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FUZZY IDEALS AND WEAK IDEALS IN BCK-ALGEBRAS

C. LELE, C. Wu, P. WEKE AND T. MAMADOU, G. EDWARD NJOCK

ABSTRACT. In this paper, we use the notion of fuzzy point to study some basic algebraic
structures such as BC K-algebras and ideals. Then we clarify the links between the fuzzy

point approach and the classical fuzzy approach.

0-0 INTRODUCTION
In [4,7] some transfer theorems for fuzzy groups and fuzzy semigroups were established. In
this paper, we apply those results to BC K-algebras. The concept of fuzzy sets was introduced
by Zadeh [9]. This concept has been applied to BC K-algebras by Xi [8]. In this paper, given a
BC K-algebra (X, %,0) and a fuzzy subset A on X, we construct the set (X, %) of all fuzzy points
on X and the subset A of X. Then we establish some similarities between some properties of A
and A.
0-I PRELIMINARIES ([1,5,6])
An algebra (X, *,0) of type (2,0) is said to be a BC K-algebra if and only if for any z,y, z in
X, the following conditions hold:
BCK-1 ((xxy)*x (xx2)) x(zxy) =0,
BCK-2 (z % (z*y))*xy =0,
BCK-3 xxx =0,
BCK-40xx =0,
BCK-5xxy=0and y*z =0imply z = y.
If we define a binary relation< on X by
BCK-6 x <y ifand only if z xy = 0,
then (X, <) is a partially ordered set with the least element 0.
The following properties also hold in any BC K -algebra ([1],[6])
(1) z%0 =0,
(2)zxy=0and y*z=0imply z xz =0,
(3) z*y =0 implies (xx2) * (yx2) =0 and (zxy) * (zxz) =0,
(4) (@ ry)rz = (@42) £y,
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()
(6) = * (z (w*y))zw*y,

(7) (x xy) *z =0 implies (z xz) xy =0,

8) [(zxy) * (y*2)] * (xxy) =0,

9) [((z % 2) x 2) * (y x 2)] % [(w x y) x 2] =0,

(10) (z*2)x (x*x (x*x2)) = (z*x2)*x 2,

(11) [z # (y * (y x 2)) * (y * (2 * (y * (y * 2))))] * (x x y) = 0.

0-I ALGEBRAIC STRUCTURE OF THE SET OF FUZZY POINTS IN BCK-
ALGEBRAS

Let (X, %,0) be a BCK-algebra. A fuzzy set Ain X isamap A : X — [0,1]. If £ is the family
of all fuzzy sets in X, x) € £ is a fuzzy point if and only if z)(y) = A when z = y; and z,(y) =0
when z # y. We denote by X = {zx|z € X, € (0,1]} the set of all fuzzy points on X and define
a binary operation on X as follows: zy * Yu = (T *Y)min(r,p)-

It is easy to verify that (X ,*) satisfies the following conditions: for any xx,y,, 2« € X
BCK-(1) (22 ) * (2 % 70)) * (0 % ) = Omin(aa)s
BCOK-(2") (zx * (2x * Yu)) * Yu = Omin(rp)>
BCK-(3’) zx *zx =0y,

BCK-(4") 0x * Yy = Opmin(x,u)-
Remark0.1: The condition BCK-5 is not true in (X, ). So the partial order < in X can not

be extend in (X, *). We can also establish the following conditions: for any zx,y,, 2a € X

’) T *Yu = Omin()\,,u) and Yu * Za = Omin(p,a) lmply T *Zaq = Omin()\,a)7
,) TX*¥Yp = Omin()\,u) lmply (wk*za)*(y#*za) = Omin()\,u,a) and (Zoz*y,u)*(za*m)\) = Omin()\,u,oc)a

