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Executive Summary

This Master’s project considers on one hand, the construction of the two parameter classical beta
distribution on the domain (0,1) and its generalization and on the other hand, the construction of
the extended two parameter beta distribution on the domain (0,0) and its generalization. It
provides a comprehensive mathematical treatment of these two parameter beta distributions, their

constructions, properties, shapes and special cases.

There are various ways of constructing distributions in general. Four ways of constructing the
classical beta distribution considered in this work are constructions from,

I.  The definition of the beta function;
ii. A Poisson process;
iii.  The transformation of a ratio of two independent gamma variables; and

iv.  Order statistic.

Properties derived include the expressions of the r" moments, first four moments, mode,
coefficient of skewness and coefficient of kurtosis. Special cases such as Power, Uniform,
Arcsine, Triangular shaped, Parabolic shaped and Wigner Semicircle distributions are given. By
the transformation technique a two parameter inverted beta distribution was obtained and its

special cases such as Lomax (Pareto Il) and Log-logistic (Fisk) distributions were constructed.
The work also looked at three methods of generalizing the classical beta distribution i.e. through:

1. Transformation technique
2. Generator Approach

3. Use of Special functions
The transformation technique resulted into the following:

i.  Three parameter beta distributions of both first and second kinds. In particular, the Libby-
Novick and McDonald’s distributions.
ii.  Generalized four parameter beta distributions of the first and second kinds. Particular

cases are the McDonald four parameter beta distribution of the first kind with its special
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cases, the McDonald four parameter beta distribution of the second kind with its special
cases and the four parameter generalized beta distribution.
iii.  The five parameter generalized beta distribution due to McDonald and Xu (1995).

Generalized distributions based on generator approach due to the work of Eugene et al. (2002)
are classified into:

— Beta generated distributions
— Exponentiated generated distributions

— Generalized beta generated distributions

The generalized beta distributions based on the use of special functions considered includes the
Confluent hypergeometric distribution and the Gauss Hypergeometric distribution from the
Confluent hypergeometric function and the Gauss Hypergeometric function respectively. Other
distributions are based on the Appell function and the Bessel function.

Tables showing special cases of beta distributions and their generalizations are given in the

appendix.
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1 Chapter I. General Introduction

1.1 Introduction

In statistical distributions, a vast activity has been observed in generalizing classical
distributions by adding more parameters to make them more flexible in analyzing
empirical data. VVarious methods have been developed to achieve this purpose. Among
such methods are the transformation technique, generator approach, mixture
(compounding) and use of special functions. In this work we examine the case of
classical beta distribution. The term generalized used in this work has the notion of
adding more parameters to the existing distribution in order to give a more universal

distribution as opposed to the well known existing generalized distributions.

Historically, the work on beta distributions started as early as 1676 when Sir Isaac

Newton wrote a letter to Henry Oldenberg as given by Dutka, J., (1981). In his letter
dated 24™ October, 1676, Newton evaluated fox ydx as a series. The particular case of the

result was applicable to the evaluation of the classical beta distribution. The two
parameter classical beta distributions are among the celebrated Pearson system of
statistical distributions derived by Karl Pearson in the 1890s in connection with his work

on evolution.

A handbook of beta distribution and its applications was published in 2004 edited by
Gupta and Nadarajah. The book enumerates the properties of beta distributions and
related mathematical notions. It demonstrates the applications in the fields of economics,
quality control, soil science and biomedicine. It further discusses the centrality of beta
distributions in Bayesian inference, the beta-binomial model and applications of the beta-
binomial distribution. However, immediately after that publication, further work has been

done in that area. There is therefore a need to re-examine the works on beta distribution.
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1.2 Problem Statement

Recent developments focus on new techniques for building meaningful distributions, a
remarkable development has been observed in generalizing the classical beta distribution.
There has been a growing interest in the applications of these distributions in the analysis
of empirical data and for many statistical procedures. However, their applications are
limited in important ways as they could not fit data very well. The main trend is therefore
to add more parameters to make them more flexible in order to fit the existing empirical
data.

1.3 Objective

The objective of this project is to review various methods that have been used to
construct the beta distribution from the classical to generalized beta distributions. The
specific objectives are:
e to study the classical two parameter beta distribution within (0,1) domain and
(0,00) domain
e to generalize the two parameter beta distributions using
i. transformation technique
ii. generator approach

iii. some special functions
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1.4 Literature Review

This section reviews various methods that have been used in constructing beta
distributions. There are three classes of generalized beta distributions:

i. Those based on transformations

The generalized beta distributions based on transformation has largely been contributed
by McDonald (1984). McDonald and his associates contributed in the development of the
generalized beta distributions as an income distribution and in unifying the various
research activities in closely related fields.
McDonald and Xu (1995) introduced a five parameter beta distribution which nest the
generalized beta and gamma distributions and include more than thirty distributions as
limiting or special cases.
McDonald and Richards (1987a, b) presented a four parameter generalized beta
distribution which includes as special cases three and two parameter beta, generalized
gamma, Weibull, power function, Pareto, lognormal, half-normal, uniform and others.
Libby and Novick (1982) proposed a three parameter generalized beta distribution for
utility fitting.
The figure 1.1 below illustrates the transformation from the two parameter classical beta
distribution to the five parameters generalized beta distribution where the transformations
are given as follows:

T,. is the transformation changing a beta type | (classical) distribution to a two

parameter beta type Il (Inverted Beta) distribution

T,: transforms a 2 parameter to 3 parameter beta distributions

Ts: transforms a 3 parameter to a 4 parameter beta distributions

T,: transforms a 4 parameter to 5 parameter beta distributions

Ti’s are defined in the coming chapters
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ii. Generator approach based on CDF

The latest work involving the class of generalized beta distributions was introduced by
Eugene et.al (2002) that defined the beta-normal distribution and studied some of its
properties. Since then, several authors have been studying particular cases of this class of
distributions. An advantage of the beta-normal distribution over the normal distribution is
that the beta normal can be unimodal and bimodal.

The bimodal region for the beta-normal distribution was studied by Famoye et. al (2003).
Gupta and Nadarajah (2004) later derived a more general expression for the n™ moment
of the beta-normal distribution.

Nadarajah and Kotz (2004) defined the beta-Gumbel distribution, which has greater tail
flexibility than the Gumbel distribution.

Nadarajah and Gupta (2004) defined the beta-Frechet distribution and Barreto-Souza
et.al. (2008) presented some additional mathematical properties.

Nadarajah and Kotz (2006) defined the beta-exponential distribution and gave a detailed
presentation.

Famoye et.al (2005) defined the beta-Weibull and Lee et.al (2007) made some
applications to censored data.

Kong et.al (2007) proposed the beta-gamma distribution.

The four parameter beta-pareto distribution was defined and studied by Akinsete et al
(2008).

Akinsete and Lowe (2009) proposed the beta-Rayleigh distribution.

Amusan (2010) defined the beta-Maxwell distribution and studied some of its properties.
The figure 1.2 below illustrates how the generator approach has been applied in the two

parameters classical beta distribution to derive other generalized beta distributions.

iii. Generalized beta generated
Barreto-Souza et al. (2010) proposed the generalized beta exponential distribution and

discussed maximum likelihood estimation of its parameters.
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iv. Beta-exponentiated distributions
Since 1995, the exponentiated distributions have been widely studied in statistics with the
development of various classes of these distributions. Mudholkar et.al. (1995) proposed
the exponentiated Weibull distribution.
Gupta et al. (1998) introduced the exponentiated Pareto distribution.
Gupta and Kundu (1999) introduced the exponentiated exponential distribution as a
generalization of the standard exponential distribution.
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v. Based on special functions

Beta function is a special function. Other special functions have been used to generalize
the beta distribution.

Armero and Bayarri (1994) suggested Gauss hypergeometric function distribution in
connection with marginal prior/posterior distribution. They obtained the generalized beta
distribution by dividing the classical beta distribution by certain algebraic function.
Nadarajah and Kotz (2004) also studied the beta distribution based on the Gauss
hypergeometric function.

Gordy (1988a) introduced confluent hypergeometric distribution and applied it to auction
theory. He (Gordy (1988b)) also introduced the compound confluent hypergeometric
distribution which contains McDonald and Xu’s generalized beta, Gauss hypergeometric
and confluent hypergeometric as special cases. Gordy generalized the classical beta
distribution using the confluent hypergeometric function in the way Armero and Bayarri
(1994) used Gauss hypergeometric function to generalize the beta to the Gauss
hypergeometric distribution.

Nadarajah and Kotz (2006) introduced F; beta distribution based on Appell function of
the first kind. The distribution is very flexible and contains several of the known
generalization of the classical beta distribution as particular cases.

The figure 1.3 below illustrates the relationship between the two parameters classical beta

distribution and some of the special functions.

25



Fig.1. 3: Generalized Beta Distributions Based on Special Functions
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2 Chapter Il: The Classical Beta Distribution

and its Special Cases

2.1 Beta and Gamma Functions

Beta distributions are based on gamma functions. A brief description of these two

functions is therefore in order.

i. Beta Function

The beta function is a special function denoted by B(a, b) and defined as

1

B(a,b) = jx“‘l(l —x)"'dx, a>0, b>0
0

ii. Gamma Function

The gamma function is a special function denoted by I' and defined as

o]

r'(a) =J- tele-tgt
0

iii.  Relationship between the Beta function and the Gamma function
There are two different methods for deriving the relationship between the beta function
and the gamma function:
I. The formula of the beta function can be derived as a definite integral whose
integrand depends on two variables a and b by reversing the order of integration of a

double integral as follows:

I'(a)T(b) = f t“‘le_tdtf ub~le *du
0 0
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=ffta 1 b 1 —(t+u)dtdu
00

Using the transformation u = tv we obtain

oo ©o

I'(a)(b) = f f t* L (tv)P e~ edtdy
0

[ee]

ta—l tb vb—le—(t+t17)dtdv

ta+b 1 b 1 t(1+17)dtdv

|
/]

Using the transformation w = t(v + 1) again gives

P a+b—1 b1 L

= - -w -
f f " 1 v’ e ™ (v+ 1) dwdv
00

o]

) < Wa+b—1e—w
_ -1
= f v’ dv 0+ D)ot dw

pb-1 r
= -]. mdvf Wa+b_1e_WdW
0 0
v 1
= f —(v n 1)a+b dv F(a + b)
0
From which it follows that

r@rp) [

Blab) = Tarp) _Of(v+1)a+bd”

X
Finally, using the transformation v = 1, e get the alternative formulation



w x \b-1
B(ab) = | (;—x) —
0

— f xb—l(l _ x)—b+1+a+b—2 dx
0

1

= ij‘l(l —x)*1dx

0
which is the beta function.

ii. Another method for deriving the relationship between beta function and gamma

function is by using the polar co-ordinates as shown below.

o]

I'(a)T(b) = fx“ le=dx J-yb‘le‘ydy
0

0
:ffe—(x+y)xa 1.,b— 1dxdy
0 0

letx =s? and y = t?
therefore dx = 2sds and dy = 2tdt

now

T(a)(b) = e~ (M52~ t200-D) 254s2¢dt

=4 e—(sz+t2)52a—1 t2b—1ds dt

f
f

Next, let s = rsinf and t = rcos8

Therefore ds = rcos8 d@ and dt = —rsinfdo
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ds dt

do do _ rCos@ —rSin6
ds ﬁ Sin® Cosf

dr dr

=1rCos%0 + rSin%0 =r

—
Il

0 71'/2

~ T (@I (b) =4 f f e’ (rSin§)2* 1 (rCos0)?> =1 |J|d6dr
00

ooﬂ'/z
=4 f f e’ r2a=14+2b-1(5inH)2a-1(Cos0)20 -1 rdfdr

00
m/2

= 2[ 2[ (Sin0)2a~1 (CosH)?b~1do| e r2(@tb=D rgr
oL o

Recall that B(a, b) = [, x* (1 — x)"~! dx
Let x = Sin%0 = dx = 2Sin6Cos6do

T

2
~ B(a,b) = ']-(Siné?)za‘2 (Cos6)%0~2.25in0Cos0dO
0

T
2

_ f (Sin8)2*~1 (Cos8)?~1d8
0

[0¢]

~T@T() = zf B(a, b) e " r2(@+b=1) pqy
0

= B(a, b)f e r2(atb=12y dr
0
Letu = r? = du = 2rdr
~ T(@Tr(b) = B(a, b)f e Uytth-1qy
0

= B(a,b)T'(a + b)

r'(@r()

B(a, b) = m
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2.2 Construction of the Classical Beta Distribution

2.2.1 From the beta function

By definition
1

B(a,b) = fx“_l(l —x)"Ydx, a>0, b>0
0

Normalizing the beta function gives

1
|- jxa‘l(l —x)P7dx
B B(a, b)

Thus the probability density function of the beta distribution with shape parameters a

and b is expressed as

xa—l (1 _ x)b—l
B(a,b) ’

f(x;a,b) = 0<x<1, a>0, b>0___ (21)

The cumulative distribution function of equation 2.1 is given by

1
B(a, b)

X
F(x) = f t11-t)’1dt, o0<t<1l, a>0, b>0___ (2.2)
0

Where the parameters a and b are positive real quantities and the variable x satisfies
0 < x < 1.The quantity B(a, b) is the beta function. Equation (2.1) is also known as the

standard beta or classical beta distribution.
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2.2.2 From stochastic processes

Consider a Poisson process with arrival rate of A events per unit time. Let w,, denote the
waiting time until the k™ arrival of an event and w, denote the waiting time until the s™

arrival, s > k. then, w;, and w, — wj, are independent gamma random variables with
wy ~gamma (k, %) and w, — wy,~ gamma (s — k, 1/1).
The proportion of the time taken by the first k arrivals in the time needed for the first

arrival is
w, w,
—* — i ~ beta (k,s — k)
Wg W%+(WS—Wk)
In simple terms, a continuous beta distribution B(a,b) can be derived from a Poisson
process such that if a + b events occur in a time interval, then the fraction of that

interval until the a** event occurs has a B(a, b) distribution.

2.2.3 From ratio transformation of two independent gamma variables

Let X; and X, be independent gamma variables with joint pdf

1
NOROR

a—lx

h(xl,xz) = zﬁ_le_xl_xz, 0< X1 < o, 0< X2 < o

wherea >0, £ >0

X1
X1+X>,

Let Yl = Xl + Xz and Y2:

Y1 =91 (x1,x2) =x1 + %3
Y2 = gz (X1, X3) =x1/(x1 + x3)

X1 = hi (Y1, Y2)= Y2
Xy = hy (Y1, y2)=y1(1 —y2)

J= Y1 Yoo _
-y -yl TN

The transformation is one-to-one and maps A, the first quadrant of the x;x, plane onto

B ={(01,¥2):0<y;<1,0<y,<1}.
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The joint pdf of Y3, Y5 is

f1Ly2) = y1/T@QTB) 0ry2) iy (1 = y)]f e

Y22 (1 = )1 QB —1 o —
EEECECHEGEE O

Because B is a rectangular region and because g (y; y,) can be factored into a function

of y; and a function of y,, it follows that Y; and Y, are statistically independent.

The marginal pdf of Y, is

_ Y2 (A =) atf-1 -y,
fYZ(yZ) - F((X)F(B) ,[0 Y1 B le Y dJ’I
G . _
= T (@) 1A —y)f 1 (23)

forO<y, <Ll

This is the pdf of a beta distribution with parameters a and f.

Also, since f(y1,¥2) = fr, 01) fr, (¥2) it implies that

1
fr,On) = F(a—_l_m)ﬁﬁﬁ_le_“

for0 <y, <oo.

Thus, ¥; has a gamma distribution with parameter values o + 3 and 1.

2.2.4 From the rth order statistic of the Uniform distribution

Let Xi,..,X, be independent and identically distributed random sample from the
standard Uniform distribution 1(0,1). Let X, be the ™ order statistics from this sample.

Then the probability distribution of X,.is a beta distribution with parameters r and n-r+1.
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2.3 Properties of the Classical Beta Distribution

2.3.1 rth-order moments

To obtain the r'"-order moments of the classical beta distribution, we evaluate
1

E(X") = fxrf(x; a,b) dx

0

1
_f i xa—l(l _x)b—l J
~ )% T Bb x

1
~ B(»,q)

1
jxa+r—1(1 — x)b—l dx
0

1 ! x(a+r)—1(1 _ x)b—l
- 5 b)j TCE Ty eCIGROT
0

__B(a+r1,b)
"~ B(a,b)

_TI'(a+r)I'(b) I'(a+b)
" T'(a+b+r) T(aI'(b)

_T'a+r)T'(a+b)

" T(@a+b+r)I(a) 24
2.3.2 The first four moments
The mean is found by substituting r = 1 in equation (2.4)
i _ _TI'@+1TI'(@a+b)
e, m =w=EW =TT R
_al'@Tl(a+b)
~(@a+b)'(a+b)T'(a)
a . .
= 7h (Christian Walck,1996) (2.5)
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I'@+b)I'(a+2)

my = EXY) = e s o

_ TI'la+b) @+ DI'(a+1)
T (@a+b+ DI @+b+1)T(a)

3 I'(a+b)(a+1)al(a
" (@+b+1)(@a+b)'(a+b)I'(a)

_ (@a+1)a
“(@a+b+1)(a+b)

_ a(a+1)
“(@a+b)@a+b+1)

(a+1)

= mlm (Catherine et.al.,2010) (2.6)
_ _T'a+b)I'(a+3)
ms = EXY) = T(a+b+3)I(a)
B I'(a+b) (a+2)(a+ 1)al(a)
“(@+b)@+b+2)@+b+1DI'(@a+b)T(a)
_ (@a+2)(a+Da
“(@+b+2)(@a+b+1)(a+b)
= LZ) Catheri tal.,2010 2.7
_mz(a+b+2)(a erineet al., ) (2.7)
m, = E(X*) = I'@+b)I'(a+4)

I'@+b+4)I'(d)

B I'(a@a+b) (a+3)(a+2)(a+ 1)al'(a)
“(@a+b)@@+b+1D(@+b+2)(a+b+3)I'(a+b)I(a)

_ (@+3)(@+2)(a+1)a
"~ (@a+b+3)@a+b+2)(@a+b+1)(a+b)
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a(a+1) (a+2)(a+3)

“@+b)@+b+D@+b+2)@+b+3)

_ (a+3)
~ G +b+3)

2.3.3 Mode
Mode is obtained by solving

d
&f(x;a,b) =0

d ya—l(l_x)b—l ~ 0o
&( B(a,b) >‘

(a—Dx* 21 —x)>1+ (b -1)(-1)(1 —x)P—2x"1

B(a,b) =0

(a—Dx2(1—x)P"1 = (b -1 —x)P2x7!

