completion ratios and expected length of school

ing. Estimates for these measures are computed 

using the stocks and flows data of the primary 

school system in Kenya.

3.2 TIME DEPENDENT MARKOV MODEL

Introduction

Suppose the states of the education process

are denoted by integers 1,2,..,N, where N is the

number of possible states of the system. We

consider time dependent Markov chain models, which

are based on the assumption that the flows out of

a given state are governed by time dependent

probabilities. That is, the probability of an

individual in state i at time t moving to state j

at time t+1 depends only on i,j and t and not on

any previous moves the individual may have made.

If the probability of moving from state i to state

j in the time interval (t,t+l) is denoted by p..(t),
J
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then the transition matrix of flows is given by

P(t) = ((P t j(t))) i,0 = 1,2,...,N (3.1)

and it depends on t. We will further assume that 

all individuals behave independently.

Let n..(t) denote the number of individuals
' J

who were in state i at time t and are in state j 

at time t+1; these numbers represent the flows 

between states in the system.. The number of 

individuals in state i at time t is then given by

N
nl(t) = (3.2)

and is called the stock in that state at time t.

We can treat the states individually because 

of the assumption of independent flows. If data 

on stocks and flows are available over x time periods 

then, assuming the multinomial distribution, we have

t - 1  N n i j ( t )
L 01 11 „ ’ (3.3)t=0 j=l J '

where L is the likelihood function for the i-th

state. Maximizing L with respect to P-jj(t) subject

N
to the restraint £ P-.(t) = 1 , we obtain

j=i 1J

= nij(t) 1 ni(t) (3.4)
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a s  t h e  ma x i mu m l i k e l i h o o d  e s t i m a t e  o f  p . . ( t ) .• d

We n o t i c e  t h a t  t h i s  e s t i m a t e  d e p e n d s  o n l y  on t h e  

s t o c k s  a n d  f l o w s  d a t a  f o r  t h e  t i m e  i n t e r v a l  ( t , t + l ) .  

H o w e v e r  i f  we a s s u m e  t h a t  p — ( t ) ' s  a r e  c o n s t a n t  

o v e r  t i m e  t h e n  p  ̂ • ( t ) = p . . a n d  i t s  e s t i m a t e  i s  now 

g i v e n  by

t - 1  t - 1
Pi  i ( t ) = r  n . . ( t ) / i  n . ( t ) ( 3 . 5 )

1 J  t = 0  J  t = 0  1

I n t h e  s p e c i a l  c a s e ,  t  =1  , wh e n  d a t a  i s  a v a i l a b l e  

o v e r  a s i n g l e  t i m e  p e r i o d ,  t h e  t wo  e s t i m a t e s  

c o i n c i d e .

T e s t i n g  F o r  H o m o g e n e i t y

B e f o r e  o n e  a r r i v e s  a t  t h e  c o n c l u s i o n  t h a t

p . . ( t ) 1 s c h a n g e  w i t h  t i m e ,  o n e  n e e d s  t o  t e s t  w h e t h e r  
J

t h e s e  p r o b a b i l i t i e s  a r e  t i m e  h o m o g e n e o u s  o r  n o t .

The  h y p o t h e s i s  t o  be  t e s t e d  ma y  be f o r m a l l y  s t a t e d  

a s

Ho : p i - ( t ) = p i j »  f o r  a l l  i , j  a n d  t .

On c e  a g a i n  i t i s  b e t t e r  t o  t r e a t  e a c h  i s e p a r a t e l y  

s o  t h a t  llo i s  r e a l l y  s hypotheses,  where s i s  the 

n u mb e r  o f  n o n - a b s o r b i n g  s t a t e s  o r  s c h o o l  g r a d e s .

S u p p o s e  t h a t  s t o c k s  a n d  f l o w s  d a t a  a r e  a v a i l a b l e  

f o r  t t i m e  p e - r i o d s ,  0 , 1  , 2 , . . . , t - 1  , s a y .  T h e n  t h e  

f l o w  d a t a  f o r  g r a d e  i c a n  be  a r r a n g e d  i n  a
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contigency table as indicated in Table 5 below.

Table 5: Flow data for grade i

States
Time Period 1 2 ... N Row Totals

0 nil(°) n12(0) --  n^(°) n.(°)

1 ni,(D n 12 < 1) • • • • n-j|\jO) n.j(l)

2 0^(2) ni2(2)
•
•

.... 0^(2) 
*

ni (2)

T-l

•

^(T-l) n.2(T-l)

«

--  ni.̂ (T-l)

4

n-j (t-1 )

T-l
2 n.(t) 
t=0 1

Depending on the education process, some of the transition

numbers n..(t)'s will be zero. For instance if we 
 ̂J

assume that promotion is only to the next higher 

grade and that there is no demotion, then the only 

possible non-zero transition numbers will be

nii(t}’ ni,i+l(t) or nik(t)’ k = S+1» s+2,.,n .

The hypothesis Ho requires the allocation of 

transition numbers to be according to the assump

tion of constant p..(t)'s over time. Thus, for 

each i, the expected transition numbers are given by

n i j ( * ) = E n. .(t) / Ho 
i J
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= ni ( t )  pi j
t = 0,1 , . , . , T - 1 
j = 1*2....N (3.6)

where p . . is as given in (3.5).
 ̂J

For each i and for fixed j there are t pairs 

of values ( n . . (t), n . . (t) ) , t=0,l,...,T-l. To
I J 1 J

carry out the homogeneity test we must first of all 

divide both n . . (t) ' s and n..(t)'s into k disjoint
* J * J

non-empty intervals. Let 0..(u) be the number of1 J
n -j j (t) 1 s which fall in the u-th interval and let 

E . . (u ) be the correspondi ng n^ftj's which fall in 

the u-th interval. Then the chi-square statistic 

for testing Ho is given by

D = ^, (0 -j i (u ) " Ei.i(u))2 Eij(^)
u = 1

(3.7)

To test Ho we compute D and reject Ho at a 

level of significance if the P-value

P r [ X2( k- l  ) > D j  < a

where Dc is the computed value of D. This test is 

performed for each i and j.

In order to conclude that the hypothesis of 

homogeneity is false it is enough to find that 

p..(t)f p-., for at least one j, on the basis of 

the above test. This test was carried out for the 

Kenyan primary education system. The promotion flows 

were found to be homogeneous with P-values between
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0.90 to 0.95. However for the repeat flows it was 

found that grades one and two are highly inhomoge

neous with P-values between 0.01 and 0.001 . The 

repeat flows for grades three to six were weakly 

homogeneous with P-values between 0.2 and 0.1. 

Grade seven repeat flows were again homogeneous 

wi th P-value about 0.4.

We therefore reject the suggestion of homo

geneity of the primary education system on the 

basis of the non-homogeneity of repeat flows in 

grades one and two. Accordingly we suggest that 

the transition process changes with time. This 

leads to the study of the time dependent models

discussedbelow.

Applications of the Time Dependent Markov Model.

Suppose that the education system consists of 

r absorbing and s non-absorbing states, such that 

r + s = N. Then the transition matrix for flows in 

the interval (t,t+1) can be put in the canonical 

form

I

P(t) =

G(t)

0

Q(t)

(3.8)

where, I is an rxr identity matrix giving transition 

probabilities between absorbing states; 0 is an rxs
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matrix of zeros, giving transition probabilities 

from absorbing to non-absorbing states; G(t) =

( (g i k (1)) ) is an sxr matrix’ 9 i k (11) being the 
probability of a student in grade i at time t 

graduating with final education k at time t + 1 ; and

between school grades.

The n-step transition matrix is defined by

in state i at time t will be in state j at time 

t+n, that is n years later.

Assuming that the Markov property is satisfied, 

it can easily be shown that.

(3.9)

h = 0

.1 0

V  Q^h )(t)G(t+h ) 
h = 0

(3.10)

where
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Q (h  ̂( t) = II Q(t+H)
a = o

(3.11)

and

Q ( 0 ) (t) = I (3.12)

We now obtain expr e s s i o n s  for the school 

retention rates, the drop out and c o m p le ti o n ratios, 

the e xpected length of schooling and the school 

survival times.

,’J d  f i u  L H g  L &  n  t i  o  yi l-tii i & fe* .

The probability that a student in school

grade i at time t will be in school grade j, n years

later is the (i,j)-th entry of Q ^ ( t ) ,  that is

a. The probability that a student in
 ̂i J
school grade i at time t will still be in any of 

the s school grades n years later is therefore 

given by the sum

<h (t) " T i qij (t) ’ n=0,1,2,,.. (3.13)
J

It is the i-th entry of the column vector Q ^ ( t )  j, 

where j is an (sxl) column vector of ones, This 

probability is interpreted as the proportion of 

students in grade i who will be in any of the s 

school grades at time t+n, and is called the school

retention rate.
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P a h o o l P v o p - o u t  and C o m p l e t i o n R a t e s .

The probability that a student who enters 

school grade i at time t will graduate n years 

later with final education k is given by

gik(n)(t) = t g.k(t + n-l),
J *

i~l . 2. . . ., s 

k = l , 2.... r (3.14)

It is apparent that g|^(t) is the (i,k)-th entry 

of the matrix product

Q^n”1^(t) G (t+n-1 ), n= 1 ,2, . . .

It is called the drop out rate. Summing the drop 

out rates for n=l to n=w gives us the probability 

for a student entering grade .i at time t to graduate 

with final education k within w years, which we 

denote by g 

That is

w
Z

n=l
(t) »

k = l ,2, . .
,s
,r

(3.15)

It is the (i.k)-th entry of the matrix sum

Wz V h)(t) G (t+h ). 
h = 0

It is called the school completion rate and is an 

important parameter in manpower planning. The 

probability that a student in grade i at time t
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will sooner or later graduate with final 

education k is therefore the infinite sum

9ik(t) = nf!gik)(t) (3*16)

It is the (i,k)-th entry of the matrix series

00
Z Q(h)(t) G(t+h) 

h = 0

which converges, since for an absorbing Markov 

chain

lira Q ^ ( t )  = 0 (3.17)
h+oo

The quantity g .j ̂  (t) 1S ca^ ec* The school absorbing 

ra te .

S c h o o l  Surv i va l *  Time
The probability that a student in grade i at 

time t will be in grade j in exactly k years is

We note that q|^(t) is the (i,j)-th entry 

of the matrix Q ^  (t). Let Tn be the number of 

years a student spends in grade j during the next 

n years after enrolling in grade i at time t. Let 

it|^(t) denote the expected length of stay in school 

grade j by students in grade i at time t, during 

the next n years of schooling. Then

*|jn)(t) = E(Tn)
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= 2 (3.18)
k = 0 1J

which is the (i,j)-th entry of the matrix series

Ln(t) = I + Q(t) + Q^2 )(t)+...+Q(n)(t). (3.19)

The expected length of stay in school by a 

student in grade i at time t, during the next n 

years, is the sum of the i-th row of the above 

series, that is £ £|^(t).
j=i J

The expected length of stay in school grade j 

by those in grade i at time t is given by

(t) = lim E[TJ
J n+°°

= 2 i5(t) (3.20)
k = 0 1J

It is the (i,j)-th entry of the convergent matrix 

series

L (t) = Z Q(k)(t) (3.21 )
k = 0

The expected length of stay in school by a 

student entering grade i at time t, before graduat

ing with any of the r final educations is the sum 

of the i-th row of the matrix L(t) given in (3.21). 

It is called the school survival time.

Suppose we let d ̂. • (t) denote the probability 

that an entrant into grade i at time t spends some
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time in grade j before leaving the system, then 

the expected length of stay in school grade j by 

those in grade i at time t is given by

*1j(t) = (dij(t))(ljj(t)) + 0  - dij(t)) x 0 ,

(3.22)

from which we obtain

dij(t) = «-i j ( j (t) (3.23)

Thus to obtain the probabilities of reaching grade 

j after having joined grade i at time t, we simply 

need to divide the elements of each column of the 

matrix L(t) by the corresponding diagonal element.

E x p e c t e d  L e n g t h  o f  S c h o o l i n g .
The probability distribution of students in 

the various states at time t is given by

P(t) = (P1 (t),P2 (t).... PN(t)' ( 3 - 24 >

where p.(t) is the probability of a student being 

in grade i at time t, i=l,2,...,N. We can estimate 

p^t) from the stocks data as

N
P,(t) = n. (t)/ 2 n. (t) .
1 i i=1 1

If we write the absorbing states first, then the 

probability vector £(t) may be partitioned as

£ '(t) = (u'(t), q'(t)) (3.25)
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where u'(t) is the vector of proportions in the 

r absorbing states at time t; and q'(t) is the 

vector of proportions in the s non-absorbing states 

or school grades at time t.

The length of stay in school grade i by any 

student who is in school at time t during the next 

n years of schooling is therefore the j-th 

component of the vector

I n  = SL ’ (t ) L n ( t ) ’ (3 -2 5 )

whore L ( t) is as in (3,19), The expected lenytli 

Of  s c h o o l i n g  by  a n y  s t u d e n t  i n  s c h o o l  a t  t i m e  t ,  

d u r i n g  the n e x t  n years of schooling is given by

%  = q' (t) L n (t) j (3.27)

where j is an sxl column vector of ones.

The length of stay in school grade j by any 

student in school at time t is the j-th entry of 

the vector

%' = q'(t) L ( t) (3.28)

where L(t) is as in (3.21). The expected length of 

schooli ng by any student who is in school at time 

t is therefore given by

£ = q ' (t ) L (t ) j_. (3.29)
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This is a good indicator of the retention property 

of the education system at any particular time t.

3^3 TRANSITION MODELS BASED ON PROBABILITY 
DISTRIBUTIONS.

In this section it is assumed that the transi

tion probabilities may be regarded as probabilities 

of occurrence of random events, which characterise 

the transition process. In particular we assume

that p..(t) is the probability of occurrence of  ̂J
random events generated by a random process with a 

corresponding continuous distribution function,

F(t), defined on the time domain.

Assuming that p̂  .(t) is a continuous function 

of time which increases with t such that

lim p.,(t) = 1 and lim p.,(t) = 0,
t+oo 1J t->-°° J

we may write

pi .(t) = F(t), -~<t<“ (3.30)

Here negative values of t mean the times before we 

start observing the process, assuming that observa

tion starts at t=0. If on the other hand we assume

that p--(t) is a decreasing function of t that 
1 J

satisfies

lim pi i(t) = 0 and lim P1j(t) = i
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then we may write

Pij-(t) = 1 - F(t), (3.31 )

More generally, suppose that p..(t) increases
 ̂0

to a maximum value 'a' where 0<a<l , as t-*-°°. if 

p i j (t) is a decreasing function of t then we 

consider 1 - p 1- j (t) which is also an increasing 

function. Let us define the function

r
pij(*)/a > if Pij(t) is i n c r e a s ing

Pij(t) =4

(1 “Pi j ( ̂ ) )/a > ^  P-j-j(t) is decreasii J ng

Then

1 im p • • (t) -> 1 as t+°°

and

1 im p . . (t) 0 as t+-°°
* J

We can then carry out the modelling process in terms

of p..(t)'s. That is, we write  ̂J

Pij(t) = F(t)- — <t<“ (3.32)

where F(t) is a probability distribution function. 

Note that *(t) is always an increasing function of 

t.

We shall now consider three transition models 

based on probability distribution functions. These 

are; the Normal transition model, based on the 

normal distribution; the Logistic transition model
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based on the logistic distribution and the 

Exponential transition model, based on the 

exponential distribution.

The Normal Probability Transition Model.

Suppose that the education process is observed 

over a continuous time scale. We assume that the 

transition process is characterised by a random 

process whose distribution function over t is given 

by

where $(*) is the standardized normal distribution 

function. Since p...(t) as defined in (3.32) always 

increases with time to a maximum value of one, we 

can write

a . . /2tt -°° i J

-°o< t<°O

(3.33)

(3.34)

Let us make the probit transformation

where,
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Then,

Pi j (t) = 4>(aij. + B.jjt - 5). (3.35)

Equation (3.35) defines a Normal probability model 

for calculating p--(t) and hence p..(t) over desired' J I J
time intervals. To fit the model, the values of the 

parameters a • • and B • • can be estimated from the' J • U
straight line regression equation

Probit P-jj(t) = a ij + (3.36)

where p..(t) is the maximum likelihood estimate of 
3

p..(t). It is obtained from the maximum likelihood 
 ̂J

estimate of P -j j (t) using the invariance property of 

maximum likelihood estimators.

The rate of change of p ̂ j(t) with respect to 

time is the density function of F(t), that is

d p - , (t)
---U ---  = F (t)
d t

= f(t) , say.

Thus the mean rate of change of p̂  .(t) is given by

oo
E [f(t)] = / f(t) dF(t)

= 1/2ai

= (3.37)

and the quantity
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Yij = l/E[f(t)J

= 2 /?/(3 • • 
i J (3.38)

is a rough measure of the average amount of time 

for the transition process to stabilize. This 

measure may be estimated by

2/i/^j (3.39)

where

from

A

(3.36).

the estimated value of 3 .. obtained ̂J

The Logistic Probability Transition Model

Here we assume that the transition process 

can be described in terms of a random process with 

a continuous distribution given by

(t) = 1/ l+exp{-(«ij- + 31 jt)J -oo< t <00 • g . . >0
1 J

(3.40)

where a., and are parameters of the process.
1 J 1 J

Then we may write

P i j ( t )  = F(t)

= exp(aij  + Oijt) / {l+exp(aij + Bijt)J

From (3.41 ) it follows that

(3.41 )

Pij(t)/(1-Pij(t)) = ex P(a i j + e ijt )
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which leads to the logit transformation

1 °9 ( P-j j (t)/ (1 -p. j (t) )} = a -j j +  ̂i j t (3.42)

The parameters -̂jj 6 .j j  ̂̂ y be estimated from

the regression equation

legit Pi j = «i j + (3.43)

The density function of F(t) is given by

f (t) = 31* j F(t)(l-F(t)) (3.44)

This is the rate of change of p..(t) with respect 

to time. Hence the average rate of change of 

Pij (t) is given by

E [f (t)] = 6... J1 F( t) (1 -F( t)) d F (t)
J 0

= Bij/6 (3.45)

The average amount of time required for the 

transition process to stabilize is given by

with an estimated value of

(3.46)

where 8. . is an estimate of 8.. obtained from 
l J 1J

(3.43).

(3.47)
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The Exponential Probability Transition Model

Here we shall assume that the transition 

probabilities are generated by a random process 

with distribution function

F (t) = 1 - exptXa^. + A. jt)] ; t>0, X. >0

(3.48)

where A., is the rate parameter of the process and 
 ̂J

-a../A*, can be considered as the time when the 
1 j i J

process began evolving. Then we may write

p..(t) = 1 - exp[-(ai . + X..t)] (3.49)
* J

The parameters Â  . and a^j may be estimated as the 

gradient and intercept of the line

-1og(1 - Pij(t)) = “ij + Aij t (3.50)

The density function of F(t) is given by

f(t) = X ^  expt-tajj + X.jt)]

= A - -(1 - F(t)). (3.51 )
' J

It is the rate of change of p ij (t) with respect to 

time. Hence, the mean rate of change of pi . (t) is 

given by

E [f (t) ] = X.j j\l - F(t))dF(t)

= X^/2 (3.52)
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and the average amount of time required for the 

transition process to stabilize is given by

(3.50).

3.4. RESULTS ON THE APPLICATION OF THE 

PROBABILITY MODELS.

In this section the results of the application 

of the models proposed in section 3.3 to the Kenyan 

primary school data are given. In order to assess 

how well the models fit the observed stocks and 

flows data, a goodness of fit test must be 

performed. If the goodness of fit test indicates 

that a model fits the stocks and flows data 

sufficiently well then, the model may be used to 

project the future transition rates.

It is useful to accompany every projected 

rate with its standard error, measured around 

the assumed model. Before using the models 

proposed in section 3.3 to project the transition 

rates and other measures of academic retention, 

it is necessary to explain how to perform the

(3.53)

with a corresponding estimate,

(3.54)

where A.. is an estimate of A., obtained from>J i j
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goodness of fit test and how to calculate the 

standard error of the estimates.

Testing for Goodness of Fit

Suppose that data is available over t time 

periods, t = 0,1,2,...,t-1, then the expected 

transition numbers in the time interval (t,t+l) 

under the model assumptions is given by

for each i and j where n^t) is the total stock in 

grade i and p?.(t) is the fitted value of p.,(t),
I J * J

corresponding to the time interval (t,t+l). Then 

proceeding 3 s in the case of testing for homogeneity, 

the chi-square statistic for testing the goodness 

of fit is

where 0..(u) is the number of n^.ftj’s which fall 

in the u-th interval and E^. (u) the number of 

n* m ' s  which fall in the correspondi ng u-th
i j

interval. This statistic has (k-l-d) degrees of 

freedom, where d is the number of unknown parameters 

involved in the model .

nTj(t) = E[n1j(t)/Model] 

= pij(t) (3.55)

u = l
(3.56)
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Standard Error of Fitted Transition Rates

Consider a continuous function g(x) defined 

for each value of a random variable X, with a 

finite mean m and a finite variance. Assuming 

that the random function is repeatedly 

differentiable, it can be expanded in a Taylor 

series about the mean x = p as follows:

g(x) = g(u) + g'(w)(x->J) + g"(M)(x-u)2/2! + . . .

A first approximation for the mean and variance of 

g(x) is given by

E[g(X)] = E[g(u) + g ' (u)(X-p)]

= 9(M ) (3.57)

and

Var [g(X)] = Var [g(m ) + g '(m )(X-p )]

= [g ' (p )] 2 var x (3.58)

We will use the expressions (3.57) and (3.58) to 

calculate the standard errors of the estimates 

for each model.

RESULTS ON THE NORMAL PROBABILITY TRANSITION MODEL 

Gcodn&ss of Fit

The goodness of fit test is carried out to 

assess the closeness of fit between the observed
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and estimated flow values for all the seven grades. 

This is done when the system is assumed to evolve 

according to the Normal probability transition 

model. It is found that the differences between 

the observed and fitted flow values are not 

significant with P-values ranging between 0.6 to 

1.0. This therefore suggests that the Normal 

probability transition model may be used to study 

the Kenyan primary education system.

S t cindard E r r o r  o f  E s t i m a t e s .
When we assume that the Normal transition

model is correct the future transition probabilities 

can be obtained from

estimates of a -jj an<̂   ̂-j j obtained from (3.36). 

Let us define a random variable X by

(3.59)

using (3.35) with a^j and as the least square

(3.60)

Then

p = E(X)

(3.61 )

and
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Var X = Var(u • • + 6i -1)
’ J J

T -1 _ 2
/ £ (t - t)
t = 0

v/ he r e

_  t -1
t = (1 /l ) l t = (T-1 )/2

t = 0
2and a is estimated as

- t -1  ̂ 2
o = £ (yt - y t) / (t-2) (3.63)

t = 0 1

-1
= ( £ t^+ tz - 2tt)o2 

t = 0 '

w i t h

yt = Prob i t p. . (3.64)

and y is the fitted value of yt under the model. 

Now

P*j(t) = *(X)

using (3.59) and (3.60). Thus

E[p* (t)] = E[*(X)] (3.65)
' J

= + 3i jt-S) (3.65)

a rid

Va r [pt. (t )J = Va r [4> (X )]

= [4>' (u )] 2Var X . (3.66)
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using (3.59) and (3.58).

Hence the standard error of p?j(t) is given by

S.E. (p*j(t)) = (m ) o *

= exp(-u2/2)o*//7¥ (3.67)

w here

A A

M = a -j j + Kij t -5

and

-1 2 . r:1,. t % 2, yt y +  t z -  2 t t ) a  / ( t  -  t )

t=0 t_u

1/2
(3.68)

The standard error of the transition probabilities

p* (t) is simply obtained by multiplying (3.67)
H i j { 1
, , • wniup nf n..(t) namely 'a' which isby the maximum value or P j ̂ '

. , i n  section 3.3. Infact when a=lmentioned earller in bti

• . thp came. Table 6 below gives the value remains the same.

i , H up error of the transitionthe percentage relative

ratios for the Kenyan primary education system 

under the Normal probability transition model.



TABLE 6: The p e r c e n t a g e  s t a n d a r d  e r r o r  o f  the t r a n s i t i o n  r a t i o s  under the Normal probability transition
model

! time t
transi tion 
ratio p. . 0 1 2 3 4 5 6 7 8 9 10 16

P1 2 2.2 2.5 2.9 3.3 3.8 4.2 4.8 5.3 5.9 6.6 7.3 12.5

p23 1 . 2 1 .4 1 .5 1.9 2.2 2.5 2.8 3.2 3.6 4.0 4.5 8.2
1

p34 0.8 1 .0 1 .1 1 .3 1 .4 1 .6 1 .8 2.0 2.2 2.5 2.7 4.6

P45 1 .2 1 .4 1 .6 1 .8 1 .9 2.1 2.3 2.5 2.8 3.0 3.2 4.9

P56 0.8 0.8 0.9 1 .0 1 .1 1 .3 1 .4 1 .5 1 .6 1 .8 2.0 ... 2.9

P67 2.0 2.2 2.6 2.9 3.3 3.7 4.1 4.6 5.1 5.6 6.2 ... 10.5

p78 0.7 0.8 0.9 0.9 1 .0 1 .0 1 .1 1 .2 1 .2 1 .3 1.4 1 .7

P11 21 .9 23.7 25.2 26.5 27.6 29.2 30.4 31 .6 32.8 33.8 35.0 39.6

p22 19.5 21 .1 22.3 23.6 25.0 26.2 27.4 28.6 30.2 30.8 31.8 ... 37.0

p33 17.0 18.0 19.0 20.4 21 .5 22.0 22.9 24.5 25.4 26.3 27.2 31 .5

p44 14.3 15.4 16.2 17.1 18.0 13.9 19.8 20.7 21 .5 22.3 23.0 ... 26.7 !

j p55 10.0 10.8 11.4 12.1 12.8 13.4 14.3 14.2 15.0 15.8 15.9 17.9

! P66 9.4 10.0 10.7 11.4 12.0 12.6 13.0 13.6 14.1 14.6 15.0 ... 17.2 '

j p77 ( 4.0 4.4 4.7 5.1 5.5 5.9 6.2 6.7 7.0 7.4 7.9 ... 10.3 |
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C r rn m e n to o n Ta b l e  0
The r e l a t i v e  standard error when using the 

Normal probability model to estimate P 1 2 ( t )  during 

the initial time period is 2.2%. It is around

1 . 2 %  f o r  estimating P 2 3 ̂ ^  d u r i n g  t h e  i n l t l a l  t1n'e

period. These relative standard errors are given

in the first column of Table 6 . In fact the

maximum relative standard error when using the

Normal probabi1 i t y  mode 1 to estimate P i j ( t )  s

during the initial time is about 22%. When the

Normal probability model is used to describe the

, . . affPr one year, the maximumtransition process after one ^

relative percentage error is about 24%. During 

the second year the maximum relative standard error

is about 25% and so on. For example, when the

... -j c u s e d  to d e s c r i b e  the
N o r m a l  p r o b a b i l i t y  m o d

. . . QCC during the fifth year, thetransition process, dur y
^ n d a r d  error in the transitions maximum relative standard

in \/p s r s the maximum r e l a t i v e  i s  about  29%. A f t e r  10 y e a r s ,
■ oc+i mat i nq the t r a n s i t i o n s  i s  s t andar d e r r o r  in e s t i ma t i ng

as is expected, the relative 
about 35%. We see that as k

standard error in estimation increases with time.

T M s  s„99e s.s that the N„r..l paob, b i li ty is

-transition rates especially
useful for projecting

the initial time p e r i o d .
for time periods near

____  Table 6 i s  t ha t  the
Another o b s e r v a t i o n from
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relative standard errors seem to be telatively 

higher for r e pe a t rates than for the o t h e) 

transition rates. This could possibly be due to 

misreporting of repeat data in primary schools.

Measures of AcaJennc__Re te n t i o n_based_oji_the_ No rma 1 

probability transition modej_.

Tables 7(a) - 7(g) give the projected school 

retention rates for the Kenyan primary education 

system under the Normal probability model during

the projection period.
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Tables 7 (a]_ - 7(g): The School retention rates under the

Normal probability model.

Table 7(a): Fraction of pupi Is in grade one who wi11 be

grade j, n years later and the staying rati

grade j
1 2 3 4 5 6 7

n years'

1 .0935 .7331

2 .0094 .1363 .6025

3 .0010 .0204 .1750 .4940

4 .0001 .0029 .0363 .2005 .3959

5 .0004 .0067 .0544 .2171 .3298

6 .0001 .0012 .0126 .0769 .2388 .2466

7 .0002 .0027 .0228 .1087 .2099

8 .0006 .0062 .0404 .1075

i n 

s.

stayi ng 

rati os

.8266

.7482

.6904

.6357

.6084

.5762

.3443

.1547



83

Iib]e 7(b): Fraction of pupils in grade two who will be in

grade j, n years later and the staying ratios.

grade j 

n^yea'rs^
2 3 4 5 6 7 staying

ratio

1 .0880 .8328 .9208

2 .0083 .1556 .6901 .8540

3 .0008 .0234 .2044 .5572 .7858

4 .0001 .0033 .0432 .2392 .4668 .7526

5 .0005 .0081 .0692 .2781 .3543 .7102

6 .0001 .0015 .0173 .1070 .2572 .3831

7 .0003 .0041 .0345 .1144 .1533

8 .0009 .0102 .0407 .0518
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Table 7 ( c ) : Fraction of pupils in grade three who wil l  be

in grade j ,  n years later  and the staying rat ios.

jjjrade j 

n years'

1

2

3

4

.0923

.0092

.0010

.0001

5

6

7

8

4 5 6 7
staying 

ratio

.8374 .9297

.1637 .6809 .8538

.0258 .2177 .5737 .8182

.0039 .0501 .2734 .4417 .7692

. OUUb ,0104 .0879 .2693 .3682

.0001 .0021 .0243 .1032 . 1297

.0004 .0063 .0322 .0389

.0001 .0016 .0090 .0107
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Table 7(d): Fraction of pupils in grade four who will be

in grade j, n years later and the staying ratios.

grade j 

n years
4 5 6 7

staying
ratio

1 .0975 .8187 .9162

2 .0102 .1745 .6934 .8781

3 .0011 .0301 .2505 .5414 .8231

4 .0001 .0050 .0650 .2690 .3391

5 .0008 .0151 .0870 .1029

6 .0001 .0034 .0234 .0269

7 .0008 .0057 .0065

8 .0002 .0013 .0015
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Table 7(e): Fraction of pupils in grade five who will

be in grade j, n years later and the 

staying ratios.

grade j 

n years
5 6 7

s tayi ng 

ratio

1 .1076 .8516 .9592

2 .0125 .2106 .6738 .8969

3 .0016 .0420 .2597 .3033

4 .0002 .0080 .0688 .0770

5 .0015 .0157 .0172

6 .0003 .0033 .0036

7 .0001 .0007 .0008

8 .0001 .0001
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Table 7(f): Fraction of pupils in grade six who wi

grade j, n years later and the staying

grade j 

n years
6 7

staying
ratio

1 .1315 .8014 .9329

2 .0184 .2178 .2362

3 .0028 .0452 .0480

4 .0004 .0085 .0089

5 .0001 .0015 .0016

6 .0003 .0003

Table 7(g): Fraction of pupils in grade seven who

grade j, n years later and the staying

grade j

'n^years'^
7

staying
ratio

1 .1429 .1429

2 .0203 .0203

3 .0029 .0029

4 .0004 .0004

5 .0001 .0001

11 be in 

rati os.

will be in 

ratios .
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C > iivy] > 2  ■ ;; o  fi T a b l e  7 ( cl )______( Q )

If the Kenyan primary education system evolved 

according to the Normal probabi1 lty model then 

0.8266 of the new entrants into primary school 

would still be in school after one year. After 

two years of schooling 0.7482 of these pupils would 

still be in school. Similar figures can be obtained 

for the other years. For example, after eight 

years of schooling only 0.1547 of the grade one 

pupils would still be in school.

For pupils already in grade two, 0.9208 of the 

pupils would still be in primary school after one

year. After two years of schooling 0.8540 of the

i j  ctill be in school and so 
grade two pupils would

• ht v/pars of schooling only on. Infact after eight yeat s or

, + uin nuoils would still be in
0.0518 of the grade two pupi

, h*,i n similar proportions for
school. We can obtain s

. . .  jt the other school grades. Foi
pupils in any o 1 LriK

enrolled in grade seven at 
example, for a pupil enrol

n id? 9 of them would still be in 
our initial time, 0 *

ftpr one year. After two years of 
primary school after

o - 4-hpqe pupi l s  would s t i l l  be in 
s c hoo l i ng  0 . 0 2 0 3  of  t h ese PufJ

T „ fact, after six years
s c h o o l ,  and so on

schooling all the grade seven 

left the primary school sy 

Normal probability model-

pupils would have 

according to the
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Table 8 bg 1 ow gives the school drop out t a t e s 

for t h g Kg nya n primary education system under the 

Normal probability transition model.