) (mx xYy) * 2o = (Tx % 2a) * Yy,

1
2
3
4
5) (2x *Ypu) * Tx = Omin(r,n)>
6) xx * (xx * (x *yu)) = Tx *x Y,
) (@A *Yu*) * 20 = Omin(a,pye) IPLY (2 * 20) * Yy = Opin(a,u,a)
8) [(mx * 2a) * (Y * za)] * (Tx *Yp) = Omin(r,p,0)s
9 (@x * 20)) * 2a) * (Yu * 2a)] * (XX *Yu) * 24] = Omin(xu,a)s
10%) (@x * 2a) * [Tx * () * 20)] = (T * 2a) * Za,
1) {lax # (g (Y x 2x))] * [y (@305 (g (Y= 22))]} * (23 * Y) = Omin(au)-
We also recall that: if A is a fuzzy subset of a BCK-algebra X, then we have the follow-
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ing: A = {z\ € X|A(z) > M A € (0,1]}, and for any XA € (0,1] Xy = {z\|z € X}, and
Ay = {zx 6X|A(x) > A}. Hence Xy CX,ACX, A, CA, A, C X,.
We can easily prove that (X, *,0y) is a BCK-algebra.

1 WEAK IDEAL

Definition 1.1 ([6])

A non empty subset I of BCK -algebras X is called an ideal if it satisfies
a)0€l,

b)zxy€el andy €I imply x € I.

Definition 1.2 ([6])
A fuzzy subset A of a BCK -algebra X is a fuzzy subalgebra if and only if for any z,y € X,
A(w xy) > min(A(@), Ay)).

Definition 1.3 A is a subalgebra of X if and only if for any Tx,Yu € A, we have Tx,Yu € A.

Theorem 1.1 Let A be a fuzzy subset of a BCK -algebra X. Then the following conditions are
equivalent:

1) A is a fuzzy subalgebra of X.

2) for any X € (0,1], Ay is a subalgebra of X.

3) for any t € (0,1], the t-level subset A* = {x € X|A(z) >t} is a subalgebra of X when A" # (.
4) A is a subalgebra of X.

Proof. 1) = 2) Let xx,yx € Ax. Since A is a fuzzy subalgebra, A(z * y) > min(A(z), A(y)) > A,
then zx xy, = (zxy)x € A,.

2) = 3) Let x,y € A’. A, is a subalgebra, so we have (z *y), = 2, *y; € A;. Hence z %y € At

3) = 4) Let zx,y, € A and t = min(\, ). Then A(z) > XA > t, and A(y) > p > t, so z,y € AL
Since A is a subalgebra, z ¥y € A so that zy xy, = (z *y); € A.

4) = 1) Let z,y € X and t = min(A(z), A(y)). Then z,,y; € A. Because A is a subalgebra, so we

have (z xy); = 2, * y; € A, hence A(z xy) >t = min(A(z), A(y)).

Definition 1.4 : (J.Meng [6])

A fuzzy subset A of a BCK -algebra X is a fuzzy ideal if and only if :
a) for any x € X, A(0) > A(z),

b) for any z,y € X, A(z) > min(A(z *xy), A(y)).

Note that every fuzzy ideal of a BC K -algebra is a fuzzy subalgebra.([6] theorem 3-4)
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Definition 1.5 A is a weak ideal of X if and only if :
a) For any v € Im(A), 0, € A,

b) For any xx,y, € X such that x * Y, € A and Yu € A, Xonin(au) € A holds.

Ap

Remark 1-1: Any weak ideal A has the following property: xx * ¥, = Opin(a,u) and y, € A
Imply Zpin(xu) € A.
Clearly, let zx,y, € X such that z, * Yu = Omin(r,p) and y, € A.
y, € A implies that A(y) > u. Let A(y) = a. Using definition 1-5 (a), we obtain 0, € A.
So A(0) > a. But a = A(y) > p > min(A,p). S0 Opinr € A. Using definition 1-5 (b), we
obtain ' in(xu) € A

Now we discuss the relation between subalgebra and weak ideal. First of all, let us establish

the following:
Lemma 1.1 : If A is a subalgebra of X, then for any A € Im(A) 0y € A.

Proof. Let A € Im(A) and take z in X such that A(z) = A, then z) € A. A is a subalgebra and
BCK-(3) imply O\ =z) xz) € A.
Corollary : If A is a fuzzy subalgebra then for any x € X, A(0) > A(z).

Lemma 1.2 : Let A be a fuzzy subalgebra of X and A\, p € (0,1] such that A\ > u. Then
a) If x5 € A, then x, € A,
b) If o € A, then 0, € A.