(a—Dx*x 11 —-x)T=0b-1DA-x)>1(1 —x)"1x2?!

(a—Dx1=bB-1)A—-x)"1

= ) a>1, b>1

1-x)a—-1)=x(b-1)
(a—1—-xa+x)=xb—x
x(—a+1-b+1)=1-a

(a—1)

x:m, x=0ifa=1andx=1ifb=1_

(2.8)
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2.3.4 Variance

Since variance can be expressed as
Var(X) = E(X?) — {E(X)}?
=m, —m{

We can now get the variance as

2

_ _ a(a+1) (. A
var(X) = o* “(@a+b)@a+b+1) {a+b}

_a(a+1)(a+b)*—a*(a+b)(a+b+1)

(a+b)(a+b+ 1)(a+ b)?

_a(a+1)(a+b) —a’(@a+b)@+b+1)
B (a+b+1(a+b)?

_a3+a2b+a2+ab—a3—a2b+a2
B (a+b+1)(a+b)?

_ ab
“(@+b+1D(@+b)

5 (Christian Walck, 1996)
2.3.5 Skewness
Skewness (the third central moment) can be expressed as

Skewness = u; = E(X — E(X))3
= E(X®) —3E(X)EX) + 2{E(X)P

= m3 — 3m,my +2m3,

This can be manipulated algebraically as follows:

(2.9)

a

B ala+1)(@a+2) a’(a+1) 5
BT G@+@+b+D@+b+2) “(atb(a+tb+1) {

a+b

)

3
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_a(a+1)@+2)—a*(a+1)(a+b+2) 2a3
~ (@+bl@+b+1(@+b+2) (a+b)3

3 (a3 + 3a? + 2a)(a+ b) — 3a* — 3a%b — 9a% — 3a’b — 6a? N 2a3
B (@+b)2(@+b+1)(@a+b+2) (a+b)3

_a*+3a’ +2a® +a’b + 3a’b + 2ab — 3a* — 3a’b — 9a° — 3a’b — 6a°
B (@+b)2(a+b+1)(@a+b+2)
2a3
DL

B —2a4—6a3—4a2—2a3b+2ab+ 2a3
~ (@a+b)2@+b+1)@a+b+2) (a+b)d

_ (a+b)(—2a* —6a’ — 4a* — 2a’b + 2ab) + (2a* + 2a’b + 2a°)(a + b + 2)
B (@a+b)3@+b+1)(a+b+2)

B —2a° — 6a* — 2a*b — 4a3 + 2a%b—2a*b — 6a3b — 2a3b? — 4a?%b + 2ab%+2a°+2a%*b
B (a+b)3@+b+1)(a+b+2)

+4a* + 2a*b + 2a3b? + 4a%b + 2a* + 2a3b + 4a°
(a+b)@+b+1)(@a+b+2)

B 2ab? — 2a%b
“(@+bB@+b+1D@+Db+2)

_ 2ab(b —a)
“(@+bB@+b+1D@+Db+2

) (Christian Walck, 1996) (2.10)
The standardized skewness can be expressed as

3
E(X_E(X)>

o
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1 2ab(b — a)
_?<(a+b)3(a+b+1)(a+b+2)>

_ 1 2ab(b — a)
B b 3<(a+b)3(a+b+1)(a+b+2)>
< (a+b+1)(a+b)2>
3 (a+b+1@+Db)? J(@+b+1@+Db) 2ab(b — a)
B ab ' Vab <(a+b)3(a+b+1)(a+b+2)>
_yJ@+b+1)( 2(b—a)
Vab <(a+b+2)>

_Z(b—a) a+b+1 211
T a+b+2 ab — 21D

Kurtosis can be expressed as

2.3.6 Kurtosis

Kurtosis = uy = E(X*) —4E(X)E(X3) + 6{E(X)}*E(X?) = 3{E(X)}*

= my — 4m;m3+6m,;*m, — 3m?,

a(a+ D@+2)@+3)
“G@+b@+b+D@+b+2)(atb+3)
4 a a(a+ 1@+ 2)
(a+b)(a+b)@a+b+1)(@a+b+2)
a 2 a(a+1) a (4
a+b} (a+b)a+b+1) {a+b}

+6{

(> +a)@® +5a+6)
“(a+b)@a+b+D(@a+b+2)@+b+3)
A a’(a®+3a+2)
(a+b)’(a+b+1)(a+b+2)
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6a* + 6a° a 4
+ —3{ }
(a+b)3(a+b+1) a+b

_ (a+b)(a* +5a’ + 6a* +a’ + 5a° + 6a) — (4a* + 12a° + 8a®)(a + b + 3)
B (a+b)2@+b+1)@+b+2)(a+b+3)
6(a+b)(a*+ad)—3a*(a+b+1)
(a+b)*a+b+1)
(@® + 5a* + 6a% + a* + 5a° + 6a” + a*b + 5a%b + 6a’b + a®b + 5a%b + 6ab) —
(4a° + 4a*b + 12a* + 12a* + 12a%b + 36a> + 8a® + 8a’b + 24a?)
(a+b)(@a+b+1)(a+b+2)(@a+b+3)
(6a° + 6a* + 6a* + 6ab) — 3a°> — 3a*b — 3a*)
(a+b)*(a+b+1)
_ —3a® —18a* —33a® — 18a® — 3a*b — 6a’b — 6a’b + 3a’b + 6ab
B (a+b)2(a+b+1)(@a+b+2)@+b+3)
3a° + 3a* + 3a*q + 6a%b
(a+b)*(a+b+1)

B (a? + 2ab + b?)(—3a°> — 18a* — 33a3® — 18a%® — 3a*b — 6a3b — 6a3b + 3a’b + 6ab)
B (@+b)*@+b+1@+b+2)@+b+3)

(a%2 + b?% 4+ 2ab 4+ 5a + 5b + 6)(3a° + 3a* + 3a*b + 6a3b)
(a+b)*(@a+b+1)(@a+b+2)(@a+b+3)

(—3a7 — 18a® — 33a® — 18a* — 3a°b — 6a°b + 3a*b — 6ab + 36a°b — 66a4b>

—36a3b — 6a°b?

(a+b)*(a+b+1)(@+b+2)(@a+b+3)

(—12a4b2 + 6a3b? + 12a%b? — 3a°b?% — 18a*b? — 33a%a% — 18a%b? — 3a4b3)
—6a3b? + 3a%b3
(a+b)*(@a+b+1)(@a+b+2)(@+b+3)
(6ab3 + 3a’ 4+ 3a° + 3a°b + 6a°b + 3a°b? + 3a*b? + 3a*b3 + 6a3b3 + 6a6b)
+6a°b + 6a°b?
(a+b)*@a+b+1(@+b+2)@a+b+3)

+

+
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(125\4b2 + 15a° + 15a° + 15a°b + 30a*b + 15a°b + 15a*b? + 30a3b? + 18a5)
+18a* + 18a*b + 36a%b
(a+b)@+b+1D@+b+2)(@a+b+3)

+

3 6a3b + 3a3b? — 6a%b? + 3a%b3 + 6ab3
“(a+b)@a+b+D@+b+2)(a+b+3)

_ 3ab[2a* +a’b — 2ab +ab® + 2b?]
" (a+b)@+b+D@+b+2)(a+b+3)

_ 3ab[a’(b+ 2) — 2ab + b%(a + 2)] Catherine ot al. 2010
_(a+b)4(a+b+1)(a+b+2)(a+b+3)( atherine et at., )

The standardized kurtosis can be expressed as

4
E<X—E(X)>
o
1 ( 3ab[a®(b + 2) — 2ab + b%(a + 2)] >

“ot\(a+b)@+b+D@+b+2)(@a+b+3)
1 ( 3ab[a®(b + 2) — 2ab + b%(a + 2)] >
>2

(2.12)

(a+b)*(a+b+1(a+b+2)(@a+b+3)

( ab
(a+b+1)(a+b)?

_(@+b+1)?*(@@+hb)* 3ab[a®(b + 2) — 2ab + b%(a + 2)]
B (ab)? ((a+b)4(a+b+1)(a+b+2)(a+b+3)>

_(@a+b+1) (3[a2(b +2)—2ab+b%(a+ 2)])

(2.13)

ab (a+b+2)(@+b+3)

The standardized skewness and kurtosis are often denoted by (\/ﬁ— ) ﬁz) in literature.

2.4 Shapes of Classical Beta Distribution
The shape of the distribution is governed by the two parameters a and b, and can be
summarized as follows;
When a=b, the distribution is symmetrical about Y2, the case of arcsine distribution,
uniform distribution and parabolic distribution, and the skewness is zero, as a and b

become larger, the distribution becomes more peaked and the variance decreases
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When a # b, the distribution is skewed with the degree of skewness increasing as a
and b become more unequal. In particular, if b > a, then the skewness, u; > 0 and
the distribution is skewed to the right as in figure 2.2 and if a > b, then the
distribution is skewed to the left as in figure 2.1.

When a=b=1, the distribution becomes uniform distribution and the density function
has a constant value 1 over the interval (0,1) for the random variable X.

Figures 2.2 and 2.3 below shows two cases of the beta unimodal distributions with
a>0andb > 0. Ifaand/or bislessthanoneie(a—1)(b—-1) < 1

f(0) - oo and /or f(1) » o and the distribution is J- shaped. Figure 2.4 and 2.5
below show the beta distribution of two cases a=10, b=1 and a=1, b=10 respectively.

The Classical beta distribution is U shaped ifa < 1, and b < 1 as shown in figure 2.1

below.
Beta(0.66,0.5)
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1 — I
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Fig.2. 1 : Left Skewedness
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Fig.2. 2: Case of beta unimodal distribution with a > 0
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Fig.2. 3: Case of beta unimodal distribution with b > 0
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Fig.2. 4: j-Shaped beta distribution
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Fig.2. 5: inverted j-Shaped beta distribution
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2.5 Applications of the Classical Beta Distribution

Income and Wealth

Thurow (1970) applied the Classical beta distribution to US Census Bureau data of

income distribution for households (families and unrelated individuals) for every year

from 1949 — 1966, stratified by race. He also studied the impact of various

macroeconomic factors on the parameters of the distribution via regression techniques.

McDonald and Ransom (1979a) employed the Classical

beta distribution for

approximating US family incomes for 1960 and 1969 through 1975. When utilizing three

different estimators, it turns out that the distribution is preferable to the gamma and

lognormal distributions but inferior to Singh Maddala. McDonald (1984) estimated beta

distribution of the first kind for 1970, 1975 and 1980 US family incomes.

2.6 Special Cases of the Classical Beta Distribution

2.6.1 Power Distribution Function

This distribution is obtained when b = 1 in the formula of the classical beta distribution.

Thus, from equation (2.1) the pdf becomes

and the CDF is given by

a—1

B(a, 1)

flsa) =

a—1

ZW.F(G-F 1)

a—1

= —F(a)F(l) .al'(a)

=ax® 1, a>0

F(x) =f f(x)dx
0

(2.14)
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Equation (2.14) is the power distribution.

Generally letting x = y/a, with b=1 in equation (2.1) yield the general power

distribution given by
aya—l
a® '

fQy) =

0<a<a

(Leemis and McQueston, 2008)
2.6.2 Properties of power distribution

i. rth-order moments

Putting b=1 in equation (2.4)
o~ a+r)T(a+1)
EX) = Tari+or@
_ T(a+r)al(a)
"~ (@a+nl@+nr()

a
a+r

il. Mean

a
X)=——
E(X) a+1

iii. Mode
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iv. Variance

Var(X) = 2
T = @+ 2) @@+ 1)?
v. Skewness
2a(l —a)
Skewness =

(a+1)3@+2)(@a+3)

While the standardized skewness is
2a(1—a) |(a+2)
(a+3) a

3a[a’(1+2) —2a+ (a + 2)]
@+ D*(a+1+1)@+1+2)(a+1+3)
B 3a[3a? —a + 2]
@+ D*(@a+2)(@a+3)(a+4)
and the standardized kurtosis is expressed as

a+2/(3[3a>—a+2]
a <(a+3)(a+4)>

vi. Kurtosis

Kurtosis =

2.6.3 Shape of Power distribution

The figure 2.6 below shows a graph of a power distribution with the parameter a = 0.05.
This is an example of Power distribution graph, being used to demonstrate ranking of
popularity. To the right is the long tail, and to the left are the few that dominate. Varying
a gives different shapes of the power distribution. Special cases of a =1 (Uniform
distribution), a =2 (triangular distribution), a < 1 gives inverted J-shaped distributions

and a > 2 (J-shaped distributions).
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Fig.2. 6: Power distribution
2.6.4 Uniform Distribution Function
Special case when a=b=1 in equation (2.1)
fx)=1 (2.15)

Equation (2.15) is a Uniform distribution on the interval [0,1]. The Uniform distribution

function is a special case of the power distribution function when a=1.

2.6.5 Properties of the Uniform distribution

i. rth-order moments

Putting a = 1 and b = 1 in equation 2.4

r+nrra+1)

E(x") =

T(r).1

BEEIGHON
1
1+r

r1+1+n)r()
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ii. Mean

a
mean = pEyx
Letting a=b=1,
1
=Tri- 0.5
iii. Mode

Mode is any value in the interval [0,1]

iv. Variance

From the variance of the standard beta distribution given by

) ab
vaniance = @ b + 1)(a + b)?
a=b=1,
B 1
—(3)(2)2
= 1 = 0.0833
12
v. Skewness
2ab(b —a)

Skewness = (a+b)B@+b+ D@+b+2) 0

Standardized sk _2a-ya+2)_,
andardlzed skewness = (1+3) 1 =

vi. Kurtosis

3ab[a%(b + 2) — 2ab + b%(a + 2)]

kurtosis =

(a+b)*a+b+1)(@a+b+2)(@a+b+3)
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~16(5)

The standardized kurtosis is given by

3[3) —2+ (3)]

2)*3)@6)

= 0.0125

3[3a®? —a + 2]

a+2<

a

(a+3)(a+4)

)

_1+2

1

<3[3—1+2]

1+3)a+ 4))

—3( ) g
- ((4)(5)>_ '

2.6.6 Shape of Uniform distribution

Figure 2.7 below shows a graphical representation of the Uniform distribution on the

interval (0,1)
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Fig.2. 7: Uniform distribution on the interval (0,1)
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2.6.7 Arcsine Distribution Function

Special case of the standard beta distribution is the arcsine distribution, when a=b=1/2 in
equation (2.1). In this special case, we have

11y xM/2-1(1 —x)l/2-1
f(x,z,z)— B(%‘%) , 0<x<1
f(x) = x—1/2(11_1x)—1/2 , 0<x<1
8(22)
1
f(x)zT\/Tx)' 0<x<1 (2.16)

and the cumulative distribution function is given by
F(x) = Zarcsin(\/}?).
s
Note:T'(1/2) =+r

Equation (2.16) is an Arcsine distribution
2.6.8 Properties of the arcsine distribution

i. rth-order moments
Putting a = % and b = % in equation 2.4
r (% + r) r(1)
E(X") =
1+ rrq)
r (% + r)

- rI'(r)T (%)
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ii. Mean
From the mean of the beta distribution given by

_ a
mean = X
a=b==
1 1
__2 _ = _
TR
2 2
iii. Mode
1
do = a-1 51
Ty b-2 I, I,
2 2
1
_ 271
1 1
§+7—2
_1
2

iv. Variance
From the variance of the beta distribution given by

ab
variance = (o b+ D(a + b)?
1
a=b= E
1
4 =0.125

(2)(1)?



v. Skewness
2ab(b — a) B
G@+b3@+b+D@+b+2)

Standardized sk 3 2(b—a) |a+b+1
andardized skewness = === =5 ab

_2G-9)

1+1 —0
T (a+2 | 1
4
vi. Kurtosis

3ab[a®(b + 2) — 2ab + b%(a + 2)]
(a+b)*@+b+1@a+b+2)@a+b+3)

0

Skewness =

kurtosis =

(P EG D -2@ +1G+2)]
B (M*A+ DA +2)(1+3)

B -@+@)

2)(3)4)
18
=32 _
= G = 00234

Standardized kurtosis = 1 (1+2)(1+3)

4

a+v(3@I6+2)-2@)+3G+2])_
( |
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2.6.9 Shape of Arcsine distribution

Arcsine Distribution
5
4.5
4
3.5
3
2.5
2
15 1\ /
TThEe P
0.5
0
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Fig.2. 8: Arcsine distribution
2.6.10 Triangular shaped distributions (a=1, b=2)
For a=1 and b=2 we get triangular shaped distribution as follows
(1-x)
f(x;1,2) = B(12)
=2—2x (2.17)
With the cdf given as
F(x) = 2x — x?

