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Class-Two Space-Time of Product Spaces in General Relativity. 
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BFRTOTTI (l) has  cons ide red  the  R i c m a n n i ' m  fourfold  co r re spond ing  the  p r o d u c t  
of sur faces  of const~mt c u r v a t u r e  in the  c o n t e x t  of the  e l ec t ro lnagnc t i c  t ield and  i t  has  
been  shown  wi th  the  he lp  of p u r e l y  geome t r i ca l  a r g u m e n t s  t h a t  t he  fourfold  r ep resen t s  
a un i fo rm  n o n n u l l  c, l e c t r o m a g n e t i c  field. In t h i s  p a p e r  we cons ider  a p roduc t  of two 
surfaces  which  arc  no t  necessar i ly  of c o n s t a n t  c u r v a t u r e  to s t a r t  wi th .  The  cond i t ion  
for a R i c m a n n i a n  four fo ld  to be dccomposabh ;  in to  t he  p r o d u c t  of two  surfaces  is 
ob t a ined  as 

(El) Rhok-= ~(R~igii " R~kgh~- R,~gl, k -  Rh~gl.) ,  

which  impli(.s t h a t  the  c o n h a r m o n i c  c u r v a t u r e  i~'nsor 

1 
(1.2) l'h~jz~ : 1~,i~1~ ~ n ~ -  ~ (]~hjgi~ L g,j- .-  1Oil.gas Ri2ghk) 

w~nishcs i~ t h i s  case. F u r t h e r  such a space - t ime  is i n c o m p a t i b l e  w i t h  t he  per fcc t - i lu id  
d i s t r i b u t i o n  a n d  t he  m a t e r i a l  d i s t r i b u t i o n  is po,~sible on ly  for t he  e igen-va lues  of t he  
l ypc  ().,)., ~, b) as s h o w n  by SI~-GH and  SHAI~A.~ (2). In  the; second p a r t  we cons ider  
t he  g r o u p  of mo t ion  and  express  t he  four  v(,ctors in t e r m s  of a r b i t r a r y  func t ions .  The  
r e l a t i o n s h i p  be tween  these  "~rbitrary func t ions  and  the  func t ions  and  the  me t r i c  pot(,n- 
t ia l s  is ob t a ined .  

The  m e t r i c  for a R i c m a m f i a n  fourfold,  wh ich  is t he  p roduc t ,  of two l '2's, can  he 
w r i t t e n  in t he  form 

(2.1) ds 2 = - A(dx"- + dy e) B(dz  ~ dt ~ , 

where  A -- A (x, y), B : :  B(z ,  t) and  :~:, y ,  z. t cor responds  to 

X l, X z. X :~, X 4 r e s p e c t i v e l y .  

(*) Present address : I)cpari.incnt of zXIathcmatics. Kcnyatt;t University ('ollcge, I).O. Box 43844. N~irobi, 
Kenya. 
(l) B. BERTOTTI: Phys. l~V., 116, 133 (1959). 
(:) K. P. SI.~(}]l and It. SIIARAX: Nat. In.st. of Sol. India, 31 A, No. 6, 584 (]965). 
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The class of each of the V='s is one, thus  the  class of t, hc metr ic  (2.1) is two. The sur- 
v iv ing componcni.s of the cu rva tu re  tensor  

"111 - -  A2._, (A1) 2 -1- (A2) 2 
(2.2) R,~,2 . . . .  

2 2A 

I~44- B 3 s  (ga)" (B~): 
(2.3) Ra4a4 . . . . . . .  

2 2B  

Thc lower sullixes 1, 2, 3, 4, a f ter  a funct ion il tdicatc o rd inary  paLrtial difforcnt ia t ion 
with rcspect  1o x, y, z, t, rcspcct iwdy.  

The  nonwmish ing  vompolwnts  of the  Ricci  tensor  R~; arc g iven by 

.I n ~- A22 (A t )  2 ~- (JI2) 2 
(2.4) R n . . . . . . . .  R~2 , 

2A 2A a 

1"~44 - B33 (B3)2 - (1~4) 2 
(2.5) l:aa 2B . . . . . .  ~-z-  -- R4'" 

The  s('Mar ( 'm'wlture R for the m(!tric (2.1) is 

; I l l  i -122,  (*ll)  2 : (A2) 2 B,14" Baa (B3)'- '  (B4)" 
(2.6) t g  - .  I " 

..t e ..1 'a H: Ba 

We now h)ok into t h , c  cqual.i,ms a,ul obta in  the t.cnsoriM condit ion.  F rom (2.2), (2.3) 
(2.4) and (2.5). we haw'  

(2.7) l:j,,..~. ~(Rhjgia. i- Rikgj,,) 

as t,he necessary condi t ion fro' a fourfohl 1,o bc of the  form V~ x ]'~. 'r ('an writ,. (2.7) 
ill a |llOl'c gu1H~ral for l l l  "ts 

(2.s) llhi~1,.-- {(gl, ill,~: gh~.l~ij g,t,.l:l~j- gi2Rhk).  