Proof. a) x\ € A implies A(z) > . Since A > y, we obtain A(z) > u. So z,, € A.
b) z» € A implies A(x) > \. Since A is a fuzzy subalgebra, A(0) > A(z) > A > pand 0, € A.

Theorem 1.2 : Any weak ideal A is a subalgebra.

Proof. Let z,y, € A. y, € A implies that A(y) > u. Let A(y) = a. Using definition 1.5 (a), we
obtain 0, € A such that A(0) > a. But a = A(y) > u > min(\, ). So O(minx,u) € A. By (5),
(wx *yu) * Tx = Opin(a,p)- Using definition 1-5 (b), we obtain ) *y, € A.

Theorem 1.3 : Suppose that A is a subalgebra of X. Then the following conditions are equivalent:
1) A is a fuzzy ideal.

2) If (xx *xyu) * 2o € A with Yu and zo € A, then Tmin(Ap,a) € A.

3) for any t € (0,1], the t-level subset A* = {x € X|A(z) > t} is an ideal when A # (.

4) If Ta,yu € A and (Za * Yp) * Tx = Omin(x,u,0)s theN Zmin(x,u,a) € A.

5) for any x,y,z in X, the inequality x xy < z implies A(x) > min(A(y), A(z)).

6) A is a weak ideal.
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Proof. 1) = 2) Let za,y, € A such that (z) *y,) * 2o € A. Since A is a fuzzy ideal, we have
A(z) > min(A(z x y), A(y)) and A(z *y) > min(A((x xy) * 2), A(2)). So A(xz) > min(\, u, ).
Hence Z,in(a,u,q0) € A.

2) = 3) a) Let © € A'. Then A(z) > t. Since A is a fuzzy subalgebra, A(0) > A(z). So
A(0) > A(z) > t,and 0 € A,

b) Let z,y in X such that zxy € A® and y € A’. y € A implies A(y) > t. Since A is a fuzzy
subalgebra, A(0) > A(y). So A(0) > A(y) > t,then 0, € A.

zxy € At implies A(z *y) > t. So (z *xy); € A.

Since 0; € A and (xexy1) %0 = (xxy) € A, using the hypothesis, we obtain x; € A, so z e At
3)=>4)Ifzy,y, € A with (2a *Yu) *Tx = Omin(a,p,a), We have (2 xy)xx = 0. Let t = min(A, u, @),
since A" is an ideal, 0 € A*and because z,y € A* we obtain z € A", S0 2y = Zmin(x ) € A.

4) = 5) Let x,y,z in X such that z xy < z and p = A(y),a = A(z). Since z xy < z, we
have (Tmin(u,a) * Yu) * 2a = Omin(u,a)- Using the hyphothesis, we obtain Zpmin(u.q) € A. So
A(z) > min(u, o) = min(A(y), A(z)).

5) = 6) a) By lemma 1-1, it is clear that for any v € Im(A),0, € A.

b) for z,y, € X such that z *y, € A and y,, € A. We have A(z xy) > min(\, ) and A(y) > p.
Since z * (z * y) < y, it follows from the hypothesis that A(z) > min(A(x xy), A(y)) > min(\, p),
s0 that Zin(u,a) € A.

6) = 1) a) By theorem 1-1 and the corollary, it is clear that for any x in X, A(0) > A(x).

b) Let z,y € X and ¢t = min(A(z *y), A(y)). Then z; xy, = (z*y); € A and y, € A. Since A is a
weak ideal, 7, € A. So A(z) >t = min(A(z xy), A(y)).

The following theorem gives a characterization of a weak ideal.

Theorem 1.4 Suppose that A is a fuzzy subset of a BCK-algebra X. Then the following condi-
tions are equivalent:

1) A is a fuzzy ideal.

2) for all zx,y, € A(zq * Yu) * Tx = Omin(rp,a) 9MPWY Zmin(Au,a) € A.

3) for any t € (0,1] the t-level subset A' = {x € X|A(z) >t} is an ideal when A # (.

4) A is a weak ideal.

