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SUMMARY OF CONTENTS

In deyeloping countries education patterns
are constantly changing due to rapid population
growth and other socio-economic factors. This

trend calls for transition models which incorporate

factors which are internal or external to the
system. These models are used together with the
theory of stochastic processes to define various
measures of academic retention. Estimates of these
measures are computed using the stocks and flows
data of the primary school system in Kenya. An
attempt is made to control the system in two ways.
First, control is made via some quantifiable factors
which affect the system, so as to achieve some
future desired educational characteristics,
Secondly, some desired educational characteristics
are specified and the problem is to find the
transition process that should be followed in order

to achieve the targets.

In chapter I an overview of mathematical
modelling as applied to hierarchical processes is
given. A brief description of the work already
done in the area of m9de11ing hierarchical processes
in general and education systems in particular is

also given in this chapter.
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Chapter II examines the homogeneity of the
Kenyan primary education system between 1964 to
1980. This is done by partitioning the entire
period into equal intervals and comparing the
average education characteristics of each of these
intervals. Any appreciable difference in these
characteristics would suggest departure from
homogeneity of the process over the considered

period.

The results of chapter II suggest possible
inhomogeneity in the Kenyan primary education
system. For this reason in Chapter III the
assumption of homogeneity in the education process
is relaxed. It is suggested here that the
transition process changes in time. In particular
a study is made of a number of transition models
which attempt to incorporate endogeneous factors
in the system over a period of time by means of

time dependent probability distribution functions.
\-‘—
These models are used together with the theory of

the time dependent Markov chains, to compute

various measures of academic retention.

Chapter 1V describes a model which traces
the flow of a cohort of students through the Kenyan
primary education system. For the purpose of this

study the term cohort is used to denote a group of
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students regardless of age or socio-economic
background, who enter the first grade in the same
academic year. In particular the cohort transition
model is used as an application of the more general

Markov chain model described in chapter III.

In chapter V the transition process is
modelled as a function of time dependent quantifiable
factors. The proposed model is first used to
describe some educational characteristics. Then
an attempt is made to control some of the factors
so as to achieve some desired future educational

characteristics optimally.

Finally in Chapter VI we consider a control
problem where the desired educational characteristics
are specified and we aim at finding the transition
process to be followed in order to achieve the

desired targeted characteristics optimally.

The thesis ends with a few general remarks
by way of conclusion, regarding the results obtained
in the present work and possible problems for future
research. These conclusions form the contents of

Chapter VII,

Every model proposed in the thesis has been
illustrated by computing numerical values of

several educational characteristics. The results
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of such computations are given in tables through-

out the thesis.

The theoretical contents of this thesis is
mostly based on the theory of Markov chains,
especially the time dependent Markov chains. Use
is also made of linear regression models and
statistical control theory in multivariate

regression models.
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CHAPTER I

INTRODUCTION

1.1 AN OVERVIEW OF EDUCATION PLANNING MODELS

Education activity is becoming more complex
and planning its development more difficult. This
complexity is due to a multiplicity of factors,
such as population increase, economic constraints
and so on. These factors are more pronounced in
developing countries, such as Kenya, Where

population increase is rapid.

To evolve an efficient system, educational
activities need to be coordinated, for which an
abstract realisation of the real system is necessary.
A good model will, in addition to adequately
describing the past, also give reliable estimates
for the future. In order to understand the function
of an education system, it is useful to study the
long-run implications of the present educational

structure and parameters.

Mathematical modelling has gained prominence
as a means of improving education planning. At
present there are many types of models, some deal
with the whole system, some with particular sectors
of the system and others with specific institutions.
The functional forms of the models are similarly

varied. There are stochastic models Gani (1963),



Thonstad (1967); mathematical programming models
Marshall and Oliver (1970),Mc Namara (1973),
Propoi (1978), Clowes (1972); regression models,
Pickford (1974), Young and Vassiloiu (1974), Drui
(1963); demographic models, Stone (1966), Young
(1971); computer simulation models, Baisuck and

Wallace (1970) and many other approaches.

In this study we consider stochastic models
and in particular the markovian model as applied
to education planning. A stochastic process is
one which develops in time according to probabili-
stic laws. This means that we cannot predict its
future behaviour with certainty ; the most that
we can do is to attach probabilities to the various
possible future states. Such processes occur
widely in nature and their study has provided the
impetus for the rapid development of the theory

of stochastic processes in the past few decades.

Education can be considered as a hierarchical
organisation. Students usually stay in a given
grade for one academic year and then move to the
next grade or leave the system as graduates or
dropouts. This is the basic idea of the markovian
model. When students graduate and leave the system
or when they drop out due to illness, death or poor

academic performance, the situation is akin to



transition into aﬁiﬂ[ﬁlﬂﬂ—iiiiﬁi* Transition

between grades is similar to that between non-
absorbing states. Consequently, an absorbing
Markov chain is often used, for which it is
essential to identify the transition ratios
between grades or from a grade into a final
educational qualification. These ratios can be
interpreted as transition probabilities and as
such give rise to the usual stochastic matrix.
The grades and final educations form the states

of the process.

The states of the education system will be
partitioned into two categories: non-absorbing
states corresponding to the various grades within
the system and absorbing states corresponding to
the various final educations, mortality etc.
Transition between grades is thus similar to that
between non absorbing states. dne important
aspect of this model is that it gives a good study
of the variate under consideration, the student,

from entry to exit.

Suppose the states of the education system are
denoted by the integers 1,2,3,...,N and the times
by t = 0,1,2,...: We now let pij(t) denote the
probability that a student in state i at time t

will transfer to state j at time (t+1). This will



give rise to the transition matrix

P(t) = ((py5(t) ), 1,3=1,2,...,N

If we further assume that the system has r
absorbing and s non-absorbing states, then the

transition matrix will have the canonical form,

!
(@)

P(t)

[}

where:

I is an rxr identity matrix giving transition

probabilities between absorbing states;

0 is an rxs matrix of zeros giving the
transition probabilities from absorbing to

non-absorbing states;

G(t) = ((9;,(t) )) sxr, where g. (t)'s are
the probabilities that a student in grade
i at time t will graduate with final
education k at time (t+1), i=1,2,...,s
and k=1,2,...,r;

and

Q(t) = <(q1j(t) )) sxs, where g, (t)'s are
the probabilities that a student in grade
i at time t will be in grade j at time
(t+1); i,5=1

2 .,S.

9 5 o *



The diagonal elements of Q(t), qii(t)'s are the
probabilities of a student repeating grade i

?

i=1,2,...,s. There is sometimes a tendency for

a student obtaining a final education from the
same school activity in which case we would have
only one element in each column of G(t). However,
in most cases persons who successfully complete

a given final education often try for a year or
more at a more advanced school activity, thus, it

is reasonable to classify them as having the

education they finally successfully completed.

If a person is in one of the r final educations
we shall say that he(she) is absorbed so that he(she)
will not leave that state. This assumption could
slightly be modified by introducing the probabilities
of returning to certain types of schools after some
time of work, illness etc. This may include,
retraining of working staff, adult education
programs and so on. It should be noted that the
rows .- - of Q(t) and G(t) all add to one, since a
student either goes to one of the s school activities
or leaves the school activities thus ending up in
one of the r final education categories.

We now define,

nij(t) to be the number of students in

state i at time t who go to state j



at time t+l. We shall call these values

the flows at t;

and
n;(t) to be the number of students in state
i at timet. These we shall call the
stocks at time t.
Then

J

Inm~m=Z2

]”ij(t) = ni(t)

and for each nij(t) there is associated a
probability pij(t) of moving from state i at time t

to state j at time t+ 1, so that

For a large population size we may therefore assume

that the flow sequence at time t,

{ni](t), niZ(t)""’niN(t)}

has a multinomial distribution given by

n. . . .
f(ﬁi](t)’niZ(t)""’niN(t2> = TC Tp.s(t) '

So, the maximum likelihood estimate of pij(t) will

be

A

pi(t) = nys(0)/ni()s 4,5 = 1.2, N,



which is the proportion of persons in state i at
time t who go to state j at time t+1,
Next, the probability distribution at time t

is

p(t) = (py(£).p(t),0. by ()]

where,

pi(t) is the probability of an individual
being in education category i at time

t, i = 1,2,...,N.

If we consider the number of students or people in
state i at time t as a random variable which takes
the value ni(t) with probability pi(t) for

i =1,2,...,N; then the stock sequence at time t,

{n](t),nz(t),...,nN(t)}

can be assumed to have a multinomial distribution

given by

N
N(t J
fé\](t),nz(t N(t)> I]I pj(t)

where,
N
N(t) = T n_(t),
j=1
is the total number of people in the system at time
t. The maximum Tikelihood estimate of pi(t) is

therefore



Pi(t) = ni(t)/N(t), i = 1,2,...,N;

which is the proportion of persons in the various

educational categories at time t.

When t = 0, for some base year, then

p(0) = (p1(0),p5(0),.-.,py(0))

is the initial probability vector.

An important property of an absorbing Markov
chain is that the probability of the system being
absorbed tends to one as the number of trials gets
larger. That is, the components of G(t), gik(t)'s,
tend to one as the number of trials increase and so

the components of Q(t), q..(t)'s, tend to zero as

1]
the number of trials increase. If we therefore
consider higher transitional probabilities and their
Timiting values with reference to the matrix P(t)

we can make the following interpretations.

(a) The probability that a student now in
school grade i will be in any of the
school grades n years later is interpreted
as the fraction of students now in school
grade i who will still be in school n
years later._ It is called the School

Staying Ratio.

(b) The probability that a student in grade i

will graduate with a final education k is



interpreted as the proportion of
students now in grade i who will graduate
with final educational qualification, k,

n years later. It is called the drop-

out ratio. The proportion of students

now in grade i who drop out from school
with final educational qualification k
within n years is called the school

completion ratio and is an important

factor in manpower supply.

(c) The expected number of years left for
students in grade i before graduating
with any of the final educations is
interpreted as the average length of
time remaining for students now in grade
i before graduation., It is called the

School survival time.

(d) The expected number of school years left
for any -of the students in school now,
before graduating with any of the final

educations is interpreted as the average

e

length of time remaining for any student

-=

in school now before graduating. It is

called the expected length of schooling.

Generally probabilities are interpreted as

proportions or fractions while expected values are
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interpreted as average values. The characteristics
of the type cited above, together with the grade
structures, once obtained may be used to estimate
additional educational characteristics. These

may include; cost of education upto completion;
staffing and capital requirements; pupil performances
etc. Some of these measures for the Kenyan primary

education system are illustrated in Owino (1982).

Most of the characteristics of the type cited
above are directly or indirectly a consequence of
the systems promotion criteria. In order to avoid
ending up with undesired characteristics in the
education system, there is a need to apply some
control strategy in the system. This is because,
for example, a reasonable Tooking promotion
criterion in an education system.could lead to
unreasonable resource allocation within the states
of the system. Mofe specifically, some desired
future characteristics may be specified and one
would then wish to find the transition process to
be adapted so as to reach them. This type of
problem is of great importance since its implemen-
tation at an appropriate time would stop a bad

situation from getting out of hand.
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1.2 BRIEF LITERATURE REVIEW

One of the early markovian models for educ-
ation planning was proposed by ani (1963) who
used it to forecast enrolment and degrees awarded
in Australian Universities. Since then many
similar models have been discussed. Among the
more substantial contributions, Thonstad's (1969)
book on education planning makes an extensive use
of stochastic models. Prior to the publication of
this book, Thonstad (1967) had applied the
markovian model to the Norwegian education system
and reported some of his findings in an 0.E.C.D.
meeting. Other contributions include Uche (1978a,
1978b, 1980, 1982) who applies markovian model to
the Nigerian education system} Applications of the
Markov chain model to the Kenyan primary education
system include Owino (1982), Khogali (1982),
Odhiambo and Owino (1985), Odondo (1985), Odhiambo
ahd Khogali (1986) and Owino. and Philips (1989).
In these applications, several educational
characteristics such as drop-out ratios, school
survival time, staying ratios, cost of education
and many others were computed. More specifically
Owino (1982) compares the education characteristics
between sexes, for the Kenyan primary education
system; Khogali (1982) considers a cohort type

analysis of the system; Odondo (1985) compares
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the educational characteristics within provinces

of the country. Recently Owino and Philips (1989)
have looked at the problem of homogeneity of the
system by comparing the educational characteristics
before and after 1972. This study suggested that
the Kenyan primary education has not stayed

homogeneous over time.

Other substantial contributions of stochastic
models to educational planning include Armitage,
Philips and Davies (1970); Johnstone and Philip
(1973); Johnstone (1974); Moore (1975); Balinsky
and Reisman (1973); Barthomomew (1975) and Mark
Blang (1967). These works generally apply the
probabilistic approach to study the stocks and
flows patterns of some hierachical organizations,
In particular Marshall (1973) compares enrolments
at a university in California using both the Markov
and the cohort model approaches. See also Marshall

(1975) and Marshall (1971).

Apart from trying to identify the long run
implications of the present propensities of an
educational system, there is interest in what should
be done to alter the future outcomes of the system.
This is the process of exercising some control in
the system. Several authors have looked at this

problem of control for various hierachical systems.
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These include; Davies (1973) and Davies (1975)

who look at the control problem based on grade
Structures in manpower systems. In the later study
he considers the maintainability of grade structures
in a graded system through recruitment control.
Other app11catioﬁs on control include, Grinold and
Stanford (1978) and Uche (1984). These works
consider the control problem as applied to some
graded manpower systems. Bartholomew (1982) gives
a detailed consideration of fhe grade structural
control problem in-hierachical organizations in

terms of the flow in the system.

It should be noted that the educational system
is just one of the fields of study in which stoch-
astic models have been successfully applied. In the
neighbouring area of demogréphy Keyfitz (1968) has
provided a basic source of methodology for mathema-
tical analysis of population. White's (1970) work
on chains of opportunity is a detailed study of job
mobility based on the idea of modelling the flow of
vacancies through the system.. Buying behaviour
has been studied as a stochastic process see for
example Cha tfield and Goodhart (1970),
Quantitative geographers have. shown a growing
interest in stochastic methods, much of it stimulated

by the pioneering work of Hugerstrand (1967) on the
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diffusion of innovations. The use of stochastic
models in studying spread of epidemics and rumours
is also important; Becker (1968), Daley and Kendall

(1965) and so on.

The developments refered to above which have
taken place in recent years have been almost
overshadowed by the rise of interest in manpower
planning. Most of the new work in this area has
been published in volumes of conference proceedings
including Wilson (1969), Smith (1971) and
Bartholomew and Smith (1971); see also Bartholomew
(1982), Bartholomew (1973), Bartholomew and Forbes
(1979), Sales (1971), Glen (1977), VAssoliou (1976)
and Butler (1971).

Another important area of application of
stochastic models is ecology and pest control;

see for example Pielou (1976).

1.3 OBJECTIVE OF THE STUDY

The aim of the present study is to assess the
long run implications of the present educational
propensities. For example what is the long run
implications of the present educational properties?
What proportion of todays students will finally
emerge from the present lot with a given final

educational qualification? And so on. All these
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implications are important in a country's manpower
and economic planning. In many educational planning
exercises, for example, forecasting of enrolments,
graduations, and so on, quite a number of ratios

are used. For instance it is assumed that a given
proportion will proceed to another school category
and so on. Those ratios are obviously affected by

a number of factors, like, the capacities of the
schools, admission policies, availability of funds
for running the schools etc. [see for example; the
General discussions on projections of student
numbers in higher education in the J.R. Statist. Soc.
Soc.A (1985); Uche (1978); and Le'gare (1972)].

It is thus important to study the expected future
characteristics in relation to some of these factors.
More specifically the objective of this thesis is

to develop statistical models, based gn the theory

of absorbing Markov chains, for studying:

(i) Enrolment patterns
(ii) The school staying ratios and drop-out
rates
(iii) The school survival times
(iv) The expected length of schooling by any
pupil in the system
(v) The possible plan of action associated

with controlling future system outcomes.
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The study is divided into five broad headings

as follows:

(a) The homogeneity of the educational
transition process.

(b) Models based on time dependent Markov
chains.

(c) Models based on a generalised cohort
analysis.

(d) Models for estimating and controlling
academic survival,

(e) The problem of attainability and maintain-
ability of characteristics of an education

system.
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1.4 BRIEF OUTLINE OF WORK DONE IN THIS THESIS

In this thesis we have used the Markov chain
model to study various characteristics of an
educational system. Most of the studies cited in
section 1.2 assume that the transitional probabili-
ties are constant, which is convenient for purposes
of analysis. In this study we have adjusted this
assumption and considered situations where the
probabilities change with time. An attempt has
been made to study the functional relationship
between transition rates and factors such as
admission policies, availability of scholarships,
spcial and political factors. All these factors

are bound to change with time.

To justify the above considerations, the study
begins by examining the homogeneity of the Kenyan
primary education system via the educational
characteristics, of the types mentioned earlier,
over various equal time periods. This enables us
to apply the theory of homogeneous Markov chains
to study the flow process in-each of these periods,
by computing the corresponding characteristics.

Any appreciable difference in these characteristics
suggests departure from homogeneity of the process,
over the entire period of consideration. The Kenyan

primary education system is found to be inhomogeneous



18

over time. Furthermore, @ chi-square test based
on flow values shows that the transition process
is inhomogeneous. This suggests therefore that
the system changes withltime, which leads to the

study of the time dependent process.

In studying the time dependent models we have
considered the transition probabilities pij(t)‘s
as probabilities of occurrence of a random process
with a corresponding distribution function, F(t),
defined on the time domain. We have suggested some
probability transition models, which are found to
be useful in describing the transition process on
the basis of a goodness of fit test. These probab-
jlity transition models are then used to obtain the
educational characteristics using the theory of the

inhomogeneous Markov chains.

A further consideration of the system is made
via the generalised cohort analysis to study the
flow of a particular cohort of students through
the education system. For the purpose of this
study, the term cohort is used to denote a group
of students regardless of age or socio-economic
background who enter the first grade in the same
academic year. The applications of the generalised
cohort model are given on the basis of the time

dependent probability transition models,
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The study then considers the inhomogeneous
transition process in terms of the effects of
quantifiable factors which may change in time.
Measures of academic retentions are obtained
under this consideration. Using the multivariate
control theory as described in Press (1982), an
attempt is made to control some of the factors so
as to attain some desired future educational
characteristics. The main advantage of this
variable dependent approach is that it takes into
account factors which affect the system's transi-
tional process. This implies that, which ever
assumption on the transition process we opt for
in future, the procedure gives a plan of action
to be taken on the controllable factors so as to

attain the goal.

The other type of problem investigated in this
thesis is that of attainability and maintainability
of desired educational characteristics. In this
case, desired characteristics are specified and the
problem is to obtain the transition process to be
followed so as to achieve them. A condition for
maintainability for some characteristics of the
process is obtained in the form of a system of
linear equations.dependent on the system growth

rate. Following the identification of the
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maintainable characteristics, an investigation
is made into the methods of solution to the problem

of attainability of the characteristics.

Each of the models introduced in this thesis
has been illustrated by computing numerical values

of the characteristics derived under the models.
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CHAPTER 11

THE PROBLEM OF HOMOGENEITY IN AN EDUCATION SYSTEM

2.1 INTRODUCTION

In earlier studies on the Kenyan primary
education system it was assumed that the transition
process remained homogeneous over the entire time
period, extending from 1964 to 1980. The changes
that have taken place over this period include;

(i) making primary education available to all,

(ii) abolishing building funds,
(iii) formation of Parents Teachers Associations
(PTAs) to help run schools,
and many others. These changes justify the need to
check for any variations in the average education

characteristics over various time intervals.

In this chapter we study the average flow rates
for the periods 1964-1969, 1969-1974 and 1975-1980.
This is done in order to examine the homogeneity of
the transition process over the entire time peri&d.
It is assumed that within each of the three time
periods, the transition process is homogeneous.

This enables us to apply the theory of homogeneous

Markov chains to study the flow process in each

——

period. The homogeneity of the process over the

entire period is examined in terms of the following
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educational characteristics:
(i) the school retention rates,

(ii) drop out rates,

(ii1) completion rates
(iv) survival times, and
(v) expected length of schooling.
Any appreciable difference in these characteristics
between the time periods will suggest departure
from homogeneity of the process over the entire

period.

The data used for the analysis is based on the
first seven grades of the process, that is grades

one to seven.

2.2 THE MODEL

The states of the education system are denoted
by 1,2,...,N; where N is the number of possible
states. Let the transition matrix be denoted by
P = (Kbij(t))> where pij(t) is the probability of
moving from state i to state j in the time interval
(t,t+1). Suppose that observations are available
over T time periods denoted by t = 1,2,...,T;
representing the periods between 1964 and 1980,
Suppose that the time period can be further
partitioned into % time intervals so that the u-th

time interval is of size T allowing for over-

u’
lapping if necessary. We can then write the ¢ time
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intervals as;
t = T]+]’ T]+2,...,T~I+T]; t = T2+],T2+2,-..,

To*tos .- t = T2+1,TL+2,...,T Sy where

L

T.+41 =1 and T, +1., = T.

1 2 2

The u-th time interval is then

t = Tu+],Tu+2,...,Tu+Tu for wu=1,2,...,%.

If 19 = 1,=..517,, then the intervals are of equal

size.

Suppose that the transition process 1is homo-
geneous over the u-th interval. The transition

matrix for this interval is then given by

P, = ((upij>>,u=],2,...,2-- (2.1)

The maximum likelihood estimates of the u-th

transition probabilities are given by

R Tu+Tu Tu+Tu
pi:: = I n,.(t) L n.(t) (2.2)
utiJ t=T +1 i t=T +1 ! =

where, nij(t) is the number of pupils who move
from grade i to grade j in the time interval

(t,t+1) and n;(t) is the number of pupils in grade

i at time t. That is, nij(t) and ni(t) are respect-

ively the flows and stocks at time t. These

estimates will be used to compute the educational
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characteristics mentioned above, for each time

interval u.

Suppose the education system consists of r
absorbing and s non-absorbing states, where r+s = N.
Then the transition matrices for the u-th time period can be

expressed in the following canonical form:
P = (2.3)

for u=1,2,...,2. In this canonical representation,
I is an rxr identity matrix of transitions between
absorbing states; 0 is an rxs matrix of zeros
giving transitions from absorbing to non-absorbing
states; G, = ((ugik)) is an sxr matrix which gives
the transitions from non-absorbing to absorbing
states and Q, = ((uqij)) is an sxs matrix giving

the transitions between non-absorbing states.

The n-step transition matrices according to

each of the time periods wu=1,2,...,2, are

Plgn) = ((upfg)))$ i,j=]923'°‘:N° (2.4)

Assuming a one-step markov process, we have,

p(m) - pn
u u
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— n
I 0
6, O
- -
- , ] (2.5)
n- n
(140,10t 20T )6y, Q

The n-step transition matrix Pén) for the u-th
period gives the n-step probabilities during this

time interval.

2.3 RETENTION PROPERTIES OF THE EDUCATION SYSTEM
WITHIN EACH OF THE TIME PERIODS.

In this section we obtain expressions for the
school retention ratios, drop out and completion
rates, the expected length of schooling and the
school survival times, for each of the time periods.
We examine the homogeneity of the education system
by comparing the.flow rates for the three time
periods: 1964-1969, 1969-1974 and 1975-1980. This
entails comparing the above educational character-

istics for these periods.

School Retention Rates

During the u-th time period, the probability

that a student in grade i will be in grade j.n years
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later, is the (i,J)-th entry of the matrix QS;
that is qug). The probability that the student
will be in any of the s school grades is the sum
of the elements of the i-th row of QS, which we
denote by qun). That is

qun) ) jg] qug) : i=1,2,...,8; n=0,1,2..
(2.6)
This is the i-th entry of the column vector QS;,
where j is an sxI column vector of ones. It is

called the school retention rate.

Tables 1(a)- 1(g) give the school retention
rates for the Kenyan primary education system for
the periods 1964 - 1969, 1969 - 1974 and 1975 -1980.
Each entry consists of three values corresponding

to the three respective time periods.
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Table 1(a): Fraction of pupils in grade 1 who will be in grade
J, n years later and the retention rates.

grade j retention
1 2 3 4 5 6 7

n-years rates
.0336 .8824 9160
1 .0323 .8164 .8487
.0840 .7413 .3253
.0011 .0618 .8219 .3848
2 .0010 .0589 .759%4 .8193
.0071 .1251 .6136 .7458
.0000 .0033 .0880 .7597 .3510
3 .0000 .0032 .0876 .6936 .7844
.0006 .0158 .1565 .5155 .6884
.0002 .0063 .1110 .6658 .7833
4 .0001 .0068 .1113 .6100 .7287
.0018 .0266 .1730 .4271 .6345
.0000 .0004 .0101 .1199 .5999 .7303
5 .0000 .0004 .0113 .1276 .5455 .6848
.0002 .0038 .0388 .1901 .3653 .5982

.0000 .0007 .0130 .1395 .5358| .6890
6 .0000 .0009 .0161 .1518 .4935| .6623
.0005 .0067 .0508 .2079 .2855| .5514
.0000 .0005 .0011 .0190 .2077| .2283
7 .0000 .0001 .0016 .0248 .2141 .2406
.0001 .0010 .0106 .0692 .2029| .2838

.0000 .0001 .0020 .0492| .0513
8 .0000 .0001 .0031 .0558| .0590
.0001 .0019 .0176 .0828| .1024

.0000 .0002 .0094| .0096
9 .0000" .0003 .0151 .0154
.0003 .0038 .0255( .0296

.0000 .0016| .0016
10 .0000 .0021 .0021
.0007 .0066| .0073
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Table 1(b): Fraction of pupils in grade 2 who will be in
grade j, n years later and the retention rates.
grade j retention

n-years 2 3 4 5 6 7 rates
.0364 .9315 .9679

1 .0399 .9302 .9701
.0847 .8277 9124

.0013 .0683 .8609 .9305

2 .0016 .0773 .8496 .9285
.0072 .1415 .6955 .8442

.0000 .0038 .0968 .7545 .8551

3 .0001 .0048 .1095 .7472 .8616
.0006 .0181 .1830 5761 .7778

.0000 .0002 .0073 .1105 .6798 .7978

4 .0000 .0003 .0094 .1322 .6682 .8101
.0001 .0021 .0321 .,2080 .4929 .7352

.0000 .0005 .0101 .1352 .6072 | .7530

5 .0000 .0007 .0146 .1643 .6046 | .7842
.0002 .0047 .0470 .2390 .3851 .6760

.0000 .0007 .0162 .2149 | .2318

6 .0000 .0013 .0244 .2427 | .2684
.0006 .0085 .0698 .2413 | .3202

.0000 .0000 .0015 .0478 | .0493

7 .0000 .0001 .0028 .0599 | .0628
.0001 .0013 .0159 .0887 | .1060

.0000 .0001 .0088 | .0089

8 .0000 .0003 .0119 | .0122
.0002 .0031 .0250 | .0233

.0000 .0015 | .0015

9 .0000 .0021 .0021
.0006 ,0060 | .0066

.0000 .0002 |.0002

10 .0000 .0004 | .0004
.0001  .0013 |.0014
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Table 1(c): Fraction of pupils in grade 3 who will be in
grade j, n years later and the retention rates.

grade j retention
n-years { 3 4 3 6 7 rates
.0369  .9243 9612
1 .0432  .9133 .9565
.0863  .8403 » .9266
.0014  .0702 .8100 .8816
2 .0019  .0813 .8032 .8864
.0074  .1499  .6960 .8533
.0001 .0040  .0891 .7298 .8230
3 .0001 .0054  .1101 .7183 .8339
.0006  .0201 .1924 5955 .8086
.0000 .0002 .0065 .1186  .6519 J772
4 .0000 .0003 .0101 .1480  .6499 .8083

.0001 .0024 0355 .2383  .4653 7416

.0000 .0004 .0121 .2070 .2195
5 .0000 .0008 .0192 .2350 .2550
.0003  .0055 .0599 .2521 3178

.0000 .0010 .0429 .0439
6 .0001 .0020  .0540 .0561
.0008 .0121 .0825 .0954

.0000  .0001 .0075 .0076
7 .0000 .0002 .0102 .0104
.0001 .0021 0211 .0233

.0000 .0012 .0012
8 .0000 .0018 .0018
.0003  .0047 .0050

.0000  .0002 .0002
9 .0000  .0003 .0003
.0001 .0009 .0010

.0000 | .0000
10 .0000 | .0000

.0002 .0002
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Table 1(d): Fraction of pupils in grade 4, who
will be in grade j, n years later
and the retention rates.

grade j retention

n-years 4 5 6 7 rates
.0391 .8764 .9155

1 .0458 .8794 .9252
.0921 .8284 .9205

.0015 .0640 .7896 .8551

2 .0021 .0825 .7865 .8711
.0085 .1575 .7087 .8747

.0001 .0035 .0991 .7053 .3080

3 .0001 .0054 .1101 .7183 .8339
.0008 .0225 .2225 .5537 .7995

.0000 .0002 .0084 .1979 .2065

4 .0000 .0004 .0140 .2266 .2410
.0001 .0028 .0468 .2523 .3020

.0000 .0006 .0381 .0387

5 .0000 .0013 .0480 .0493
.0003 .0082 .0723 .0808

.0000 .0064 .0064

6 .0001 .0086 .0037
.0013 .0167 .0180

.0000 .0010 .0010

7 .0000 .0014 .0014
.0001 .0034 .0035

.0002 |..0002

8 .0002 .0002
.0006 .0006

.0000 .0000

9 .0000 .0000
.0001 .0001
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Table 1(e): Fraction of pupils in grade 5 who

will be in grade j,n years later
and the retention rates.

grade j retention
n-years 5 6 7 rates
.0340 .9010 .9350
] .0480 .8943 .9423
.0980 .8555 .9535
.0012 0779 .8048 .8839
2 .0023 .1047 .8091 L9161
.0096 .1898 .6684 .8678
.0000 .0051 .1943 .1994
3 .0001 .0093 .2206 .2300
.0009 .0317 .2430 .2756
.0000 .0003 .0347 .0350
4 .0000 .0007 .0427 .0434
.0001 .0047 .0592 .0640
.0000 .0057 .0057
5 .0001 .0073 .0074
.0007 0121 .0128
.0000 .0009 .0009
6 .0000 .0012 .0012
.0001 .0022 .0023
.0001 .0001
7 .0002 .0002
.0004 .0004
.0000 .0000
8 .0000 .0000
.0001 .0001
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Table 1(f): Fraction of pupils in grade 6 who

will be in grade j, n years later
and the retention rates.

grade j retention
n-years 6 7 rates
.0525 .8932 .9457
1 .0691 .9048 .9739
.1239 .7814 .9053
.0028 .1854 .1882
2 .0048 .2032 .2080
.0153 .2075 .2228
.0001 .0312 .0313
3 .0003 .0359 .0362
L0019 0414 .0433
.0000 .0050 .0050
4 .0000 .0059 .0059
.0002 .0073 .0075
.0008 .0008
5 .0009 .0009
.0012 .0012
.0001 .0001
6 .0001 .0001
.0002 .0002
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Table 1(g). Fraction of pupils in grade 7 who

will be in grade j, n years later
and the retention rates.

grade J retention
n-years 7 rates
1550 1550
] 1555 1555
1416 1416
.0240 .0240
2 .0242 .0242
.0201 .0201
.0037 .0037
3 .0038 .0038
.0028 .0028
.0006 .0006
4 .0006 .0006
.0004 .0004
.0001 .0001
5 .0001 .0001
.0001 .0001
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Comments on Tables 1(a) - 1(g)

The average promotion rates for all the grades
before 1969 was 0.8934; between 1969 and 1974 it was
0.8833 and after 1974 it was 0.8190. This indicates
a drop in the average promotion rate of about 8%.
The corresponding average repeat rates increased
from 0.0554 to 0.0620 and then to 0.0895 over the
periods. This is an overall increase in repeat

rates of about 62%.

Before 1969 the proportion of grade one pupils
still in school after the first year was 0.9160;
between 1969 and 1974 this proportion was 0.8487
and after 1974 it was 0.8253. This indicates a
high retention rate for the pre-1969 system during
the first year of schooling. These proportions
were 0.8848, 0.8193 and 0.7458 after two years of
schooling for the three time periods respectively.
After eleven years of schooling the proportions
were respectively 0.0003, 0.0004 and 0.0016. This
indicates that in the long run the post 1974 pupils
stayed longer in school than their earlier counter-
parts. We can make similar deductions for pupils
who were already in any of the other grades. For
example, the proportion of grade seven pupils still
in school after one year were respectively 0.1550,

0.1555 and 0.1416. After three years these
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proportions were respectively 0.0037, 0.0038 and
0.0028. This seems to reflect the fact that after
1974, grade seven pupils left the system faster

than during the earlier periods.

School Drop-out and Completion Rates

The probability that a student entering grade
i graduates n years later with final education k

is given by

(n-1)

) ;
: udij udjk> 121 yymans®) ¥=21,2,.,

(n
1k

I~ ;m

g )
4 j

(2.7)

for the u-th time interval. This quantity is the

n-1

(i,k)-th entry of the matrix product Q, G for

u -
n=1,2,..3. It is called the drop-out rate.

Summing the left hand side of equation (2.7) from
n=1 to n=w, we get the probability of graduating
with final education k within w years. We denote

(w)

this sum by uaik and write

W (n)
—(w
Ug'(lk) = § Ug'lk ’ ]"]:23 ,S, k=]32’ ,Y‘

n=1

(2.8)
This is the (i,k)-th entry of the matrix sum,

w-1
rqQ'a ,
n=p U U

and is interpreted as the school completion rate.
e ‘A\“u‘:

v
G gRRY
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It is an important factor in manpower planning.