2.6.11 Properties of the Triangular shaped distribution (a=1, b=2)

i. rth-order moments
Putting a = 1 and b = 2 in equation 2.4

. _T@+nre)
E(XT) = ri3+nr()
B 2rI(r)

T TI(r+3)



ii. Mean

From the mean of the standard beta distribution given by

a
mean = ——,
a=1b=2
=1= 0.3333
3
iii. Mode
a—1 1-1

0

mode = 5 Tr2-2"

iv. Variance

From the variance of the standard beta distribution given by

ab
(a+ b+ 1)(a+ b)?

Variance =

2
OO

1
= — =0.0556
18

Standard deviation, o = vvar = 0.2358
o 02358

u  0.3333

=0.7074

v. Skewness
2ab(b —a)
(a+b)(@a+b+1)(@a+b+2)
_ 2@
(3)3(4)(5)

Skewness =

1
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Standardized sk _ 2(b—a) a+b+1
andardized s ewness—(a+b+2) p

2
= gx/i = 0.5657

vi. Kurtosis
3ab[a%(b + 2) — 2ab 4+ b%(a + 2)]
(@a+b)*(a+b+1)(a+b+2)(@+b+3)
3(2)[1(4) — 4 +4@3)]
T B3 @WE)6)

kurtosis =

1
= m = 0.0074

(3+1) <3(1)[(2 +2)—2(1)(2) +4(1 + 2)] )
2

B3+2)(3+3) =24

Standardized kurtosis =



2.6.12 Shape of triangular distribution (a=1, b=2)

Beta(1,2)
2.5
2
1.i \
0.5 \\
0
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Fig.2. 9: Triangular shaped distribution
2.6.13 Triangular shaped distributions (a=2, b=1)
For a=2 and b=1 we get triangular shaped distribution as follows
X
f(xl 2;1) - B(Z,l)
= 2x (2.18)
The CDF of equation 2.18 is given by
F(x) = x?

2.6.14 Properties of the Triangular shaped distribution (a=2, b=1)

i. rth-order moments
Putting a = 2 and b = 1 in equation 2.4

T2+ 1r®)

E(XT) = r(3+nr()
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B 22+ 1)
 I(r+3)

ii. Mean

From the mean of the beta distribution given by

a
mean = ——,
a=2, b=1,
= z = 0.6667
3
iii. Mode
a—1 2—-1

= = =1
mode = o o =132

iv. Variance

From the variance of the beta distribution given by

Variance = 2
(a+b+1)(a+b)?
a=2, b=1,
__ 2
OO
_1_ 0.0556
=15=0
v. Skewness
. ~ 2ab(b — a)
CWReSS = b2 G@+b+ D@+ b +2)

_ 20D

(3)3(4)(5)

-1

— OHG) = —0.0074

58



Standardized sk _ 2(b—a) a+b+1
andardized s ewness—(a_l_b_l_z) p

-2
= ?\/E = —0.5657

a=2, b=1

vi. Kurtosis
3ab[a®(b + 2) — 2ab + b%(a + 2)]
(a+b)*(a+b+1)(a+b+2)(@+b+3)
3(2)[4(3) — 4+ 1(4)]
EENOIOIOIO

kurtosis =

1
= m = 0.0074

3+1) <3[4(1 +2)—-22)(1)+1(2+ 2)] )

(3+2)(3+3) =24

Standardized kurtosis =

2.6.15 Shape of triangular distribution (a=2, b=1)

Beta(2,1)
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Fig.2. 10: Trangular shaped distribution



2.6.16 Parabolic shaped distribution

For a=b=2 we obtain a distribution of parabolic shape,
x(1—-x)

f22) = s

=6x(1—x)
The cdf of equation 2.19 is given by

F(x) = 3x% — 2x3
2.6.17 Properties of parabolic shaped distribution

i. rth-order moments
Putting a = 2 and b = 2 in equation 2.4
rez+nr)r4
pxry < L@+ DI@)
r4+nre)
6

- (r+3)(r+2)

ii. Mean

From the mean of the Classical beta distribution given by

E(X) =

)

a+b

N

=——==05

iii. Mode

From the mode of the Classical beta distribution given by

a—1
(a+b—2)
a=b=2 =0.5

Mode =

(2.19)

60



iv. Variance

From the variance of Classical beta distribution given by

ab
vanance = b ¥ 1)(a + b)?
a=b=2
_ 4
- (5)(@)?
1
= 2—0 = 0.05

standard deviation,oc = v0.05 = 0.2236

0.2236
V=

= 0.4472
0.5

v. Skewness

From the skewness of the Classical beta distribution given by

2ab(b — a)

Skewness = @+ b+ D(atb+2)

a=b=2,
=0

Standardized sk B 2(b—a) a+b+1_0
andardized s ewness-<a+b+2) > =

vi. Kurtosis
3ab[a®(b + 2) — 2ab + b%(a + 2)]
(a+b)*@a+b+1(@a+b+2)@a+b+3)
3(4)[4(4) — 8 +4(4)]
T @e)EO)

kurtosis =

3
= @20 = 0.0054
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Standardized kurtosis = @+D (3[4(2 +2)-2(2)(2) + 42 +2)]

4 (44+2)(4+3) >=2Lu9

2.6.18 Shape of Parabolic distribution

The figure 2.11 below shows the shape of the parabolic distribution.
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Fig.2. 11: Parabolic distribution
2.7 Transformation of Special Case of the Classical Beta Distribution

2.7.1 Wigner Semicircle Distribution Function

Letting a=b=3/2 in equation (2.1) we obtain the following distribution function

3 3 x3/2—1(1 _ x)3/2—1
f(x;§,§>= , 0<x<1

8(3)

2.x12(1 — x)1/2

fe) =

Let
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_YtR _
x==p Ul=35

Limits changesasx =0 -y > —-Randx=1 -y =R

8\[YZ+RR (1- sz%R) 1
f()’) = 7 ﬁ
2
_ 4\[yz+RR - (%)
Rm

4\[2Ry+ 2R% — y2 — 2yR — R?
4R?
Rm

2,/RZ — y?

Equation (2.20) is the Wigner semicircle distribution.

2.7.2 Properties of Wigner Semicircle

i. rth-order moments
The r'™-order moments for positive integers r, the 2r”"moments are given by

2r

=)

Where C. is the ™ catalan number given by C, = i(er) so that the moments are the

catalan numbers if R=2. The odd numbers are zero.

il. Mean

Mean of Wigner semi-circle, the first order moment, odd moment is zero.
iii. Mode

Mode of Wigner semi-circle is given by

d —_—
@f(Y) =0

2 d([5
e 4 / 2 ):
Rznd}’< -y 0

y=0
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iv. Variance

The variance of Wigner semi-circle is given by

Var(Y) = E(Y?) — E(Y)

-(5) 32
“\2/) 2’

v. Skewness

The Skewness of Wigner semi-circle is zero, since it is the third order moment which is
an odd moment.

vi. Kurtosis
The Kurtosis of Wigner semi-circle is given by
Kurtosis = E(Y*) —4E(Y)E(Y?) + 6{E(Y)}*E(Y?) — 3{E(Y)}*

=E(Y%)

-@) (%)

R4
)
R* /4\?
Standardized Kurtosis = (R2> =2
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2.7.3 Shape of Wigner semicircle distribution

The figure 2.12 below shows the shape of the Wigner semicircle distribution.
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Fig.2. 12: Wigner semicircle distribution
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3 Chapter Ill: Type Il Two Parameter Inverted

Beta Distribution

3.1 Construction of Beta Distribution of the Second Kind

The beta distribution of the second kind is derived by using the transformation

in equation (2.1)to give a new distribution as follows:

f(;a,b) =f(x;ab)||

The limits changes as follows x + xy =y = y(1—x) = x,y = —

1—x

whenx =0, y=0andwhenx =l,y=0 =2 0<y <o

Where

=y
Therefore

xa—l (1 _ x)b—l
B(a,b)

f;a,b) = A/l

b—1
_(1-}I}-y)a_1(1_1-}ll-y) 1
B B(a, b) (1 +y)?

ya—l
~ Bla,b)(1 +y)itd’

0<y<oo, ab>0__ (3.1)



Equation (3.1) is a beta distribution of the second kind. It is also known as the standard
form of a Pearson Type VI distribution, sometimes called beta prime distribution or

Inverted beta distribution.

Another method of deriving beta distribution of the second kind is by using the

transformation

v in equation (2.1)

14
dx_ -1
dy (1+y)?

The limits changes as follows

x+xy=1 ﬁsz,whenx=0,y=ooandwhenx=1,y=0 =0<y<om

f(;a,b) =f(xab)||

()" (k)

1
B(a, b) '|(1 + y)?

1 o b—1
_ Si + y) 1 (1 -}l]- y) 1
- B(a,b) (1 -y)?

yb—l

~ B(a,b)(1 + y)ato

3.2 Properties of Beta Distribution of the Second Kind

3.2.1 rth-order moments

To obtain r"-order moments of the beta distribution of the second kind, we evaluate

[o¢]

E(YT) = f V' F(yia,b) dy
0
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[oe]

ya—l
= | yr d
Of Y Bl b)(T+ye™ ¥

1 [y ;
“Bab)) A+ya Y
0

r+a—1

To integrate the integral in above expression, substitute

_ X
Y= 1—x
==
dx|l (1 —x)2
y(1l—x)=x —1+x=——o , and limits of integration become 0 to 1. Then

(1-y)
substituting these terms in the above integral, we have

oo 1

yr+a—1 x
T = [ A0t dx
0 0

1
— fxr+a—1(1 _x)—r—a+1+a+b—2 dx
0

1
— fx(r+a)—1(1_x)(b—r)—1 dx
0

=B(a+71,b—r), r<b

Consequently, the moments of beta distribution of the second kind are given by

B(a+r,b—1)
B(a,b)

E(Y") =

B I'la+r)T(b—1)
~ T(a)r(b)

Using recursive relationship T'(a + 1) = al'(a), the first four moments about zero can be

r <b (3.2)

written as follows
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3.2.2 Mean

The mean can be obtained by substituting r=1 in equation 3.2

B(a+7,b—71)
B(a,b)

m; =u=E() =

_T@+1r(b-1) I'(a+b)
T T(a+b) T(@I(b)

3 al@I'(b—1) T'(a+Db)
T T TG@+b) T@I(Db)

3 al'(b—1)
- T'(b)

B a(b—2)!
— (b-1)!

B a(b —2)!
(b= -2)!

a
i b > 1(Catherineet al.,2010)_ (3.3)

If b < 1, the mean is infinite i. e undefined

B(a+2,b—2)

m, = E(Y?) = Ba.b)

B I'a+2)I'(b—2) I'(a+b)
B I'(a+b) 'T'(@TI(b)

_(a+ Dal'(a)I'(b —2)
B I'(a)I'(b)

_a(@+ 1)(b-3)!
~(b=1)(b—-2)(b-23)!

o aa+
S b-1DB-2)
(a+1) ]
=m =2 b > 2 (Catherine et al.,2010)

69



B(a+3,b—3)

my = E(Y3) = B@b)

_T'(@+3)I'(b—3) I'(a+b)
T TI(a+b) T(I(b)

B (@a+2)(@a+ 1Dar(a) (b —4)!
" T@b-=10b-2)Db-3)b-4)!

_ala+D(@+2)
" (b-1Db-2)(b-13)

my(a + 2) .
= =3 ' b > 3 (Catherine et al.,2010)

B(a+4,b—4)

my = E(Y*) = B@.b)

_T@+4)r(b—4) I'(a+b)
B I'(a+b) T@TI(b)

(@t 3)(@+2)(a+ Dar(a)(b—5)!
" T@Wb-10b-2)b-3)(b—-4)(b->5)!

B a(a+ 1@+2)(a+3)
T (b-DOb-2)(b-3)(b—-4)

_ms@*+3) o 4 (Catherine et al., 2010
= "b—a (Catherine et al., )
3.2.3 Mode
Mode is obtained by solving
d
Ef()’) =0

d yb—l
- d_y<B(a, D)1+ y)a+b> =0



1 ((b-Dy (A +y)M — @+ b)(1+y)rlyb Tl 0
" B(a, b)( (1 +y)2a+eb > -

= (b= 1y" 2.1 +9)™ — @+ b)(1 + 7)1 yh =0
(b—Dy" 2. (14 y)*** = (@a+b)(1 +y)*+t-t yb~1
(b—Dy" Ly . (1+y)**™ =(@a+b)(1 +y)** (1 +y) Lyt

(b-Dy™" =(@+bA+y™"
1+y)(b-1) =y(a+b)
b—1+yb—y =ya+yb

ya+1) =b-1

_ s , .
y =7 1 ifb>1, 0 otherwise (3.4)

3.2.4 Variance

Since variance is given by E(Y?) — {E(Y)}?, we have

Var(y) = a(a+1) a?
) = G-De-2) B-17

_(b-D(@®+a)—a*(b-2)
a (b—1)2(b—2)

_a2b+ab—a2—a—a2b+2a2
(b—1)%(b—-2)

B ab+a*—a
T (b-1)2(b-2)

71



_a(a+b-1)
(-1 -2)

,b > 2 (Catherine et al.,2010) (3.5)

3.2.5 Skewness

Skewness can be expressed as
Skewness = u; = E(Y3) = 3E(Y2)E(Y) + 2{E(Y)}®
= m; — 3m,m;+2m3,

_ala+1(at+2) a(a+1) a IR
“0-D0-206-3) “G-Do-206-D G0

(@ +a)(a+2) 3a + 3a? 2a3
“O-D0-20-3) G-1206-2) b-17

B (a® + 3a% + 2a) 3a3 + 3a? 2a3
TG-DB-20b-3) G-D206-2) (G-17

_ (b 1)%(a® +3a®> +2a) — (b—1)(b—3)(3a® + 3a%) + 2a3(b — 2)(b — 3)
B (b—1)3(—2)(b-3)
(b%? — 2b + 1)(a® + 3a® + 2a) — (b® — 4b + 3)(3a® + 3a®) + 2a3(b? — 5b + 6)
(b—1)3(—2)(b-3)
a®b® + 3a®b? + 2ab?® — 2a®b — 6a*b — 4ab + a® + 3a? + 2a — 3a3bh? — 3a%b? + 12a%b
+12p?b — 9a® — 9a? + 2p3b? — 10a%b + 12a3
(b—1)3(b—2)(b—-23)

B 2ab? + 6a%b — 4ab + 4a3 — 6a% + 2a
B (b—1)3(b—2)(b-23)

2a[b? + 3ab — 2b + 2a® — 3a + 1]
(b—1)3(b—-2)(b—13)

2a[2a? + 3ab —3a + b? — 2b + 1]
(b—1)3b—-2)(b—13)
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_ 2a[2a* +3a(b - 1) + (b - 1)?]
=T - -20-3 73 —-—06

(Catherine et al.,2010)
Since skewness is positive, it can be concluded that the beta distribution of the second
kind has usually along tail to the right.

3.2.6 Kurtosis

Kurtosis can be expressed as
Kurtosis = uy, = E(Y*) —4E(Y)E(Y3®) + 6{E(Y)}*E(Y?) — 3{E(Y)}*

2
= m, — 4m;ms+6m,“m, — 3mf{,

B a(a+1@+2)(a+3) a a(a+1)(a+2)

T h-Db-2)b-3)b-4 Bb-Db-1Db-2)(b-3)
a \* a(a+1) a

+6((b—1)> o-no-2 o=

B (a® +a)(a® + 5a+ 6) 4@ +a®)(a+2) 6(a* + a%)
T B-Db-20b-3)(b-4) G-DXb-2)(b-3)  b-10b-2)
3a*
ICEEE

_ (@ +5a°+6a®+a’ +5a% +6a) (4a* +8a’ +4a’ +8a?) (6a* + 6a%)
 (b=-1DOb-2)(b-3)(b—4) b-12%Mb-2)(b—3) GB-1)30B-2)
3a*
(b —1)*
(b—1)3(a* + 5a + 6a% + a3 + 5a® + 6a) — (b — 1)?(b — 4)(4a* + 8a3 + 4a> + 8a?)