Proof. 1) = 2) Let x,y, € A and (z, * Yu) * Tx = Omin(a,u,a)- Since A is a fuzzy ideal, we have
A0) > A(x) > A > min(A, g, @). S0 Opin(a,p,a) € A and the proof is the same as in theorem 1-3.
2) = 3) a) Since A® # 0, let z € A and A = A(z). By BCK-(4"), (05 x x)) * xx = 0. Using the
hypothesis, we obtain 0y € A. Hence 0 € A.
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b) Let z xy € A* and y € A", by BCK-(2"), (z1 * (¢ * y1)) * yr = Oz.
Using the hypothesis, we obtain z; € A. So z € A".
3) = 4) and 4) = 1) follow from Theorem 1.1 and Theorem 1.3.

2 POSITIVE IMPLICATIVE WEAK IDEAL

Definition 2.1 (/2]) A non empty subset I of X is called a positive implicative ideal if it satisfies:
a)0el,
b) for all v,y,z € X, (x*xy)*z €l andy*xz €I implyxxz € I.

Definition 2.2 (J.Meng [6]) A fuzzy subset A of a BCK -algebra X is a fuzzy positive implivative
ideal if and only if :

a) for any x € X, A(0) > A(z),

b) for any z,y,z € X, A(z x z) > min(A((z xy) x 2), Ay * 2)).

Definition 2.3 A is a positive implicative weak ideal of X if and only if :
a) for any v € Im(A), 0, € A,

b) for any T, Yu, Za € X such that (Tr*yp)*za € A, and Yu*Za € A, we have (T*2)min(ru,a) € A

s

The following theorem give a characterization of positive implicative weak ideal.

Theorem 2.1 If A is a weak ideal (namely A is a fuzzy ideal by theorem 1-4), then the following
conditions are equivalent:

1) A is a fuzzy positive implicative ideal.

2) for all xx,y, € X, (Zx *yu) *yu € A implies xy * Yu € A.

3) for any t € (0,1], the t-level subset A* = {x € X|A(x) >t} is a positive implicative ideal when
At £ 0.

4) for all xx,y,, 2o € X, (z) * Yu) ¥ 2 € A implies (zy % zq) * (Yu * 2a) € A.
5) for all z,y,z € X, A((x x2) x (y x 2)) > A((x x y) * 2).

6) A is a positive implicative weak ideal.
Before proving theorem 3.2, we recall the following result:

Lemma 2.1 ([5] theorem 2) Suppose that I is an ideal of a BCK -algebra X. Then the following
conditions are equivalent:

i) I is positive implicative.

ii) (x*xy)xy € I implies v xy € I.

i) (x xy) xz € I implies (x xz) x (y*xz) € I.
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Proof. 1) = 2) Let z,y, € X and (z) *y,) *y, € A. Since A is fuzzy positive implicative,
Az xy) = min(A((z *y) xy), A(y xy)) = min(A((z *y) *y), A(0)) > min(A, p).

So zx * Yy = (T *Y)min(r,u) € A.

2) = 3) a) Let z € A*. Then A(z) > t. Since A is a fuzzy ideal, A(0) > A(z). So A(0) > A(z) > t,
so 0 e At

b) If (z xy) xy € A?, then (z, % y;) *y, € A. From the hypothesis, we obtain z, * 5, € A. Hence
xzxy € A, By lemma 2-1, A! is a positive implicative ideal.

3) = 4) Let (zx *y,) * 2o € A and t = min(\, 1, ). Then (z *y) * z € A'. Since A is a positive
implicative ideal, we apply lemma 2.1 and obtain (z * 2) * (y x 2) € A%. So ((x % 2) x (y * 2)); =
(@x % 2a) * (Yu % 2a) € A

4) = 5) Let z,y,z € X and t = A((zxy)*2), (x*y)*2); = (z,*y,)*2z € A. Using the hypothesis,
we obtain (z, % z;) * (g % 2.) = (x*y) * (yx 2)) € A. So A((x *2) % (yx2)) >t = A((x *xy) * 2)
5) = 6) a) Let v € Im(A). It is clear that 0, € A.

b) Let (zx%y,) %20 € Aand y, *2, € A. hen A((zxy)*z) > min(\, p, @) and A(y*z) > min(y, a).
From the hypothesis and the fact that A is a fuzzy ideal, we obtain

Az xz) > min(A((z x 2) * (y * 2)), A(y * 2)) > min(A((z xy) * 2), A(y * 2))

> mm(mm(/\, 23 CM), min(,u) a)) = min(Av 1y a)'

S0 (T * 2)min(r,u,a) € A.