The sum to infinity

(n)
) ugik

™~ 8

n
exists since for an absorbing Markov chain

1im QS - 0.

n->o

This means that the matrix series I QSGu converges.
n=0

We call this infinite sum the school absorbing rate

and denote it by ugik. That is

- - (n)
. = z .

udik el udik (2.9)
and so uaik is simply the (i,k)-th entry of the
matrix

o.n

Q.G .

nep U U

Table 2 below gives the school absorbing rates

for the Kenyan primary education system for the
periods 1964-1969, 1969-1974 and 1975-1980 respect-

ively.
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Table 2. Fraction of pupils who drop out from grade j within

X years.
grade j
m 1 2 3 4 5 6 7

.0840 .0321 .0388 .0845 .0650 .0543 .8450
1 .1513 .0299 .0435 .0748 .0577 .0261 .8445
L1747 .0876 .0734 .0795 .0465 .0948 .8584
L1152 .0695 .1184 .1449 .1161 .8118 .9760
2 .1807 .0715 .1136 .1289 .0839 .7920 .9758
.2542 .1558 .1467 .1253 .1322 .,7772 .9799

.1490 .1449 .1770 .1920 .8006 .9687 .9963
3 .2156  .1384 .1661 .1661 .7700 .9638 .9962
3116 .2222 .1914 .2005 .7244 ,9567 .9972

2167 .2022 .2228 .,7935 .9650 .9950 .9994
4 2713 1891 1917 .7590 .9566 .9941 .9994
.3655 .2648 .2584 .6980 .9360 .9925 .9996

.2697 .2470 .7805 .9613 .9943 ,9992 .9999
5 .31562 .2158 .7450 .9507 .9926 .9991 .9999
4018 .3240 .6823 .9192 ..9872 .9988 .9999

3110 .7682 .9561 .9936 .9991 .9999 . |
6 .3377  .7316  .9439 .9913 .9988 .9999 1
.4486 .6798 .9046. .9820 .9977 .9998 1

7717 9507  .9924 .9990 .9999 1 1
7 .7594 ,9372 .9896 .9986 .9998 1 1
7162 .8940 .9767 .9965 .9996

—r
-—

9487 ,9911 ,9988 .9998 1

1 1

8 9410 .9878 .9982 .9998 1 1 1
8976 .9717 .9950 .9994 .9999 1 1

.9904 ,9985 .9998 1 ] ] ]

9 9846 .9979 9997 1 ] 1 1
.9704 .9934 .9990 .9999 1 ] 1

.9984 ,9998 1 1 1 1 1

10 .9979 .9996 1 1 1 1 ]
9927 .9986 .9998 1 1 ] ]
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Comments on Table 2

From Table 2 we observe that, before 1969,
the proportion of grade one pupils who dropped out
from school after one year was 0.0840. This
proportion was 0.1513 between 1969 and 1974 and
it was 0.1747 after 1974. For a grade seven pupil,
the proportions were 0.8450, 0.8445 and 0.8584,
for the three respective periods, after one year.
Similar values can be obtained for other years.
For example, the proportions ofigrade one pupils
who dropped out éfter eight years were 0.9487,
0.9410 and 0.8976 respectively. All the grade
seven pupils would have dropped out of the system

after six years.

The School Survival Time

Let uTn be the number of years a student

spends in grade j during the first n years after
entering grade i, for each of the & time intervals,
u=1,2,...,2. Then E qu] is the expected length
of time such a student spends in grade j, during
the first n years of schooling. We shall denote

this quantity by Q(n).

i Thus by definition of

E[uTA] we can write

W50 7 e[t
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RIS

o udi (2.10)

Note that uﬁgg) is Jjust the (i,j)-th element of

n
the matrix sum z Qz . Let

h=0

ubn ° ((uﬁgg)))3 .1,j=1,2,...,s

Then we can write
n

Y
The quantity uzgg) is called the expected length
of stay in school grade j during the first n years
of schooling, for a student entering school grade
i. Summing the rows of uLn we obtain the school
survival times for students in grade i during the
next n years of education.

The infinite sum

> 4h
Ly = 2 Q, > . 2.11
u heo Y N ( )
exists since lim Qh = 0. The elements of L , which
h—+o u u

we denote by uzij’

give the expected lengths of
stay in school grade j by those entering grade i.
The sums of the rows of L, g9ive the expected

survival times in school by those in grade i.

Table 3(a) below gives the expected length of stay
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in grade j by those in grade i and the school

survival times.

If we let udij denote the probability that
an entrant into grade i spends some time in grade
j before leaving the system, then the expected
length of stay in school grade j by those in

grade i is given by

Fig T Gig) Gtag) O-udij x 0 (2.12)

from which we obtain,
wdij = u’%‘j/u"jj (2.13)

Thus to obtain the probabilities of reaching grade
j from grade i we need simply divide the elements
of each column of Lu by the diagonal element of
that column. Table 3(b) below gives these

probabilities for each of the three time periods.
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Table 3(a) Expected length of stay in grade j by pupils in

grade i and the survival times.

grade j Survival

grade i times

1.0348 .9476 .9166 .8816 .7998 .7605 .8040| 6.1449
1 1.0334 .8786 .8542 .8178 .7553 .7256 .7774|( 5.8423
1.0918 .8842 .8009 .7413 .6808 .6646 .6051| 5.4687

1.0378 1.0038 .9655 .8759 .8329 .8804| 5.5963
2 1.0415 1.0126 .9692 .8954 .8601 .9216| 5.7004
1.0926 .9897 .9160 .8411 .8214 .7476| 5.4084

1.0384 .9987 .9061 .8616 .9108| 4.7156
3 1.0452 1.0004 .9242 .8878 .9512| 4.8088
1.0944 1.0129 .9302 .9083 .8268| 4.7726

1.0406 .9441 .8977 .9490| 3.8314
4 1.0480 .9681 .9300 .9965| 3.9426
1.1015 1.0115 .9877 .8991{ 3.9998

1.0352 .9843 1.0406{ 3.0601
5 1.0504 1.0091 1.0812] 3.1407
1.1086 1.0825 .9854| 3,1765

1.0554 1.1157| 2.1711
6 1.0742 1.1509| 2.2251
1.1414 1.0390| 2.1804

1.1835( 1.1835
7 1.1842| 1.1842
1.1650| 1.1650
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Table 3(b) The probability of reaching grade j from grade 1i.
grade j

grade i

1 9132 .8827 .8472 .7726 .7206 .6793
1 1 .8436 .8173 .7802 .7191 .6755 .6565
1 .8093 .7318 .6730 .6141 .5824 .5194

1 9667 .9278 .8461 .7892 .7439

2 1 .9688 .9248 .8524 .8007 .7782
1 9043 .8316 .7588 .7196 .6418

1 .9597 .8753 .8164 .7696

3 1 .9546 .8799 .8265 .8032

1 .9196 .8391 .,7958 .7097
1 9120 .8506 .8019

4 1 .9216 .8658 .8415
1 .9124 .8653 .7718

1 .9326 .8793

5 1 .9394 .9130
1 .9484 8458

1 .9427

6 1 .9719
1 .8918
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Comments on Tables 3(a) and 3(b)

From Table 3(a) we notice that, a new entrant
into school before 1969 took an avefage of 6.1449
years in primary school, while during the period
1969-1974 the average survival time in school was
approximately 5.8423 years. After 1974 the average
survival time was 5.4687 years. This seems to
suggest that after 1974 pupils took a much shorter
time in primary school than during the earlier
periods. These observations can be made for pupils
in the other grades. For example, for pupils in
grade two the average survival times were 5.5963,
5.7004 and 5.4084 years respectively, for the three
time periods. For a grade seven pupil the average
survival times were respectively 1.1835, 1.1842

and 1.1650 years.

From table 3(b) we observe that before 1969
a new entrant in primary school had a probability
of 0.6793 of reaching grade seven, while during the
periods 1969-1974 and 1975-1980 the probabilities
of a new entrant reaching grade seven were 0.6565
and 0.5194 respectively. For a pupil already in
grade two, the probability of reaching grade seven
was 0.7439 before 1969, it was 0.7782 between 1969-
1974 and 0.6418 after 1974. Obviously for a grade

seven pupil these probabilities were al} equal to
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one, since they were already in grade seven.

Expected Length of Schooling

Let

p(t) = (b (1) Pol(t),eerspy(t) (2.14)

be the proportions of students enrolled in the
various grades at time t. These proportions may
be estimated from the stocks data by

N
pi(t) = ny(t)/ Eon(e) (2.15)

i=]

Writing absorbing states first, the vector in (2.14)

may be partitioned as

p'(t) = <g‘(t), g'(t)) (2.16)

where, u(t) is a vector of proportions in the final
or absorbing grades and q(t) is the vector of
proportions in the school grades, all quantities

considered at time t.

The expected length of stay in the various

school grades by any of these students during the

next n years are the components of the vector

g'(t),Ly-
The expected length of stay in school by any of

the students during that period is therefore,
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where j is an sxl vector of ones. Taking limits

as n becomes large, we have

lin g'(t),b, = @' (t)L, (2.17)
Thus q'(t)L, is a vector which gives the expected

- u

length of stay in the various grades for any of

the students. It follows that

' (t)L, 3

gives the expected length of schooling (E.L.S) in

the school system by any of the students.

That is,

E.L.S = g'(t)L, J (2.18)
Table 4 below gives the length of schooling

" in grade j by any pupil and the expected length of
schooling by any pupil for each of the three time

periods.
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The expected length of schooling in grade j and the

overall expected length of schooling by any student in the

system.
expected
Grade length of
J 1 2 3 4 5 6 7 |schooling
Expected
length of |.2388.4096(.5410}.6518].7117(.7968|.9482| 4.2979
schooling
in .2385(.39431.5292|.6389(.7123|.8065|.9700{ 4.2897
grade j
.25201.4050|.51951.6199].6983|.81161.8430| 4.1493

Comments on Table 4.

From Table 4 we observe that, for the period

before 1969, any pupil considered at random was

expected to take 0.2388 of a year in grade one.

Between 1969-1974 and after 1974, any pupil

considered at random was expected to take 0.2385

and 0.2520 of a year, respectively,

in grade one.

This time increases with the primary school grade

so that any pupil considered at random is expected

to take 0.9482, 0.9700 and 0.8430 of a year in

grade seven, for the three respective time periods.

Any pupil considered at random for the period

before 1969 was expected to take, on the average,

4.2979 years in primary school regardless of their
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initial grade. For the periods 1969-1974 and
1975-1980, the expected lengths of schooling were

4.,2892 years and 4.1493 years respectively.

2.4 COMPARATIVE COMMENTS

From the results presented in tables 1-4 we
are able to make the following conclusions. The
period 1975-1980 had the least average promotion
rate of approximately 82% as compared to the
promotion rates of 1964-1969 and 1969-1974.which
were approximately 89% énd 88% respectively. On
the other hand, the period 1975-1980 had the
highest average repeat rate of about 9%. The
earlier time periods 1964-1969 and 1969-1974 had
average repeat rates of about 5% and 6% respect-
ively. This indicates an appreciable difference
in school repeat rates in that, the later time
period had a highef repeat rate as compared to the

earlier periods.

During the period 1964-1969 approximate1y
92% of grade one pupils were still in school after
the first year of schooling. During the later
periods 1969-1974 and 1975-1980, only approximately
85% and 82%, respectively, of the grade one pupils
were still in school after the first year of
schooling. This seems to suggest that more pupils

in primary school were able to continue with primary
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education after their first year of schooling,
before 1969 than after 1969. On the other hand we
observe, for example that, after eight years of
schooling 5% of the pupils enrolled in school in
the period 1964-1969 were still in school. In

the periods 1969-1974 and 1975-1980 approximately
6% and 10%, respectively, of the pupils were still
in primary school after eight years of schooling.
Infact, after eleven years of schooling, a few of
the 1969-1974 and 1975-1980 pupils would still be
found in school while all those of the period
1964-1969 would have dropped out of .school. This
seems to indicate that pupils of the 1975-1980
period were retained longer in primary school in the
lTong run than those of the earlier periods. This

may possibly be due to the high repeat rates during
the period 1975-1980.

An entrant into primary school during the
period 1964-1969 took an average of 6 years 2
months in primary school. During 1969-1974 and
1975-1980 an entrant into primary school took an
average of 5 years 10 months and 5 years 6 months,
respectively, in primary school. This implies that
pupils in the time periods 1969-1974 and 1975-1980
spent, on average, a shorter time in primary school

than those of the earlier period 1964-1969,
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This may possibly be due to a higher demand for
grade one places during the later years or due to

a higher drop out from the system during the later

years.

The remarks made in the preceding paragraph
can also be made for any other grade in the school
system. For example, a pupil already in grade
five spent on average 3'years 2 month§ in primary

school during all the three time periods.

During the period 1964-1969 a pupil entering
the primary school system had a 68% chance of
reaching the highest primary school grade, that is
grade seven. In the periods 1969-1974 and 1975-
1980 a new entrant into primary school had a 65%
and a 52% chance respectively, of reaching grade
seven. This may be Secause pupils stayed longer
in school during the period 1964-1969 as compared
to the later time periods 1969-1974 and 1975-1980.
A pupil already in grade two had a 74% chance of
reaching grade seven between 1964-1969, The chance
of reaching grade seven for a pupil already in
grade two were respectively 78% and 64% during the
periods 1969-1974 and 1975-1980. Here we observe
that during the périod 1969-1974 a pupil already
in grade two had the highest chance of reaching

grade seven as compared to the other periods.
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Infact for pupils already in grades two to six the
chance of reaching grade seven was highest during
the period 1969-1974 all through. Generally, for
pupils in any of the primary school grades the
chance of reaching the highest primary'schoo1 grade
was least during the period 1975-1980. This may

be due to the high demand for primary school places

during this period because of population expansion.

Any pupil considered at random, regardless of
their grade, was expected to take on average 4
years 3 months in primary school during the time
periods 1964-1969 and 1969-1974. During 1975-1980,
any pupil considered at random was expected to take
on average 4 years 2 months in primary school.
Again this ref]ecfs the high demand for primary
school places during the time period, 1975-1980,
in that they took a shorter time in primary school

during this period than during the earlier periods.

As portrayed by the results, the major changes
that have taken place in the education system over

the period, 1964 to 1980, are the following:

(i) The average repeat rates continued to rise
as from the period 1964-1969 to 1969-1974
and were highest during the period 1975-

1980.
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(ii) A grade one pupil spent a comparatively
longer time in primary school during the
period 1964-1969 than during the later
time periods, 1969-1974 and 1975-1980.
(iii) Generally, pupils in primary school
during the period 1969-1974 had a higher
chance of reaching the highest primary
school grade than those in primary school
during the periods 1964-1969 and 1975-
1980.
(iv) On average, any pupil in primary school
during the periods, 1964-1969 and 1969-
1974, was expected to stay longer in
primary school than any pupil in primary

school during the period 1975-1980.

In view of the above remarks, it seems reason-
able to conclude that the Kenyan primary education
system did not stay homogeneous over the period
from 1964 to 1980. Most of the changes in the
educational characteristics may have been due to the
effect of changes in education policies and other

social and economic factors.



52

CHAPTER III

[IME DEPENDENT TRANSITION MODELS

3.1 INTRODUCTION

In chapter II it was found out that the Kenyan
primary education system has not remained homogen-
eous over time. In order to study a system, one
needs to take into account past behaviour of the
system. This means that in studying the transition
process of the Kenyan education system the changes

in the system over time cannot be ignored.

The application of time homogeneous transition
models, such as stationary Markov chain models,
though simple to apply, would only be suitable for
studying education systems which are fully developed
and which have stablised. In the third world
countries and especially in Africa, education
patterns are constantly changing due to rapid
population growth and other socio-economic factors,
This trend calls for time dependent dynamic models
which would incorporate important factors, which

could be internal or external to the system over
a period of time.

The purpose of the present chapter is to relax
the assumption of constant transition probabilities
and instead assume that they change with time

according to some models. In section 3.3, 3
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number of transition models are proposed. The models
attempt to incorporate endegeneous factors in the
system over a period of time by means of probability

distribution functions.

These models are then used together with the
theory of time-dependent Markov chains, to compute
various measures of academic retention. The
measures include school staying ratios, drop out
and completion ratios and expected length of school-
ing. Estimates for these measures are computed

using the stocks and flows data of the primary

school system in Kenya.

3.2 TIME DEPENDENT MARKOV MODEL

Introduction

Suppose the states of the education process
are denoted by integers 1,2,..,N, where N is the
number of possible states of the system. We
consider time dependent Markov chain models, which
are based on the assumption that the flows out of
a given state are governed by time dependent
probabilities. That is, the probability of an
individual in state i at time t moving to state J
at time t+1 depends only on i,j and t and not on
any previous moves the individual may have made.
If the probability of moving from state i to state

]

j in the time interval (t,t+1) is denoted by Py;(t)
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then the transition matrix of flows is given by

P(t) = ((Py3(t))) i.d=1,2,....N (3.1)

and it depends on t. We will further assume that

all individuals behave independently.

Let nij(t) denote the number of individuals
who were in state i at time t and are in state j
at time t+1; these numbers represent the flows
between states in the system. The number of

individuals in state i at time t is then given by
N
n](t) = —-Z-: n.-(t) (3.2)

and is called the stock in that state at time t.

We can treat the states individually because
of the assumption of independent flows. If data
on stocks and flows are available over T time periods
then, assuming the multinomial distribution, we have

-1 N ngi(t)

J
L o I Ip..(t .
t=0 j=1 'J ) (3.3)

where L is the likelihood function for the i-th

state. Maximizing L with respect to pij(t) subject

1, we obtain

—

(g

N
1]

' N
to the restraint I pij

(t) = ny;(t)/ny(t) (3.4)
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as the maximum Tikelihood estimate of pij(t)‘

We notice that this estimate depends only on the
stocks and flows data for the time interval (t,t+1).

However if we assume that pjj(t)'s are constant

over time then pij(t) = pij and its estimate is now
given by
-1 T-1
p.s(t) = 2 n..(t)/ I n.(t) 3.5
1 t=0 ' t=0 | (3.3

In the special case, 1=1, when data is available

over a single time period, the two estimates

coincide.

Testing For Homogeneity

Before one arrives at the conclusion that
pij(t)'s change with time, one needs to test whether
these probabilities are time homogeneous or not.

The hypothesis to be tested may be formally stated

as

(t) = Pij» for all i,j and t.
Once again it is better to treat each i separately
so that Ho is really s hypotheses, where s is the

number of non-absorbing states or school grades.

Suppose that stocks and flows data are available
for T time periods, 0,1,2,...,7-1, say. Then the

flow data for grade i can be arranged in a
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contigency table as indicated in Table 5 below.

Table 5: Flow data for grade i

States
Time Period 1 2 oo N Row Totals
0 n”(o) n]Z(O) e n]N(O) n].(O)
1 niy (1) () e g (1) n; (1)
2 ?i](Z) ?12(2) sees niN(z) ni(2)
-1 ni](T-]) niZ(T-]) ceee hiN(T-]) ni(T—])
T-1
In.(t
o i (t)

Depending on the education process, some of the transition
numbers n..(t)'s will be zero. For instance if we
assume that promotion is only to the next higher
grade and that there is no demotion, then the only

possible non-zero transition numbers will be

nii(E)s my g (B) om mg (8], k=s4l, se2, N,
The hypothesis Ho requires the allocation of

transition numbers to be according to the assump-

tion of constant pij(t)'s over time. Thus, for

each i, the expected transition numbers are given by

1j(t) = E[hij(t)/ Hé]

o 9
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= i (8) Py o i =1,2,...,N (3.6)

where Bij is as given in (3.5).

For each i and for fixed j there are 1 pairs

A

of values (n..(t), (t)), t=0,1,...,7t-1. To

n. .
1) 1)
carry out the homogeneity test we must first of al]
divide both n. (t)'s and ﬁij(t)'s into k disjoint
non-empty intervals. Let Oij(“) be the number of
nij(t)'s which fall in the u-th interval and let
Eij(“) be the corresponding ﬁ..(t)'s which fall in

1]
the u-th interval. Then the chi-square statistic
for testing Ho is given by

k 2
D = z](Oij(U) - Eij(U)) // Eij(u) (3.7)

u
To test Ho we compute D and reject Ho at g

lTevel of significance if the P-value

Prix*(k-1) > D] <@

where Dc is the computed value of D. This test is

performed for each i and j.

In order to conclude that the hypothesis of
homogeneity is false it is enough to find that
pij(t)* Bij’ for at least one j, on the basis of
the above test. This test was carried out for the

Kenyan primary education system. The promotion flows

were found to be homogeneous with P-values between
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0.90 to 0.95. However for the repeat flows it was
found that grades one and two are highly inhomoge-
neous with P-values between 0.01 and 0.001. The
repeat flows for grades three to six were weakly
homogeneous with P-values between 0.2 and 0.1,
Grade seven repeat flows were again homogeneous

with P-value about 0.4.

We therefore reject the suggestion of homo-
geneity of the primary education system on the
basis of the non-homogeneity of repeat flows in
grades one and two. Accordingly we suggest that
the transition process changes with time. This
leads to the study of the time dependent models

discussed below.

Applications of the Time Dependent Markov Model.

Suppose that the education system consists of
r absorbing and s non-absorbing states, such that
r+s=N. Then the transition matrix for flows in

the interval (t,t+1) can be put in the canonical

form

P(t) = (3.8)
G(t) Q(t)

e

where, I is an rxr identity matrix giving transition

probabilities between absorbing states; 0 is an rxs
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matrix of zeros, giving transition probabilities
from absorbing to non-absorbind states; G(t) =
((gik(t)>) is an sxr matrix, g, (t) being the
probability of a student in grade i at time t
graduating with final education k at time t+1; and
Q(t) = ((qij(t))) is an sxs matrix of transitions

between school grades.

The n-step transition matrix is defined by

(M) (t) = <KP?j(t))>, 3512, (3.9)

where pij(n)(t) js the probability that a student
in state i at time t will be in state j at time

t+n, that is n years later.

Assuming that the Markov property is satisfied,

it can easily be shown that.

-1

p(M) ¢y - 1 P(t+h)
h=0
- . -
ol (
kX (t)6(t+h) (M (t)
SLay -

where
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h-1
Q(h)(t) = I Q(t+R) (3.11)
=0
and
g8y = 1 (3.12)

We now obtain expressions for the school
retention rates, the drop out and completion ratios,
the expected length of schooling and the school

survival times.
shhoo L Hetent ron Ra tes .

The probability that a student in school
grade i at time t will be in school grade j, n years
later is the (i,j)-th entry of Q(n)(t), that is
qij(n)(t). The probability that a student in
school grade i at time t will still be in any of

the s school grades n years later is therefore

given by the sum

NP -
L

(n), .. _ ° (n) 1 -
q; () = E Ay (t) » noolyl2. 0 (3.13)

:
1 ]13 n

It is the i-th entry of the column vector Q(n)(t) J

b

where j is an (sx1) column vector of ones. This
probability is interpreted as the proportion of
students in grade i who will be in any of the s

school grades at time t+n, and is called the school

retention rate.
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Jeiiool Drop-out and Completion Rates.,

The probability that a student who enters
school grade i at time t will graduate n years

later with final education k is given by

S
1 (8) g (ten-1),

i=1,2,...,s
k=1,2,...,r  (3.14)
It is apparent that ggg)(t) is the (i,k)-th entry

of the matrix product
(") (t) a(ten-1), n=1,2, ...

It is called the drop out rate. Summing the drop

out rates for n=1 to n=w gives us the probability
for a student entering grade i at time t to graduate
with final education k within w years, which we
denote by Egﬁ)(t)-

That is

i=1,2,...,5s
k=1,2,...,r

(3.15)
It is the (i,k)-th entry of the matrix sum
w-1

z
=0

o) (t) a(t+h).
h

It is called the school completion rate and is an

important parameter in manpower planning. The

probability that a student in grade i at time t
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will sooner or later graduate with final

education k is therefore the infinite sum

9i (t) = n__{—]gg:)(t) (3:16)

It is the (i,k)-th entry of the matrix series

oM (1) a(ten)

h=0

which converges, since for an absorbing Markov

chain

1im Q(h)(t) =0 (3.17)

h-o

The quantity gik(t) is called the school absorbing

rate.

School Survival Time

The probability that a student in grade i at
time t will be in grade j in exactly k years is

k . .
qgg)(t). We note that qéj)(t) is the (i,j)-th entry
of the matrix Q(k)(t)- Let Tn be the number of

years a student spends in grade j during the next
n years after enrolling in grade i at time t. Let

Rgg)(t) denote the expected length of stay in school
grade j by students in grade i at time t, during

the next n years of schooling. Then



63

"
~M S

k Oqgg)(t) (3.18)

which is the (i,j)-th entry of the matrix series

Lty = 1+ace) + o eyt (309

The expected length of stay in school by a
student in grade i at time t, during the next n
years, is the sum of the i-th row of the above

oy og(m)
series, that is £ 2;.7(t).
j=1 M

The expected length of stay in school grade J

by those in grade i at time t is given by

.. (t)

i3 lim E[T,]

n-o

= kfoqgg)(t) (3.20)

It is the (i,j)-th entry of the convergent matrix

series

(k)
Q t) .
. ( (3.21)

™M g

L(t) =
k

The expected length of stay in school by a
student entering grade i at time t, before graduat-
ing with any of the r final educations is the sum
of the i-th row of the matrix L(t) given in (3.21).

It is ca]]ed‘the school survival time.

Suppose we let dij(t) denote the probability

that an entrant into grade i at time t spends some
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time in grade j before leaving the system, then
the expected length of stay in school grade j by

those in grade i at time t is given by

v (0) = (dy5 ) (ey500)) + (0= dy () x 0,

1]
(3.22)
from which we obtain
dij(t) = 2y5(t)/e55(t) (3.23)

Thus to obtain the probabilities of reaching grade
Jj after having joined grade i at time t, we simply
need to divide the elements of each column of the

matrix L(t) by the corresponding diagonal element.

Expected Length of Schooling.

The probability distribution of students in

the various states at time t is given by

P(t) = (Pr(t),Py(t),..usPy(t) (3.24)

where pi(t) is the probability of a student being
in grade i at time t, i=1,2,...,N. We can estimate

Pi(t) from the stocks data as

N
P'i(t) = ni(t)/if]ni(t) .
If we write the absorbing states first, then the

probability vector P(t) may be partitioned as

p'(t) = (u'(t), a (t)) (3.25)



where El(t) is the vector of proportions in the
r absorbing states at time t; and g'(t) is the

vector of proportions in the s non-absorbing states

or school grades at time t.

The length of stay in school grade i by any
student who is in school at time t during the next

n years of schooling is therefore the j-th

component of the vector

(t), (3.26)
where Ln(t) is as in (3.19), The expected length
of schooling by any student in school at time t,

during the next n years of schooling is given by

g =gq (t) L, (t) J - (3.27)

where j is an s x 1 column vector of ones,

The length of stay in school grade j by any

student in school at time t is the j-th entry of

the vector

5" =g (t) L(t) (3.28)

where L(t) is as in (3.21). The expected length of

schooling by any student who is in school at time

t is therefore given by

g = q (t) L(t) d. (3.29)
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This is a good indicator of the retention property

of the education system at any particular time t.

3.3 TRANSITION MODELS BASED ON PROBABILITY
DISTRIBUTIONS.

In this section it is assumed that the transi-
tion probabilities may be regarded as probabilities
of occurrence of random events, which characterise
the transition process. In particular we assume
that pij(t) is the probability of occurrence of
random events generated by a random process with a
corresponding continuous distribution function,

F(t), defined on the time domain.

Assuming that pij(t) is a continuous function

of time which increases with t such that

i L (t) =1 and Tim p..(t) = 0,
llﬂ pi;(t) oo P;i;(t)
we may write
(t) = F(t), -o<t<w (3.30)

pij
Here negative values of t mean the times before we
start observing the process, assuming that observa-
tion starts at t=0. If on the other hand we assume

that pij(t) is a decreasing function of t that
satisfies

Tim pij(t) =0 and Tim pij(t) = 1

tso tr-o
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then we may write

p.:(t) = 1 - F(t), -e<tco (3.31)

More generally, suppose that pij(t) increases
to a maximum value 'a' where 0O<agl, as tswo, [f

pij(t) is a decreasing function of t then we

consider 1 - p..(t) which is also an increasing

iJ
function. Let us define the function

r . C
pij(t)/a , if pij(t) 1S increasing

(1—p1j(t))/a, if,pij(t) is decreasing

(%

Then

1im pij(t) > 1 as  toe
and

Tim pij(t) + 0 as to-o
We can then carry out the modelling pProcess in terms

of (t)'s. That is, we write

013
pij(t) = F(t), -w<tce (3.32)
where F(t) is a probability distribution function,

Note that pij(t) is always an increasing function of
t.
We shall now consider three transitign models

based on probability distribution functionsg, These

are; the Normal transition model, based ¢p the

normal distribution; the Logistic transitiogn model,
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based on the logistic distribution and the

Exponential transition model, based on the

exponential distribution.

The Normal Probability Transition Model.

Suppose that the education process is observed
over a continuous time scale. We assume that the
transition process is characterised by a random

process whose distribution function over t is given

by

t

1 2 2

F(t) = —— j.exp{-(x-uij) /20i.}dx, o<t
/ - J
Oij 2m
t - u..
1
= ¢( 513 ) (3.33)

where ¢(+) is the standardized normal distribution
function. Since pij(t) as defined in (3.32) always
increases with time to a maximum value of one, we

can write
pyj(t) = Q(E“;Tiii) (3.34)
J 013
Let us make the probit transformation
t - u.

iJ
y =—-—-———.'—~"—"‘+ 5

where,

=5 - p,./0.. and B:: = 1/0,



69

.t - 5). (3.35)

1J
Equation (3.35) defines a Normal probability mode]

for calculating p;.(t) and hence pij(t) over desired

1J

time intervals. To fit the model, the values of the
parameters &5 ; and Bij can be estimated from the
straight 1line regression equation

Probit b (t) = oj; + By t (3.36)

where aij(t) is the maximum likelihood estimate of
pij(t)' It is obtained from the maximum 1ikelihood
estimate of pij(t) using the invariance property of

maximum likelihood estimators.

The rate of change of pij(t) with respect to

time is the density function of F(t), that is

d p..(t)
__fli___ = F'(t)
dt
= f(t), say.
Thus the mean rate of change of pij(t) is given by
E[f(t)] = f f(t) dF(t)
= Byy/2/m (3.37)

and the quantity
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Yij < 1/E[f(t)]

= 2/W/ By (3.38)

is a rough measure of the average amount of time

for the transition process to stabilize. This

measure may be estimated by

;._. = 2]/-77//[%.. (3'39)

where éi' is the estimated value of Bij obtained

from (3.36).

The Logistic Probability Transition Model

Here we assume that the transition process
can be described in terms of a random process with

a continuous distribution given by

F(t) = 1/[]+exp{-(0t]J+B1Jt)ﬂ, -°°<t<00;8_ij>0

(3.40)

where a,. and Bij are parameters of the process.
j

Then we may write

(t) = F(t)

p'iJ

expayy+8i5t) / (1rexplagyag,5t))
(3.41)
From (3.41) it follows that

pij(t)/ﬂ-oij(t)): exp(ogy*B;;t)
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which leads to the logit transformation

]Og{pij(t)/(]-pij(t))} = aij'*Bijt (3.42)

The parameters @5y

the regression equation

and Bij may be estimated from

Togit oy = oy + By t (3.43)

The density function of F(t) is given by

f(t) = By, F(t)(1-F(t)) (3.44)

This is the rate of change of pij(t) with respect
to time. Hence the average rate of change of

. i iven by

1]
w0

]
o[ F(E)(1-F(t)) dF(t)
E[F(t)] = 8y, Io (t)(1-F(

= B../6 (3.45)

The average amount of time required for the

transition process to stabilize is given by

with an estimated value of

§1j = 6/§ij (3.47)

Where éi' is an estimate of Bij obtained fron

(3.43).
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The Exponential Probability Transition Model

Here we shall assume that the transition
probabilities are generated by a random process

with distribution function

F(t) = 1 -exp[—(aij-kxijt)]; t>0, Aij>0

(3.48)
where Aij is the rate parameter of the process and
-aij/kij can be considered as the time when the
process began evolving. Then we may write

p;;(t) = 1-expl-(agy+2;;t)] (3.49)
The parameters Aij and aij may be estimated as the

gradient and intercept of the line
_A = __+ ..
-log(1 pij(t)) o5 5 A1J t (3.50)
The density function of F(t) is given by

f(t) = Kij exP[-(aij+}\ijt)]

Ay (T-F(E)). (3.51)

It is the rate of change of p;.(t) with respect to

time. Hence, the mean rate of change of pij(t) is
given by
1
= A.s [ (1 -F(t))dF(t)
E[F(e)] = Ay5 )

1J
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and the average amount of time required for the

transition process to stabilize is given by

Yij:z/)\ij (3.53)

with a corresponding estimate,

Yij = 2/ (3.54)

where Xij is an estimate of Aij obtained from

(3.50).

3.4. RESULTS ON THE APPLICATION OF THE

PROBABILITY MODELS.

In this section the results of the apnplication
of the models proposed in section 3.3 to the Kenyan
primary school data are given. In order to assess
how well the models fit the observed stocks and
flows data, a goodness of fit test must be
performed. If the goodness of fit test indicates
that a model fits the stocks and flows data

sufficiently well then, the model may be used to

project the future transition rates.

It is useful to accompany every projected
rate with its standard error, measured around

the assumed model. Before using the models

proposed in section 3.3 to project the transition
rates and other measures of academic retention,

it is necessary to explain how to perform the
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goodness of fit test and how to calculate the

standard error of the estimates.

Testing for Goodness of Fit

Suppose that data is available over 1 time
periods, t=0,1,2,...,7-1, then the expected
transition numbers in the time interval (t,t+1)

under the model assumptions is given by

n*.(t) = E[nij(t)/Model]

1]

1]

ni(t) pyj(t) (3.55)

for each i and j where ni(t) is the total stock in
grade i and p?j(t) is the fitted value of P (),
corresponding to the time interval (t,t+1). Then

proceeding as in the case of testing for homogeneity,

the chi-square statistic for testing the goodness

of fit 1is

* 2 *
.. (u) - Eij(U)) /E54(u) (3.56)

where Oij(u) ijs the number of nij(t) s which fall

in the u-th interval and E¥j(u) the number of

n* (t)'s which fall in the corresponding u-th

1]
interval. This statistic has (k-1-d) degrees of

freedom, where d is the number of unknown parameters

involved in the model.
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Standard Error of Fitted Transition Rates

Consider a continuous function g(x) defined
for each value of a random variable X, with a
finite mean u and a finite variance. Assuming
that the random function is repeatedly
differentiable, it can be expanded in a Taylor

series about the mean x =py as follows:

g(x) = g(u) +g ((x=u) +g" () (x-u)?/21+.

A first approximation for the mean and variance of

g(x) is given by

E[g(X)]) = E[g(n) +g"'(n)(X-u)]
= g(u) (3.57)
and
Var[g(X)] = Var[g(u)+g ' (r)(X-u)]

2
[g'(n)] Var X (3.58)

fl

We will use the expressions (3.57) and (3.58) to

calculate the standard errors of the estimates

for each model.