Table 8 : The school drop-out rate within n yeat s of

schooling,  under the Normal probabi1 i ty model .

grade j 

n years 1 2 3

1 .1734 .0792 .0703

2 .2513 .1450 .1452

3 .3096 .2142 .1318

4 .3643 .2474 .2308

5 .3916 .2893 .6318

6 .4238 .6169 .8703

7 .6557 .8467 .9611

8 .8453 .9482 .9893

4 5 6 7

.0838 .0408 .0671 .8571

.1 219 .1031 .7638 .9797

.1769 .6967 .9520 .9971

.6609 .9230 .9911 .9996

.8971 .9828 .9984 .9999

.9731 .9964 .9997 1

.9935 .9992 1 1

.9985 .9999 1 1

C o m m e n t s  o n  T a bJ^j j—-

tn the Normal probability model 
According to une

0 1734 of grade one pupils enrolled at the initial

time would have dropped out of the system after

nf schooling. After two years of 
the first year of senu

u n « 18 0f these grade one pupils would
schooling 0 . 1 °

. of primary school and so on.
have dropped out "
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In. fact during the seventh year the drop out from 

primary school is highest since after seven years 

0.6557 will have left the system.

We can obtain similar rates for pupils enrolled 

in any of the other school grades, during the 

initial time. For example, 0.8571 of those in 

grade seven would have dropped out of the system 

after one year. After two years of schooling 

0.9797 of these grade seven pupils would have left 

the primary school system. All the grade seven 

pupils would have dropped out of primary school 

after six years of schooling.

In Tables 9(a) - (b) we give the school 

survival times and the probabilities of promotions 

for the Kenyan primary education system, under the 

Normal probability transition model.
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Table 9(a): The expected length of stay in grade j by pupils

in grade i and the school survival times within 

eight years of schooling, under the Normal 

probability model.
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at the initial time, reaching grade j within 

eight years of schooling, under the Normal 

probabi1 i ty model .

Table 9(b): The probability of a pupil, enrolled in grade i

grade j
1 2 3 4 5 6 7

grade i

1 1 .8141 .7454 .6892 .6353 .5872 .3913

2 1 .9211 .8545 .7905 .7686 .6223

3 1 .9302 .8571 .8374 .7256

4 1 .9175 .8916 .7943

1 .9660 .8761

1 .9213



v eIf the education system is assumed to evol 

according to the Normal probability model, a pupil 

who entered grade one at the initial time would be 

expected to take an average of 5.4298 years in 

primary school within the next eight years of 

schooling. A pupil in grade two at the initial 

time would be expected to take an aveiage of 

5 .5 5 9 7 years in primary school within the next

. cn nn The time taken in primary 
eight years and so on.

•1 n n m l  1 pd in qrade seven during school , by a pupil enrol led in y

. .. . , H m e  is on average 1 . 1 665 years
the initial time, 1:5

[see Table 9(a)].

i ioH  in q r a d e  o n e  d u r i n g  the A pupil e n r o l l e d  in gra

■ a 3913 chance of reaching the 
initial time had a u.o?

r [1 0 0 1  grade wi t hi n  the next  e i g h t  
h i g h e s t  pr i mary school  y

The probability of a pupil in
years of school l ng .

initial time, reaching grade seven 
grade two at the m i

. . . the next eight years. Similar
was 0.6223, within the

■ a fnr pupils enrolled in any 
values can be obtained for P P

u , nrades during the initial time, 
of the other school g

r , , ara(le papU » «-9z13For example a graa
•4-hin eight years of1 _ cpven within  ̂' y 

of r e a c h i n g  g r a d e

schooling [see Table 9(b)]
. i ve the expected length 

In Table 10 below, we 9 ive
In Ta nupil in the school

/ c i s) by any P
of schooling
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system at the initial time during an eight-year 

period under the Normal probability transition

model .

Table 10: The expected length of schooling in grade j and the

overall expected length of schooling by any pupil 

in primary school at the initial time, during an 

eight-year period under the Normal probability model.

grade j ! 2 3 4 5 6 7

Expected 
length of
schooli nq 

(ELS)

Length of
.2548 .4079 .5303 .6346 .7222 .8446 .8194stay in 

grade j

4.2138

Comments  on T a b l e  tO
Under the Non,.! prob.bility ..del, any pupil

In the system at the Initial time was expected to

in qrade one during an eight- 
spend 0.2548 of a year m  g-

TU s n o r t e d  time spent by any of these 
year period. The expe

. fh nrade level. For example, any 
Pupils increases with 9

. .up initial time was expected 
Pupil in the system at tn

,Qar in qrade two duri ng an 
to spend 0.4079 of a year in 9

on the other hand, any of these 
eight-year period. On

. t,ke 0.8194 of a year in grade 
Pupils was expected to

Priod . We note here
seven during an eight year
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that the expected length of stay in grade six is 

0.8446 which is higher than that for grade seven. 

This indicates that pupils seem to stay longer in 

grade six but after leaving this grade they take a 

shorter time in grade seven before leaving the 

system. Generally any pupil in primaty school at 

the initial time is expected to spend approximately 

4.2138 years in primary school during an eight-year

period .

RESULTS ON THE LOGISTIC PROBABILITY_TR_A_N_S_IT_I 0 N_MODEL

Co o d n e s s  o f  F i t

The goodness of fit test is carried out to

assess the closeness of fit between the observed

, w^iues for all the seven gradesand estimated flow va lues i

. a c cumed to evolve according to when the system is assumed
, hiiitv model. It is found that the Logistic probability moae . .

. 4.,,opn the observed and the fittedthe differences between tne

+ cinnificant, with P-values 
flow values are not s i g n i n g

p c 1 0. This therefore suggests 
ranging between O.b to

that the Logistic probability transition .ode, .ay 

also be used to study the Kenyan pri.ary education

sy s tern .

S t a n d a r d .  E r r o r _ o ^ ^ s _ t t r n c r ^

t the Logistic transition
When we assume t a

model
thp future transition 

is correct then the
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probabilities can be obtained from

p* ( t )  = l/[l + e x Pt-(“ ij + (3.69)

using (3.40) with a ^  and 3-j j as the least squares 

estimates of a . . and 3 ̂ j obtained from (3.43).
i j J

The mean of  p* . ( t ) i s  now gi ven by 
 ̂J

p * .(t ) L i J .
-  1 / l + e x p { - ( a —  + 3-jjt)) (3.70)

and its standard error is given by

S . E . ( p * • (t )) = a*ex p (-y ) / (1 + exp (-m ) ) (3.71)
* 0

where

£ = Sij + B,jt

and a* is obtained using (3.63) and (3.68) with

y t  = l o g i t  p i j ( t >
, . j prr0r of the transition probabi
Again the standard er

h + a i ne d by multiplying (3.71 ) by 
lities is simply obtained oy
t. t pof p • * namely 'a'. In Table 11
the maximum value oi m 1j

larive standard errors of the 
below we give the relative

., . . .p , nf the Kenyan primary 
transition probabilTt

■ „ the Logistic probability 
education system unde

Transition model.





transition ratios under the Logistic 

time t

ty

4.1

2.4 

1 .4
2.3

1 .2
3.6

1 .0

26.9 

23.7

20.3

17.1

11.5

11.1
5.9

4.7

2.7

1 .6
2.5 

1 .3

4.0

1.1

28.5

25.3

21 .6
18.1

12.3

11.7

6 . 2

5.3

3.1

1 .8
2.7 

1 .4

4.5

1 . 2

30.1 

26.8

22.7
19.1

12.8

12.3

6 . 6

5.9

3.6

2.0

2.9

1 . 6
5.1

1 . 2

31 .8
28.2

24.0
20.1
13.4

13.1

7.0

6 . 6
4.0

2.3

3.2

1.7 

5.6 

1 .3

33.3

29.6
25.1

21 .1
14.1

13.6

7.4

7.4

4.6

2.5 
3.4 

1 .8
6.3 

1 .3

34.9

30.9

26.3 

22.1
14.8

14.2

7.8

13.5 

9.0

4.6 
5.3 

2.9

11 . 2
1.7

43.2

38.6 

32.8

27.4 
18.1

17.4

10.2
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Comme n t u  on Ta b l e  l l •

When the Logistic probability transition model 

is used to describe the transition process, the 

relative standard error in estimating P 1 2 ( t )  during 

the initial time (t = 0) is 2.0%. It is about 1.1% 

for estimating p2 3 (t) during the initial time.

T h e s e  r e l a t i v e  s t a n d a r d  e r r o r s  are g i v e n  in the 

f i r s t  c o l u m n  of T a b l e  11. I n f a c t  the m a x i m u m

r e l a t i v e  s t a n d a r d  e r r o r  in e s t i m a t i n g  P ij ( t ) s >

. . . ..• i time according to the Logisticduring the initial time,
, i ic ahout 19%. When the Logistic probability model is aoou

„ j0 i ic used to describe 
probability transition mo

rj.pr one y ear, the m a x i m u m  
the t r a n s i t i o n  p r o c e s s  a f t e r  y

, . . H p r r o r  is a b o u t  20%. D u r i n g  the
r e l a t i v e  s t a n d a r d  error

• r p l a t i v e  s t a n d a r d  e r r o r
second year, the maxim

J „ nn m  the fifth year, for 
is about 22% and so on.

r e l a t i v e  s t a n d a r d  e r r o r  is 
e x a m p l e ,  the m a x i m u m  r e l a t i v

the m a x i m u m  r e l a t i v e
about 27%. After ten ye

* Aqain as expected
standard error is about

, Hard errors of the estimates 
these relative stand

This t he r e f o r e  s ugge s t s  t hat
"increase with time.

, h i l i t y m o d e l  is u s e f u l  in 
the Log i S t i c  p r o b a b i H  /

• r a t es e s p e c i a l l y  for time 
P r o j e c t i n g  t r a n s i t i o n

. • 4.4 i time.
P e r i o d s  n e a r  the i m

table 1 1 is that the H n n  from taD i e
Another observa  ̂ seem to be relatively

r e l a t i v e  s t andar d e r r o r s
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higher for repeat rates than for the other 

transition rates. This is possibly due to misrepor- 

ting of repeat data in primary schools.

Measures of Academic Retention based on the Logistic 

p r o b a b i 1 i ty t r a n s i t i o n model.

Tables 12(a) - 12(g) below give the projected 

retention rates for the Kenyan primary education 

system under the Logistic probability transition 

model .
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Tables 12(a) -12(g): The school retention rates under the

Logistic probability model.

Table 12(a): Fraction of pupils in grade one who will be in

grade j, n years later and the staying ratios.
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Table 12(b): Fraction of pupils in grade two who will be in

grade j, n years later and the staying ratio.

grade

2 3 4 5 6
n years

1 .1239 .7829

2 .0157 .1949 .6447

3 .0020 .0369 .2431 .5218

4 .0003 .0063 .0617 .2641 .4332

5 .0010 .0132 .0842 .2871

6 .0002 .0025 .0216 .1150

7 .0005 .0049 .0360

8 .0001 .0010 .0097

9
.0002 .0024

10
.0005

11
.0001

12

7 stayi ng 
rati o

.9068

.8553

.8038

.7656

.3141 .6996

.2497 .3890

. TT64 .1578

.0415 .0523

.0125 .0151

.0034 .0039

.0009 .0010

.0002 .0002
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in grade j, n years later and the staying ratios.

Table 12(c): Fraction of pupils in grade three who will be
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grade j, n years later and the staying ratios.

Table 12(d): Fraction of pupils in grade four who will be in

grade j 

n^yTars^^'
4 5 6 7 staying 

rati o

1 .1255 .8117 .9372

2 .0160 .2055 .6761 .8976

3 .0021 .0394 .2766 .4924 .8105

4 .0003 .0068 .0761 .2667 .3499

5 .0011 .0176 .0908 .1095

6 .0002 .0037 .0248 .0287

7 .0007 .0060 .0067

8 .0001 .0013 .0014

9 .0003 .0003

10 .0001 .0001
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Table 1 2 (e): Fraction of pupils in grade five who will be in 

grade j, n years later and the staying ratios.

grade j

rTyTTrs^^
5 6 7

stayi ng 
ratio

1 .1266 .8347 .9613

2 .0162 .2353 .6100 .8615

3 .0021 .0502 .2531 .3054

4 .0003 .0096 .0703 .0802

5 .0017 .0164 .0181

6 .0003 .0034 .0037

7 .0001 .0007 .0008

8 .0001

i

.0001
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grade j, n years later and the staying ratios.

Table 12(f): Fraction of pupils in grade six who will be in

grade j 

n^eTrs^^
6 7

staying

ratio

1 .1545 .7343 .8888

2 .0240 .2115 .2355

3 .0038 .0458 .0496

4 .0006 .0089 .0095

5 .0001 .0016 .0017

6 .0003 .0003

7 .0001 .0001

Table 12(g): Fraction of pupils in grade seven who will be

in grade j, n years later and the staying

ratios.

grade j

n^eTrs^^
7

staying
ratio

1 .1346 .1346

2 .0181 .0181

3 .0024 .0024

4 .0003 .0003

5 -
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Co'rjne.ntc on Tablet' 12 (a )
If the Kenyan primary education system evolves

according to the Logistic probability model, then

0.8027 of the new entrants into primary school

would still be in primary school after one year of

schooling. After two years of schooling 0.7137 of

these pupils would still be in school. Similar

,. . trained for the other years. Forfigures can be obtaine

. hi- vpars of schooling 0.1 498 of example, after eight years

the grade one pupils would still be in the syste,,.

For pupils already in grade two, 0.9068 of the

pupils would still be in pri.ary sehool after one

. „ ,.pars 0 .8 553 of the grade two 
year. After two years,

,, cH11 be in the system and so on. 
pupils would stiii

• h* ..pars of schooling 0.0523 of 
Infact after eight years

WOuld still be in school . We
the grade two pupil

• liar p r o p o r t i o n s  for pupils in any 
can obtain similar p v

i nrades For example, for pupils 
of the other school 9ra

Hp seven during the initial time, 
enrolled in grade s

n s  would still be in primary 
0.1346 of these pup11s

after two years of schooling
school after one year.

lin11s w o u l d  still be in school and 
0.0181 of these pupm  s

of s c h o o l i n g ,  all the
so on. After five ye

n s  w o u l d  have left the primary 
grade seven pupils

.. it e V o l v e s  a c c o r d i n g  to the
school system it 1 L

. transit''011 model •
Logistic probability
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In Table 13 below, we give the school drop

out rates for the Kenyan primary education system 

under the Logistic probability transition model.

Table 13: The school drop-out rates within n years, under

the Logistic probability model.

grade j

r̂ yeeirŝ ' 1 2 3 4 5 6 7

1 .1973 .0932 .0509 .0628 .0387 .1113 .8654

2 .2863 .1447 .1087 .1025 .1385 .7645 .9819

3 .3327 .1962 .1490 .1896 .6946 .9504 .9976

4 .3733 .2344 .2266 .6502 .9198 .9906 .9997

5 .4045 .3004 .6148 .8905 .9818 .9983 1

6 .4532 .6110 .8612 .9713 .9963 .9997 1

7 .6673 .8424 .9588 .9933 .9993 1 1

8 .8502 .9477 .9892 .9985 .9999 1 1

9 .9450 .9849 .9974 .9997 1 1 1

10 .9825 .9961 .9994 .9999 1 1 1

11 .9950 .9990 .9999 1 1 1 1

12 .9987 .9998 1 1 1 1 1

13 .9997 1 1 1 1 1 1

14 .9999 1 1 1 1 1 1

15 1 1 1 1 1 1 1
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Commen i s  on Tab i s  13
When the Logistic probability model is used to 

describe the education process, 0.1973 of grade one 

pupils, enrolled at the initial time, would have 

dropped out of school after the first year of 

schooling. After two years of schooling 0.2863 of 

these students would have dropped out from primary 

school and so on. The rest of these proportions 

are obtained from the first column of Table 13.

For example, the highest drop out from primary 

school for these grade one pupils is in the seventh 

year of schooling when 0.6673 would have drooped

out of the system.

Of the pupils enrolled in grade two during the 

initial time, 0 .0 932 would have dropped out after 

one year if the system is described by the Logistic

i i After two years of schooling probabili ty model . After
. twn nuDils would have dropped 0.1447 of these grade two pupi
, cn nn We can obtain similar 

out of the system and so on.
jic enrolled in any of the other 

proportions for pupi
. „,nfl the initial time. For example, 

school grades, during
,e seven during the initial time, 

of pupils in grade se
, ,. primary school after one

0.8654 would have left primary
of schooling, 0.9819 of these

year. After two y e a r s
u  have left the system, 

grade seven pupils w o u l d  have
.c in primary school during 

Infact all the students m  P
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the initial time would have left the system after 

fifteen years, according to the Logistic probability

transition model.

Tables 14(a) - ( b ) below give the school 

survival times and the probabilities of promotions 

for the Kenyan primary education system, under the 

Logistic probability transition model.

Table 14(a): The expected length of stay in grade j by pupils

in grade i and the school survival times, under 

the Logistic probability model.

1

1 J 4 7 8  .8858 .7903 .7462 .6934 .6819 .5689

!.1419 1.0223 .9657 -8978 .8841 .7386

1 1417 1.0795 1.0042 .9899 .8288

1 1438 1 .0646 1 .0508 .8823

1.1451 1.1319 .9541

1 .1829 1 .0024 

1 .1555

Survival 

time

5.5143 

5.6504 

5.0441 

4.1415 

3.2311 

2.1853 

1 .1555
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Table 14(b): The probability of a pupil, enrolled in grade i

at the in i t ia l  time, ever reaching grade j 

according to the Logistic probability model.

. a t i o n  system evo lves  a cco rd ing  to 
I f  the educat ion

. h i l i t v  model, then a pupi l  in 
the l o g i s t i c  p r o b a b i l i t y

• . ^ , 1  time would be expected to
grade one a t  the i n i t i a

, , C1 4 3  years  in pr imary s cho o l ,  
take an average o f  •> •

■ nrade two at  the i n i t i a l  time 
A pupi l  e n r o l l e d  m  g ™ de

. an average of  5.6504 yea r s
would be expected to

h ni according to t h i s  model. We can
in pr imary  school  acuu

c f o r  p u p i l 5 e n ro l l ed  in any o f  
o b t a in  these  f i g u r e s

For exampl e , a pupi l  in
the o ther  school  grades.

• i time would have taken
9rade seven a t  t h i s  i n i t  -

c in the system. [Refer to
a P p ro x im a te l y  1-1555 ^ea
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Table 14(a)].

A pupil enrolled in grade one during the 

initial time had a 0.4923 chance of reaching the 

highest primary school grade accotding to tne 

Logistic probability model. The probability of a 

pupil in grade two, at the initial time, reaching 

grade seven was 0.6392. Similar probabilities 

are obtainable for pupils of the other grades.

For example, a grade six pupil would have had a 

0.8575 chance of reaching grade seven, according 

to the Logistic probability transition model.

[See Table 14(b)]

In Table 15 below, we give the expected

length of schooling (ELS) by any pupil in school

.u0n the system evolves at the initial time when tn y

, nictic probability transition 
according to the Logistic P'

model .
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Table 15 The expected length of schooling in grade 

j and the overall expected length of 

schooling by any pupil in primary school 

at the initial time according to the 

Logistic probability model.

grade j 1 2 3 4 5 6 7

Expected 
length of 
schooli nq 

(ELS)

Length 
of stay in 
grade j

.2649 .4144 .5297 .6449 .7328 .8569 .8226 4.2662

C o m m e n t s  o n  T a b l e  15

• c * c ciime d to evolve according When the system is assumed j

.ability model, any pupil in the to the Logistic probabiiity
• j. •«l time was expected to spend 

system at the initial time
,j0 nnP Any of these pupils 

0.2649 of a year in grade one.
. n 4 1 4 4  of a year in grade two 

was expected to spend U . 4 i**h
v a l u e s  i n c r e a s e  with g r a d e  size 

a n d  so on. These va
in a r a d e  six. That is, any

to the highest value
c PXDected to take 0.8569 of a 

°f these pupils was e p
we note again that for grade

year in grade six.
tori length of stay was 0.8226 which 

seven, the e x p e c t e d  ieny
t for grade six. This indicates 

1 s lower than that f y
+av longer in grade six but 

that pupils seem to stay
. thev take a shorter time 

after leaving t h i s  grade
i ng the system. Generally

in grade seven before e
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any pupil in primary school at the initial time 

would be expected to spend approximately 4.2662 

years in primary school.

er.u.r. n. THF F.XPOMEMT 1AL— PROBAB 1L 1 TV TRAHSljlOH 

MODEL .

G o o d n e s s  o f

The goodness of fit test is carried out to

assess the closeness between the observed and

1 c fnr all the seven grades when 
fitted flow values

, 4-n evolve according to the 
the system is assumed to evoiv

, . ahility transition model. It is
Exponential probabil y

u h i ffe re nee s between the observed and 
found that the di

r p  no t  s i g n i f i c a n t ,  w i t h  P-values
fi tted flow values

1 0. This therefore suggests 
ranging between 0.5 0 .

t1al probability transition model
that the Exponential P

„ t study the Kenyan primary education 
may be used to st y

system.

S j ^ a n d a v d
. the Exponential probability

When we assume t a
Hpl 1S correct, then the future

transition mo obtained from
■abilities can ^  

transi tion probaDi

p*.(t) = 1 ' e * P H S iJ + ^  ' )J 
1 J V

(3.72)

, - as the l e a s t  squares  
. . and Ab

using (3.49) wi ij h ta i ned from (3.50).

estimates of «,j »'’d ^
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The mean of p*-(t) is now given by,

1 - exp '(aij + Aij 1

and its standard error is given by

( 3 . 7 3 )

S.E. (p* (t)) - o * e x p [ - ( S ij + A ij t )_ (3.74)

where a* is e s t i m a t e d  using (3.63) and (3.63) 

w i t h

y t = -1°g C1 ' p ij(t)) -

As before the standard error of the transition 

probabilities is simply obtained by multiplying 

(3.74) by the maximum value of Pij namely 'a'. 

Table 16 below gives the standard errors of the

. , hl-n'ties of the Kenyan primarytransition probabilities

. ,,nder the Exponential probabilityeducation system under

transition model.



Table 16: The p e r c e n t a g e  s t a n d a r d  e r r o r  o f  the t r a n s i t i o n  r a t i o s  u n d e r  the E x p o n e n t i a l

probability transition model.

115
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Co'uments on Tahiti 16

If the Exponential probability transition 

model is used to describe the transition process, 

the relative standard error in estimating P-^ft) 

during the initial time is 1.9%. It is about 1.1% 

for estimating P23(t) during the initial time.

These values can be seen in the first column of 

Table 16. Infact the maximum relative standard 

error in e s t i m a t i n g  the transitions during the 

initial time, according to the Exponential probab

ility transition model, is about 18.1%. When the 

Exponential probability transition model is used

to describe the transition process, after one year,

.. . I 4-; ve standard error is around 20%.the maximum relative

During the second year .« is 2,5

so For example, when the Exponential pxoOat-

iho. the transition process, the 
i1 i ty model describes tne

eimv’H error is about 25% maximum relative s t a n d a r d  erro
after ten years it is 

during the fifth year. After
nhcprve here that the relative 

about 35%. Again we obse
increase with time as is expected, 

standard errors increa
.u * the Exponential probability 

This suggests that
, .„ nr0iecting transition rates

model is useful in P
n p r i o d s  near the initial time.

especially for time pe
ecnm Table 16 is that the

A n o t h e r  o b s e r v a t i o n  from

cnain seem to be
relative standard errors
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relatively higher for the repeat rates than for 

the other transition rates. This may be due to 

misreporting of repeat rates in primary schools

as mentioned earlier*

Measures of Academic Re t e n t j o ^ b l H ^ - i j l i  

E x p o n e ntiaJ_jiJ2^jLL!itlAM— tj2££!iJ_y^iLJ!l^A®i •

Tables 17(a) 

school retention 

education system 

transition model.

17(g) below give the projected 

rates for the Kenyan primary 

under the Exponential probability
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— 17_( a ) - 17(g): The school retention rates

unde> the Exponential p r o b a b - 

i1 Tty model.

(a ): Fraction of pupils in grade one who

will be in grade j,n years later and 

the staying ratios.
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-^JUKbJ.: Fraction of pupils in grade two who will be in

grade j, n years later and the staying ratios.
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Igb1e 17(c): Fraction of pupils in grade three who will be

in grade j, n years later and the staying ratios
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17(d): Fraction of pupils in grade four who will be in

grade j, n years later and the staying ratios
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Table 17(e): Fraction of pupils in grade five who will be in

grade j, n years later and the staying ratios.

grade j 

n^yeTrs^^
5 6

1 .1271 .8335

2 .0153 .2357

3 .0021 .0504

4 .0003 .0096

5 .0017

6 .0003

7 .0001

8

staying

ratio

.9605

.6072 .8592

.2526 .3051

.0703 .0802

.0164 .0181

.0034 .0038

.0007 .0008

.0001 .0001
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Table 17(f): Fraction of pupils in grade six who will be in

grade j, n years later and the staying ratios.

grade j 

n^years^'
6 7

staying

ratio

1 .1550 .7306 .8856

2 .0241 .2110 .2351

3 .0038 .0458 .0496

4 .0006 .0089 .0095

5 .0001 .0016 .0017

6 .0003 .0003

7 -

Tab_le 17(g): Fraction of pupils in grade seven who will be in

grade j, n years later and the staying ratios.

grade j staying

^years'"'^
7 ratio

1 .1346 .1346

2 .0181 .0181

3 .0024 .0024

4 .0003 .0003

5 -
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I f  the Kenyan primary education system evolves  

according  to the Exponential  p robab i l i t y  model 

then 0.8020 of the new entrants  would s t i l l  be in 

the system a f t e r  one year of school ing.  Af ter  two 

years  of s choo l i ng  0.7130 of these pupi l s  would

still be in s c h o o l .  S imi l a r  f i gu re s  can be

./pars For example, a f te r  
obtained for  the other y

eight year s  of school ing  0.1506 of the grade one

pup i l s  would S t i l l  be in primary school .

r -lc already in grade two, 0.9069 ofFor pupils aired y
be in primary school a f t e r

the pup i l s  would s t i n
0.8559 of the grade two

one year After two y
+ .n  be in the s y s t e m  and so on. 

P u p i l s  w o u l d  still b 00
pars of schooli ng 0.05 29 of 

^nfact a f t e r  e i g h t  ye
j , t i n  be in school .

the grade two pu pi 1 s woU •
. the proportions for pupils

W p ran c i m i l a r l y  o b t a i n
y . rades. For example,

•i . f h p r  school 3ra
" 3 n y  ° f tHe 0t . rade s e v e n  d u r i n g  the

F o r  p up i l s  e n r o l l e d  m  9 ^  w o u l d  ^
i n i t i a l  t ime, 0.1346 After  two

i g f ter  o n o y
be in primary s c h o o  p u p i l s  w o u l d

n 0203 of tne
years  of s choo l i ng  u - After  f i ve  years

a nd so on.
s F i 1 1 be in the system nunils would have

rade s even pup

of s c ho o l i ng  a l l  the 9r eV0lves  according
. . i f  the system
ef t  pr imary schoo t r a n s i t i o n  model.
* . n nrobabillty

the Exponential P

Comments  on T a b l e s  17 ( a )---1 ?LcJ-
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Table 18 below gives the school drop-out rates 

for the Kenyan primary education system under the 

Exponential probability transition model.

Table 18i The school drop-out rates within n yeais, undet the 

Exponential probability model.

grade j

n^ears^ 1 2 3 4 5 6 7

1 .1980 .0931 .0498 .0620 .0393 .1144 .8654

2 .2870 .1441 .1072 .1022 .1409 .7649 .9819

3 .3321 .1953 .1479 .1904 .6949 .9504 .9976

4 .3737 .2338 .2262 .6497 .9198 .9905 .9997

5 .4050 ..3001 .6136 .8902 .9819 .9983 . 1

b .4536 .6095 .8605 .9712 .9962 .9997 1

7 .6666 .8410 .9585 .9933 .9993 .9999 1

8 .8794 .9471 .9891 .9986 .9999 . 1 1

9 .9445 .9847 .9974 .9997 . 1 1 1

10 .9823 .9960 .9994 .9999 1 1 1

1 1 1
11 .9949 .9990 .9999 1

1 1 1 1
12 .9987 .9998 . 1

1 1 1 1
13 .9997 1 1

1 1 1 1
14 .9999 1 1

1 1 1 1

15 1 1 1
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When the Exponential probability model is used 

to describe the education process, 0.1980 of grade 

one pupils, enrolled at the initial time, would 

have dropped out of school after the first year. 

After two years of schooling 0.2870 of these pupils 

would have dropped out of school and so on. The 

rest of these proportions are In the first colu.n 

of Table 18. For exh.pl.. the highest drop out
_ , i these grade one pupils is
from primary school f°r

when 0 6666 would have dropped 
in the seventh year when u.o

out of  the system.

,, onrol1ed in grade two during 
Of the p u p i l s  enr

,h . n 0931 would have dropped out of
the initial time, 0•°yJ

after two years of schooling
school after one year.

minils would have dropped 
0 • 1441 of these g r a d e  two p

S i m i l a r  values can be
0ut of the system a n d  so •

nlled in any of tne other
obtai ned for pupils enrollsinea tor P W f the pupils in grade
s c h o o l  a r a d e s  F o r  e x a m p l e .1 graaes. g4 wouid have
o • ;tial time. u-°
Seven during the mi Afterafter one year, hi

topped out of the sys these grade seven
. ,. „ o 9819 of these g
two years o f  s c h o o l i n g  I n f a c t  all t h e

.p gystfim*
puPi1s would have initial time

1 du^i^9
Pi1s in primary scho f^er fifteen years>

Would have left the system robabl-1 i ty transition

Comments on Ta b l e  18

dCcord i ng to the Exponent
i a 1 P
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model .
Tabl es  1 9 ( a )  - (b) below gi ve the school  

s u r v i v a l  t imes and the p r o b a b i l i t i e s  of  promotion 

between the grades  of  the Kenyan primary educat i on 

sys t em,  under the Exponent i al  p r o b a b i l i t y  t r a n s i t i o n

model .

Tabl e 1 9( a) : The expect ed length of stay in grade j by

pupils in grade i and the school survival 

times under the Exponential probability model.

! 1504 .8863 .7894 .7455 .6925 .6812 .5681

l U 6 1  ] 0229 .9667 .8983 .8842 .7384

! . 1437 1.0817 1.0057 .9908 .8287

1 ! 4 5 5  1 .0656 1 .0509 .8808

1. 1458 1 . 1 3 1 3  .9508

1 . 1836 .9982

1 . 1555

5.5134 

5.6566 

5.0506 

4. 1429 

3.2279 

2. 1818 

1 . 1555
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Table 19(b): The probability of a student, enrolled in grade

i at the initial time, ever reaching grade j 

according to the Exponential probability model.

C o m m e n  t s  o n  IjL iS L L — -
s y s t e m  evolves according 

When the educatio _
,  . , n o t a b i l i t y  t r a n s i t i o n  model ,
to the Exponent i a l  P . . ,

t the initial time would

■ —  - gr,de .........»..
be exDected to take an av

P “  in g r a d e  two during the
Primary school. A PU P
. . . . be to take an average
m i t i a l  time wou  ̂  ̂ sChool according to this

° f 5 -6566 years m  Pr vaiues for pupils in
. 5 -j ill 1 I a r

model. We can obtai example a
-j grades.

dny of the other s c h o o  -initial time would
duri^S t n e

Popil in grade s e v e n  years in the system
p of 1 •

have taken an averag
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A pupil enrolled in grade one during the 

initial time had a 0.4916 chance of reaching the 

highest primary school grade. The probability of 

a pupil in grade two, at the initial time, reachin

d o n  similar probabilities are grade seven was 0.6390. bimuar p

obtainable for pupils of the other grades. For

era,ip,e, a grade sir pupi> »°">d "»d a °'8639
,jQ cpven according to the 

chance of reaching grade seven,
. model fsee Table 19(b)]. 

Exponential p r o b a b 1 1 i y

u wp aive the expected length
In Table 20 below we giv

nnnil in school at the 
Of schooling (ELS) by any P^P1 '

p, the system evolves according to 
initial time when tn y

. l i1 ity transition model . 
the Exponential probabiH y

iRefer to Table 19(a)].

Comments on Tablo_3R evolve according
is assumed

When the system model , any pupil in
. . , nrobabi1ity
t0 the E x p o n e n t i a l  v expected to spend

. t-j a 1 time ib
system at the inl of these pupils is

one*
0 • 2655 of a year 1n

exPected to spend

n 9 vear in grade two and
0.4153 of a y
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i a c  i n r  r e  a s e with grade size to so on. These values increase a

i in nrade s i x .  That i s ,  any of 
the h i ghe s t  value in S
^  .. PXnected to take 0.8569 of a year
these pupils is expec

we note again that for  grade seven, 
in grade s i x .  w e n0Le d

u f  ctav i s  0.8213 which i s  
the expected length of stay

„ H. ci v.  General ly any pupi l
lower than that for  g>

n ni a t the i n i t i a l  time would be 
in pr imary school  at

v ima tel V 4.2674 years in the
expected to take appro

evolves according to the
system if the system 

Exponent ia l  p r ob a b i l i t y  mo

h i  c o n c l u s i o n s ,
, with a summary of some 

This section starts with
n the three p robab i l i t y

comparative remarks o ^  ^  this chapter. This 

transition models disc conCiusions concerning

is followed by some genera ^  probability
r the t i m o

the application of educational
tn d e s c r i b e  the

transi tion models to 

Process .