(b-D*b-2)(b-3)(b—-4)

b-1DMb-3)b-4)(6a*+6a%)—(b—-1)(b-2)b- 3)(b— 4)3.214
* (- 1*b—2)b-3)(b—4)
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_ (b=1D(*-2b+1)(@*+ 6a° + 11a* + 6a) — (b* — 2b + 1)(b — 4)(4a* + 12a°
- (b—1*(b—-2)(b-3)(b—4)

+8a%)(b? — 4b + 3)(b — 4)(6a* + 6a3) — (b — 2)(b? — 7b + 12)3a*
(b-1)*(Mb—-2)(b-3)(b-4)

(b3 — 3b% + 3b — 1)(a* + 6a° + 11a® + 6a) — (b — 6b% + 9b — 4)(4a* + 12a°
(b—1D*(b-2)b-3)(b—4)
+8a%) (b3 — 8b% + 19b — 12)(6a* + 6a3) — (b — 2)(3a*b? — 21a*b + 36a*)
(b-—1D*(Mb-2)b-3)(b—-4)
= [(a*b® + 6a3b3 + 11a%b3 + 6ab3)+(—3a*b?—18a3b?—33a%b? — 18ab?)+(3a*b +
18a3b + 33a’b + 18ab) + (—a* — 6a3 — 11a% — 6a)+(—4a*b® — 12a3b3 — 8a?b3) +
(24a*b? + 72a%b? + 48a?b?)+(—36a*b — 108ab — 72a%b) + (16a* + 48a3 +

32a2+6a4b3-48a4b2+114a4b—72a4+6a3b3—-48a3b2+114a3b—72a3+—-3a4b3+27
a4b2-78a4b+72a4]/b—14b—2b—3b—4

3a%b3 + 6ab3+6a3b%+15a%b? — 18ab?+3a*b + 24a3b — 39a2%b + 18ab + 15a* — 30a3
+21a% — 6a
(b-1*b-2)b-3)(b—-4)

3a(ab® + 2b3+2a%b? + 5ab? — 6b%+a3b + 8a’b — 13ab + 6b + 5a3 — 10a?
+7a—2)
(b—1*Mb—-2)b-3)(b—4)

(Catherine et al.,2010)

(3.7)

74



3.2.7 Shapes of Beta distribution of the second kind

16
14
12 ——B(0.5,0.5)
10 -[— e B(1,1)
| —B(1,2)
8 ]
—B(2,1)
6 +H\— B(2,2)
B(10,1
4 AN\ (10,1)
B(1,10)
2 - ™ B(2,30
\\ ( ’ )
2“§_
0 IO T
ON A N N IO O N < T WD WM WmL O WL N O WL O
N 1 O NN OMOWOOO < ON O OW A NN OO MM O
S 91 o NocMNMNocYocCLocNo®R®Ro @o
o o o o o o o o o

Fig.3. 1: Beta distribution of the second kind

3.3 Application of Beta Distribution of the Second Kind

Vartia and Vartia (1980) fitted a four parameter shifted beta distribution of the second
kind under the name of scaled and shifted F distribution to the 1967 distribution of taxed
income in Finland. Using maximum likelihood and method of moment’s estimators, they
found that their model fits systematically better than the two- and three-parameter
lognormal distributions. McDonald (1984) estimated the beta distribution of the second
kind and both beta of the first and second kind distributions for 1970, 1975 and 1980 US

family incomes.
3.4 Special Cases of Beta Distribution of the Second Kind

3.4.1 Lomax (Pareto II) distribution function

Special case when a=1 in equation (3.1) gives the following density function

0<x<oo, b>0

f&ib) = g+
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B(1,b) = 5

B b
(14 x)h?
Equation (3.8) is a Lomax distribution.

x>0, b>0 (3.8)

3.4.2 Properties of Lomax distribution

i. rth-order moments

Putting a = 1 in equation 3.2
r(1+nrr—r)
rr)
_T@+nrkb-r)
r'(b)

E(X") =

ii. Mean
r+nrovr-1)
I'(b)
_ (b —2)!
(b—1)(b—2)!

E(X) =

iii. Mode

iv. Variance

Var(X) =

(b—-2)(b—-1)°
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vi.

Skewness
2[2+3(b—-1)+ (b -1)7?]

Skewness = b-1°0h-20=3)
3 2b[b + 1]
(b—1)3Mb—-2)(b—3)
Kurtosis
Kurtosis = 3(3b3 + b% + 2b)

(b—-D*b-2)(b-3)(b—4)

3.4.3 Shape of Lomax distribution

The figure 3.2 below shows the shape of the Lomax distribution with parameter b=10.

The graph is equivalent to the graph of beta distribution of the second kind with

parameters a=1 and b=10.

Lomax distribution
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Fig.3. 2: Lomax distribution

3.4.4 Log-Logistic (Fisk) distribution function

Special case of beta distribution of the second kind when a=b=1 in equation (3.1)

1

- 0
a+o2’ =7

f&x) = (3.9)

Equation 3.9 is the log-logistic distribution, also known as Fisk distribution.
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3.4.5 Properties of Log-logistic distribution

i.

rth-order moments

Putting a = 1 and b = 1 in equation 3.2

iii.

iv.

V.

r+n»nra-r)
r()rq)

=I'1+rr{a-r)
T

E(X") =

sinrm

Mean
EX)=TA+nrr-r)
=Tr(1+1r(-1+1)
_om
T osinT
Mode
Mode = ——+ = 0
=Ty
Variance
21 T \2
Var(X) = sin2m (sin 11)
Skewness

Skewness = E(X3) —3E(X?)E(X) + 2{E(X)}3

3T 2T T T 3
- sin3m 3 sin 21 (sin 11) +2 (sin 11)
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vi. Kurtosis

kurtosis = E(X*) — 4E(X)E(X3) + 6{E(X)}*E(X?) — 3{E(X)}*

4 3 2 2 4
- sinin —4 (si:n) sinT;n +6 (si:n) sin;n =3 (si:n)

3.4.6 Shape of Log-logistic distribution

Log-logistic distribution
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Fig.3. 3: Log-logistic distribution

3.5 Limiting Distribution

Gamma distribution

The two parameter beta distribution in equation 3.1 can be shown to approach the gamma
distribution as b—oo with scale parameter a changing with the parameter b as a= bp. The

resultant probability density function is given by

f(xa,B,b) = ﬂ e_(%) 0<x___ (3.10)
(aB)T(bB)

Equation (3.10) is the gamma distribution function which is covered in details under the

generalized beta distribution of the second kind in chapter V1.
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4 Chapter 1V: The Three Parameter Beta

Distributions

4.1 Introduction

This chapter highlights some of the three parameter beta distribution functions used by
various authors in literature. These three parameter beta distributions are special cases of
the more generalized four parameter beta distributions.

4.2 CaseI: Libby and Novick Three Parameter Beta Distribution
Libby and Novick (1982) used the following approach in deriving the three parameter
beta distribution

X1
Xo+X1

- XO = Y() and Yl(X() + Xl) = Xl
Y1X0 + Y1X1 = X1
iXo = (1-Y1)X;

Let YO = XO and Yl =

Y
71—y,
dx, dx
U 1 0 v
]=dy0 dY1: Y, Yo -0
—v)2
dx  dxy 1-v, (1-1,)2 (1-11)
dy, dy;
goy1) = f(xo,x1) I/
Flxo) F) —
= f(x X)) —————
M (1 -2
b
— ut e~ uxo Oa—l v e—vxlxlb—ll YO -
I'(a) I'(b) 1-1)
b
— utv —uxo—vxlxoa—lxlb—l YO
I'(@)l'(b) (1-1))?
utvb Yo
— e UXo—vX1y a—1x b—1
9001) = FRyr) N R AL
:—uavb e_uyo_v(%) a—l( YOYl )b_l YO
(@) (b) Yoo "\1-v;) a-n)z
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aq,b _ vY; a+b-1,, b—1
utv y0<u+(1_yl)> Yo

V1

“9(%071) =ty @ S A

aq,b _ A1 a+b-1,, b—1
u-v ”3’0(”(1—}’1)) Yo N1

“T@r®)° (1 — v+

aq,b
u’v Y1

900 =ty @ - P

b-1

X
X=CY0:Y0=E

dy, = g

C
@ —x at+b-1
Jye G T

u® Ub Y1b_1

— —c a+b-1
g(y1) T(a)'(b) (1 _yl)b+1jo e” 0y, dyo

[ xa+b—1
—x
'[0 e Ca+b dx

I'(a+b) u®vb y, b1

F@I®) (,, wi )y A=)
1-y

1 u®v? i
B(a,b) b (1 N My >a+b (1 —Y)b+1
1-n

b-1 2
&) ) (=v)
B( ,b) a+b ’
) (1 e zly1)>
bh— 2
7\1b (1 Zlyl ) 1 (1+Y1)
B( 'b) a+b
) (1 e zly1)>

bh— 2
Al (1313/1) 1(1—1—1/1)

gy =
B(a, b) a+b
14 5 zly1)>

b—1

) u+(v_i)
j(; e ( 1-1 >y0a+b—1 dyo
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7\1b y Pt

= B(a,b) atb
— b+1 Y1
(1-1) (1 +4 (72 y1)>
_ 7\1b y Pt
~ B(a,b) 11—y + 4y
—_ y.\b+1 1 1Y1
(1 =1y~ ( 1—-y )

_ Myt - 1)t
~ B(a,b) (1 = (1= 2A)y1)**®

(4.1)

Equation (4.1) was first used by Libby and Novick (1982) for utility function fitting and
by Chen and Novick (1984) as prior in some binomial sampling model. The equation
becomes standard beta distribution when c=1.

An alternative method of deriving the three parameter beta distribution introduced by
Libby and Novick (1982) is by using transformation as follows:

From the Classical beta distribution in equation (2.1), a third parameter c is introduced
using the transformation

cy

T

dx| [c(1=y+cyl = [(—1+c)cy]
d_y| (1—y+cy)?

[c — ¢y + cy?] — [—cy + cy?]

(1-y+cy)?
_ C
C(A-y+cy)?

We get
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cy Ay
(1—y+cy)a (1 1—y+cy) c

freab) = BG,b) T—y+ oy

1 clya=l (1 —y+cy—cy)b? c

“B@b) A -y+c)t (A—y+oy)P L (I—y+cy)?

_ 1 Ca—1+1ya—1(1 _ y)b—l
B(a, b) (1 -y + Cy)a—1+b—1+2

B 1 Caya—l(l _ y)b—l
~ Bab)(1—(1-c)y)ett

for0<y<1, c>0, a>0, b>0

4.3 Case Il: McDonald’s Three Parameter Beta I Distribution

The general three parameter beta (a,b,c) can be derived from the standard beta

distribution with two parameters in equation (2.1) by using the transformation

y
X ==
c

1
c

dx |
dy

y a—-1 Y b—-1
rano- 07007 s

®Te-e)

cB(a,b)
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o (1-6)

- 4.2
c B(a,b) ) 0<y<c, a>0,b>0, c>0__ (4.2)

The three parameter beta distribution in equation 4.2 is referred to as the beta of the first

kind in McDonald, 1995. The Classical beta distribution corresponds to equation 4.2

when c=1.

4.4 Gamma Distribution as a Limiting Distribution

We show that the three parameter generalized beta distribution in equation 4.2
approaches the gamma distribution as b—oo as follows:

Let the scale factor b changes with b as c=B(a + b). Substituting this in equation 4.2

gives

b—1
o X
x 1(1_[3(a+b))
(B(a+b) )*B(a,b)

f(x;a,b,c) =

Collecting the terms yields

a—1 -
- (r&)g“) (r(ggc(Laibt)))a) (1 N m)b 1

For large values of b, the gamma function can be approximated by Stirling’s formula

1
T(b) = ebb"2/%"

1
( I'(a+b) ) e b(a+p)rTRVm

I'(b)(a+ b)@ b bb_%m(a + b)a
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1
e™®(a+b)’ 2"

~ lim T =1
b0 pb—7V7E
X b-1 _ l)
Similarly, lim ) (1 — m) =e \B

xe 1 _(x
FOs5.B) = S @ ) o<«

Equation 4.3 is the gamma distribution function.
4.5 Caselll

4.5.1 3 Parameter Beta Distribution Derived from the Beta Distribution of

the Second Kind
From the Classical beta distribution in equation 2.1, let

_v
x_1+y

dx| _ c

dyl — (1+y)?

f(y;c,a,b) = f(x;a,b)|]|

xa—l (1 _ x)b—l

=B I

) (1)

B(a,b) (1+y)?

T+ (1 - oy)h !
~ B(a,b)(1+y)ath

The three parameter beta distribution in equation 4.4 reduces to the beta distribution of

the second kind when ¢ = 1. When ¢ = 2 it reduces to beta type 3 given by
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Zaya—l(]___y)b—l
B(a,b)(1 +y)atb’

which is defined on a finite interval and may serve as an alternative to the Classical beta

f;a,b) =

0<y<1

distribution for many practical applications. The beta type 3 was introduced and studied
by Cardeno et.al (2004)

4.5.2 CaselV

An alternative form of the probability density function of the three parameter beta
distribution of the second kind can be obtained by substituting y =x/c, ¢ > 0in
equation 3.1,

Then we obtain
f(x;c,a,b) = f(y;a,b)|]|

@

cB(a,b) (1 + (%))Hb

xa—l
= , 0<x<ow, a>0, b>0 (4.6)

c®B(a,b) (1 + (x)>a+b _____

c

The three parameter beta distribution in equation (4.6) was used as the beta of the second
kind by Chotikapanich et.al (2010). It is referred to as beta of the second kind in
McDonald and Xu, (1995). Equation 4.6 becomes the beta distribution of the second kind

when c=1.

4.5.3 CaseV
A three parameter probability density function of beta distribution of the second kind can

be obtained by using the transformation y = cx, ¢ > 0 in equation 3.1,

Then we obtain
f(x;c,a,b) = f(y;a,b)|J|
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(Cx)a—l

B B(aq, b)(l + (cx))

a+b'c

Caxa—l

B B(a, b)(l + (cx))

——,0<x <o, (4.7)

a>0, b >0, c>0

Equation 4.7 becomes the beta distribution of the second kind when c=1.

4.5.4 CaseVI
A three parameter probability density function of the Classical beta distribution can be

obtained by using the transformation x = y¢

dx| _ c—1; i
dy| = cy° "in equation 2.1,

yca—c (1 _ yc)b—l

c—1
B(a,b) ¢

f(y;a,b,c) =

B Cyca—l(l _ yc)b—l
B B(a,b) ’

Special case when c=1 in equation 4.8 gives the Classical beta distribution given in

0<y<1, a>0, b >0, c>0__(48)

equation 2.1.

Special case when a=1 in equation 4.8 gives

Cyc—l (1 _ yc)b—l
B(1,b)

=chy ! 1-y)Y10<y<1l a>0 b>0, c¢c>0__(49)

f;b,c) =

Equation 4.9 is a Kumaraswamy distribution.
Special case when c=1 and b=1 in equation 4.8 gives
f,a,c)=ax*1_____ (4.10)
Equation 4.10 is a power distribution function. When a=1 in equation 4.10 we get a

Uniform distribution function.
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5 Chapter V: The Four Parameter Beta

Distributions

5.1 Introduction

This chapter provides for the construction, properties and special cases of four parameter
generalized beta distribution of the first kind and second kind introduced by McDonald
(1984) as an income distribution, whereas the beta distribution of the first kind was used
for the same purpose more than a decade earlier by Thurow (1970). It also provides for
the construction and properties of the five parameter generalized beta distributions which
includes both generalized beta distribution of the first kind and second kind and many

other distributions.

5.2 Generalized Four Parameter Beta Distribution of the First Kind

The generalized beta distribution of the first kind was introduced by McDonald (1984). It
can be obtained from the Classical beta distribution in equation 2.1 by using the

transformation

y p
X = <5> in equation (2.1)

dyl  \q?
The limits changes as follows xq? = y?,when x = 0, y? = 0 and when

y=Ly?=4q"
The new distribution is

f;r.q,ab) =f(x;a Dbl

b—1

-,

B(a, b) P
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a

TG .

= Y
B(a,b) 'q”y
pyb—1
Py (1-(3))
— 14 14
= 27 B(ab) ) 0<y? <qP _ (51)

The CDF of 5.1 is given by

B(ab(3))

F(y) = Bab)

0<y<gq

where all the four parameters a, b, c and q are positive. q is a scale parameter and a, b, p

are shape parameters.