Wc know thai  the  conharmo))ic cmwaturc  tcns()r is d(qincd as 

l 
' -  ' " 2 ( g l ' ~ R i t " -  ( Ihl:]r  A -  gi~.Rh~ "gi~l,'J,~.). (2.9) l ' h o ~ "  ] ~ h i j l ,  n - -  ' 

The co,f lumnonic cm vature  tensor  Vh++~. wmishcs in v iew of (2.8) and the sl)a('c becomes 
conharnmnica l ly  ttat. Thus wc hqvc  the  fol lowing thcor(,m: 

TIIEORF.M (2.1). The necessary condi t ion  tha t  the  Rie, mannian  fourfold can be 
decomposed  into the  product  of two surfaces of the  form V~ x Va is t h a t  the  space must  
be conhar lnonica l ly  fiat. 

I t  m a y  be ment ioned  tha t  our spacc- t imc is not  conforlnal ly  flat. 
Now wc explore  the possibi l i ty  of genera t ion  of groups of mot ion  for the  product  

space of class two. 
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W e  k n o w  theft t h e  g r o u p  of m o t i o n  is g e n e r a t e d  if t h e  vc, c~ors ~ s ~ i s f y  K i l l i n g ' s  
e q u a t i o n s  (a): 

F o r  t he  m e t r i c  (2.1) we  h a v e  the  fo l lowing  set  of K i l l i n g  e q u a t i o n s :  

(3.2) A , ~  ~ 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(a.7) 

(3.s) 

(3..~) 

(a . ]o)  

(3.11) 

F r o m  (3.2) and  (3.3). w(' h a w '  

(3.]2) 

+ A.,ff, ~- + 2A~,~ = 0 ,  

.:11,~ I ~.- ..1~,'-' i- 2A~-~ - -  O ,  

B3 ~a .:_ B4 ~4 -:- 2 B ~  : -  O, 

Ba.~a -i- B4~a -F 2 B ~  = 0 .  

-' ; ~ o, 

ACl ' " '  - I , ~  t : : 0 ,  

1) ~ .2 0 , 

1)  ~ 'a ( )  , . t  :~ ' " ~  

�9 - 3  ~ 4  . ( ) 

~1 ~2 

"~ =(x:',x~)fl(x~ : x")-~ 7 ( . cLxq , ) (x :  

S imihu ' i ly  f rom (3.4) and  (3.5) we h a v e  

( 3 . 1 3 )  .-a . .-4 
~ 3  ~ 4  ' 

F r o m  (3.6) a n d  (3.12) we g(;~, 

(3.14) 

a l t d  

(3.15) "-.-, ~(xa .t ., - x ) f l ( . r -  x l) ;,(xa, x~)a(x 2 

whe re  cr fl, 7, 6, p and  q arc  a r l ) i t r a ry  func t ions .  
S i m i l a r i l y  froln (3.11) and  (3.13) we ge t  

(3.16) 

and 

x I) -. l ) (x=,  x ~) 

:r ~ ) . ~l(.,: a, . r~ ) .  

~-3 - v ( x  ~, x 2 ) ) . ( x  3 ! x 4) -i- ~(x :, x l ) , , ( x a - -  x q  !- ~ ' (J" .  a"-') 

(3.17) ;:4 = v ( x  1, x"-)) . (x  a r x ~) - a ( x  ~, x l ) / ~ ( x  3 x 'z) i X(x l, x : ) ,  

where  v, a, ~. /t, ~ and  7. a.rc ~flso a.rbitra.ry func t ions .  

(a) K .  Y, t .xo:  1)iHerenlial Gcomch'y m~ Complc.*: and A lmos t  ( 'omph'x  Spaces (1 ,ondon,  1964) ,  p .  17. 
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We now find out the relat ionship between these a rb i t ra ry  functions alld the func- 
tions A and B of the metric such tha t  the group of motion is generated by  the vec- 
tors $" expressed by (3.14), (3.15), (3.16) and (3.17) for the metric (2.1). 

From (3.7), (3.8), (3.9) and (3.14), (3.15), (3.16) and (3.17), we have the following 
relation ship: 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

A(~3fl + ~'3 ~/+ P3) + B ( v , 2  + a~/~ + ~Pl) = 0 ,  

A(cQfl + ~4(~ -~ -P4) -  B(Vl~--- (~1/z -~ Zt) = 0 ,  

A(~3fl-- y3~ + q3) + B(v2~ + (~2~ + ~)  = O, 

A(:*4fl-- ~4~ + q a ) - -  B ( v 2 ~ - -  a2/~ + ;~2) = O . 

Thus the group of motion is generated by  the vectors ~a expressed by  (3.14), (3.15), 
(3.16) and (3.17) for the metric (2.1) of the product  of two surfaces of class two and the 
a rb i t ra ry  functions are rclated with the metric potentials  by  the equations (3.18), (3.19), 
(3.20) and (3.21). 

The author is thankful  to Prof. R. S. ~r and Dr. SImEE RAM for discussions 
aud Kenya t t a  Univers i ty  College for support ing it. 