6) = 1) a) let z € X, it is clear that A(0) > A(z).

b) Let z,y,2z € X and A((zxy)*2) = 8, A(y*2) = a. ((T*Y)*2)min(g,a) = (T3 *Ya) * 2a € A and
Yo * 2o = (y % 2)a € A. Since A is a positive implicative weak ideal, we have ( x 2)min(8,a) € A.

Hence A(z x z) > min(8,a) = min(A((x xy) * 2), A(y * 2)).

3 COMMUTATIVE WEAK IDEAL

Definition 3.1 (Y.Jun [3])

A non empty subset I of X is called a commutative ideal if it satisfies
a)0€el,

b) (xxy)xz €l and z € I imply v * (y* (y*x)) € I.

Definition 3.2 (Y.L.Jun [3])
A fuzzy subset A of a BCK -algebra X is a fuzzy commutative ideal if and only if :
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a) for any x € X, A(0) > A(z),
b) for any z,y,z € X, A(x* (y x (y *x))) > min(A((z *y) * 2), A(2)).

Definition 3.3 A is a commutative weak ideal of X if and only if :
a) for any v € Im(A), 0, € A,
b) for any Tx,Yu, Za € X such that () *yyu) * 24 € A and z, € A, we have

Tmin(\,a) * (y,u * (y,u * CEmin()\,a))) €A
The following theorem give a characterization of a commutative weak ideal.

Theorem 3.1 Suppose that A is a weak ideal, (namely A is a fuzzy ideal by theorem 1.4) then the
following conditions are equivarent:

1) A is commutative.

2) for all zx,y, € X such that z * Y € A, we have Tomin(np) * [ * Y * Tmin(a,n)] € A.

3) for any t € (0,1] the t-level subset A* = {x € X|A(x) >t} is a commutative ideal when A* # 0.

4) A is commutative.

The proof is similar to theorem 2.1 and is omitted.

4 IMPLICATIVE WEAK IDEAL

Definition 4.1 (J.Meng [6])

A non empty subset I of X is called an implicative ideal if it satisfies : for all x,y,z € X,
a)0€ X,

b)[xx(y*xz)]*z€l andz € I imply x € I.

Definition 4.2 (J.Meng [6])

A fuzzy subset A of a BCK -algebra X is a fuzzy implicative ideal if and only if :
a) for any x € X, A(0) > A(z),

b) for any z,y,z € X, A(x) > min((A(z * (y x x)) x 2), A(2)).

Definition 4.3 A is an implicative weak ideal of X if and only if :
a) for any v € Im(A), 0, € A.

b) for any xx,yu, 2a € X, ()% (yu *x2)) * 24 € A and z, € A imply Tmin(Ap,a) € 4.

Theorem 4.1 Let A be a fuzzy subset of a BCK -algebra X, then the following conditions are
equivalent : 1) A is a fuzzy implicative ideal.

2) A is an implicative weak ideal.
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Proof. 1) = 2) a) Let A € Im(A). Suppose that A = A(z). Since A is a fuzzy implicative ideal,

we have A(0) > A(z) = X. So 0, € A.

b) Let (xx % (Y, *3)) * 2o € A and 2, € A. Then A((z* (y*x)) *2) > min(\, u, @) and A(z) > a.

Since A is a fuzzy implicative ideal, we have A(z) > min(A((zx(y*z))*z), A(z)) > min(min(\, u, @), a) =
min(, p, @). SO Tmin(r,u.a) € A.

2) = 1) a) Let € X and A = A(x), A € Im(A). Since A is an implicative weak ideal, we have

0x € A. So A(0) > X = A(x).

b) If z,y,2z € X, let A((z * (y * x)) xz) = B and A(z) = a. Then ((z * (y * 7)) * 2);min(3,a) =

(xg * (ys * ) * 24 € A and z, € A. Since A is an implicative weak ideal, we have Tmin(8,a) € A.

So A(z) > min(B,a) = min(A((z * (y * z)) * 2), A(z)).