The probability distribution function in equation 5.1 is a four parameter generalized beta
distribution of the first kind. If p=q=1, the generalized beta distribution of the first kind in
equation 5.1 becomes the two parameter Classical beta distribution in equation 2.1 over
the interval (0,1). If p=1, in equation 4.1, we obtain a three parameter beta distribution in
equation 4.2. When p=-1 and b=1 in equation 5.1, one obtain the inverse beta distribution
of the first kind (Pareto type 1) with density function given by

y—a—l
fqa) = T B@l)

aa
=41 forg <y

- y1+a ’
The generalized beta distribution of the first kind is supported on a bounded domain and

is useful in the modeling of size phenomena, particularly the distribution of income.
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5.2.1 Properties of generalized beta distribution of the first kind

i. rt-order moments
To obtain the r'-order moments of generalized beta distribution of the first kind, we

evaluate
q

E(Y") = fyrf(y; a,b) dy
0
o Iply™ret (1 - (%)p)b_l
) fo #B@b

. |p|yp(%+a)—1 (1 3 (g)p)b—l

@nl
anB(a, b) 0 qp(—+a)B (% ta, b)

rvap(Z 4 ab)d
q > a,b)dy
p
r+pa r
_q B(p+a,b)
qP*B(a, b)

q B (% +a, b)
~ " B(ab)

q'T (219 +a)T(b)I(a +b)

r (% ta+ b) [(a)l'(b)

q'T(a+b)l (a + %)
= T , a+-—>0 (52)
I‘(a+b+5)f‘(a) p

il. Mean

The mean is given by substituting r=1 in equation 5.2 as

qB (a+%,b)

FO= 3@
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ql(a+b)r (a + %)

- r (a +b+ %) I'(a) —69

iii. Mode
The mode of generalized beta distribution of the first kind is given by

Md—d (y)=0
oe—dyfy—

b-1
wtema (1)) )0

b-1

(pa -y (1- @,,) +ymih -1 (1 (g)p) ) Py
py? (b —1)
(pa—1) - o (1 ~ (}a;)p)
-1
qP —yP

(pa—1)(q" —yP) =pyP(b—1)
1

o @pa-1
Y= pa+pb—1—-p

iv. Variance
Variance of generalized beta distribution of the first kind can be obtained from the r'-

order moments as follows

Variance = E(Y?) — {E(Y)}?
) ¢ (a+ %) rOr@+b) (qr (a+ %) M)+ b))\

F(a+b+%) F(a+b+%)
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2

=q

r (a + %) I(b)I'(a + b) <r (a + %) I'(b)I'(a + b) !
. (

F(a+b+%) r a+b+%)

[
I
I
|

r (a + %) r(b)r(a+b) TI? (a + %) F2(b)I2(a + b))

2

=q

rfa+b+2)  r2(atb+l)

v. Skewness

Skewness can be given by

Skewness = E(Y3) —3E(Y)E(Y?) +2{E(Y)}3

@*r@a+b)r(a+ Z) qr(a+b)r (a+ ;) ’T(a+b)r (a+ %)
_ -3

(a+b+ )F(a) (a+b+ )F(a) F(a+b+ )F(a)

ql'(a+b)r (a+219) 3
+2
F(a+b+ )F(a)

/F(a+b)f‘(a+2) F(a+b)F(a+ )F(a+b)F(a+229)

— 43

! \F(a+b+ )F(a) F(a+b+ )F(a)F(a+b+ )F(a)
I'(a+b)r (a+219) 3
2 F(a+b+ )F(a)

Kurtosis can be given by

vi. Kurtosis

Kurtosis = E(Y*) —4E(Y)E(Y®) + 6{E(Y)}?E(Y?) — 3{E(Y)}*
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a'T@+b)r(a+ %) qr(a+b)r(a+ %) ¢’T(a+b)r (a+ %)

(a+b+ )F(a) (a+b+ )F(a) F(a+b+ )F(a)
qF(a+b)F(q+%) qzl“(a+b)1“(a+%)
+6
(a+b+ )F(a) (q+b+ )F(a)
qF(a+b)F(a+%) '
- F(a+b+%)f‘(a)

/F(a+b)F(a+%) F(a+b)[‘(a+ )F(a+b)F(a+g)

\r(a+o+)r@ r(a+b+ Dr@r(a+b+3)r@

I'(a+b)r (a + %) F(a +b)l (a + %)

e F(a+b+ )F(a) F(a+b+ )F(a)

F(a+b)F(a+%) '

F(a+b+ )F(a)

5.3 Applications of Generalized Beta Distribution of the First Kind

McDonald (1984) estimated both the generalized beta of the first and second kind and
both beta of the first and second kind distributions for 1970, 1975 and 1980 US family
incomes and found out that the performance of the generalized beta of the first kind is

comparable to the generalized gamma and beta of the second kind distribution.

5.4 Special Cases of Generalized Beta Distribution of the First Kind
The four parameter probability density function of the generalized beta distribution of the

first kind is very flexible and includes the following distributions:

93



5.4.1 Pareto type 1 distribution function

Special case of the generalized beta distribution of the first kind when p=-1 and b=1 in
equation 5.1 gives

y—a—l

f(v;q,a) W ETICE)

_ 1411
(1 (q) )

qa
- B(a,1)yet!

aq*®

zyaT' 0<g=<y (54)

The cdf of equation 5.4 is given by

F(;v)=1—(%)a, y=q

The probability distribution function in equation 5.4 is the Pareto type 1 distribution also
known as classical Pareto distribution. This special case also include inverse beta of the
first kind (IB1), implying Pareto (y;qg,a) =IB1 (y;qg,a,b=1) (McDonald 1995).

5.4.2 Properties of Pareto type 1 distribution

i. rth- order moments
Putting p=-1 and b=1 in equation 5.2

- _qT@+Dr(a-r)
EY) = T vi-nr@

q"a
= , a—1r>0
a—r
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ii. Mean
qfa+ DIr'(a—1)
F(a+1-1I()

E(Y) =

_qal(a—1)
I G)

B qa(a — 2)!
 (a—-1)!

B qa(a — 2)!
" (a—-1)(a-2)!

,a>1
a—la

iii. Mode
Mode of Pareto type 1 distribution can be obtained by substituting b=1 and p = —1 in the

mode of generalized beta distribution of the first kind
1
o qa'(-1la—-1) \T
S \-la-11-1-1

_ ((a—1+1-1)
“’( (—a—1) >

=4q

iv. Variance
Substituting p = —1 and b = 1 in the expression of variance for the generalized beta

distribution of the second kind we obtain

Var(Y) = m, — m,?

2 2

_ 92 (.44 2
T a-2 (a—l) 1
_q*a(@® -2a+1)—-q*a*(a—2)
B (a—2)(a—1)?

_ q’a
(@a-2)(a-1)?
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v. Skewness
Skewness of Pareto type 1 distribution can be obtained by substituting b=1 and p = —1
in the skewness of generalized beta distribution of the first kind

Skewness

_ . (T@+Dr@-3) _r(a+Dr@a-1T@+ Dl (a-2)
T r@+1-3r@ °"r@@+1-1Dr@r@a+1-2re@)

, Ta+1ra@-1) 3)
(I‘(a F1- 1)F(a)>

Skewness = q3 ( 7 327 + 2 (Lf)
@-3) (@-D@-2) @-1)

,(ala— 1)3@-2)—3a%(a—1)?(@a—3)+2a%@@a—-2)(@a—13)
1 (@a—1)3@—-2)@a—13)

(a® — 5a* + 9a% — 7a® + 2a) + (—3a° + 15a* — 21a% + 9a2)\
3 | +(2a° — 10a* + 12a%) |
\ (@a—1)3@—-2)a-13) /

1+4+a
(@a—1)3@-2)(a- 3))

1+a (@a—-2)(a—1)? 2
(a—1)3(a—2)(a—3))*< q%a >

1+a >* (@a-2)J@-2)a—1)3
(@-1)3@-2)(a—3) q3ava

_2(1+a)f [(@a—2) S 3
~ a-3 a ’ @

= 2aq3(

standardized skewness = 2aq? (

= 2aq3(

vi. Kurtosis
Kurtosis of Pareto type 1 distribution can be obtained by substituting b=1 and p = —1 in

the Kurtosis of generalized beta distribution of the first kind
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Kurtosis

_ ,(r@+Dr@@a-4) r@@+1Dr@-1r@+Dr@-3)
" lrT@+1-9r@ T@+1-1Dr@Tr@E+1-3)r(a)

Fa+Dr@@-1)\Ta+Dr@-2) _(Tla+1r@a-1) 4)
<I‘(a +1- 1)I‘(a)> F@a+1-2)T@ <F(a +1- 1)F(a)>

iy a 432 6a3 3a*
-4 <(a—4)_(a—1)(a—3)+(a—1)2(a—2)_(a—1)4>

ala—D*@-2)@—-3)—-4a’@-1)3*@-2)(a—4) +
_ 4/6a3(a—1)2(a—3)(a—4)—3:;14(:;1—2)(a—3)(a—4)
-4 @-1)*a-2)(a—3)(a—4)

(a’—9a®+32a°>—58a*+57a% — 29a% + 6a) +
(—4a” 4+ 36a® — 116a° + 172a* — 120a° + 32a2) +
(6a’ — 54a° + 162a° — 186a* + 72a3) +
. (—3a’ +27a° — 782> + 72a")
-4 Ga—D*a—2)@a-3)(a—4)

3a2+a+2
= 3aq® ((a “Dia—2)G-3)(@— 4))

standardized Kurtosis

_3 4< 3a2+a+2 >* (a—2)(a—1)? 2
M\ @D e -2@-3)@-4) q%a

( 3a2+a+2 ) a—2
=3 *

(a@a—3)(a—4) a
_ 3(3a® —5a* —4)
~a(a—-3)(a—-4)

5.4.3 Stoppa (generalized Pareto type 1) distribution function

Special case when a=1 and p=-p in equation 5.1 gives the following density function
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-P
f(y; p,q,b) = pgPby*~1 (1 - (—) ) ) y=q>0___ (5.5)

The CDF of equation 5.5 is given by
b

y -p
F(y)=(1—(5) ) , y=q>0
Equation 5.5 is a Stoppa distribution also known as the generalized Pareto type 1
distribution.
5.4.4 Properties of Stoppa distribution
i. rt- order moments
Putting a=1 and p = —p in equation 5.2
r _r

qT(+b)r(1 p)

Q)= r (1 +bh— %) r(1)

q"br(®)r (1 —g)
r(1+b- g)

ii. Mean
The mean is given by substituting r=1 in the expression for the r"-order moments

gbrd)r (1 - %)

1

"= r(1+b-7)

iii. Mode
Putting a=1 and p = —p in the mode of generalized beta distribution of the first kind
1

_{ qP(=p-1 \7?
“\-p-pb—1+p

1
p
V. b

<

_ 1+pb
_q((1+p)
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Compared to the classical Pareto distribution, the Stoppa distribution is more flexible
since it has an additional shape parameter b that allows for unimodal (for b > 1) and

zero-modal (for b < 1) densities.

iv. Variance

Putting a=1 and p=-p in the variance of the generalized beta distribution of the first kind

r(i- %) rOIa+b) T (1- %) F2(b)I2(1 + b)

_ 2
vart =a F(1+b—%) r2(1+b—%)

v. Skewness

Putting a=1 and p = —p in the skewness of generalized beta distribution of the first kind

Skewness
3 /F(1+b)l“(1—%) F(1+b)l“(1—%) 1“(1+b)1“(1_%)
\F(1+b—%)l“(1)_ F(1+b—%)l“(1)l“(1+b—%)r(1)
T(1+b)T (1 _219) ’
+2 .
lﬂ(lﬂ’—g)r(l)
Skewness

3 / br(o)r (1 - %) bro)r (1 - %) br(r (1 - %)

T o o T Py e

3

br(b)r (1 —%)

- DrG-3)

+2

vi. Kurtosis

Putting a=1 and p = —p in the Kurtosis of generalized beta distribution of the first kind
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Kurtosis
/r(1 +b)r (1 —%) r(1+b)r(1 —%) r(1+b)r(1 _%)

\r(1+b—%)r(1)_ r(1+b—%)r(1)r(1+b—%)r(1)

— 44

Fa+b)r (1 - l) 2 ra+ b)r(1 _ Z)
+6 . p 2 >
F(1+b—5)r(1) F(1+b_2_9)r(1)
r(1+b)r (1 4 %) 4
_3 r(1+b+%)F(1)
iy /bF(b)F (1- %) » br'(b)r (11_ %) br()r (1 - %)

\F(1+b—%) F(1+b—5)l“(1)l“(1+b—%)

r(1 +b)r(1 —%) 2r(1 +b)F(1 —%)

r(1+b-2) F(1+b—%)

+6

1 4
_3 I‘(1+b)l“(1+5)

F(1+b+%)

5.4.5 Kumaraswamy distributions

Special case when a=1 and g=1 in equation 5.1 gives the following density function

py?~1(1 —yP)b~1
B(1,b)

f(y; p,b) =

= pby?~1(1 — yP )b~1, b>0___ (56)

Equation 5.6 is a Kumaraswamy distribution. On the other hand, if b=1 in equation 5.6

then we get the power distribution f(y; p) = pzP~!as in equation 2.12 or equation 4.10.
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This implies that the power distribution is a special case of Kumaraswamy distribution

with parameters (a,1). If p=b=1 in equation 5.6, then the Kumaraswamy distribution
becomes a uniform distribution.

5.4.6 Properties of Kumaraswamy distribution
i. rth-order moments
The r-order moments are obtained by substituting a=1 and g=1 in equation 5.2
T
B (5 +1,b)
B(1,b)
T
r (5 +1)br(b)

E(Y") =

I(£+1+b)

i bl (% +1)T(b)
H1+%+m

ii. Mean
The mean is given by substituting r=1 in the expression for the r"-order moments

br (219 +1)T(b)

1
'1+=-+b
(145 +b)

E(Y) =

iii. Mode

The mode of the Kumaraswamy distribution occurs at

d
@f(Y) =0

by (1 -y ) =0
pb[(p — DyP2(1 —yP)*~! + (b~ DA —yP)* 2. —py? L.y?'| = 0
[(p— Dy~ Ly (1 —yP)~ = (b= D)(1 —y?)°~ (1 — y») Tpy?yPy 1] = 0
P-D-Gb-DA-y")'py* =0
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(b — 1DpyP
(1-yP)
(p—DA-y?) =(b-1pyP
(p —py? — 1 +yP) = (pby? — pyP)
yP(-p+1—-pb+p)=1-p

1-p
yP =
1—pb

p-D=0b-DA—-y") py? =

1

—(1_p)5fr >1, bx1  (pb)% 1L1)
y_ 1—pb Op—; = 4 p: )

iv. Variance

Substituting a=1 and g=1in the variance of the generalized beta distribution of the first

kind we get
Var (Y) = r(i+ %) F(b)F(Zl +b) I° (1+ %) Fz(b)rzl(l )
r(1+b+5) F2(1+b+5)
| G 1, \]
=b!(b—1)!iz(pi_b!(b_1)! 1(pi |
I_(E-I_b)! (E+b)! J

v. Skewness
Putting a=1 and q = 1 in the skewness of generalized beta distribution of the first kind

and is given by
Skewness

br(r (a+ %) br(o)r (1 + %) br(b)r (1 + %)

F(1+b+%) F(1+b+%) F(1+b+%)

bI'(b)T (1 + %) 3

1

2 F(1+b+5)
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vi. Kurtosis

Putting a=1 and q = 1 in the Kurtosis of generalized beta distribution of the first kind and

is given by

Kurtosis

bro)r (1+3)  bro)r(1+ %) br(b)r (1 + %)

B I‘(1+b+%) o I‘(1+b+%) r(1+b+%)

br(B)F (1+ %) Cbr(o)r (1+ %) br(B)F (1+ %)
6 —
* F(1+b+%) F(1+b+%) ° 1“(1+b+%)

5.4.7 Generalized Power distribution Function

Special case when p=1 and b=1 in equation (5.1) gives the following density

ya—l

f;q,a) =m

Equation (5.7) is a generalized power distribution function.

5.4.8 Properties of power distribution

i. rt-order moments

Putting p = 1 and b = 1 in equation 5.2
q'T(a+ 1Dr(a+r)

Fla+1+nr)a)

q"ar(@r(a+r)
@+ Dr(a+nr(@)

q'a
D)

E(Y") =

a+r>0
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ii. Mean

qa
a+1

E(Y) =

iii. Variance
Putting p =1andb =11in the expression of variance for the generalized beta
distribution of the second kind we obtain
Fr@+2)T(Mr@+1) TI?G@+Dr2r@a+ 1)]

rG+1+2) T2(a+1+2)

o, al'(a) al'(@)ar(a)
—4a @+2) (@+1)?%@a+ Z)Zl

,[(@+1)*(a+ 2)al(a) —a’I'*(a)

(a+1)%(a+2)? l

Var(Y) = g* I

iv. Skewness
Putting p=1 and b = 1 in the skewness of generalized beta distribution of the first kind
and is given by

Skewness

o '@+ 1@+ 3) F'a+ Dlr(a+ 1DTr@a+ D@+ 2)
T \r@+1+3)r@ °"Ta@+1+Dr@TGE+1+2)(a)

@+ Dra+1) 3>
e <F(a Ti+ 1)F(a)>

4 a 3a? 2a3
-4 <a+3_(a+1)(a+2)+(a+1)3>
_ sfa@+1)*@+2)-3a*(@a+ 1*(a+3)+2a°(a+2)(a+3)
-1 < @+ 13@+2)(@+3) >
_ ,((@+5a*+9a%+7a% + 2a) + (—3a° — 15a* — 21a® — 9a%) + 2a° + 10a* + 12a°
-1 ( G+ 1)’@+2)@+t3) )
3 2aq3(1 —a)
T (@a+13@+2)@+3)

Standardized Skewness

2aq>(1 —a) (a+ 1)%(a+ 2)? F

- (a+1D3@+2)(@+3) |q?%(a+ 1)?(a+ 2)al(a) — a?T'?(a)
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_ 2a(-a®-3a’ +4) 1 z
h (a+3) (a+ 1)2(a+ 2)al'(a) — a2T'2(a)

v. Kurtosis

Putting p=1 and b = 1 in the Kurtosis of generalized beta distribution of the first kind
and is given by

Kurtosis

. F@+ DIl (@+4) F@+ D@+ 1DTr@+1r@+3)
A lr@+1+49r@ T@+1+Dr@7T@+1+3)(a)

I'(a+ Dra+1)\°T(a+ Dra+ 2) F(a+1Dr@+1) 4)
<I‘(a +1+ 1)F(a)> T@+1+2)T@ <F(a +1+ 1)F(a)>

o4 a 43> N 6a’ _ 3a*
— T \ara (a+1@+3) (@+1?@+2) (@a+1)*

Standardized Kurtosis

B (a+ 1)%(a+2)? 43>

B lqz(a + 1)%(a + 2)al'(a) — a?I'?(a) l <a +4 (a+D@+3)
6a3 3a* >

T aT a2 G+ D

5.4.9 Generalized Gamma Distribution Function

We show that the generalized beta distribution of the first kind approaches the

generalized gamma distribution as b—oo as follows:

1
Let the scale factor g changes with b as g=B(a + b)». Substituting this in equation 5.1 we
get

ply?* ' (1 = (——)")"!
B(a+b)r

fOipBa) = i
(B(a + b)?)?¢B(a, b)
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Collecting the terms yields

_(Iply?* "\ T(a+Db) . yr o\
- (F(a)Bp“ ) (F(b)(a + b)“) ( CBP(a+t b)>

For large values of b, the gamma function can be approximated by Stirling’s formula

1
T(b) = e=bp?72'2"

1
( T'(a + b) ) _emab(a+ p)*HP 2V
FBY@+D oy =337 (4 4 pya

1
_ e=(a+ b)P 72"
~ lim T =1
b-oo pb-3VZT
p b—1 (v P
Similarly, lim ) <1 — m> =e (ﬁ)

Pyt ()

f;p.Ba) = T e O<sy__ (58

Equation 5.8 is the generalized Gamma (GG) distribution function. See the relationship
of generalized gamma to other distribution under the GG derived from generalized beta
of the second kind where it includes lognormal, Weibull, Gamma, Exponential, Normal

and Pareto distributions as special or limiting cases.