RESULTS ON THE NORMAL PROBABILITY TRANSITION MODEL

Geodness of Fit
The goodness of fit test is carried out to

assess the closeness of fit between the observed
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and estimated flow values for all the seven grades.
This is done when the system is assumed to evolve
according to the Normal probability transition
model. It is found that the differences between
the observed and fitted flow values are not
significant with P-values ranging between 0.6 to
1.0. This therefore suggests that the Normal
probability transition model may be used to study

the Kenyan primary education system.

Standard Error of Estimates.

When we assume that the Normal transition

model is correct the future transition probabilities

can be obtained from

A

p?j(t) = ¢(&1j'*31jt - 5) (3.59)

using (3,35) with &ij and éij as the least square

estimates of a;; and B ; obtained from (3.36),

Let us define a random variable X by

X = a;; * Byzt -5 (3.60)
Then
po= E(X)
= aij+6ijt-5 (3.61)

and
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Var X = Var(a,.+B8..t)

1] 1]
t-1 _ T-1 _ 2
- (x tdrti o2t/ £ (t-1)
t=0 t=0
(3.62)
where
_ 1-1
t = (1/1) £ t = (t-1)/2
t=0
and 02 is estimated as
~D -1 ~ 2
o = = (yy - yy) /(t-2) (3.63)
t=0
with
Yy = Probit Bij (3.64)

and ;t is the fitted value of y, under the model.

pi;(t) = @(X)

using (3.59) and (3.60). Thus

Efpy;(t)] = E[e(X)] (3.65)
~ (I)(Ot_ij"'B.ijt'S) (365)
and
Var[p:j(t)] = Var[e(X)]

14

[e' (u)]%var X. (3.66)
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using (3.59) and (3..58 ).

Hence the standard error of p?j(t) is given by

- exp(-u2/2)o*/vV2u (3.67)

where

and

I =52 el —, 2] 7
U'* . ( 7 t2+t —Ztt)O / L (t—t) (368)
t:O t t:O

The standard error of the transition probabilities

p¥ . (t) is simply obtained by multiplying (3.67)
1]

by the maximum value of pij(t) namely 'a' which is

mentioned earlier 1in section 3.3. Infact when a=]

the value remains the same. Table 6 below gives

the percentage relative error of the transition

ratios for the Kenyan primary education system

under the Normal probabi]ity transition model.



TABLE 6: The percentage standard error of the transition ratios under the Normal probability transition

model

time t
transition - -

ratio pij 0 1 Z B - 5 6 / 8 9 10 o5k 16

P, |22 25 2.9 33 38 4.2 48 53 59
Ppy |12 1A 16 13 2,
1

(@ R)
(@)
~J
w
p—
n
(&h]

2 2.5 2.3 3.2 3.6 4.0 4.5 8.2
Py [0.8 1.0 1.1 1.3 1.4 16 1.8 2.0 2.2 2.5 2.7 4.6
Pgg |12 1.4 1.6 1.8 1.9 21 2.3 25 2.8 3.0 3.2 .. 49
Peg |08 08 0.9 1.0 1113 14 15 16 1.8 2.0 ... 2.9
Pe; |20 2.2 26 29 3.3 3.7 41 46 51 56 6.2 ... 105
Prg (0.7 0.8 09 09 1.0 1.0 1.1 1.2 1.2 1.3 1.4 ... 17
py [21.9 237 25.2 2.5 27.6 29.2 30.4 31.6 32.8 33.8 35.0 ... 39.6
P, [19.5 21.1 223 23.6 25.0 26.2 27.4 28.6 30.2 30.8 31.8 ... 37.0
py3 [17.0 18.0 19.0 20.4 215 22.0 22.9 24.5 25.4 26.3 27.2 ... 31.5
Py [14.3 154 162 171 18.0 189 19.8 207 2.5 223 23.0 ... 2.7
pec [10.0 108 11.4 121 12,8 13.4 143 4.2 150 158 159 ... 17.9
Pec | 94 10,0 10.7 11.4 12,0 12.6 13.0 13.6 141 146 150 ... 17.2

P77 i 4.0 4.4 4.7 5.1 Dxid 5.9 6.2 0.7 7.0 7.4 1.9 s 10.3

6L
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»
O

Comments on Taote

The relative standard error when using the

Normal probability model to estimate py,(t) during

the $nitial time peried is 2.2%. [t is around

1.2% for estimating py3(t) during the initial time

period. These relative standard errors are given

in the first column of Table 6. In fact the

maximum relative standard error when using the

Normal probability model to estimate pij(t)'s

during the initial time 1is about 22%. When the

Normal probability nodel is used to describe the

transition process after one year, the maximum

relative percentage €error is about 24%. During

the second year the maximum relative standard error

is about 25% and so on. For example, when the

Normal probability nodel is used to describe the

transjtjon process, during the fjfth year, the

maximum relative standard error in the transitions

After 10 years, the

ating the transitions is

is about 29% maximum relative

Standard error 1in estim

about 35%. We see that as 1s expected, the relative
increases with time.

Standard error 1in estimation

This suggests that the Normal probability model is
ecting transition rates especially

initial time period.

useful for prolJ

for time periods near the

Another observation from Table 6 is that the
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relative standard errors seem to be relatively
higher for repeat rates than for the other
transition rates. This could possibly be due to

misreporting of repeat data in primary schools.

Measures of Academic Retention based on the Normal

probability transition model .

Tables 7(a) - 7(g) give the projected school

retention rates for the Kenyan primary education

system under the Normal probability model during

the projection period.



Tables 7(a) - 7(g):

Table 7(a):
grade j
1 2

n years
1 .0935 .7331
2 1.0094 .1363
3 |.0010 .0204
4 1.0001 .0029
5 .0004
6 .0001
/
8

82

Normal probability model.

The School retention rates under the

Fraction of pupils in grade one who will be in

grade j, n years later and the staying ratios.

P T e
.8266
.6025 .7482
1750 .4940 15904
0363 .2005 .3959 6357
0067 .0544 .2171 .3298 6084
0012 .0126 .0769 .2383 .2466 | .5762
0002 .0027 .0228 .1087 .2099 | .3443
0006 .0062 .0404 .1075 | .1547
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Table 7(b): Fraction of pupils in grade two who will be in
grade j, n years later and the staying ratios.

grade j l
2 3 4 5 6 7 staying
n years ratio
1 .0880 .8328 .9208
2 .0083 .1556 .6901 .8540
3 .0008 .0234 .2044 .5572 .7858
4 .0001 .0033 .0432 .2392 .4668 .7526
5 .0005 .0081 .0692 .2781 .3543 | .7102
6 .0001 .0015 .0173 .1070 .2572 | .3831
7 .0003 .0041 .0345 .1144 | .1533
8 .0009 .0102 .0407 | .0518
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Table 7(c): Fraction of pupils in grade three who will be

in grade j, n years later and the staying ratios.

~g£iqf J ; ; . ! : staying
n years- ratio
1 .0923  .8374 .9297
2 .0092  .1637  .6809 .8538
3 .0010 .0258 .2177  .5737 .8182
4 .0001  .0039 .0501 .2734  .4417 | .7692
h 0006 .0104  ,0879 2693 | .3682
6 0001 .0021  .0243 1032 | .1297
7 .0004  .0063  .0322 | .0389
8 .0001 .0016  .0090 [ .0107
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Table 7(d): Fraction of pupils in grade four who will be

in grade j, n years later and the staying ratios.

grade j staying

n years 4 5 6 ! ratio
1 .0975 .8187 9162
2 .0102 L1745 .6934 .8781
3 .0011 .0301 .2505 .5414 .8231
4 .0001 .0050 .0650 .2690 .3391
5 .0008 .0151 .0870 .1029
6 .0001 .0034 .0234 .0269
7 .0008  .0057 .0065
8 .0002 .0013 .0015
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Table 7(e): Fraction of pupils in grade five who will

be in grade j, n years later and the

staying ratios.

grade J staying

e 5 6 / ratio

n years
1 .1076 .8516 .9592
2 .0125 .2106 .6738 .8969
3 .0016 .0420 B2 .3033
4 .0002 .0080 .0688 .0770
5 .0015 .0157 .0172
6 .0003 .0033 .0036
7 .0001 .0007 .0008
8 .0001 .0001
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Table 7(f): Fraction of pupils in grade six who will be in
grade j, n years later and the staying ratios.
grade j staying
6 7 ratio
n years
1 .1315 .8014 .9329
2 .0184 .2178 .2362
3 .0028 .0452 .0480
4 .0004 .0085 .0089
5 .0001 .0015 .0016
6 .0003 .0003
Table 7(g): Fraction of pupils in grade seven who will be in
grade j, n years later and the staying ratios,
grade j staying
\ 7 ratio
n years
L-————-——‘-—’—‘——’—'—'_
1 .1429 1429
2 .0203 .0203
3 .0029 .0029
4 .0004 .0004
5 .0001 .0001
R
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[f the Kenyan primary education system evolved
according to the Normal probability model then

0.8266 of the new entrants into primary scnool
would still be in school after one year. After

two years of schooling 0.7482 of these pupils would

still be in school. Similar figures can be obtained

for the other years. For example, after eight

years of schooling only 0.1547 of the grade one

pupils would still be in school.

For pupils already in grade two, 0.9208 of the

pupils would still be in primary school after one

year. After two years of schooling 0.8540 of the

grade two pupils would still be in school and so

on. Infact after eight years of schooling only

0.0518 of the grade two pupils would still be in

school. We can obtain similar proportions for

pupils in any of the other school grades. For
example, for a pupil enrolled in grade seven at
our initial time, 0.1429 of them would still be in
primary school after one year. After two years of

schooling 0.0203 of these pupils would still be 1in

In faCt,

ade seven pupils would have

rFosiX A
school, and so on. afte years of

schooling all the gr
left the primary SChoO] gystem aECording o the

Normal probability model .
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Table 8 below gives the school drop out rates
for the Kenyan primary education system under the

Normal probability transition model.

Table 8: The school drop-out rate within n years of

<chooling, under the Normal probability model.

grade J

P

rwyea;;‘ 1 z 3 1 5 6 7
1 734 0792 0703 .0838 .0408 .0671 .8571
2 2518 .1460 1452 .1219 .1031 .7638 .9797
g 3096 .2142 1818 .1769 .6967 .9520 .9971
4 3643 .2474 2308 .6609 .9230 .9911 .9996
3 3916 .2898 6318 .8971 .9828 .9984 .9999
6 4238 .6169 8703 .9731 .9964 .9997 1
7 6557 .8467 9611 .9935 .9992 ] 1
8 ga53 L0482 .9893 9985 9999 1 1

Comments on Table &
Comments on -

According to the Normal probability model

0.1734 of grade One pupils enrolled at the initial

time would have dropped out of the system after

the first year of cchopling. After two years of

schooling 0.2518 of these grade Oone pupils would
have dropped out of primary sclioel and so om.
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In fact during the seventh year the drop out from

primary school is highest since after seven years

0.6557 will have left the system.

We can obtain similar rates for pupils enrolled

in any of the other school grades, during the

initial time. For example, 0.8571 of those in

grade seven would have dropped out of the system

after one year. After two years of schooling

0.9797 of these grade seven pupils would have left

the primary school system. ATT the grade seven

pupils would have dropped out of primary school
after six years of schooling.

In Tables 9(a) - (b) we give the school
survival times and the probabilities of promotions

for the Kenyan primary education system, under the

Normal probability transition model.
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Table 9(a): The expected length of stay in grade j by pupils
in grade i and the school survival times within

eight years of schooling, under the Normal

probabi]ity model .

grade

; )
\:\\\\ ] ; ; : : " , survival
grade time

i

g ¢
\

1 11,1081 .8932 .8219 7643 .7127  .6772  .4564 | 5.4298

9476  .8869 .3864  .7259 | 5.5597

2 1.0972 1.0157

3 1 1027 1.0315  .9616 .9657  .8464 | 4.9079
4 1.1089 1.0293 1.0282  .9265 | 4.0929
5 1.1219 1.1140 1.0220 | 3.2579
6 1.1532 1.0747 | 2.2279
; 1.1665 | 1.1665
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Table 9(b): The probability of a pupil, enrolled in grade i

at the initial time, reaching grade j within

eight years of schooling, under the Normal

probability model.

grade j
1 2 3 4 5 6 7
grade i
1 1 8141 .7454 .6892 .6353 .5872 .3913
2 1 9211 .8545 .7905 .7686 .6223
3 1 .9302 .8571 .8374 7256
4 1 .9175 .8916 .7943
5 1 .9660 .8761
6 1 .9213
7 ]
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[f the education system 1s assumed to evolve
according to the Normal probability model, a punil

who ent red grade one at the initial time would be

expected to take an average of 5.4298 years in

primary school within the next eight years of

schooling. A pupil in grade two at the initial

time would be expected to take an average of

5.5597 years in primary school within the next

eight years and so on. The time taken in primary

school, by a pupil enrolled in grade seven during

the initial time, is ON average 1.1665 years

[see Table 9(a)] .

A pupil enrolled in grade one during the

initial time had a 0.3913 chance of reaching the

highest primary school grade within the next eight

years of schooling. The probability of a pupil in

ipitial time, reaching grade seven

n the next eight years. Similar

grade two at the

was 00,6223, withi
values can be obtained for pupils enrolled in any
of the other school grades during the initial time.
For example a grade six pupil had a 0.9213 chance
of reaching grade seven within eight years of

schooling [see Table 9(b)] -

give the expected length

In Table 1@ belo¥: We

by any pupil in the school

of schooling (E.L-5)
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system at the initial time during an eight-year

period under the Normal probability transition

model .

Table 10: The expected length of schooling in grade j and the

overall expected lTength of schooling by any pupil

in primary school at the initial time, during an

eight-year period under the Normal probability model.

Expected
length of
grade j schooling
1 2 3 4 5 6 Y (ELS)
Length of
stay in 2548 .4079 .5303 6346 .7222 .8446 .8194) 4.2138
grade j

Comments on Table LO

Under the Normal probabi11ty model, any pupil
in the system at the initial time was expected to
spend 0.2548 of a year in grade one during an eight-

Year period The eXpected time spent by any of these
Pupils increases with grade level. For example, any

tem at the jnitial
in grade two during an

_ time was e
Pupil in the sys xpected

to spend 0.4079 of a year
eight-year period. on the other hand, any of these
ake 0.8194 of a year in grade

PUpils was expected to 't
jod. We note here

seven during an eight year per
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that the expected length of stay in grade six is
0.8446 which is higher than that for grade seven.
This indicates that pupils seem to stay longer in

grade six but after leaving this grade they take a

shorter time in grade seven before leaving the

system. Generally any pupil in primary school at

the initial time 1is expected to spend approximately

4.2138 years in primary school during an eight-year
period.

RESULTS ON THE LOGISTIC PROBABILITY TRANSITION MODEL .

G.odness of Fit

The goodness of f£it test is carried out to

assess the closeness of fit between the observed

and estimated flow values for all the seven grades

when the system 15 assumed to evolve according to

robability model .
the observed and the fitted

the Logistic p It is found that

the differences between
flow values are not significant, with P-values
ranging between 0.6 tO 1.0. This therefore suggests
that the Logjstjc probabi11ty transition model may
also be used to ctudy the Kenyan primary education

System.

Standard Errgg_ﬁlll@iﬁiﬁﬁfﬁi
he Logistic transition

When we assumeé that t

then the future transition

model is correct
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probabilities can be obtained from

% 2 4 ]
pi.(t) = ]/{]+-exp{-(a1j-+8ijt)}J (3.69)
using (3.40) with &ij and éij as the least squares

estimates of a,; and B ; obtained from (3.43).

The mean of p:j(t) is now given by

E[* (td . 1/D +exppwuij+eijtﬂ} (3.70)

Py ;
and its standard error is given by

A N
* (1)) = ofexp(-u)/ (1 +exp(-u))  (3.71)

and o* is obtained using (3.63) and (3.68) with

Vg = lTogit pij(t)

Again the standard error of the transition probabi-

ply obtained by multiplying (3.71) by

namely ta'. In Table 11

lTities is sim

the maximum value 0Ff Pjj
below we give the relative standard errors of the
transition probabilities of the Kenyan primary

education system under the Logistic probability

transition model.



TABLE 17: The percentage standard error of the

transition mode] .

transition 0 I & 3 4

ratio pij
P1o .0 2.4 2.7 3.1 3.6
Pos 1.1 1.3 1.5 1.8 2]
P3a 0.7 0.3 1.0 1.1 |
Pas 1.3 18 1.7 1.9 &)
Pog 8,7 0.8 0.5 1.0 bl
Pe7 1.8 25 1 2.4 2,8 3:2
P7g 0.7 0.8 Q.9 0.9 1.0
P11 18.7  20.3 22,1 23 2h.

Ppp 1169 181 197

.6

B 22,
P33 14.3  15.5 16.7 17.9 19,
Pas 2.1 131 13,9 15.0 15,

Pss | 8.0 87 96 102 1o
Pos | 79 84 91 93 1o
P77 |41 44 47 54 5

O o0 v © PN




transition ratios under the Logistic probability

time t
5 6 7 8 9 10 16|
|
41 47 53 59 ¢ 7.4 13.5
2.4 2.7 3. 3.6 4.0 4. 9.0
1.4 16 18 2.0 23 2.5 4.6
23 25 2.7 2.9 3 3.4 5.3
.2 13 14 156 5 1.8 2.9
3.6 4.0 45 5 5.6 6.3 1.2
1.0 1.1 .2 1.2 1.3 1.3 1.7
6.9 28.5 30,1 31.8 333 34.9 43.2
23.7 25.3 26,8 28.2 296 30.9 38.6
20.3 21,6 227 4.0 25 26.3 32.8
171181 191 201 211 22.1 27 .4
1.5 12.3 12.8 134 14 14.8 18.1
T 1.7 12,3 131 136 14.2 17.4
59 6.2 6.6 7.0 7.4 7.8 10.2

L6
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Al &
Comments on Table Ll

When the Logistic probability transition model
is used to describe the transition process, the
relative standard error in estimating py,(t) during
the initial time (t=0) is 2.0%. It is about 1.1%

for estimating p23(t) during the initial time.

These ralative standard errors are given in the

first column of Table 11 Infact the maximum

relative standard error in estimating pij(t) 5

during the initial time, according to the Logistic

probability model iS about 19%. MWhen the Logistic

probability transition nodel is used to describe

the tpamsition process after 0N year, the maximum

relative standard error 1S about 20%. During the

second year, the naximum relative standard error

is about 22% and so on. In the fifth year, for

example, the maximum relative standard error 1s

about 277%. After ten years. the maximum relative

standard error iS about 35%. Again as expected

these relative standard errors of the estimates

increase with time. This therefore suggests that
the Logistic probabi]ity model 15 useful 1in

Projecting transition rates especially for time
Periods near the initial time.

Another observation from table 11 is that the

relative standard errors again seem to be relatively
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higher for repeat rates than for the other

transition rates. This is possibly due to misrepor-

ting of repeat data in primary schools.

Measures of Academic Retention based on the Logistic

probability transition model.

Tables 12(a) - 12(g) below give the projected
retention rates for the Kenyan primary education

system under the Logistic probability transition

model .
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Tables 12(a) -12(g): The school retention rates under the

Logistic probability model.

Table 12(a): Fraction of pupils in grade one who will be in

grade j, n years later and the staying ratios.

_grade j staying
n yég;s\ ] 2 3 4 5 6 7 ratio
1 1285 .6742 .8027

2 .0168 .1714 52bb «J137

K 0022 .0332 .1998 .4320 6672

4 .0003 .0058 0513 .2199 .3493 .6266

5 0010 .0111 .0707 .2231 .289%6 5955

6 0002 .0022 0183 .0861 .2304 .2097| .5469

7 0004 .0042 .0260 .1076 .1945| .3327

8 0001 .0009 .0067 .0385 .1036| .1498

9 .0002 .0016 .0117 .0416| .0551

10 .0003 .0032 .0139| .0174
11 .0001 .0006 .0043| .0050
12 .0002 .0011| .0013
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Table 12(b): Fraction of pupils in grade two who will be in

grade j, n years later and the staying ratio.

grqde
\\4\~\\ Z 3 4 5 6 7 staying
n years ratio
1 1239 .7829 .9068
2 | .0157 .1949 .6447 .8553
3 | .0020 .0369 .243] 5215 .8038

4 0003 .0063 .0617 .2641  .4332 .7656

5 ool0 .0132 .0842 .2871 .3141 | .6996
5 0002 .0025 .0216 .1150 .2497 | .3890
7 0005 .0049 .0360 .T164 | .1578
8 0001 .0010 .0097 .0415 | .0523
9 0002 .0024 .0125 | .0151
10 0005 .0034 | .0039

1 .0001 .0009 | .0010

12 .0002 | .0002
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Table 12(c): Fraction of pupils in grade three who will be

in grade j, n years later and the staying ratios.

grade j staying
3 4 5 6 7 :

N years ratio
1 .1239  .8252 9491

2 .0156  .2070  .6688 .3914

3 0020 .0394  .2537  .5560 .8511

4 0003 .0067  .0647  .2978  .4039 | .7734

5 .0010 .0138 .1005 .2698 | .385]

6 0002 .0027 .0273  .1087 | .1389

7 .0005 .0065  .0342 | .0412

8 .0001 .0014  .0093 | .0108

9 .0003  .0023 | .0026

10 .0001  .0005 | .0006

11 .000T | .0001
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Table 12(d): Fraction of pupils in grade four who will be in

grade j, n years later and the staying ratios.

grade j

\\\\N\\\\\ 4 5 6 / staying

n years ratio
] . 1255 L8117 9372
2 .0160 +2085 .6761 .8976
3 .0021 .0394 .2766 .4924 .8105
& .0003 .0068 .0761 .2667 .3499
- .0011 .0176 .0908 .1095
6 .0002 .0037 .0248 .0287
7 .0007 .0060 .0067
8 .0001 .0013 .0014
9 .0003 .0003
10 .0001 .0001
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Table 12(e): Fraction of pupils in grade five who will be in

grade j, n years later and the staying ratios.

grade j

e R R i
1 1266 .8347 L9613
2 0162  .2353  .6100 .8615
3 .0021 0502 .2531 .3054
4 0003  .0096  .0703 .0802
S 0017 .0l64 .0181
6 0003 .0034 .0037
7 .0001 .0007 .0008
8 .0001 .0001
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Fraction of pupils in grade six who will be 1in

grade j, n years later and the staying ratios

grade j
staying
6 / )
n years ratio
1 . 1545 .7343 .8888
2 .0240 .2115 .2355
3 .0038 .0458 .0496
4 .0006 .0089 .0095
5 .0001 .0016 .0017
6 .0003 .0003
7 .0001 .0001

Table 12 g);

Fraction of pupils in grade seven who will be

rade j, n years later and the staying

in g
ratios.
drede g | staying
n years ! fars T
T
1 .1346 .1346
2 .0181 .0181
3 .0024 .0024
g .0003 .0003
5 _ -
D SO
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Comments on Tables 12(a) = 12 (g)

If the Kenyan primary education system evolves
according to the Logistic probability model, then
0.8027 of the new entrants into primary school

would still be in primary school after one year of

schooling. After two years of schooling 0.7137 of

these pupils would still be in school. Similar

figures can be obtained for the other years. For

example, after eight years of schooling 0.1498 of

the grade one pupi]S would still be in the system.

For pupils already in grade two, 0.9068 of the

pupils would still be in primary school after one

year. After two years, 0.8553 of the grade two

pupils would still be in the system and so on.

Infact after eight years of schooling 0.0523 of

the grade two pupi]S would still be in school. We

can obtain similar proportions for pupils in any

of the other school grades. For example, for pupils
enrolled in grade seven during the initial time,

0.1346 of these pupils would still be in primary

school after one year. Af ter two years of schooling

0.018]1 of these pupi]s would still be in school and
SO on pAfter five years of schooling, all the
pils would have left the primary

volves according to the

grade seven pu

school system if it e
it del.
Logistic probability transition mode
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In Table 13 below, we give the school drop-
out rates for the Kenyan primary education system

under the Logistic probability transition model.

Table 13: The school drop-out rates within n years, under

the Logistic probability model.

grade j
n years 1 2 3 4 5 6 7
1 1973 .0932 .0509 .0628 .0387 .1113 .8654
2 2863 .1447 .1087 .1025 .1385 .7645 9819
3 3327 .1962 .1490 .1896 .6946 .9504 9976
4 3733 .2344 .2266 .6502 .9198 .9906 .9997
5 4045 .3004 .6148 .8905 .9818 .9983 ]
6 4532 .6110 .8612 .9713 .9963 .9997 |
7 6673 .8424 .9588 .9933 .9993 1 1
8 8502 .9477 .9892 .9985 .9999 1 1
9 9450 .9849 .9974 .9997 1 1 1
10 9825 .9961 .9994 .9999 1 1 1
11 9950 .9990 .9999 1 1 1 1
12 9987 .9998 1 1 1 1 1
13 9957 1 1 1 1 1 1
14 9999 1 1 1 1 1 1
15 1 1 1 1 1 1 1
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Comments on Table 13

When the Logistic probability model is used to

describe the education process, 0.1973 of grade one

pupils, enrolled at the initial time, would have

dropped out of school after the first year of

schooling. After two years of schooling 0.2863 of

these students would have dropped out from primary

school and so on. The rest of these proportions

are obtained from the first column of Table 13.

For example, the highest drop out from primary

school for these grade one pupils is in the seventh

year of schooling when 0.6673 would have dronped

out of the system.

Of the pupils enrolled in grade two during the

initial time, 0.0932 would have dropped out after
one year if the system is described by the Logistic

probability model. After two years of schooling
0.1447 of these grade two pupils would have dropped
out of the system and so Of- We can obtain similar
proportions for pupils enrolled in any of the other

school grades, during the initial time. For example,
of pupils in grade seven during the initial time,
0.8654 would have left primary school after one

year. After two years of schooling, 0.9819 of these
grade seven pupils would have 1eft the system.
Infact all the students in primary school during
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the initial time would have left the system after

fifteen years, according to the Logistic probability

transition model.

Tables 14(a) - (b) below give the school
survival times and the orobabilities of promotions

for the Kenyan primary education system, under the

Logistic probability transition model .

Table 14(a): The expected length of stay in grade j by pupils

in grade i and the school survival times, under

the Logistic probability model .

grade j Survival

3 4 5 6 7 time

grade i 1 2

7903 .7462 .6934 .6819 .5689 | 5.5143

1 1.1478 .8858

2 1.1419 1.0223 9657 .8978 .8841 .7386 | 5.6504
3 | 1417 1.0795 1.0042 .9899 8288 5.0441
4 1.1438 1.0646 1.0508 .8823| 4.1415
. 1.1451 1.1319 .9541| 3.2311
6 1.1829 1.0024| 2.1853
; 1.1555| 1.1555




110

Table 14(b): The probability of a pupil, enrolled in grade i

at the initial time, ever reaching grade j

according to the Logistic probability model.

grade j |

grade i 1 2 3 4 5 6 7
1 1 7757 .8922 6523 .6054 .5765 .4923
2 1 8953 .8443 .7840 .7473 .6392
3 1 .9438 .8770 .8363 .7173
4 1 .9297 .8883 .7636
5 1 .9569 .8257
6 1 .8675
7 1

Comments on Tables]4(a)—(b)

If the education system evolves according to

the logistic probability model, then a pupil in

initial time W

5.5143 years in primary school.

grade one at the ould be expected to

take an average of

in grade two at the initial time

A pupil enrolled
n average of 5.6504 years

would be expected tO take a
according to thi
pupils enrolled in any of

n primary schoo] s model. We can
obtain these figures fOF
the other school grades. For example, a pupil in
initia] time
ars in the system,[Refer to

. would have t
grade seven at th1s aken

approximately 1.1555 ¥€
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Table 14 (a)].

A pupil enrolled in grade one during the

initial time had a 0.4923 chance of reaching the
highest primary school grade according to the

Logistic probability model. The probability of a

pupil in grade two, at the initial time, reaching

grade seven was 0.6332. Similar probabilities

are obtainable for pupils of the other grades.

For example, a grade six pupil would have had a

0.85675 chance of reaching grade seven, according

to the Logistic probabi]ity transition model.

[See Table 14(b)]

In Table 15 below, Wwe give the expected

length of schooling (ELS) by any pupil in school

at the initial time when the system evolves

according to the Logistic probability transition

model .
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Table 15 The expected length of schooling in grade
j and the overall expected length of
schooling by any pupil in primary school
at the initial time according to the

Logistic probability model.

Expected

length of

] schoolin

grage J | 1 , 3 4 5 6 1 (ELS)
Length

of stay in 2649 .4144 5797 .6449 .7328 .8569 .8226| 4.2662
grade j

Comments on Table 19

When the system 15 assumed to evolve according

to the Logistic probabi]ity model, any pupil in the

System at the initial time was expected to spend

0.2649 of a year in grade one. Any of these pupils

was expected to spend 0.4144 of a year in grade two
and so on. These values increase with grade size

to the highest value in grade six. That is, any
of these pupils was expected to take 0.8569 of a
e again that for grade

year in grade six. We not

ed length of sta
rade six. This indicates

seven, the expect y was 0.8226 which

is lower than that for ¢

to stay longé
o they take @ shorter time

r in grade six b
that pupils seem ¢ ut

after Jeaving this grad
g the system. Generally

in grade seven before leavin
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any pupil in primary school at the initial time
would be expected to spend approximately 4.2662

years in primary school.

RESULTS ON THE EXPONENTIAL PROBABILITY TRANSITION

MODEL .

Goodness of Fit

The goodness of fit test is carried out to

assess the closeness between the observed and

fitted flow values for all the seven grades when

the system 1S assumed to evolve according to the

Exponential probab11ity transition model. It is

found that the differencés between the observed and

fitted flow valueés are not significant, with P-values

ranging between 0.5 to 1.0. This therefore suggests
that the Exponent1a1 probability fransition mode]

may be used to study the Kenyan primary education

system.

= g ‘mates
Standard Error © Estt

When we assume that the Exponential probability
n

transition model 15 correct, then the future

bab111ties can be obtained from

transition pro

1B . # ks B (3.72)
PG exp[-(%13 b
J
' ~ d %:s B8 the least squares
using (3.49) with ajj 270 71

obtained from (3.50}).

estimates of ayj and ij
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The mean of p?j(t) is now given by,

[l:p:\](t)' = 1 - exp['(ajj L Aij t )} (3.73)
and its standard error is given by

A

S-E-(O:j(t)) = O*QXP[_(aij + Aij t)J (3.74)

where ¢ is estimated using (3.63) and (3.68)

with

yt = —]09(] - 51J(t))

As before the standard error of the transition

probabilities 1s simply obtained by multiplying

i .. namel 'a'.
(3.74) by the maximum value of pyj 1 y

Table 16 below gives the standard errors of the

transition probabi]ities of the Kenyan primary

education system under the Exponential probability

transition model.



Table 16: The percentage standard error of the transition ratios under the Exponential

probability transition model.
/ t !

GTT

| time t
transition 0 1 2 3 4 5 6 / 8 9
ratio pij
P12 1.9 A 2.7 3.0 3.4 3.9 4.4 5.1 5.8 .5 7.4 2.4
P)3 1.1 1.2 1.5 1 5/ 2.0 2 Z.06 3.0 3.5 4.0 4.5 .8
P3a Y 0.9 0.9 1.1 .2 1.4 1.6 1.8 2.0 23 248 .0
Pas 1.3 1.8 1.7 1.8 2.0 2 2.5 2,7 2.9 3.2 8.5 <5
Pce 0.7 0.8 0.9 1.0 1.1 { 13 1.4 1.5 1.7 1.8 .0
Pg7 1.8 2.0 2.4 2.7 3.1 3.5 3.9 4.4 5.0 5.6 6.3 0
P7g 0.7 0.3 0.9 0.9 1.0 1.0 1) 1ad 1.2 13 1.3 7
P11 AAW 8.1 18,7 21.3 22,8 24.3 26.2 27,8 29.3 31.0 32.9 34.5 .8
Poo 15,9 17.2 18.6 19,9 21.6 22,9 24,5 258 27.3 @28.9 30.3 A
P33 13,6 14,7 158 17.7 18.2 13.6 20.7 22.0 23.2 24.4 25.7 4
Paa 11.3 1.3 132 W2 152 16.2 17.2 18.4 12.5 20,5 21.5 .9
Pes 7.5 1:9 8.5 9.3 10,1 10.8 11.4 12.1 12.7 13.58 14,2 4
Ps6 Ll 1.9 8.4 9.0 9.6 10.8 1l.4 J11.7 12,3 13.8 13,7 Wi
P77 4.1 4.4 4.8 5.1 5.5 5,8 6.2 6.6 7.0 7.4 1. .
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Comments on Table 16

[f the Exponential probability transition

model is used to describe the transition process,

the relative standard error in estimating PlZ(t)

during the initial time is 1.9%. It is about 1.1%

for estimating P23(t) during the initial time.

These values can be seen in the first column of

Table 16. Infact the maximum relative standard

error in estimating the transitions during the

initial time, according to the Exponential probab-

’I]]ty transjt'ion mOde], is about 18.1%. When the

Exponential probability transition model is used

to describe the transition process, after one year,

the maximum relative standard error is around 20%.

During the second year it is about 21% and
so on. For example, when the Exponential probab-
ility model describes the transition process, the
Maximum relative ctandard error is about 26%
during the fifth year. After tem years iy
about 35%. Again we observe here that the relative
standard errors increase with time as is expected.

that the ExpOD
jecting transition rates

. tial probabilit
This suggests i P B

model is useful in pro

me periods near the initial time.

especially for ti

tion from Table 16 is that the

Another observa
gain seem to be

relative standard errors @
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relatively higher for the repeat rates than for

the other transition rates. This may be due to

misreporting of repeat rates in primary schools

as mentioned earlier.

tion based on the

Measures of Academic Reten

Exponential probability transition model.

Tables 17(a) - 17(g) below give the projected

school retention rates for the Kenyan primary

education system under the Exponential probability

transition model.
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Iﬁflfﬁi_llﬁﬁ,‘]7(9)3 The school retention rates

under the Exponential probab -

ility model.