COMPARATIVE REMARKS.

stabilize
. assumed to 

process is
When the transition nrobabili ty model,

ip Norma ^
ev°lve according to ti between 137 and

• 1 i taK-c
the transition process w According to the

c tab i 11 ze *
0^3 time periods to
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Logistic probability model, the transition process 

will take between 52 and 984 time periods to 

stabilize. F i n a l l y  the Exponential transition 

process is expected to take between 22 and 385 time 

periods before stabilizing.

In all the three models the transitions from 

grade seven take longest to stabilize. This could

possibly be due to high repeats in this grade

-Me who fail the secondary school especially by pupils who Td
. . n ond have to resit the 

qua 1ifying examination
,, evident that when the system 

examination. It is ev

evolves a c c o r d i n g  to 

m o d e l  it will r e a c h  a

the Exponential probability 

stable level faster than in

"the other two m o d e l s .

the Goodness of_JLiJL * •
the Logistic probability

Both the Normal
• H o n  p r o c e s s  w i t h  P - v a l u e s  

m o d e l s  f i t  t h e  t r a n s i t i
„  , „  n e  E x p o n e n t i a l  probabnlnty
between 0.6 to l-°- , • , tl

i H o n  process with a si lghtly 
model f  ■; t c  the t r a n s ioaei, fits tnc tQ 1#0. This seems to

lower P-value of bet ̂  ^  Logistic probability 

suggest that the Normal an ^  than the
-Fits to tne K

models are better However this
p. . . _.q ity model -
Exponential p r o b a b u  t seem to be

values does
difference in the P v l0dels may therefore be

s19 nificant. All the eSS of the Kenyan
- -j t i o n P r u

usod to study the trans
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p r i m a r y  e d u c a t i o n  s y s t e m .

On the  S t a n d a r d

The  r e l a t i v e  s t a n d a r d  e r r o r  i n  u s i n g  t h e

. _ i t n d e s c r i b e  t h e  t r a n s i t i o n  
No r ma l  p r o b a b i l i t y  mode

• j. ̂ i t i m e  i s  a t  m o s t  22,o. I t
p r o c e s s  d u r i n g  t h e  i n i t

i s  S t  „ o s t  m  wh e n  u s . n g  t h e  L o g i s t i c  p c o b e h i . i t ,

•ode, to describe the transition process, and at

the Exponential probability
m o s t  1 8 % wh e n  u s i n g  t h e  t x p u

. 1  a t  d u r i n g  t h e  i n i t i a l  t i m e  t h e  
m o d e l . I t  s e e m s  t h a t  du 9

d e s c r i b e s  t h e  t r a n s i  -
E x p o n e n t i a l  p r o b a b i l i t y  m

f h a n  t h e  o t h e r  t wo p r o b a b i l i t y
t i o n  p r o c e s s  b e t t e r

i s  q u i t e  c o m p a r a b l e  w i t h  t h e
mo d e l  s , e v e n  tnough i t  H

n H ? l . D u r i n g  t h e  f i r s t  y e a r ,
Logistic p r o b a b i l i t y 111

t . al  and t h e  L o g i s t i c  P r o b a b i l i t y  
aga i n the Exponent i al  a

l a t i v e  s t a n d a r d  e r r o r s  o f  20.1
m odels he ^  ^  descr1be the

aM 2 U  reSPeCU' C , , ; he ftormal probahi 1 . «a ~ d e ,
P r o c e s s  b e t t e r  t h a n  n f  ? 4 % I n  ‘f a c tve error Of 24/p.
w h i c h  h a s  a ma x i mu m _ n r o b a b i l i t y  mo d e l

, r y n o n e n t i a  f

a f t e r  t e n  y e a r s ,  t  e  ̂ r e l a t i v e

s t i l i  p e r f o r m s  b e t t e r  W . . t i c  p r o b a b i l i t y
d by the Logist

e r *"or o f  34.5% f o H ° we t h e  No r ma l
3 4 . 9 % and W

m° d e  1 w i t h  a ma x i mu m 0 3 5 %.  A f t e r
• t h  a m a x i m a

P r o b a b i l i t y  mo d e l  wi  w i t h  t h e  l e a s t
t h e  mo d e '

s i x t e e n  y e a r s  h o w e v e  , Nor mal  p r o b a b i l i t y

niax i m u m s t a n d a r d  e r r o r  i s b y  t h e  L o g i s t i c
/in0/ fol 1 u

ni 0de l  w i t h  a v a l u e  o f
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probability model with a maximum relative error of 

43%, and finally the Exponential model with a 

maximum relative error of 45%.

On average therefore, it seems that the 

Logistic probability model performs consistently

better as compared to the other two probability

Kcofuat ion based on both the models . Thi s  i s  an observat io

g oodness of fit test of the ».<■«'’ *»■> *»* ’- ^ d  

error of estimates in osing the models.

n , n f  i o a d e m i o  ReteOn th e  M e a s u r e s  oj  ----------------------------- '

. t h a t  f o r  new e n t r a n t s  i n  t h e  
I t  i s  o b s e r v e d  t h a t

. . the Normal probabi11ty mode 1
educat ion system, t n e

„.rhpr retention ratios compared 
generally predicts higne

. .r the Exponential probabil-
either the Logist

_ - rl y the same retention
1 ty models, which have \ nhabilitv

, for  the Normal p r ob ab i l i t y
r a t i o s .  For example’ . -n n in SChool

t r a n t s  w e r e  s t i l l  i n  s c n o o  I

"Odel, 83% of the new en ^  ^  ^  compared to 

after one y e a r ‘ ThlS after one year accord-

80% wh° were sti11 in SCn or the Exponential

^n9 to e i t h e r  the L o g i s mpare the school

Probability models. the other
nils in a

M e n t i o n  rates  f ° r pUp  ̂ . time. For example
the i n i ^1a

School grades d u n n9 , ^ g  Normal
f , ,e ven, a9ain . ,
0r P up i l s  of grade _ aeneral a higher

, • - t s  ̂^
Probability model Pre 1 tQ either the
re,- as cOWPare
M e n t i o n  tendency
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Logistic probability model or the Exponential 

probability model.

t h p  a b o v e  o b s e r v a t i o n  we 
As  a c o n s e q u e n c e  o f  t h e  a o o v

o^oral the Normal probability 
may conclude that in general

Hrnn-out tendency as
model predicts the lowe

. a thpr two probability models both
compared to the other

Avimately the same drop-out
of which predict a p p r

amDle according to the Normal 
tendencies. Forexamp > _

1 a ii the grade seven pupils
Prooabili ty model a I i 3

t , after six years. On the other 
have left the system arte
. . pither the Logistic or
hand, according to ^  the grade seven

Exponential p r o b a b i l i t y "10 e ’
lpft primary school after

Pupils will have left _ note that all
We particu

years of schooling. school during the

the pupils enrolled m  Pr _ school after
1eft primary

initial time will have  ̂ scribed by either
svstem Is de

fifteen years, if 1 e  ̂ probability models.

the Logistic or the EXP _ ^he Normal
*11 be more

0f course this time wi high pupi 1 retention

Pnooability model becaus

Pr°Perty. entrant into
0 ,r period

Within an eight'Y tgke 5 years 5months

Pnimary school is expec mormal probability

in the system according t0 * c and the Exponential

m°del. According to the L o g ^ ^  ^  expected to take 

Prohabili ty models a new
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5 yea r s 6 months before leaving the system. We can 

obtain similar comparative figures for pupils of 

the other school grades. For example, a grade 

seven pupil is expected to take approximately 1 

year 2 months in primary school according to any of

the three probability models.

On the other hand, a new entrant into primary 

school has a 39% chance of reaching grade seven 

within an eight year period, according to the

m . According to either the
Norma 1 probability model-

Logistic or the Exponential model, a new entrant

Las , ch,„ce of e.er reaching grade seven. For

u chgnre of reaching grade 
a Pupil of grade six the

, Q9<y according to the Normal 
seven is approximately °

• = nnroximately 87% accord-
Pcobabi1 i ty model ■ I t  i s  appro

Kahilitv model and approxi- 
ln9 to the Logistic probability
m . + the Exponential probability
^a tely 86% according to

. f w hen the s y s t e m  e v o l v e s  
ni°de 1 . H e r e  we o b s e r v e  tha

u hility model then a
accordinq to the Normal Pr0 a

ng t0 > , chance of ever reaching
9rad e Si x n u D i l h a s a * 11'g îer . .six pupil m evolves according

9l"ade seven than when te Exponential probability

to either the Logistic or the

n’° del s • ,, described accord-
,. n process 15

When the educatio pupil in
i h ’ i i ty 1110 9

to the Normal proba  ̂ time is expected
Pri • the inii-1 a

lmary school during t> n)0nths in primary

t0 take approximately 4 year$
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school d u r in g  the f i r s t  e i g h t  years  of  s ch o o l i n g .  

According  to e i t h e r  the L o g i s t i c  or the Exponentia l  

P r o b a b i l i t y  models ,  any pupi l  i s  expected to take  

a Pprox im ate ly  4 years  3 months before l e av ing

sy s tem .

GENERAL conclusion s

The following general remarks may be deduced 

from the foregoing discussions.

The S ,S " -  “
found t .  be time inho.Mene.ee on the

bas is  of the homogeneity test.
„ , H m e  dependent probability

(ii) The suggested ,
. lc are all found to be 

transition model .
• d e s c r i b i n g  t h e  transition 

useful in descri e d u c a t i o n

n f  t h e  Kenyan primary

Pr0C6SS the basis of the goodness of fit 
system on these models may

t n n a r t i  c u 'artests. I" P the transition
_ tpiv descri

quite adequa close to the base

process for • -

year. lity model predicts a

The Normal pr°ba tendency compared

higher PUP^ r models.

to t h e  t w o  o t h e r  P r for* t h e

A tO
However, we «•* ^ de, , e assumed that

Normal p rob» '> " ' “  "  . to the maximum
res convex 

transition rat

( i  i i )
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value of one. This may have led to the 

observed results. In both the Logistic 

and the Exponential probability models the 

optimum values of the transition rates 

were equal and less than one. It is 

therefore more appropriate for compar

ative purposes to look at the Logistic 

and the Exponential models. In this case 

we observe that the Exponential probability 

model and the Logistic probability model 

behave nearly the same in terms of their

retention characteristics.

In the next chapter we shall study the Kenyan 

Primary education system under the generalised 

cohort analysis. In particular we shall assume the

astern to evolve according to the Logistic probab- 

H i t ,  transition .odol. W e  choice of the »odol

used is due to the consisten y
fim atps and the goodness of fit. 

standard errors of es1 1 rna
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CHAPTER IV

THE GE NE R AL I S E D COHORT MODEL 
* ----------------------------------------------------------

4 . 1  I NTRODUCTI ON

I n t h i s  c h a p t e r  we s h a l l  d e s c r i b e  a mo d e l  

w h i c h  t r a c e s  t h e  f l o w  o f  a c o h o r t  o f  s t u d e n t s  

t h r o u g h  an e d u c a t i o n  s y s t e m .  In p a r t i c u l a r  we 

s h a l l  u s e  a c o h o r t  t r a n s i t i o n  mo d e l  a s  an 

A p p l i c a t i o n  o f  t h e  mo r e  g e n e r a l  Ma r k o v  c n a i n  

mo d e l  , d e s c r i b e d  i n  c h a p t e r  t h ^ e e ,  i n s t u d y i n g  

t h e  f l o w  o f  a g r o u p  o f  s t u d e n t s  t h r o u g h  t ne

e d u c a t i o n  s y s t e m .

F o r  o u r  p u r p o s e ,  t h e  t e r m c o h o r t  w i l l  be  

u s e d  t o  me a n  a g r o u p  o f  s t u d e n t s  r e g a r d l e s s  o f  a g e  

on s o c i o - e c o n o m i c  b a c k g r o u n d ,  who e n t e r  t h e  f i r s t  

g r a d e  i n  t h e  s a me  a c a d e m i c  y e a r .  The  c o h o r t  mo d e l  

i s  b a s e d  on t h e  f a c t  t h a t  s t u d e n t s  f l o w  t h r o u g h  an

. . c wr r es s i v e  cohort s .  Thus byecJuc a t i on system in succes

t r a c i n g  t h e  p r o v e s  o f  » “  3

9 i v e n  c o h o r t ,  t h e  e n r o l m e n t  i n  a g i v e n  g r a d e  

g i v e n  t i m e  c a n  he  l o o t e d  . «  a t  d o i n g  c o m p o s e d  o f  

s t u d e n t s  b e l o n g i n g  to v a r i o u s  c o h o r t s .

t h e  PROPOSED MODEL

^ s s u m p t i  o n s

S u p p o s e  t n e  s t a t e s  o f  

a r e  d e n o t e d  by  t h e  i n t e g e r s  

t , l e  n u m b e r  o f  n o n - a b s o r b i n g

t he e d u c a t i o n  s y s t e m

1 . 2 , • • • ’ s

s t a t e s  o f

w h e r e  s i s  

t h e  s y s t e m .
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We shall consider the time dependent Markov chain 

model, of the type suggested in chapter III, where 

the flows out of a given grade are governed by time 

dependent probabilities. That is, the probability 

of an individual in state i at time t moving to 

state j at time t+1 depends only on i ,j and t 

and not on any previous moves the individual may 

have made. If the probability of moving from state 

i to state j in the time inteival (t,t+l) is 

denoted by p..(t) then the transition matrix of flows 

is given by

P (t) = ((PiJ.(t) )) b M 3 . D ]

and depends on time t. We shall further assume 

that

(i) new enrollment in the education system 

is only through the first grade of the

education system;

(ii) a student can only be promoted to the 

next higher grade, so that

, ,ii i = i +2 , i +3 , ...,s and 
p (t) = 0 for all J -

for al1 J < 1 ’

, , t can repeat a given grade any
(i i i ) a s tudent can

, t1. e s , ho»e,.r the P ™ b . b , . , t, 
number of times,

• infinitely is zero; 
of repeating

,oh,ve independently.
(iv) all individuals
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It is therefore clear that at the end of each 

academic year some students pass and thus move to 

the next higher grade, during the following year, 

with probabilities

p i J  + 1 (t), for i =

and some fail to pass and thus repeat the same 

grade with probabilities

p..(t), for i =

However these two events are not the only ones as

far as movement of students through the school

, cince a student may die or 
system is concerned,

^ acnn Thus the transition
withdraw for whatever 

probabilities satisfy

/1) < 1; o < p i • < i , 
Pii( t ) + - ij

i < j .

(tl denote the number of m d m d u a l s  
If we let n . . (t ) ae"

t who move to grade j at tame
in grade i at time

„t the flows between 
(ten- these numbers represent

’’ The stock of individuals
the states of the system, 

in state i at time t is

ni(t) = . ^ nij(t)1 = I

[c.f- (3.2)]

s + 1 , s + 2>
are

for N > s w h e r e ,
states
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absorbing states. We can treat the states

individually because of the assumption of

independent flows. Thus assuming the multinomial

distribution, the maximum likelihood estimate of

P •.(t ) is given by J

p (t) = 'n U [t)/ni(t) Lc -f • (3.4fJ

It is the proportion of students enrolled in the 

i-th school grade in year t who move to grade j in 

year (t + 1 ) .

The L o g i s t i c  P r o b a b i l i t y  Tr a n s i t i o n  Mode l

In order to illustrate the applications of 

the generalised cohort model, we shall model the 

transition probabilities in terms of endogeneous

i i i iH he n o n - q u a n t i f i a b l e  but
variables which could be h

j.up transition probabilities
cause variation in the trarib.

.. nrnceed by assuming that the 
a s time changes. We P
, , . -i , ties may be regarded as
transition probabiliT

Qnrp of random events which 
Probabilities of occur re

• tion process. In particular
characterise the tran

.hall assume the transition
ds in chapter III we

j a random process whose 
Process is characterised by

distribution function over

F (t ) = 1/ fl + e x p { - (a-j j  + 3i j

[c.f. (3.40)]
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where a - ,  a n d  (3 • • a r e  a s  i n  ( 3 . 4 0 ) .  D e f i n i n g  
ij 1J

p (t) as in chapter III we can then write

p . . ( t )  = e x p l o i t  B i j t ) / n  + e x p ( a i j  + 3 i j t ) } >

[c . f  . ( 3 . 4 1 ) ]

T, ,  nnd 6 • • may be es t i mat edThe paramet ers  a • • a n u l~-|j

f r o m  t h e  r e g r e s s i o n  e q u a t i o n s

i • *  ~ I t )  = a .  • + B .- .-t [ c . f . ( 3 . 4 3 ) ]
l o g i t  P - j j ( t )  a i j  i J

The  t r a n s i t i o n  p r o b a b i l i t i e s  P - j j ^ )  s a r e

o b t a i n n d  b ,  t r a n s f o r m i n g  b a c k  t h e  - . < " • *  =

t o  t h e i r  o r i g i n a l  v a l u e s .

t M  we saw that the Logistic 
I n chapter I H  we i a

n j p i -js s u i t a b l e  f o r
p r o b a b i l i t y  t r a n s i t i o n  m

n n r i m a r y  e d u c a t i o n  s y s t e m .  F o r  
s f u d y i n g  t h e  Kenyan p

s h a l l  now g i v e  a p p l i c a t i o n
i l l u s t r a t i o n  p u r p o s e s

, a n a l y s i s  a s s u m i n g  t h a t
0f the generalised cohor

Hina t o  t h e  Logistic
The s y s t e m  e v o l v e s  a c c o r  

P r o b a b i l i t y  t r a n s i t i o n  m o d e l .

The r-i.me Dependent Coh£ZL-^
d e l we c o n s i d e r  n i ( t ) ,  t h e

I n t h e  c o h o r t  mo t i m e  a s
nlled in i a'-

n u mb e r  o f  s t u d e n t s  e n r   ̂ d i f f e r e n t  c o h o r t s .

c°mposed of students belong 9 student
h 1 i t  V t  n 3

L e t  q ' j ( O)  d e n o t e  t h e  p r o b a
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belonging to an initial time cohort enrolls in the 

i-th school grade, j years after admission into 

the system. Then assuming new enrolment to be only 

through the first grade, we have

qJ (0) > 0 for j = i-l,i,i+l,...

= 0 for j <_ i -2

Since new entrance into the system is through grade 

one and the fact that a new entrant at time zero 

will be expected to be in grade i, (i-1) years 

later if there is no repetition, it is evident that

q ° (o ) = i, q ] (0 ) ' p i d 0 ̂
(4.1)

and

( 0 ) p 1 2 (0 )p23 ̂ 1 )p34(2l‘ ‘ ’ P i " 1 . d 1 2)

Generally starting 

define q^(t) as the 

the time t cohort e

later. For (i >_ 1 )

from any base year, t, we may 

probability that a student of 

nrols in the i-th grade j years 

it can then be seen that

V t )  = Pl i (t + j-i) q l
1-1 (t)

(4.2)

3 n d

. V _ j / t ) + Pi+1 i+l (t + j)qi+l (t)
< l ( « )  ■  •

sPecifi ca1ly when the
base y ea

is denoted by, t-0,
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we have

q}(0) = P n U - n q i ' V )

and (4.3)

q j ; ] ( 0 )  = P i ) i + 1 ( j ) O i ( 0 > + pi + l , i + l (J)<,1 + l (0)

An a l t e r n a t i v e  express i on  for  q ' j f t j ' s  may 

be obta i ned  as f o l l o w s .  Express ing  the number of  

s t ud e n t s ,  n . ( t )  in grade i in year  t in terms of  

the number e n r o l l e d  in grade i and ( i - 1 )  in year  

( t - 1 )  and the new enrol lment  Nt> we have

and
(4.4)

r , m. iH - d. -i •(t-1)ni-l(t'1)+pii(t)ni(t‘1)
E[ni(t)/ni-l(t'1)’ni(t ^ ‘ 1'1’1

which in ma t r i x  form becomes

L(t)/Nt ,n(t-1)] = P'(t-1)^ (t'1)
+ £  Nt (4.5)

v  ̂t * ^u y
are enrollment vectors, in

n(t) ar.d n^-l) p.(t_i) is the
, . n  respectively.

‘ ! , . »  ‘i,eose of the trans

> //n .(t-1) ))’
P (t-1 ) = (vpup(t-i; = V'KlJ

P r 0 b a b ‘
i (t- 1 )-s .re „d

l e t  « .  « « ‘ed
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e = ( 1 0 0  . . . 0 ) ' .  S u b s t i t u t i n g  f o r  n ( t - l )
— S X 1 v * ’ 5
r e c c u r s i v e l y  in ( 4 . 5 )  w e  o b t a i n

t

n(t)/N ,N Nt11 1 = 0
l P^J^(t-j) eNt_ (4.6)

w h e r 6

P ( j ) ( t- j )  ̂ H P ( t_k ) * 
k = 0N - ̂

I t  i s  the j-step t r a n s i t i o n  matr ix from time t - j  

to time t .

w e  c a n  a l s o  a . p r d s *  » , ( « )  *« “ *

su„ „f students b e l o n g  «  *”  ,he Pre" d'nS
4-imp 0 u D t o  t i m e  t as 

c o h o r t s  s t a r t i n g  f r o m  t

, N~1 = Z q^(t-j)Nt-j (4 ‘7)
" i C ^ / N o ^ l ’---’ lJ j = 0 1

^ h i c h  in v e c t o r  f o r m  b e c o m e

r  , , i . I 3J(‘-j>"t-o (,'8)
E n (t )/No , Nn.... NtJ j = o

vhere

" A (4.8) we obtain
-omparing (4.6) and *

j );

(4.9)
' .. _ aj {t-j )(t-j) e - a I

^i r S t column of
t i) is just the f
t_j) . p(j)(t-j). For Pupils

• f r o w  of
j) o r  t h e  f i r S L  t h e n  a r r a n g e  t h e

. « t we C d '
. + a n y t i m e  t

s c h o o l  a t  a n ^
time
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probabilities q'j(t) in a matrix Q(t) as,

q ? ( t )  q l ( t )  • • • d° ( t )

q ] (t) q 2 (t) •

Q( t )  =

• qs ( t )

*>1? ( t )  q5 ( t )  • . . qy(t)

(4.10)

ri . the retention probability
The matrix Q(t) is called

• • -inn crhoo 1 at time tj and 
matrix for pupils joining

• _ r vears a student stays
n is the maximum number o y

in school

Next let

ajj(t-j) = ik
4-nr of  zeros except a one

where i s  a column vec
- k  3 / t - i )  i s  a column

in the k - th  p o s i t i o n .  T h e n q k ( t ^
P ives  the p r o b a b i l i t y

Vec t o r  whose 1-th coroponen 
t . k at  time ( t  3 )  »
that  a s t ud e n t  in grade

Ao i y e a r s  l a t e r .  
ln the i - t h  school  grade J

denoted by q p . ( t - j ) -
y Hkl the general  r e tent i on

j . \ g i v e s
The v ec t o r  q k ( t _ J ' _ust  the k- th row of

P r o b a b i l i t i e s .  1 "  f ac t  ’ ( J ) f t - j ) Genera l l y

the -'*r U  P

T o r 

def

J s t ep  t r a n s i t i n ' 1 1113

P u p i l s  in any

10n i , at time t we
school grade k

may

i ne
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S Jk (t) == PU) ( t )  e.

where eR is as before, then qj|(t) is a column 

vector whose i-th entry denoted, q^(t), gives the 

probability of a student in grade k at time t 

enrolling in grade i, J years later. We can

then a r r ange  the p r o b a b i l i t i e s  <1 s in 3

. (A n) which is called a 
matrix of the type in (4.
general retention probability matrix. That is

• • < s (t)

Qk ( t )  -

qk1(t) C>k2 (t)

q^Ct) ql2(t) 
*

qki (t) qk2(t)

ks ( t )

(4.11 )

. (A 11 ) coincide. The
When k = 1 M  10) and '

’ ( j can now be g en e r a l i s ed
r e c c u r s i v e  formulae in ( 

f o r  any time t and 9ra<^

k,i+l  i , '  (4.12)

and

qkk(t) = pkk(t+j_1) qJkk (t)
transition matrix Qk(t)

The elements of the ,n the sense that they

ar* conditional probabil1 ts entering grade
a cidering st
re defined by con
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k at  time t as c o n s t i t u t i n g  a cohort .  We can 

however ob t a i n  the t r a n s i t i o n  matr ix of  abso lute  

p r o b a b i l i t i e s ,  based on i n i t i a l  cohort  of  s tudents  

as f o l l o w s .  Let q*j(0) denote the p r o b a b i l i t y  

tha t  a pupi l  a f t e r  enter i ng  grade k f or  the f i r s t

time at  time zero w i l l  enrol  in grade i a f t e r  j

o +h,t n ft) is the probability ofyears. Suppose that q.jvW
h-itrarv cohort of students a member of an arbitrary u

u • th school  grade for  the f i r s t  
e n r o l l i n g  in the i - t h  scnou y

time at time t. Then

(4.13)
q 1 (t) = 1 ’

, * i s  only in the f i r s t
s i nce  a l l  the new enrolmen

, crhool  grades we have 
grade . For the other  s

( t - l )  l  i = 1 . 2 . . . . . S - 1

qi+l(t) ‘ Pi’i+1 j=° (4.14)

tpd from prev i ou s l y
Thi s  va lue can be est ima ^  ^  eas1ly see that

a v a i l a b l e  t r a n s i t i o n  da

(4.15)

■ i j f  p t n o
can the r e f o r e  wr

Probabilities as

new matr ix of  abso lute
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Q*(°)  =

q * ? ( ° )

q*1(°)
kl

q ^ ( ° )

< 2 (0)

O 0>

< 1 (0)

q*"(°) 
k I

q * " ( 0 )
k2

q * " (0)
ks

(4.16)

-me rrNFRALlSED c o hor t m o del
4.3 APPLICftT 10N ------------ -------------------

4.- n u» a ive some a p p l i c a t i o n s  of  
In t h i s  s e c t i on  we g i v

. in sec t i on  4.2 based on the 
the model proposed in

, * inn system. We begin by
Kenyan pr imary educat

h a h i l i t y  of  j o i n i ng  the i - t h  
e s t i m a t i n g  the p r o b a b i H  y

_t time zero. These
grade f o r  the f i r s t  tin,e

. n in Table 21 below.
e s t i ma t e s  are g i ven  t i o „ (4 .14) .  Here

e s t i ma t e s  are obta ined us i  ence t1|ne> in

zero r e f e r s  to any f ^ ei me 

h i s
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Comment Lr, <j u Tut’l^’ J.

ity„ in the above table  the p r oba b i l i
As g i ven  in lne

m - a  for the first time in
of an i n d i v i d u a l  enro

, . , The p r o b a b i l i t y  that  an i nd i v i d u a l
grade one is 1. Ine H ^

U i will enroll in grade two for 
after joining school

._ n fi 9 9 0 This
the first time at time zero is 0.6990.

. . her f or  grade three than for

T ; b i l U y  i ce t 9he p r o b a b i l i t y  that  an i nd i v i d u a l
gra e two since ^  1n grade three for

a f t e r  j o i n i n g  schoo 7580. Thi s  may
+ time zero i s

6 f l r S t  time h igher  promotion rate from
be a consequence ot three.  S i m i l a r

grade two than from grades o in
. j -for t i r 5 u

va lues  can be obta ine  por example, the

the r e s t  of  the school  gra . s c hool w i l l
i i  a f t e r  j o i m  9

Probability that a PUP me at time
f0r the f i r S t

enr0l1 in grade seven ,dent that those
., however ev

tero i s  0.5303.  I t  i s  s i n g wi th grade
ai i y  decrc«

P r o b a b i l i t i e s  are gener

s i 2 e _ t he p r o b a b i l i t i e s

Tables 22(a) ' (9)  ̂cohorts, who after

0f individuals of d1ffere"rst tilT)e at time zero, 

lining grade k for the  ̂ later for ’

W1H  enrol in grade i .  j „ evolves  according

• »s • i - i ? • wtie0 1(16 S , i t ion model. These> » tranSl
‘ he l o g i s t i c  p r o f " ' 1 ’ "  <h, ch , ro  ° f

h^Qbabilities are



the r e t e n t i o n  matr ix  Q* (0) .  The sum over a l l  the 

g rades ,  of  these p r o b a b i l i t i e s ,  that  i s

■->> ’ < = i^ki ̂  ̂ '
(4.17)

- c + i,dents who a f t e r  j o i n i n g  
g i ve s  the f r a c t i o n  of  student

time at  time zero,  w i l l  s t i l l  
grade k f o r  the f i r s t  time

l a t e r  I t  i s  comparable to 
be in school  j year s  la

the sta,in9 ratios .ootioii.d earlier in chapter III

it „  c„ , ed t h e ^ i ! ^ ^
4. mo at t i me zei^K
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Tables  22(a )  - (g)  The school  retent i on  r a tes  for

the cohort  of  s tudents  who j o i n  

grade k for  the f i r s t  time at  

time zero under the L o g i s t i c  

p r o b a b i l i t y  model.

Table 22(a )  F r ac t i on  of  pup i l s  in grade one for  

the f i r s t  time at  time zero who w i l l  

be in grade ij years l a t e r .
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years later.

Table 22(b): Fraction of pupils in grade two for tne first

time at time zero who will be in grade ij
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Table 22(c): Fraction of pupils in grade three for the

first time at time zero who will be in grade 

i,j years later

grade i 

year j
3 4 5 6 7

staying
ratios

1 .0939 .6255 .7194

2 .0118 .1569 .5070 .6757

3 .0015 .0299 .1923 .4214 .6451

4 .0002 . 0051 .0490 . 2257 -3062 .5862

5 .0008 .0105 .0762 .2045 . 2920

6 .0001 .0020 .0207 .0824 .1052

7 .0004 .°049 *0259 .0312

8 .0001 .0011 .0070 .0082

q .0002 .0017 .0019

0001 .0004 .0005
10

.0001 .0001
11

_____  _______1
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Table 22(d): Fraction of pupils in grade four for the

first time at time zero who will be in grade

i, j years later

grade i 

year j
4 5 6 7

staying
ratios

1 .0922 .5963 .6885

2 .0113 .1510 -4967 .6595

3 .0015 .0289 .2032 .3617 .5953

4 .0002 .0050 -0559 -l959 .2570

5 .0008 -0129 -0667 .0804

6 .0001 -0027 -0182 .0210

7 .0005 .0049

8 .0001 .0010 .0011

.0002 .0002
9

.0001 .0001
10

— 1
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Table 2 2 ( e ) : Fraction of pupils in grade five for the first

time at time zero who will be ini, j years

later.

L
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Table 22(f): Fraction of pupils in grade six for the first

time at time zero who will be in grade i, j 

years laters.
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Commen t a on Tab l e  s 2 2 ( a )__ (&1_
Table 22(a) gives the probabilities that a 

pupil after joining grade one for the first time

at time zero will be in the other school grades 

j years later, when the system is assumed to evolve 

according to the Logistic probability transition 

model Since new enrolment is only through the 

first school grade, Table 22(a) is identical to

Table 12(a ) .  For example for pupils entering
f..et time at time zero, 0.1285 

Qrade one for the first
one after one year

Of them will Still be m  grade
• „rade two after two years . 

while 0.6742 will be in grade tw
u „h+ained for other grades, 

Similar values can be
. „np f0r the first time at 

for pupils joining grade
after eight years of

time zero. For example.
, the pupils who joined grade 

schooling, 0.1498 of the p
. time zero will still be in

°ne for the first time a

SCh°“'- , . j0(„1ng 9»de t.o for th.
The p r o b a b i l i t y  ggg0> and the probab-

f i r s t  time a t  time zero i s ^  ^  year  l a t e r  i s

1 ] i t y  o f  s t i l l  being in s gg79 that  a pupi l

0 - 6 3 3 9 The p r o b a b i l i t y  f i r s t  time at time
for the

a f ter  j o i n i n g  grade two years l a t e r  and
„ echoo» ZVI
Ze,o0 w i l l  S t i l l  be in be obtained for

• t i e s  o a n
S° on. similar probabil1 well.

. n i g raoeb
f>uPi 1 s in the o ther  school
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For example,  the p r o b a b i l i t y  that  a pupi l  a f t e r  

j o i n i n g  grade seven fo r  the f i r s t  time at  time 

zero w i l l  s t i l l  be in primary school  one year  

l a t e r  i s  0.0714.  The p r o b a b i l i t y  i s  0.0096 that

a pupi l  a f t e r  j o i n i n g  grade seven fo r  the f i r s t

.. „ . , 1  - t i l l  be in school  two yearstime at  time zero w i l l  s t i  i

1 a te r-.