5.4.10 Unit Gamma Distribution Function

Special case of generalized beta distribution of the second kind when a = 6/p and

getting the limit as p — 0 in equation 5.1 gives
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(1ol &1 1 - Gyt

f(y;q,6,b) = lim
p—0 \ (qp)g B(g’ b) /
y5—1 lp|(1— (g)p)b—l
= lim " 5
! ’ B&.b)
5— |p|(1 — (X)p)b—l
=y51 lim 5 q TC +b)
q p—0 r (E) [(b) P
o1 /lpl(l ~ eyt \
q°T'(b) p—0 \ r (g) p /
p
~ yo-1 . N
—quﬂaon@» l' O<y<qg_ (59

Equation 5.9 is the Unit gamma distribution. The unit gamma with g=1 is mentioned in
Patil et al (1984) and has been used as a mixing distribution for the parameter p in the

binomial, Grassia (1977).

5.5 Generalized Four Parameter Beta Distribution of the Second Kind

The generalized beta distribution of the second kind can be derived from the beta

distribution of the second kind in equation 3.1 by using the transformation

Gl
¥ \q
2]- @)
dx q?

1

The new limits are as follows (yg?)» = x
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Wheny =0, x = 0and wheny = o0, x = o0

The new distribution is

f(x;p.q,a,b) = f(y; a,b)/|

&) ey

) B(a,b) (1 + (g)w)a+b @

N IplxPe
q"*B(a,b)(1 + (P

0<x<o,ab,pq>0

The probability density function in equation (5.10) is a four parameter generalized beta
distribution of the second Kkind. It is a result of the pioneering work of McDonald (1984)
and Venter (1983) which led to this generalized beta of the second kind (or transformed
beta) distribution. It is also known in the statistical literature as the generalized F (see,
e.g., Kalbfleisch and Prentice, 1980). If p=g=1, then the generalized beta distribution of
the second kind in equation 5.10 reduces to beta distribution of the second kind in
equation 3.1. If p=1 in equation 5.10, one obtain the three parameter beta distribution in

equation 4.6.
5.5.1 Properties of generalized beta distribution of the second kind

i. rth-order moments
To obtain the r'-order moments of generalized beta distribution of the second kind, we

evaluate

[0¢]

E(YT) = f V' F(yia,b) dy
0

= dy

foo |p|yr+pa—1
0 X a+b
qP*B(a, b) (1 + (q)?’)
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1 )
" B(a,b) J, qra (1 N (g)p) 0

dy

T

p(a+£)—1 Ly b—-1
"™ (1- @) P(@45)gy

.
L (g

qp(a +%)

_ B( +r b r)
~ < Blab) \" T p

p

qpa+r—pa r r
=—— B(a+—,b—-)
B(a, b) p p

qTB(a+%,b —%)
B(a, b)

T (a +%)F(b —21?)
- RORO) '

—pa <r <pb (5.11)
ii. Mean

The mean of the generalized beta distribution of the second kind is found by substituting

r=1 in equation 5.11

Ba+ib-1
m; = EY) = - (aB(cfb) p)
1 1
_ qr(a+5)r(b—5) [(a+ b)
I'(a+b) "T(a)T(b)
qr(a+2)r(b-2)
B F(S)F(b) 2, bp>1
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qu(a+%,b—%)

m, = E(Y?) = Ba.b)

qZB(a+%,b—%)

B(a,b)

iii. Mode
The mode of the generalized beta distribution of the second kind occurs at

d (v; b)=0
dyf y:p;q;a; -

d IplyPe~ _
4y \ gr2B(a, b)(1 + ()P)**

ol df yr! — o
qP?B(a,b) dy (1+ (g)p)a+b

(pa _ 1)ypa —1- 1 (1 + (Y)p)a+b) (a + b) <(1 + (%)p)a+b—1 (Ll:l)>ypa—1

q

\
(+r)™) J
)

(
\ _

a-1- Y a+ Y a+b— pyp_—l a-—
ool g ()

=0

a—=1,,— X a+
<(pa - Dyy (A )

-1
~@+b) ((1 YA+ N (—"Y;Z )) ypﬂ) =0
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(pa—1)=(a+b)

P
1+ @M ()

(@ + P (%)P)(pa — 1) = (apy” + bpy?)

q°pa — q° + yPpa — y? = apy® + bpy?
yP(pa+pb—pa+1)=q’(pa—1)
»_ @(pa—-1)
(pb+1)

1
pa— 1\p

pb+1) ifpa > 1

v

iv. Variance

The variance of the generalized beta distribution of the second kind is given by

Var(Y) = E(Y?) —{E(V)}?

[8(a+2.0-2) (B(a+in-1) |
=qu B(a,b) B(a,b) JI

Coefficient of Variation

qzl[B(a+%,b—%) B( +%,b—%) ]I
|~ B(a,b) B(a,b) J|

CV =

l[ (a+—a—%)B2(a b) B(a+1,b—%)

lB(a b)B2 a+%,b—%) B(a,b) Bz(a+1,b—1)J

111



B(a+%,b—%)B(a,b)
= ~1
B? (a+%,b—%)

v. Skewness

Skewness of the generalized beta distribution of the second kind can be given by

Skewness = E(Y3) —3E(Y)E(Y?) +2 {E(Y)}®

q3B(a+%,b—g) qB(a+%,b—%)qu(a+z,b—g)

s p’” " p
B(a, b) B(a,b) B(a,b)
3
qB (a +l,b - 1)
+2 b _ P
B(a, b)

3/B(a+%,b—%) B(a+%,b—%)B(a+%,b—%)

q\ Bab) > B@bh B(a,b)

Blatdn-1)\

+2 Bla.b)

E(Y3)—-3E(Y)E(XY?) +2{E(V)}¥
0-3

Standardized Skewness =

vi. Kurtosis
Kurtosis of generalized beta distribution of the second kind can be given by
Kurtosis = E(Y*) — 4E(Y)E(Y3) + 6 E{(Y)}*E(Y?) =3 {E(Y)}*
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_ p__pv_, P’ p p" D
B(a, b) B(a,b) B(a,b)
1 1) 2 2 2
B(a+2,b—=)\ ¢*B(a+%,b-%
e
B(a,b) B(a,b)

\ B(a,b) B(a,b) B(a,b)
1 1\ 2 2 2 1 1\ 4
B = b—=)\ B Zp-=2 B N
N e e I e
B(a,b) B(a,b) B(a,b)

E(YH) —4E(Y)E(Y3) + 6E{(Y)}*E(Y?) —3{E(")}*
v

Standardized Kurtosis =

5.6 Special Case of the Generalized Beta Distribution of the Second
Kind
The generalized beta distribution of the second kind nests many distributions as special or

limiting cases, below is a consideration of some of the distributions and their properties

5.6.1 Singh-Maddala (Burr 12) Distribution
Special case of the generalized beta distribution of the second kind when a=1 in equation
5.10 gives the following density function

IplyP~?
q?B(1,b)(1 + (%)P)”b

fGipq,b) =
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_ plby?!
ar (1+Qr) 1

The CDF of equation 2.1 is given by

y>0 (5.12)

Fp =1-(1+Cr) "

Where all three parameters p, g, b are positive. q is a scale parameter and p, b are shape
parameters; b only affects the right tail, whereas p affects both tails (Kleiber and Kotz,
2003). Singh Maddala distribution is known under a variety of names: Usually called
Burr Type 12 distribution, or simply the Burr distribution. The Singh-Maddala
distribution includes the Weibull and Fisk distributions as special cases.

5.6.2 Properties of Singh-Maddala distribution

i. rth-order moments
The r™-order moments of the Singh-Maddala distribution can be obtained from the
expression of the r'™" —order moments of the generalized beta distribution of the second
kind by substituting a=1 in equation 5.11. Thus

¢B(1+5,b—1)

EQT) = B(fb) :
T(1+2)r(p-2
:q ( Fp(z)( p), —-p<r<pb

il. Mean

The mean is given by

qF(1+%)F(b—%)

E() = 0

iii. Mode
The mode of the Singh-Maddala distribution is given by
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1
p
) ifp>1

p
de = (
Mode =q{ 17

and at zero elsewhere. Thus the mode is decreasing with b, reflecting the fact that the
right tail becomes lighter as b increases

iv. Variance

2

fB(L+3b—Z) cw(1+¥b—1)

Var(Y) = 0% = P P _ P P
B(1,q) B(1,b)

2 2

qzbr(14-5)r(b-%) qbr(14-%)r(b-%)

br'(b) br'(b)

I(b)F(l4—%)r(b-%)..rz(14_%)rz(b__%)

I'2(b)

2

=q

Hence the coefficient of variation is given by

cv=2
U
2 Hmr@+%ﬁ(b—9—r%1+ar%b—a
q rZ(b)

CV =
1 1
arL+)re -

I

T%%;J{Fﬂﬂr(l—k%)r(b——%)——F2(14—%)F2(b——%)}
ar(+re —3)
I'(b)

J{raﬂr(1-rg)r(b-%)-r2(14—%)r2(b-%)}

1 1
ra+ E)F(b — 2_7)
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YOS +%)F(b—%) r2 (1+%)r2 (b—%)

F2(1+%)F2(b—%) F2(1+%)1“2(b—%)

r(b)T (1 + %) r(b - %)
r2 (1+%)r2 (b—%)

-1

v. Skewness
Putting a=1in the Skewness of generalized beta distribution of the second kind

Skewness

) 3/3(1+%,b—g)_33(1+%,b—%)B(1+%,b—%)

- \ B(1,b) B(1,b) B(1,b)

B(1+%,b—%) ’

2\ B b

3 3 1 1 2 2
=q3 bB(1+—,b——>—3bB(1+—,b——>bB<1+—,b——)
p p p p p p
3
1 1
+2 bB<1+—,b——>
p p

Kurtosis of Singh-Maddala distribution can be obtained from the Kurtosis of generalized

vi. Kurtosis

beta distribution of the second kind by letting a=1
Kurtosis = E(Y*) — 4E(Y)E(Y3) + 6 E{(Y)}*E(Y?) =3 {E(Y)}*
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(205509 pliriaBeeds-d

_q 4 p p p p
\ B(1,b) B(1,b) B(1,b)
1 17\ 2 2 2 1 1\ 4
B(1+=,b—=)\ B(1+%,ph-% B ~ bh—=
e (+p p) (+p p)_3 (a+p p)
B(1,b) B(1,b) B(1,b)

1 1Y 2 2
+6 bB(1+—,b——) bB(1+—,b——)
p’p p’" p

-3 (bB (a +%,b —%))4)

5.6.3 Shapes of Singh-Maddala distribution

8
7
6
s (a,9,b)=(1,1,1)
—(a,9,b)=(1,2,1)
4 (a,a,b)=(1,3,1)
3 (a,0,b)=(2,1,1)
—(a,q,b)=(3,1,1)
2 (a,a,b)=(0.5,2,1)
1 .
0
Ot 0o N O AN S O N O FToON O OSSO N OO 0o N O -
SO Hd A gNNMNMMNGIINNGOORNNIRRXQ D
O O O o O O O o O O O o O O O o O O O o
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5.6.4 Generalized Lomax (Pareto type II) Distribution

Special case of the generalized beta distribution of the second kind when p=1, q = %and

a = 1in equation 5.10 gives

[1]yt®-1
flyiAb) = 1311 Y \1y1+b
B, b)(A+ ()
A
Ab
= ar e V>0 (5.13)

The CDF is given by
F =1-1+a)™

Equation 5.13 is the general expression of Lomax distribution which becomes equation
3.8when1=1.

5.6.5 Properties of Generalized Lomax distribution

i. rth-order moments
The r'"-order moments of the generalized Lomax distribution can be obtained from the

expression of the r'"-order moments of the generalized beta distribution of the second

,a =1 inequation 5.11.

> =

Kind by substitutingp =1, q =

(%) (1 +PTb—7)
I (b)

E(Y") =

il. Mean

The mean is given by

TN+ Db - 1)

E(Y) = I(b)
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(b -2)! i

“h-Do-2 _ib-1n 71

iii. Mode
The mode of generalized Lomax distribution is given by

Mod _1(1—1)_0
=1 +1)7

iv. Variance

The variance of generalized Lomax distribution can be obtained from the variance of

generalized beta distribution of the second kind by substituting p = 1,q = % anda =1

1 2
(7) Ba+2b-2) {qB(l +1,b— 1)}2

Var(Y) = B(1,b) B(1,b)

2

T hb-Db-2)b-3) |b-1Db-_2)
1\ 1 2 1
:<i> (b—1)((b—2)_(b—1))
Y1 (20-1)—(b-2)
_<Z> (b—1)< (b-2)(b-1) >
b

~ 220 - 12(0b-2)’

Hence the coefficient of variation is given by

() 69 | (o -2 |

b>?2

o
CV =—
U

b
oo Jﬂ(b—i)%b—a
Alb—-1)
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B 22(b—1)%b
2 -12(b-2)
B b
- Jb-2)

Skewness of generalized Lomax distribution is given by

v. Skewness

skewness = E(Y3) —3E(Y?)E(Y) + Z(E(Y))S

3 2
B (%) T(4Iro - 3) (%) re3re-2) 1 1
= ['(b) -3 r(b) TCREVRRVEICEEVE

_ 1 6 6 2
B /1_3((1) " Db-2)b-3) b-120b-2) b= 1)3)

e (b—1)3(b—2)(b—3)

1 2b(b + 1)
- /1_3<(b ~1D3b-2)(b- 3)>

1 <6(b2 —2b+1)+6(=b?>+4b—3)+2(b%>—-5b + 6)>

2b(b + 1) 1
ABb-1)30b-2)(b-3) b 3
<Jﬂ®—1ym—zﬁ

Standardized skewness =

“2B0b-130b-2)(b-3) b
20+ 1) [(b-2)
~ (b-3) b

Kurtosis of generalized Lomax distribution can be obtained from the kurtosis of

3
2b(b + 1) T ( (b— 2)>

vi. Kurtosis

generalized beta distribution of the second kind by substituting p = 1,q = % anda =1

120



Kurtosis

_(W\(BA+4b-4) BA+1,b—1)B(1+3,b-3)
‘(i) B(1,b) B(1,b) B(1,b)

B(1+1,b—1)\*B(1+2,b—2) B(1+1,b-1) 4)
( B(1,b) > B(1,b) _< B(1,b) )

4

= (%) (bB(S, b —4) — 4bB(2,b — 1)bB(4,b — 3) + 6(bB(2,b — 1))2bB(3,b ~2)

—3(pB(2,b - 1))")

! 4 24 4 6
_(Z> <(b—1)(b—2)(b—3)(b—4)_(b—1) (b—1)(b—2)(b—3)

2 4
+6<(bi1)> (b—l)z(b—Z)_3(ﬁ) >

4

1 24 24 12
- (E) ((b “Dh-2)b-3)b-4) (G-120-2)0b-3) (b-1730-2)

5= 57)

5.6.6 Inverse Lomax Distribution

Special case of the generalized beta distribution of the second kind when b=1and p=1 in

equation 5.10 gives

aya—l
f(y;q,a)zm, y>0, ¢>0, a>0 (5.14)
q o

q

Equation 5.14 is the inverse Lomax distribution
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5.6.7 Properties of Inverse Lomax distribution

i. rth-order moments

The r'-order moments of Inverse Lomax distribution can be obtained from the expression
of the r'"-order moments of the generalized beta distribution of the second kind by
substituting p = 1, b = 1 in equation 5.11.