Now we describe the relation between weak ideal and implicative weak ideal.

Theorem 4.2 Iffi is an implicative weak ideal, then A is a weak ideal. The converse is not true

in general.

Proof. a) Let A\ € Im(A), it is clear that 0y € A.
b) Let z) * z, € A and z, € A. Then z) * 2o = (zy % (z\ *xT))) * 24 € A and z, € A. Using
the definition of implicative weak ideal, we obtain Z,in(x,a) € A. Hence A is a weak ideal. Let

X =40,1,2,3,4} be a BCK-algebra with a Cayley table as follows:

£

= oo | o |Oo | w
OO | OO | O |-

2
0
1
0
3
4

=W | N |[= O
=W N =] O O
W W N | OO |-

Define a fuzzy set A: X — [0,1] by A(0) = A(2) =1, A(1) = A(3) = A(4) =1/8.

A ={0A]X € (0,11} U {15]X € (0,1/8]} U {2x|A € (0, 1]} U {3x|A € (0,1/8]} U {45|A(0,1/8]}.

It is easy to check that A is a weak ideal, but it is not an implicative weak ideal, because

(Lija* (3172 % 11s2)) %21 = (112 %31/2) %21 = 019521 =015 € A and 21 € A, but Lin1/2,1) =
Ly ¢ A

Corollary A fuzzy implicative ideal must be a fuzzy ideal. But the converse does not hold in
general.

The following theorem give a characterization of implicative weak ideal.

Theorem 4.3 Suppose that A is a weak ideal (namely A is fuzzy ideal by theorem 1-4), then the
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following conditions are equivarent :

1) A is a fuzzy implicative ideal.

s €A

3) for t € (0,1], the t-level subset A* = {z € X|A(x) >t} is an implicative ideal when A" # ().

2) for all xx,y, € X, ) * (Y *x2) € A implies T i

4) A is implicative.
Before proving the theorem, we recall the following result :

Lemma 4.1 (/5] Theorem 11) An ideal I of a BCK -algebra X is implicative if and only if for
any x,y,z € X such that x * (y * x) € I, we have x € I.

Proof. 1) = 2) Let x5 x (y, *x5) € A. Since A is fuzzy implicative, we have
A(x) > min(A((z * (y * x)) % 0), A(0)) > min(A, 1).S0Tmin(r,u) € A.

2) = 3) a) It is clear that 0 € A’
b) Let «  (y * z) € A'. Then (z * (y *)); = 21 * (y, * ©;) € A. Using the hypothesis, we obtain
z, € A. So z € A and by Lemma 4.1, A* is implicative.
3) = 4) a) Let X\ € Im(A), it is clear that 0, € A.
b) If (2 * (y, * T3)) * 2o € A and 2z, € A, let t = min(\, p,@). Then (z * (y * z)) * z € A* and
z € A'. Because A’ is implicative, z € A*. SO Tmin(x,pu,0) = Tt € A.
4) = 1) Follows from Theorem 4.1.
The following theorem gives some equivalent conditions for a subalgebra A to be an implicative

weak ideal.

Theorem 4.4 If A is a subalgebra (namely A is a fuzzy subalgebra by theorem 1-1), the following
conditions are equivalent:

1) A is a fuzzy implicative ideal.

2) for any xx,Yu, Za, Wt € X, ((zx * (Y * 1)) * 2a) * W = Opin(A p,a,t) With 2o and wy € A imply
Tmin(Apua,t) € A.

3) or any x,y,z,w € X, ((xx(y*xx)) x2z)xw =0 imply A(x) > min(A(z), A(w)).

4) A is an implicative weak ideal.

Proof. 1) = 2) Let ((xx * (yu * Tx)) * 2a) * Wt = Opmin(r p,a,) With 2o and w; € A. Since A is
fuzzy implicative ideal, A is also a fuzzy ideal, we apply Theorem 1.4 and obtain %, in(x,a,t) * (Yp *
Tmin(hant)) = T * (U * T)min(ama,t) € A. Using Theorem 4-3, we have Xnin(Aya,t) € A.