13913_11131: Fraction of pupils in grade one who

will be in grade j,n years later and

the staying ratios.

staying
2 X B 5 6 7 ratio
—
L6714 .8020
.1738 .5220 7130
.0341 .2013 .4292 .6669
.0060 .0521 .2209 .3470 .6263
0010 .0113 .0715 .2235 .2877 .5950
0001 .0022 .0186 .0868 .2304 .2082 | .5463
0004 .0043 .0263 .1081 .1943 .3334
0001 .0008 .0069 .0388 .1040 | .1506

10002 .0016 .0118 .0419 | 0555

.0004 .0032 .0141 0177

.000T .0007 .0043 | .005]

.0001 .00711 .0012
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Table 17(b). Fraction of pupils in grade two who will be in

grade j, n years later and the staying ratios,

grade j , ; . 5 6 ; ’ staying
" years ratio
————
1 1272 .7797 .9069
2 .0164 1975 .6420 .8559
3 .0021 0379 .2452 .5195 .8047
4 .0003 .0065 .0629 .2654 .4311 .7662
S 0010 .0135 .0852 .2878 .3123 | .6998
6 0002 .0026 .0220 .1159 .2499 | 3906
/ .0005 .0050 .0364 .1171 .1590
8 0001 .0010 .0099 .0419 | .0529
9 .0002 .0024 .0127 | .0153
10 .0005 .0035 | .0040
1 .0001 .0009 .0010
12 .0002 | .0002
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Table 17(c): Fraction of pupils in grade three who will be

in grade j, n years later and the staying ratios.

Jrade j
staying
3 4 5 6 7 .
N years ratio
1 1255 .8247 .9502
2 0159  .2089  .6681 .8929
3 0020 .0400  .2550  .5551 8521
4 0003 0063  .0653 .2987  .4027 | .7738
> 011 .0140 .1011  .2702 | .3864
? 0002 .0027 .0275 1092 | .1396
! 0005 L0066 .0344 | .0415
8 0001 .0014  .0093 | .0108
9 0003 .0023 | .0026
10 0001 .0005 | .0006
1 .0001 | .0001
\—__/—/
e o AR08
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Table 17(d): Fraction of pupils in grade four who will be in

grade j, n years later and the staying ratios

grade j Staying
4 2 6 / ratio
N years

1 .1269 .8111 .9380

2 .0162 .2067 .6749 .3978

3 .0021 .0397 .2773 .4905 .8096

4 .0003 .,0068  .0765 .2667 .3503

5 .0011 .0177 .0910 .1098

6 .0002 .0037 .0249 .0283

7 .0007 .0060 .0067

8 .0001 .0013 .0014

9 .0003 .0003

10 .0001 .0001
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Table 17(e): Fraction of pupils in grade five who will be in

grade j, n years later and the staying ratios

grade j
staying
5 6 7 .
n years ratio
1 1271 .8335 .9605
4 .0163 2357 .6072 .8592
3 .0021 .0504 .2526 .3051
4 .0003 .0096 .0703 .0802
5 0017 .0164 .0181
6 .0003 .0034 .0038
7 .0001 .0007 .0008
8 .0001 .0001




Table 17(f):

123

Fraction of pupils in grade six who will be in

grade j, n years later and the staying ratios

grade j
\\\\\\\\\\ . » Stay?ng
n years ratio

1 1550  .7306 8856

. 0241 .2110 2351

3 0038 .0458 0496

4 .0006  .0089 10095

5 0001 .0016 .0017

6 .0003 .0003

7 = -

J
IﬁElE_lZLgl: Fraction of pupils in grade seven who will be in
grade j, n years later and the staying ratios.
ot staying
N years / ratio
E—

] 1346 | 1346

2 0181 0181

5 0024 | 0024

g 0003 | .0003

5 } ;

_‘__.—jL’—-/



124

'/J'C)'/'I,'?[ en 4o ’ - .
vnts on Tables 17(
a) - 17(
g)

If the K i
a enyan primary education system
o evolves
g to the Exponential probability d
model

then 0.80
: 20 of the new
entrants would s i
till be 1
n

the s
ystem after one
year of schoolin
g. After tw
0

years of i f
of schooling 0.7130 0 these pupils
would

still i
be in school. gimilar figures can b
e

obtained
for the other
years. For exam
p]es after

eignt
years of schooling 0.1506 of the grad
e one

pupil :
s would still be in primary school

y For pupils already in grade two, 0.9069 of
0 e pupils would still be 1in primary school after
ne year. After twO years, 0.8559 of the grade tw
Pupils would still be in ERE system and so on. O
of schooling 0.0529 of

Inf

act after eight years
i1s would stil
n the proportions for pupils

the
grade two Ppup 1 be in school.

We .
can similarly obtai
in 3

ny of the other school grades. For example
grade seven during the

ese pup11s would still

fo .

r pupils enrolled in
9.1346 of th
after one

3 of these pup

inits .
tial time,
year. After two

ba 3
in primary school
ils would

Yea
rs of schooling 0.020

tem and S After five years

St
i1l be in the sYS
pils would have

of
schooling all
if tne system evolves according

lef
L primary school
gpitity b

ransition model

to
the Exponential prob
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Table 18 below gives the school drop-out rates
for the Kenyan primary education system under the
Exponential probability transition model.

IQQDE_BQ: The school drop-out rates within n years, under the

Exponential probability model .

grade j
n years 1 2 3 4 5 & ;
) 1980 0931 .0498 .0620 0393 .1144 .8654
¢ og70 L1441 .1072 1022 .1409 .7649 9819
3 3321 L1953 .1479 .1904 .6949 .9504 .9976
4 3737 0338 .2262 .6497 .9198 .3905 .9997
3 dgsy 3001 6136 8902 OBI8 .33O3 - 1
0 4536 6095 .8605 9712 9962 .9997 1
7 666 @410 .9585 .9933 999 9999 1
5 8794 9471 .9891 .9986 9999 . 1 :
9 gqqs  og47 9974 9997 - 1 ] :
10 | ogp3 .gos0 9994 999 ] 1
1] 9949 9990 .9999 ! 1 1 1
12 9987 .9998 . | 1 ‘ ] 1
13 9997 1 1 1 ] ] !
14 9999 1 1 ] ] ] ]
15 1 | 1 1 1 1 ]
\\\\“-—J~_______‘_#__d,~,~fz—~’*””““”——"—
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C mments on Table 18

When the Exponential probability model is used

to describe the education process, 0.1980 of grade

one pupils, enrolled at the jnitial time, would

have dropped out of school after the first year

After two years of schooling 0.2870 of these pupils

would have dropped out of school and so on. The

rest of these proportions are in the first column

of Table 18. For example, the highest drop out

from primary school for these grade one pupils is

In the seventh year when 0.6666 would have dropped

oOut of the system.

0Of the pupi]s enr011ed in grade two during
the initia] time, 0.0931 would have dropped out of

After. two years of schooling

School after one year:.
two pupils would have dropped

0.14471 of these grade
0ut of the sysfem and so on. gimilar values can be
enrolied in an
of the pupils in grade

y of the other

Obtained for pupils

SChool grades. For examples
0.8654 would have

S s :
€ven during the initial time:
tem after one

19 of these grade seven

d ear. Aft
ropped out of the SY¥° d ="

t
WO years of schooling 0.98
t the System.

during the
fifteen years,

Infact all the

PUpits would have lef

. initial time
PUpits in primary school
ystem

tial prob

after

Wo
Uld haye left the S .
ability transition

ac .
Cording to the ExPOMel
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model .

Tables 19(a) - (b) below give the school

survival times and the probabilities of promotion

between the grades of the Kenyan primary education

syst under the Exponential probability transition
yStem,

model .
. e 3 b
Table 19(a): The expected length of stay 1n grade J by
fable 19(a): |
1s in grade 1 and the school survival
pup1t

i under the Fxponential probability model.
times

survival
grade j

4 5 6 / time

grade i 1 2 !
7894 7455 6925 .6812 .5681| 5.5134

1 |[1.1504  .8863

| o229 L9667 .8983 8842 .73845.6566
2 R | 0817 1.0057 .9908 .8287 5.0506
3 o ].1456 1 0656 1.0509 .8808| 4.1429
4 | 1.1458 1.1313  .9508| 3.2279
5 1.1836 .9982| 2.1818
6

1.1555| 1.1555
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Table 19(b): The probability of a student, enrolled in grade

i at the initial time, ever reaching grade j

according to the Exponential probability model

grade j

grade i | 1 2 3 4 5 6 7
1 1 .7733  .6902 .6508 .6044 .5754  .4916
2 1 'g9a4 .8438  .7840 .7470  .6390
3 1 9442  .8777 .8371  .7172
4 1 .9300 .8879  .7623
5 1 9558 .3228
6 1 .8639
7 1

19 (a)-(b)

Comments on Tables

ation system evolves according

When the educ
bility transition model,

to the Exponential proba

rade one ot the initial time would

then a pupil in g
n average of 5.5134 years in

be expected to take @
grade two during the

A pupi]
e expected t
y school according to this

Primary school. in
o take an average

initial time would b

of 5.6566 years 1M primar
n similar yalues for pupils in

Model. We can obtai
grades. For example a

dny of the other school

dur-ing the 1n1t1a1 time would
n

Pupil in grade seVe

have taken an averad® 0
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[Refer to Table 19(a)].

A pupil enrolled in grade one during the

initial time had a 0.4916 chance of reaching the

highest primary school grade. The probability of

a pupil in grade two, at the initial time, reaching

grade seven was 0.6390. Similar probabilities are

obtainable for pupils of the other grades. For

example, a grade six pupil would have had a 0.8639

Chance of reaching grade seven, according to the

Exponential probability model [see Table 19(b)].

In Table 20 below W€ give the expected length

of schooling (ELS) by any pupil in school at the
hen the system evolves according to

bility transition model.

initial time w

the Exponential proba

lable 20.

Expected
length of
schonling

rade ] , 3 4 5 H 7 (ELS)
e J
\\—
length of
Stag . 0 oo 4153 5298 6454 .7332 .8569 .8213| 4.2674
y in : . )
grade j
\———
Comm ble 20 .
~Cmments on TabdrZ ——
D assumed to evolve according
When the syste! i1 4
. del, any pupil 1in
Xpo . ted to s
th o initial €T e P
e S t t e A -
0 ystem a | e na Any of these pupils 1is
. 2655 of a year 11 9 ¢ a year in grade two and
4153 0

expected to spend 0-
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SO On
. These
values 1incC
rease with
grade si
ze to

thE I . . . .
b y

these s
pupils 1s ex
pected to take 0.8
.8569 of a
year

in
grade six [
. We note again th
at for grade
seven,

S

lower
th
an that for grade six. Generally an
y pupil

in |
pran
1ary SChOO] at the 1nitia1 time would b
e

expected
to take approximately 4.2674 years i
in the

system i
if the system evolves according to the

nential probabi]ity model .

3.5
CONCLUSIONS

Thi ] i

is section starts with a summary of some
rative remarks on the three probab11ity
in this chapter. This

tra .
nsiti :
ition models discussed

al conclusions concerning

s
followed by someé gener

the time de
cribe the educational

the
a ; ;
pplication of pendent probability

tra .
7 )
sition models tO des

Process

Cop
COMPARATIVE REMARKS

O
he Average TUME to Stabﬂltze
When the transjtjon prOC@SS s aSSUmed to
Normal probability model,

v
e according t0 the
ake between 137 and

S will t

pilizé:-

the
transition proces
According to the

]84
8 .
time periods tO 564
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L . . . .

ogistic probability model, the transition proces
| S
will take between 52 and 984 time periods to

. o :
tabilize. Finally the Exponential transition

process is expected to take between 22 and 3385 tin
1e

periods before stabilizing.

In all the three models the transitions from

grade seven take longest to stabilize. This could

possibly be due to high repeats in this grade

especially by pupils who fail the secondary school

qualifying examination and have to resit the

examination. It 1S evident that when the system

evolves according to the Exponential probability

model it will reach @ stable level faster than in

the other two modelsS:

On the Goodness of Fit

and the Logistic probability

Both the Normal

sition process with P-values

models fit the tran

The EXponentia] probability

between 0.6 to 1.0-
ess with a slightly

model, fits the transition pliae

n 0.5 to 1.0. This seems to

lower p-value of betwee
e Logistic probability

rmal and LD

o the proces

However this

Suggest that the NO
s than the

Models are better f1ts t
{17ty model-
ues does 1o
- mode15 may therefore be

£
Xponential probab
t seem to be

difference in the p-val
the threé

S qn s
ignificant. All
jtion Pro

cess of the Kenyan

u
Sed to study the trans
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primary education system.

Oon the Standard Error © f Estimation

The relative standard error in using the

Normal probability model to describe the transition

process during the initial time is at most 22%. It

is at most 19% when using the Logistic probability

moda]l to describe the transition process, and at

most 18% when using the Exponential probability
model. It seems that during the initial time the

Exponential probability model describes the transi-
tion process better than the other two probability
models, even though it 1% quite comparable with the
y model. puring the first year,

Logistic probabilit
the Logistic probability

again the Exponential and
relative stand
y seem to describe the

) ard errors of 20%
Models have maximum 0%

and 21% respective1Y- The
obability model

Process better than t
9. In fact

Which has a maximum relatl

e Exponential probability mode 1

after ten years, th
h a max imui relative

s better wit
wed DY

Stil
perform
the‘Logistic probability

error of 34.5% follo
9 and then the Normal

Mode] with a maximuil of 34.9
m of 35%. After

Probabiiity model wit
:th the least

Sixtee
n however, .
years probab111ty

the Norma]

Max i i
aXimum standard erro’ 1= s
d by tne Logistic

¢ g0y fol10%°

m
Odel with a value ©



133

probability model with a maximum relative error of

43%, and finally the Exponential model with a

maximum relative error of 45%.

On average therefore, it seems that the

Logistic probability model performs consistently

better as compared to the other two probability

models. This is an observation based on both the

goodness of fit test of the models and the standard

e . . .
rror of estimates in using the models.

emic Retention

On_the Measgggg;gﬁ;%&!iﬂ_,_—————————

for new entrants in the

It is observed that

the Normal probabi]ity mode

e .
ducation system,
r retention ratios compared

generally predicts highe

to either the Logistic OF the Exponential probabil-
early the same retention

1ty models, which have N

for the Normal probability

r .
atios. For exampleés
entrants were still in school

model, 83% of the nev
is high compared to

This figure
school afte
or the Exponential

afte
r one year
y one year accord-

809 )
0% who were still 1D

i -
Ng to either the Logistic
e can compare the school

Probability models:
e other

.in any Of th

e||t10n lateS |Ol I 11]

Sc
hool grades durind the
again the Normal

-F
Or pupils of grade sevef>
higher

general a

Pr T
Obability model
to either the

re .
tention tendency
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Logisti
1C probabi]it
y model or the E
xponent1a1

probability model.

As a
cons
equence of the above observatio
n we

mode] .
predicts the lowest drop-out tendenc
y as

Compared a b
to the other two pY‘Ob bilTity models th
otn

Ch 3 | & I llle m | & -
p?ed'lCt app Ox'imate y same d Op 0
ut

p‘O'Dab.l't r de seven
Wi ]

ha
ha:z,1jzt thé system after <ix years. On the other
o ford1ng to eitner the Logistic or the
- ential probabi]ity nodel » all the grade seven
ye:lls will have left primary school after five

of schooling. We particu1ar1y note that all

jmary school during the

the pupils enrolled in pr
ave left pr
b 18 GESE
probabi]ity models.

imary school after

inits
tial time will b
ribed by either

fif
t
een years, if the sy

the
Loai .

ogistic or the exponentia
be moOre for the Normal

0f

C

ourse this time will
its high pupil retention

prOD . .
ability model because of

new entrant into

Within an e jght=yes®
ake 5 years Smonths

Pri;

na

ry school is expecte
probabi]ity

Norma1

0 the
and the Exponential

in

the

m system according t

Ode] 1 i

. According to the L091st1c
entrant i85 expected to take

pr‘o‘
Dabils
bility models 2 new
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5 e
years b for
months before leaving the syst
| o em. We
can
Obtain similar comparative Iigures for pu i1 f
pils: 0

the oth
er school grade
s. For example
, a grade

Seven i
u i r
p p11 1S5 expected to take app oximatel ]
b1

Jegp 2
months in primar
y school accordin
g to any of

the .
three probability models.

On the
other hand, a new entrant into prima
ry

school h
as a 39% chance of reaching grade seven

Within .
an eight year period, according to the

al 14
probability model . According to either ti
e

Loqi
gisti
c or the Exponentia] model, a new entrant

has
a 49y
9% chance of ever reaching grade seven. Fo
. r
e six the chance of reaching grade

a :
Pupil of grad
according to the Normal

seven o
is approximately 92%
[t is appro

ability mode]l
onential probability

ximately 87% accord-

Pr .
Obability model.
and approxi-

;
N9 to the Logistic prob
ing to the EXP
e that when th
ability model then a

Mate]
y 86% accord
e system evolves

Mo d
el
. Here we observ

r
ding to the Normal prob

higher chance of ever reaching

9rad ;
€ six pupil has @
ystem evolves according

Qrad
e
seven than when the 5
ponentia1 probability

to -
e
ither the Logistic O the EX

mode]s
: When the educatiol proceSS js described accord-
n
g ;
to the Normal probab111ty model, any pupil in
1n1t1a1 time is expected

Prj
ma
ry school during the
in primary

to
- th
ke approximately 4 years 2 morth®
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SC . - .
hool during the first eight years of schooling.

Ac ; :
cording to either the Logistic or the Exponential

Probability models, any pupil is expected to take

a .
Pproximately 4 years 3 months before leaving the

System.

GENERAL CONCLUSIONS

The following general remarks may be deduced

fr )
Om the foregoing discussions:

(i) The Kenyan primary education system is

found to be time inhomogeneous on the

is of the homogeneity test.

bas
ed time dependent probability

(ii) The suggest
transition models are all found to be
useful 1in describing the transition
y education

e Kenyan primar

process of th
s of the goodness of fit

articular these models may

tests., In P
e transition

the base

year. _
predicts a

jrity mode]

al probab
tendency compared

(i1i) The Norm
retention
obabi
to the note that for the

hi upil
igher puP 1ity models.
we assumed that

nverge to the maximum
co



In the next
Primary education system under
Cohort analysis.
System to evolve according t
11ity transition model.

Used is due to the consiste
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value of one. This may have led to the

observed results. In both the Logistic
and the Exponential probability models the
optimum values of the transition rates

were equal and less than one. It is

therefore more appropriate for compar-

ative purposes to lTook at the Logistic
and the Exponential models. In this case
we observe that the Exponential probability
model and the Logistic probability mode]

behave nearly the same in terms of theijr
retention characteristics.

chapter we shall study the Kenyan

the generalised

In particu1ar we shall assume the
o the Logistic probab-
The choice of the model

ncy of the relative

Standard errors of estimates and the goodness of fit
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CHAPTER 1V

THE GENERALISED COHORT MODEL

INTRODUCTIQN

| &

In this chapter we shall describe a model

which traces the flow of a cohort of students

through an education system. In particular we

shall use a cohort transition model as an
application of the more general Markov chain
model, described in chapter three, in studying

the flow of a group of students through the

education system.

For our purpose, the term cohort will be

Used to mean a group of students regard1ess of age

Or socio-economic background, who enter the first

grade in the same academic year. The conhort model

is based on the fact that students flow through an

in successive cohorts. Thus by

€ducation system
tracing the progress of a student belonging to a

the enrolment in a given grade at a

diven cohort,
9iven time can be Iooked at as being composed of
us cohorts.

Students belonging toO vario

4.2 THE PROPOSED MODEL

Assumptions
of the education system

Suppose the states |
s where s 158

dre denoted by the integers 1,250

ing states of the system.

the number of non-absorb
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mode 1
, of the type suggested in chapter III, wh
, ere

the f u f i ed b
]OWS out o a g]ven grade are govern Yy ti
Tme

i R e i
ependent probabilities. That is, the probabil
> ility

O f‘ . . . .
an individual in state 1 at time t mov i
ing to

ate j at time t+1 depends only on i,j and t

and n i n
ot on any DYEV1OUS moves the individual n
may

hav i f f
e made. If the probab1]ity 0 moving rom stat
ate

i ) g @
to state j in the time interval (t,t+1) is

P(t) = ((pij(t))) (e F 03,7} ]

& :
nd depends on time t. We shall further assume

that
(i) new enrollment in the education system

is only through the first grade of the

education system;
(ii) a student can only be promoted to the

next higher grade, SO that

ij(t) _ o for all J = 442,143 5 e6w35 anNd
fFor all ] <i

(iii) a student can repeat a given grade any
r of times, wever the probability

infinitely

ho

numbe
is zero;

of repeating
all individuals behave independently.

(iv)
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[t is therefore clear that at the end of each
academic year some students pass and thus move to

the next higher grade, during the following year,

with probabilities

P -i+'|(t)s fForr 1 = lglswsssB

and some fail to pass and thus repeat the same

grade with probabilities

However these two events are not the only ones as

far as movement of students through the school

System 1is concerned, since a student may die or
Wi thdraw For whatéver reasoll. Thus the transition

Probabilities satisfy

pii(t) + p1’1'+] -

denote the number of Tndividuals

If we let nij(t)
n grade i at time t who move to grade j at time
represent the flows between

these numbers
he stock of individuals

(t+]).

b

the states of the systel: T
in state i at time b is
: £. (3.27
_nongs(t) [e.f. {8.2]]
n1(t) T e 1J
J—
..,N are
for N>s where, states s+l s+2,
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absorbing states. We can treat the states

individually because of the assumption of

independent flows. Thus assuming the multinomial

distribution, the maximum likelihood estimate of

Djj(t) is given by

It is the proportion of students enrolled in the

i-th school grade in year t who move to grade j .in

year (t+1).

[lity Transttion Model

l'he Logistic Probab

In order to illustrate the applications of

the generalised cohort model, we shall model the

transition probabilities in terms of endogeneous
Variables which could Dbe non-quantifiable but

Cause varjation in the transition probabilities

eed by assuming that the

as time changes. We proc¢

ilities may be regarded as

transition probab
e of random events which

Probabilities of occurrenc
ansition process.
ssume the transition

In ti
Characterise the tr particular

as in chapter II11 W€ shall a

ed by a random process whose

Process is characteris
' : : i is

distribytion function oVer time

_m<t<w,81j>0

F(t) = 1/ 1+exp{'(a1j+81jt)}:|’

[c.f. (3.40)]
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where i
s s and Bij are as in (3.40). Defining

p..(t) as in chapter III we can then write

p..(t) = exp(aiji-Bijtv/fl+exp(aij-+81jt)}’
[c.f. (3.41)]

and Bij may be estimated

The parameters «a..
1J

fr : :
om the regression equations

logit pjj(t) TR Byt [e.f. (3.43)]

The transition probabilities pij(t)'s are then

obtained by transforming back the values pi.(t)'s
g/

to their original values.

In chapter III we saw that the Logistic
tion model 1is suitable for

Probability transi
y education system. For

S . ;
tudying the Kenyan primar
ses weé shall
£ analysis assuming that

Mlustration purpo now give application

0
f the genera]ised cohor
o the Logistic

t )
he system evolves according t

Probability transition model .

Tl o5 s
he Time Uependent COhOTt_Mgéié

del W€ consider ni(t), the

In the cohort mo
i at time t, as

NUmber of students enrolled 17 grade

elonging to
bility that

Co . t }
Mposed of students b differen cohaPLs .
a student

Le j
. q%(0) denote the proba



143

belonging to an initial time cohort enrolls in the

i-th school grade, j years after admission into

the system. Then assuming new enrolment to be only

through the first grade, we have

qJ(O) s 0 for J = i-1,i,i+1,...
i

=0 for J < i-2

Since new entrance into the system is through grade

one and the fact that a new entrant at time zero

Will be expected to be in grade i, (i-1) years

later if there is no repetition, it is evident that

a%(0) = 1, ay(0) = ppp(0)
and (4.1)

q17(0) - p]Z(O)pB(])p34(2)...p1._],],(1-_2)

se year, t, we may

Ge”EPally starting from any ba

j i1 t a student of

define qJ(t) as the probability tha

1 . .
: - de

the time t cohort enrols in the i-th gradeé J years

later, E (131)
j 1) i ()
q](t) = p]](t+3']) a9
(4.2)
and
. "
(t+i)ag(t) * pie1, i1 (EFIIGT ()

J+1 B .
Q3,1 (t) = Py i+l
year 'iS denoted bJIS t=09

Specifically when tneé basé€
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we have

ad(0) = pyy(a-1ad ™ (0)

and

J+1 _ oy J 3
a3t1(0) = by 5,1 (3)95(0) * Piyy, i1 (3)9540 (0)

An alternative expression for qg(t)'s may

be obtained as follows. Expressing the number of

Students, n.(t) in grade | in year t in terms of
i

the number enrolled in grade i and (i-1) in year

(t'l) and the new enro]lment Nt’ we have

E[ 1 nq(t- ])] = N F p]](t)n](t-l)
(4.4)

E[ /ns 4 (t-1).0 (t-l)] = p;q,i(t! s _q (E=1)+p45 ()ng (t-1)

Which in matrix form becomes

El:“(t)/Nt,n(t—])] _op'(t-1)n(t-T)*E Ny (4.5)
Where n(t) and n(t-1) are enrollment vectors, in
Years t and (t-]) respectively; p'(t-1) 1s the
i time t-1,
tranSpOSe of the transition matrix at

that jg

pt-1) = (P43

Wh
€re p, J(t 1)'s ar

el
]]t195 under the aSSUmed mod
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e = (1,0,0,...,0)" . Substituting for n(t-1)
-SX] sV sV ’

reccursively in (4.5) we obtain

J
(3) ¢y = 1 P(t-k)
PAI7(t-]) kLO

It is the j-step transition matrix from time t-j

to time t.

the proportional

We can also express nj(t) as prop
i ecedin
sum of students belonging to all the pr g

; time t as
Cohorts starting from time 0 upto

t .
J(t-3ON, . (4.7)
=z oq3(t-3INg.
EE\i(t)/NO,N],...,NE‘J j=0q1 t-]
Which in vector form becomes
t : .
o v |- o5 gl (e (4.8)
E ﬂ(t)/NO,N]a-"’ t j=0
Wher‘e
j Jit-3)) -
1 1 R \] t-j),."’qs( >
9’ (t-j) = (;%(t-J)’qz(
obtain
Comparing (4.6) and (4-8) "
(4.9)
i) J(t-3)
p(J)(t-j) e = q
f
: st column O
ThUS qJ(t-j) is JUSt the fir |
9 ] P(J)(t-j)- For pupils
' w o

P(J)(t-j) or the first 10 range the

can then ar
cme t we
y tim

J%ining school at an
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probabilities qg(t) in a matrix Q(t) as,

a%(t) aj(t) . . - ag(t)
al(t) ap(t) - - - 9g(8)

Q(t) = (4.10)
qq(t) qé(t) ap (t)

The matrix Q(t) is called the retention probability

matrix for pupils joining school at time t, and

N is the maximum number of y&ars @ student stays

n school

Next Tet

ector of zeros except a one

Where ¢ is a column V '
in the k-th position. TNe" q) (t-3) is @ colunn

Vectorp whose i;th CompOﬂEnt giVes the PPObab1]1ty
g at time (t-j) will enrol

that 5 student 1in grade .
ears later. It is

M the i-th school grade jy

d : )

€noted by qﬂ-(t'J)- | |
. the generad retention

J(¢-3) 9ive®

T
he vector gy e k-th row of

. iyst th
Probabits ¢ it 15 Jus
il fact ;
ities. In - P(J)(t_j). Generally
n matr1

t . .
he J step transi1tio
grade k

£ at time t we may
°F pupils in any school
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ol (t) = P30y g

where e is as before, then gﬂ(t) is a column

=k

vector whose i-th entry denoted, qgi(t), gives the

probability of a student in grade k at time t

enrolling in grade i, j years later. We can

then arrange the probabilities qﬁi(t)'s in a

Matrix of the type in (4.10) which is called a
general retention probability matrix. That is

—;E](t) QEz(t) qﬁs(t)

ql1(t) qlz(t) e qls(t)

(4.11)

n
9, (t)

(t) QEz(t)

n
q
|91

(4.11) coincide. The

When k=1, (4.10) and
ow be generalised

r : -
eccursive formulae in (4.2) can ®

f

Or any time t and grade k 3ss

| o

j+1 epoap i1 (EH 1 ()

N
qk,]’+‘| (t) = P; ,’i'l‘] (t+J)qk1'(t)

(4.12)

and

£ the cransition matrix Qi (t)
jrities

The elements O
in the sense that they

dre .
conditional probab
conSiderin

ts entering grade

a
"e defined by
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k at time t as constituting a cohort. We can

however obtain the transition matrix of absolute

probabjlities, based on initial cohort of students

as follows. Let qE%(O) denote the probability

that a pupil after entering grade k for the first

time at time zero will enrol in grade i after J

years, Suppose that qi(t) is the probability of

a member of an arbitrary cohort of students

enrolling in the i-th <chool grade for the first
time at time t. Then
(4.13)

nrolment is only in the first

ool grades We have

Since all the new €
grade. For the other scf

_ t-1
9i4p () = Py 41 )j

imated from previously

This value can be est
We then easily see that

available transition data.

"3 (0 0)a}
ki( ) ) qk( qk1 j:o,]azao--gt (4.]5)
ne new matrix of absolute

We can therefore writé tn

Probabjlities as



0, (0)

4.3 APPLI
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*
0
qk](o) qu(O) qKS(O)
*x1(0 * 1 *1
qk]( ) qkz( ) qks(O)
(4.16)
*N *N * N
0 0) . . - 0
qk]( ) qkz( ) qks( )
L ]
CATIONS OF THE GENERALISED COHORT MODEL

In this secti

the model

Kenyan primary education syS

€stimating
drade for
€Stimates
esStimates
time zero

this case

Igpls_gl} The probabi i

on we give some applications of

proposed in section 4.2 based on the

tem. We begin by

the probabi]ity of joining the i-th
the first time at time Zero. These
ble 21 below. The

are given in Ta
tained using €

y fixed refe

quation (4.14). Here

are ob
rence time, in

refers to an

1980.

first time at time zero

Zzoijillity 5990 |-758 7346 | .6720 | 6320 5303
enro-| 1 |-

lmQNt at time | I -

ero

\“__ﬁﬁ______L’_FL,ﬂ,’l/’//‘L/J’*—
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C‘
omments on Table 21

As given in the above table the probability

of cndivi
an individual enrolling for the first time in

gra .
de one is 1. The probability that an individual

aft .
er joining school will enroll in grade two for

the f3 )
first time at time zero is 0.6990. This

pr L1 s . .
obability 1s higher for grade three than for

gra . ' s
de two since the probability that an individual

aft . )
er joining school enrolls in grade three for

th :
e first time at time zero 15 0.7580. This may

the higher pr

g one OF three.

be consequence of omotion rate from

drade two than from grade Similar

Values can be obtained for first enro1ments in
For example, the

th
& rest of the school grades-

pupil after joining school will

Probability that a
e . . .
Nroll in grade ceven for the first time at time

e .
ro is 0.5303. It is Mo" v

pr .
Obabilities are Qe“era]ly dec

Size
give the probabi1ities

who after

t time zero,

Joins
ning grade k for
K=1,2,-.

Wil for 1
. ateY‘ )
enrol in grade ' J

volves according
nodel. These

Praop j
abils+a '
bilities are qﬁ%(o) 5
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the retention matrix QE(O). The sum over all the

grades, of these probabilities, that is

. S .
oy = £ arl(0), (4.17)
k ]:] ki

gives the fraction of students who after joining

grade k for the first time at time zero, will still

be in school j years later. It is comparable to

the staying ratios mentioned earlier in
ratio after joining

It is called the school stayin

e zero.

grade k for the first tine ab LIRSS

chapter III.