~_(@T@a+nra-r)
EY) =T

ii. Mean
The mean of inverse Lomax distribution is given by

(@OT(a+ 1 -1)
F(a)r(1)

E(Y) =

iii. Mode

The mode of inverse Lomax distribution is given by

a—1
Mode=q( > )

iv.  Variance
The variance of inverse Lomax distribution can be obtained from the variance of
generalized beta distribution of the second kind by substituting p = 1,and b = 1
Var(Y) = q*[bB(3,b —2) — {bB(2,b — 1)}?]
Var(Y) = q*[aB(a + 2,1 — 2) — {aB(a + 1,1 — 1)}?]
= g*[aB(a + 2,—1) — {aB(a + 1,0)}?]

v. Skewness
The skewness of inverse Lomax distribution can be obtained from the skewness of

generalized beta distribution of the second kind by substituting p = 1,and b = 1

_ ,(B@+31-3) _Bla+11-1)B@+21-2) _(Bla+11-1)’
-1 B(a,1) ~  B(a1) B(a, 1) < B(a, 1) >
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vi. Kurtosis
The Kurtosis of inverse Lomax distribution can be obtained from the kurtosis of

generalized beta distribution of the second kind by substituting p = 1,and b = 1

Kurtosis

. B(a+4,1—-4) B(a+11-1)B(a+31-3)
—4 Bla,1) B(a, 1) B(a, 1)

B(a+1,1-1\*B(a+21—2) B(a+11-1) 4)
6( B(a, 1) > B(a,1) _3< B(a,1) )

5.6.8 Dagum (Burr type 3) Distribution

Special case of the generalized beta distribution of the second kind with b=1 in equation

5.10 gives the following density function

Iplay”* !
f(y;p,qa) = 7 , y>0, p>0 q>0,
g (1 + (5)’”)1+a

a>0 (5.15)

Equation 5.15 is the Dagum distribution. The Dagum distribution is also known as Burr
Type 3 distribution in the statistic literature (Kleiber and Kotz, 2003)

5.6.9 Properties of Dagum distribution

i. rth-order moments
The r-order moments of the Dagum distribution can be obtained from the expression of
the generalized beta distribution of the second kind by substituting b=1 in equation 5.11.
Thus

qTB(a+£,1—£)

" _ p p
E() = B(a, 1)
¢'T(a+-)r(1-1)
= FIZa) p , —pa<r<p
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ii. Mean

The mean is given by

1 1
ql(a + 5)F(1 - 2—9)

EN =%

iii. Mode
The mode of the Dagum distribution is given by

1
a—1\r
pp+1)p ifpa > 1

Mode = q(

and at zero elsewhere.

iv. Variance

qZB(a+z,1—z) qB(a+1,1—1) i

Var(¥) = o* = B(cfl) = - B(cf D -
q?al (a+%)f‘(1 —%) an(a+%)F(1—%) 2
- al(a) B al'(a)
. r@r(a +%) r(1 —%) T2+ %)FZ (1 —%)

I'?(a)

Hence the coefficient of variation is
2 2
r@)r (a + z_?) r (1 - z_?)

r2(a + %)rz (1- %)

cv =+ -1
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5.6.10 Para-logistic distribution

Special case of the generalized beta distribution of the second kind with a=1 and b=p in
equation 5.10 (Klugman, Panjer and Willmot, 1998)

lply?™"
qPB(Lp)(A+ ()

fly;p,q) =

I L i
P (1+ @)

y>0 (5.16)

5.6.11 General Fisk (Log-Logistic) Distribution Function

Special case of the generalized beta distribution of the second kind when a=b=1 and
q= % in equation 5.10

plzPt~!

f(y;p,A) = —
(I) B(1,1)(1 + (%)P)1+1

A

_ Alpl@y)r~!

=d+ o) ,y >0 (5.17)

Equation 5.17 is the general form of the log logistic distribution. The Fisk (Log-logistic)

distribution can also be obtained from Singh-Maddala distribution by letting b=1 and q:%

or from Dagum distribution by letting a=1 and g = %
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5.6.12 Properties of Fisk (log-logistic) distribution

i. rt-order moments
The r™-order moments is obtained from the r"—order moments of the generalized beta

distribution of the second kind by substituting a=b=1 in equation 5.11. Thus we get
T

T
E(Y") = q'B (1 o1 —)
p’p
rr<1+r)l“(1 T) <r<
= — —-—], — r
q P P p p

ii. Mean

The mean is given by

iii. Mode
The mode of the Fisk distribution is given by

1
Mode = (70_1)5 fp>1
ode =g¢q P+ 1 ifp
and at zero for p < 1.
iv. Variance

2 2 1 1\)

Var(Y) = ¢? =qZB(l+—,1——>—{qB(1+—,1——)}
p p p p
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~r(1+2)r(1-2) - fara+ Hr(1- )
K p p 1 p p
2 2 1 1
= fr(1+3)r(1-5)-rea+orr (1-2)}
p p p p
5.6.13 Fisher (F) Distribution Function

Special case of the generalized beta distribution of the second kind when a = %,b =

~p =1and q = - in equation 5.10

fly;u,v) = lllyl%_l
Pl U
v\, v\ o
G) ‘G| 1+(%
u
r (u + v) (E)% %—1
= Z & 4 u+tv (518)

Equation 5.18 is the Fisher (F) distribution.
5.6.14 Properties of F distribution

i. rth-order moments

The r-order moments is obtained from the r'"-order moments of the generalized beta
distribution of the second kind by substituting a = % b= g,p =landq = 5 in equation

5.11. Thus we get

() BG+rs-r)

B(23)
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ii. Mean

The mean of F distribution is given by

iii. Mode
The mode of F distribution is given by

iv. Variance

The variance for F distribution can be given by

Var(Y) =

@’B(z+23-2) (v y
T
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—ne
NI —
|

N
~
~—
N <

|

w

~

)

_ &

u+2 1 )
=v2<u(v—2)(v—4)_{v—2}>

o, (vu+2v—-2u—4) —uv +4u
—v( u(v—2)2(v—4) >
ut+v-—2
u(v—-2)2(w—4)

=2v2< ),v>4

5.6.15 Half Student’s t distribution

Special case of the generalized beta distribution of the second kind when a = %,b =

%,p = 2 and g = /7 in equation 5.10

1
2ly*2 "

f(y; T') = ) 17
1 2\2"2
(835 (1+(2))

1+r)

2F< 2 —o < y<

141’

) (es)

Equation 5.19 is the Half student’s t distribution.

(5.19)
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5.6.16 Logistic Distribution Function

Letting y = e* and |Z_Z| =e*

In equation 5.10 for the generalized beta distribution of the second kind, we get the

following density function

pax —x
fGp,A) = Iple e .e*
qP*B(a,b)(1 + (7)")3”’

~ |p|epax
= opalog (q)B(a, b)(l + (exe—logﬁﬁiq))p)a+b

|p|epa(x—log @)
- B(a,b)(1 + ep(x—loga))a+b’

—0<x <o (5.20)

Equation 5.20 is the generalized logistic distribution. McDonald and Xu (1995) referred

to equation 5.20 as the density of an exponential generalized distribution. The standard

logistic distribution can be obtained by settingp =q=a=b =1as

X

9= arey

5.6.17 Generalized Gamma Distribution Function

We show that the generalized beta distribution of the second kind approaches the

generalized gamma distribution as b—oo as follows:

1
Let g=Pbr. Substituting this expression in equation 5.10 yields

Iplyre

f;p,Bab) = —
(BbP)P¢B(a,b)(1 + (Ll)p)aﬂy
BbP
_ IplyPe—t
baP® B(a, b)(1 + %(%)p)aHa
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Grouping the terms gives

a+b

|p|y”“‘1> (F(a + b) 1

fOip.B ab) = (F(a)ﬁpa TBb/\ (1 4 %(%)p)

For large values of b, the gamma function can be approximated by Stirling’s formula

thus

1
(F(a + b)) _emab(a+ p)*HP 2V

['(b)b¢ o—bpP2V7T pa

1
_ (F(a + b)) i € et p)P 2 )
bow \ T(b)be ) — boos pb-3V7T a
1 AN
Similarly, lim 1 =e (ﬁ)
b—oo (1 +B()E/)p)a+b
taking the limit of f(y; p, B, a, b)as b — o yields
lplyra=t 2y

f(y:p,B,a)=me (B) , 05y (5.21)

Equation 5.21 is the generalized gamma (GG) distribution function equivalent to the one

derived in equation 5.8.
5.6.18 Properties of Generalized Gamma distribution

i. rth-order moments

To obtain the r™-order moments of the generalized gamma distribution, we evaluate
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[oe]

EWO=f:Wﬂ%n&®@

0

N

=<

—
=

_fooyrlplzpa—l 4
B 0 Bpar(a) ¢ Y
p

dy

A
<
—

f“mww”*l
B 0 Bpar(a)

o lply? @ Pl (a+ %)

) fo D g ()T (a + %) ’

_WF@+QIM|MWW?* @
I O) (a+D)
© g r(a])

The expression under the integral sign integrates to 1

BT (a + %)
~E(Y )=W, —pa<r<o (5.22)
ii. Mean
The mean is given by
pr (a + 1)
E(Y)=— P2
I'(a)

iii. Mode

The mode of the generalized gamma distribution occurs at

d =0
d—yf(Y) =
d (lply=t )
sl )=
(pa — 1)y”“‘1.y‘1e_(’3)p - m[/;:l p“‘le_(/%)p =0
14
(pa—1) = %
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and at zero forp < 1.

iv. Variance
2

2 1
vy 2 Tlary) [pr(aty)

I'(a) I'(a)

B2r@r(a+ %) —p2r? (a+ %)
- I2(a)

= FZ'B—;)<F(a)F (a + %) —TI? (a + %))

v. Skewness
Skewness of the generalized gamma distribution can be expressed as follows
Skewness = E(Y3) —3E(Y?)E(Y) + 2{E()}3

=B3F(a+%) 3B3F(a+z)l"(a+1) 2ﬁ3r3(a+1)

- p p p
I'(a) 2 (a) I’ (a)
_ BT (@)r (a + %) —3p°r@r (a + %) r(a+ %) +2p°r° (a + %)
*(a)
vi. Kurtosis
Kurtosis of the generalized gamma distribution can be expressed as follows
Kurtosis = E(Y*) —4E(Y3)E(Y) + 6E(Y2){E(Y)Y—3{E(Y)}*
4 3 1 2 1
_ B4F (a + 5) B 4B3F (a + 5) BF (a + 2—9) 6B2F (a + E) BZFZ (a + 5)
I'(a) I'(a) I'(a) I'(a) I?(a)
1
., B4F4 (a + 5)
*(a)
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Ly F(a+%) _4r(a+%)r(a+%) 6F(a+%)1”2 (a+%) r (a+%)
I'(a) I*(a) 3 (a) '(a)

5.6.19 Gamma Distribution Function

Special case of the generalized gamma distribution derived in equation 5.21 when p=1
gives

a—1 [y
f(y;B,a)=%e (ﬂ) 0<y (5.23)

Equation 5.23 is the gamma distribution.

5.6.20 Properties of Gamma distribution

i. rth-order moments
The r™-order moments of the Gamma distribution can be obtained from the expression of
the moments of the generalized Gamma distribution by substituting p=1 in equation 5.22.
Thus

BT (a + t)
o p
E(Y") = T@
_PTra+r)
 I(a)
ii. Mean
The mean is given by
1
E(Y) = % = Ba
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iii. Mode
The mode of the Gamma distribution occurs at

1

Mode=,8<a—%)p=8(a—1), a>1

iv. Variance
The variance of gamma distribution can be obtained from the variance of generalized
gamma distribution by substituting p=1 as follows:

2
Var(Y) = @ (Tr@r(a+2)-T?(a+1))

= Fz—;) (Fr@(@+ D(@r(a) - (@T@@r(@)

2
= FZ'B—(a)(a)Fz(a)((a +1) - (a))

= a'BZ

v. Skewness

Skewness = E(Y3) — 3E(Y2)E(Y) + 2{E(Y)P

_PBr@+3) ; <B2F(a +2)

@ @ >.aB + 2(ap)?

_PFa@+2@+D@I@ (3ap’a+ 1)@ (a)
B '(a) _< '(a)

>+zmm3
=p}a+2)(@+1)(a) - 3ap’(a+ 1)(a) + 2(ap)3
= a3p® + 3a2p’ + 2ap® — 3a3p° — 3a2p’ + 2a3p°

= ZaB3

The standardized skewness is given by
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ZaB3
(ap2)?
_ 2

Va

Standardized skewness =

vi. Kurtosis

Kurtosis is given by

Kurtosis = E(Y*) —4E(Y®)E(Y) + 6E(Y2){E(Y)}* - 3{E(")}*

4 3 2
=<[3 F(a+4)>_4<[3 F(a+3)>.aﬁ+6<ﬁ I'(a+2)

F(a) F(Cl) F(Cl) > (aB)z - 3(aB)4

= (B*(a+3)(a+2)(a+1)(a)) — 4ap*(a + 2)(a + 1)(a) + 6a%p*(a + 1)(a)
— 3a*p
= (a*p" + 6a°p" + 11a2p" + 6ap* — 4a*p’ — 12a°p" — 8a?p" + 6a*p" + 6a°p"
— 3a*p")
= 3a2B" + 6ap*
The standardized kurtosis is given by

3a2p" + 6ap*

Standardized kutosis = 7
a?p

5.6.21 Inverse Gamma distribution

Special case of the generalized gamma distribution derived in equation 5.21 when

p = —1 gives
—a—1 (Y -1
f(y;B,a)=%e(ﬁ) , 0<y
b6, o< y (5.24)

= — y
y1+ar(a) N ’

Equation 5.24 is the inverse gamma distribution
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5.6.22 Properties of Inverse Gamma distribution

i. rth-order moments
The r-order moments of the Inverse Gamma distribution can be obtained from the
expression of the moments of the generalized Gamma distribution by substituting

p = —1 in equation 5.22.

o~ B'T(a—r)
O
ii. Mean
The mean is given by
B Br(a—1)
E(Y) = T
_ pla—2)!
T (a-1D@-2)!
_ B
Ta-—1

ili. Mode
The mode of the inverse Gamma distribution occurs at
Mode = B(a + 1)1

B

=—, >1
Ga+1) a

iv. Variance
The variance of inverse gamma distribution can be obtained from the variance of

generalized gamma distribution by substituting p = —1 as follows:

2
Var(y) = rzﬁ(a) (r@r@-2)-r(a-1))
_BFa-D'a-3)~-(a—2)(a—2)!
B a—D!@-1)!
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1 1
=5 ((a— DGa-2 G@-Da- 1))

,82

=(a_1)2(a—2), a>?2

v. Skewness

Skewness of inverse gamma distribution can be as follows

Skewness = E(Y3) —=3E(Y))E(Y) + 2{E(V)}?

3 2 3
=BF(a—3)_3<BF(a—2)> p +2( B)

I'(a) I'(a) ‘a—1 a—1
_ B’(a—4)! 3p°(a — 3)! 2p°
T @-D@-2)@-3)a-4)! <(a -1D*@-2)a- 3)!> (a—1)°

_ B’ 3p° 2p°
T G@-D@-2)@-3) <(a —1)?(a— 2)> * (a—1)°

_ 5((@-2a+1)- (3a®* — 12a +9) + 2(a® — 5a + 6)
- @a-1)%(a—2)(a-3)

= ((a— 1)3(a4— = 3))

_ 4p°
T (a-13@-2)(a-3)

The standardized skewness is given by

483
(a—1)3@-2)@a—-3)
3
((a —1?%(@a—- 2))2

Standardized skewness =

4p° (a—13@-2)/(@-2)
3

" G-13G-2)@a-23) B
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4,/(a—2)

(@a—3)

vi. Kurtosis

Kurtosis is given by

Kurtosis = E(Y*) —4E(Y®)E(Y) + 6E(Y2){E(Y)}* = 3{E(")}*

_(B'Ta-4) B°ra—3)\ B Bra—2)\ B \° B \*
‘( r@ )‘4< o) >'a—1+6< r@ >'(a—1) -3(;5)
~ B4 4[34 6[34

T @-D@-2@-3n@-4 @-D¥a-2@-3)  @-Da-2)

4
_3(aE1)
/ (a-1)3—-4(a—1)%*(a—4) + \
4)

sl 6la—1)(@a—3)(a—4)—3(a—2)(a—3)(a-
=P @—D*a—-2)(a-3)a—4

—72—-3a3 +27a? — 78a + 72
(a—D*(a—2)(a—-3)(a—4)

a’>—3a’+3a—-1 —4a® +24a? — 36a+ 16 + 6a® —48a? + 114a
B

a4 3a+ 15
=B ((a D a=2)(a—3)a— 4))

The standardized kurtosis is given by

3a + 15 (a—D*@=-2)
a—1)4(a—2)(a—3)(a—4))' B*

_ 3(a®*+3a-10)

Standardized kurtosis = B4 <(

- (p-3)a-4)
3(a—2)(a+5)
" w-3a-n’ *+7°
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5.6.23 Weibull Distribution Function
Special case of the generalized gamma distribution derived in equation 5.21 when a=1

f(y}p'B)=|mBL:e_(%) , 0<y
- (g%) ot e (5.25)

The cdf of the distribution in equation 5.25 is given by

F(y) =1-— e 7)

Equation 5.25 is the Weibull distribution with p > 0 as the shape parameter and g > 0 as

the scale parameter.
5.6.24 Properties of Weibull distribution

i. rt-order moments
The r™-order moments of the Weibull distribution can be obtained from the expression of
the moments of the generalized Gamma distribution by substituting a=1 in equation 5.22.
Thus

pr(1+Z
F = r(<—1>p)
= BTF(l +£)
ii. Mean
The mean is given by
) =pr(1 +%> = EF@

iii. Mode
The mode occurs at
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Ef()’) =
d(Ipl\ ,_, (%)
E(B_"J)yp 1 (ﬂ) =0
P 1 P
(%)((zo— nyrte ) 22 ) y,,_1> ~0

_ P
-y =g !
p?(p — 1) =py?