The School Drop-out R a tvo_

a student  from the i n i t i a l  The p r o b a b i l i t y  that  a stuoen

, , t nf  the educat ion system j years
cohor t  drops  out of  tne

a f t e r  a dmi s s i on  i s  g i v en ^

bj(°)
Z q - ( 0 )

(4.18)

The

*ero

probab i 1 i ty 

w i l l  drop-

that  a student  in grade k at  time

- the educat ion system j years  
out of

l a t e r  i s  gi  ven by

b5 (°)
S < i (0)  
i=1 K

(4.19)

Thi s  i s  a measure 

s chool  c a t e g o r i e s

The quantity

b * k ( 0 )
j

of drop 

after j

-out  from 

years  of

the var i ous  

school i  n g .

1

( 4 . 2 0 )
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measures the propor t i on  of  students  who drop-out  

Of school  j yea r s  a f t e r  j o i n i ng  grade k for

A Tf i s  a l so  a measure 
the f i r s t  time at  time zero.

Of the p r o p o r t i on  of  the i n i t i a l  stock of s tudents

who l eave  school  wi th f i n a l  educat ion of  at  l e a s t

u K--M+V of  drop-out  wi th in  x years  
9rade k. The p r o b a b i l i t y  or a p
- k a t time zero i s  g iven by
for  a s t udent  in grade k at

bk ( 0 ) = £ bj (0)
J = '

(4.21)

can a l s o  de f i ne

b * k ( 0 )
b * k ( 0 )

J

(4.22)

as the p r o p o r t i o n  who drop 

years  a f t e r  hav ing  jo ined  9rad

0f school  wi th in  x 

k for  the f i r s t

time at  t ime zero.  drop- 0ut rates

Table 23 below g i ves  the

w i t . -  r t e r  j o i n i ^  g r ade
Wlth i n  x y ea r s  a f t e r  J em i s  assumed

time at  time zero,  when the obab i l i t y
lnaistl^ r1

evoi ve a c c o r d i n g  to tho

first

to

model .
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Tabjj.^23: The school drop-out rates within x years after

joining grade k for the f i r s t  time at time zero 

under the logi st i c  probabil ity transition model.

1

2

3

4

5

6

7

8 

9

10

11

12

13

14

15

1

1973

2863

3327

3733

4045

4532

6673

8502

9450

,9825

,9950

,9987

.9997

.9999

1

,3661

,4021

4381

4648

,5110

,7281

,8898

,9634

,9894

.9973

.9993

.9999

1

1

1

2806

,3244

3549

,4138

,7148

,8948

,9688

,9918

,9980

,9995

.9999

1

1

1

1

4 5 6 7

.3115 .3540 .4383 .9286

.3407 .4211 .8512 .9904

.4047 .7948 .9687 .9987

.7430 .9461 .9941 .9998

.9196 .9873 .9989 1

.9789 .9975 .9993 1

.9951 .9995 .9999 1

.9989 .9999 1 1

.9998 . 1 1 1

.9999 1 1 1

1
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Comments o>i T a b l e  23
Table 23 gives the probabilities of dropping 

out from school within x years after joining grade 

k for the first time at time zero. Again, since

new enrolment is only through the first
u 4- + ho f i r s t  column of  Table 

grade,  i t  f o l l o w s  that  the
4-ho first column of Table 

23 is just the same as the f
n  i n 1973 of the pupils joining13. For example 0.1^ '  .n n u

. t time at time zero will have 
grade one for the firs vparc

/par Within fifteen years
l e f t  school  a f t e r  one yea .

*i p win have left
of schooling all these pup

Primary school. ,.. .
.. „no join 9 « de “ ° f°r *"* 'rS 

Of the pup.H dropped
*1661 W l l '  ratime at time zero O.J iinil, 0.4021

of these puP1ls>
Within the first year. -thin two years

t school w
will have dropped out o obtained for

• ' l o r  values  may
of  s c h o o l i n g .  S i m i l a r  hool grades f o r

r  the other
PuPi 1 s joining an«y 0 For example, of the

. zero*
the f i r s t  time a t  time ^  f 1 r s t  tirae at

PuP i l s  who j o i n  grade seven o(jt of school

time zero ,  0 . 9 2 8 6  w i l l  Al l  these

within the first year of sC priraary school
w i l l  haV6

grade seven pupils 

^fter five years.
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i'hki ochooL LiuPViVQ-L t’yCni&

The p r o b a b i l i t y  that  a s tudent  in grade i at  

time zero w i l l  s t i l l  remain in the educat ion system 

j year s  a f t e r  admi s s ion  i s  r ^ ( 0 ), as given in 

equat i on  ( 4 . 1 7 ) .  Cons ider  the cohort  N. (0)  of  

s tudent s  e n r o l l e d  in grade i at  time zero, and 

f o l l ow  i t s  members upto the l a s t  one in 

Then

A  . r|(0) . r*(O)*...*rJ<°j)Bi<0>

i s  the expected total  no.bec of school y » r S of

the cohor t  N . ( 0 ) ,  where n i s  the maximum num
1 . I t  f o l l ows  that

year s  they can remain in sc
. i i na by a s tudent  in 

the expected l eng th  of  school  9
a.  ̂ hi/ ( 0 ) i s  g iven by, 

grade i a t  time zero,  deno e 1

(4.23)

t,
1... + r2(0)+. ••+ri ^  

. (0) = 1 + ri(0) + ri

, h average length of  time

Let  * $ ( ° )  denote * . arade i a t  time

s Pent in grade k by a studen

Zei"o. Then,

k ? nT  ( 0 ) .
^(°) = .l0 qik

(4.24)

1 . (4 . 2 4 ) are zero. For

s °me of  the  ̂i k ( ° ^  ' * , a l l  zeros,  but i f
..upv are

S a m p l e  i f  i > k then th 

1 < k then
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k-i-1 k- i k-i-1+n

V ° )  = ^ik {0) + qik (0)+- " +qik
( 0 )

(4.25)

ty

The sum

S k / n \ • i = 1 2 ,...,s (4-26)
l. (0) = 2 *<(°>* 1 ' ’ ’

1 k=i

• crhnol inq time for
g i ves  the expected remaining scho 9

a student in grade i 3 t time

. , cnme applicati°ns of the 
We now consider s

■Pl based on the generalised 
generalised cohort model

, t a * J (0) denote the p robab i l i  
r e t e n t i o n  ma t r i x .  Let q .||<
th <• in grade k, 3 years
that a student enrols m y

r the f i r s t  time at  time 
at t e r  j o i n i n g  grade i or

2 ero. Then,
• \ . (k-i-l+n)

. n  * ( k- i ) ( 0 ) + . . . + q * '
<l*k(0) = + qik

lk (4.27)

. 0 cnent in grade k a f t e r  
4.h nf  time sPei

1s the average l eng th   ̂ de i at  time

t o l l i n g  f o r  the f i r ^  t i  sun) 0f  the k-th
*k(0) 1S . . .  

2e r o. in general ^  retention matrix given in

C o l umn o f  the g e n e r a 1 i sed urViva1 time a f t e r

^ • 1 6 ) .  The expected sch time at  time
the t1 r

t o l l i n g  in grade i for
4..on by

( 0 )

3 ro iis therefore given

* i \ t f ( 0)
**(°) = k=i 1

(4.28)
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We can now form a matr ix  of  the expected 

s u r v i v a l  t imes in grade k a f t e r  enter ing  grade i 

for  the f i r s t  time at  time zero for  i , k  = 1 , 2 , . . . , s  

as f o l l o w s :

1

L * (0 ) =

(0) £*2(0) . . . t*s(Q)

(0) t*2(0) • . . a*s(0)

t*](0) *c2(°)
A*S(0)

(4.29)

r  i * / n )  qives  the expected 
sum of the i-th row of L a

, f t p r  having enro l l ed  in 
remai ni ng school  years  a f t e r

_ 4. zero.

The

time

G a i n i n g  school  years  af ter

9rade i for the f i r s t  time at time zero.

• c the school survival 
Table 24(a) below gives the

in grade i f ° r the flrSt *
s a f t e r  e n r o 111n9

‘ t , M  z e r 0 ' „ p r e b . b i l U ,  t h a t  .
Now, l e t  5 , ( 0 )  •“ "" ^  (n 5rjde  ( , t  time

JPi 1 enrols for the fir k before leaving

ir° and spends some time th 0f stay in
+ il. expected ie"y

system. Then tne by

k by such a student i
' ' x 0 (4.30)

S.*k
i

/k v / k , 0)\ + ' 6i(0)̂(o)  = ^ ( o ) y  (*-k(0 )

^om which we obta i n
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6J(0) = *f(o)/i£(0) (4.31 )

We note here that *k(0) is the expected length of 

stay in grade k by those in grade k at time zero.

Table 24(b) below gives the probability of a 

Pupil enrolling in grade 1 for the first time at 

time zero and reaching grade k before leaving school

lab 1e 24(a): The School Survival times for pupil
in qrade i for  the f i r s t  who enrol  in 9rd

time zero.
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Table 24(b): The probability of joining grade i for the first

time at time zero arid ever reaching grade k

before leaving school.

Comments on TabU s J 4 ( a l s M  ̂ ^  p(jpils who

The l eng t h s  of s tay  ^  ^  ^  «ro are

• . c the f i LJoin grade one for in Table 14(a).

the same as those ob one for the
c nil joining 9rad
F°r example, a pop1 tpH to take an
.. . ,ero is eXPeCflrst time at time zer school. A pupil

,rS in prin>ary
verage of 5.5143 Y first time at time

for tn«
ho will enter grade

■ _ !3 II V» '
expected

"0ars in primary school 
,9496 y earS . . .

to will enter grade two average of 0.7982 of a 
5ro is expected to take an ^   ̂ pupil is expect 

iar in that grade. lnf̂  ̂ rS in primary scho 

' take an average of 3-»4 pupiis joining
kP 0btai ned

ar values roaY
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any of  the other  grades for  the f i r s t  time at  time 

zero.  For example, a pupi l  who enrol s  in grade 

seven f o r  the f i r s t  time at  time zero i s  expected 

to take 0.6128 of  a year  in the school  system.

[See Table 24(a)"] .

»,  is the case above. the probabilities of

ever  reach i ng  an,  of the school grades a f t e r

j.up f i r s t  t i m e  at t i m e  z e r o
j o i n i n g  grade one for

, , t h o s e  o f  Table 1 4 ( b )  in c h a p t e r  
a r e  i d e n t i c a l  to t h o s e

mini l  j o i n i ng  grade one f o r  
H I .  For example, a p P

pr0 has a chance of  0.4923 
the f i r s t  time at  time »

n-nhest  p r i o r y  school  grade. For

of  reachio, the h, ^  ^  ^  t „ ,  p r o b a b i l i t y

a pup,, goioih, sc . (n gr>de )t

of  e n r o l l i n g  f o r  the f
• c the same as xne

tineze™ ' s 0-6990- . Tl U ' “ « - Th*
Probability of  ever Join for  the f i r s t  time

• n arade two
P r o b a b i l i t y  of  j o i n i n g  seVen

reaching 9
dt time zero and eve obtained for

. a b i l i t i e s  can
0 •4468. Similar pr°D p r o b a b i l i t y
, i p0r exampl e »
the other  g r ades .  f i r s t  time at

»v for
^ a t  a pup i l  in grade ^  seven i s  0.5482.

reach g ra
time zero w i l l  ever  

Cs ee Table 2 4 (b) ]  •
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Expected. Length of Schooling^

Suppose that

P*(0 ) = (p*(0 ), P2 <°)....ps(°)) (4-32)

i s  the p r o p o r t i on  of  pup i l s  enro l l ed  in the var i ous  

school  g rades  f or  the f i r s t  time at  time zero.

These p r o p o r t i o n s  may be est imated by

s*(0). »*<«)/,:, nt<0) l,,33)

.here „?,») is the nu.ber J.i"i»9 ^  1 ,he
1 Tf is not difficult to

first time at time zero.

see that at any time

( t )  .  z  ni ( t - j )  
n*(t) = ni (t' [j = 1 1

(4.34)

or

, ctav in the various
. a length of stay

The expecte in these grades
r the puP1 s

chool grades by any therefore
. _ -t time zero 

the first time at
(4.35)

*, n*’(0) L*(°)
£*(0) = P i ;

„ (4.29). The
U matrix give"

ere L*(0) is the ma /fis*(0)) by any of
r-hool i n9 ^  '

Pected l eng th  of  s grades for  the
4- h 6 V 9 ̂  _

e students joining therefore the sum o

nst time at time zero uation (4.35).
„ nroduct i" eq

e entries of the P 

at is
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ELS* (0 ) = P * > )  L*(°) 1 (4’36)

where j is an (s x 1 ) column vector of ones. Table 

25 below gives the expected length of schooling 

for pupils who enrol in the various school grades

for the first time at time zero.

. .  lpnoth of schooling for 
Table 25: The expected leng

those »h. enrol >" «  SCh°°'

grades for .he first t i ~  ■* *<“  Ier°'

' ELS*(0)
grade 
_  i

1 2

ELS 
i n .2609 .3516 .

____

Comments on Table__2JL
----------------------------- the var i ous  grades for

lied m  tn
Any s t udent  enro ected to spend

• p 2e r o 1
the f i r s t  time at  tim qrade one. This

f a  year 1n y
a PProx imate l y  0.260 0 grade.  For

. ~ a l l y
value i n c r e a s e s  9en j-he f i r s t  time in

l i ed  f ° r
example , any p u p i 1 enr ti|ne zero i s  expected

any o f  the school  g r a deS 3 g r a de two before
f a y ea^

take about  0 . 3 5 1 6  0 r ted length of
The expeCte . .

h a v i n g  the system.  p<.*|S in grade s i x  i

ich„.1(ng bj Of *“ESe This « 1 »

“»Proxi„atcl, 0.6461 of « ot schooling in
nPCted

Sweater  than the exp
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grade seven, by these pupils, which is about 

0.5969 of a year. This may be due to the high 

retention property of grade six. In general any 

pupil enrolled for the first time in the various 

grades at time zero is expected to spend approxi

mately 3.3809 years in school before leaving the

system.

1^4 CONCLUSIONS

Since new enrollment in primary school is 

assumed to be only through the first grade, there

itv between the retention
1 s complete s i mi 1 a rity

entrants into primary school
Properties of new e n t

i nrocess in chapter III 
under the general Marko P

, . j rohort model. We now 
and those of generallse

based on the applications 
9ive some conclusions, Kenyan

of the generalised cohort model

Primary education system. ^  first time at
• 'nn school t

A pupil join! g -till being in grade
n f  chance o

time zero has a 13/» that about 67%
We expecte

° ne after one year. qrade two
. 1s w ill be m  y

of these grade one Pup ati0n implies that
This 0^5^'

after one year. 'n wh0 join grade one
the pdP1

aPProximately 80% of will still be in
t time ze

for the first time a Similar values
ne year '

ini ary school after 0 time periods of
the otne>

are obtainable during
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study. For example, after eight years of schooling

a P P r o x i m a t e 1y 15% of these pupils will still be in 

Primary school and so on.

For the pupils joining grade two for the first

time at time zero, approximately 63% will still be

in school a f te r  one year. After two years of

schooling about 60% of these pupils will still be

^  school and so on. We can obtain s imi l a r  values

for pup i l s  j o i n i n g  any of the other school grades

for the f i r s t  time at time zero. For example, only

ab°ut 7% of the pupi l s  who are in grade seven for

the first time at time zero will still
After two years of schooling

chool after one yean.
a a c p ven pupils will still 

°nly about 1% of these grade seven
be , „ n  of them will have left primary
e 1n school , and all or

schoo1 after four years.
t r a t ios  for those enrol led

The school drop_ou 

i n
f i r s t  time at time zero are 

9rade one for  the chapter I I I

tlle same as those obtained the pupi l s
 ̂ tz model*i • i  i  t  V IT) 0
0r the L o g i s t i c  proba qrade two for  the

wh i ennol i y
0 a f te r  j o i n i n g  schoo  ̂ have dropped

, . 7pr0 about
s t time at time zer , Within two

out • the first y1 of school  wi th in  tne e two
ye>- 40% of tn

a|~s of s choo l i ng  about

Pu p i 1s w i l l  have dropP

nfact

f school and so on. 
ed «"* »f ........

rade t«» P'“ 'i

i l s  wi l l  have l e f t

a l l  these g
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primary school within thirteen years. Drop out 

rates can be obtained for pupils in any of the 

other school grades for the first time at time 

zero. For example about 93% of the pupils who 

enrol for the first time in grade seven will have 

dropped out of primary school within the first
m i n i  IS Wi1 1 hdV6 16ft Schoolyear; 99% of these pupils
, n n  All these grade seven 

within two years and so o .
the system in four years. 

Pupils will have left tne
i t i m e s  for new entrants The school survival times

. i at time zero are the same as 
into primary school a

moralised Markov chain 
those obta i ned  for the gener a l i s

T T t A pupil in grade two for 
model in chapter IH. *
.. . time zero is expected
the first time at t Th n u n i l s

ths in grade two. These pupils
an average of 10 mon . arade threehnut 9 months in.grade tnree
are expected to take a ^  enr01s in grade

and so on. In total a P expected
. e at time zeru

two for the first tim months in primary
r 3 years

To take an average o> be obtained
• wal timc=> i <; u r v i ̂ ®

school . The school => school grades
0f  the otner

Tor p u p i l s  j o i n i n g  an Por example, i t
.first'' . . .

a t time zero f o r  ^ ie month for  PUP ^ S j o i n i n 9

is a p pr o x i ma t e l y  3 ye#rS at time zero. On

9rade three for the firSt in grade seven for
•i pnro1

The o ther  hand a pUP1 expected to take

The f i r s t  time at  Tim
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about 7 months in school before leaving the system. 

As is expected the percentage of entrants into 

school at time zero who ever reach grade one is 

100% since they all enter into that grade at time

zero. About 49% of those pupils who join grade
. . _ j. time zero will ever

one for the first time at
T h e s e  p e r c e n t a g e s  a r e  o b t a i n a b l e  

r e a c h  g r a d e  s e v e n .  T h e s e  p

too pupils tbe .*.r «*••’ F°r/ 7 ’C

7 0 ,  p u p . U  in . - M r .  » ' *  • " * *
. Hme zero. Of these pupTls 

for the first time at
for the firs* time at time

»*o io.p «  -  M<t , 0,00

.bout ,5, of tn.» «' scBool Also

reaching the highe have a chance of

63% of a cohort of P^P11 at time zero.
.„ for the firsl

Joining grade si* -u  have a chance
njic 5oh w 1

Of these grade six Pu
u-ade seven.

of ever reaching 9 the first
Ailed at time z*r

Any pupil enr , grades is

time in any of the var 3 months in grade

expected to take apPr°*1ina t0 take about
ao.e exPect

one. These p u p i l s  ar ^  ^  We note p a r t i -  

1 . o n t h s  in g r . J e  enr. 1 1 . i  < * '  the , 1 r S t

o o l a r l y  t h a t  p u p i 1s w h ° a r i o us g r a d e s  a r e 

t i m e  a t  t i m e  z e r o  in th 6 1n g r a d e  six a n d

expected to spend ab°u eCtively- This
7 ade seven reSP
Months in grade
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possibly a consequence of the high retention 

property of grade six as compared to grade seven.

In general those pupils who join the various school 

grades for the first time at time zero are 

expected to take approximate1y 3 years o months in

P ri in a ry school.

To s u m m a r i z e , w e  n o t e  t h a t  t h e  g e n e r a l i s e d

c o h o r t  mo d e l  p r o v i d e s  an a l t e r n a t i v e  me t h o d  o f

, f ctiiHents in an educational describing the flow of students
aDDlication of the generalised 

system. Regarding the app
upnvan primary education system, 

cohort model to the K y
p o n e r a l  r e m a r k s  : 

wo ma k e  t h e  f o l l o w i n g  9

(i) Most of the results on the retention

properties obtained by the generalised 

cohort model coincide with those of the 

general Markov chain model when we
9 neW e n t r a n t s  into the f i r s t
c o n s i d e r  the new

,0 at time zero, 
school grade

the a v e r a g e  repeat rates for 

(ii) In g e n e r a  ^  s c h o o l g r a d e s  for the

pupils joi ,s appr0ximately
t time zer

f i r s t  otfier hand the average

9%. On the ° pupils is about
• „ rate f°rpromotion ra

59%. aVerage a 67% chance of

(iii) A pupil has °n remaining school

in an  ̂ °
enrol 1i
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grades for the first time at time zero 

after joining school.

(iv) In general any pupil enrolled in the

education sys tem for the fi rs t time at 

time zero, in any of the grades, is 

expected to take approximately 3 years 

5 months in primary school.
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CHAPTER— )L

PROBABILITY MODEL FOR ESTIMATING AND CONTROLLING 

ArAnFMlC SURVIVAL

__ INTRODUCTION

chapter 111 «  “ “  M “  ,"iPend',',
transition ..odels which tncorpor.t. endegenoos

factors over ... »»
nn further and assume that the 

ions. We shall now go
r h a n a e  in time due to the

transition probabi1ities
cnri-al and economic factors.

effect of some changing
„ that the transition 

t Q chall assume tnaIn particular we snairciculdr nuantifiable variables
rates are affected by >(>de,

-hich change . « »  .eJsures of ac.de.fc

hen be used to o ttempt will be made to
survival. In addition an variables in

control some of these Qu tes which are as close

0nder to achieve transit! vaiues. Some
Hes i reC* ' ̂

ds possible to some  ̂model will be

consequences of  ̂  ̂ fhe Kenyan primary
• . data ffonl
demonstrated, using

Education system* education patterns
. n countHeS*

In most develop!^ ^  r#ptd population
, h^natng due ..r<- This trend
d re constantly chang _ n[nic factors.c constant >y -  ^
n c n c i O ' eC°Scowth and other soc
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calls for a time dependent model which would 

incorporate factors which are internal ot external 

to the system. Factors like pupi1-teacher ratios; 

cost of education; proportion of trained teachers; 

rate of inflation and many others have some effect 

0n pupil performance and hence on the transition 

rate. in this chapter we propose a method of 

model 1i ng the transition rates as responses depend-

+ of the type mentioned e n t on quantifiable factor
. --,+0 statistical control theory,abo ve . Using multivariate static.

«  s h a l l  at tempt  to . « • ' »  *"» “ St S" , t a 6 "  ” ' UeS

•f these factors in order that so.e targeted traps-

•, . .  ̂ at future time periods.
^  on rates are achieved

Th , .n  then be used together with
proposed model will
theory of the non-homogeneous Markov chains to

i ne some measures of academic surv,val. These
, crhoo1 staying ratios; 

A s s u r e s  will include; the ^
iption ratios; the

stHe SCh°01 dr° P °Ut " d ."the expected length of 

sCh001 SUrV1'Val tim6S "  these measures will be 
ch0o 1i ng . Estimates of

, and fl°ws da
c°niputed using the stoc s assumed in
F • n system- 1
xenyan primary educatio . rates are
th * t h e  transi

e calculations that r _ cost of educating
ration,

dePendent on, pupi1-teache ratios.
year anu

in ’bdivi dual per grade P
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5^2 THE PRO POSED MODEL

Suppose the states of the education process

are denoted by integers 1,2.....N where N is the

number of possible states tn the system. The 

probability of moving from state i t0 J 

time («,».) b' Pi f t> *nd

transition matrix of f l *  is S” '" by

// m Yl [c.f. (3.1)]
p(t) =((Ptj(tv;

The maximum likelihood estimates of P f j ^  be

i c and f1ows data using
comput ed f rom the stoc

fpr h i  in chapter III we 
equation (3.4) of chapt

rates as functions
modelled these transit^ ^  ,n this chapter we

depending on time para ^  time parameter

shall not only be con ^  consiier factors which

b^t we shall go further an ^  suggest factors
n U0f tiniS*

c a u s e these changes _ ^e first grade;
, i s 5 i °n i n t0

s Uch as policies of a 11 class densities
er teacher,

Proportion of students of education;
f teachers; co

average experience o

rates P j  ( ̂ ’ s are

ther factor*
Sex ratios and many 0

t ransi ti°n
Suppose that the factors which ciange

i f t a b 1 e
affected by some quantl 

 ̂n time, denoted by

x  1 t  ’ X 2 1
. • ’ ̂  s t9 ’ D
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We may t h e n  w r i t e

P^tt) = Pij(xlt,x2t’" ” Xst) (

A p p r o x i m a t i n g  t h i s  f u n c t i o n a l  r e l a t i o n s h i p  by  a 

linear function we may write

p ij(t) = + L'ij (t)
(5,2)

whe r e  E (t)isthe e r r o r  in a p p r o x i m a t i o n  a t  t i m e  t

t . 1J • ,,p assume that there are m
^0 simplify notation, w

£  f  i 1 s d e n o t e d  by k -  1 , 2 ,  , . . 
P o s s i b l e  c o m b i n a t i o n s  o r  u

m> so t h a t  e q u a t i o n  (5.2) become

k = 1 ,2 , . . . , m

p (t) = 2 3
i = 1

+ £ t) 5 t = 1 j 2 > • • » > r  ̂ ^

f  n e r i o d s  o v e r  w h i c h  d a t a  i s
w5 e r e T i s  t he  n u mb e r  oi  P

. hp x o b s e r v a t i o n s  f o r  e a c h  

a v o i l a b l e .  Combining _ ^ . v fnrm

w e may write e

I M ' " ZJ
3)  i n m a t r i x  f o r m a s ;  

a u a t i o n  ( b - J '

Pk = X Bk + £k 

ixl lx s s x I

o r

(5.4)
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'pko r xn X1 2 ... xls V -ck(ir

Pk(2) X21 x22 ... x2s Sk2

+

ck(2)

Pk(0 XT 1 xt2 ... xxs Bks ek(i)

f°r k = 1 ,2 , . . . ,m .

4-ha+ t h g r e is no demotion We shall assume further that there
«ri fs only to the next 

in the system and that promotion

higher grade, so that

• t + 2 and j < i
pij(t) = ° for J -

hcnrbing s t a t e s .  In t h i s  
wherc i and j are non-absorbing

t„oes of possible
system there are only three type

nrade, namely promotion,
transitions from a given g  ^  ratios

rePeat and dropout. Sinc d only raodel two

fr°m each grade sum to one, ^  obtained once

°t the ratios as the oth shall for
th in this case
tnese two are known. ^  gnd repeat rates.

exampie consider only Pr°n' be pr0moted to
In mav drop oUtn eases where one may the types of

. ,P states.
n o r e than one alternativ in which case

transitions will be more than op rates.
two L

0rie has to model more combinations

tal nun,ber
Suppose that the



182

of promotions and repeats are m, arranged 

so that the first m/2 are promotions in ascending 

order of grade. Schematically we have

P1(t)jp2(t),...,pm/2(t) ; Pm/2+T(t)’Pm/2+2(t)’- " ’Pm(t)

L_

p romot i o ns
repeats

So that

Pk (i) = P i)i+l
, /1) = p • • (t ) , 0<k<m/2

(t) and Pk+m/2 1 ’ ’ ’ -

• 5 t0 obtain the best estimate 
The problem now is ™

j0i defined in equation 
Bu , from the linear model

(5.4)

subject to: P£(^^ + P £+m / 2

Pk

(t) < 1 for 0 < £ < m/2

 ̂-t) >0 f0r all k a n d t

(5.5)

 ̂̂ i s r e q u i r e s minimizing

s(Bk) ■ (Ek - » k) ' ' % )

SubJect to;
l < m/2

Pj, + Pjt +m/2
1 , 0 <

. n , 111
k = 1 « 2 ’ • ' ’

(5,6)

Wh

Pi/ 2 - _ 0f ones and%#pctors o'
i col UITin

ere 1 and 0 are t x I

ros respectively* *
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Combining all the m values, the equations in 

C^'s may be written as

p (pi *P2>- ’ X B + E
xxs sxm Txra

(5.7)

Txm

wh e re

and

B - ,£2 » * * * ni)

E = £̂-j >£2 ’ * ? ’ m) *

We shall make an additional assumption that

r ? 1 , n fQ a tx 1 column vector of£k ^ N 0,o I where 0 is a
, L O TJ , ,n rnnstant and IT is anzeros; o i s  an unknown const t

k ,  ̂ ijc|nq the least squares
identity matrix of order

hest estimate of B is
es tima ti on procedure>

Siven by

s - s ) = (x1 x;"1 x1 p
B = , ^ 2  > • ■ ‘ ’—m/

(5.8)
w ~ yjj-| >±>2 9 —UK

, nrh is true as long as
pr°vided (X'X)" exists, w

1 linearity among the
there is no high multrco Thts estimate

c°nsidered quantifiable r0biem as long as the

Wl11 also be optimal f°r  ̂ ^  however the

c°ns tra i nt set is satisfie tf)en alternative
ffcf1eG9

c°nstraint set is not sa cliaaested for examplejjg suy3
’’Celling procedures shou ^  ^  modelled may

the number of transiti°n r include using the
tment niâ

)e Adjusted. This adjust lltng for only
a t h o s n

Ve^age dropout  rate 3,1
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the promotion rate.

Assuming that  the c on s t r a i n t  set  I s  s a t i s f i e d ,  

then the f i t t e d  t r a n s i t i o n  rates ar

p„ = x l k 4 £k
k •= 1 , 2 ....... m (5.9)

where for  each t

ek ( t )  = xj. ( X ' X )  °k
(5.10)

. . . .  x f s  the reg res sor  vector  
i s  the e r r o r  in --t
at f . , ~2 i s  the mean square er ror  in Pk ( t )
a t time t and lS

T e o

t e s t  

val  

is 

the

«-• - need to 
Before pr .cee .» f, ts th, observe

, . _ -(-q use ^1 ■
Befo re  proeee re ^  fUS the observed

* h0" " "  SU!I8 „ r ,n  SOOP»« « •  ai,,>
ues.  Aga in  as in chapt Then

time periods t =1.2,•  • • >
a v a i l a b l e  over  t tinie i n terva l

i t i o n  numbers i
expected t r a n s i  given by

. • t i on numbers .
expected t r a n s i  qiven by

. -I assumption i s  y
i - j t + l )  under the mo e

• E h o ' * 1/ " 0^
U  I'c-.f (3.55)]

= Bl(t) Ptd(t)
the stock in grade

' each i and j where " i  f i t t e d value of P i j ( t )

t t ime t and ^ tePv»1 ( t ’t+1)< ThB

espond i ng  to t he tim ti>ng the goodness
for  t eS

square s t a t i s t i c

i s
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D
~ u = / v u) - &.f, (3.56)]

M h e r 0 n / \

.. fj ' 'S V » ' S  . M C
lG u-th interval and E* fu) thn 

l u m b e r  o f  *J C0'--esP°"<Mng
T h . ’j ( } S Whlc(l f a n  rn the u-th interval.

statistic has ( k - l - s ) degrees of freedom 
where ’

is the number of unknown parameters and k
j ̂ a  ̂>

s m  chapter I I I .

The goodness of fit test is out to
a S s e s <; f-u

trie c l o s e n e s s  of fit between the observed

esti'mated flow values for all the seven qrade

w h e n th S ’
le system is assumed to evolve according to

suggested model. It is found that the
d j f ̂

erences b e t w e e n  the observed and fitted flow
Vfi i

Ue s are not s i g n i f i c a n t  with P-values ranging

etween 0.5 to 1.0. This suggests therefore, that 

the
Proposed model may be used to study the Kenyan

P r -f ̂
dry e d u c a t i o n  system.

M O D E L  TO P R F n T C T_F iITU RE T R A N S I T I O N S

Pave so far o b t a i ne d  a relationship between

th
6 tr<3nsition rates and t h e  quantifiable variables

° f the type

Pk(t) -
= 1,2,..

+ £k(t); k = 1,2,... ,m
(5.11)
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wariahle values are known at  
Suppose the r eg re s so r  va

-• „ then the model may be used to 
some fu ture  t ime, then

fvoncition rates. For example, 
estimate the future tr

,f the vector of values of the repressors at time

the estimated tra.sttton rates at that

time w i l l  be

, : , Ia  ,*i)i f ’-2.... - (5',2)
P k (T +1) = xT +i£k k

fs the error in
, -n - x’ (X 'X> i*r+1 kwhere £.(t + 1) - 2-t + •

we may est imate the
the estimation. Gener 

transition rates h yearS 1at

(5.13)
, S + ek(t+h)

Pk(r+h) = iT+h-k
T+h years

,or vector xx+h ’
whenever the regre ^  provided the

later, is known in adva satisfied. In
d earli'er are

constraints mention reoressor variable
the futur

most cases, however, ^  which case we may

values are usually u -ected values based on

use some simulated or V'"1' „ «t,n is the

their past trend. For s then the

r vect°rProjected regresso
• n ra^°

estimated transi ti°

A ,^, a + v 
p ^ x  + h) = it+b-'k

w i11 be

(5,14)
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Results of the <*bove type may tn some cases

be quite misleading since, in multiple linear

_  • „„„rble for a model to perform 
regression, it is possi

. .c far from the centre of the 
quite poorly at points

i.up ortatna 1 data. We may region constituting the o 9
. u On,on by considering the diagonal
define such a region y 

elements of the matrix

H = X (X ' X) X
(5.15)

\  i s the matr ix of  the 
where , X 1 = x̂-j ' — 2  ’ ’ f/

. The diagonal «f " *r'
o r i g i n a l  data.  The

the type

tt = *;(x'x)
-1 (5.16)

If h = max{htt; ma x

(5.17)

T}, then the region

"max - *«•’ * data may be defined by
instituting the orig

the e l l i p s o i d

. h I
D fv * ho-t ^ niTiaX
Rdata = l't’ t4

set  conta in ing  a l l

It is the smallest convex ^  dgta and s0
j.4 pn the

r eg r e s s o r s  c o n s t i t u  r eci^eSSOrS*Qf the rcy
u  i s  the convex hul l  roblem of reg res sor

, j t„ overcome th1 fn the future
In order to o regl0n

nn .  ̂ . f - r  out of  procedure
p°mts falling far p by step v

time, we shall opt f°r
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involving the improvement of the regression 

coefficients after each prediction step, as described 

below.