Tables 22(a) - (9)

Table 22(a)

Fraction of

152

The school retention rates

the cohort of students who

for

join

grade k for the first time at

time zero under the Logistic

probability model .

pupils in grade one for

the first time at time zero who will

be in grade i,J years later.

grqde
1
year j 1 2

1 [.1285 .6742
2 |.0168 .1714
3 | .0022 .0332
4 | .0003 .0058
> .0010
6 .0002
7

8

9
10

1
12

[

.5255
.1998
.0513
0111
,0022
.0004
.0001

.4320
.2199
.0707
,0183
.0042
.0009
.0002

5 6 7 staying
ratios

.8027

.7137

.6672

.3493 .6266
2231 .2896 5955
0861 .2304 .2097 | .5469
0260 1076 1945 | .3327
0068 .0384 .1036 | .1498
.0016 .0117 .0416 | .0551
.0003 .0032 .0139 0174
.0001 .0006 .0043 .0050
0002 .0011 | .0013
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Table 22(b): Fraction of pupils in grade two for the first

time at time zero who will be in grade i,j

years later.

| 3 s 5 6 7 staying

year j ratio
1 .0866 5473 .6339
2 0111 .1362 .4506 .5979
3 0014 .0258 .1699 .3648 .5619
4 o002 L0044 0432 .1846 .3028 .5352
S 0007 .0092 .0589 .2006 .2196 | .4390
6 oov] o017 0151 0804 1746 | L2719
7 0003 .0034 .0252 .0814 1103
8 0001 .0007 .0068 .0290 .0366
9 0001 .0018 .0087 | .0106
10 10003 .0024 | .0027
N 0001 .0006 | .0007
12 | .0001 | .0001

\\‘_‘__________—____—__##’——*ﬂ—’__ﬂﬂ,,_,__,,_____,
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Table 22(c): Fraction of pupils in grade three for the

first time at time zero who will be in grade

i,j years later

grade i staying
3 4 5 6 7 ratios
year j
1 .0939  .6255 .7194
2 0118 .1569  .5070 .6757
3 0015 .0299 .1923  .4214 6451
4 0002 .0051 .0490  .2257 3062 | .5862
5 0008 0105 .0762  .2045 . 2920
6 o001 .0020 0207 0824 .1052
7 0004 .0049 0259 .0312
8 0001 .0011  .0070 | .0082
9 0002 0017 | .0019
10 0001  .0004 | .0005
1 ,0001 | .0001
—_— S
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Table 22(d): Fraction of pupils in grade four for the

first time at time zero who will be in grade

i, j years later

rade i )
jeare ; * ° 6 7 ratios
1 .0922  .5963 .6885

2 o118 1510 .4967 .6595

3 0015 .0289  .2032  .3617 .5953

4 0002  .0050  .0559 1959 .2570

3 008  .0129 0667 .0804

6 o001  .0027  .0182 .0210

7 0005 0044 .0049

8 .0001 .0010 .0011

9 ,0002 .0002

10 .0001 .0001

—~— S
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Table 22(e): Fraction of pupils in grade five for the first

time at time zero who will be in i, j years

later.

grade i staying

year 3 5 6 7 ratio
1 .0851 .5609 .6460
2 0109  .1581  .4099 .5789
3 o014  .0337 1701 . 2052
4 0002  .0085  .0472 .0539
> oo L0110 | L0121
6 0002 0023 .0025
7 0001  -0005 .0006
8 ,0001 .0001

-
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Table 22(f): Fraction of pupils in grade six for the first

time at time zero who will be in grade i, J

years laters.

grade i staying
. 6 7 ratio

year J
1 .0976 4641 .5617
2 .0152 .1336 .1488
3 .0024 .0289 .0313
4 .0004 .0055 .0059
5 .0001 .0010 .0011
6 .0002 .0002
7 _0001 .0001

—_— L

Table 22(g): Fraction of pupils in

grade seven for the first

time at time Zzero who will be in grade i, ]

years later.

rade i staying
7 ratio
year j
1 .0714 0714
2 | .o006 | -00%
3 | .o013 | .0013
4 0002 | .0002
—
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Gomments on Tables 28(a) — (g)

Table 22(a) gives the probabilities that a

pupil after joining grade one for the first time
at time zero will be in the other school grades
J years later, when the system js assumed to evolve
according to the Logistic probability transition

m - .
odel. Since new enrolment is only through the

first school grade, Table 22(a) is identical to

~ example for pupils entering

T
able 12(a). Fo
t time at time zero, 0.1285

grade one for the firs
of them wi]l still be in grade one after one year
while 0.6742 will be in grade two after two years.
Similar values can be obtained for other grades,

for pupils joining grade one for the first time at

after eight years of

time zero. For examplés
pils who joined grade

Schooling, 0.1498 of the PU

me at time zero will still be in

0 .
Ne for the first ti

Schoo1,

1ity of joining grade two for the

The probabi
. and the probab-

f 0]
Irst time at time 2
year later is

in schoo1 one

i3
ity of still beind
0.5979 that a pupil

apility 1%
WO fOY‘ th
001 two Y

$0339.  The
. prob
e first time at time

af .

ter joining grade *

b ears later and
€ro will sti1l be in SC
abi]itie

001 grad

S be obtained for
0 on . .
. Similar prob

Pupi
Pils in the other SCf
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For example, the probability that a pupil after

joining grade seven for the first time at time

zero will still be in primary school one year

later is 0.0714. The probability is 0.0096 that

a pupil after joining grade seven for the first

time at time zero will sti1l be in school two years

later.

The School Drop-out Ratto

The probability that @ student from the initial

cohort drops out of the education system J years

after admission is given by

2(0) (4.18)

hat a student in grade k at time

The probability t
he education sSys

tem j years
Zero will drop-out of t

later js given by

s j (4.19)
(0)
b,(0) = 1 - 151 Tt
om the various

This s a measure of drop-OUt " hooling

] S of SC (0} M
Schoo] categories after J year
The quantity

(4.20)

5 xJ(0),

q, .

J
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of school j
1 j years after joining grade k for

S i i , "' '
e

of the .
proportion of the initial stock of students

Who 1
eave school with final education of at least

grade
k. The probability of drop-out within x years

fOr a .
student in grade k at time zero is given by

b (0) = T
5 (4.21)
We
can also define
k X *K
b*"(0) = b

as
the proportion who drop-out of school within X

ined grade Kk for the first

Yega
rs after having Jo
ti
me at time zero.
e drop-out rates

Table 23 below
e k for the first

Withi
hin x years after J
ssumed to

e system is a

when th
ic probabi]ity model.

the ]ogist

tig
f} .
e at time zero,

ey
olvy
e according tO
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13912_32: The school drop-out rates within x years after

joining grade k for the first time at time zero

under the logistic probability transition model.

grade k

X years 1 2 3 4 5 6 7
1 | 1973 3661 .2806 .3115 .3640 4383 9286
> | ase3 a0z L3244 3407 4211 8512990
3 3307 4381 .3549 4047 7948 3637 .9987
4 3733 L4648 .4138 7430 9461  .9941  .9998
> a0a5 5110 L7148 9196 9878 .9989 1
6 4532 7281 8948 9787 9975 .9993 :
7 6673 .gsos .9688  .99%1 9995  .9999 :
8 8502  .9634 .9918 9989 9999 1 1
9 9450 9894  .9980 .9998 1 1 1
10 | 9825 .9973 .99% ,9999 1 1 ]
n 9950  .9993 .9999 1 1 1 1
12 | .9987 .9999 1 1 ! 1 ‘
13| .9997 ] 1 ] ’ ] 1

1 1 1 1

14 ,9999 ] 1
15 ] 1 1 1 1 1 1

‘\--~_________,,____,__,_,.—f———-———**-*—*
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Comments on Table 23

Table 23 gives the probabilities of dropping

out s
from school within x years after joining grade

k f . .
or the first time at time zero. Again, since

ne .
W enrolment is only through the first school

r‘ .
grade, it follows that the first column of Table

23 j :
is just the same as the first column of Table

13
. For example 0.1973 of the pupils joining
grade one for the first time at time zero will have

1 . . .
eft school after one year. Wwithin fifteen years
have left

of schooling all these pupils will

Primary school.
Of the pupils who Jjoin grade two for the first
1 have dropped out

time at time zero 0.3661 wil

of these pupils, 0.4021

Withs
ithin the first year:
£ school within two years

W
i11 have dropped out ®
¢ may Dbe obtained for

milar value

0
f schooling. Si
 school grades for

f the othe
of the

upi ..
PUpils joining any ©
ero - For example,

n for the fi
pped out of school

t .
he first time at time Z
rst time at

PUPils who join grade seve
Fime zero, 0.9286 will haveé dro
schoo1ing. A11 these

e 1eft pr

of

Wi .
ithin the first ¥e'
imary school

9rade seven pupils will hav

a
fter five years:
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The School survival time

The probability that a student in grade i at

time zero will still remain in the education system

i . . J . :
J years after admission 1S ri(O), as given in

€quation (4.17). Consider the cohort Ni(O) of

Students enrolled in grade i at time zero, and

follow its members upto the last one in school.

<+ rl(O) + r§(0)+...+r‘?(0>N1~(0)

s the expected total number of school years of

Then

the cohort N,(0), where D is the maximum number of
1 2

in in school.
chooling by @ student in

1lows that
Years they can rema It fo

the expected length of S

denoted by 25(0) is given by,

9rade i at time zero,
(4.23)

2 n
] R 0 +.oo+r'(0)
Qi(O) = ]+I}(O) + r1( ) 1

th of time
k he average lTeng
o) denote t
Let 21( )

SPent in grade k by @

student in grade i at time

z
€ro. Then,

: 4.24
K n qq 0) , ( )
2.(0) = )2 ik
1 J=O
For
4) are zero ‘
Some 1g in (4'2 )
of the qik(O) hey areé all zeros, but if
the

®xample if i >k then

1-§k then
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k k-1i-1 k-1 k=-i-1+4n
21.(0) a5 (0) + a5y (0)+.. %05y
(4.25)
The sum
S k )
25(0) = L 25(0); i=1,2,.0+55 (4.26)

gives the expected remaining schooling time for

a student in grade i at time zero.

er some app]ications of the

1 based on the genera]ised

We now consid

9eneralised cohort mode

retention matrix. Let qfi(o) denote the probability
i

s in grade k,

r the first time at time

that a student enrol j years

after joining grade | fo
Z€ro. Then,
xk i (k-1) (0 +.”+q,.k(k-1'-1+n)

ik
(4.27)

£ time spent in grade k after

i
S the average length ©
at time

e in grade i
f the k-th

enro]1ing for the first tim
k

2

§ro. In general 2: (0)

55 the sum 0

“Olumn of the genera1ised retGNtion matrix given in
001 survival time after

(4°]6)- The expected sch ¢t
st time at time
®Nrolling in grade for the f1
2 :
®ro is therefore 91Ve" by
4.28)
s xk(p (
g 2y (0)
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We can now form a matrix of the expected
Survival times in grade k after entering grade i
for the first time at time zero for i,k = 1,2,...,5

as follows:

[ 2 Sy
wr'(0) 2 (0) . + - 2¥°(0)
*2 *S
e3'(0) 257(0) 03%(0)
L*(0) = (4.29)
o) 137(0) 150

The sum of the i-th row of L*(0) gives the expected
"eémaining school years after having enrolled in
9rade i for the first time at time zero.

gives the schoo
for the first time

1 survival

Table 24(a) beloW

times after enrolling in grade 1

3t time zero. bability that a
the pro ab1
Now, Tlet 5?(0) denoté

: i rade i
PUpil enrols for the first t1me ne )
rade k before leaving

at time

z e in 9
®ro and spends some time

ected Jength of stay in
P

the System. Then the ex oy
.o given
Irade k by such a student 1° 9!

¥ (0) - G';(O))(z,'j(m) (-

5'1.‘(0)> x 0 (4.30)

f .
"Om which we obtain
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k
s (0) = 13*(0)/(0) (4.31)

We note here that QE(O) is the expected length of

Stay in grade k by those in grade k at time zero,

Table 24(b) below gives the probability of a

Pupil enrolling in grade i for the first time at

time zero and reaching grade k before leaving school.

e School Survival times for pupil
for the first

Table 24(a): Th

in grade i

who enrol
time at time zero.
survival
r‘ade k
1 2 3 4 > 6 7 time
grade j
—_— S
1 |1 qa7s eass 7903 7462 9% 6819 .5689 | 5.5143
2 7982 7146 g750 .6276 6179 5163 | 3.9496
3 | .8654 g1g3 7612 7503 6282 | 3.8234
4 . 8402 7821 7719 .6481 | 3.0423
7695 7607 .6412 ] 2.1714
5 .
7476 .6335 | 1.3811
6
.6128 .6128
7
\\;——_///'
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Table 24(b): The probability of joining grade i for the first

time at time zero and ever reaching grade k

before leaving school.

grade k
grade I 1 2 3 4 5 6 7

1 , 7757 .6922 .6523 .6054 5765 .4923

2 6990 .6258 .5901 .5481 5224 .4468

3 7580 .7154 .6647 .6347 5437

4 7346 .6830 .6525 .5609

5 6720 .6430 .5549

6 6320 5482

7 .5303
—_— S

Comments on T W
The lengths of stay in ¢

hool by pupils who

rst time at time zero are

Join grade one for the fi

the same as those -
. or e
For example, a pupil joining grade one
’ . to take an
first time at time zero 15 expected
: chool. A pupil
aVerage of 5 5143 yearS pr1mary S pup
) crgt time at time
Who wi]] ter r‘ade two for‘ the f1r
en g o average of 0.7982 of a

: such @ pupil is expected

2 :
€ro is expect

mary school.

Year i de. ,
in that g7 years in pri

to
take an averag® of or pupi1s joining

Simitar yalues may be ©
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any of the other grades for the first time at time

zero. For example, a pupil who enrols in grade

seven for the first time at time Zzero is expected

to take 0.6128 of a year in the school system.

[See Table 24(aj].

As is the case above, the probabilities of

ever reaching any of the school grades after

Joining grade one for the first time at time zero

are identical to those of Table 14(b) in chapter

a pupil joining grade one for

has a chance of 0.4923

ITI. For example,
me Zero,
rimary school grade. For

the first time at ti

of reaching the highest P
a pupil joining e time, the probability
of enrolling for the first time in grade two at

time zero is 0.6990. This 15 the same as the

joining grade two. The
grade two fo

ing grade seven 1is

Probability of ever
r the first time

Probability of Jjoining

at time zero and ever reach
0.4468. similar probabilities can be obtained for

For €

camples the probability

for the firs
e seven js 0.5482.

the other grades. . time at
that a pypil in 97
time zero will ever '

(See Table 24(b)]-
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Expected Length of Schooling

Suppose that
<p'|(0 0)3'°'sps 0)> (4.32)

is the proportion of pupils enrolled in the various

school grades for the first time at time zero.

These proportions may be estimated by

~ s *
p¥(0) = nT(O»/ 12 ny(0) (4.33)

where n?(O) is the number joining grade 1 for the

first time at time sero. It 1is not difficult to

see that at any time

n J
* _ - (t-j) a(t-3) 4.34
nj(t) - ni(t) {;E]nl( J 1 j} ( )

h of stay in the various

The expected lengt
in these grades

pupi]s

School grades by any of the
o is therefore

for the first time at time 2€7

‘ *'(0) L7(0) (4.33)

g.iven in (4-29). The
ELS*(O)) by any of

grades for the

e matrix

Where L*(0) is th

®Xpected length of

rious
the Students joining the ¥° e the sum of
r
first time at time zero is therefo
| . in equation (4.35).

the entries of the produ

That is
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ELS*(0) = p* (0) L*(0) J (4.36)

W C
here j is an (sx1) column vector of ones. Table

25 ;
below gives the expected length of schooling

in the various school grades

N

for pupils who enrol

f . : . -
or the first time at timeé Zero.

IQELS_EE: The expected']ength of schooling for

those who enrol in the various school

r the first time at time zero.

grades fo
— T
grade | 1 2 3 4 5 6 7 [ELS*(0)
1 -
ELS
in . 2609 35]6 4360 ,5]8] .57]3 .646] .5969 3.3809

i ‘_ﬂ‘—’—”_’d’_a__,_,__ﬂ_,

C
Comments on rable 22

the various grades for

Any student enrolled 17
pected to spend

the first time at time 2ero js exX
Approximately 02609 of 2 year in grade one. This

nera11¥ W
ro11ed‘f°
at time

Va .
lue increases 9¢
r the first time in

e
Xample, any pupil €” i
zero 15 expected

any of the school 9rade
]6 Of a y

eal in grade two before

t
0 take about 0.3°
ected 1ength of

leaving the system- The eXP e six i
: rade S1X 1S
SChooling by any of thes® pup! in s .
This value 15
apprOXimately 0 646] of @ year‘ . .
. 4 1eng®h of schooling it
cte

Sreater than the €XP®
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grade s
even, by these pupils, which 1is about

0.5969
of a year. This may be due to the high
19

retenti
ion property of grade six. In general
any

pupil
enrolled for the first time in the vari
ous

glades i i p

Matel i
y 3.3809 years 1n school before leaving the

System.,

4
.4  CONCLUSIONS

Since new enrollment in primary school 1is

ass
umed to be only through the first grade, there
1% . .

complete similarity between the retention
into primary school

Pr :
operties of new entrants

un :
der the general MarkoVv process 1M chapter III

ised cohort model. We now

an

d those of general
i .
dJive some conclusionss based on the applications

hort model to the Kenyan

of
the generalised €O

Pri
imary education system:
g school

A pupil joinin for the first time at
being in grade

£
ime zero has a 13% chanc

One
after one year:

0 ;
f these grade one pupi!

a
fter one year. T1N1° obser?

g of the

¢ .
Or the first time at time
year- gimilar values

a :
PProximately 80
still be 1in

afLer oné
gtheo

P
Mary school
time periods of

ar i et
€ obtajnable durlm o
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study. For example, after eight years of schooling
dpproximately 15% of these pupils will still be in
Primary school and so on.

For the pupils joining grade two for the first

time at time zero,approximate]y 63% will still be

After two years of

still be

]'
N school after one year.

Schooling about 60% of these pupils will
n school and so on. We can obtain similar values
LGy pupils joining any of the other school grades

for the fiprst time at time Zero. For example, only
about 7% of the pupils who areé in grade seven for
the first time at time Zero will still be in

After two Y

ade seven pupils will still

S .
Chool after one year. ears of schooling

ONly about 1% of these 97

be all of them will have left primary

n school, and

S
Chool after four years:

ratios for those enrolled

The school drop-out

t a
he Same as those obtail
For the pupils

f 11
Or the Logistic Probab1]1t
] enro]

out 37¢ wil

Wh in grade two for the
O after joini schoO
Joining 1 have dropped

fip b
St t o Zero, a
Tme at timeé Within two

o first
of theseé

ear-

Out
of i thin th
school with1n grade two

yEa 40%
'S of schooling abou't and so on.

Pup ;
PI1s wi11 have droPp have left

I
"fact 411 tpese grade e
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primary school within thirteen years. Drop out

rates can be obtained for pupils in any of the

other school grades for the first time at time

Zero. For example about 93% of the pupils who

enrol for the first time in grade seven will have

dropped out of primary school within the first

year; 999 of these pupils will have left school

Within two years and so on. A11 these grade seven
Pupils will have left the system in four years.

The school surviva] times for new entrants

at time zero are the same as

into primary school
eralised Markov chain

those obtained for the g€l
A pupil in
sero 1S expected to take

rade two for
model in chapter III- 9

the first time at time
o months in grade two. These pupils

an average of 1
bout 9 month

s in.grade three

are expected to take @
in grade

pil who enrols

and s on. In total @ pu
. is expected

two for the first L1Me at time Z2€7O ts exp

years 11 months in primary

to t e of 3
ake an averad . btained
1 surviva

y of the 0

1 times can be o

Sch 0
0ol. The scho ther school grades

fo . R . . an
r pupils joining For example, it

the first time

nth for pupils

t time Zzero. On

at tj e
time zero for . joining
m

) S
s approximately 3 yed

. time @
9rade three for the first ed in grade seven for
.1 enro
the other hand 2 pup] 0 expected to take
. r
rime Z€

the fipst time at
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about 7 months in school before feaving the system.

As is expected the percentage of entrants into

school at time zero who ever reach grade one is

100% since they all enter into that grade at time

zero. About 49% of those pupils who join grade

one for the first time at time Zzero will ever

reach grade seven. These percentages are obtainable

for pupils of the other school grades. For example

70% of the pupils in 2 cohort will join grade two

ne zero. Of these pupils

for the first time at tii
st time at time zero

who join grade two for the fir

1 have a chance of ever

about 45% of them Wil
ary school grade. Also

reaching the highest prim

pupils will have @ chance of

63%2 of a cohort of
he first time at time zero.

joining grade six for t
g will have @ chance

0f these grade siX pupils 55
of ever reaching grade sevel:
jed at time sero for the first

Any pupil enrol

; rades is
the var

time in any of hs i ]
ths in graae
o take about
One. These pupil® are eXPeCted ¢
ad 50 on. we note parti-
a

4 mo :
n two _
ths in grade enr011ed for the first

Cul :1s wWho
a]’"]y that pup1]s grades are

tim ' i
e : in .
at time zero grade six and

This 1S
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POSSi
ibly a consequence of the high retention

proper '
perty of grade six as compared to grade sev
en.

I :
n genera] those pupﬂs who jO'ill the various school

grad i
es for the first time at time zero are

eéxpected t t i t 3
0 ake approx1ma e]y years 5 months in
1

Primary school

To summarize,we note that the generalised

co :
hort model provides an alternative method of

de ibi i
scribing the flow of students in an educational

S

ystem. Regarding the application of the generalised
e

C :

ohort model to the Kenyan primary education system

we make the following general remarks:

sults on the retention

(i) Most of the re
properties obtained by the
ort model coincide with those of the

~kov chain model

generalised

coh
when we

general Ma
into the first

sider the new entrants

de at t]me
erage repeat rates for

con
school gra
the av

g the scho
e zero is approximately

(ii) In genera]
ol grades for the

ther hand the average

~ these pupils is about

e fO

59% -
erage @ 67% chance of

(iii) A pupi]
ny of the remaining school
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grades for the first time at time zero
after joining school,

In general any pupil enrolled in the

education system for the first time at
time zero, in any of the grades, is
expected to take approximately 3 years

5 months in primary school.
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CHAPTER ¥V

P
PROBABILITY MODEL FOR ESTIMATING AND CONTROLLING

ACADEMIC_SURVIVAL

5.1 INTRODUCTION

In chapter III we suggest some time dependent

t . . . N
ransition models which incorporate endegenous

factors over time by means of probability distribut-

o further and assume that the

ions. We shall now 8
time due to the

ging social and economic factors.

effect of some chan
sume that the transition

In particular we shall as

d by some quantifiable variables

rates are affecte
The prOposed model will

whi . :
hich change with time.
obtain some measures of academic

tifiab]e vari
ates which are as close

then be used to
t will be made to

Survival. In additio
control some of thes€ quan
nsition '
red futur
4 model will be

he Kenyan primary

0
rder to achieve tré@
e values. Some

a ] ;
S possible to some des1
propoSe

¢
onsequences of the
from t

demonstrated, using data

ed .
ucation system.
ountries’ education patterns

ping ¢
rapid PO

In most develo )
pulation

ng du
This trend

a .
re constantly chan9T

Srowth and other socTo”
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call i
s for a time dependent model which would

incor . ;
porate factors which are internal or external

to ti
e system. Factors like pupil-teacher ratios;

Cost ;
of education; proportion of trained teachers;

rate . .
of inflation and many others have some effect

on .
u 5
Pupil performance and hence on the transition

rate .
. In this chapter we propose a method of

mode11 i s
11ing the transition rates as responses depend-

ent o
on quantifiable factors of the type mentioned

abo )

ve. Using multivariate ctatistical control theory

We ’
shall attempt to obtain the most suitable values

der that some targeted trans-

Oft
hese factors in OrF
re time periods.

Tti
on rates are achieved at futu
then be used together with

Th
® proposed model will
¢ Markov chains to

th
€ theory of the non-homogeneou

ademic survival. These

de 3
i
ne some measures of ac

the school staying ratios;

"easures will includes
out and comp
nd the expe
e measures will

letion ratios; the

th
€ school drop
cted length of

Sch
0 ) )
0l suryival times a

tes of thes

Com
Puted using the stocks and f1ov
it 18 assumed 1in

S @ .
h0011ng. Estima be
s data of the

Ke

n

Yan primary education SYStem
the C .4 rates are

alculations that the
cost of educating

de
Pendent on, pupil-

] v g
Ndividual per 9
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5.2 THE PROPOSED MODEL

Suppose the states of the education process

are denoted by integers 1,2,...,N where N is the

number of possible states in the system. The

from state i to J in the

(t) and the

Probability of moving

time interval (t,t+1) is denoted by Pij

transition matrix of Flows 1S given by

P(t) =<Oﬁj(tiD [c.f. (3.1)]

1ikelihood estimates of pfj(t) can be

cks and flows data using

T )
he maximum

computed from the sto
In chapter III we

€quation (3.4) of chapter 1L
tjon rates as Tu

In this chapter we

nctions

modelled these transi

depending on time parameter t.

rned with th
consider factors which

S .
hall not only be conce e time parameter

but we shall go further and

CaUse these Changes over time. We SUggeSt factors
f admission into the first grade;
ers;

Proportion of students er teach
cost of education;

f teachers:

Suc "
h as policies ©
class densities;

rage experience ©

X ratios and many other fFactors:-
f 1t ..t'
Suppose that the trans1t1on rates p1J( )'s are
hich ch
ifected b quantjffab]e factors W i ange
y some
Ve g
time, denoted DY
’xs‘t
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We may then write

pijt) = pi,j(x]t,xh,..,,xst) (5.1)

Approximating this functional relatienship by a

linear function we may write

X/_+C..(t) (5.,2])

Where ¢..(t)is the error in approximation at time t.
1)

To simplify notation, we assume that there are m
D) edb k=],2,,.,,
Possible combinations of TJ°3 denot y

M, so that equation (6,2) becomes

Ek(t); g 227 By «m el (5.3)

+

i t~Mwn
-

L

eriOdS over which data is

Where ¢ is the number of P

the 7 observations for each
g

Vai]ab] b.!li“
e:. Com 1 )
.in matr"lx for‘m aS;

. '3
K we may write equation (5-3)

By = X By t kg
. | ]
X1  1xs SX o

Or
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(b (1)] —
k X X (¢ - —~
P (2) n iz s ) e (1]
X X
21 a2 0o %as | |Bke|  |fk(?)
( : '
p, (1)
k
. - .

for k:]’z,".’m.

wes
hall assume further that there is no demotion

in t
he system and that promotion s only to the next

hy
gher grade, so that

pij(t) o for 27 42 and J <
pbsorbingd states. In this

Wh .
erc i and j are non-a
Sy

Stem there are only three types of possible

grade, ely promotion,

tr‘a .
Nsitions from a given nam

SincC

e the transition ratios

re
Peat and dropout.
need only model two

ptained once

of
the ratios as the Othe

th A
ese two are known. 1T thi

tive

tr

d s

NSitions will be mo"° thal
two trans

e
than one alternad

jtion rates.

One
has to model moreé than
qumber of combinations

Suppose that the total
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of promotions and repeats are m, arranged
S o + 5 . .
0 that the first m/2 are promotions 1n ascending

Order of grade. Schematically we have

p1(t)’p2(t)""’pm/2(t) E pm/2+1(t),pm/2+2(t),...,pm(t)
- L )
repeats

promotions

SO that

Pr(t) = py g (8 2 Pramy2(t) = Pyg(t),Ockense

w is to obtain the best estimate

The problem no
defined in equation

av Eka from the linear mode]l

(5.4)
(t) <1 for 0 <& <m/2

subject to: Dz(t) *Po+m/2

pk(t).io for all k and t

(5.5)
T . .
his requires minimiz1n3
[ - X8
s(ey) = (py - XBy) (o )
Subject ta
R «m/2
< ’ -
P *Poam/2 — 7
k=152 il L5181
Py Z LA d
sctors Of ones an
Wher\e l and O are TX] CO]Umn \

Zep
0S respectively-
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Combining all the m values, the equations in

By's may be written as

P = (pyepps-rooBy) = X B+ E (5.7)

TXS SXM  TXM

Xm
where
B = (8y+80 e 2En)
and
E = (e12cp0- 01 1Em) -

We shall make an additional assumption that

S v N[O,cil ] where
— T
2
€ros; Oi is an unknown CO

Tdentity matrix of order T-
the best estimate of B is

0 is a tx] column vector of

nstant and IT is an

Using the least squares

esti :
timation procedure,

Jiven by

5 ) - (xtx) X (5.8)

b &y ek
proVided (X.X)—] exiStSs whfch is true as long as

]tfco11fnearity among the

th ,
€re is no high mu
This estimate

e variables.
"1 a1s0 be optima1 for oul prob1em as |

tisfied' 1f however the
pisfieds
d be sugges
s to be modelled may

C :
oNsidered quantifiab1
ong as the

Con .
Straint set is S2 _
then alternative

C
Onstraint set is not 5°
ted for example

m
odelling procedures shoul

the . ate
number of transitiof r .
‘ i de using th
e ddjusted This adjustment may inclu g the
ed. 1 ; chus mode]1fng for only

dye
rage dropout rate an
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the promotion rate.
Assumi
ing that the constraint set is satisfied
ed,

then ;
the fitted transition rates are

P, = X Bt =
k _k E E k'—]’z P
Kk ’ »M (5.9)

where for each t

e (t) = 5% (X‘X)_]ﬁt ai (5.10)
is the regressor vector

is t
he error 1in pk(t); Xt

is the mean square error in p (t)
k .

at time t and Sﬁ

T .
ing for Goodness OF Fi?

g to use the m
ed model fits the observed

Before proceedin odel we need to

tes
t how well the suggest
in chapter I

perTOdS
ers in the time interval

II suppose the data

vVa
lues. Again as
£ =1,2,...,T- Then

is

a 3 .
vailable over T time

gition pumb

the
expected tran
1 assumpti

(t . .
st+1) under the mode on is giver by

E [nij(.t)/Mode]:l

* —
nij(t) =
* T
= ni(t) pij(t) Lc'f (3-55)]
fOr . .
each i and j where ni(t) is the StOCk in grade
the fitted value of pij(t)

s
al 4 * ! is

Corr
esponding to the time

Chi_
square statistiC for 1€



185

k
o * 2% 7
D - 2 (O].J.(u) - EF(w)) /E].j(U) [e.f. (3.56)]

u=

Where Oij(u) 1s the number of nij(t)*s which fa1)
n the U-th interval and E;j(u) the corresponding
Numbe p of n?j(t)'s which fall in the u-th interval .
This Statistic has (k-T-s) degrees of freedom,

Where § ;¢ the number of unknown parameters and k,
s as in chapter III.

The goodness of fit test is carried out to
ISsess the closeness of fit between the observed
nd €Stimated flow values for all the Séven grades,

When the system is assumed to evolve according to

he SUggested model. It is found that the

diffe'"ences between the observed and fitted flgy

Valyes are not significant with P-values ranging

betWeen 0.5 to 1.0. This suggests therefore, that

dy the Ken an
Hhig Proposed model may be used to study Y

prima”y education system.

RANSITIONS
U T FUTURE T 2
=46 THE woper 10 prEDICT F

) io b
W obtained a relationship between
€ have so far

ifiable variables
the trans i tes and the quantifi
ansition ra

oF the
t.ype :1’2,'.,,T (5.].’)

' t); _
pk(t) :itﬁk + Ek( k =
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S .
uppose the regressor variable values are known at

some future time, then the model may be used to

estimate the future transition rates. For examp]e,

if the vector of values of the regressors at time
s at that

mated transtition rate

T+] the esti

is x
Zt+1°

time will be

pk(1+]) = 2(-"[“‘.‘9 + Ek(T+]); k-'-'],z,---,m (5.]2)

~ - ] ~ .
W X [ \ .
here ak(1+1) - ﬁ1+](x X) §T+]Gk s the error ™n

Genera]ly we may estimate the

later as

the estimation.
transition rates b years

6k(T+h) = 2(-"[+h§»k + ek(“[+h) (5.13)
Whenever the reqgressor vector Xrsh’ t+h years
advanceé and provided the

later, is known iP
satfsfied. In

r variable

most cases, however: the fUu

values are usually unknowns sp which case€ we may

use some simu]ated or projected va1fes based on
if X:+h is the

their past trend.
Projected regresso’

€stimated transition
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Results of the above type may in some cases

be quite misleading since, in multiple linear

regression, it is possible for 2 model to perform

quite poorly at points far from the centre of the

region constituting the original data. We may

on by considering the diagonal

define such a regi
elements of the matrix

‘ (5.15)

-

Ho= X(XX) X

where, X' = (51’52”"’51) is the matrix of the
S XT

iagona] elements of H are of

original. data. 1he d

the type
htt _ %(XIX) Xt (5.16)
If h _ . _],2,. ,'[}, then the region
mx maX{htt’ be defined b
Constituting the original data may P€ y
the el1ipsoid
(5.17)
X < h }
Raata = (Xt3 Mt~ maX
g all the

the origina] data and so
g

f the regressors:

oblem of regressor

js Pr
In order tO overce ° th. regton in the future
: ' this
0
POints falling far out o by ctep procedure
a s

time, we shall opt for
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nvolving the improvement of the regression

Coefficients after each prediction step, as described

below,

We have fitted the model

- . t =] 23vevsT (5018
p(t) = B, x, + elt) ) )

mx1 mxs sxl mx]1
The first future transition ratios will be

Obtained as
(5.19)

E(T+]) - 61 ET+] + E(T+])
mx 1 mxs Sx]I mx1
Where,
8= 8 - (vpry) N
1~ = 1°1
' L X and
Y, = X' = XpaXps+r —4)
SXT
. (7))
Py o= Pt o= (p(1):R(2)

uture transitions, the

ond f
To obtain the sec s(+1) and its

+1, P
St t t1me T
'mated transitions @ are added to
ector £T+]

rresponding regressor V ;mprove prediction.
the co as to
Original data bank fore
thererto
are
(5.20)
" 2(T+2)

P(t+2) = 6251+2
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where now
ﬁl _ f -1 ,P,
2~ (szz) Y2P2
2~ (ﬁ]’ T+]) <¥ g —T+])
Sx{1+1)
and
(b]; 6(1+1i> = (%';R(T+]))
mx(t+1)
SO0 that

I —] +-l) (5‘2])
P + x p 'r )
By = (1Y) *+ R Tﬂ) (% )+ Ak

Generally the k-th future transition ratios are

tained as
+ (5.22)
p(T+ B X + € k
—( k) = k "‘T‘*‘k ...( )

Where

(I

Lo
(YY) Y, Py
" +é> (Ek Pt X +kp VT+%>
+—4

x>
=~ -

1]

<?k—lYk 1

<§Fﬁ + Z X.; VTfi) (5.23)
Q'X + Z X +0L—-’I+O)

k) = 2 (Vi O Kok
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5 ok is the mean square error in Bg(t) for

t :1923-..,1+k"].

We shall demonstrate the application of the

regression model using data from the Kenyan

Primary education. For this purpose we Uuse€

Simulated values of SOME regressor variables.
For our demonstration W€ shall fit the Tinear

mode ]

P (t) =B 1%t +BroXot + B, 3%3¢t te (t) (5.28)

where k = (1,2,.. ,14) represents all the possible
in the considered primary

Promotions and repeats

e .
ducation system;

Xp s the pupil
; individual

X2t is the CO
ear 1n KE.

and
: t time t, taken

X3t is the pUPT]

antifiab]e variables

T
he observations Of thes® :
riods and are given

dre a . :]7 tin]e pe
vailable for T idered 1s

dare

;
N table 26 below- and X3

sives X1t

be
tween 1964 to 1980 cation annual

‘nistr
i sed on the

e
Xtracted from the T

re
Port while Xot
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actual fees paid by parents during the period

1964 - 1980.

Table 26: The regressor variables during the period

1964 - 1980 inclusive.

TIME pupil/teacher cost/pupil (KE) sex ratio
(t) roximate value Male proportion
1964-1980 dati value | app X data value
1t 2t X
- 3t
— ] I
1 36.3669 3 .6481
2 33.1699 4 6359
3 31,1343 5 6190
4 31.8258 6 'gggg
S 31.9261 7 :
6 33.4726 8 .5949
7 ' 9 .5858
34.4928
10 .5775
8 31.25 108
1 :
9 31.3271 s
12 :
10 32.1416 1)
n ' 13 :
34 5594 . 5420
12 33.4611 ) o369
13 32.5281 y 336
14 31.1661 - 501
5 32.5541 iy 82
16 39.8491 y 5253
17 38.3122 B
~—_ w,,,—r——”“”#' —_—
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The . A . R
transition proportrons pij(t)'s for the above

periods are computed from the stocks and flows

data available over that period. In order to

esti oy .
timate future transitions, the available regressors

have been used to simulate values in the future

ression method. The i-th

by simple linear reg

r .
egressor value h years later is therefore

i=1,2,3
xi,T+h = . + rih s (5.26)
om the available

Where Pi is a rate estimated A%

P
egressor data.