2) = 3) Let ((z % (y xx)) *2z) *w = 0 and t = min(A(z), A(w)), then z, and w, € A ((x; * (y; *
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1)) * z,)w; = 0,. Using the hypothesis, we obtain z; € A. So A(x) >t = min(A(z), A(w))

3) = 4) a) Let A € Im(A), because A is a subslgebra, we have 0y € A (by Lemma 1.1).

b) Let (zx % (Y, %22)) %20 € A and z, € A. Since {(z*(y*z))*[(z*(y*x))*2]} ¥z = 0, we apply the
hypothesis and obtain A(z) > min(A((zx(y*z))*z), A(z)) > min(min(\, u, @), ) = min(A, y, @).
S0 Tmin(ap,a) € A.

4) = 1) Follows from Theorem 4.1.

Now we describe the relation between positive implicative weak ideal and implicative weak ideal.
Theorem 4.5 Iffi is an implicative weak ideal, then A is a positive implicative weak ideal.

Proof. Suppose that A is an implicative weak ideal of X and let T, Yu,2a € X such that (zy *
Yu) * Za € A and Yy * Za € A. To prove that A is positive implicative, we need only to show that
(T % 2) min(Au,a) € A. Using (87), {[(wx * 2a) * Za] * (Yu * 2a) } % [(TA * 2a) *Yu] = Omin(r,p,a)- By (4)
(Tr*20) %Yy = (Tx*Ym)*2q. Since A is a weak ideal, we obtain (mmin(AM *Zo )% Zo € A. From (4"
we obtain (Tyin(x,u) * Za) * [Zmin(a,0) * (Tmin(rp) * Za)] = {Zmin(aw) * [Tmin(am) * (Tmin(au) * 2a)]} *
Za = [Tmin(apu) * Zal ¥ 2o (From (67)). It follows that {(Zmin(x,u) * Za) * [Tmin(d,0) * (Tmin(x,u) * Za) ]| *
Omin(Au,a) € A. Since A is an implicative weak ideal, we obtain Tmin(hu)¥2a = (T*¥2)min(rp,a) € A
which completes the proof.
Corollary If A is a fuzzy implicative ideal, then A is a positive implicative ideal.

For further relations between a positive implicative weak ideal and an implicative weak ideal,

we have the following;:

Theorem 4.6 Let A be a positive implicative weak ideal, then A is implicative if and only if for

any Tx,Yu € X such that Yu * (Yu *22) € A, we have xy * (z * Yu) € A.

Proof. Suppose that A is an implicative weak ideal of X and Yu* (Yu*2r) € A. We want to show
that zx*(zx%y,) € A. By (5), [zax(zr%y,)]*z) = Omin(xu)- BY (3"), ypxxa) s+ {yux[za*(zaky,)]} =
Omincng- By (3), {lon * (o gl * {o * o * @a 5]} * {lon * (o )] * (g * 22)} =
Omin(a- By (4), [ox * (@x * yu)] * (yu * 22) = [&x * (yu * @2)] * (@x xyu). By BOK -(1),
{[za* (u x22)]* (@2 *yu) }* [ * (Yu ¥ 22)} = Omin(ar,p)- From the fact that A is a weak ideal we
obtain {[zx * (xx * yu)] * {yu * [Tx * (22 * Yu)]}} * Ommin(a,u) € A. Since A is an implicative weak
ideal, we have zy * (z *y,) € A.

Conversely, if [zy * (y, * ©\)] * 2o € A and 2, € A. Since A is a weak ideal, we obtain
Tmin(na) * (Up * Tmin(r,a)) € A Let 8 = min(X,a) and zg * (y, * 3) € A . By BCK-(1)
{lyu * (yu x2p)] * (Y x25)} * [25 * (Yu * 8)] = Opmin(s,u)- Using the fact that A is a weak ideal, we
obtain [y, * (y, * )] * (y,. *x5) € A. Since A is positive implicative, we have y,, * (y, *z3) € A. By
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applying the hypothesis, we obtain zg*(z5%y,) € A. ** From BCK-(1") {(z*y,)*[xs*(y.*z3)]} *

[(y# *‘Tﬁ) *yﬂ] = Omin(ﬁ,u)- Also (y# *Cﬂg) *Yu = Omin(ﬁ,u)- So (Zlﬁg *y#) * [Cﬂg * (yu *Zlﬁﬁ)] = Omin(,ﬁ,u)-
Using the fact that A is a weak ideal, we obtain (xg *yu) € A. Because xg * (T3 *y,) € A (see
**). We have Zpmin(3,4) = Tmin(ru,a) € A.