We have fitted the model

£(t) = — t + > t = l,29f.f,T (5.18)

mxl mxs sxl mxl

The f i r s t  future t r a n s i t i o n  r a t i o s  w i l l  be 

°btained as

P ( t  +  1 ) 
mxl

ix+i
mxs sxl

+ £(t+1) 
mxl

(5.19)

where,

 ̂t
■ (>;fi)

-iV|Pi

Y1
S XT

X
/ y ) and

= (xvi2.....

P, = P‘ = (£ (1).£(2)....£(T)^
ture transitions, the

To obtain the second u and 1ts

-t time *r+l» fiv
' ated t r a n s i t i o n s  a  ̂ are adcjed tQ

rnr vector £ t +1
sponding reg re s so r  improve pred i c t i on

n'ginal data bank so as refore
„citions are

econd future tran

£(t+2) = B21t+2 + e(c+2)
(5.20)
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w h e r e  n o w

*n YoPS2 ■  ( ’l 2 h )  '2'2  

<2 ‘ CYi > £ t* 0  '
S X ( 1+1 )

a n d

m x ( t + 1 ) 

so t h a t

“2 ‘ ( V ,

(p,i i ( T * n )  - ( r ’ i b ' * " )

t r a n s i t i o n  r a t i o s  are
G e n e r a l l y  t h e  k - t h  f u t u r e  

o b t a i n e d  as

+ £( x+k)
(5.22)

P( T + k ) = Bk x T + k

w h e r e ,

-1
= K V "  YkPk

lYk

/  »- s- ,5 !3’
= (x'x + z > W W  V °
V  a=l

and

£(T+k) = ?T+k(Y kY k)

-1
xx+k '

A ^
dfag(aik,a2k’! •>^k)

(5.24)
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where o is the mean square error in p^(t) for 
£k

t = 1 , 2 , . . . ,T+k-l ,

We shall demonstrate the application of the 

regression model using data from the Kenyan 

Primary education. For this purpose

simulated values of some regressor variables.

ru an  fit the linear 
For our demonstration we shall tit

model

where k = (1,2,....14) represents all the possible

t<! in the considered primary
Promotions and repeats 

l o c a t i o n  system;
,, teacher ratio at time t

x,. is the pop11 1
Z tina an individualf educating 

is the cost or
21 i n K£.

Q nd

31

per grade Per year

., $ex ratio at time t, taken 
is the pupi1

H o n  of ma eS '
as the proper

antifiable variables

ve nThe observations of theS iods and are 91
i7 time Pe .

are available for t ' nSidered is
ne r i c

ln table 26 below. T 6 x and x3t are
1 uSive 9 A1 1

between 1964 to l980 inC Qf education annual 

extracted from the niinlS ^xinlation based on

rePort while x2t is a" 3PP
f 0
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actual fees paid by parents during the period 

1964 - 1980.

Table 26: The regressor variables during the period 

1964 - 1980 inclusive.

time

m (t)1964-1980

pupi1/teacher 
data value 

xlt

1 36.3669
2 33.1699
3 31.1343
4 31.8258
5 31.9261
6 33.4726
7 34.4928
8 31.25
9 31.3271
10 32.1416
n 34.5594
12 33.4611
13 32.5281
14 31.1661
15 32.5541
16 39.8491
17 38.3122

___

cost/pupil (K£) 
approximate value

x2t

3

4

5

6
7

8 

9

10
11
12
13

14

15

16
17

18 

19

sex ratio

Male proportion 
data value

______ x3t

.6481

.6359

.6190

.6087

.5993

.5949

.5858

.5775

.5708

.5645

.5512

.5420

.5369

.5336

.5911

.5282

.5253
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f;.nc n ft) 's for the above The transition proportions P -j j 1

from the stocks and flows periods are computed from u n

*ua4. npriod In order data available over that period
• -f - innc t h e  a v a i l a b l e  ^ 1 1 v-o t r a n s i t i o n s ,   ̂>

to
uata avaiiaoie u v u  ,

• x.• nnc the available regressors 
estimate future transition ,

have been used to simulate values in the future

by simple linear regression method. The n-th

1atPr is therefore
regressor value h years

1 9

x i ,t +h
x. + ^ih x i x 1

i =1,2,3

h = 0,1 j 2 »• *

(5.26)

wh e

,i+h ' 7
. „ te estimated fro. the -v.il.bl.

re r . is a rate ^
l

'egressor data.

O  A P P L I C A T I
" ..he. m e r i t e d  ..... -

After fitting the time dependent
. fhp elementS °•dn then estimate tt future time
. f  e a c h  of tne

-ransition m a t r i x  t „ p = l , 2 ......
t a T+h . Wher

dtervals (t,t+l) for system consists
t the educ at i on sy

Suppose again tha ^ sorbing states; r+s = N.

)f r absorbing and s n tbe flows can be

rhen the transition niatn*  ̂ (3.8 ) and the

in the form g l ^ "  iP ^  n by equation (3.10). 

’'Step transition matTlX ntion rates, d. op

~xPressi ons for the s01100’^  expected length of

3ut and completion rat ryival tin,eS’

ich««lin, and ... °°’ e„ i.
■hose grV

remain the same as
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'l'he Schoo l Re tent ion Hates

We saw in chapter III that the school retention 

rate is simply the i-th entry of the column vector 

Q (n)(t) j, where j is an sxl column vector of ones. 

That is, it is the probability that a student who

i s in grade i at time t
w i H  still be in school

n y e a l a t e r . It is given by the sum

q (n)(t)
( n )

s
i q 
i = i u

(t)
i = 1 ,2 , . . • 5 s 

n = 0 ,1 »2 , . .

[ c . f . ( 3 . 1 3 ) ]

. school
^ b l e s  27(a) - (g) below give

'"ates under the p r o p o s e d  mode

retention
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Table 27(a): Fraction of pupils in grade one who will be in

grade j, n years later and the school retention

rates.
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rates.

Table 27(b): Fraction of pupils in grade two who will be

in grade j*n years later and the school retention
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rates.

Table 27(c): Fraction of pupils in grade three who will be in

grade j, n years later and the school retention
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rates.

Table 27(d): Fraction of pupils in grade four who will be in

grade j,n years later and the school retention
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I_able 2 7(e) ;
Fraction of pupils in grade five who will be in

grade j, n years later and the school retention 

rates.
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rates.

Table 27(f): Fraction of pupils in grade six who will be in
grade j, n years later and the school retention

^grade j 

n years"
6 7

School
retention
rates

1 .1578 .7210 .8788

2 .0229 -2177 ,2406

3 .0034 .0473 .0507

4 .0005 .0092 .0097

5

ooooo ,0018

6 .0003 .0003

7 .0001 .0001

-—

•IS in grade seven who will be in 
I*bje 27(g); Fraction of P^P11 . the school retention

grade j, n years later

rates.

grade j 

n years
7

1

2

3

.1329

.0179

.0025

.0003

School
retention

.1329

.0179

.0025
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Co mm on to o n Taj) tes 2,7 ( cl)---- (_£.

When the system ts m o d e l l e d  a c c o r d i n g  to the

proposed l i n e a r  r e g r e s s i o n  model. 0 . 8156 of the

+ thp initial time will still
p u p i l s  i n  g r a d e  o n e  a

o v/par A f t e r  t wo u ^i  a f t e r  one  y e a r .be in p r i m a r y  school
. n 7 3 6 5  o f  t h e s e  p u p i l s  w i l l

years of schooling • fact al, the

S t i l l b 6 i n  S C h ° 0 1  l e ' e r o  w i l l  ^ v e  l e f t

" P,,S S r T  » *°
P M , „ ry school . f t  p coport i o n s  can

t h i s  r e g r e s s i o n  mode • the o t h e r  school

o b t a i n e d  f o r  PUP n 8 9 2 6  o f  t h e
F o r  e x a m p l e ,  u.

g r a d e s  a t  t i m e  z e r o .  z e r 0  w i n
n r a d e  two a t

P u p i l s ,  e n r o l l e d  n 1 ^ n n e y e a r .  A f t e r
1 after °ne J

s t i l l  be  i n  p r i m a r y  s t h e s e  p u p i l s  w i l l
. 0 . 8 ^ 5 2  o r

two years of school111 5 on# On the
school and

still be in primary sc grade seven
r the PUP1

° t h e r  h a n d ,  0 . 1 3 2 9  o f  _ in,a r y  s c h o o l
. ,  , he 1 n P

»t time zero « H >  st' ejrS 0.0179 of these

a fter „„e year. A f W  be t„ school- I" fat*

9rade seven pupi^s w iil have le^t

al1 these grade seven P _
f i v e  ye

Primary school after _ s

School pro£Z?.~ r0babi 1 ity tliat

T lt rate Is ^  ? t w ill graduate
The drop . fime ^

-de 1 a k. As in
ent entering 9 ^ c a t 1011

•th final 6 ears later w1 tri
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chapter  I I I ,  i t  i s  given by

( n )

i k ( t )  = t  q ^ - 1 1 ( t )  9 j k ( t+n_11; 
j = l r J

k = 1 ,2,.  . . ,r

[c . f  . ( 3.1 4 ) ]

TU • nIlt from school Within w yearsThe rate of  droping  out from

• inn the drop out rates for
ts obt a i ned  by summing

• /-banter III, wo have n = 1 to n =w. As given m  chapter

-(w) w (n)m  ............ [c - f -  (3.15)3
g (t) = i g., (t} 9

i k n = l 1k

•j = 1 , 2 9 . • • 9 s
k = 1 ,2 ,. • • »r

, wears The sum to
as the drop out r a t i o  wi thin

, rates g ives  the school  
i n f i n i t y  o f  the drop out

abs o rb i ng  r a t e ,  which i s

9ik(t> - n^ 9i k (t)

[c-f.(3.16)3

•ves the school drop out rates 
lable 28 below 9’ d model.

within x years under the Pr
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Table 28; The fraction of pupils who drop out from grade j 

within x years.
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Comments on Table 28

When the system is modelled according to the 

Proposed linear regression model, 0.1844 of those 

in grade one at time zero will have dropped out of 

Primary school within one year. Within two years

of schooling, 0.2635 of these pupils
 ̂ „ The highest drop out rate
dropped out and so on.

4. + ,mp zero i s  in the
for pupils in grade one a

m  fact after fourteen
sixth year of schooling-

i-irsllv all these pupils 
years of schooling, practic

„hnni Similar drop out
“ ill have left primary s

. H for pupil s  enro l led in any
r ates can be obta ine

. nrades at time zero. For
°f the other schoo  ̂ grade tw0 at time zero

example, 0.1074 of those after one

will have dropped out of P these
of schooling u-1

year. After two yean ^  primary school and

9nade two pupils Wii1 haV f those in grade
J 0 . 80 ' 1

s ° on. On the other  han primary school
•il have |eT K

Seven a t  time zero wl school ing  0.9821
two yea*

a t t e r  one yea r .  A f ter  . have l e f t  the
n i1s w1

0f  these grade seven P“P ^  a l l  these grade

s^ool system and so on- n of primary
0 dropPed

Seven pupils will hav 

s^ool within five ^ea
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The School SurviVCil Ti-me

The l eng th  o f  stay ?n grade j by a pupi l

enrolled in grade i  at time t,  during the next

ho nhta i ned a s the ( i s j ) ~ t h  
n years  o f  s c h o o l i n g  can b

entry o f  the mat r i x  Ln( t )_ in equation ( )

chapter  I I I .  The expected length of  stay  

school  grade j by those enrol led in grade i at

. j ac the (i,j)-th entry of
time t can be obtained

i f f )  oiven in equationthe infinite matrix series
u i - t h  row of  L i t )  g i ves  the 

( 3 -21) .  The sum of  the 1
, . i S the expected length

school s u r v i v a l  time. Thi
nil in grade i at time t

°f  s t ay  in school  by a p g r finai educat ions.

before graduating with any °
. h i l i t y  of ever reaching grade

Finally the pro a gt tirae t is

J after having enrolled tn 9r«

9iven by

 ̂J

[ c . f . ( 3 . 2 3 ) ]

the school
. 29(b) be1oW 9lVe

Tables  29(a) and t ies of  promotion
o rob sbi

SUrvi val times and the Drfmary education
Kenyan V'

within the grades of the regression model.

System under the prop
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Table 29(a): The expected length of stay in grade

j by those in grade t at time zero and

grade

grade^
i

1

the survival times.

2 3 4 5 6 7
Survi val 
times

1 1.1530 .8787 .8089 -7596 .7054 .7000 .6007 5.6063

2 1.1 381 -9920 -9415 .8757 .8714 .7540 5.5727

3 ] 1 4 4 4 1.0662 .9935 .9913 .8645 5.0599

4 1 J464 1.0562 1.0567 .9288 4.1881

5 1.1478 1.1482 1.0172 3.3132

6
1.1848 .9973 2.1821

1 .1536 1.1536
7

___ ________~— —

The probabi1ities 

enrolling in 9ra

of ever reaching 

i at time zero.

grade a f t e r

2
3
4

5
6

7723
1

7067
8663
1

,6626

,8213
9300
1

.6145 .5908 .5207

.7629 .7355 .6536

.8656 .8357 .7494

.9202 .8919 .8051

1
.9691 .8817

1 .8645
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Comments on Tables 29(a)--rt I/O ks * v x  ̂̂ - ■ ---

•c turned to evolve according to 
If the system is assum

.pnression model, a pupil in 
the proposed linear regressiu

• st 4»i time takes an average of  
grade one at  the i m t

„ cChool before dropping out. 
5.6063 years in primary

„ , t the i n i t i a l  time takes  
A pupi l  in grade two hpfnre

. , , year, «  pH.ary
approximately 5.572 values
i Vie can obtain
1eaving the system- ^  ^  oth,r school

for popils enrolled in a „pl«, a pupil
• in-ai time. rui

grades at  the m i t i  ... expected to

in grade seven at  the i [Refer to Table

take 1.1 536 years  in Prin,ary

” (*a - „lled in grad. « e d“r"'9
•il e n r o l l

Moreover, a P°P ce of reaching
a 0.5207 chance

the initial time has according to this
cchool 9ra

the h i g h e s t  pr imary  ̂ p ro b ab i l i t y  a

Unear regression model- ^  time, reaching

Pupil in grade two at  the i" sinliiar probabi-

Shade seven in °-6536 e n r o l l  1" >“«- « SCVCII ’ ,. nr q p Li P
1 ities can be obtained .n U i a l time- F°r 

«her school grades  •» ^  ' , „ > «  Pn»M b i "

5».ple. , grade s «  d1pg to the p r o p h 

et — “

ty

irt .-even
reaching grade

■oodel. [see Table 29(b U
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E x p e c t e d  L e n g t h  o f  S c h o o l i n g  ( E L S )

The length of stay in school grade j by any 

student who is in school at time t during the 

next n years is the j-th component of the vector 

ln given in equation (3.26). The expected length 

of schooling by any student in school at time t.

during the next n years is given by *n defined in
„ , . the length of stay in schoolequati on (3.27); and the iery

. t in school at time t is the 
grade j by any student in sc

„ defined in equation 
J~th entry of the vector _
/, the expected length o
(3.28). Furthermore the " .

nv student in school at time 
spooling (E.L.S) by any

t is given by equation (3 •

, 0<v„  the « * P « « d 'eng,S ”f
T.ble 30 below 9 »  ,t lh«

. , r the pup1  ̂s
chooling by any of linear regression
ini'tial time under the propose

model .
. n1inq under the linear 

th of school1ng 
S^30i The expected length

regression model-

5

.2661 .4122 .5287 -64Z°

7
Expected length 
of schooling 

(ELS)

.8501 4.2902
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Comments o n  T a b l e  3 0

If the system is assumed to evolve according 

to the proposed 1 inear regression model, any pupil 

in the system at the initial time is expected to 

take approximately 0.2661 of a year in grade one.

A"y of these pupils is expected to take 0.4122 of 

a year in grade two and so on. These times increase 

Wl th grade size, with the highest value in grade

six. Ih.t ,s. any of these P«P*1» «  “ l’*c,ed "  

take approximately 0.861® of a year <" sraOo tlx

• M U  they are expected to take approximate,, 0.850, 

»f a year ,» grade seven, this result .ay be a 

'“"sequence of pupils droppi»0 •«* fr<”  pr" “"‘,

Sch00l mainly after grade six.
•l in primary school at the

G e n e r a l l y ,  3ny poP1 . + ,
t a k e  a p p r o x i m a t e l y

1ni t i a l  t ime i s  expected to t1 time is cap the syStem evolves

^•2902 years in primary sch
.nression model. 

acc°rding to the linear r 9
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_5,4_ A STEP BY STEP CONTROL PROCEDURE FOR THE 

LINEAR REGRESSION TRANSITION MODEL

SINGLE PERIOD CONTROL

We have so far fitted a model of the type

p ( t) = B -j _x t + £.(t) ’

m x 1 m x s s x 1 111 x 1

t = 1 ,2 , . . . ,t (5.27)

wh e r e

i s

p(t) = (p,(t) ,P2 (t)>•••

■Lip transition proportions 
the vector of all P°sslble

I et  us make an addi t i onal
ln the system at time t. ... •, . ,

c are normally distributed
dssumption that the error ...

r ic a symmetric positive

.........
defi ni te matrix of covaria

ln equation (5.19).
. - t„ control tlteco relation-

It is often desire _ rtive function.
a . • ire some obJe
niPs so as to o p t i m a  ise some control

K , . , ^ e to exer
0r example, we may propr^te adjustments

0vet the output values by a'J ts a desired
often t

°n the input variables- atld any deviation

rget level of the systen ^  an error, to

r°m this target is In our problem the

e made as small as PoS ' ^  0utput values

K Q n s i t i o n proporti°nS -jnpuL v a 1 u e ~
. M e s  are Z 

>Q regressor varia 5

- a
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We shall use a Bayesian approach to develop the 

Predictive distribution for the system output at 

some time in future. Optimal control is establ- 

sbed by minimizing a loss function with respect 

to the predictive distribution. The loss function 

assumed is comprised of two parts, one part 

Is quadratic in the difference between actual and 

target system output and one part that is quadratic 

in the difference between present and future level

of controllable variables. The latter part of
<_ . j.u rost of control .

the loss function is called th

. n components of the
Suppose the first q-j

liable and the remaining
regressors x. are contro

hip For example,
^ 2  = s - qi are uncontrollable.

1 t1s oer class, cost of
buPi 1-teacher ratios, PUP ntrollable-may be controllable,
education per pupil per y

cex rates may oe
Whl'le time, drop-out rates,

c°nsi dered ,s uncontroll«b,e'
(ture obsorv.tl"" £(t*l)

Let the first futu

st
(5.28)

imated as before by

+ e tT + ̂ ̂P t + 1 ) = B, x + ]
1 fnre. Since we

• ated as bef°re
lere B. may be estim follows that

1 ^
1Ve assumed that e(T pB xT+l ,ZJ '
,r . , _ p(t + l ) "  L ̂ given Bi and £ >
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If prior information about (B-|,I) is available it 

"lay be used to obtain the predictive distribution 

of P([+l). However in the absence of such inform 

ation we may use a diffuse prior. Let us assume 

that the joint prior density of the parameters is

9iven by

f(B1 .Z-1) cc } / \ t
-1 (m+’l) / 2 (5.29)

. . 4. a wo distribution of
By definition, the predic

. v i s  then given by 
P.(t + 1 ) gi ven £(  1 ) >£( 2 ) 9 * ' ’ ’ —'

f f  s D,T = / /  f ( p (̂ +1 ) / Bi x
fP(x + l)/p(l ),p(2).-- PC^ VL •/

,f(Br z'1/p(l).£(2).--’P(̂ ))dBldl:'1

(5.30)

l uated to gi've the
Th i s integral can be ev 

Predictive density as

f  i / f t  +  ( p ( t + l  ) ' B 1- t + 1 /

f^(i+i)/p(i),£(2),..-.£(TV c</ L 1 ^

h /p(t+1 )'bi£t+i)j

(•u+l-s)/2 ;

(5.31)

. . t distribution
h of a multivanat _

whi  ch has the f o r m  0T _ . and

^1th non-cen

v1 = T

lity parameter B! £T+1
on-central f freedon. with
-s-(m-l) degrees of
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-1 -1
Dn x.H = v]S 1 / + *t+1U1 -t+1,

(5.32)

w here
(5.33)

Di = £ « t  -t
1 t = l

and

S = )-
i t=i

>: (e  (t ) - Bl2it)(£(t)-B^ 0  (5'34)

ntrol in the multivariate linear

A description of C01 M982).
, 1n a book by Press (1932)

model is f o u n d  m

OPTIMUM CONTROL . e T+i is to
cteni output

Suppose the sy target value a1
,r po s S i t> ^

be kept as c l o s e

fiincti on
Define the loss func

Y g(p (i+i)'*j) + ̂ t+1 Xt̂  ^ t+1 1
i,*l) .(£((*’)-ai) if' j  (S.35)

• tion from thS f control 11n9 thee to deviation rnst of c0
r due to  ̂Qned

the squared err  ̂ are pre-a

_ t ri ces D an rnnstan^s ‘stem. The niatn neqative con
0f non-h y

'inmetric matriceS g i v e n  by

, P ‘"Cref° ,5 .36>
The future .iP„)()l

J * * <i

P = E
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= /  f . ( p ( ,  + i ) ) - f ( £ ( T  + i ) / P ( D ’ P ( 2 ) > ' - - ’£ ( c ) ) d P ^  + 1 )

Substituting for f(fi(t + 1 ) /  £ (1 ) 2 ) ’' ' '’£(T |) ’ "*

ob ta i n

P = tr S,g/(v]-2

I

xT+i)+ (Bi v r i i ) G(Bi -1+*T+1 D1

(*T+1 J(i^l '*')

+i -ii

Partitioning the variables
.,LiPc v/e obtain,

uncontrol 1 abl e v a n  a

1 t +1

(5.37)

into controllable and

-t +1
il, T +  1 ql X =

i l  ,T V », ■ BH ’ B12_

*2 ’t +1

j

q 2

— •T
--2 T m X S 9] q2

0.
1 1 

D1
1 2 

Di Ql, and J =
Jn J12

d21 22
Di_ C|2

jz] J22_

*1

q2

q] q2

Ql ^  b d .fferentiating with

The risk is then nnni*ized by ^  and equating
ntr0llable va

A s p e c t  to the cont ations
cn1ve

To zero. That is we
(5.33)

= 0

the s o l o ^ "
-se equations 9ive
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-1,1 + 1

ii "Hr,
B ^ G  Bn  +ltr S1G/(v1-2)}D] + Jn J |_B11G( V B 12-2, t+1

- -£ trSi g/(v-j -2)} D-j jT+l + J1 l^lx + ° 1 ' -2 ,T+l)_

(5.39)

so tha t

-i -f 1

-1 ,t + 1

-2 , T +1

i s 

Th i

nf the regressors at time t + 1 . 
the optimal value .

• p a value of P (t + 1 ) wln ch 1 s
s o l u t i o n  . w -  ;  ; u t p „ ,

is close as possible to «"r {|ie ,ect„r of

3 i . = a Here x2 jT + l- ( t +1 ) £ i
TARGET time t + 1 which may oe

■Uncontrollable variabl , transitions
t a .  T h e o r e t i c a l \y,

- s t  i m a t e d  f r o m  P a s  ̂ a 

* t time t + 1 are giV on ^

+ £( T + 1 ) (5-4°)
" * , + B-|2—2 ? T +1P(t + 1 ) = B 1-|X-]T + 1

n5es we may use the
• 1  purp°seS 

-ven though f o r  p r a c t i  __ ^  _

■argeted v a l u e  £.(1 +  ̂ -|-/\r GET

MULTIPLE PERIO j i y O ^ h t0 control the system 

In general we may i#ter. In this case
a n y c n v. . - . p | d

,als ° f 1 ,n be made as close
me k > l  interval^ i s t0

lt p(T+k)>
e (T+k) - th output, -



. taraet value, P.(T + k 'lARGETas possible to a ta > gc c v >

, ■ 0 this we shall assume that there= a. . To achieve this we
f intermediate target values 

is q s equence of mteri
a a a to pass through before attaining

The problem can then
the final target value a^-

that of obtaining a sequence of
be l ooked  upon as tna  ̂  ̂ - fQr

optimal regressor-vectors xT+1-£x+ 2 ’ t+k
, levei. For example, the

the responses at eaci setting
a wil1 be attained by setting

first optimal respons ^  given in (5.39).

the controllable variable vec
rtor at time (t + U  >

The optimal regressor

iii + 1

-1 ,T+ 1

*2’T+1
target value £(T + ̂ ̂ TARGET " -1 

nd the correspond!ng , data bank to
the 0ri 91 na

re as before added ° i)))e step. The
.̂̂ 10 next

mProve prediction in c0ntrol is now

arget for the second P g a similar I

t + 2 ) TARGET
before, the seco

eri° . a similar procedure
f01 1 owi n9

m regressor vector is 
optimum reg
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where the controllable vector is now

*1 ,i + 2
11

-i-l r

B21GB21 + <■ trS2G / ( v2-2 ) J °2 +JH B 21G (̂-2_B22—2, t+2 )

- { t r S 2G/(v2- 2 ) } D ^  x 2;T+2 + J 1 1*1* ,T+1 +J1 2 (- 2 , x + r ^ 2 , T + 2 ).

(5.41)

U  depends on the optimal regressors at time i+l 

The matrix B 2 is obtained in a similar manner as 

9 i v e n by equation (5.20), and

•i + l
D 0 = T. x, x,
2 t= r l

i
x

( 5 . 4 2 )

= D1 + ii.[ + l -T + l

T + 1
S2 = l (p(t) - b2x t)(£(t) ' B2— t)

1 W
t=l (5.43)

 ̂nd

v2 = V, + 1.
at the k-th point in 

esraet value at tne
Generally the be attained

_ g , W1 I I
time i.e. p (x + k )tA r g ET " k llable vector

the  k - t h  c o n t r o l
0Ptima 11y by setting

to be
11

-,-1

+ (trSkG/K-2)}Dk +JH
L1 ,i+k BklGBkl

BklB(-k’Bk2-2,T+k
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-ltrSkG/(vk-2)}D̂ 2X2iT+k + Jil*.l,T+k-l + J12^2,T+k-1 X2,T+k)j

(5.44)

1 1  4-̂ 0 intermediate optimals.
which depends on all t r

at this time is
Theoretically the transition vector

~ * , B x + ^ ( t + k ) (5.45)
£( t + k ) = B.n£<i T + k k2-2,T +

Again as before
mxs

Bkl; V
is obtained as in

equation (5.23); .*2 ,T + k

the uncontrollable varia

D k = Dk - 1  + - t  + k - 1  - T + k - ]

is a projected vector of

(5.46)

N'+£ k' \ a t-Bkxt)(£t-Bkxt)
)(£(t)'Bkit) V - t+1 "t

(5.47)
. = t (p(t)'Bk-t 
K t = l

, + 1
vk k_1 (5.48)

k. s - (m-1) •
= n i n g  the„  r n n t r o I  1 1 n y

results 0 0 periods i

i ri mary ”

-ying targets-



R E S U L T S  ON C O N T R O L L I N G  TH E  K E N Y A N  P R I M A R Y  E D U C A T I O N  SYSTEM

OVER THREE PERIODS WITH VARYING TARGETS

T h e s e  r e s u l t s  a r e  

TRANSITION RAT

p12 p23 p34

.6798, .7693, .8232

s i m p l y  t o  s e r v e  a s  - i l l u s t r a t i v e  e x a m p l e s  c f  t h e  p r o p o s e d  

ES AT THE INITIAL TIME, t

p45 p56 p 67 p78 P11 p22 p33 p44

, .8096, .8541 , .7610, .8671, .1358, .1233, .1285, .1298,

p55 

1301 ,

p66 P77

1578, .1329

Regressor variables at time t

\ Controllable ^  ) UncoTitrollable

\ Pupil-teacher ratio = 38.3122 \ 

\ Cost = K£19

Sex ratio = 0.5253

218



CASE I M A I N T A I N I N G  A F I X E D  TRANS IT ION RATE TARGET OVER THE NEXT THREE YEARS

(a) After one year

(i) Target transition rates P.(T+" ' = ^

,6798, .7693, .8283, .8096, .8541, .7210, .8671 , 1358, .1233, .1285, .1298, 1301

(ii) Theoretical values attained p(i+l)

,6951 , .8206, .8385, .8212, .8516, .7732, .8649 , .1097 , .1044, ,1073, ,1104, ,1167,

.1578, .1 329

,1428, .1 351

(iii) Regressor variables at time t+1

1 Controllable (x* t+ )̂ 1
A

Uncontrollable (x^ T+-j)

\ Pupil-teacher ratio = 37.1758

' Cost = K120.1436 
1___________________

Sex ratio = 0.5164

219



(b)  A f t e r  two y e a r s

( i )

6798,

Target transition rates £(1+2)-^^^ -2

.7693, .8283, .8096, .8541, .7210, .8671 ,

(ii) Theoretical values attained jp(t+2)

.6786, .7961 , .8230, .8080, .8415, .7488, .8569,

.1358, .1233,

.1173, ,1102.

(iii) Regressor variables at time t+2

\ Controllable (x* Uncontrollable (x^ t+2)

\ Pupil-teacher ratio =36.8818 Sex ratio = 0.5076

 ̂Cost =K£20.4473



.1285 , . 1298, .1 301 , .1 578, .1 329

, ,1136 , .1162 , .1214, ,1479 , .1431 220



( c )  A f t e r  t h r e e  y e a r s
A

(i) Target transition rates P(r+^)j/\^j

6798, .7693, .8283, .8096, .8541, .7210, .8671, .1358, .1233

(ii) Theoretical values attained p_(t+3)

.6701 , .7795, .8109 , .8002, .8347, .7337, .8516, .1228, .1139

(iii) Regressor variables at time t+3

\ Controllable (x* 1 1 1 Uncontrollable (x^

\ Pupil-teacher ratio =36.3867 

\ Cost =K£20.9512

Sex ratio = 0.4987



. 1285, . 1298, .1 301 , .1 578, .1 329

.1178, .1202, .1247, .1516, .1484 221



C A S E  II: -  I N C R E A S E  IN P R O M O T I O N  R A T E S  O F  0.01 P E R  Y E A R  W I T H  A D E C R E A S E  IN R E P E A T  R A T E S OF THE

S A M E  A M O U N T  P E R  YEAR, O V E R  T H E  N E X T  T H R E E  YE A R S .

(a) After one year

(i) Target transition rates p_(t+1 ) ^

.6898, .7793, .8336 , .8196, .8641 , .7310, .8771 , .1258, .1133, .1185, .1198, .1201,

A

(ii) Theoretical va'ues attained p_(x+l)

.6974, .8213, .8384, .8224, .8523, .7747 , .8655, .1097 , .1043, .1072, .1103, .1167,

(̂ iii) Regressor variables at time t+1

.1478, .1229

.1428, .1345

\ Controllable (x*
\

A

Uncontrollable (x0 ,v-2,T+1

\ Pupil-teacher ratio =37.0703 Sex ratio = 0.5164

1 Cost = K£20.2490

222



(b)  A f t e r  two y e a r s

TARGET “ -2(i) Target transition rates _p(x+2)

6998, .7893, 8436, .8296, .8741, .7410, .8871, .1158, .1033,

(ii) Theoretical values attained p(x+2)

.6880, .8008, .8251 , .8142, .8460, .7560, .8612, .1151, .1075,

(iii) Regressor variables at time x+2



. 1085, . 1098, .1101 , . 1378, .1129

.1110, .1136, .1190, .1456, .1388

J
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( c )  A f t e r  t h r e e  y e a r s

(i) Target transition rates _p(i+3)

.7098, .7993, .8536, .8396, .8841 , .7510, .8971,

/\
(ii) Theoretical values attained jp(i+3)

.6887, .7896, .8164, .8131, 8445, .7483, .8612,

.1058, .0933,

.1169, .1074

(iii) Regressor variables at time t+3



.0985, .0998, .1001 , . 1278, .1029

, .1114, .1137, .1186, .1457, .1 388 224



CASE III.- DECREASE IN PROMOTION RATES OF 0,01 PER YEAR WITH A REPEAT RATE INCREASE OF THE

SAME AMOUNT PER YEAR, OVER THE NEXT THREE YEARS.