5.3 AppLICATION OF THE MOBES

B —

nodel described above we

After fitting the T
ts of the time dependent

e future time

;
Ntervals (t,t+])

Suppose again that

0
f r absorbing and S no

T .
hen the transition matriX il

Put in the form

fis ]
S L
tep transition matriX

E
XpPeSSjonS for the SChOO1

Ou
t and completion rates”
s
€hooling and the gchoo!

re
ma j
a1n the same as tho
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The School Retention Rates

We saw in chapter IIL that the school retention

rate is simply the i-th entry of the column vector

Q(n)(t) j, where j is an <x]1 column vector of ones.
That is, it is the probability that a student who
is in grade i at time t will still be in school

N year¢later. It is given by the sum

0
—
=
~
—
—+
~
I
I t~Mwm
0
.~
=
~
—_
cr
~
=)
i
o
—
-
nNo

[c.F-(3.18)]

Tab]es 27(6) _ (g) below give the school retention

Fates under the prOPOSed model -



194

Fraction of pupils in grade one who will be in

grade Js
rates.
grade j
o 1
1 1358 .6798
2 0162 1685
3 .0018 .0285
4 .0002 .0044
: .0006
. .0001
7
8
S
10
N
12
13
14
15

n years later and the school retention

5558
.1966
.0456
.0089
.0016
.0003

4612
2161
.0633
.0151
.0032
.0006

.0001

School

5 6 7 retention
rates
.8156
. 7365
.6881
Ry 6385
2220 .3095 6043
0804 .2336 v 5584
0231 1049 .2037 .3352
.0058 0367 .1062 1493
,0013 0111 .0425 0550
.0003 0030 .0145 0178
0001 0008 .0045 0054
0002 .0013 .0015
.0003 .0003
.0001 .0001
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IEElijE[lei Fraction of pupils in grade two who will be

jsn years later and the school retention

in grade
rates.
Lade § | School
N years 2 3 4 5 6 7 re:::zion
——
] 1233 .7693 .8926
2 0132 .1854 .6466 8452
3 0015 .0316 .2290 .5250 7871
4 0002 0048 0532 .2515 .43%9 7496
> 0007 L0104 .0756 .2788 3208 6923
¢ o001 L0019 0185 .1077 2525 | .3807
’ 0003 L0041 0331 (1188 [ 1533
8 0001 .0008 -0090 .0413 | .0512
2 0002 0022 0127 | .05
10 0005 .0036 | .0041
§ .0001 .0003 .0010
12 0002 | .0002
\J__—‘/f
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Iéﬁlfljil(c): Fraction of pupils in grade three who will be in

grade Jjsn years later and the school retention

rates.
prods School
3 4 5 6 7 retention
n years rates
—_—
‘ 1285  .8236 .9521
2 0141 2011 6728 - 8880
3 0016  .0351  .2461 5679 .8507
4 0002  .0085  -059 2937 .4262 | .7852
. o008 0122 0960 2790 | .3880
5 o001 0023 0257 1112 | 1393
/ 0004 0062 0352 | .0418
8 o001 -0014 0097 | .0112
9 .0003 .0025 .0028
10 .0001 .0006 .0007
1 0001 | .0001
\\\\~\‘________‘__;_"_"’—/’f’/”’_’_/,,,_,,_,_ﬂ_____,
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Tab . : :
Table 27(d): Fraction of pupils in grade four who will be in

grade jsn years later and the school retention

rates.
Jrade | School
4 5 6 7 retention
n years rates
1 1298  .8096 .9394
2 0147  .2026  .6885 .9058
3 0017  .0369  .2741 5219 8346
4 0002  .0061  .0731 .2787 3581
5 o010 0166 0941 1117
6 0001 -0035 .0259 .0295
7 0007  -0064 0071
8 .0001 .0015 .0016
9 .0003 .0003
10 .000] .0001
—_— -
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Tab) : .
—2'€ 27(e); Fraction of pupils in grade five who will be in

grade j, n years later and the school retentjon

rates,

School

6 7 retention
rates
8541 9842
.2348 £5539 .9042
.0483  .2677 3179
,0090  .0737 .0829
.0016 .0172 .0188
.0003 .0037 .0040
.0001 .0008 .0009
.0002

.0002
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Fracti ils i
jon of pupils in grade six who will be i
in
n years later and the school retenti
on

grade J,
rates.
\giifi\f\\ Schoo]
n | 6 7 retention
1
.1578 .7210 .8788
2
.0229 2177 2406
3
0034  .0473 .0507
4
0005  .0092 .0097
5
10001 .0017 ,0018
6
.0003 .0003
7 0001 .0001
4____-’__"_—____________,._

Table 27(g):

grade j

N years

de seven who will be in

r and the school retention

grade J»
rates.
school
; retent10"

rates

R
1329 1329
0179 0179
.0025 0025
.0003 0003
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(4‘ nme r .
omments on Tables 27(a) - (g)

When the system is modelled according to the

proposed linear regression model, 0.8156 of the

pupils in grade one at the initial time will still

be in primary school after one year. After two

ing 0.7365 of these pupils will

years of school
d so on. In fact all the

zero will have left

still be in school an

Pupils in grade OnNe€ at time
Primary school after fifteen years, according to
this regression model - gimilar prOportions can
be obtained for pupils in any of the other school
For examples 0.8926 of the

r . s
dgrades at time zero-
o at time zero will

grade tw

Pupils, enrolled in
one year: After

Sti11 be in primary cchool after
two years of <chooling. 8452 of these€ pupils will
chool and so on- on the

-y
ti11 be jn primary °
pupils in grade seven

primary school

Other hand, 0.1329 of the

At time zero will ctill be in
After gne year- After tWo years 0.0179 of these
Irade seyven pupils will cti1l b€ m SCh?OL; In fact
AT theee ade ceven pup115 will have 1€

five years

the
S
: The drop out rate e ¢ will graduate
. at
Udent entering grad® e con K- As in
inal educat1
4

n
Years 1ater with
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chapter 111, it is given by

( S .
)(t) = I q(n-])(t) gjk(t+n-]); i=1,2,...55

2y

~=~|, ,noo,r

[c.f.(3.14)]

The rate of droping out from school within w years

is obtajned by summing the drop out rates for
As given in chapter IIL, we have

N=1 to n=w.
5(w) "M 21,2005 [c.f.(3.15)]

t) =
.ik ( ) n:] ik k=],2,...,r

hin w years. The sum to

4s the drop out ratio wit
gives the school

Infinity of the drop out rates

absorbing rate, which 18
= ® c.f.(3.16
n:] 1k

) ch
Table 28 below gives the 5

Within x years under the
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Tab . . .
Table 28; The fraction of pupils who drop out from grade j

within x years.

grade j

we\ars, ] 2 3 4 5 6 7
' 1844 .1074 .0479 0606 .0158 .1212 .8671
2 635 1548 L1120 0942 0958 .79 0821
3 119 2129 1493 1654 6821 9453 19975
4 4615 2504 2148 6419 V7] 9903 .9997
S 3957 .3077 .6120 8883 gg12 9982 1
6 416 L6193 .8607 970 9960 .9997 1
7 ceag .ga67 9582 992 9991 .9999 1
8 gso7 .ags 9888 998 9998 1 :
3 gas50 L9849 9972 9997 ! 1 1
10 ggop .9959 9993 9999 1 1 !
1 9946 .9990 999 1 L ‘ 1
12 9985 .9998 | 1 ‘ 1 ‘
13 9997 9999 ] 1 ‘ ] ‘
14 9999 1 1 1 ] ] ]
15 : : ! 1 1 1 1

\\——’,//,
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Comments on Table 28

Wh '
en the system 7S modelled according to the

Pro i
posed linear regression model, 0.1844 of those

in qr .
grade one at time zero will have dropped out of

prim . N
ary school within one year. Within two years

of ¢ .
chooling, 0.2635 of these pupils will have

dropped out and so on. The highest drop out rate
for pupils in grade One€ at time zero is in the
Sixth year of schooling. in fact after fourteen
practica]ly all

similar drop out

Yea
rs of schooling., these pupils
Wil
1 have left primary school.
ra .
tes can be obtained for pupils enrolled in any

rades at tim
+n grade two at time

e zero. For

of

the other school 9
ex

ample, 0.1074 of those ZEro
out of primar

of schoolin

Wi

111 have dropped y school after one
ye

ar. After two years g 0.1548 of these
¢ will have

r hand:
have left

1eft primary school and

grade two pupil
671 of those in grade

0.8

t

Se
ven at time zero will
chooling 0.9821

aAfter two
t the

aft
e
r one year.

of
these grade seven
In fact all these grade

Sch
ool system and SO on-
of primary

Lye drop out

Se
ven pupils will B

IO 1 . 1 IS
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T o
_@e School Survival Time

The length of stay in grade j by a pupil

e .
nrolled in grade i at time t, during the next

n years of schooling can be obtained as the (i,j)-th

entry of the matrix L (t) if equation (3.19) of

The expected length of stay in

Chapter II1.

e enrolled in grade i at

school grade j by thos
time t can be obtained 35 the (i,j)-th entry of
the infinite matrix series L(t) given in equation

he i-th row of L(t) gives the

(3.21). The sum of 1
s is the expected length

School survival time. Thi
Of stay in school by @ pupi] in grade i at time t

h any of the r final educations.

b .
€fore graduating wit

Finally the probabi]ity of €
i time t is

ver reaching grade

J after having enrolled 17

giVEH by
[c.f.(3.23)]

(b) beloW

dij(t) = 2
give the school

Tables 29(a) and 29
s of promotion

an primary education

SUrvival times and the pro
the Keny

Jinear regression model.

Wi .
thin the grades of

S
YStem under the ProPo%°
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The expected length of stay in grade

j by those in grade i at time zero and

the survival times.
gr'é.lde
\\Nl\\\ Survival
grade 2 3 4 5 6 7 Cimoe
1\\ -
1 |1.1530 8787 .8089 .7596 .7054 7000 .6007 | 5.6063
¢ | 1381 .9920 .9415 .8757 8714 .7540 | 5.5727
] 1 1444 1.0662 .993 9913 .8645 | 5.0599
¢ | 1464 1.0562 1.0567 .9288 | 4.188]
5 | .1478 1.1482 1.0172 | 3.3132
6 1.1848 .9973 | 2.1821
/ 1.1536 | 1.1536
\.\\_ _—/,/——___,.._———-
i ade j after
Table 29(b): The probabi]ities of ever reaching grade J after
. ime zero.
enrolling in grade 1 at
Ldde 3 " 5 6 7
gr ~( 1 2 3 . i
ade g
c626 6149 5908  .5207
[ e 0TS g s s
. 8668 s 8367 .7494
] 9300 -86°
- L I
t . L9691 .8817
5 1 8645
6 1
7 ..——--_———f————_"--—.
J—
~ ’/’//,///”’

\\—
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Comments on_Tables 29(al —_(b)

If the system is assumed to evolve according to

the proposed linear regression model, a pupil in

grade one at the initial time takes an average of

5.6063 years in primary school before dropping out.
A pupil in grade WO at the initial time takes
approximately 5 5728 years in primary school before

We can obtain similar values

leaving the system.
for pupils enrolled in any of the other school
grades at the jnitial time. FoOr example, 2 pupil

e spitial time is expected to

in grade seven at th
ary gchool. [Refer to Table

take 1.1536 years 1P prim
29(3);'.
ed in grade one during

Moreover, a PU

the injtial time has @

the highest primary school
probability of a

Vinear regression model - The g
i :me, reachin
Pupil in grade twoO at the jnitial time S
similar probabi-
9rade ¢ . 6536 and SO on
even is 0- d in the

litieg can be 0btained r P ti For
. stial t1ME:
Other school grade® at the init1d 45 babilit
.86 ro 1y
€Xamp1 de siX pUPi1 has @ 0. P
e, a grade Jrding to the proposed
c

0
¢ reaching grade seven

(b)] -

m
0del. [see Table 29
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Expected Length of Schooling (ELS)

The length of stay in school grade j by any

student who is in school at time t during the

next n years is the j-th component of the vector

% given in equation (3.26). The expected length

=n
of schooling by any student in school at time t,

and the length of stay

n school at time t is the

EQUat.ion (327); n school

grade j by any student i
J-th entry of the vector 2 defined in equation

ore the expected length of

(3.28). Furtherm
y student in school at time

Schooling (E.L.S) by 2an

t is given by equation (3.29)-
Table 30 below giVe® the expected length of
s in school at the

d linear regression

INitial time under the€ propose
Mode] .
der the linear
Tab | £ schooling
~2le 30: The expected Tength ©
ion model-
regressi10 Expected length
. 6 7 of schooigng

rade . (ELS

i ‘ 23 e
‘}iz;\_ _ 093 B618 8501 4.2902

1? 2661 .4122 .5287 6420 - _’,,,,———~—"‘““'_7
\

~—
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Corn,
maents on Table 30

[ / i
f the system is assumed to evolye according

to th .
e proposed linear regression model, any pupil

in th
e system at the initial time is expected to

take .
approximately 0.2661 of a year in grade one

Any o
f these pupils is expected to take 0.4122 of
a
ye i
ar in grade two and so on. These times increase

with the highest value in grade

Wi
1th grade size,
s expected to

any of these pupils 1)
year in grade six

mately 0.8501

Six, That is,
tak
e approximately 0,8618 of 2

wh i
le they are expected to take approxi
This result may be a

of a .
year in grade seven.
t from primary

COn
sequence of pupils dropping ou

Sch
0ol mainly after grade six.

jn primary school at the

Generally, any pupil

pected to take approximately

injts
tial time is ex
if the system evolves
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)
5.4 A STEP BY STEP CONTROL PROCEDURE FOR THE

—

LLNEAR_REGRESSION TRANSITION MODEL

SINGLE PERIOD CONTROL

We have so far fitted a model of the type

p(t) = B, x, + elt)s ©°F 142500t (5.27)
mx 1 mxs sx]l mx 1
Where,

|
p(t) = <?](t),p2(t),...,pm(tz> ,

ansition proportions

1S the vector of all possib1e tr

Let us make an additional

n the system at time t.
e normally distributed

dSsumption that the errors ar
ymmetric positive

is as given

1 -
d to control these relation-
e
me objectiv
exercise some C

jate adjustments

It is often desir _
e function.

Ships on e Lo optimize so
ontrol

F i 58 1P€ to
Or example, we may desire

=
Ovep ¢ by apprel
the output value ke there is a desired
On . . c.
wre Amput var1ab1e t and any deviation

tap stem outp!
get Tevel of the =) £ as an error,

.o thought ®
ble

to

fr
om this target
b :
® made as small @S poss’
tr‘a . .
ns ; jons
ition proport A inpu

t - .
he re r var1ab1e

gresso



210

We .
shall use a Bayestan approach to develop the

r 3 2 o . .
predictive distribution for the system output at

So : . .
me time in future. Optimal control is establ-

sh e e s . .
ed by minimizing a loss function with respect
to . s . . .
the predictive distribution. The loss function
as .
sumed is comprised of two parts; one part that

is .
quadratic in the difference between actual and
rt that is quadratic

ta
rget system output and one pd
ure level

i
N the difference between present and fut
The latter part of

of
controllable variables-
e cost of control.

t

he 1oss function is called th
Suppose the first 4 components of the
trollable and t

For example,

he remaining

Fegressors x, are con
K - q, are uncontro]lable.
pupi]~teach9P ratios, pupils per class, cost of
year, may be controllable;

ed .
uCat10n per pup‘i] per‘
sex rates may be

w .
hile time, drop-out rates:

Co .
Nsidered as uncontro”ab]e

Let the first future observation p(t+1) be
eg+ :
timated as before DY
(5.28)
P(t+1) = By Xr41 + E(T+1)
since we
Whe}“e B - b estimated s before. ™
" Y ) gt follows that
Ve assumed that e(t) ™ NLQ'i]" | ;]
- B, X I
Op given B, and L, B(T_H)p-/ N[] 21+l
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If prior i i i
r information about (B],Z) is available it

ma) -
v be used to obtain the predictive distribution

of . :
P(t+1). However in the absence of such inform-

at1‘ , . 5
on we may use a diffuse prior. Let us assume

th . . .
at the joint prior density of the parameters is

given by

r (o, ,>;‘]) o 1/[):']|(

dictive distribution of

m+1)/2
(5.29)

By o
Y definition, the pre

P(t+1) given B(])’E(Z)’°"’R(T) is then given by

-1
f@f”)/ﬁ(]),g(zw---s_e@ i f@“” ?/sz)
.fé],z']/gu),_p_(z),..,B(TDcuz7 ds”

(5.30)

1

e eva]uated to give the

This integral can b

Predictive density 9%

(2) ,...,E(T)) ad/[)] +<g(r.+1 )—B]_>3T+D

J(T”‘S)/2 .

H(g(T+])‘B]§¢+j>

f@({ﬂ )/E(] ) 5P

(5.31)

f a mu]tivariate t distribution

Which has the form ©
and

neter B] X+

With non-centrality paral
reedom with

V1 = 1-s-(m-1) degree> of f
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= | —]
H o= vyS, /é + X410 5“{]) 5. 32)

Where
. | |
B = gt 5.:33)
L= gapt
and
T B | |
Sy~ X ( t) - B xt><p - ﬁt) (5.34)
t=1
in the mu]tivariate linear

A description of control

in a book DY Press (1982).

model is found

OPTIMUM CONTROL
e T+] is to

Supposeé
to @ target value a3y

be kept as cl0S€ as
Define the 1055 function

(TH) (p L+1) ,> < (t+1)” ) <T+1 .-T> T:;i;)

part represents the S

T second part
due tg deviation From the target and the § )
s the squared erro’ due 1O cost of contrj1n;29 e
System. The ma brices g and Y are Pre'aisnis
Symmetric matrice® of non- egatiV constal ==~
The future risk P i therefore given by
m(r))] (5.36)

EB@(T”) /9,(1) o Tk
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= f f
1+] <é T+1) 1)» R(Z)""’E(f%>dE(T+])

U 'l+| b E) \\'e

obtain

N ' -] |
( ‘)]—‘—)] Q+Z(_T+'| D'I _)S'[+]> % @] x'l’+] ———D G@] —>EI+] _-a—D
t QT‘H —) i X141 ')'(')

ariables into contr

I
rtitioning the V ollable and

u
Nncontrollable variables we obtain,

s X, |G i
% X1 | I P L
T+] . St By l?]]’ ]i
Xpr141] %2 g glay W %2
IRE 12]
~| D D . . !
11 12 |
b, = 1 1 q], gnd o ®
2 22 Jpp Y
D
of D]ﬂ_ 4, ,2] 22] Q9
0 ” q 92
jating with

r
€spect to the contro
tions
to Brg That 8 we solV the equad
(5.38)
_9p =8
‘)ﬁ] ,1+1

e solutiol

T
hese equations give ER
..0“".
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X - oot _
X) o4 EB”G By +{tr 5,6/ (v-2)
12
- {tr519/1¥1-2)}01 X 1 TN
SO that
— *
N i],1+1
LYTY -
,)32,'[1"]

1S the optimal
This solution should 9
3s close as possible 0 at

B([+]) = —a_ s

TARGET
Uncontrollable vari

®Stimated from past data.

value of the regreé

jye a value of p(t+1)

ables at tin

}D]]+\].]—][}‘
Do) Be@tize )

54T.+J]2<$2T.-§2,T+Jj]

(5.39)

ssors at time T+1.
which 1is
~ targeted output value

is the vector of

Here 1(_2"[-}--]

e T+ which may be

Theoretica11y, transitions

At time 1+1 are given by
. ~ 4 e(T+1) (5.40)
E(T+]) = B]]éT ] +B]2§2 +]1 £
we may Uuse the
€ven though for practica] purp0se
= d
t Ly
drgeted value B(T+])TARGET
I
YULTIpLE PERIOD CONTROL
' t0 Contro1 the system
wis
In genera1 we may Later [n this case
timeé
Some k > interva15 T he made as close
—_ 1
the (r+k)-th outpy®: E(T+k)
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s mREETEE & . 2 3
possible to a target value: P(T+Kk) T ARGET

=a,. To achieve this we <hall assume that there
is a sequence of intermediate target values
to pass through before attaining

g] ’22’. ..,ak__l
The problem can then

the final target value 2p-

be looked upon as that of obtaining a sequence Of
Optimal regressor—vectors §T+]’§T+2""’§r+k for

the responses at each level. For example, the

nse will be at

e vector as give

tained by setting

first optimal respo
nin €5:39)

the controllable variabl
The optimal regressor vector at time (T+1)>

*
X1 ,T+]

~

§T+]

£2,1+]
ge p(t+1)TARGET ~21

target val
ta bank to

and the corresponding

4 to the original da

dre as before adde e
target for the seco
E(T+2)TARGET - a,

a
S before, the secO

_x_'1 +2
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wher
e the
controllabl
e vector i
is now

*
X

’ 2

21

(5.41)

Il d . .

give
n by equation (5.20); and
1+1
D, = = )
= %
2 t=]£t A
= [ % X
1 ¥ Rpal Zatl (5.42)
S T+1 :
2= 2 .
tz](P(t) B,xy)(R() - BoX+)
T 1
= Z t = - |
2 (p(t) 8,x,) (2(t) - B2%t) ¥ (a7-Bgx o) (317822 00)
. (5.43)
\)2 = \).I + 1
h point in

ue at the k-t

the target val
1 be attained

Generally
=a,W-i-l

time
i
p(T+kK)TARGET
able vector

imally by setting the «-th control]

to be
)

. X
X _ ' 11 % e
1 o [Bk]GBk] ¥ {trSkG/(vk~2)}Dk '*J11} [§k10(2k’5k2§2,r+k
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Strs, 6/ (v, -2)3 DE Y
l(//<§k 2)3|3k 52’T+k'+d]]§J’T+k—] ¥ J]2<§2,T+k-]—§2,T+gj}
(5.44)

which depends on all the intermediate optimals.

Theoretically the transition vector at this time is

el

’ ; _ *
p(t+k) = BypyXy 14k + BpoXo 1+k (T+k) (5.45)

(o>

+

] is obtained as in

Again as before Bk = L?k]; BkZ
equation (5.23)5 ;2 il is a projected vector of
the Uncontro11ab1e variab]ess
9 o : 5.4
Dy = Dy 1 * Xpak-] Xeak-17 ( 6]
v t+k-1
) - o5 (3yBrxy) (BgTBX
Sk = tE]<E(t)'Bkit)<E(t) Bkit> PR, 8¢ k=t =t k—t)
(5.47)
and
v F V-1 + ]
5.48
- t+k-5 ~7 (m’])' ( )

Below we give sOME pe

Kenyan primary educatiOﬂ S

With varying targets:



RESULTS ON CONTROLLING THE KENYAN PRIMARY EDUCATION SYSTEM

OVER THREE PERIODS WITH VARYING TARGETS

m? 1,7 +a s 7 aoyrts ra 217 9, 0FnAFT- - s A : 4 5T
inese resucis are swmply to serve as zZ..ustrative examples ¢f trne proposed mode

U v e

TRANSITION RATES AT THE INITIAL TIME, T

3

P12 Pz Pag  Pag Pgg P P7g P Peg P33 Paa  Pgg  Pegg

P77

5798, 1693, 8232, .80%6, .B541, M6, B671, 1358, 1233, .1285, .1298, .1301, .1578, .132%

Regressor variables at time t

\ Controllable (ﬁir) \ Uncontrollable (521)

Pupil-teacher ratio = 38.3122 | Sex ratio = 0.5253

Cost = KE£19

8TC



CASE I:- MAINTAINING A FIXED TRANSITION RATE TARGET OVER THE NEXT THREE YEARS

(a) After one year

(1) Target transition rates E(T+1)TARGET = a,

.6798, .7693, .8283, .80%6, .8541, .7210, .8671, 1358, .1233, .1285, .1298, 1301, .1578, .1329

(1) Theoretical values attained p(t+1)

.0951, .8206, .8385, .8212, ,8516, .7732, .8649, .1097, ,1044, ,1073, .,1104, ,1167, ,1428, .135]

(111) Regressor variables at time T+l

~

*
\ Controllable (5_’T+1) \ Uncontrollable (5.,T+])

Pupil-teacher ratio = 37.1758 | Sex ratio = 0.5164
\ Cost = K£20.1436

\

6T1¢C



(b) After two years

(i) Target transition rates B(T+2)TARGET = 3,

.6798, .7693, .8283, .8096, .8541, .7210, .8671, .1358, .1233,

(11) Theoretical values attained §ﬂ1+2)

5786, .7961, .8230, .8080, .8415, .7488, .B569, 1173, ,1102

(111) Regressor variables at time t+2

\ Controllable (éf,1+2) Uncontrollable (22 T+2)

Y

\ Pupil-teacher ratio =36.8818 Sex ratio = 0.5076
\ Cost —K£20.4473




; 1285, .1298; 1301, .1578, .132%

, 1136, 1162, .1214, ,1479, .1431

0cc



(c) After three years

A

(i) Target transition rates B(T+3)TARGET = a5

.6798, .7693, .8283, .809%, .8541, .7210, .8671, .1358, .1233,

(i1) Theoretical values attained Eﬂf+3)

o701, 1795, 8109, ,8002, .B347, .7337, .8516, .1228, .1138,

(i111) Regressor variables at time t+3

\» Controllable (x\ T+3) X Uncontrollable (x2 +3) ‘

Pupil-teacher ratio =36.3867 | Sex ratio = 0.4987
Cost =K£20.9512




1285, .1298, .1301, .1578, .1329

1178, .1202, .1247, .1516, .1484

1C¢



CASE II:- INCREASE IN PROMOTION RATES OF 0.01 PER YEAR WITH A DECREASE IN REPEAT RATES OF THE
SAME AMOUNT PER YEAR, OVER THE NEXT THREE YEARS.

(a) After one year

(i) Target transition rates POt D) taRgET =
6898, 7793, .83y JAIE6, 8B4l .7310, .8771, .V258, .1133, V185, .1198, .}201, .1478, .122%

(i1) Theoretical values attained §ﬂ1+1)

.6974, .8213, .8384,.8224, .8523, .7747, .8655, .1097, .1043, .1072, ,1103, .1167, .1428, .1345

(1i1) Regressor variables at time T+

* ~
\ Controllable (x\’1+]) Uncontrollable (52’T+]

Pupil-teacher ratio =37.0703 Sex ratio = 0.5164
Cost = K£20.2490

ccie



(b) After two years

(i) Target transition rates B(T+2)TARGET = 3

.6998, .7893, 8436, .8296, .8741, .7410, .8871, .1158, .1033,

(i1) Theoretical values attained p(t+2)

.6830, .8008, .8251, .8142, .8460, .7560, .8612, .1151, .1075,

(111) Regressor variables at time 1+2

* ~
\L Controllable (54,1+2) \ Uncontrollable (§Q,T+2)

Pupil-teacher ratio = 36.5273 Sex ratio = 0.5076
Cost = K£20.8008




~108B, 41098,

1110, 1136,

1101,

R

-~

D)

/3, .1129

1180, 51456, .1388

N AA



(c) After three years

(i) Target transition rates E(T+3)TARGET = a,

1098, .7998, .B536, .8306, .8B41, .7510, .B971, .1058, .0933,

(11) Theoretical values attained p(t+3)

.6887, .78%6, .8164, .8131, 8445, .7483, .8612, .1169, .1074

(1i1) Regressor variables at time 143

\ Controllable (EX,T+3) K Uncontrollable (52,r+3)

Pupil-teacher ratio =35.7012 Sex ratio = 0.4987
Cost = K£21.6348




J0985, .0998, .1001, 1278, 1029

s #1114y 1137, 1186, 1457, 1388

vZc



CASE III:- DECREASE IN PROMOTION RATES OF 0,01 PER YEAR WITH A REPEAT RATE INCREASE OF THE
SAME AMOUNT PER YEAR, OVER THE NEXT THREE YEARS.

(a) After one year

(1) Target transition rates Pt 1apaeT =

.6698, .7593, .8136, .7996, .8441, .7110, .8571, .1458, .1333, ,1385, .1398, .1401, .1678, .1429

(1) Theoretical value attained éﬁT+1)

.6929, .8198, .8386, .8199, .8509, .7716, .8642, .1097, ,1046, .1074, ,1105, ,1167, .1428, ,1358

(i11) Regressor variables at time t+1

\ Controllable (§§,T+1) Uncontrollable (22,T+]) AW
Pupil-teacher ratio =37.2813| Sex ratio = 0.5164

Cost = K£20.0381

qce



(b) After two years.

(i) Target transition rates E(T+2)TARGET = a,

.6598, .7493, .8036, .7896, .8341, .7010, .8471, .1558, .1433,

(1) Theoretical value attained p(t+2)

.6691, .7912, .8208, .8017, .8369, .7414, .8525, .1198, .1129

(i111) Regressor variables at time T+2

* ’y
\ Controllable (51,1+2) \ Uncontrollable ( 52,T+2)

Pupil-teacher ratio =37.2422 Sex ratio = 0.5076
Cost = K£20.085




.1485, .1498, .1501, .1778, .1529

s <1164y 1190, 1239, .1503, .147%

L

9Zc



(c) After three years

(i) Target transition rates E(T+3)TARGET =2,

5498, .7393; .7936, 71796, .8241, .6910, ,8371, .1658; .1533,
(ii) Theoretical value attained §ﬂ1+3)

6509, ./686, .8062, .7868, .8246, .7183, 8419, .1290, .1208

(111) Regressor variables at time 71+3

\ Controllable (§§,T+3) Uncontrollable (52’T+3)

Pupil-teacher ratio = 37.0996 | Sex ratio = 0.4987
Cost = K£20.2363




.1585, .1598, .1601, .1878, .1629

i 1246 1269, 1311, .1677, .1581

LCC
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C a )
omments on controlling the system

Before giving any comments on the results we

need to remember that, for suggested target

for regressor values

The

t . . .
ransitions, we are looking

in the target optimally.

which will atta
oned into controllable and

regressors are partiti
The controllable

non-controllable variables.
ed using the multi

contro11ab1e ones are

variables are comput variate

Control model while the un

projected using P

We begin with case 0né» where during the
end to maintain fixed

next three years W€ int
fixed

transition rates.
then the pupi]—

r one year
from 38.3122

transition rates afte
o be reduced

;11 have t
educa-

teacher ratio W
the cost of

to 37.1758. On th
from KET9 to

that 1is

estimatEd from past

e still to maintain

t .
he sex ratio,
.If we ar

. the puPT]
8818 and the cost

trends. After twO _teacher ratio

the fixed transition
d Further to 36
The seX ratio is

Should be reduceé
ke20.4
If we

increased furthel to
how 0.5076, as €%
Still intend

rates after three€
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needs to b
e reduced even f
V further to 36,3
: 3867, and

the cost i
st increased
further to Kf£2
0.9512 Th
. e sex

ratio is
now estimated at 0.4
.4987 based
on previous

trends.

e

0,01 in the promotion rates per

an i
n increase of
year
and a de
crease of the same a i
mount 1n the
repeat

years. If we are to

rat
es, for the next threé

n rates by 0.01 and reduce repeat

in
Crease promotio
nt after one year, We shall

ra

tes by the samé amou
ase the pupi
on the ot

1-teacher ratio from
her hand, the cost

om K£19 to

need to decre

38
.3122 to 37.0703.
0 jpcrease fr

econd period
n rates by 0.01 and
then

of
education should als
we further

KE2
0.2490. If during the 3
promotio

es by a U
st be reduc

Wis )
h to increas® the
repeat rat rther 0.07,

r ratio mu

d
ecrease the
ed further

1so needs

th .
e pupil-teache
the cost a

second year to

other hand

in

t
0 36.5273. 0On the

4 further the

to .
be jncrease
r if w

In the ghird Y€
rther by 0.01 and

0.01 then the

e wish to

KE20.8008.
ates fu

e reduced even

inc
rease promotion r
t rates f

de
Crease repea
0 needs

Pupi
pil-teacher rati

f
urther to 35.701%
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Finally we consider case three where we require

8 :
decrease of 0.01 in the promotion rates and an

in i
crease of the sameé amount in the repeat rates
b

during the next three years. Under case three,

during the first year We need to reduce the pupil-

teacher ratio from 38.3122 to 37.2813. On the
other hand the cost should increase from KE£19 to
K€20.0381. During the second year under case three

the transition ratios,

o be reduced slightly to

adjustments in the pupil-

teacher ratio needs t

the cost should be increased to

37.2422 while

hird year of control, the pupil-

K§20.085. In the t
needs to be

and the cost inc

decreased again to a

teacher ratio
reased to K£20.2363.

value of 37.0996
n the same as in case one

The sex ratios are agail

second and third years respectively.

during the first:
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D b
CONCLUSIONS AND COMMENTS

On
The Regression Model

Th
ese comments areé based on Tables 27 - 30

The
" .
proportion of students in the system at th
end of i e
., the first year of schooling is approximat
. | ately
pprox1mate1y 739 of these grade one pupil
S

in school after two years of school

Will still be
t according to the regression

.i
ng and so on. In fac
s will have left

mod
el, all the grade One pupil

ter fifteen years. Similar

Primary school af
le for pupils in any of

Per
centages are obtainab
e initial time. For

th
e other school grades at th

ely 89% of the grade two pupils

e Xa
mple, approximat
After two

Wil "
1 still be 1in school after oné year.

1ing about 85%
e in school and

of the grade two

Years of schoo
so on, On the

pupils will still b
grade seyen, at the initial

in
in school after one

0
ther hand for pupils
will <till be

s of schooling only about 2%

t -
ime, about 13%

ye
ar. After two year
be in school

c will still

y all the grade seven

of
the grade seven pupil

ct practica11
years.

a
nd so on. In fa
primary school after Fiye

Pupils will have left
modeTl s approximate1y
e oneé at time sero drop out
in two years

of these pupils will
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ha
ve dropped out of primary school and so on. We

can i
obtain drop out rates for pupils in any of the

oth
er school grades at time Z€ro. For example

ab 0 .
out 11% of those in grade two at the initial

ti :
ime will have dropped out within one year.