Theorem 4.7 Let A and B be two weak ideals of X such that A C B and A(0) = B(0). If A is

an implicative weak ideal, then B is also an implicative weak ideal.
To prove the Theorem 4.7, we need the following result:

Lemma 4.2 ([5] Theorem 12) If I and J are two ideals of X such that I C J with I implicative,

then J s also implicative.

Using this Lemma, we can prove Theorem 4.7 as follows:

To prove that B is implicative, it suffices to show that for any ¢ in (0, 1], Btis an implicative
ideal when Bt # 0. Since A(0) = B(0), it is clear that A* # () when B* # (. A C B implies
A C B!. since A is implicative, A* is also implicative, using the Lemma 4.2, B* is implicative. So
B is implicative and the proof is complete.

As a consequence, for any A € Im(A), if {05} is an implicative weak ideal, then A is also an
implicative weak ideal.

Corollary Let A and B be fuzzy ideal of X such that B > A and B(0) = A(0). If A is a fuzzy
implicative ideal, then B is also fuzzy implicative.

In the following theorem, we analyze the relation between a commutative weak ideals, positive

an implicative weak ideal and implicative weak ideal.
Theorem 4.8 A weak ideal A is implicative if and only if it is both commutative and implicative.

Proof. Suppose that A is an implicative weak ideal, from Theorem 4.5, we know A is a positive
implicative weak ideal. To prove that A is a commutative weak ideal, we need only to show that
A satisfies the condition 2 of Theorem 3.1. Let xy,y, € X such that z *y, € A. by (5,
{2x* [yp * Wu 2]} * 223 = Ominean)- BY (37), (U * 2a) * {yp * [T % (Y * (Y * 22))]} = Opin(x,p) -
Put tg = xx * (yu * (yu * ). We have (y, xx)) * (yu *xtg) = Omin(x,8,0) - Applying (3’), we obtain
[t3 % (yu * )] * [ % (Y ¥ 22)] = Omin(x,a0)- But tax (g% Xo) = o+ (g * (g x22))} + (yux22) =
[x * (yu *22)] * [yu * (yu % 22)] by (4°). From (8’), we also have {[z * (y, * 2x)] * [yu * (yu *z2)]} *
(xx *yu) = Omin(xu)- Since zy *y, € fl, we obtain tg * (y, * xx) € A. So tg * (yu xtg) € A A
is an implicative weak ideal. Hence we applying Theorem 4.3 and obtain t5 = t,,in(3,4) € A. So

tﬁ =X x (yu * (yu * 37)\)) = Tmin(\,p) * [yu * (yu * xmin()\,u))] € /I
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Conversely, suppose that A is both commutative and positive implicative, we must verify
that A is implicative. Using Theorem 4.3, we need only to show that zy x (Yu *xxx) € A implies
Tmin(vp) € A By BCE~(2') [yu * (Y * 22)] * Tx = Opminaw)- By (37) {[yu * (yu * 22)] * (yu *
)]} * [2a % (Yu * Ta)] = Opin(a,u)- Since A is a weak ideal and z) * (y, * ) € A, we obtain
[y * (y, * 22)] * (y, * ©)) € A. Using Theorem 2.1, we obtain y,, * (y, * zx) € A. On the other
hand, using BCK-(1") we have {(zx * y,) * [Tx * (yu * 22)]} * [(yu * 22) * Yu] = Omin(a,u)- Since
Wu*22) *Yp = Omin(a,u), We have (2x*y,,) * [2x * (Yu ¥ Z2)] = Omin(r,pn)- From o)+ (y, *25) € A, we
obtain )y, € A. Since A is commutative, we apply Theorem 3.1 and obtain %[y, *(y,*zx)] € A.
Since y, * (yu * 1) € A, we obtain Tmin(u) € A.

Corollary A fuzzy ideal A is implicative if and only if it is commutative and positive implicative.
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