(a) After one year

(.i) Target transition rates p_(T+l)^^g^ = a,

.6698, .7593, .8136, .7996, .8441 , .7110, .8571 , .1458, .1333, ,1385, .1398, .1401,

(ii) Theoretical value attained p_(x+l)

.6929, .8198, .8386, .8199, .8509, .7716, .8642, .1097, ,1046, .1074, ,1105, ,1167,

(iii) Regressor variables at time t+1

.1678, .1429

.1428, ,1358

225



(b )  A f t e r  two y e a r s .

(i) Target transition rates = -2

6598, .7493, .8036, .7896, .8341, .7010, .8471, .1558, .1433,

/\
(ii) Theoretical value attained p_(t+2)

.6691 , .7912, .8208, .8017, .8369, .7414, .8525, .1198, .1129

(ili) Regressor variables at time t+2

\ Controllable (x* T+2)
A,

Uncontrollable( T+^

\ Pupil-teacher ratio =37.2422 Sex ratio = 0.5076

\ Cost = K120.085

)



.1485 , . 1493, .1501 , .1 778, .1 529

, .1154, .1190, .1239 , .1503, .1475

J

2
2

6



( c )  A f t e r  t h r e e years

TARGET ' -3(i) Target transition rates _p(i+3)

,6498, .7393, .7936, .7796, .8241, .6910, .8371, .1658, .1533,

(ii) Theoretical value attained p(i+3)

.6509, .7686, .8052, .7868, .8246, .7183, .8419, .1290, .1208

(iii) Regressor variables at time t+3



. 1585, . 1598, .1601 , . 1878, .1629

.1246, .1269, .1311 , .1577

■

.1581

2
2
7
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Comments on control l i-n3_— — system

Before gfvfng «», « * " «  .« the result, .. 

heed to remember that, for toggested target 

transi tions, we are l»oM»9 "greetor ..loet 

which will attain the target optimally.
titioned into controllable and

regressors are partiti
n-tahles. The controllable

non-control 1able var
a. a ..cinq the multivariate 

variables are compute
..1e the uncontrollable ones are

control model while
• n orevious observations.

projected using Prev
.th case one, where during the

We begin with , ta1n fixed
we intend to maintain

next three years w maintain the fixed
If we are

transition rates. the pUpil-
r+pr one year

transition rates at pHuced from 38.3122
e to t>e redU

teacher ratio wi 1 ̂ cost of educa-
n+her hana>

to 37.1758. On the d from K£19 to
ia he incr .•

tion per year shou 11abie variable, tha is
K£2 0 .1 4 3 6. The uncontrd a fr0m past

tu 4c 0-5164 aS j-iii to maintainthe sex ratio, lS we are sti

trends. After two yea the pUpi1-teacher rat1°
the fixed transition rates. ^  ^  and the cost

, further 1 ratio is
should be reduced 4473. The

. „ to k£2°' t trends. If we
increased furthe from PaS

estimated t transition
now 0.5076, as eS heSe flX

mainta1'0 th . teacher ratio
still intend to pe pup

0 years*
rates after thre
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needs to be reduced even further  to 36,3867, end

the cost increased further to K£20.9S12. The sen

.fori a t  0  4 9 8 7  b a s e d  o n  p r e v i o u s  r a t i o  i s  n o w  e s t i m a t e d  a t  u .

t r e n d s  .
• r w  case two where we require  

Next we cons ider  cas
f  0 01 in the promotion rates per 

an i nc rea se  o f  0,ui  . „onpst
nf the same amount in the repeat

year  and a decrease I f  we are to

r a t e S ’ f 0r  r * 0 . 0 ,  reduce repeat
inc rease  promotion ^  ^  sha11

rates  by the same amoun ^  rat i o  from

need to decrease the p u p ^  ^  hand, the cost

38.3122 to 37.0703. n fr0B k£19 to
. j a l so  incr

of  educa t ion  shouio period we further

K£20.2490. I f  dur ing  the s by 0.01 and
, nromoti°n

wi sh to i nc rease  t e further 0,01, then

decrease the repeat ra ^  ^  reduced further

the pupil-teacher r a t io   ̂ the cost gl s0 needs

to 36.5273. On the oth  ̂ ^  second year to

to be increased furthe ^  , f we wish to

hf20,8008. I« th<rd L t h e r  W  » '°' * " d 

i n c rea se  p r o . o t f ” , b, 0.01 then, the

. t r ates ^ur reduced even
decrease repeat to be r

r a t i o  needs eduCation wi l l
P u p i l - t e a c h e r  r . t  ^  c0St of „ f

f u r t h e r  to 3 5 . 7 ° ^ -  «d f . f * » "  , p „ « .
he incrc in case

a I s o  requ i re  to ar-e

K£ 21 . 6348 . T h e s e * ' 3
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Finally we consider case three where we require 

a decrease of 0.01 in the promotion rates and an 

increase of the same amount in the repeat rates, 

during the next three years. Under case three, 

during the first year we need to reduce the pupil- 

teacher ratio from 38.3122 to 37.2813. On the

other hand the cost should increase from Kfl9 to

(h„ second year under case three 
K£20.0381. During the secon y

, transition ratios, the pupil- 
adjustments in the tr

ac to be reduced slightly to
teacher ratio needs to

, ct should be increased to
37.2422 while the cost shoui

• a vear of control, the pupil- 
K£20.085 . In the third y

t0 be decreased again to a
teacher ratio needs f „ n ?3fi3

. the cost increased to K£20.2363. 
value of 37.0996 and the

ma in c9s6 one
tk t- s are again the same

sex ratios ^  third years respectively.

during the first,
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5.5 CONCLUSIONS AND COMMENTS 

On The Regression Model

These comments are based on Tables 27-30.

The proportion of students in the system at the 

end of the first year of schooling is approximately 

82%. Approximately 73% of these grade one pupils 

will still be in school after two years of school

ing and so on. In fact according to the regression

model , all the grade one pupils will

Primary school after fifteen years.
• ,Kie for pupils in any of 

Percentages are obtaina
at thp initial time. For

the other school grades
. , og, of the grade two pupils

example, approximate y one year. After two

will still be in school after
. .  a b o u t  85% of t h e  g r a d e

y6arSOfSCh00li;9b n  school and so on. On the
Pupils will still t h e i , tial

other hand for PuP1 s . crhool after one
• n  s t i l l  be 1 n h

time, about 13% wil only about 2%
. f schooling only

year. After two year fce in school
.nils will s 11

°f the grade seven pop grade seven
t i c a 11 y ^

and so on. In fact prac after five years
left primary sc

Pupils will have oDroximately
.nression model, aPPr

According to the r ^  tl-me zero drop out

18% of the pupils in 9rade ^  within two years
f schooling- win

within one year ° t f these PuPl]
. ly 2b/b u '

schooling, aPProXl
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have dropped out of primary school and so on. We 

can obtain drop out rates for pupils in any of the 

other school grades at time zero. For example 

about 11% of those in grade two at the initial

time will have dropped out within one year.

„vimatelv 15% will have dropped 
Within two years approx mi y

On the other hand if we
out of school and so on.

_n the initial time 
consider those in grade seven at

, j ^ n n e d  out of primary
then a b o u t  87% will have d r o p p e d

(,par within two years of 
school within one year.

Seven pupils will have 
schooling 98% of the grade seve

n In fact as before,
left primary school and so .

will have left primary
all the grade seven pup 

school after fi ve years .
p at the initial time spends 

- d; i - p h . « ,
. „ „ er,g, of .bout On

school , according initial
• I n grade two a

other hand a PuP1 month in primary
take 5 years

t i m e  is e x p e c t e d  to survival times
nn We can obtain the

school and so on. grades. For
the otner

tor pupils in any expected to
qrade seven m  K

instance, a pupil m  primary
,olv ] year 2 months m  P

take approximate y the other

school before leaving the ******^  ^  has approxi- 

hand, a pupil in grade °"e the highest

mately a 52% chance of e
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Primary school grade, A pupil in grade two at 

this time has approximately a 65/̂  chance of ever 

reaching grade seven and so on. We can obtain 

similar probabi1ities for pupils in any of the 

other grades at the initial time. For example 

a grade six pupil has a chance of about 86/ of

C a c h i n g  grade seven.

Any pupil in the system at the initial time 

is expected to take an average of 3 months in grade 

one . These expected lengths of stay in the grades 

increase with grade to a maximum of about 10 months 

in grade seven. In general a student in primary 

school at time zero is expected to take approximately 

 ̂ years 3 months in primary school before leaving
system. Th i s va 1 ue gi ves a general measure of

the time spent in primary school by any of 

Pupils in the system at time zero.

, R e g r e s s  TQJL ^ o i t r o U ^ 1
fnr suggested target

n controlling the syst^ ’ ^  regressor
Vciiu65

t ion r a t i o s ,  w the s u ggested

“  .........

S 0 P t " ,a" , '„ all the three ^  f,rst year, the

,, «.s toe.h that. ^  iwered order ..

teacher r a t i o  needs
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ach
. rtnfl-m3n v This is possibly due a m  i eve the target optimal y •

., 4- o a r hpr ratio at the startingto the high pupil-teacher r
nntirpd that the case of time t . It is, however, noticed

increasing pro.o.ions rates b, 0.01 and io.erin,

repeat rates P, the s... a.onnt requires a s.a.l.r

tp^rher among all the cases, 
number of pupils per teacher

This seems to imply that a low pupil-teacher ratio

- y 1 ead to a better pupil perto™.nee , ,n .0.

„ ... be prowled anil less »',11 r-epe.t

- r e  bQ ^the etner band « .

" ny 9i" n 9radS' , ,. tle cases despite the
an increasing trend —  a

«e note bo»«>cr tl“"  control action. we
, for the case ot

-t- is highest tor
increase in cost i reDeats sited

. «. and decreased repea
increased promotion qes> This may

■ ,0 the other two cases.
above as compa " f the low pupil-teacher

Possibly be a consequence
the control actl

ratio caused by th

G e n e r a l  Concjj j s l ^ -  linear r e g r e s s i o n
nf using the

Tb. ...» a d « * " » 9' „ „ t ..dels discussed

- d o ,  over the diroct «—  ^  acc„„n. factors

T ,s that, ^  a .cation system,
in chapter i H 1 _  ̂n t h e e d u

transiti°nS transition
which affect th umpti°n °n

in addition, «b,‘1' o "  ^ s  .

ratios we opt f°r ’ 'h'S trol 1 ab'« ••n a “,e
. a., ben on the

action to be taKe
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as to achieve the desired goals optimally.

It is important to note that the problem of 

finding multiple period optimal solutions without 

P M  or fixed intermediate targets can be quite 

complex. In fact the two period case appears not 

to have a closed form solution.

Finally we point out that the suggested model 

need not only be applied to the primary education 

system. It may in fact be applied to the entire 

^ucat i o n  system in a country. We may even use 

11,0re variables to describe the transition process 

P r i d e d ,  with the available data, we can adequately 

deri ve the predictive distribution. In the present 

:ase the predictive distribution had v
i T = 17 and m = H .  The
]e9rees of freedom where,

for ,h. distribution to ■>. 
i c nf freedom should be
erived is that the degree

, >n) This condition
reater than zero, i-e - „ or,

bo soon to «.P'y * » *  *he n“’ber 7 .  

"tiablos to bo used « t  b. '

s < 3) .



236

CjdAEIEB—

. matmtat  MARTI TTY OF GRADE STRUCTURES
ATTAINABILITY a n d  MAI ---------- -

6.1 i n t r o d u c t i o n

.. , „ far considered the effects of
We have so tar cun

. . u n i t i e s  on the changing education
transition probability

i v- thp study is sirnplitied 
structure. In particula

p <- c has s t a b ! i z e d ,  in which
when the transition pco

. , h i n s t a n t  t r a ns i t i on  
case we would be deal ing wi

c P transition probabilities of
Probabilities. Some

lead to undesirable consequences.
a Markov system may promotion rate in

For example, a reas th of certain

an education system may lead

9rades at the expense of ° th
f application it is possible

r . fiplds of aPP1

5 , over «  «'*
to exert some contro ducation planning

cates. In fact manpower an struct and
npd with how to cons

are l a r g e l y  concerne o r i f i ed  t ar get s .
-  to meet sp

operat e  a system so with a forecas t
• ! !  usua l l y  begin w

Such an exercise w trend continues.
. r the present

°T what wi l l  hapPen  ̂ r a r e 1 y c 0 ̂  n C ̂   ̂6 W '̂  ̂
The projected structure w ^  arises as to

what is desired and so is at this
-,f-orthings *

what can be done to alt the transition
a controi

stage that the need ° r 

Process arises.
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Previously we had transition probabilities and

we used tnem to calculate educational characters-

j.up desired educational character- 
tics. Now suppose the aes

• + . r:f1(?d and that the problem is to
istics are specifiea> d

.ocQ to be followed in order 
find the transition proces

t v^rtire only some flows can 
to achieve them. In practice y

bo control led, and even then .bare be to

the degree of control -bleb c,» be erercsed.

6.2 rnNTRnLLING TRAjiSj_nOjl§.
--------------- " n f c o  n t ro11i n 9 transitions varies.

The objective of
{ch to operate the system,

For example, we may wi etrictions
, . certain restrictions

, . , f:XPd budget, a n d
to a such objectives can be expressed

on grade sizes. vector n(T), for some

in terms of the expec some
. . T We shall assume, ther
future time T. seqUence of structures

desired grade stru h structures
ttain. In PractlC

which we wish to 3 will normally be
•fied precisely.

may not be specit reasonably
tual structure

sufficient if the aC t random v a r i a t i o n s
, m  any event

close to the target. the target
tions eve"

Will cause minor f ^ ctUa more reasonable

is attained. I* tlieref° 0f acce£tabi£
i in n

to specify our 9°a fixed structute,
fhpr than a s a^tructure_s rather  ̂ ,

* * n ) •
say n* = (nr "2 >” ‘’ S
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He re 's' is the total number of grades in the

system.

The control In transitions .ay bo « " c i s e d  

through flows which may »  categorised as follows:

■rim)?- These include promotions,
(i) Promo

demotions and repeats represented hy

the transition matrix P = iPij1’

_ ctabilizecl system and assuming a staD

i , j = 1 >2 5 ’ ' * 5 S ’
.+ment flows; These include total

'££; n e c r u l i B i - ^ ^  denoted by
number of recruits

, d the manner of a l l o c a t e  of 
M (T ) and the

u the hierarchies 
recruits through

itment vector and 
called the recruitment

denoted hy .... ^  '

( t  i, i, ) Wcls_

0 < r i ^  '
. These give the rate of

system. We
10SS of members of

t it by a vectorrepresent it

w 1 = (wi >w2 ’ " ’
taqe and promotions

. the model, wastage

We note that i11 

are related si nce
a = 1 , 2 , • • • >s •

for 1

£ pij 
j = 1

+ w = 1
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Of all these flows, wastage flows aie 

amenable to control. ,» fact ^ m o t i o n  and

tecto,tment flows can be con.r.l led dltec.ly b,

In all recruitment seems to ptovide 
management. 1 n ai i »

mpans of control since decisions 
the most effective means

nr fewer people at a given time 
to recruit more or

• inart on those already in any
has no immediate imp

•station. However, control
given hierarchical organ

best be indirectly brought
through wastage can these

• Q nf promotion rateb.
about through choic are

, 3re too small, many persons
promotion flows frustration. We

4-hP system out or

1 U e l y  ^  l6aV, system through promotion and 
thus control the ^  that eyen between

recruitment. We be over
ecise control can

these two a more Pr carefully
.nrp promotion, i _

recruitment sine F erai efficiency
•11 affect mora 1e an 

managed will at

of the system.
. a system has

■FlnWS 1^  ̂ ^
Control 1in9

classifications, namely concerned with
....... This 3

(i)  ̂ desired goal can be

whether or which means.
A if SO,

re,CKd ■ b b.s <0 db ...»Which has
nnal structure once

--- . at the g°al
renia i n 1 n ̂

attained.
it lias been att

( H )
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A1 though the question of attainability comes prion 

to maintainability, in many cases it Is preferable 

to treat them in the reverse order.

because there is usually little or no point in

. ir4-..re which is not maintain- 
trying to attain a structure wr

, int-inn to the maintainability
able. As such the solu l

i ic that  of  a t t a i n a b i l i t y  as 
Problem p a r t i a l l y  so1 ve

well .

6̂ 3 MAINTA I NAB_ILjJX
, * * n* V  is the grade

Suppose n - then there

structure which w e w i  d , such that

must exist flow parametc

l ' ( 6 . 1  )

* * n = n P + n w X

fnre n* is to be.f the structure n
This follows since i ^  neCessarily fixed,

maintained the total s -ts is then

In this case the number of new re

M ( T ) = n* w •
' fnre implies that P

n+rol therefore r
Recruitment co t() find a

H tf,e problem ., , .
1 ■ «  f” ed *"d ' . b l e b  satisf'es (6.1)

ble recruitment vec cortrol imPlies Chat

e other band, Pr»"°t,°n feasible promotion
ft xed and we fin . . (6.1)•

1 I are fl . • sfies condition l
P which satist 

matrix, w ‘
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There are many reasons why we may wish to

maintain a given grade structure over a period of

time. For example, the question may arise, as

Part of a planning exercise and it is required

to know what promotion and recruitment policies

are compatible with this structure. Not every

structure can be maintained and an important part

of the investigation is to delineate those

•i nta i ned from those
structures which can be m 
. cp our primary interest

w h i c h cannot. Suppos
ho structures is on the

concerning the grade
. .n the various grades at any 

Proportions enrol 1 nf students enrol led

9iven time The proportiona ven time. " IC r /t) is given by
. . .  t denoted d p

ln grade i at time t,

i 7 s (6 • 2)
q i ( t) - ^(TJ/NCT). I " 1* ......

of students enrolled in

where n.(T) is the number tota1 enrollment

9rade i 'at time T a"d N(T)
T _ that is

i h the system at time

1 n.(T>-
N(T) = nTi 1

The basic difference equ 

1 s then given by

Markov model
tion f ° r

(6.3)

q ' (T + 1) = H.

whore ,
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S'(T) - (q1 (T),C}2 (T),,,.,qs (T)).

r the relative grade sizes are to remain constant, 

then iv e have

q(T + 1 ) = q(T) = q

ar»d we are interested in flow parameters which

s a t i s  fy

q = q'p + q ' w Jr < (6,4)

R e f i t m e n t  Control

A grade structure £ can be maintained by 

recruitment if we can find a recruitment parameter 

r satisfying equation (6.4) above. From this 

ec) ua t i o n we have that

r' = £ ' (1 - P) ■/ S.
(6.5)

I
i/ i J-Unimh the elements of r add
We note here that a 1tho g
, 4- 3ii be positive. If they are
to one, they may not all P
. ,r cinives the unique policy

a 1 1 positive then (6.5)9
, otherwise the structure 

meeting the requirements .
. . le From (6.5) it follows that

S is not maintainable. (
• c the set of q s for

the maintainable region

which

q __ tLq P
( 6 .6 )
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!
Since q = (q ] ,q2 ,....qs) w 1 t h ^ ]qi =l and

all q.'s > 0, it follows that all the feasible 

structures q must lie on the hypetplane

Now from equation (6.4) we have

im p 1y i n g that

q' = q'w r ' d - P )
( 6 . 8 )

s . P is a column
y r ■ e • where y.-|

"c may write _r = i— i
1 ,n the i-th place,

vector of zeros with one ^  hay

We

vector of zero^ have
,n equation (6.-+;

Substituting tor _r

s r 1 / T - p) ” ̂ )
q' = a w ; ri -i

,Hes by an sxl column 
hnth sides vy

Post multiplyidS botn

vector of ones we hav

1 = q'w S ri*i

(6.9)

( 6 . 1 0 )

lere f, • is the sun
1 di'1 Therefore

iw of ( I " P)

/S
1 , . i / r^i 

£ £ ' / i

+c of the i'th
of the elements

(6.11)
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Substituting for £*w in equation (6.9) we get

t| = }. (rip'i/(^ri»i)}(1/ai)-i^1 ' P)
-1

( 6 . 1 2 )

Equation (6.12) reveals that the maintainable

q's by recruitment are just convex combinations
~ -1 < /; . Ri-l
°f the points of the type £i

, ■ 0c nf the set of maintain- 
i = 1 5 2 ,...,s . The vertices of

5 , 5  o _.ily computed by taking the
able structures are eas y

-1 a cralinq the entries so the
cows of (I-P) and sca 9

ue note here that the first rowcows sum to one. we
-1 c mrticular interest because it

of (I -p) 1 is of pactic
h •rh can be maintained by

9i ves the structure w
. nrade in hierarchical 

• 4.« fhp bottom graaececruitment into the
• j-hnut demotions.°cganizations without

0 ,ii0w the total system 
c- further that we allowSuppose furtn The

( at some rate say «.
size to change in 1 T 4 1 is then

. nm nf time T 
total size of the system

il = ( | + a)N ( T )

ion for an organization of fixed 
and the basic equatio

size is now , ...
■ + 0n(t) r (6J3)'/I W f + u 'i 1/T1P + n v 1 i- —

n’(T+l) = £ (TJ -
. H v e  grade sizes 

roducing the relativ

i r)/N(T)
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then

0+a)q'(T+]) = q'(T)P + R '(T ) w  r' + a r' (6.14) 

T h
'e condition f o r maintaining the relative grade 

Sl2es to say q, by recruitment, is then to find 

- cl 0 such that

( 1 +a)q ' = q ' P + c[' w _r ' + a J2' (6.15)

s
w 1 th £r. = 1 If s u c h an r exists it is given by 

1 1

r' = (q'(I -P) + aq'}/(q'w + a) (6 . 1 6 )

;t is clear that any q for which r given by (6.5) 

is non-negative will also yield a non-negative 

£ in (6.16). This implies that if the system is 

expanding, the set of maintainable structures will 

increase. The converse is also true for a

c ii • a similar procedure as in the case Po11owin g a slmiia < i

r . f i x e d  size s y s t e m  it c,n b. *"»«" **•' 

tintainable a 'S by r.criH Went. ender exp.ss.en
...,t the convex combination of 

r contraction, are jus

?c to rs with coordinates proportion

(l+a)I- P
- f  i = 1 ,2 ,...,s- That is

(6.17)

„ ,s are obtained subject to the
constants K̂  s ar
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<- s
J i and 7K = 1 . Or simply,

condition that E q ,• _  ̂ a n d V K i
1 1

the
. . f xup qet of maintainable structures-..v. vertices of the sec ui 11,0 _-|

arc computed by taking the tows of [( ]

and scaling their entri _ ̂
. * i<; the row sum of [ 0 +a)I ' PJ
to one. Here £  ̂ 1 s

Promotion Control
,nn1-rol of the system flows

He now consider
For a fixed size organization

throuqh promotion.
t find promotion flow parameters

the problem is to f
, c 4 ) Here to delineate 

p which satisfy equation (
. + .nable structures we must

the set of main a ^  which there exists

determine the set of q 

a n admissible P w i t h

(i) Pij's - °

4- t > / i tv condition) ;(non negativity

s _ i - w • 
(ii) 2 P i j - ' 1

1 J

( 6 . 1 8 )

i = 1 ,2,•••»s
5

/ c 4 ) we have 
’om equation (b • '

q' p = a' -3.'a L '
t0 be maintained

for q
: then readily see that

1 should have (6.19)

> q w J2q i  a

io te

nt have a unique 
u P does not ha 

that although
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value, it is extremely rare for every manner of 

transition to be possible in an organization. In 

particular for hierarchical systems without 

demotions P is upper triangular. When P is super 

diagonal, for example in an educational system, 

then (6.18) can be written as follows.

s

qip11 ' q i V 1 1

- Qo - r9£q1wi
pio + q2P22 " q2 21q ! p 1 2

( 6 . 2 0 )

Ps-lps-l,S+ qspss ' "s
= q r 2qn-wi

J

_ for i =1>2, .
_ ■] - w • " P i 9 i +1

Substituting ' in (6 20) we obtain
s-1 and solving f°r pi,i+1

i,i+l k=i 1

The structure of
• c

able by p r o m o t i o n  1

the system.

.......... |6^ ,)

is then maintain-

0 5 Pi ,i+l
1 -Wi

or if,

2 tkP :qjWj)
2q -w < q

0 1 2 ■ k 
k = l 1

j J
iO

( 6 . 2 2 )



248

for i = 1 ,2,... ,s-l . As a special case, when

recruitment is only into the lowest grade then 

r = ! and = o for ktl, i" which case we
K

have

o. • = / e . qjwj)/qi; 1 = 1,2” " ’s'1
i ,i +1 \j = i +1 '/ (6.23)

n• _ j-pc rpouired to maintai
These are the promotion r

The grade structure (

q = (q, ’q2 ’ • ■ ■ ,Cls)

p further allow the total size of 
Suppose we furtnc

. t,me at some rate a, say.
the system to change 1 fixed

. f„r an organization of fixed
The basic equation The

. „ hv equation I
,, then g.ve" grade size

" i* a i n i n 9 cii*-
condition for main r03cible promotion

k . is then to f ^ d  a fea
9 by p romo 11 o n i s

Parameter P such tha

n  + a)q " 3 .

P + (£' w + a
(6.24)

rom which we have

t ' - (q 'w +
'p = (1 + a)£

3  ■ b l e  s t r u c t u r e s .  S '

,us the set of - 1  n » ’^

-emotion is defi"«d M
. Ir'/P +a)

1 > (q w + a '

(6.25)

(6 .26)
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for general P. For super diagonal P ? for example 

in an educational system, the elements of P must 

s a t i s f y

q ]Pll = q! (1 - ri ^ qiwi +a)

and

= a. (1 +a) - r , + i ( Scliwi + a ^
qipi,i+l +qi+lPi+l.i+1 1+1 1

Solving for p ̂ -j + ] 

ties

and making

(i = 1 , 2 9 . . •j s-1) (6.27) 

use of the i neq ua 1i-

< 1 - w • 
o i Pi,i+l - 1

w o obtain,

i s 
p. . , = Z r.fZq- i,i+i k=1 k i J

and the condition f°

maintainable is

... »-'l <6-28'

structure q to be

0 < Z r, { Z q -; (wk , Hj v J 
k = l k 1

+ «)) -^jCwj
w . + a9 < qn- C1 -wi)

2 . . , s "1 ) (6.29)•j = I J L 5

If recrui 

w e have

nt is on1y 1i tinent is
into the lowest grade then

p. . = { E.
^1,1+1 j = 1 + 1

+ a) V qi

(6.30)
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t , ,-nfainphilitv of a structureThe condition for maintains

is then given by

0 <
j = i +1

( 1 =1 ,2.... s-1 )

t . the set of maintainable
in order to obtain th

fn consider the (s-1)
s t r u c t u r e s , q 5 w e ^ave ... .

. (6 31) and the additional conditi
inequalities in (° J '

/ A 7

on

i q,- = 1
(6.32)

he
. hle structures is therefore

set of niaintaina satisfy the 's
tnve q. s Which satisry 

set of non-nega 1

u a t i o n s

+ q. = 1

* "2
q2(w24«) .

......... ' ■ ’ qs(ws+«) = C-ws-r5s-i)qs-i
(6.33)

nn-regative proportions.
, are non n 9 ^  .

e 6, ,62 * ‘ ' ’ ’ S_1 n • f°r 1 = 1 ’2 ’"
' see that 6i ' i1 organization

s easy to se „ a hierachicai

follows boc.oso. f°r „  ,0. " « >

er grade, ^ ̂
have
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c
1 ' w i 'Pit ’ 1

i = 1 ,2 ,,..,s-l

pi,i+l

w i = s

The set of equations 

i n ina trix notation as

in (6.33) can now be written

(6.34)
W £ = -

s xl ss xs

w h e r e , 1 1

(w2+a> (W3+a) ' 

n -(l-w2'32)(w3+a) '

(w 1+a)(ws+a) 

(ws.1+“H ws+a)

-{l-ws- r 6s-l)(ws+a)

= (q! >q2’
...,qJ

and

a wee = (1
's and change rate

^ pe3t T' structures as the
he m a i n t a i n  e ^  ^  ^  where ail

of the system 9iven

F o r v a ry i n g
* n tainabi e

can obtain the ma 1 by (6
. astern 91 v

solu t i o n
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. m H v e  If n0 feasible solution can
q. s are non negative.

• ,on set of 6!s and a change 
be obtained for a 91 v 1

. rture is maintainable under
rate a then no structu 

these conditions.
_ wp the maintainable

In Table 31 below we give
T b nrimary educationfnr the Kenyan prima y

grade structures for „ varies, and

system as the system grow

for some controlled repeat
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Table 31 : Maintainable grade structures under varying growth 

rates a with controlled repeat rates,
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Comm ant s  on T a b l e  31

In ohtaining the ..1 »t.i i..M« structure for 

the Kenyan primary education system »e have used 

the a.erage ...stage -ector bet.eeo 1963-1980.

This wastage .ector is give" f° ' '•2 .....7

as

w
. . (0.1 5 M . 0.0640,0.0603,0.0996,0.0638,0.0694,

0.8522)

F of i l l u s t r a t i o n  we have used two
or purposes one corresponding

repeat rates for grade  ̂ ^  ^  corresp.

to no repeats. t. „  P|l

onding to a repea
.r the system annual

• heprved that if the sy 
!t i s observe struCture is main-

, i then no grade
growth rate cl ^  f0r a g r o w t h

.c obviously because
tainable. This i t *ve one,  all

k n nr equal to negativ
rate of less than sVStem after one

. t0 leave the sj
pupils are expecte declines at a

if the system
year of schooling- r e p e a t s  we ca

n 8) then wi .for
rate of 0.8 (a  ̂ very top heavy,

maintain a structure which lS grade one
., i he expecl ..,

example no student wi tbe students

t re w h i1e . m w i th 0-°9in t his s t r u c t u r e  por a system w

be expected in grade tain a top heavy
K rill niai nta 9330

repeat rate we can . one whi
•th no student ^

structure witn
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of the students will be expected in grade seven.

If the growth rate is now a = -0<4 the syste"'
•ntained becomes less top heavy 

whi ch can be main ta i n
=-0.8. For example, for

than in the case of cl

t case we expect 0.0258 of the 
the no repeat case,

.0 nne while we now expect 
students to be m  9' ^  ^  .p grade seven.

only 0.4424 of the stu e expect 0.0210
f n 09 repeat race,

' be in grade one while we expect 
of the students to

. t0 be in grade seven.
0.4369 of them to

,ctpm that is a = °> 3
For a fixed size sy inab1e.

nrade structure is ma
nearly uniform 9r rase, we expect

c the no repeats
For example, f°r _ y-ade one while we

sic to be m  9ra
0.1847 of the puP1 ^  seven. For the CaSS
expect 0 . 1 3 0 8 to be m  9 to be in

tP we expect o-'
of 0.09 r e p e a t  ra > seven. For

i n74 to be m  9ra
grade one and 0 . after each yeai ,

a system which dou structure is
1 the maintains repeat

that 15 “ =1> For example, i" th*
bottom heavy type- students to

prt 0.5602 of the „f
case, we expe ct only 0 •

while «e now e P the
grade one whi seven. F° h

fn be in grads 56 . 0 .5872 of the
the pupils to expeC

„ 09 r«Peat "  „  0 . 0 0 "  »  becase of a and only
.n arade one ar

. _ k p in 9r pupils to oe

grade seven.



256

.. , the growth rate 'a' increases
We note that as tne yr

• H v e  the maintainable grade 
from negative to posit j

from top heavy to bottom heavy.structure changes fi°

We „ s .  net. that tha case .f »• -peats is

general ly more top h e , „  < » »  « *  

repeat rate.
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6.4 a t t a i n a b i l i t y

Attainability is a - r e  co-lex « n c « Pt titan

maintainability. This isb.caose, t.f ex.—  .

. . attainable from one staiting
a structure which

, be attainable fro- another start,n, 
point may not be a . .P the number of steps required
point. Furthermore

a the route followed may be 

f° r the Chan96 3 s We note again that there

SUbj6Ct "  V a H a t l " t ' i n  trying to attain a 
is little or no Poin follows

u . h is not maintainable.

structure „ate ,t.,i ».bi' » f *
that, provided »■ > ^  (^  ,y £,ose to tbe

structure with ge structure can be

structure, then „
any starting struc

attained from attainability of
the concept or

“e 1 "  tore by means of recruitment
. maintainable struc control ,s

i Thpargument _ -n the case
control . The d0 this m

- . . a c  »  »  s>s, „  «. « > - •
.here .be total site . j(0) ,„d ash »ba.

c.rt from a s orrui tnient
Suppose we s dly used a r

if we repea * W e k n c
would happen it structure d •

i. - h n C 3 u ̂ cl.