Withi
ithin two years approximate]y 15% will have dropped
0

ut of school and so on. on the other hand if we

in grade seven a
1 have dropped out of p
Within two years of

pupils will have

t the initial time

consider those
rimary

then about 87% wil

schoo]l within one year:

schooling 98% of the grade seven
In fact as before,

and so on.

left primary school
will have

all the grade seven pupils left primary
school after five years:

ade one at the initial time spends

A pupil in gr
s 7 months in primary

an average of about 5 year

school, according to the regression model. On the
other hand a pupil in grade two at the initial
ears | month in primary

ed to take 5y

time is expect
the survival times

We can obtain

school and so on.
grades. For

for pupils other school
instance, a pupil
take approximate1y ] yed
school before 1€2

hand, a pupil
mately a 52%



233

y OO .
\

this tj
time has
approximately a 65%
chance of e
ver

Simi]ar s
probabilities for pupils in any of th
e

g ade i .l ‘ |

Y‘eac L
hing grade seven.

An i1
y pupil in the system at the initial time
rage of 3 months in grade

is e
Xpected to take an ave
y in the grades

One .
| These expected lengths of sta
1Ncrea

" :

e with grade to a maximum of about 10 months

In general 2 student in primary

in
grade se
ven.
e approximately

SChOo .
. 1 at time zero is expected to tak
Year s .
s 3 months 1n primary school before leaving

This value gives @ general measure of

t
he System.
the 4
: y
ime spent 1N primary school by any of the

DUpj 5
1s in the system at time zero.

Model

On
T
—L The Regression -
he Regression Control
for suggested target

< of the regressor

In controlling the system,

we seek value

p in attaining the suggested

tr .
ansition ratios,
Var-

iables which will hel

gets optimally-
targets

f alternative
irst years
n order to

three cases ©
after the f the

o be Towered 1

In all the

Use 3
d, it was found that,

Pupj '
Pil-teacher ratio needs t
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achiey
e the target optimally. This is possibly d
ue

to th a z
e high pupil-teacher ratio at the starting

time 1
. ;
It is, however, noticed that the case of

incre
asing promotions rates by 0.01 and Towering

repea
t rates by the samé amount requires a smaller
numb i

er of pupils per teacher among all the cases

that a 1ow pupi]—teacher ratio

T .
his seems to imply

performance. in that

ma
y lead to a better pupil
promoted and less W

her hand the cost shows

mo :
re pupils will De i11 repeat
on the ot

in all the cas

a .
ny given grade.
es despite the

an i .
increasing trend

control action.
1

ncrease in cost iS highest for the case Of
d decreased repeats sited

.i
ncreased promotions an
to the othe

ce of the 10W

 two cases. This may

a
bove as compared
pupi]—teacher

Possibly be a consequen

ratio caused by the control 8

Qe :
neral Conc]us1on5
: linear regression

The main @
1s discussed

mode] over the dire
ctors

18 thats

‘nto account fa

in chapter III
cation system.

n the transition

In addition,

ratios we opt for

action to be takeml on t
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aS to achieve the desired goals optimally.
It is jmportant to note that the problem of

f1nding multiple period optimal solutions without

Prior fixed intermediate targets can be quite

COmplex. In fact the two period case appears not

to have a closed form solution.

Finally we point out that the suggested model

"eed not only be applied to the primary education

SYstem. It may in fact be applied to the entire
We may even use

e :
ducation system in a country.

More varjables to describe the transition process
Provided, with the available data, W€ can adequately
derive the predictive distribution. In the present
on had v = T -s-(m-1)

“3se the predictive distributi

c =17 and m=14. The

degrees of freedom wheres
ution to Dbe adequately

“Ondition for the distrib
eedom should be

derived js that the degrees of fr
Ireater than zero, i-€: (v>0)- This condition can
he number of regressor

03« s
ASily be seen to imply that t
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CHAPTER VI
F GRADE STRUCTURES

ATTAIN
ABILITY AND MAINTAINABILITY O

6.
6.1 INTRODUCTION

o far considered the effects of

We have s
tr‘ans' .
it . oy Eied
ion probabilities on the changing educati
ion
particular the study is simplified

Structure. In
cess has stablized, in

which

When
the transition Ppro
onstant transition

Case
we would be dealing with C
transition probabi

o undesirable consequences

1ities of

pPr :
obabijlities. Some

a M
arkov system may lead t

onable looking promotion rate in

Fo
r
example, a reas
ertain

an e s
ducation system may lead to growth of ¢

ense of others.

grades at the exp
ion it 1s possible

s of app]icat
er the system

education planning

In some field
yia transition

to
e

xert some control 0OV
anpower and

ra
tes. In fact m
with how to €

onstruct and

ar‘e
largely concerned
d targets.

) so as to me
usua11y beg
present 1ol

arely coinc
n arises a5 LO

et specifie

0
Perate a systen
in with a forecast

Su

G . .

h an exerciseé will
end continues.

of .
what will happen if the
jde with

cture will ¥

Th )
e projected stru
o the questio

ired and S
to alter th
r a control

What .
is des
w ) :
hat can be done€ ings - It 1S at this
in the transition

St
age that the need fO

Pr
ocess arises-
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- Previously we had transition probabilities a
§ used them to calculate educational characterisnd
1Si%. Now suppose the desired educational characte
) 186 aire Specified, and that the problem is to -
t nd £he transition process to be followed in orde
bo achieve them. In practice only some flows can r
e controlled, and even then there may be limits to

ontrol which can be exercised

the degree of C

6.2 CONTROLLING TRANSITIZES

2 CONTROLLING TRANSITIONS

The objective of controlling transitions vari
es.

y wish to operate the system

Fo
r example, we ma
and certain restrictions

a fixed budget,

subject to
y such objectiv

es can be expressed

Man

on .
grade si1zés.
(T), for some

the expected stock vector I

assume,

in terms of
fu g

ture time T. We shall there 1is some
r sequenceé of structures

e structure 0
ctice such structures

desired grad
whi . .

hich we wish tO attain. In pra
ecified preci normally be

tual structure

m
lay not be sP sely. It will
is reasonably

S s s
ufficient if the ac
ndom variations

any event ra

In
if the target

c
lose to the target.

yctuations even

wi :
i1l cause minor 11
re reasonab]e

table

is attained.
rm g accep

to specify our goal
d structure,

ather than as @ fixe
*

structures T
Sa L L
y n = (n]anZ”' "nS)
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Here 1 \
s' is the total
number of grades i
System. i i

The - .
control 1N transitions may be exercised

throu _
gh flows which may be categorised as follows:

(7 , .
;)  Promotion [LOWS: These include promotio
ns,

demotions and repeats represented by

the transition matrix P = (pij)’

assuming a stabi]ized system and

3. =lylgusnsde

(zz) Eecruitment flows i

r of recruits a

These include total

t time T, denoted by

numbe
M(T) and the manner of allocation of

the hierarchies

recruits through

vector and

)

ca]]ed the recruitment

denoted bY £‘==<r],r2,.

Oirii]
(1i7) Wastadé flows: Theseé give the rate of
loss of members of the system. We
ent it by @ yector

We note that in the mode], wastageé and promotions

a )
re related sinceé

—e
|\

=1 for
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0f
all these flows, wastage flows are Tleast

a
nmenable to control. In fact promotion and

ws can be controlled directly by

recruitment flo

In all, recruitment seems to provide

management.
the .
most effective means of control since decisions
to .
recruit more Or fewer people at a given time

impact on those already in any

h . ’
as no immediate
anization. However, control

given hierarchical 0rd
indirectly brought

e can at best be

through wastag
promotion rates.

If these

about through choice of
¢ are toO smalls

stem out of fru

many persons are

promotion flow
stration. We

likely to leave the SY
e system throu
note that eve

thus control th gh promotion and
We still

n between

recruitment.
trol can be over

these two a moOre precise con

t since prom
ct moralé and

if not carefully

genera] effic

Ot'ion’
iency

recruitmen
managed will gffe
of the system-

1ing flows

+p a system has two

Control

classifications: namely:

(7) Attainabilitg: This 15 concerned with
whether or not @ desired goal can be
reached and if S0 by which means

(27) Maintainabiw yhich has to do with
remaining at the goa] structure once
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A

t;though the question of attainability comes prio

t maintainability, in many cases it 1is preferr;b:
bo treat them in the reverse order. This 1s e
ecause there is usually little or no point in

a structure which is not maintain

tryin
g to attain
n to the maintainability

ab
le. As such the solutio

11y solves that of attainability as

problem partia

well .

6

6.3 MAINTAINABILITY

2 G*n* nj
'I? 2""’5

to maintain,

t
is the grade

Suppose ﬂ*
then there

St :
ructure which WwWeé wish

arameters P ¥ and r such that

must exist flow P

n =n

f the ctructure g*

Thi

is follows since i
ma i ’ .
aintained the total cize 1S necessar11
I ’

n this case the number of new

M(T) = 0" ¥
uyitment control therefore implies that P

d and the pro
vector I wh

Recr
blem 15 to find @

jch satisfies (6.1).

a .
nd w are fixe

feasible recruitment
s promoti implies that
d we find 2

atisfies con

on contro]

On the other ha
ﬂ and r are f-ixed an feasib]e promotion
Flow matrix, P» which ® yizion (611
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Tt > ar
1ere are many reasons why we may wish to

maintai . :
ain a given grade structure over a period of

time
. For example, the question may arise, as

part o . .
of a planning exercise and it is required
to «k :

know what promot1on and recruitment policies

this structure.
d an important part

ar : .
e compartible with Not every

St . .
ructure can be maintained an
is to delineate those

of - N
the investigation
SA . . fkawi

tructures which can be maintained from those
ose our primary interest

b
thich cannot. Supp
Concerning the grade structures is on the

d in the yarious
nof students enrolled

grades at any

Proportions enrolle

The proportio

given time.
denoted 9y

in grade i at time t, (t) 1is given by
P = PP 6.2
q.(t) = ni(T)/N(T), i=1,2 (6.2)
Where n,(T) is the qumber of students enrolled in
1 he total enrollment

grade i at time T and N(T) 15
in the system at tiMme p. That 1
s
wr = 5t
j=1
Markov model
The basic difference quatior faf ¥1°
ic differ
;
S then given bY
| i (6.3)
(TP g (T)w 2

q (T+1) =14

Where,
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9 (T) = (qp(T)sqp(T) 50 00sqg(T)).

If ¢
1 . .
€ relative grade sizes are to remain constant
> |

then we have

q(T+1) = q(T) = g

and ) " ]
we are interested in flow parameters which

Satisfy
(6.4)

9 =gPh*guE

B§££Uitment Control

A grade structure g can be maintained by
nd a recruitment parameter

recruitment if we can fi
From this

Y satisfying équation (6.4) above.

€quation we have that
(6.5)

r =g (1-P)/a'¥

here that although the elements of r add
jay not all be positive. If they are

gives the unique policy

We note
to one, they n

all positive then (6.5)

Meeting the requirements. Otherwise the structure

q is not maintainable. From (6.5) 1t follows that
;s the set of g's for

the maintainable region

Which
(6.6)

o
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!

SinCe -
g ¥ <q]’QZaaqs> with
i

it follows that all the feasible

q] = ] and

notMawnm

1

al '
L g, s 2 0

STr
uctures q must lie on the hyperplane

N
ow from equation (6.4) we have

g(I-P)=9_'ﬂr_' (6.7)
implying that
! 1 ) -]
q - q'w r'(1-P) (6.8)
We m : S
ay write r =2 ri; where &; 1s column
1
\Y
ector of zeros with oneé in the ij-th place.
Substijtuting for X in equation (6.4) we have
] 1 S | "']
g =4 X L ri{ei(l -p) '} (6.9)
CR =
x1 column

Post multiplying both sides bY an s

vector of ones WE have
(6.10)

the elements of the i-th

Where L5 i the sum of

row of (I _p)—], Therefore

\ S
v o1/

(6.11)

Ka)
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Substj i
tituting for g‘y in equation (6.9) we get

. S S
q' = . ! -
]_i]{riy,i/qr].n].)}(l/z].)gi(l—P) 1 (6.12)

Equation (6.12) reveals that the maintainable
onvex combinations

0 . -
f the points of the type £ g; (1 -P)—],
s of the set of maintain-

q's by recruitment are just ¢

i =
1,2,...,s. The yertice
y taking the

a
ble structures are easily computed b
-1 ,nd scaling the entries so the

rows of (I -P)
e that the first row

rows sum to one. We note her
0 - . .

(I -P) 1 is of part1cu1ar interest because it
gives the structure€ which can be maintained by

recruitment into the bottom grade in hierarchical
Organizations without demotions.
e allow the total system

e further that W
The

Suppos
ime at somé ra

te say O&-.

size to change in 't
is then

the systefn at time T 41

total size of

(1 +a) N(T)

N(T +1) ~
n for an organization of fixed

and the basic equati?

Size is now

" ' ! N(T rl (6]3
ﬂ'(T+1)=ﬂ(T)P+ﬂ(TM£ ke = )
ive grade sizes

Introducing the relat

o(1) = a(m/No
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then

(T+a)q' !
ta)q (T+1) = g"(T)P + g (T)w r* + o r'  (6.14)

The C i
0 i i
ndition for maintaining the relative grad
e

SiZes t
0 say q, by recruitment, is then to find

I~;9 such that
(6.15)

(1+a)g' = g'P +a'wr' +ar

S
With =
breo= 1. If such an r exists it is given by

r' - g'(1-P) + ag'}f(a'y + )

(6.16)

It ;
is clear that any g for which r given by (6.5)
d a non-negative

is . : .
non-negative will also yiel
o B

in (6.16). This implies that if the system is
ntainable structures will

e .
Xpanding, the set of mai
is also true for a <0.

The converse

jnc
rease.
in the case

Following a similar procedure as

Of a fiyxed size system it can be shown that the
under expansion

Maintainable q s by recruitment,
nbination of

O .
r contraction, are Just the convex COI
roportiona] to

Vectors with coordinatés P
That is

! q-1
Si[<]+a)I'PJ s i=1,23""s'
(6.17)

S - *
b o F K.ef[k]+a) I - P] //21
1 '

q
ubject to the

The COnStantS K.,‘ls are Obta]ned S
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S
Lq; = 1 and

1

Ki = 1. OFr simp]y,

— ™ »

condition that

the verti
rtices of the set of maintainable structures
-1

are :
computed by taking the rows of [(1+@)D - P]

r entries sO that their rows sum

[(1-+a) I - PJ =]

a .
nd scaling thei

to *
0 i
ne. Here 21 is the row sum of

onsider control of the system flows

We now C
or a fixed size organ

ization

t
hrough promotion. F
tion flow parameters

(%

he problem is to find promo
ation (6.4).
ructures We must

Here to delineate

P which satisfy €equ

t . .
he set of maintainable st

of q s for which there exists

determine the set

an admissible P with
gativity condition)

. | ne
(1) pyy 52" ,(non
3 ; i 1 5@ S
(i) %pij = 1 -W; Ciom TaZarers
From equation (@ 4) we have
gp-a el (6.18)
We then readily see that for q to be ma1ntained
we should have
g > an’r (6.19)
p does not have a unique

We note that although
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val i ;
ue, it is extremely rare for every manner of

ransition to be poss1b1e in an organization. In

particular for hierarchical systems without
demotions P is upper triangular. When P is super
diagonal, for example in an educational system,

then (6.18) can be written as follows:

S )

- ryIes

S

= q2 =5 '~2§q-iw-i

.S. . r
= qS - rs%:qiwiJ

qiP17 T 9

q,pyp * 92P22
(6.20)

qs—1ps—1,s+ 95Pss

=1 - Wi T Pi, i+l for i=1525...,

S . .
ubstituting Pjj
in (6.20) we obtain,

s-1 and solving for Pi i+l

i,7+]1 1 1
Co1,2s.eest] o (8:21)
. ‘ntain-
The sl bure o F the systefms q5 js then maintain
able by promotion if
1 =Ws
0 < Pi i+l — ‘
or if,
(6.22)
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O 1 -
for i =1,2 S spec € h
R As a ecial case, wnen
b

recruit t 9 r
men 1S on]y into the lowest g ade th
en
1 ~ 1 and & =
| )k 0 for k #], in which case we

S
p. = =.(TZ W s : i =
i, i+ j=i+]q3wq2/Gi’ f 27585081
(6.23)

ates required to maintain

have

Th
ese are the promotion T

th
e grade structure
- Gtgeet)

rther allow the total size of

Suppose we fu
say.

me at some rate a,

in ti
ation of fixed

th
e system to change
n for an organiz

T ;
he basic equatio
The

yation (6.13)-

hen given by €d
relative grade size

ntaining the
to find a fea

Size is t

C 0 . + .
ndition for mal
ciple promotion

9 by promotion 15 then
parameter P such that
(1+amf—-gW +(Qﬂ+a)f (6.24)
From which we have
ﬂIP (1 +a)9ﬁ ‘(ﬂlﬂ + a)ﬁl (:28)
1ntainab1e structures: q, bY

-
hus the set of mad

promotion is defined ®Y
(6.26)

\

q' 5 (ﬂlﬂ + 05)
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for general P. For super diagonal P, for example

in an educational system, the elements of P must

Satisfy
s
) 1 +0) - ri(Zq.w; +a)
a1Pq 9 ( L
and

S

T = Py (294 +e)

= Qi 1

Py i41 T 541P 47,147

(i _],2’__,,5-1) {6.27)

) i 11=
king use of the inequa
Solving for Pi, i+l gast M3 ?

ties
I
0 < Py, il =
Wwe obtain,
;
>]+] k_—_] 1 8
(4 = 1:2yenes87V) oy

and the condition for @ 2

maintajnable 15
W +a).iq1(] i)
J

i ,
i S . -Zq-(
0 <z rk{ZQj(Wj +a)} : J
k=1 " 1 RN ,s-1) (6.29)
1= hgees
ade then
jowest 97
I ¢ is only 1nt0 the
f recruitmen
wWe have (6.30)
: DA
_ 5 q <WJ
p1,i+] {j=i+] !
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ability of a structure g

The o g =
condition for maintain

s then given by

I . X
N order to obtain the set of ma1nta1nab]e

we have to consider the (s-1)

and the add

S
tructures, g,
jtional condition

inequalities in (6.31)
g, = | (6.32)

—™M W0
\

le ctructures is therefore

1 )
he set of mainta1nab
's which satisfy the 's'

the set of non-negative qa

€quations
= 1

q] & q2 + + qS
qzéﬁﬂ9+q3@3myh- +qs@§&>=zo-m—%)%v
q <w3+o¢>+ + qs<ws+oa> = O-w2-52>q2
qs<‘”s+°°) - (17186 1)9%-1
(6.33)
i ortions
: 3 are non—negat1ve prop .
Where 6],62,...,65_] f o -
_ p.. fOr g =185 ’
It is easy to seeé that 61 P | |
This f because a hierach1ca1 organization
s follows ecC )
con only to the next
with s states and promot10
have

higher grade, W€
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Pi, i+l
W1- g 1= S
The ‘ .
set of equations T (6.33) cah no¥ be written
in matrix notation as
T T (6.34)
sxs SxI s x1
Where,
-(1-wp7%1) (wyra) (W3*e) (wg ) (Wg+a)
0 -(1—W2-—62)(W3+a) (WS_-I+OL)(WS+OL,)
W = ' '
° 0 . —(]—WS']-65—1>(WS+Q)
- -
q = (a7292° .5}
and
e * (1,0,0, .»0)
For varying repeat rates éi's and changé rate a WE
can obtain the maintainab1e structures as the
given by (6.34) where all

solution of the system
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q.'s are non negative. If no feasible solution can

:
be obtained for 4 given set of 6;5 an
is maintainab]e under

d a change

rate o then no structuré

these conditions.

w we give the maintainable

In Table 31 belo
an primary education

g fOr the Keny

grade structure
varies, and

system as the systeml growth rate o
for some contro]]ed repeat rates.
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Table
Table 3]: Maintai
. ialr
laintainable grade structures under yaryi
. ng growth

ith controlled repeat rates

rates o W
TFO\'Ith R I
b epeat
ate iy grade structure
P 1 q
o J(is12,-6) e W LI
o< -] 0 NO
< MAINTAINABLE STRUCTURES
o .09 since everyone leaves the system after
- - one year.
=-0.8 o .0001 .0005 0024 .0110 .0523 .9337
S .09 0 o .0001 .0010 .0075 0578 .9336
] .09 .0210 .0310 05]4 0857 .1395 2345 .4369
0 0893 0941 1101 1294 .1489 .1762 .2520
1099 1316 1538 .1857 .2399

1261 .1188 .1174

1227 .0941 .0743 .0658
8 .0692 .0555

0961

a=0.4 0 )
.09 13988 2294 11481

3 1244 .0650 0332 .0175 .0099

g3 .0142 .0072

R e
5107 By o
172 0583 .02

0=0.8 0 .
.09 5378 2370 - n
} ) 1106 .0520 .0239 0113 .0057
17 .0 .0198 0089 .0041
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hbmp

e e B 1CeNT S

1ts on Table 31
e i L

In obtaini
taining the maintainable structu
! re for

en 1

ge vector between 1963-1980

t
he average wasta
n for grades T ol oo mw 30

Thi
S
wastage vector is give

as

0.0795,0.0528,0.0674

W =(o.1564,o.064o,0.0603,

0.8522)

ustration we have used two

F
or purposes of i1l
,6; one corresponding

re
peat rates for grades 1525
=0 and

to
no repeat sO that Pjj
of 0.09; that is Pjj =0.09

the other corresp-

ondi
ing to a repeat rate
£ if the system annual

observed tha
e structure is main-

then no grad
. ously becaus
0 negative one,

ystem after one

It 1s
e for a growth

all

growth rate o <~
tainable. This
n or equal t

r
ate of less tha
o leave the S

Pupils are expected t
lines at a

[f the system dec

h no repeats

y top heaVvy s

__0.8) then
jch

rate of 0.8 (o wit
for

ructure wh
t will be ex

is ver

ma i -
aintain a st
grade one

e
Xample no studen
i . )
n this structure whil
b
e expected N grade seven-.

we can still maintal

repeat rate
o student in grade

Structure with D



of the i n gr
1 students will be expected i g ade seven
.

If
the growth rate is now @ = 0,4 the system

whi : :
ch can be maintained becomes less top heavy

fq = -0.8. For example, for

than in the case O
ect 0.0258 of the

th
e no repeat caseé, we exp

grade oneé while
ts to be in grade seven.

we expect 0.0210

S .
tudents to be 1N we now expect

only 0.4424 of the studen

F
or the case of 0.03 repeat rate,
of the students t0 be in grade one while we expect

o be

in grade seven.

0.4369 of them t

For a fixed size systems that is @ =0, 2
aintainable.

nearly uniform grade structure 150

 the no repé

ats casé, we expect

For example, fO
de oneé while we

0.1847 of the pupi]S to be 1N gra
For the case

o be in gra

we expect

in grad

de seven.

expect 0.1308 t
0.1922 to be 1in

of 0.09 repeat rates
For

0.1174 to be

e seven.

grade one and
o 63 year,
ructure is a

he no repeat

a system which dou
ajnable st

that is a =15 the maint

case, we eX o ve
grade one while
the pupils to be in
case of a 0.09
jn grade

pupils to be

grade seven:



256

We note that as the growth rate ‘o' increases
from negative to positive, the maintainable grade

| top heavy to bottom heavy.

S
tructure changes from
o repeats 1is

|,
We also note that the case of 1
0.09

generally more top heavy than that of a

repeat rate.
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6.4 ATTAINABILITY

| Attainability is a more complex concept than
maintainability. This 1S because, for example
a structure which 1s attainable from one starting
ainable from another starting

point may not be att
r of steps required

hermore the numbe

he route followe
ote again that there

point. Furt
d may be

for the change and 1

S ; ; :
ubject to variations. We n
attain a

in trying to

is little or no point
It follows

structure which
hility of a

quate attaina
e to the

itrarily clos

structure can be

that, provided we €
getting arb

structure with
aintainab]e

Stpic ture, then 2By m
attained from any ctarting structure.
pt of attainabi]ity of

ate the conce

re by means

romotion co
in the case

We j1lustr
of recruitment

a maintainable structu
ntrol is

control.
similar. It 1° cufficient to do this
size of the system is fixed.
q(0) and ask what

1 a structure q

Suppose W
would happen if W€ epeatedly used
*
vector r’ which maintalns a structuré q We know
that the 1imiting structure in this casé o Eisties
(6.35)



258

y definition r also satisfies

9* _ q*I‘P + *'\W %
i | qg ¥r (6.36)

*
Such an r only exists when

implying that g = q*.

et of maintainable structures. The

* 3
gq” is in the s
ab

ove argument tells us to recruit in the same

if we were already at the

i -
ixed proportions as
in there. We may use

target and wished to rema

criterion for attainability which

S . .
ome optimallity
We shall

in terms of time and cost.

may be defined
s to this prob]em:

u
se two approache
This aims at

(1) [Free VIME pttainability:”

first determining the smallest
r of steps
ined and the
e strategies on

in which the target

numbe
n choosing

can be atta
the

g the possib]

amon
me objectiV

basis of S0 e function.
pims at

Time Attaingd;,,,,?
' to the

FREE TIME ATTAINABILITY

We shall i]]ustrate free t

of a maintainabie structure
contro

recruitment and then by
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Free Time

_ﬁttainabi]ity by Recruitment

In i
formulating the problem in this case we

in
terms of the enrollment numbers

shall work i
rathe 3
r than proportions. We note first that th
. e
l11ment numbers at time (T +1) are given by

‘(T)P + £1(T+1) (6.37)

1

n'(T+#1) =0

where,

F(T+1) = M(T+1) ©

lent vector at time (T+1) and M(T+1)

;
S the recruitn
We assume

at time (T+1) -

e .
the new recru1tment
(T) is known or may

1 system size N

growth rate

that the tota
of the system, o'

be obtained via the
s now tO find T
f(1),j(2),... f

and a sequence

The problem i

of feasible recruitment
the sma]lest

such that T* 1S
The constraints

*, the target gtructuré:-

n(T) = n

—_—

unknowns are

imposed on the
nt(TH) - ISR A (r=0,1:20- T2 Y
prto= o (TR L e
e _ 1,2 LT (111)
?ni(T) = N(T) (T 200
(T = 1,2,...,T*—1) (iv)
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f(1) >0 (T = 13Bpnes gl | (v)
(6.38)

The .
hese equations are linear 1in ni(T)'s and fi(T)‘s
e use the standard methods of

and we may therefor
mathematical programming to find a feasible solution.
turn

is unknown W€ put TPl y@asn. IN

is found for whic
on to (6.38), will not

Since T*
h a feasible

unti] the first value

solution exists. The soluti
only give the feasible recruitment vectors
t also the intermediate

f(T)'s which we require bu
T-11 through which the

T=];2:'--3
* pas been foun

nd it 1is therefore

structures (n(T);
when T

d there will

System passes-

y colutions a

normally be man
g some function

et by minimizin

One such function

Oopen to select oneé 3
r social interest.
(1:4

of economic O
penditure.

the total €X
grade i is

may be, for exampleés
r student in

the average expenditure pe
C; then once 7* has been found, the problem then
becomes:
T*-1 S

minimize the total expenditur Z —TE]iE]% nJT)
Subject to the cond1t1ons given in (6.38) When
T*=1 the objectiVve is triv1a1 gince Q(O) is .
already known- We therefore nee only solve

£(1) uch tha

the recruitment vectol ~
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Wher‘e
£(1) 20 (6
.39)
The cond]
5 .
N ndition for one Step attainability is
eref
ore that for f(1) to he feasible, which is
(6.40)

n*l‘ ->— D_l(O)P

y promotion

Fy .
free Time Attainabi]ity b
romotion

4 a sequence of P

s case W€ fin
pled with a given

In thi
matri
rices, P(T)'S> which when cou

vyector rs

takes the system from an

to a target structure

recruitment
ucture Q(O)

ible time. The basic

initi

itial grade str

¥

N in the shortest poss
n as

ystem may now he writte

equation of the
h (6.41)

n'(T41) = 0 (DP(T)* 2
i (T+1).

w
here, M(T+1)
.

he unknowns ar

p

(T), but the bas
these variables: If we express
proportions, th

become 0

'restrictions

£ linear type-

n
umbers ratheér than
f the

;
n the basicC equation
Furthermore

Problem, t
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Let,

be th
e number flowing from grade i to j in the
tin :
e interval (T,T+1)- We have to find T* and
values 0 ]
f the variables nij(T) and nj(T) (=7 ;&4n

$)s such that
S S
nj(T+]) - v ons(T) * poLens (T)v; +M(T+1)}
-, 1 7 i
(1)
(j=1,2 ..,s3T=0,1,. ,T*-2)
n* - 3 * - * T*} ..
i 1.-2.1”13'” ‘””J{]Z“#T 1wy +M(T) (11)
(J = gL ,S)
S
Z = i = -15 1= *.
J=1n1J(T) = ni(T)(]—w1)’ (i T o Zprries® 0 B T, T sesssd =V
(iii)
S .
2ny(T) = N(T (1=1,20-000T ) (iv)
n(T) >0 (T=1525- J77-1)
(v)
*
= ]92,- ,S, T:O,], ’T —])
(6.42)

Again as befo

be many solutions and we mays
es the avera

solution which minimiz

problem then becomes
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- T*-1 s
minimize total expenditure, z = X 2 c.n.(T)
T=1 {=1 '

Subj
ject to the conditions given in (6.42).
COn o . . .
sider in particular a hierarchical organization

of tg! .
grades with new enrollment or recruitment

on -
1y into the lowest grade and promotion
Such a system may be for

only

t
0 the next higher grade.
fn this cdse, the

e
xample, an education system.
that 1is

C . 5 . .
ondition for one step attainability,
of existence of a feasible

™ = .
=1, js simply that
e linear equations

solution to the system of th

+...+ns(0)w5+-M(1)

ny =
ny = n]z(O)-+n22(O)
(S eqs) .
n*g ns—],s(o)'* nss(o)
n (O)-fn]Z(O) = n](O)(l—w])
Ny (O)-+n23(0) £ 1 (O)(]—wz)
o A
Ns-1 s—1<0)'*”s-1,s(0) - n,_1(0)(1¥5-1)
| (6.43)

itten in matriX notation

These equations may be wr
as
(6.44)

A0} = 2
Ay nijl ) 1
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Wh()r‘(_\,
1 0 O =
0 1 1 0 0 |
o 0 O 1 1 , 0 .
Ay o 0 0 ST
(2s-1)x(2s-1) ;1 0 0 . .00
o 0 1 T @ . = ¢ 0 0
s-1
0 o O 1 1.0/ v
I (07 = <”1](O)’”12(0)’"22(0)’”23(0)’ ; n5'1,5(0)’nss(ol>
(2s-1) x1
and,
| ; - o 1-w, )0, (0) (1~
by = (n-m(1) - Ins(O s T (0) (147 )10V (174 )
] e (O)(]-ws_]z>
(25-1) x1
e e T s /}“/ 5-1 P
; (6 4) has I (0) >0
Lf the colution obta1ned from . ij
* * ¥ ”',n*) 1S
then the structure n - (nqy-"2° S
attainable in oN¢ step-
ttainab111ty of a
i ti for two step @
The condition it e
: *-2) assum1ng
structure ﬂ* (that iss e i
1 equals may D€ wril

costs per grade are @
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expanded form as

Lo4n (1
minimize z = nq(1) * ny(1)+. (1)

subject to the conditions

i ny (1) =n”(0)+n](0)w]+...+ns(0)ws+M(1)

n,(1) =n]2(0)-+n22(0)

S eqs ny(1) = Nyl

.
. .
. . ..
. .
. . .

(%]
—_—
D

0
w
3

N
~No
—
(=)
~
+
=
~N
w
—
o
~
!
= |
~N

.
.
.
.
.
. . L
.
.
.
. . .

s !

wn
I
—
4]
Na)
wn
=
no
N
.
—_
SN—r
+
=
N
w
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The Problem may be formulated in matrix notation

A3 fo]IOWS;

!
Minimize 7 = n'(1) 1

SubjeCt to,

2 X 29
S 2s-1
hers, 25-1
FIS 0 25-1
A1 O(s—])xs

| I / 0’ / ]
Ag = / 0 / 1 |
(43‘7)X(55—2)[—

ctor 1 =(157...,
1 1s the matrix in (6.44); the ve

R, R
sx7> the vector 0 = (0,0, (2s-1)
X

P
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ce——— 5 .
—.‘ ] A
" Y2 We
0 0 0
........... S
0 0 0
W = _.,_________________________—_—_ _—_ar___
(2s-1) (w]—]) 0 . 0
¢ (wp=1) 0 s-1
° . (ws—1‘]) 0

and

£ zeros of the appropriate order
' (0),n(1)

0 is a matrix o
own variab]es 313

The vector of the unkn

nij(])] is such that

Iy 5! <H ,nq(0)> ---’"5.-1,s(0)’"ss(0>>'
(25-1) x 1
(ry (1) nz(l),...,nSm)'
(sx1)
and |
ng (1) = <ﬁ1](1),n]2(1)s---’”5_1,s(])’”ss(]?>
(25-1) x 1

' ; : ¢ such
- <?-21’N(”’922> '

Lastly the vector b,

that
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e sl

N(1) s the total system size at time T=1, and

* * !
__22 [—] L s 0 0;. ..,é]

____,_,——-—914—'_'5
*y '
n~) 1S the target

* *
(n'lgnzj"" S
for two step attainability

i, —

= §

The vector ﬂ* =
The condition
* js that of e
(6.46) .

cture.
xistence of a

0

f the structure N

feaS'ib]e So]ut-ion to equations

condition for
* js that of existence

three step

When T =3, the

y of structure 2 n

attainabilit
he problem

0f a feasible solution to t
2 {
rn'(T)1
=

minimize Z ~
-

Subject to,
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~ n..(0)]
_‘”(O) 231
g N(1)
A r—3 —
3 x| gt o by = | 232 (6.47)
n(2) N(2)
ﬂjj(z) 1_3_33
where,
55"'2 S 2¢-1
_ ; B
AZ —IS 0 4s-1
O(s—])xs
_.,.,_,,“,,.,_,,,_,,_,,_ﬂ_
g = 0 1 0 1
(65"] X 8 -3 ///
U ) 2s5-1
B 0 W AT...
The entries of A3 are def1ned as beforeé: with A2
as the matrix 17 (6.46) - The vector of the unknown
variables
' oyt (150 g 2
[n}5(0)-2 1y (10 (2023
is such that,
T (M)
EiJ(T) - <§11(T)’n12(T)’ =148 sS
(10,152

(25—]) X 1
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and

sX1
T =
Lastly, the vector E;==<é;],N(1),b52,( . 2‘>
such that — -
by = [EM(])—;n.(O)w. 0...,0, ! n(0)(1-
in; (04 sors0st w]),nZ(O)U-wz),.. ;
ns—1(0)(]—ws-1i]l

e 5 ___,_——’)'4‘—'-_5_.] /______—"_?

[for
(&5
w

I
M= |
- %

1

_

-—

b

N

w

2

and
1 system sjze at time T2l

ion for

N(T) is the tota
the condit1

Generally when ™=k Z 25
I
of a structure # 1e that

ainab111ty
to the problem

k-step att
f a feasib]

of existence O e gglution
Z

minimiZzé =
T

subject tos
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n;;(0)
n(1)
nii(1)
n(2) o T
i
P
-2
ng (K :
_rl(k"])
-1
_ﬂij(k .
(k-1)(3s71)73
Ak_']
I
—O_l
-
0

e i e
L -

- -
)

L e g om i o

-

-—-___-—

____,_—.-.-

-

-

(6.48)

25-1
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is the matrix of the condition of

As b _

efore Ak_]
(k-1)-step attainability (i.e- when T% =k-1). The
matrices 0 and 0' are Zzero matrices of appropriate
The vector of unknowns

order as indicated above.

is such that

(:11 n12 e "’ns—],s(T)’nss(Ti)

EJJ
(25-1)x1 (T=0,1,2,...k1)
and
n(T) = G](T),nz(T),...,ns(TD
(T=1,2,....k1)

Lastly, the vector by is such that

; ' Z )
.Ek1=[}M(1)—%nj(O)wj,O,...,O,: n](O)(1 w1) n, |
ns_](O)(l-wS_]{]

by = M(3) 5050205 ,
—KJ
e G ,/—7‘"‘"5—1-“’?
(J=293’ k"])
; O Os "O:I
n_os ’
Ekk_ n] M(k),nz n3,
/’/—-’.’,e’ S--l""y
<~ S
_],2,. -9k_]’

and
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) ; .
le note in particular that the order of

the matri

rix A for the Kenyan primary education
Sys
ystem where the number of grades is S =7, 15
for

14k-
(14k-1) x (20k=7). In this case when k =2
e are already dealing

the problem 1is of

instance, W i
> with a problem
When K = 3y

of order 27 x33.
We can therefore see

order 4] x 53 and so on.

problem as the steps for

the magnitude of the
y of the structur

we will giv

rimary education S

e increases. For

attainabilit
e the promotion

illustrative purposes:

or the Kenyan P
1ntainab]e str

e to be attaineé

ystem,

criteria f
uctures given

if some of the ma
d within

n Table 32 ar
11 additiond

earlier i
11y give any

We sha

One year.
ion,

further ef
Tables 32(a) - 32(g) below give the promotion
ning yarious maintainab]e

Criteria for attai
e effective

structures 4 1M one S
he growth o the action.

adjustments ON t
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PROMO
10TION CRITERIA FOR ATTAINING SOME MAINTAINABLE

STRUCTURES IN ONE YEAR

In th ' ' '
ese Tables @, is the possible initial

rowth rate which will enable

adjustment in the g
y of the maintainable

the one step attainabi]it

structure q"

Table 32(a): Promotion criteria for attaining in

one years

able structure

the maintain

.1399,.1445,.1577} ' which

.1340,.1366,.1397,
= -0.08.

q*= [:.1476,
o a growth rate &

corresponds t
o system growth rates leading :

e
Promotion Adjustments i rowth
P11 .5608 _
P12 .2828
b 3154
Po3 .62006 | .
P13 0825 ss INGLE STEP A AINABILITY
Pas 8572 NoT POSSIBLE'
Pag .07]5
Pas .8490
Pss 1845
Psg 7627
Pe6 13892
Pg7 5434
_____~__‘Jizz—’/f’¢”” 9310
Average repeal rate 3621
5692

ate
i
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the maintainable structure

Promotion criteria for attaining in one year
' < U

- [.1697, .1470, 1429, 1396, .1333,.1313,.1362] ', which

cor
responds to a growth rate o =-0.04

—

Adjustments in system
growth rate 1T
to the single step attainability ofegd]ng I

I
0 "'_-09 ;ao:'.083' ,u).o =ﬁ

Promotion
Criteria o =-.11 a/ s T8 &
P11 5050  .4616  .4183 |
P1p 3386 .3820  .4253 | "SINGLE STEP
p22 .3424 .2880 2338 | ATTAINABILITY
P23 .5936 .6480 .7024 NOT
P38 006 L1289 o572 POSSIRLE
P3a 7391 .8108  .8825 |
Pag o447 1655 0863
Pys 6758  .7550  .8342 |
2803  .1943 |
i .:Zgj 6669 7529 |
I '5145 .4265 .3386
p66 " . P
P67 4181 50061 .5940
9300 . -8182 .7065
P77
S
Average

repeat rate

Average
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.
Table 32(c): Promotion criteria for attaining in one year,

the maintainab]e structure

*
L [.1922,.1592,,1480,.1383,.1261,.1188,.1174]‘, which

Corresponds to a growth rate a=0.

AdJustments in s szem g e e
i attainability 0 q
Promotion the single step q
Criteria - ]

]

P 4585 4152 .3719 .3285 2852

P]] 3851 4284 A717 5151 .5584
- 3824 3280 2737 .2193 1650

7167 7710

Average
repeat rate

D Average
romotion rate

\__—J/
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Table
\32__9___. .
( ) Promotion critem’a for attaining in one year

the mai ntainable structure

q* - i
o i 2
| 375,.1808,.1545,.1326,.1112,.0963,.0871]‘, which

COrre
sponds to a growth rate o =0.08.

system growth rates*1ead1'ng to

I ——
Adjustments in sy
Promotion the single step attainabﬂity of @
criteria
N 08 o =.09
11 5905 3472 2172
P12 4531 4% 6264 7564 7998
P22 931 4388 2757 1126 .0582
P23 a9 A3 6603 go34  .8778
P33 6121 .5404 .3254 1103 .0387
P34 .3276 .3993 6143 g294  .3010
Pgq 7719 .6927 4552 2178 .1386
Pg5 1486 4653 7028 7819
P55 8712 7853 5273 .2693 11833
Pse 760 1619 .4199 6779 7639
P66 372 7493 ,4853 2214 11335
Pg7 .0954 .1833 4473 12 7991
P77 19300 8182 ,4830 1478 .0361
TR : .
regi\;:;‘aggte 7009 6241 .3956 .1666 0903
PPOmé\{?gﬁgia te | - 2305 3068 .5358 7648 8411

R



Tab1
lable 32(e); Promoti

(e); Promotion criteria for attaining in one year
the maintainab]e structure ’

.1245,.0967,.0774,.0645]', whiet

—

Q* = [
~.2817,.1984,.1568,

0.16.

Corre
S
ponds to a growth rate o=

Adjustment in the
Promotion to the single lity of g
criteria
ey
P11 1283 -17°0 .0883
P12 6253 6686 17553 .7986 8419
P22 4668 4124 .3037 oa93 1949
P23 4692 5236 .6323 6867 7411
P33 6851 6134 .4700 3984 .3267
P3g .2546 .3263 .4697 5413 .6130
Pgq .8621 ,7829 .6246 5a54 4663
Pgs .0584 3 .2959 .3751 4542
Pgs 901 81 .6431 5571 4711
P56 .0461 .1321 .3041 .3901 4761
P .7426 6547 4787 3908  -3028
66
Pg7 1900 278 4539 54138 6298
P77 5948 4830 2595 1478 .0361
S
”eﬁgggagite 6258 5624 .4097 .3334 2571
DPOmﬁi?Eigiate 13056 3690 5217 5980  -6743

R



219

lable 32(f
( ) Promotion cmteria for attaim'ng in one year the
?

maintainab]e structure

555) , which

.TZOO,.O898,.0692,.0

q*_ -
= (.3030,.2057,.1568;
=0.20

—

Corre
sponds to a growth rate ©

stem growth rate leading

—
AdjusFments in the system :
Promotion the singlé step atta1nab171ty of g
Rt . o =a
-§_____‘:iiii———‘~ B = 18 oy =.19 a, =.20 uo—.ZT, Y
P11 79 07A0 0313
P12 7257 17690 8123
Poo 4316 3772 13228 wgINGLE STEP
P23 5044 5588 6132 ATTAINABILITY
P33 6836 6119 5403 NOT POSSIBLE
P 2561 3278 13994
> 6988
P 8571 7780 )
44 425 2217
Pas .0634 N o
Pos 8578 7718 '2514
P 0894 754
°° 521 4641
P 6401 .5
% 3805 4685
P 2925
B4 1491
P77
R
e 4132
repeat rate 5658 4895
Average
Promotion rateé

u
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lab]e 32 Pr‘ n ter f e n
(g : ' ¥
) [ O”]Ot]_o G l e) ia 0] attaim' g in on
¢ 1 e yea
?

aintainab]e styucture

the m

q* = [.3

a 13236

. [ ,.2120,.1560,.1153,.0832,.0620,.047q1' Wl ch

Fres ’ C
ponds to a growth rate o=0.24

]
Adjustments in the s
i ystem rowtt :
Promotion to the single step attainagi1it; g?t2*1ead1ng
‘—,————’——’_ao—'z3 OL0=.24|0LO=.25,,,,,,,_,“_’Q =7
P11 .0645 0211
P12 L7791 .8225 ngINGLE STEP ATTAINABILITY
Poo 4517 .3973 NOT p0SSIBLE"
Po3 4843 5387
33 7480 6763
P3g .1917 2634
Pga .9201 .8409
P45 .0004 .0796
Pcs .8867 .8007
Psg 0605 1465
Pg6 6144 5264
Pg7 3182 .4062
P77 2595 .1478
\—/
Average
repeat rate 5636 4872
Average
promotion rate .3678 4442
J
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"2(a2 o 32(()

"
rables 9

S
{ )rnmao Y ]
imants on

Here
we
start from an education structu
re

0.1840,0.1395,0.1262,0.1163,0,1]37

q(0) = [0.2308,

O_O '
895] ' at the initia
of a maintainab

1 time, t=0- Single step

le structure q* means

attainability
ix P or promotion

obtaini
ining a feasible promotion matr

s to move fro

m structure q(0) to

cri -
riteria so 2
single time step-

S
nt to note here that not all the

of the Kenyan primary

ma i .
intainable structures

e ;

ducation system @

possib1 s that can be
.ngle SteP ar

in the in

e structure

esponding

step. The onlY
e thoseé corr

terva] -0,08 to

esponding to

attained

t

o system gro

h the ctures g0y
attainéb]e in a

0
.24, Evyen thoud
n in the system

alteratio
addit10n9

the mentioned
some of

single step>
In

' a sing]e step

growth rate
the pena]ties

, nay - For example in some

educing total 577

in the S

Cases it may mean
1igible to Jo!

tem sjze

attainabilit
ystem

thereby denyind
evel mea

an Opportunity-
be I’

number of students to
. bnee th
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followi
ing the system growth rate and promotio
n

rresponds to the maintainable

cri J
riteria, which co

st
ructure of interest.

L .
et us consider, for example, the structure

340,0,]366,0.]397,0.1399,0.1445

q* = [0.1476,0.1

0'15721', which 1is maintainab]e when the system

growth rate is © .-.0.08. In order tO attain this
step, the only possibi]ity

in a single
=-0.15.

Structure
rowth rate 1S o,

tial system g

]'
s when the ini
n the system size

a decrease€ i

x j5 then achieved by

This corresponds tO
nability of 9
e column cor
e 32(a)-
structure tl

o average repeat

of 15%. Attai
in th

G, =-0.15 given 1N Tab]
in order to attain the aboVe

responding to

¢ implies that

promoting as
Thi

e promotion

th
tion rate 1is

0.5692. rly note t of this
i in this

action via the 9

case is 0.9310. 1M implie
Seven pupi]s will be forced to repeat in the follo
Wing year 11 order 1O achieve our goal 10 a single
time step.

The aboVe cite deduction? can be made 0
any of the maintainab1e strueture which are possib]e
to attain in one time ctep For examp]e, it is

n the gtructure’ q" - [p.1922,o.159z,

possible to attal
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0.1480,0,1383,0,1261,0.1188,0.1174], see Table

3 - .

2(c). This structure 1s maintainable when the
growth rate is a -0, that 1s for a fixed size
ained in a single

The structure can be att

system.
al system growth rate o, lies

step when the initi
0f all these

-0.07 to -0.03.

in the interval
in the growth rate ag

possible adjustments the
nful 15 that cor
has the least néeg

responding to oy =-0.03,

least pai
ative change in

since this case
ponding

Furthermore corres

the total system siZ€:

js the promotion criteria with the
ate of 0.2227
which leads to

tO = -
o 0.03,
and the highest

ge repeat T

least avera
average promotion rate of 0.7087,
the single Step Lttainability
We note genera]]y that the highest possib]e
owth rate 15 the least

the

adjustment in the
painful action t0 be taken 11 or .
corresponding maintainab1e structure in a single
step. This is mainly hecaus€ this actionda1lo:;

a e
the h1'ghes.t poss1b1e ystem EXPaﬂ$10n ::age -
Ssame time correSPO“d the maximu av t

um @ erag® r peat rate
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FIXED TIME ATTAINABILITY

way of attaining a target

An alternative
is to aim at getting a
rescribed number of steps.

str r
ucture s close as possible

to the target in a P

denotes the time available, then we

Suppose T~
our target

close as possib]e to

now aim to get as
efine closeness between

n* in T" steps. We shall d
(T*) reached and the target

ction D(ﬂ*,ﬂ(T*))- We

ime attainability

the actual value n
by a distance fun
strate fixed t

ecruitment an

value,

shall again 111U
d then by

first by contro]]ing ¥
controlling promotion-
Eijﬁﬂiﬂlimgfﬂg}ainabi1ity by Recruitment

ilar procedure as

following 2 sim
the problem

in the
# ec
of attaining @ structure I by
f osolvi
fixed time T* can be formu1ate as that © solving
the problem
minimiz€ D(ﬂ aﬂ(T ))
subject to the€ constra1nts
7+1) (1205142 ,T5-1)
L1+ |
Q(T+]) = Q(T)P + £l -
(i1)
%)
N(T) 3 (T=152:
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E(T) _>_Q_ (T=]72"‘-.,T*-])

f(T+1) > 0 (T:],Z,...,T*_])
(6.49)

0 find a SequenCe Of
(1),f(2),,_.,i(T*)
(ﬂ*sn(T*)L

N
ote that, here WE need t
ient vectors f

feasible recruitn
e distance function D

which will minimize th
(6.49) will not only give the

f . _
easible recru1tment yectors f(T)‘s which we require

ctructures {n

(T)3 Tels2yrnesl which

but also the

the system will follow.

trol by Promotion

Fixed Time Con
ence of promotion matrices

given recruitment

P(T)'s which when ¢
m an jnitial grade

take the system fro

to Q(T*) such that the d
The fixed time

(T*)) is minimized.

) _ | S
in which we wish as P

vector r, will
jstance

Structure Q(O)
gsaiple te I is
at for free

T* .
. Following @
tg sO1¥e for the

time controls the

stocks and Frowss Mij

minimize n
subject toO the constraints
; ()
° Tw.—fM(?H)}
n,(T+1) =Zn..(T)-+rj{Zni( W
; | T*-1)
| s;T=O,1,2,. .

J
(j=],2,---3
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S

&M (T) =

PReIR K n(T)(1-w; )5 (1=1,2

| it? =1, ?"-35']§T=O;],2,... T

> o

i (T) = MT); (T=1,2,...,T%) o
(iii)

n(T) > 0; (T=1,2,...,T7)
(iv)

(6.50)

§
1]

Th -
e distance function, D(n*,n(T*)),
o having various grades

T) > 1 1=
( ) - (13J—]329~--:s; T=O,],2,-..,T*-])
ought to reflect

th .
e penalties attached t
One example

Ov
er or under the targeted strength.

e function may be

0
f such a distanc
(6.51)

o 0=y (220)

— ™MW

Da (ﬂ*’ﬂ”*)) =
f non-negative

are a set O
nce attached

s We

WhEr‘e U)]’wZ""
flect the importa

_
eights chosen to I'€
gy‘ades ],2,...,5.

g
o the correct manning of
jder a hejrarchical

As before let US cons
t only into the

new enrollmen
y to the next

O . » .
rganization with
romotions onl
for example,

lowest grade and with P
higher grade. Under these conditions:
inability of the structure E* in

the problem of atta
i.Be

can be written in

T* = ](fixed)s

a single steps
expanded form a5
D(g*,ﬂ(”)

minimiZe
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to the constraints

f;](l) :”]](O)+”](O)w]+‘"+“s(0)ws + M(1)

ooooooooooo

s-1 eqs J

1 egn {51(1) +n2(1)+--' s

This may

subject to

Where,

i jon as
be written in matriX notat

*
minimize p(n *ﬂ(]))

(6.52)

(6.53)
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-1
s
A] 2s-1
0
C] i (s=1)xs
25 % { Ig- ' '
(3s-1) | 0 1 1
With
A as the matrix of one step free time

I
attainability given in (6.44);

0 and 9' as a zero matrix and vector, respec-

tively of the indicated dimensions.

and

1' as a 1 xs row vector of ones.

The vector of the unknown variables [i;j(o)’ﬂ'(7{]
lier in the case of free time

s as defined ear
e vector d; = (g;liN(I))

attajnability. Lastly th

1S such that

] S ' T , 0)(1- s
9 :[M(U-an(O)wj,O,...,O,, ny (0)(1 wy ) np (0)( Wy)
1 '

ns_](om-ws_ﬁ

I s-] —— 7
B N -

al size of the system at time

and N(1) is the tot
where 221

b is the
T=1. We note that dyp T =217

vector in (6.46)- o
F£ attaining

the problem ©

"o Z(fixed), simi]arly

When T
o time intervals may

* .

the structure n’ 17 tw



/ 289

b . .
€ written n expanded form as

minimize D(Q*,Q(Z))

SUbjeCt to

A
,j ny (1) =n”(0)+n](O)w’+n2(0)w2...+nS (O)WS+M(;)
! n, (1) =N12(0)4n,,(0)
Ses L
ns(l) =n_ 1, S(O)+n (0)
n”(O) +n]2(0) =n (0)(7-w])
n22(0)+n23(0) = nZ(O)(I—WZ)
(s<T)egs . . . .. ... ... ..
/ Ney,s-1(00 #ng_7 ((0) = n._4(0)(1-w,_,)

I eqn ny (1) +n,(1)+...4+n (1) = N(1)

-

n](Z) =n”(1) +n1(7)w7 +n2(1)w2+...+ns(7)wS +M(2)

n,(2) =ny,(1) +ny5(1)

1 (1) # (1) =m (170

(5-1)egs n22(7)+”23(7)="2(”“'W2)
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This problem may he wri

minimize D(E*’E(Z))
subject to
| ng5t0) 421
n(1) N(T)
C2 g |mmmmmmmTTT = d, __; _____
! e
n(2) N(2)
" ] s |
where now
5s-1 S
B 0
A =] 45"]
? s
2 ° Os-1xs
/////,,,,,,,
4s x (6s-2) ] ]
0' L
~ -
L gim
the matr of two step free
a e
k ity given (6-46)3
ttainab1
th
ces
o and O S
orderS
N ' (V) 5243
s |Mij =
The vector 9% A 1}]1e the cas®
ear

has entries a

tten in matrix notation as

(6.55)
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|
—
oo
[p]
it
-
=
—_
=t
~
“

L
time control. Lastly the yector 92 d

d,,,N(2)) is such that

- = B
dyp = 417 7 221

] : o ] ‘
[ .

(6.47)- The values

sizes at time T.

—22

o) g'iven n

where b is al

h
{N(T);T=1,2} are t
(T) .51, the problem of

g T &k . ‘
Genera1]y e * by promotion in k time

attaining th

that of
periods (fixed)>15
* n(k))
ninimizing D(ns2
Subject to r e
3 41
= O ML
n (0 )
NS0 I
I dy2
(1) =
nigtt = di .
Ck % |===""" |  jee==="
———————— Gk
pald | jeT
ﬂ'IJ( _____ N(k)
———— —
- 6.56)
n(k) _ (
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Where,

k(3s-1)-s .
— 0 B
& —IS 2ks-1
L = e
2ks x [k(3s-1)] SR B
0 ) |

step attainability 17

free time as given in (6.48);
zero matrices of the indicated

0 and 9‘ -

orders

The vector

e yector gk

Lastly th
- _ b
dy1 ~ dyp = =21
and
i
' 5 0,0,...,o]
dyj ~ [H(3):0 0
—kJ S,/,//,a+é,(s_]),,?
(.’// (J :2,3’ ,k)
izes @
K} are th total system s
{N(T)5T _1,2,0 00
o or the Kenyan
that h matr1x 2 $: "
r
" e " whereé th pumber of 9
system,
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]S S = 1
7, is of order (14k x 20k). When k=2 we

are i
already dealing with a problem of order

(28 i
x40). As k increases the problem is bound to

for example, when k =3 the problem

be pretty large,

is of order 42 x60 and so on.

Step by Step Method
y to attain a stru
we may adopt a

*
cture 'n ¥ a4t

Rather than tr
S all at oneé go,

a fixed time
at moving as

ure which aims
e target at each
jcal convenience

step by step proced
step. This

ssible tO th

close as po
eat mathemat

procedure 15 of gr
y dealing with

h step we SP
the

Since at eacC
a problem of oneé

*
T* steps are covered:

In the pa icular ©

organjzation with S

into the lowest 9

th
next higher grade hen We i
ixed time

procedure toO f

o results giver

obtain th
when T =2, M°

the structure ,* fn.
sible

time T =15

and flows whi
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minimize D(ﬂ*’ﬂ(]))
subject to
- *
—1'j(0) . Ej_”
C] X |===="""" = _d_'l = —p——
n(1) N(T)
(6.57)
Where,
QT] = Q]], as 1in (6.53),
and,
c, f1s the matrix for one step attainability
as given in (6.53).
Suppose that:
A~ {
_rl(]) E I:n'l(]),nz(])w'-’ns(])]
i which minimizes
is the first intermed1ate stock vector
we obtain the
D(n*,n(1))- Then 1in the second step
stocks and flo¥ yalues which will
pinimizes D(ﬂ*,ﬂ(z))
subject tO
d*
) =21
C —%1\.]-.(-ji_ = _q* o |
1 e N(2)
t (6.58)
(o)) 155
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(1) s the Flow vector at time T =1

and
n(2) is the stocks vector at time T =2.
The matrix C; 15 @° before but now

* B S . :A . (]—
93 = —M(2)—1Y.nj(1)wJ.,O,...,O,;n](1)(]-w]),n2 o i
nsﬂ](])(]’ws_]ﬂ
conefally WheD ¥ ek (fixed)s the step by
* =
step Procedure of atta1ning the structure I is
that of solving the 'k’ consecutive problems:
*
minimizeé D(Q(T),ﬂ )
subject to
- 4
n..(T—1) a11
-1 | = d* I P
y < [ T L
n
(T:],Z, ,k) (6.59)
where, the Flows an stocks
T) are
7-1) and n( e
E1J( 7-1) and T 1€ pect!
vectors at gimes
y - 1
(T=]323 k)’ - Stpatta]nab1]1ty
c. s the aprix 0F °
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with, nj(T-1) = nj(O) when T=1.
Otherwise, nJ(T-]) is the j*‘th entry of the stock
vector at the (T—1)-th step which minimizes the

nction

D(n ,n(T- 1))

distance fu

.ye purposes we will give the

he Kenyan primary education

maintainab]e structure

g the step by step

system
usin

in a fixed nu
he distance

In this case W

procedure.

function
AP n-(T*)l
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_jj
T (6:61)

2s x (3s-1) L E(T)

(3s-1) %1
which minimizes the distance function D(ﬂ*’E(T))-
ations in (35-1) unknowns,

stem would be to solve

s of the other (s-1).

Since there are 2s equ

a method of solving the sy
for 2s of the unknowns in term

As such, suppos®

We can partition

represents the'vector of unknowns -
. . ,
the vector x(T) and correspond1n91y the matrix b as
FX](T) 2S
L(T) =TT ]
- x,(T) 5~
e 25 5-1
. C ]
n (6 61) can now be
ions 1 :
The system of equation
written as |
X](T) N (6.62)
i L

-
o
-
-
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is no redundancy in (6.61) it is

Since there
ents of ﬁ](T) so that

possible to choose the compon
the '
corresponding square matrix Cqq is invertible

(T) for yarying 52(T) is

The solution to Xj
therefore,
(T oMy
xp(T) =1 4'61252(”}

(T)'s ma

jviding the vec

y be enormous

e of variation of X5
tors

The rang
reduced by d

o that the variation is

but this may De

a constant S
the

for example,

solutions

x(T) by

t may be>

The constan
addition the

fractional.
N(T). In

total system sizes
shou]d be

of interest
property of the flow matriX p(T) 15
that is
n.j(T)'S > 0 3 E(T)'S >0
227 %
and
ach T
el m”) & ns (T) for €
11
A more el porat otution to the problem would
and solve
be for examplé t 11nearize the problem
i ro ramming
T i th standard methods 0 1inear g
. nvest1gat1on
H i roa h requ1re i prther
e " " i1 11near1zab1e
since the prob1em j& No eas’
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In tables 33(a) - 33(c) beJow we give, for
TTlustration purposes; some promotion criteria
for attaining a maintainable structure ¢* in three
Steps (fixed), using the approximate step by step
The maintainable

procedure described above.

Structure to be attained is

q' = l:_]922,.]592,,]480,.1383,.]267,.”88;.”74].

This corresponds to the system growth rate a =0

[refer to Table 31].
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Table 33(a): promotion criteria for attaining the
ntainable structure 3* in three

ma i
iy using the approximate

steps (fixed
with a growth

cedure,

step by step Pro

rate oy~ 0.

e
3rd step

Promotion
criteria

1st step 2nd step

P55
P56
P66
P67
R

Average
repeat rate

Average
promot1on
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IﬂélfLﬁZiiglJ Promotion criteria ror attaining the
maintainable structure q* in three
steps (fixed), using the approximate
step by step procedure, with a growth

rate a, 0.5,

a T

Promotion Ist step 2nd step 3rd step /

criteria

Average
repeat rate

Averageé
promotion rate
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promotion criteria for attaining the

Table 33(c):
maintainable structure_g* in three
steps (f1xed), using the approximate

step by step procedure, with a
growth rate 0Og =1.0.
Promotion
1st step 2nd step 3rd step
criteria _
P11 8436 8436 8436
P12 0 0 0
Pp2 9360 .9360 .9360
P23 ° ° ’
P33 19397 19397 19397
0
P34 ° ’
Pat 9205 9205 .9205
0 0
P4t O 9472
Pes 9472 9472 .
0 0 0
P56 9326
- 8974 9326 :
- 10035 0 v
8
07 1477 1478 147
pverade /8096 8096
repeat raté '8046
pveragdeé 1217 a7
promotion rat e ‘
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\; mments e
= LS 0 Tabl ,; ==
on labtes 3((2) 03(
C‘}

In this
educati case, starting from an initial
tion structure, q N
, q'(0) = [0.2308,0.1840,0.1395
3V o 9,

b . ]6 ) ) p 0
H

attain
the maintai
ainable struct * I
ure g = [0.19
1922,

0.159
2,0.
1480,0.1383,0.1261,0.1188,0.1174]' in

Y ste Y
p P ocedure. The structure q* Correspond
B S

!(} t . . .

Q i
1ze systeil.

I irst '
n the first case (see Table 33(a)) it 1s
e system 15 of fixe
o -0. In order to move
* .

in three steps (fixed),

med t t
th .
assu a h d si1zZe so that

the
system growth rate is @

f‘
rom structure q(0) to g
a that will minimi

(1)) during the first step
This
f0.8122

the promotion criterf ze the
distance function p(n”"sn
is given in column ONE of the table.
e repeat rate 0

s to an averag
f 0.0871. The

correspond
romotion rate O

a
nd an average P
om grades fiv

ons are only fr e to seven,
most of the pu

ned 1in thosé

promoti
pils of grades one to

implying that
grades SO as to
*,2(1))_ The

e distance

five will be retai
e distance fu

a that will

minimize th pnctions p(n
minimizeé th
econd step is given

It correspol

promotion criteri

function D(g*,ﬁ(z))
d column of

during the >

Table 33(a)-

nds

in the secon

y
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to
an average repeat rate of 0.8096 and an average

The promotion is only

promotion
t 0.8522. Most

due to grade seven

he rest of the grades,

pupils in t
repeat so as to

e forced to
% n(2)). Finally

one to siX will b

o distance function p(n

minimize th
will minimize the

teria that
g the third step

* n(3)) durin
T Table 33(a) -

the promotion cri

nction D(#
[t correés-

distance fu

ponds to
average promotion
rades S

ost of

due to 9

means that M
repeat in grades
the distance function:
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The promotion Criteria that Wwill

minimi j '
Mize the distance function D(Q*{Q(Z)) during

the second time period is given in the second

Column of Table 38(e). It corresponds to ap

dverage repeat rate of 0.8096 and an average
Promotion rate of 0.1217. In this case it js again
Observed that most of the pupils of grades one to
S1Xx will be forced to repeat in order to minimjze
the distance function D(Q*,Q(Z)). Finally the
Promotion criteria that will minimize the distance
function D(Q*,ﬁ(3)) during the third step are
Similar to those that minimize D(ﬂ*{Q(Z)) during

the second step.

In general it is observed that in order to
minimize the distance function D(n*,n(T)) at the
T-th step (T =1,2,3), most of the pupils in grades
one to six are forced to repeat the respective

grades The action taken based on these promotion

i in a manpower
Criteria may be more appropriate 1n

] jonal set
planning system rather than in an educati

i for the
up where pupil flow needs to be evident

ter of policy,
smooth running of the system. As a mat

na we Ww I ’] I r lhe ({(i ”] l“en S U h
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in the country's education policy,
Thi i '
S may for example include increasing the pupil

age at éntrance.

6.5 GENERAL COMMENTS AND CONCLUSIONS

Before giving comments based on this chapter,
We note that, in a single educational system as
the one considered in the application, the ney
€nrolment is only in the first grade and as sych
Control in the system characteristics can mainly
be brought about via promotions. In the case of
attainability we have looked at pupils joining
grade one for the first time as if they somehow
replace all those who leave the system at the end
of the previous year. This means that we are
assuming that the facilities that would have been

used by those who drop out may be reconverted for

urse an alternative
use by the new entrants 0f co

be,
way for considering the grade one enrolment may be

i f repeaters
for example, to consider it as composed 0 p

i i i comments
and new recruits only. MWe will first give
TTlowed by
on the maintainable grade structures fo
uctures and
€ ts on attainability of grade str -
. ns on the entire

sio
finally give some general conclu

Chapter.
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Comments ’_____ﬁ__,,—-———/_
on the M intainakle Grade Structures

on for maintainabi1ity of grade
n the form of a system of

A conditi
is obtained i
For varying sys
e maintainab]e are

structures
tem growth rates,

linear equations:
uctures which ar

Qrade str
obtained by solving the system of equations. We
ve that when the system growth rate is
then

first obser
one (a_i-]),

less than OF equal to negative

ructureé is maintainab]e.

no grade ¢t
an

because,
0 negative one,

or equal t

system during th
n to be a Vvery

system decay
i . aple 1S see

e that i
kely @ consequence

structy
the system due

top heavy type-
e of
tem 1S

When the SYS
a=0),

ecrease

of the d
ve growth

7610 growth rate (

to the negati
that js for
f a fairl

y uyniform

type.

annually:
gpructure

the maintainab]e
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In general we obserye that, as growth rate

increases from negative to positive, the maintain-

from top heavy to

able grade SUructure changes
e note also that the higher the

y the structure

bottom heavy. W

repeat rates the less top heav

that can be maintained,

Grade Structures

Attainability 9

gggmants on
The prob1em of attaining @ grade structure
ational system 15 that of obtaining the
a which will m

to the targe

in an educ
. riteri ove the system from
tion C

structure q(0)

promo
t structure

the initial | .
e timeé attainabi11ty and fixed
:,ation of the

rix genera11

attainabi]ity the



309

mad iti
e. Add1t1ona11y, some of the penalties of

tryin ‘ i
ying to force' a single step attainability are
For example it may involve reducing the

painfu].
e thereby denying th

ose eligible

total system siz
In other cases

olve forcing @ Targe number of

grades during

it may even inv

o repeat certain the following

pupils &
year. However, ONCE the structure q* has been
attained, we can maintatn the grade structure by

criteri

structure of 1nterest.
attainabi]ity strategy

fixed time

n formu]ate

Next, in
tion

em has bee

d in matrix nota

e attainabi]ity.

the probl
f free tim

which
The main difference in this case 15 that of
which is in

ization 0

f the abs

minim
the form O

pents 10 the V
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* o g . . .
is that which 1s maintainable in a fixed size

9

system. It 1% observed here that the promotion

actions which lead toO fixed time attainability

of 3* in three steps would be more appropriate in
y than in an educational

system rathe

is mainly becausé
e seen to be flowin

a manpower
in an education

This

set up-
g through

pils should b

set up pu
a matter of poO

licy, however, some

As

the system-
r to stop

actions may be taken in orde

of theseé
but together

jon policy.

he pupil

GENERAL
intainability of grade

m of system of

n the system growth

h rates. grade

obtained by
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(ii) The higher the repeat rates the 1
top heavy the maintainable grade -
structure since more pupils are retai

in the system together with the faci1ned

that new entry i
y is only thro
ugh the fi
rst

grade.

ying the set of maintainable

After identif
k for the path to

grade structures One would Tloo
o attain any of these structures

£ the problem of attainabilit
) 4

A

follow so as t

matrix genera]ization 0
is given for the education

of grade structures
The freeée time attainabi]ity problem ca

n

ved by the standar

strative purposes W
ction to be taken in

system
d linear programming

then be sol
e have

methods. For illu
4 the course of @
e step attainabl

via the free time procedure.

considere
'forcing' @ singl 1ity of some
le structures
The fixed time attainabi]ity problem can be made
hematica]]y convenient by fo

maintainab
1lowing the

rocedure. HoweVvers
uch an approximate

able and as 5
¢ been sugges o

y note the fol

more mat

step by step P
ily 1ineariz
rocedure ha
partjcular]

ted.

not eas
itterative P
lowing

sttainability WE

points:
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