:to r r

en if We '  ̂ a structures • WC
which maintains ^  satisfies

. „ structure m
t the limiting (6.35)

*  1
' d + q ' W I
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But by definition r* also satisfies

q* = £*'P + £*'" L '
(6.36)

* Such an r * only exists when 
implying that q = £ • bu -
* nf m a i n t a i n a b l e  structures. The

£ ' is in the set of a
_ rpcruit in the same

above argument tells us
ac if we were already at the 

fixed proportions as
•n there. We may use

target and w i s h e d  to rem
• ^ t v  criterion for attainability which

some optimalHty t- We shan
may be d e f i n e d  in terms of time a

use too approaches to this
, - n + v -  This aims at 

M l  Free Ti^e_Atta±nabll_/•
( ̂ ' -— -— —  ” . the smallest

first determining the 
f • which the target
nun)ber of steps in chQOsing

» "  -  attain;;b;: ,tr.t.,i.. ^  -
among the P° ^  function.

. nf some ooj basis or

attainabjJJJX: Ai"’S *
(ID ^ ose as possible to the

^ ' ^ " f ' V p r e s c r i b e d  number of

target in

steps.

rR E E TIME _ a tta i nab i 11 ̂
n  .ctrate free tim tr0iling

We shall 1ll“stra by first control

>f a maintainable strL lling promotio

and then by c0
' e c r u i t m e n t  an
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Free Time Attainability bĵ R ecruitment

In formulating the problem in this case

shall work in terms of the enrollment numbers

• Up note ■first that th6
rather than proportions,

+ 4--imp ( T + l )  a r e  9 i v e n  enrol 1ment numbers at time {

(T+i) = n'rop +
(6.37)

where,

f ( T + l ) = M(T+1) ^

. time (T+l) and M(T+1)
4- i/Pftor at time ^

is the r e c r u i t m e  (r + ]) We assume
. ̂  at time ( 1+ / *

is the new recrui m  ̂  ̂ known 0r may

that the total s y s t e - ^ «  ^  ^  ^  ^  ^  

^  0btain6d V"

The Pr0blem 15 " "  vectors f U  ) >I(2).... ^
of feasible recruitm j for which

11est value v
such that T* is the sma The constraints

n(T) = n*, the target structurel) = n , Lrie
the unknowns are

Dosed on the
n 1 2 (1). f t = 0,1 >+> •

W T ) P  + i ,(T+ } ,.M
n 1 ( T+ 1 ) = H * 0  1)

* i _ nn - II
(T*-1)P + t(T*}

T*-l )
/ f = 1 9 2 »*

rn.(T) = N(T)
1 l 2(T = 1 +  ’

(i i i ) 

(i v)

m o
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f ( T ) > 0 (T - 1,2, . . . , T  ) (V)

(6.38)

These equations are linear m  ^ ( T )  s and f 1 ( )

and we may therefore use the standard methods

. find a feasible solution, 
mathematical programming to f

. T* - 1 2 .. in turn
Since T* is unknown we put T -I,

. t value is found for which a feasible 
until the first value

. The solution to (6.38) , wi no
solution exists. 1 fl

. a,ible recruitment vectors 
only give the feasible _ ,. t

noire but also the intermediate
f(T)'s which we requir^ ^  thpough w h 1ch the 

structures (n(T)i T = 1 ’ ’been found there will

system passes. When therefore
solutions and l

normally be many . me function
P set by mi m  miz 1 n9

open to select one $uch function
. i interest.

of economic or soc pxoenditure. It
1o the total

may be, for exampl > ^  student in grade 1 15

the average expenditu problem then
T* has been found, 

c i then once T

becomes:

S '  h  ni (T)
total .»P»"4,t"re " n i l - '

minimize the --- ^hen
in (6 .3o)•. nC niven ^

ibject to the condit^ e „(0) 1*
is t r i vl a ve f°r

;=1 the objective oniy s
therefor

ready known. such tha
. ./PCtor '

i e r e c r u i t m e n
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*  -= nl(0)P + f'(1)

w h e r e

f( i) > °
(6.39)

no step a t t a i n a b i l i t y  is
The condition for one P

o f m  to be f ea s i b l e ,  Which i s
t her e f or G t hat  for Jr

n*i > n' ( 0) P
(6.40)

Free Time A t t a i n a b j J j i Z - l ^ - ^ 51
• a a sequence of promotion

^  thU “ Se I l i c T w h e n  coupled with a given

matrices, P ( T ) s ’ v stem from an
takes the system

recruitment vector £.> taraet structure
n / n ) to a ta rg 

, c tructure ruu'
initial grade stru _ The basic

s i b1e time*
n* in the shortest po ritten as

:  , . tne SJSte« » »  “ • te
Equation of tne y

i . M/r+llr1> + m(T+1 ) r1'. / j) w r + 1 v "
1 (T+l) = n'(T)P(T) + n  ( )"

1 4- m & n t ^

(6.41)

n' (T+l) = n T)FIW - . ,T+1 )-  v t ti me ( 1 + U  •
oW recruitment

lere, M(T+1) is th6 " n(T) and the matrices

ie unknowns son «»» ' rt „„t H o o t  in
• e q u a t i o n s

IT), but the bas ali flows
If we expre .^frictions

lese variables . tions , the '

Jmbers ra t h e r t h a n P  f linear tyPe

. . . • , .,m  
■t is easier 5 ix notation

irthermore it abandon mat

~ob 1 em , to tenipo^ar
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L e t ,

1 j
(T) = n.(T) Pij(T>

be the number flowing from grade 1 to j the

f . . T + n  We have to find T* and
11 me interval (T,T+U*

• i i c n  (T) a n d n • ( T) (i = 1 > 2 ’
values of the variables i

s ) , such that

m  + r-^n,(T)wi +M(T+1)} 
nj(T+1) = .l,nij(T) J 1 1

S
I
1=1

( i )

(J
........ sn-0.1....T*-2)

L  /T*-l ) V J. +M(T*)}
n = Z n 
J i =1 ij J I

(ii)

(j =1>2’---’S

. s.l; ......... T*-D

Z n. .(T) = n,(T)(l-w-j)’ ^  ’ (iii)
•nil 'J=1 J

Z n . (T) = N(T), (T 
1 J

(iv)

T*'l) ( v )
n(T) > 0 , (T = 1 >2> •'' ’
~ —  i T -1)

.. . . .......
, 4 „ M i = 1 >2>• • •,s’ (6.42

nin.(T) _> 0 * O ,J
will normally

ij

Again as before once
* , c been found there 
T h3S b choose the

for example
be many solutions and expenditure.

the averay
solution which minimize 

problem then becomes

The
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T*-l S
mini mi ze total expenditure, z = X .^cjniO)

subject to the conditions given in (6.42). 

Consider in particular a hierarchical organization 

of 's' grades with new enrollment or recruitment 

only into the lowest grade and promotion only

to the next higher grade. Such a system may be for 

example, an education system. In this case, the 

condition for one step attainability, that is

T* = 1 , is simply that of existence of 

solution to the system of the linear

a feasible 

equations

n* = nn (0) +n1(0)w1+..-+ns( ° K  + M(1)

n* = n1 2(0) +n22(°)

(s eqs) ..........* *
(0)+ nss(0)

nV  ns-l,s

(s-1 eqs) <

"n„(0,.n, 2 (0,

„22(0) ,n23(») ’ "2|0111 “!>

( 0 )  = n s - l (0)(l-ws-l

^hese equations

a s

may be w n

A n . f O  = tl M1 -1 J

•tten in matr1X

(6.43)

notation

(6.44)
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whore,

( 2 s - 1 )x ( 2  s- 1 )

,m  . , n ,  S(0MSS(0))
/n\ n (0),n9o(°)» * s 1 ,s

= (nll(0),nl2 0 ’ 22 23

(2s-l) X 1 

and,

= (n*-M(D
s
rn,(0)Wj> 
1 J

* * n
n2 »n3’'''* s

Pi(o)(1-W1)»n2 ̂0 ̂ 1-W2 ̂

n 1(0)(l'Vl))S- I

(6 44) has Bi j (°} -° 
, . n e d from (b - ,

solution obta.n is

e structure n* = (nl ’ 2

e| •' ‘ 
fnr two the

: condition assuming tha

n* ( that  i s ’ be written
ire ^ ( al1 equal - may

grade are al
costs per
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expanded form as

= 11,(1) + n2(l) + ---+ns(1)minimize z - n -j

subject to the conditions

s eqs

n - , ( D  =nn (0) +n1(0)w1

n2(l) =nl2(0) +n22(°)

n3(D =n23(°) +n33(°)

+ . ,+n (0)ws +M(1)

ns(l) =ns-1 ,s
( 0 )  + n s s (0 )

n11(0)+n12(0)="i(°}<1'W1)

s-1 eqs n22 ̂  ̂ + n23
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*le Problem may be 

as fo l l o w s :

f o r m u l a t e d in matrix notation

m i n i m i z e  z = n' (1) ) 

S u b J e c t  to,

A 1 Is t h e  m a t r i x  in ( 6 . 4 4 ) ;  the v e c t o r  l = (1 ,1 ..., 

' sX]; t h e  v e c t o r  0 = ( 0 , 0 , . . . , 0 ) (2 s - l ) x l ;
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and
f zer0S of the appropriate order 

0 is a matrix of . fn | . (0) ,n'( 1 ) .

The vector of
unknown variables [Ilij

" i j ^ J
is such that

( 1 )

J2 -j j ( 0 ) = ( n n ( 0 ) ’ nl2

( 2 s - 1 ) x 1

n(l ) = (nl (1 J ’ "2

( sxl ) 

and

n. .(1) = (n11(0>nl2(

„lO(0), • • • >rV l »
(0 ) ,n (°)

. M 1

ns-l ,s(l)>nss(1),

(2s_1) xl h- = (b;r N(1)>'22’
Lastly the vector _ 2

I A -j 5 such

that
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-21
‘-M(l)-Znj(0 )wjI0 ,..,ojn1(0 )(l-w1),n2(0 )(l-w2),...!

1 ns_i(0)0"ws-l

4 s-1

»(,)  ,S the total system site at

-22
. * * n* • 0 0 j • • • >0

n* - M(2) ,n2 >n3’' " ,ns ;

’ ___.  ------- ^ - s - 1 — -

* * „*) ' is the target
The vector n* = (ni ’n2 ’’ s attainability

Hition for two step attainability
structure. The conditio

. (s ,h»t of existence of •
)f the structure n.

• n to equations ^ '
" e a s i b 1 e solution

aition for three step 
* _ ~ the condition

When T = _ that of existence
r structure n

‘ tta i nab i 1 i ty of ,

l n ' (T) 1
minimize z y _ ]

subject to,
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-31

n( 1)
N(l)

i g < " = -3 = -32

n(2)
N(2)

S 7 >

-----1
CO

,r?
____1

(6.47)

where
5 s - 2

2s-1

4s-1

wi

2s -1

th A,

variables

• J

is such that,

, ■ ( 1 ) , n ' ( 2 ) . £ i j ( 2 )
, n '(1 ) >Hi j '

— i j ( T )
( 2 s - 1 ) x 1

= (nn (T)’nl2 ( T ) . • • >ns- l  , s
(T) .nss(T)

(T = 0,1 .2)
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and

n ( T ) = ( n 1 ( T ) , n 2 ( T ) , . . - . " s ( T

(T =1 ,2)

b' = (b^ ,N(l)>k32’N(2)’-33) 15

S X 1

Lastly, the vector £ 3 

such that

s

-31

-32

-33

J n n ' n (0)(l-w1)»n2(°)(1‘w2)” ”
-M(l )-?Uij(0)Wj>0>- • > ’; 1

ns_1(0)(l-ws_i)

u -- s -1

S —

i 0,0,..->0

s-l

n*-M(3)»n2»n3.* * ,n*i i

;-l— ^

a n d  . T - l  2.cize at time T- '
N(T) is the total sys em  ̂ ^  ^  co(ldition for

Generally when structure n* is that

k-step attainability lution to the pro
t a feasible 

of existence 0 1

k'1 '/Til
7 = i n (1' -minimize z T=1

em

subject to,
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1

o,l—>
i 
*=T -kl

n {1 )
N (1 )

Jli j <1 }
-k2

n_( 2) = =
N (2)

t_______________•__ •

t

-
4

n. .(k'2)-i j

n(k-l )
N(k-l)

--
1

(6.48)

where,

\  = 
(2ks-l) x

(k-l)(3s"^"S
s 2s-1

2 (k-l)s-l

1

2s-l
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As before Ak_-, is the matrix of the condition of 

(k-l)-step attainability (i.e. when T - H ) -  The 

matrices 0 and O' are zero matrices of appropriate

,. .hnve The vector of unknownsorder as indicated abov •.

is such that

n. . -i J
(T) = (n11(T),n12(T)>"-’nS"l,s^T*’nss

(2s-l)xl
(T = 0,1,2,.. ,k-l)

and

n(T) = (n1(T),n2(T)»--->nsO)
(T = 1,2,... >k-l)

k -ic such that 
Lastly, the vector 1

~kl
S 0 o,:n1(0)(i-«i)>n2(0)(1'W2)’"l]

-M(1)-ln .(0)w ->o>•••’ : 1 n
.  1 j  ns . 1( 0 ) d - v f

—  s

b, . = —kj
0,0,..->0

(ji = 2,3,---k_1 ̂

-kk n*-M(k)
* ' n* n* ..,nc,- U’U}

>n? ,n3 ’ * s *

—  s

and

N(T) is the
total system

size at time T = 1 >2 .,k-i;
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We note in particular that the order of

the matrix Ak for the Kenyan primary education

system where the number of grades is s =7, is

7 \ Tn this case when k=2, for
(1 4 k- 1 ) x ( 2 0 k- 7 ) . In tni

„p already dealing with a problem 
instance, we a real y

i/ - 3 the problem is of 
of order 27 x 33 . When k -3, P

. a nn We can therefore see
order  41 x 53 and so on,

f the problem as the steps orthe magnitude of t P
f the structure increases. For 

attainability of the promotion
cpc we wii 1 y

illustrative purp^ ’ ^  education system,

criteria for the Kenya ^  structures given

if some of the raai"taina ^  attained within

e a r l i e r  in Table 32 are any
u n' additional ly 9

006 y e a r ‘ ^  5 [ suCh implementation,
further effect o ^  ^  promotion

fables 3 2 (a) ? ^ ntainabl e

criteria for attain' the effective
* in one step ar aCtion.

structures q. ,e due to t
t h e  growth r

adjustments ° n
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_ T„ rn„ ATTAINING SOME MAINTAINABLE
PROMOTION CRITERIA .F£R_Ai-!------—

STRUCTURES IN ONEJ^EAR

, Tables a is the P°ssible initl'al In these Tables
j . u rate w h i c h  w i l l  e n a b l e  

adjustment in the gr .
. hniity Of the maintainable

the one step attainability

•kstructure q
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Jjjble 32(b); Promotion criteria for attaining in one year? 

the maintainable structure

3*= [.1697,.1470,,1429,,1396,,1333,.1313,.1362]', which 

corresponds to a growth rate a = -0.04

Average 
repeat rate

Adjustments in system growth rate leading ! 
to the single step attainability of q*

romotion 
ri tori a a0

O1IIo3 a0 = --09 |%=--03,. ,aQ =2

Pi i .5050 .4616 .4183
i I
!

H  1
n .3386 .3820 .4253 j "SINGLE STEP
P12

3424 .2880 .2338 ! ATTAINABILITY
p22

.5936 .6480 .7024 NOT
p23

p33 .2006 .1289 .0572 - POSSIBLE"

.7391 .8108 .8825 I
p34 .2447 . 1655 .0863 ii
p44 .6758 . 7550 .8342

p45 .3663 .2803 .1943

4434 1 .3670
1

.2907
1

4880
1
.5644

i
.6407

Average 
Promotion rate
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., attaining in one year,
Table 32(c): Promotion criteria f
' the maintainable structure

q* = [.1922,.1592,.1480,.1383,.1261,.1188,-1174] .which

corresponds to a growth rate a-°-
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. .tpHa for attaining in one year,
Table 32(d): Promotion criteria t

the maintainable structure

vwf 1112,.0963,.0871] , which
q* = L-2375,.1808,.1545,.132 ,•

n = 0 . 0 8 .rn  ̂ rate cl
corresponds +• n a nr
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-,-hi-aininQ in one y ear?
Table 32(e)- Promotion criteria for

~  the maintainable stature

* r nnfi3  1245,.0967,.0774,-0645] , which
a = [.281 7,. 1984,. 1563,. 1440,

.. rate a =
corresponds to a growth
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Table 32(f): P r o m o t i o n  cn
maintainable structure

teria for attaining in one year? the

3* = [_• 3030, .2057,. 1
568,.1200,-0898:

0692,-0555] , which

corresponds to a growth >ate
a = 0.20
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Table 32(g):
. • n c r i t e r i a  for  a t t a i n i n g  in o n e  y e a r  Promotion cr i ^ei  ia

the maintainable structure

q* = f. 3236,. 2120,. 1560

corresponds to a growth

, . 1 1 5 3 ,.0832,.0620,.0479] , which

rate a = 0.24
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Corr , rn•:1 n t n a n  T a b l o c

u p start from an education structureHere we stare i
n TOQ5 0 1262,0.1163,0.1137,

q ( 0) = [ 0 . 2 3 0 8 , 0.1 840,0.1 39 ,
- L . t = n Single step
n h p q r I ' it the initial time,

1 thSf a maintainable structure 3 *

0 b t a i n i n 9  3  f e 3 S 1  e from structure £ ( 0 ) to
criteria so as to 1,10v 

structure q* in a single ^structure q an  the
, t0 note here that

U  is i mportan ^  ^  Kenyan primary

maintainable structu single time
attainable m

education system ar tructures that can be

step. The only possible ^  correspondi ng

attained in a single s  ̂ ^  interval -0-08 t0

to system growth rat corresponding to

0.24. Even though the s ^  atta1nable i" a

the mentioned gr°wth teration in the system

single step, some addition, some of

has to be "’ade' , single step
growth rate has 'force a
th Ities in trying For example ^  some
'he

a ' t a i n a b i ' i ' y  t K  to ^  S J s t „

cases it may w e a ligible t0 J° large
. „ those e119 forcing a lar9

thereby denyin eVen n,ea system
It may . , in the sys

an opportum Y  ■ ̂  retaine cture has

number of studen onCe t e by

during the f o i l " 1"9 in ^
« can

A WG ubeen attained,

o n
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following the system growth rate and pr 

criteria, which corresponds to the maintainable

structure of interest.

,der for example, the structure 

Let US o i397 0.1399,0.1445,
, TO.1 476.0-

o n

n 1397 0.1399,0.1445 
,* ■ CO-1 476.0.1 340,0.1 • syst„

0 ',57,]' - “ h,C" , S " T . »  00466 » . * « - * » ' •  
g row th 6,16 is » ' ,,,

s t r u c t u r e i n a s i n g e te is « =-0.15
• -Hal system growth rate

is when the i n n  . thesystemsize
decrease in

This corresponds to  ̂ _ then achieved by
hility of 5. 1 s

of 15%. A t t a m a b i M  * correspondi ng to

promoting as i'n tfie This i m p "i 4 e s that
T h i e 3 2 ( a ; •

in onder to . t w i n  the » a,er.9« nepe.t
,rh that,

criteria should be s pr0motion >ate

• n .3621 while the ave of thisrate is 0.3621 he penally
ticu1 ar1y note which in this

0.5692. We part peat rate w
. nrade seven P the grade

action via the 9 that mo
This imp* . thp foll°

case is 0.9310. Th1 repeat in
n l  be forced t0 1 in a single

seven pupils wi aChieve our g°3

wing year in 0 rd e r

time step. . can be made u1

ooe .0 0- 1- ::- ; : ; ; res .6,66.66 r -

-  ° f " ’" ' f  t  6064. -  " H '  p , , 9 2 7 , 0 - «
to attain m  °ne trllCture> 3.

t attain the st 
possible to a
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0 , 1 4 8 0 ,0,1383,0 ,1 2 6 1 ,0.1188,0.1174^, see Table

32(c). This structure is maintainable when the

-n that is for a fixed size growth rate is a - 0, tnai
. _ r3n hp attained in a single

system. The structur
. . itial system growth rate a Q lies

step when the i n 1 1 1 a y

, fi07 to -0.03. Of all these 
in the interval -0.U

,c ,n the growth rate aQ the
possible adjustnien _ n n?
, . fll ,s that corresponding to ao =-0.03,

SaSt Pain U has the least negative change in

SlnCe thlS . Furthermore corresponding
the total system size. cr1teria with the

, n 0 3  is the Promotl . . . .to « = -0.03, gnd the highest
t rate of v-CL‘-

least average repea leads tQ
rate of 0.708/,

average promotio
a t ta i na b i 1 ^  *

the s , n s , e  step

He note gene''ili,, rate js the least
• • + i a 1 growtn

adjustment in the m i  ^  ^  t0 attain the

painful action to be taken .„ a single

corresponding maintamab e ^  action allows

step. This is mainly becau and at the ^

ihe highest possible sys ^  avgrage pron

;ame time corresponds to gg repeat rate,

and the minimum
t i o n rate
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FIXED TIME ATTAINABHJTY

An alternative way of attaining a target

• t n aim at getting as close as possible 
structure is to aim y

. , nrescri bed number of steps,
to the target in a pres

. . „ , ,  i = h 1 e , then vie 
Suppose T* denotes the time

... a ini ,o ge« .3 C S .  «  —  “

„• i„ T* steps- »« s i . . "  C,05e" " S
peached and the target 

l ustra., « » <
Sba"  a5”  ,in9 recruitment and then h,
first by controll 9

controlling promotion.

, pg r r uitment
. f tai n a — '

Fixed IlHi-i— - similar procedure as
following a

’ r .duty, the problem
attainabili^’
* bv recruitment in a

In this case
r crpe ti me

in the case of
structure " -  of solving

forniulatecl aS
of attaining a

. r* can be fixed time

the problem

. -ze d(h * ^ T 5m i n i m i z e v

the constraints 
subject to the

/t j p + i<T+1)
n(T + l ) = ’

(T = 0 »1 ,Z
,T*-1 )

( T )  

(i i )

£ n . ( T) 
1

* N(T)
/T=192

r); (
T*)
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n(T) > 0 (T-l ,2, ••.>T 1)

f(T + l ) 2 ° (T = 1 ,2,‘ ‘ ‘ ’T 1 '

(iii)

(iv)

— — — ' (6.49)

Note that, Note «  » « -  »  ° " d '

feasible recfoitaient .ectors H  1 >- K 2 > •'' ''

.hit,,.,,-..... « .. « • * - “  f: ct;:
tn (6 49) will not only give the

The solution to ( • which we require,
nt vectors H  U  *

feasible recruitnie « T*} which
tl,res {n (T) ; T = 1 >2’ * ' * ’

but also the structure _

th e sys tem will foil0

, T . c o n t r o l j ^ ^ 1^
Ilied. Dromotion matrices

, sequence or P
Here we obtain recruitment

i Pd wit*1 a y
P ( T )'s which when coup an initial grade

fhe system <
vector r, will take ^  the distance

fO) to n(T*) SU The fixed timestructure n(0) - . nimiZed. The

fhhttiOO 15 .S p—  *” "* “
ish to be a that f°r free

in which we wisr simi1 ar to
• n a pnocedu c0lve f°r tieT*. Fo1 lowing a P n0w to s
, the proble" 15 (T)' s 50 aS t°

time control) (T)'s ant ̂ ni

stocks and fl°w S ’ niJ
/ * n(T*v . •,e D(n 7

mini mi ze

nq trai n t̂
,.hp cons u

subject to t M(T+1)}

s ,Tl+r-^ni(T)Wi T*'l)
n.(T+D = f i j (T) J1 „ s;T=0>l >2’" ”
■i 1 < ,-=1,2, • • • ’

( i )

(J:
A
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s
* n. • (T) = n. (T)(l"Wj; (1=1,2,.,. ,s-l;T=0?1,2,. f, ,T*-7) 

j = l 1 !

s
(ID

Tn,-(T) = N(T); (T=1,2,..,,T *) ( 1' 1 1 )

n(T) > 0; (T=l ,2,... ,T*) (iv)

nij(T) > (i,j=l,2,... ,s; T=0,1,2,...,T*-1) (6.50)

The distance function, D(n*,n(T*)), ought to reflect 

the penalties attached to having various grades 

over or under the targeted strength. One example 

Of such a distance function may be

D

there

(6.51)

a , ,et of non-negative ■ .. are 3 be1 u
here u)lfco9 ,---fcos , . . .
■ reflect the f.port.nce ettaefed

eights chosen to r

the correct manning of grades l’2 ’" ” 5 '

, ie t us consider a heirarchical
As before l e t  the

•th new enrollment only
a n i z a t i o n v / i t n  n i w  t o  t h e  n e x t

. w i t h  p r o m o t i o n s  only
est grade an condl-tions. for example,

her grade. Under . . . t h e  s t r u c t u r e  n *  it

problem of attainabiH ^  wrl.tten in
j * = i ( fi x e d ),

ngle s t e p ,  1 * e ' 

nded form as

nn'n i m i z e
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subject to the constraints

C  {7) =n11(0 )+n1(0 )w1+...+ns (0 )ws + M(1)

n,(D = n12(0)+n22(0)

s eqs ^

n_(1) '  ns-l ,s ( 0 ) + nss ( 0 )

r^,(0)*”,2l0|-n'10111'"'’
, ,n)

n22(0) + n23(01 2

s -1 eqs .

V l , s - 1
(0) + ns-l,s

(0) = r W 0)(1'Ws-l

r /iu .+nc(1)
1 eqn k t l ) +n2(1) ■

= N(l)

This may be written

mi ni mize

in matrix
ix notation as

(6.52)

subject to
.,(0)-U

C1 X

in

N(l)

(D

(6.53)

where,



2 8 8

2s-]

wi th

A 1 as the m a t r i x  of one step free time 

a t t a i n a b i l i t y  gi ve n in (6.44);

0 a n d  O' as a ze r o  m a t r i x  and vector, r e s p e c 

t i v e l y  o f  the i n d i c a t e d  dime ns io ns .

and

] ' a s  a 1 x s row v e c t o r  of ones .

T h e  v e c t o r  o f  the u n k n o w n  v a ri ab le s (1 )J
is as defined eariier in the case of free

a t t a i n a b i l i t y .  Lastlj- •»« -“ “ ' 4  ’

1 s such that
r s o ;n,(0)(J-w7),n2(0)(l-w2j,...,

1 ns_1(°)(1-Ms-l

, , size of the system at time
and N(7) is the tota  ̂ ^  ^  is the

T = 7. We note that d,, ' -21 ’

- t t c n  (6.46).

(_i * in 1-he s tructure n
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1/1 l t t e n  ine x p a n d e d  f o rnias

m i n i m i z e  D ( n * , n ( 2 ) J

S u b J ' e c t  to

■\

i
nl (1) =nll(°)+n1 (0 )ut + n2(0 )w2. . .+ns(0 )ws+M(l)
n2 ^ ) = ni2(°)+n22(°)

eqs

ns(1̂ ns-l,s(°)+nss(0)

1 )eqs

n ll(°) + n]2(0 ) = n1 (0)(l-u1) 

n2 2 (0) + n2 3 (0) = n2 (0)(l-w2 )

ns-l,s-](°) + n s-l,s(0) =

eqn n j ( l )+n2(l)+...+ns (l) = N ( l )

rij(2 ) = n ] 1 (l) +n1 (l)w] +M(2)

n2(2) = n12(l) +n22(l)

eqs

ns (2) =ns_h s ( D ^ ss(l)

'll (1) +n12(l)

(s-l)eqs n2 2 ( l ) + n 2 3 ( l ) ^

‘s-l,s _7n; +ns-?,s
(1) =n 1(i)(]-ws

eqn nj(2)+n2(2)+---+ns 2̂  ̂'
(6.54)
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This problem may be written
in matrix notati°n as

m i n i in i z e

subject to

—21

n( 1 >
= — 2

N (1 )

^22

_ —  —  —  *" "" N (2)
n (2) __ —

(6.55)

where now

C2
4s x (6s-2)

step free tin'e
•v of tw0

the niatrl in
ability 9iven .he indicated

ta1na^1 trices of the
, 7ero 1119

0 aS 1
Hprs • 1 (1 )n (2)

° ri

„f < « c,s
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time control. Lastly the vector = (d ^ . N U ) ,  

d ' ,N (2 )) is such that

d22 = dn  = bz1

and

-2 2
-M( 2) >0 > • • • >° i

( s - D

= b32

/ r  4 7 ) The values 
icn oiven m (6 ' 4/ ; *

where b is als  ̂ cizes at time T.
~ 32 the total system s!zes

{N ( T );T = 1 ,2) are the
T* _ k >l, the problem of

Generally ' tion i n k  time

attaining the structure n Y

■ \ is that of 
periods (fixed),

m i n i m i z 1 n 9

subject to

Ck *

n- .(0) Hi j

n(D

"ij(1)

/ k** 1) 
Hij(_ _

n (k)

ikl 

N (1)

hk2

= ^k
*

i

ikk

N(k)

(6 56)
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where, k(3s-l)-s

Ck =

2 k s x [ k ( 3 s -1 ) ]

0

-I

(s-1 ) x s

2 k s  - 1

trix for k step attainability in 
a is the matrix

k ■ e as given infree time as y>v
trices of the indicated 

0 and o' a re aero »»tr

°rd'rS .c has entries tHijt '
he vector of unknown ^  described as before.

- H a n d  that

astly the vector _ k

j = dn  = tzi  
dki ']l

nd I „ ,o]
0 :

^ --" S (j=2)i’
ci zes at

)k} are th
N( T) ;T = 1 ,2,--• ’ for the Kenyan

ime T- the matrix Ck ^  grades
we note that ^  nunlbe

A g a i n  , ,  whe

p r l in a ry
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is S = 7, is of order (14k x 20k) . When k =2 we

are already dealing with a problem of order

(28x40). AS k increases the problem is bound to

k . foy* example, when k = 3  the problem
be pretty large, for exdM,H

is of order 42 x60 and so on.

S_tep by Step_Ĵ 1e_t_hô _

~ , trv to attain a structure '£*' at 
Rather than try , t a

.... ail at cue S«. "■ m ‘>

* f<Xed dure which .* -*<■« “
step hy step P -  tjrjct J( eac„ step. Th.s

C,0S' “  P° iS' „  mathemPtii3'
procedure is of 9*e merely dealing with

since at each step • nabi 11 ty unt1'̂  a^  t^e

a problem of one step attal

T* steps are covered heirarchical
race OT °

, articular cas Emissions only
In the part haVjng admiss

• + h s g r a ^ eS’ _iu to the
organization wit roniotions on

, nrade anC* P ctep by step
into the lowes ap p i y the

,p when we W  nmotion, we
lext higher 9 ra ’ c0ntrol by Pr

fixed time
)rocedureto bel°w;

—  5,,<
? meaning^ t = 2;^  f,rS

= z , , t,-«e i * _*
* - 2f we

When T  “ ■ - „ .(.« T ' .
* in a . _ structu

trueture _ to the s <-1 o c k s
as Po ^ ib le  .ntermediate st

s close aS r .khpi'S close as the

which w i "and flows
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m i n i ni i z e D(n%£U ))

subject to

ci x

nij(0)

n (1 )

= d
-11

N( 1)

(6.57)

where,

and,

•11 ■ i,r as
(6.53)

is the matrix f°r
one step

attai na b i1ity

1 in (6.53)
as given 1 1

Suppose that,

n (1 ) n, (U >n2.................M 1JJ

tock vector
which minimi zes

4- i n te rnie ̂ 1# a we obtainis the first m t  step we
in the set.

D(n*,n(l))- ThSn which win

the

j fiow valueS stocks and t

ni i n i n11

subject to

c, »

— *
— 4.21

' - ' C - = iz N ( 2 ) __

n(2) .

where the veC
of

ns [nii(1) unknowns l_u
n' (2)] 1

(6.53)

s such

that
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n m  ) is the flow vector at time T = 1
-ij

and
, c tor ks vector at time T =2. 

n (2) is the stocks

x r is as before but now
The matrix Ĉ  1 s

....

1 Vi(1)(1-ws-l)
-21

, . • • 5

^  ' . ,, the step by* = k (fixed) , tn
Generally when structure n* is

f attaining the
step procedure o ^  consecutive problems,

that of solving th

• ize D(n(T )>- ) mini nn ze

subject to

f x

— ■
— T1

= N(T)__

n(T) —

— - IT = 1

flows an<̂

,,k) (6-59)

tocks

where, , are the

*nd S ,T-1> *n4J at times (T
vectors at

(T = l , 2 , . - - ’ k) ;  - -np step

the matn*

fixed time as
r i sLi

of °ne 

bef°re’

attaii nabi
i i i ty i n
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and

-T1
-MfTJ-ln-tT-llw^O....0 :R1(T-1)(1-w1)^2(T-1)(1-w2)..-.

1 I J J '
1

ns.1(T-D(1-ws-l)

-c— ------- S ------- 1 "

with, n.(T-l) = nj(0) whenT=1*
,T.n  is the j-th entry of the stock

Otherwi se , n •(1 > . . . c thp
, /T-1)-th step which minimizes

vector at the (

distance function

D(n*>H.(T"0) •

ative purposes we will give the 

For i 11 us r the Kenyan primary education

promotion criteria for ^ ntainable structure

0 aS to attain by step
system so a usm g  the

in a fixed number of * * ider the distance

in this case we
p ro ced u re .

( 6 . 6 0 )

function s , *  n • (f ' '
,r*n = £ I ni ' 1

D(n >n( '  1 the grades of

to a case whe importance.
This correspon be of eq l u t ion

are assumed flbtain the
the system a r therefore

At each step w equati°n
f i i n e ar

to the system
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2s x (3s - 1 )

C-j x

"ij(T'n
1

n (T ) 2s x 1

(6,61)

{ 3s -1 ) x 1

the distance function D(n*,n(T))- 
which minimizes ,, unknowns,

p 2s equations m  (3s
Since there eB would be to so! ve

a method of solving other (s-1).
nc in terms of tne

for 2s of the unknowns

A s s u c h ,  supp°se

. rn' .(T-U; n'(T)-
X(T) = LP-i J 1

We can partition
tor of unknowns. .

the vector the matrix C^aS:
represents p0ndingly the

v, / T 1 and ^  the vector X.( '

(T) =

(T )

, ( T )

2s

s-1

2s S'1

c,i;C'2
- L ' ” ’ ,!J .

;C1 2.

_Xi(T>

’xo(T)

(6.62)

dT
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Since there is ». redundancy 'S'6'1 >' ”

hi in choose the components of i p U  so thatpossible to cnoob
m a t r i x  C-,1 i s  i n v e r t i b l e .

the correspond!ng square

. x (i) for varying iS2(
The solution to ^  1 I

there fore,

-1r ■ d* “ ^ 1 ?x2^ ^
X! (T) = Cn  l-T 12-Z -
’ f variationof x2(T)'s-ybeenor,„ous

T"e r'n9e reduced h» *“
but this may the variation is

x(T) by a constant so ^  for example, the
The constan solutions

fractional . Jn addition the

total system size, N(T ■ ^  ^  stoChastic

t should be su violated,
of interest p(T) is

f he flow matrix
property

that is

(T)'s > ° 5 ' (T) 5 ' £ 
Hij(U

/T ) , for each T.
(T) 5 V  ]

n,i(Tl * proh,el"

iaborate s°1Utl°n biem and so1 ve 
A n'°re 6 t0 i i n e « H * e the ar programmes- 

or example ^  of 1 ^ 9 ^ "

s ing the Sta" h requireS izabie-
. appr°a -IV 1 ineal

, . r  t h ' S  a"

the ’si nee
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In tables 33(a) - 33(c) b e ] o w  we giye, for 

i l l u s t r a t i o n  p u r p o s e s ,  some p r o m o t i o n  criteria 

f o r attaining a m a i n t a i n a b l e  s t r u c t u r e  q* in three 

steps ( f i x e d ) ,  u s i n g  the a p p r o x i m a t e  step by step 

P r o c e d u r e  described above. The m a i n t a i n a b l e  

structure to he a t t a i n e d  is

q'- [.1 922,.1592,.1480,.7 383,. 1261 .. 1 188,.1 1 74J. 

This corresponds to the system rate a = 0

[ r e f e r  to T a b l e  3 ij •



300

Table 33(a)
Promotion criteria for ........ . • -

maintainable stroctor. a*

steps (fired) i urine

step oy atop procedure, .<«, ■ Pro.tp
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Iabj_e_J3_(b!- Promotion criteria for attaining the

m a i n t a i n a b l e  s t r u c t u r e  in three 

s t e p s  ( f i x e d ) ,  u s i n g  the a p p r o x i m a t e  

s t e p  b y  s t e p procedure, w i t h  a g r o w t h  

r a t e  a Q = 0 . 5 ,
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Table 33(c):
H o n  criteria for attaining the 

M e  s t r u c t u r e s *

Jint3ina hi using the approximate 
teps (fixed), us a

tap by step procedure
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>.■>n t g  o n  T a b l e s  3 3 ( g )  -  5 3 ( c )

In this case, starting from an initial 

education structure, ^ (0) = [0.2308,0.1840,0.1395, 

°-1263, 0 . 1  1 6 3 ,0 . 1  137,0.0895], the problem is to 

attain the maintainable structure q* =

0.1 592,0.1 480,0.1 383,0.1261,0.1 188,0.1 174]' in

three time steps (fixed), .sing the approximate 

step by step procedure. The structure g* corresponds 

to a structure which is maintainable for a fixed 

Size sy S 10 HI.
/rpp fable 33(a)) it l’s 

In the first case (SOe
n ra vpH size so that

assumed that the system 15
_ q in order 10 1110 VO

the system growth rate o

1 0 ) to q *three Steps f r o m  s t r u c t u r e  £ ( u J -  fhp
•+erfa that will minimize the 

the promotion C M  # , fl-rst step

distance f u n c t i o n  D ( n  > J  )
r fhe table. ,nib

is given in c o l u m n  one 0.8122
an average repea

corresponds to a 0871. Tbe
nronio ti on r a t e  o

and an average p t0 seven,
, , from g r a d e s  f ^ e

p r o m o t i o n s  are only es one to
. nf the pupi,s

mplying that mos grades so as to
be retained in tho » The

ive will oe * n (l)) •
f u n c t i o n ,

inimize the distant the distance

-omotion criteria th second step ’s glV£
/ * r\ ( 2 )) during ^respondsmot i on D(n ,n(2U 33(a). Itcorresp

tB, Mtl"' «'
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,t rate of 0.8096 and an average
to an average repe . • n is on 1 y

1217. The promotion is Y
promotion rate o - Most

. qpven which is about u. 
due to grade grades, that is grades

pupils in the rest o repeat so as to
one to s i x  w i l l  ^  force ) } . F i na l l y

, anCe function uU  -
minimize the 1 tw1-n minimize the

the promotion criten. ^  (he „,ira stop

<1, s t o n e  °(° 33(e)' »

,s (P the tOirO co.o.” « rat„ of 0.3061 ■"
,o aterope repe pro.ot.oo as

ponds to a ^-f 0 1221-
, „r„„oti«o r.to of this

average P> .ven only •
, , six and forced to

due to grades pn-Ts wi 11 .
, of the P p fn minimize

j.hs t most OT der to
means tha n s i x 1 n °

odes °ne 1 
repeat in grade

.re functi °n • the system
the distance reSults whe

htain sinnlar For example.

We Can ° fferent fr°m 26 ,,, the
.te is d1 . rate a0

growth r ^  gr0Ws at ^  ^  distance

for a system which mi'11"1 The first
promotion e n t e r  33(c . cr1teria

are 9iven the pr°mot (1))

'“"“ ’" V  51 „ p «  "<5

co'“, , l 11 tie d; c„rrt. p » « ,o ,n
which wil _ It average

the first „ 8046 and re only
durin9 t rate of °‘8 0motions

repeat The P that 1
average rep 0 . l 223 - lies tn

rate of u This inir
promotin'1 and seven-

nrades slX



°'der to m i n i m i z e  the <Zis t a n c  .

most „ f  the „ f ” " ' “  Hi',no,)
t o e 5ra0es n e e  to s i s  p v l „  „ „  J  ’>

to r e o p a t  T, f o r c e d
• T',e pr°mot,:on ^ t e r f a  that „f?J

m i n i m i z e  t h e  d i s t a n c e  f u n c t i o n  D ( n *  a

t h e  " ^  dur>ng
s e c o n d  t i m e  p e r i o d  is g i v e n  in t h e  s e c o n d

c ° l u m n  o f  T a b l e  3 3 ( c ) .  It c o r r e s p o n d s  to an

a v e r a g e  r e p e a t  r a t e  o f  0 . 8 0 9 6  a n d  an a v e r a g e

P r o m o t i o n  r a t e  o f  0 . 1 2 1 7 .  In t h i s  c a s e  it i c
11 7$ again

o b s e r v e d  t h a t  m o s t  o f  t h e  p u p i l s  o f  g r a d e s  o n e  to 

S i x  w i l l  b e  f o r c e d  to r e p e a t  in o r d e r  to m i n i m i Ze 

t h e  d i s t a n c e  f u n c t i o n  D ( n *  , n ( 2 )). F i n a l l y  the 

P r o m o t i o n  c r i t e r i a  t h a t  w i l l  m i n i m i z e  t h e  d i s t a n c e  

f u n c t i o n  D(_n * , n  ( 3 ) )  d u r i n g  t h e  t h i r d  s t e p  a r e  

s i n i i l a r  to t h o s e  t h a t  m i n i m i z e  *,n(2J) d u r i n g  

the second step.

I n  g e n e r a l  it is o b s e r v e d  t h a t  in o r d e r  to 

m i n i m i z e  t h e  d i s t a n c e  f u n c t i o n  D(j}*>Jl(T)) a t the 

T - t h  s t e p  ( T  = 1 , 2 , 3 ) ,  m o s t  o f  t he p u p i l s  in g r a d e s  

o n e  t o  s i x  a r e  f o r c e d  to r e p e a t  t h e  r e s p e c t i v e

g r a d e s .  T h e  a c t i o n  t a k e n  b a s e d  on t h e s e  p r o m o t i o n  

c r i t e r i a  m a y  b e  m o r e  a p p r o p r i a t e  in a m a n p o w e r  

p l a n n i n g  s y s t e m  r a t h e r  t h a n  in an e d u c a t i o n a  

u p  w h e r e  p u p i l  f l o w  n e e d s  to b e  e v i d e n t  f o r  the 

s m o o t h  r u n n i n g  o f  t h e  s y s t e m .  a m a t t e r  o f  p o l i c y ,

l o w e v e r ,  f o r  e x a m p l e  w h e n  t h i n g s  a r e  o u t  o f  

n d  w e  w o u l d  l i k e  to a l t e r  t h e m  s u d d e n l y . t h e n  s u c h



3 0 6

a; l,0n "'dy 56 * ' bUt t0 with see
a terat7'0n tn t,,e country's education po)fcy

7 S W a y  f°r e x a m p ] e  include incre the pup„
a9e at e n t r a n c e .

— G E N E R A L  c o m m e n t s  a n d  c o n c l u s i o n s

B e f o r e  g i v i n g  c o m m e n t s  b a s e d  o n  t h i s  c h a p t e r  

lve n o t e  t h a t ,  in a s i n g l e  e d u c a t i o n a l  s y s t e m  as 

t h e  o n e  c o n s i d e r e d  in t h e  a p p l i c a t i o n ,  the n e w  

er,r o  1 m e n  t is o n l y  in t h e  f i r s t  g r a d e  a n d  as s u c h  

c o n t r o l  in t h e  s y s t e m  c h a  r a c t e r i  s ti cs c a n  m a i n l y  

be b r o u g h t  a b o u t  v i a  p r o m o t i o n s .  In t he c a s e  o f  

d t t a i n a b i 1 i t y  w e  h a v e  l o o k e d  a t  p u p i l s  j o i n i n g  

g r a d e  o n e  f o r  t h e  f i r s t  t i m e  as i f  t h e y  s o m e h o w  

r e p l a c e  a l l  t h o s e  w h o  l e a v e  t h e  s y s t e m  a t  the e n d  

o f  t h e  p r e v i o u s  y e a r .  T h i s  m e a n s  t h a t  we are 

A s s u m i n g  t h a t  t h e  f a c i l i t i e s  t h a t  w o u l d  h a v e  b e e n  

u s e d  b y  t h o s e  w h o  d r o p  o u t  m a y  b e  r e c o n v e r t e d  f o r

O f  c o u r s e  an a l t e r n a t i v eu s e  b y  t h e  n e w  e n t r a n t s  . 

w a y  f o r  c o n s i d e r i n g  t h e  g r a d e  o n e  e n r o l m e n t  m a y  be, 

f o r  e x a m p l e ,  to c o n s i d e r  it as c o m p o s e d  o f  r e p e a t e r s  

a n d  n e w  r e c r u i t s  o n l y .  U e  w i l l  f i r s t  g i v e  c o m m e n t s  

o n  t h e  m a i n t a i n a b l e  g r a d e  s t r u c t u r e s  f o l l o w e d  b y  

c o m m e n t s  o n  a t t a i n a b i l i t y  o f  g r a d e  s t r u c t u r e s  a n  

f i n a l l y  g i v e  s o m e  g e n e r a l  c o n c l u s i o n s  on the ent,re

c h a p t e r .
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n - n r -  -  n t *

„ condition for maintainabi 1 ity of 9r,do

htained in the fornl of 9 s^ste"' °f structures is obta
. s For varying system growth rates,

11nea req l  "  'which are maintainable are

9Pade StrUCtU,6S. the system of equations. We

obtained by ^  syste„, growth rate is

first observe t a ^  Qne (a<-l), then

less than or equal to n This is
. re is maintainable.

no grade structur pate less than

because, for a sySte"' Wl ils leave the
.five one? a K .

or equal to nega Deriod. When the
. npxt time Pe

system dorin, «ho ^  ^  . -0.8), «

system decays at ■ r' ^  is seo« to 8e a -ory
is main ronsequence

s t ruc ture  that l ikely a conseq
e This ts system due

top heavy tyP ‘ tal size of
pase in the total stem is

of the decrease when the
, . ve growth ra (a =0),

t .  t ie  ■ « * * " '  ’ f , r  « c »  srW
. <ite, that .s <°r . , „irly «"'for‘

3f • able structure i* 0 d0(jbies
the maintain ^  system s = i),

However, whe „ „r0V/th rate (
type, "o ^ a 1 0 0 n  e a bottom

innua 11 y ■ 1,13 _ . , c t r "  s e e "

ilia

ly’ , structure is of the

type- and the res
nrowth rate

;ySten' oh gra^ one-
„  only 9

entry
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In general we, observe that, as growth rate 

increases from negative to positive, the maintain

able grade s t r u c k .  6h."S«  ,,eavy to

bottom heavy, we note also that the higher the

repeat rates the less top heavy the structure

that can be maintained,

• h-nitu o f  Grade S t r u ctures
.0 nn  — -----------------------r n m m a n t s  O n— -----------

. • n nr a de  s t r u c t u r e
. lorn Of  a t t a i n i n g  a g r a d e

The Pr0- nal system is that Of obtaining the 
in an educatioi - move the system from

.• 4-pri a wh i cn
promotion cf target structure

i ctmjcture .

... ,niti ‘nd ,,xed
q*. For 6«tB fr“  , g«„era 11 i*tf

unity a matrix 9 
time attainability

problem is °b . e attainability the

in the case of f r *  programming one. For

prob,o, is ,y anl> ,,.00 ...
tion we have on the structure g

111UStra step a t t a i ^ 1'11^  he initial
— 916 E n a b l e  —  ^  ^  p0Ssihie

^hich is n,ain ua 0, . ~v\ietha , - cteo

structure d(

s t ruc

a sing^ step

tUr“ t Can be rates in the

toreS tha „,nondi in order to
>n -  _ growth

* corresP°ndlP9 „l0re i

6th0Se 3 U t o r e s ^ -  be
ta i nat> 1 e 5t _.*e have to

, -0.08 to 
ter ,intainaD'C ' th rate
tain these ^  ^  Sr

justments in
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made Additionally, some of the penalties of

t ,force. a single step attainability are

tryin9 ° le it may involve reducing the
• * . , 1 For example 1,1 ajr

painful ’ . n those eligible
fp, size thereby denying those 9

total syste other cases
. the system the opportunity.

*° ‘ forcing .
"  certain grades during «l»

PUP,'S “ " Pe once the structure a*

61

aU,,"ed' the ."•** >nd "following the maintainable
■ which corresponds

criteria whicr

structure of " > « r ,„hilit, strategy

Next. *’■' * matrix notation

„h,e. I.., neen for-ul»‘ ,„.

tBe " . H to that of f e e  « ’«
which is related „ „  ls that -

«  - « ■  d,fferen“,  t.nce ”  ’
■ ration of » d'St* „ nces b«t»e*” e»r»l-m i ii'initat’ djst»nces

form of the 3 ,nd the target
the f°rm c nrades an°

. the various 9 t easily
ments io the . • re problel*

The entire v more

PPP0'"enT e  even " * , W  " T e h  pn—
,,ne* T  convenie”* > « p si(en an ahpro«’-

themat'ca oses »e d”  ,1 , an

illustrah'fd i P « ' f 'C
Fo • procedure. 0f a

te i terative attainabi structure

,e is gif'” fpr s (fi«'dl' examp1e ^  three steP
cture  9

&



310

q * 1 S  t h a t  whi c h  i s  m a i n t a i n a b l e  i n a f i x e d  s i z e  

l t  i s  o b s e r v e d  h e r e  t h a t  t he  p r o mo t i o n

Mc l ,  l e a d  t o f t « o d  « < • «  '  * '

“ T  OOPS »0“,d *• ■W " P H ‘te in 

of a : ;  ,s«e-— *“ ■ ,a -  ed“ ,t,on"

SSt ooo.o oo coo- »  f  f,o»t"0 “ »•>“
set up pupi^ I ,• ry , however, some

As a matter of P°licy’
the system.  ̂ taken in order to stop

of these actions may ol, but together

t h i n g s  f r o m g e t ”  *  ^  e d u c a t i o n  p o l i c y .

w i t h  some a l t e r a t i o n s  m  i n c r e a s i n g  t he  p u p i l

„  f o r  e x a mp l e  i n c l u d e  
T h i s  may >°

a g e  a t  e n t r a n c e .

maintainability of grade

A condition form 0f a system of

ictures is H  on the system growth
Hons dependent

ar equations growth rates,
varying syS _re obtained by, For vary ..able are o
■ h are maintai n,rticularlywhich are part'

ctur nf equations-
. 0 the system maintainabl
ing . n points on the
the f o H ° win9

.cPS fr0111
e structure

As the system gr nia i n ta i na b 1

(i} A to posits6 ’ iieavy t0
negati^ from

structures
grade st' 

bottom heavy-
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(ii) The higher the repeat rates the less 

top heavy the maintainable grade 

structure since more pupils are retained 

in the system together with the fact 

that new entry is only through the first 

grade.

After identifying the set of maintainable 

grade structures one would look for the path to

follow so as to attain any of these structures. A

of the problem of attainability
matrix generalize

„ _-c niven for the educationOf grade structures is given

The free time attainability problem can 
system . ,ne

, H hv the standard linear programming 
then be solved y

,-nustrative purposes we have

d t h e  course of action to be taken in

"  a single step attainability of some 
'forcing a _ f time procedure.

• kip structures via th
maintainable Droblem can be made

. _  ̂tta inability "
The fixed tmi following the

tically convenient by to
more mathematica  ̂ However, the problem is

step by step procedure. an approximate

- .... procedure following
iterative P .cularly note the

Kility P3attainabi y

p o i n t s ;



312

(i) As a matter of policy we may wish to

attain some grade structures in a certain 

number of steps so as to stop things from 

getting out of hand. Some of the 

penalties of trying to force this type 

of attainability may be painful. For 

example, this may involve reducing the

lot„  system , 1 »  -  « -  • “ “
, „  e.pe.t certain "<■«—

StUdSn 5 ture is attained, it isthe structure
once tne system growth

• „,ai„ed W  « " o » . » S  *  
mainta . criteria which

rate and Pr^ 0t’° intainable structure 

corrflSP0"«

i" 4u C S U °n ' . attainability seems
fixed time atta

(ill s t e r “ ' "  gppropr’hte in

w  «  ,"r* th.» '» *"

punning
educational set up
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cs

CHAPTER VI I

C0JCU Jfil!iS_-B£M 6R J<S

In this thesis we have presented a detailed

, a 1v s i s of the basic characteristic 
statistical analys

i cvsteni The numerical results of an educational system.
. ,n the thesis can be extended to the entire

91Ven te„, of a country, provided the relevant

6dUCatl0n Sy'able 0n the stocks and flows of students 
data is aval ^  Qver an appropriate time

int,’e VarlOU,0Slimitationon data availability,
period. Due based mainly on

• nc nf the model are

* ,pi,,,c ,ndeed
the Kenyan P'im the country's

. j 0f this stuuy,

«<*»"’ ,ns,''d °f 
e d u c a t i o n  system ts spent seven years

the former system w -  ^  seeondary school, 

in primary school, three years at the

ears in $C w stipulate eighttwo years noW stip

• "  f„„r >e, „

s , „ p , l “ " Se rs,„.

■ * : —  -

s ys tem 1s
introduction- this study can however

, - " ed, ; rt. , —  “ • - *
hv siniP1yeducation by
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For illustrating the applications of the models 

developed, we have used data from the primary 

component of the previous education system. This 

1S |jecaiise there was no adequate data on the other

Mlprp is not yet s u i t a b l e  d a t a
sectors. Moreover, there

on the 8:4:4 system.
, ,n, bv examining the homogeneity

The study begins by
nrimary education system via the 

of the Kenyan three equal time
1 characteristics, ove

edUCar 0ni9 6 4 -l 969 , 1969-1974 and 1 — 0 . ,t is
periods: gach of these time periods,

assumed that wi ^  homogeneous. This enables

the transition proce ^  homogeneous Markov chains

us to apply the the° y s ,n each 0f these periods,

*• ^  character' 

hy comP»«in’ tl* ‘ . differ«nc« «•

ls,ics. » " » « ' reC'a (he periods «<•>
. 4-iCs between over the

c h a r „ f  the P " " ”
M r e  fro,ideparture

entire Pe H ° d l 964_ ' the three time periods,

Comparing the results^ ^  l975-1980 had 

. first observed tha ^  appr0Ximately
it 15 fl promotion rat l 964-1 969

« "  a,e7 w  Che 83S*

■“  -  «•

” d ' ,her. «  »On the other rgte of ab
,8fle reped

highest
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• He 1964-1969 and 1969-1975 each of 
to the periods

r e s p e c t i  v e l y  • As a c o n s e q u e n c e  o f  t h e s e  a v e r a g e  

• r a t es  the s t u d y  has  shown t h a t  a g r a d e

T ^ p i l  spent’. comparatively longer time in

school during the period 1964-1969 than 

P n "aryt . later time periods, 1 969-1 974 and 1 975- 

dUfin9 . on average, any pupil in
1 9 8 0 .  Furthermor , earlier periods 1964-

^hnol during tn
p r i m a c y  s c t e d to s t a y  l o n g e r  in

n c o  1 97 4  was expe
1 9 6 9  and 1 96  '  p r i ma r y  s c ho o l  d u r i n g

i t han t h o s e  m  v

primary s c h 0 °  r e s u l t s  seem to

t h e  p e r i o d  l ^ ' 1 ^  p r i ma r y e d u c a t i o n  s y s t e m

, h , ' I  P'Hoi ,r"
h a s  n o t  r e ma i n e

1 964 t o 1 9 8 0 -   ̂ t he  Kenyan p r i ma r y

„ „ i » 9  ' » " nd “ " ' t0 be * , l h
. s y s t e m a p p e a r s  e r i s t i c s ,  aeducation sy character

t 0  the educati Qf the t r a n s i t i o n a l

r e S P 6 C  1 t e s t  t o r  homogene s y s t e m has
s t a t i s t i c a l  te s t a t e s  0 f

h bilities between t sh0ws tha
probahi chi.square This

De r f o r m e d - i nhomogene0 * .

’”t 'Sc nS,  -<*» "h"

.«* «" i,5“ ‘ ' ende,.>ts that depende
.. p study of system,it

i t0 th time dependent sy
ninq the 1 ,tes areIn model tranSition rate
.h,t the tra

assumed that

it has

been
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probabilities o f  o c c u r r e n c e  of random events which

characterise the transition process. Specifically 

the transition probabi1i ties p.. (t)'s are 

c o n s i d e r e d  as the p ro b a b i 1 i ty o f  o c c u r r e n c e  o f a 

random process with a corresponding distribution 

function, F(t), d e f i n e d  on the t i m e domain. The 

time dependent transition models based on the 

normal, the logistic and the exponential probability 

distributions are proposed. These probability 

transition models are found to be useful in descri

bing the transition process of the Kenyan primary

cctem on the basis of goodness of fit 
e d u c a t i o n  system, o

, . ,.i ,r it is noted that the proposed 
tests. In p a r 1 1 cu1 ar

n„ite adequately describe the transition 
models may q^te m

, time periods close to the base year of

Pr . These probability transition m o d e l s  a r e

OPeratl? t o  obtain the educational characteristics, 

then USe f the inhomogeneous Markov chains.
,sing the theory of

,ication of the more general 
a f u r t h e r  apP^ , . ,

... is considered ,1. » •  jon.n,,,^ 
art0( chain .» ^  M  st„dy ,ha fl.» of .

ahort analysis m  h 0ugh an education
t of students tnro a

ir  t i c u1 a r c o h o r t  study, the term

stem. For thP a gr0Hp of students

M0rt i 3 useri t0 ^  . C)_eceHomic background, who
ja rd 1 s of ago or ^  ^  ^  , „ r,

;er the first 9'd‘

5
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The illustrations of the application of the general

ised cohort model are given on the basis of a time

l a b i l i t y  transition process. Most dependent probabi11 cy
its on the retention properties obtained 

of the results on m e
,,jzed cohort model coincide with those 

by the genera
, Markov chain model, when we consider

•' “ * « „  firs. ,r.« .<

“ “ „  1s obs.r.eJ that, i. t.n.r.K

t,“  for pupils J°ining
the average repea 1s

the first time at

scl,”°' ” „  o» «». »•"" "*nd *“
. p p ™ « ' " ,e'y pupils is SPSS' ” «•

p r o " ' * ”" r a W  f°' , , 0„pil Pas 0" *’'erl5e ‘ 671
After joining schoo , ■ school

„ e of ooroili"” i" * »
chance ot at time zei •

,or the ,,r! r u p * '  ,n ,l* .
it is 0PS” "-”d t , first .... •' •*" 'S

. system for tne 5 months in

expected

primary sct,0° to consider the

Tl, stedy » » «  oc,ss do.
s traosi t,on are U

inhomoge.”0” „ r l . H « s «»

o' so.. sores o' ■ « ”  „ ,r, ...so

. . .  - r : - - -

h o , e factors m
Df these
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processes which are as close as possible to some 

desired future targets. Some consequences of the 

proposed analysis are demonstrated using data from 

the Kenyan primary education system. For this 

illustration the pupil transition is assumed to be

affected by the following factors:-

-f-inc vear 1 y cost of education 
pupil - teacher ratio , y

and the sex ratios.

. a nf usinq the variable 
The main advantage of 9

„ ach is that it takes into account
dependent app ^  transUion process of the

faCt°rS . In addition, control of the
education sys em. assumption on the

•mn1ies that which ever
factors imp method gives a

„rp ss we opt tor,
transition P controllable

t0 be taken on m e
p l a n  o f  a c t i o n   ̂ ^  t a r g e t e d a s s u mp t i o n s

variable so as to ac

optimally- m considered in the

The other type ° .lity and maintain-
. that Of attains

oresent study i* characteristics.

.b.»« of i0“  ch," c’" n,,cs
oppose that the ^  1s to find the

specified and t e e i s0 as to ac

isi  t i ° n P—  t0thbee ; : : ; e d  characterist ics

In this study grade or enrollment

.pecked ,int.in.b111ty of
mdi t i on  to

.  A cotures.
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the grade structures is obtained in the form of 

a system of linear equations dependent on the 

system's growth rate. For varying growth rate, 

grade structures which are maintainable are 

obtained by solving the system of equations 

mentioned above. It is observed that as the system 

growth rate increases from negative to positive, 

the gr.de s.rec.eree e».n,e fee. tog

.. hoavv Furthermore, the higher
heavy to bottom heavy.

rps the less top heavy the maintainable 
the repeat races

grade structure.
c fhp set of maintainable 

After identification of the
look for the paths which lead 

, c t-ructures we look
9radS 5 This is the problem of

,0 r *  « " " ■
grade ”

problem of a”  time attainability can

given for the system. ^  ^  programming methods.

be solved by the ^ ^ t y  problem on the other 

f,“ed l'"e 6y
h,„d

«=. df «  d,SCUS” d ^  H
on. ,«por...« „ r, . «  <" ‘»ns,d' r-

a good account o purther-
orovides entry t0 exit.

the student, ce since it>t1on, the s eat significance

no re , the study ^  teris11 cs whl1e
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t a k i n g  i n t o  a c c o u n t  t h e  chan ■
8 n a t u r e  o f  th

s y s t e m  o v e r  t i m e .  S u c h  m o d e l s
* d m o r e

^  edUCat,'°n SySt6mS country Z
a i e  h i g h l y  u n s t a b l e  d u e  to r a n  in

0 raP,d P o p u l a t i o n

i n c r e a s e s  a n d  o t h e r  s o c i o - e c o n o m i c  factors. 0nce 

t h e  e d u c a t i o n  c h a r a c t e r i s t i c s  t o g e t h e r  w i t h  t h e ^  

g r a d e  s t r u c t u r e s  a r e  o b t a i n e d ,  t h e y  m a y  e a s i l y  

b e  u s e d  to o b t a i n  f u r t h e r  e d u c a t i o n a l  m e a s u r e s

s u c h  a s ;  c o s t  o f  e d u c a t i o n  u p t o completion-
5 5 l ^ f f i n g

a n d  c a p i t a l  requirements; p u p i l performances a n d  

S O  o n .  S o m e  o f  t h e s e  m e a s u r e s  f o r  the K e n y a n  

p r i m a r y  e d u c a t i o n  s y s t e m  a r e  i l l u s t r a t e d  in O w i n o  

( 1 9 8 2 ) .  O t h e r  s t u d i e s  i n v o l v i n g  r e s o u r c e  a l l o c a t i o n s  

in g r a d e d  s y s t e m s  i n c l u d e  B o w l e s  ( 1 9 6 7 )  a n d  U c h e  

( 1 9 7 8 b ) .  T h e  p r o b l e m  o f  c o n t r o l  in the s y s t e m  as 

c o n s i d e r e d  in t h i s  s t u d y  is o f  g r e a t  e c o n o m i c  

i n t e r e s t .  T h i s  is b e c a u s e  its i m p l e m e n t a t i o n  at 

a n  a p p r o p r i a t e  t i m e  w o u l d  d e f i n a t e l y  s t o p a b a d  

s i t u a t i o n  in t h e  s y s t e m  f r o m  g e t t i n g  o u t  o f  h a n d .

A s  a c o n s e q u e n c e  o f  the p r e s e n t  s t u d y  t h e r e  

a r i s e s  a n u m b e r  o f  i n t e r e s t i n g  p r o b l e m s  w h i c h  m a y  

r e q u i r e  f u r t h e r  i n v e s t i g a t i o n .  S o m e  o f  t h e s e  

p r o b l e m s  a r e  d e s c r i b e d  b e l o w :

( a )  T h e  f a c t o r  d e p e n d e n t  t r a n s i t i o n  p r o c e s s  

needs f u r t h e r  i n v e s t i g a t i o n  so as to 

i d e n t i f y  t h e  q u a n t i f i a b l e  v a r i a b l e s  w h i c h
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a f f e c t  t he  e d u c a t i o n a l  t r a n s i t i o n  p r o c e s s ,  

( b )  The m u l t i p l e  p e r i o d  f a c t o r  c o n t r o l  pr obl e m 

n e e d s  to be i n v e s t i g a t e d  f u r t h e r ,  w i t h o u t  

f i x e d  i n t e r m e d i a t e  p r o mo t i o n  c r i t e r i a  as  i s  

t he  c a s e  i n t h i s  t h e s i s .

( c )  The s o l u t i o n  o f  t he  f i x e d  t i me  a t t a i n a b i l i t y  

p r o b l e m ne e d s  f u r t h e r  i n v e s t i g a t i o n .  In 

t h i s  t h e s i s  o n l y  an a p p r o x i ma t e  s o l u t i o n  to 

t h e  s t e p  by s t e p  p r o c e d u r e  i s  g i v e n .  The 

s o l u t i o n  o f  t he  pr o b l e m can be s i m p l i f i e d  

i f  we l i n e a r i z e  the o b j e c t i v e  f u n c t i o n ,  f o r  

e x a m p l e .  A 1 t e r n a t i v e l y , one ne eds  to know 

mor e a b o u t  d i s t a n c e  f u n c t i o n s .

d) F i n a l l y ,  there is the ' bott le  neck' e f f e c t

on the transition of pupils f r o .  one sector

0 f  t he  education s y s t e m to a n o t h e r .  T i n s  i s

as a result of the inavailability of places

for  a l l  pupils in al l  sectors of the 
t 0  cpe  for example flrmitage,

—  SyStem;i9 . See also Moya- 
Smith and Alper (1969)

n g 7 6 )and Warren and Mike (
Ange1er bility of  relevant and

, tn ava i 1 abiI "
S“hl <m n ‘r

study.
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