1
p—1

y=ﬁ(7)5, p>0

iv. Variance

Var(Y) = E(Y?) — (E(Y))?
- Bzr(1 +§) — BI? (1 + %)

=B2F(1+§)—u2

5.6.25 Exponential distribution Function

Special case of the generalized gamma distribution in equation 5.21 with p=a=1 gives

£ Lpa=1) 11z 0 <
; = ) ;a = = e >
y;p Blr(l) y
1 X

=5 ® o<y (5.26)

and the cdf is given by
2
F\)=1-¢ ®
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Equation 5.26 is the exponential distribution. This exponential distribution can be
expressed as a special case of gamma distribution in equation 5.23 with a=1 and also a

special case of Weibull distribution in equation 5.25 with p=1.
5.6.26 Properties of exponential distribution

i. rt-order moments
The r-order moments for the exponential distribution can be obtained from the
expression of moments of the generalized gamma distribution in equation 5.22 by

substituting p =a =1

o Br(1+7)
EOD="Fmy
=R T(1+r)
= B'rl(r)
ii. Mean
The mean is given by
E(Y) =p'(1)
=P

iii. Mode
The mode of the exponential distribution occurs at

d
Ef()’) =0
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iv. Variance

From the r™-order moments given by
E(Y)=pr
the variance is given by o2 = 2p* — (B)?
= B

5.6.27 Chi-Squared distribution function

Special case of the generalized gamma distribution in equation 5.21 when p=1, a = g and

B = 2 gives
11lyz! @
f(y;n)=E e z2) , 0<y
221 (3)
1 513 0< (5.27)
= y2 ez, 0<y .
227 (3)

Equation 5.27 is the chi-squared distribution. Chi-squared distribution is a special case of

the gamma distribution in equation 5.24 when a = Tz—land B =2

5.6.28 Properties of Chi-squared distribution

i. rt-order moments
The r-order moments for the Chi-squared distribution can be obtained from the

expression of moments of the generalized gamma distribution in equation 5.22 by

substituting p = 1,a = % and p = 2

zrr( +

)

NS
==

E(Y") =
I

/N

n
2
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B ZrF(E+r)

N

ii. Mean

The mean is given by

2r (5 +1)
r(z)
_29r(3)

r(2)

E(Y) =

iii. Mode
The mode of the Chi-squared distribution can be obtained from the mode of generalized

gamma distribution by substituting p = 1,a = % and B = 2 and is given by
n
y=2(3-1)
=n-—2

iv. Variance

The variance of Chi-squared distribution can be obtained from the variance of

generalized gamma distribution by substituting p = 1,a = % and g =2

Var(Y) = FZL(H) <r (g) r (g +2)-T7 (g + 1))

2

~1(3G+1)-@)

=2n
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5.6.29 Rayleigh distribution function

Special case of the generalized gamma distribution in equation 5.21 when p=2, a = 1 and

B = av2 gives

_ 2
2y ()

f(Y;(X)=me o

, 0y

2
(>
_Y @R oc y (5.28)
The cdf is given by

Y
Fy)=1—e2aZ, 0<y

Equation 5.28 is the Rayleigh distribution. Rayleigh distribution is a special case of
Weibull distribution with p=2 and B=a+/2 in equation 5.25.

5.6.30 Properties of Rayleigh distribution

i. rth-order moments
The r'"-order moments for the Rayleigh distribution can be obtained from the expression

of moments of the generalized gamma distribution in equation 5.22 by substituting p=2,
a=land p = a/2
r Tr
(@V2) T (1+7)
r'(1)
r Tr
= ((X\/E) I (1 + E)

E(Y") =

il. Mean

The mean is given by
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E(Y) = (a/2)r (1 + %)

T

(04
—EVZT[—(X >

iii. =~ Mode
The mode of the Rayleigh distribution occurs at

d
Ef()’) =0

d(y _»°
= —\| — 202 | =
& <a2 e > 0

1 22 2y 2%
=? e 2a —yz—aze 2a =0

iv. Variance

From the r'-order moments given by

BV = (2) T (145)

the variance is given by o2 = (a\/i)zl“ (1 + %) — ((a\/f)l“ (1 + %)) 2

402 — o

T

2
4 —1

— o2
“(2)

5.6.31 Maxwell distribution function

Special case of the generalized gamma distribution in equation 5.21 when p=2, a = % and

B = a2 gives
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fly; ) w2/, 0<y
(« 2)2(%)r (i)
_ 2y” e~y /(aV2)?
(w2)'r (3+1)
()
= 1 1 e \2x
2VZ a® 5T (7)
= i e_(Zy:2>
V2 a3y/m
= yz e_(Z}ZXZZ)
Fo
2 yze_(ZyCXZZ)
= |2 2—— o<y (5.29)

Equation 5.29 is the Maxwell distribution.
5.6.32 Properties of Maxwell distribution

i. rth-order moments
The r'"-order moments for the Maxwell distribution can be obtained from the expression

of moments of the generalized gamma distribution in equation 5.22 by substituting p=2,

a=3/2 and p = a/2
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ii. Mean

The mean is given by

iii. Mode
The mode of the Maxwell distribution occurs at

y? y?
<2ye_m —y? %e_m> =0

iv. Variance

From the r'-order moments given by

E(Y") = (m/i)rr(%+ g)

the variance is given by

(@2)T(5+3) <za\/7>2

o L

Var(Y) =
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5.6.33 Half Standard normal function

Special case of the generalized gamma distribution in equation 5.21 when p=2, a = % and

B =2

2(1)—1 2
roy =22 )
(V2) 71 (3)
= \/% e_g , 0y (5.30)
T

5.6.34 Properties of Half Standard normal distribution

i. rth-order moments
The r'™-order moments of the Half-standard normal distribution can be obtained from the

expression of the moments of the generalized gamma distribution by substituting p=2,

a= % and B = /2 in equation 5.22 as follows

r (1 r

E(Y") = SO0 (17 i 7)
r()

ii. Mean
The mean is given by

171 1

oy VAT (17+ 2)
rz
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iii. Mode
The mode is given by

iv. Variance

Variance is given by

\/221"1 Z
Var(Y)=( ) (2+2)_E

NORE

=1

5.6.35 Half-normal distribution function

Special case of the generalized gamma distribution in equation 5.21 whenp = 2, a =%
and B = o/2 gives

21y?@!
(ov2)22r (3)

f(y;0) = e_(“y_\/?) , 0<y

\/Ee(%)
= = , 0<y (5.31)

Equation 5.31 is the Half-normal distribution.
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5.6.36 Properties of Half-normal distribution

i. rth-order moments
The r-order moments of the Half-normal distribution can be obtained from the
expression of the moments of the generalized gamma distribution by substituting p=2,

a= % and p = o+/2 in equation 5.22 as follows

()T (3+3)
E(Y") = I
r(2)
ii. Mean
The mean is given by
E(Y) = (0\/5)1“ (% + %)
- v
_ov2
Cn

iii. Mode
The mode of the Half-normal distribution is given by

1

1 1\2

- o3}

y G\/—Z )
0

iv. Variance

Variance is given by
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5.6.37 Half Log-normal distribution function

Letting

y = (In(x) — p) and |Z—z| = i in equation 5.21 we get

. _ |p|(n(x) —ppal (- P4
Fosno) =Py — e U

Substituting p=2, a = % and B = o/2 gives

% ) 2 _(ln(X);#)Z
X;W,0) = e 20
H OXV2T
2 _(In(x)—p)?
fpo0)= e 262, x>0 (5.32)

Equation 5.32 is the Half Log-normal distribution. The log-normal distribution can be

1
obtained as a limiting case of the generalized gamma distribution by setting B = (o?p?)»

_ bu+tl
anda—WaSpao.

5.6.38 Properties of Half Log-normal distribution

i. rth-order moments

The r'-order moments of the Half Log-normal distribution is given by
+L2,2
E(y'r) — e'r‘u 2T g
ii. Mean
The mean is given by

1
E(Y) = et *2%’
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iii. Mode
The mode of the Half Log-normal distribution is given by

y = ey+02

iv. Variance
2 2
Var(Y) — eZy +20 eZ,u +o

— eZy+02 (eaz _ 1)

1, 1
N (eaz _ 1)2

cV = -
2
y+70

e

= (" 1)

N| =

5.7 Four Parameter Generalized Beta Distribution Function

From the beta distribution with two shape parameters a and b in equation

a—17q_.\b—1
(2.0), f(x;a,b) = %, supported on the range 0 — 1. The location and scale

parameters of the distribution can be altered by introducing two further parameters p and
g representing the minimum and maximum values of the distribution respectively using

the following transformation:-

y—0p
X =—

q—p
dx|_ 1
dyl q-p

_ a—1 _ -
(y —p) (1 y p)“ql

e (; ) Ialb): _ -
JOipa B(a,b) (@ =p)* '\ q-p —p

_ 1 (y—p)“‘l(q—p—y+p>b‘1 1
B(a,b) (q —p)*t q—rp q—7p
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1
B(a, b) (y - p)a—l (q - y)b_l (q — p)a_1+b_1+1

1
= Blab) (y—p)* 1 (q—y)’ (G = pyi it

_Oo-p* -t
B(a,b)(q —p)***~1

(5.33)

The probability distribution function in equation 5.33 is a four parameter beta distribution

function.

5.7.1 Properties of the four parameter generalized beta distribution

ii.

iii.

Mean

® Cyly—-p)* g -y)>P!
; ) lalb d = f d
yf(y;p,q,a b)dy . TB@b)(qg=py1 ¥

E(Y) =f

0

1
~ B(a,b)(q — p)**P-1

fo y(y—p)* g —-y)Ptdy

_aq+bp
T a+b
Mode
(a=Dg+B-1p
= P — fora>1,b>1
Variance
ab(q — p)*

“(@+b)l(at+tb+1)
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6 Chapter VI: The Generalized Beta Distribution

Based on Transformation Technique

6.1 Introduction

This chapter provides the construction, properties and special cases of the five parameter
generalized beta distributions due to McDonald’s. It gives an extension of the
McDonald’s five parameter to a five parameter weighted generalized beta distribution. It
further considers a five parameter exponential generalized beta distribution function. The
five parameter generalized beta distribution nests both the generalized beta distribution of
the first kind and the generalized beta distribution of the second kind. It includes many

distributions as special or limiting cases.

6.2 Five Parameter Generalized Beta Distribution Function Due to

McDonald

McDonald and Xu (1995) introduced the five parameter generalized beta distribution and
showed that it contains the distributions previously mentioned under 4-3-2 parameters, as
special or limiting cases. The probability density function of the five parameter
generalized beta distribution can be obtained from the classical beta distribution with two
shape parameters a and b in equation (2.1), using the following transformation

yP
X = —
qP-|—CyP

§§|__pyp“[qp4-cy”]-[pcyp‘1(ypﬂ
dy (a7 + cy?)?

pqPy?~t
"~ (qP + cyP)?

1 pgryrt

B(a,b) (g7 + cy?)?

, yPa=p . yP
o f(y; p; q; ca, ) - (qp _l_Cyp)a—l ( _qp -l—Cyp)
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_ oy (q” +cy? = Y”)H 1 pgPyr!
(qP +cyP)* 1\ qP +cy? B(a, b) (qP + cy?)?

_paPyP PP + cy? —yP)"
~ B(a, b)(qP + cyp)a—1+b-1+2

q?  q°
a+b

paryr (@) (14 25— 25)

B(a,b)(g?)« (1 + cg—z)

b—1
pgP PP yret (14 (c - 1)(35/)")

a+b
B(a,b)q7*?" (1+c(Q)r)

gy (1-(1-0) (%')Ig)b_1

b X a+b
qPe*P> B(a, b) (1 + c(q) P)

b—1

_pre(i-6-0))

B b (1+c(2))

(6.1)

for0 < y?P < 1q—p 0<c<landp>0,qg>0,a>0, b>0

_C 4
Equation 6.1 is a five parameter generalized beta distribution. The five parameter

generalized beta distribution encompasses both the four parameter generalized beta

distribution in equation 5.1 and 5.10 as follows:-

Letting c=0 in the five parameter generalized beta distribution in equation 6.1 gives a
four parameter generalized beta distribution in equation 5.1
Letting c=1 in the five parameter generalized beta distribution in equation 6.1 gives

the four parameter generalized beta distribution in equation 5.10.
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However, when fitting this five parameter generalized beta distribution model to 1985
family income, McDonald and Xu (1995) found that the four parameter generalized beta
of the second kind subfamily is selected (in terms of likelihood and several other criteria).
Thus, it appears that the five parameter generalized beta distribution does not provide

additional flexibility.
6.3 Properties of the Five Parameter Generalized Beta Distribution

6.3.1 rth-order moments
To obtain the r'-order moments for the five parameter generalized beta distribution, we

evaluate

E(Y") =j y' f(v;p,q,c,a,b)dy

foo Yyt (1= (1= @M
—o qPB(a,b)(1+c(QP)eH

replacing (1 -(1- c)(i{—’)p) by its binomial expansion, letting

u=(1- c)(i)?’ and collecting like terms yield

I ¥ (a+b)i(_Tc)i T _
E(Y)zq; (1_C)1%? fou+p+(1—u)b1du

® (a+b
qu(aJr . 1_C) B(a+%+i,b)

(a+b) C)F(a+%+i)[‘(b)

= (1—c)++L (a+;—)+i+b)
"B Ly A a+b b+r <
+ =, ) —;
B ats r
(1-c¢) PB(a,b) a+b+-—

p
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q"B(a+<,b) ats, I ¢
=— P ".F N (6.2)
B(a,b) a+b+—
p

Equation 6.2 is defined for all r if ¢ < 1 or for —a < % <bifc=1

6.3.2 Mean
The mean is given by
1 1
gB(a+1,b) I[ at=, = c]I
E(Y) = 129 2F1| p . p |
at+—
(1-¢) ?B(a,b) la+b+p J
6.3.3 Variance
2 2
qu(a+%,b) I[ a+5, 5; C]l
Var(Y) = a+z 2F1 2 |
(1 —-c¢)" PB(a,b) la+b+5 |
Ba+1,b o+, 2
z a+—-, —; c
/ aB(a+5.b) | “"p" p

6.4 Special Cases of the Five Parameter Generalized Beta Distribution

Function

6.4.1 The four parameter generalized beta distribution of the first kind

This is a special case when ¢ = 0 in equation 6.1

w1 (1-1-0(2))
FOiab ) = ( ("3 2+b
q% B(a, b) (1 +0 (%) )
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(=)

q*’ B(a, b)

for0<y?P < q?, andp>0,q>0,a>0, b>0

6.4.2 The four parameter generalized beta distribution of the second kind

This is a special case when ¢ = 1 in equation 6.1

pyet (1-a -0 (%))

B (1+1(2))"

b—1

f;ab,pq) =

pyPe
q**B(a, b) (1 + (%’)p)

a+b

for0<y?P< oo, p>0,q>0,a>0 b>0

6.4.3 The four parameter generalized beta distribution

This is a special case when a = 1 in equation 6.1

b—1

by (1- - (2))
a (1+¢ (g)‘”)“b

for0<y?P < oo, p>0,q>0,a>0 b>0

fQ;b,c,p,q) =

6.4.4 The four parameter generalized Logistic distribution function

This is a special case when ¢ = 1,y = e*,and |J| = e* in equation 6.1

qP*B(a, b) (1 +1 ((eq_x)>1’>a+b

pe @ (x—logp)
= qpaB(a' b)(]_ + ep(x—logq))a+b

f(e*;a,b,p,q) =
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for—-o<x< o0, a>0,b>0, p>0,¢g>0

6.4.5 The three parameter Inverse Beta distribution of the first kind

This is a special case when ¢ = 0,and p = —1 in equation 6.1
D\
Dyt (1-a-0(2) )
. — q
f(y; a'b'Q) - _ a+b
a(-DB(q, b) (1 +0 (y)( 1))
q a, q
b-1
_4q
_a(1-7)
~ B(a,b)y**!

for0O<y< 1, and a>0, b>0,qg>0

6.4.6 The three parameter Stoppa (generalized pareto type I) distribution

function
This is a special case when ¢ = 0,a = 1 and p = —p in equation 6.1
Py P
|=ply®e 1 (1--0)(2) )
: — q
fib,p,q)= —p 14D

qOPB(1,b) (1+0 (%) )

-y (1))

fory>=q>0, andp>0, b>0

b—1

6.4.7 The three parameter Singh-Maddala (Burr12) distribution function

This is a special case when ¢ = 1,and a = 1 in equation 6.1

b—1

py?®1(1-(1-1) (%)p)

q*B(1,b) (1 +1 (%)p)(mb

f;bp,q) =

bpy?~?

v (1+())

1+b
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for0<y?P< oo, b>0,p>0,qg>0

6.4.8 The three parameter Dagum (Burr3) distribution function

This is a special case when ¢ = 1,and b = 1 in equation 6.1

fr;apq) =

apy?*
o (14 G))

for0<y?P< oo, a>0,p>0,¢g>0

a+1

6.4.9 The two parameter Classical Beta distribution

This is a special case when ¢ = 0,p = 1,and q = 1 in equation 6.1

(1y-1 (1 - (1-0)(¢) )
(1)*DB(a, b) <1 +0 (—(31’)) >

_yla =it
B B(a, b)

f;ab) =

for0O<y< 1, and a>0, b>0

6.4.10 The two parameter Pareto type I distribution function
This is a special case whenc¢ = 0,p = —1,and b = 1 in equation 6.1
1-1

(_1)ya(—1)—1 (1 —(1-0) (g)(—l))

(_1) a+1
q*-DB(a, 1) (1 +0 (%) )

fiaq) =
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ya+1
for0O<y< 1, and a>0, g >0,

6.4.11 The two parameter Kumaraswamy distribution function

This is a special case when ¢ = 0,a = 1 and q = 1 in equation 6.1

e (1--0 (7))

10081, (140 (2))

b—1

fib,p) =

=pby? ™ (1 - (")

for0<y?< 1, andp>0, b>0

6.4.12 The two parameter generalized Power distribution function

This is a special case whenc = 0,b = 1,and p = 1 in equation 6.1

) (1 11
Wy (1-a-0(2)")

q*MB(a, 1) (1 +0 (%) )

fa,q) =

aya—l
qa

for0<y<1, anda >0, g >0,

6.4.13 The two parameter Beta distribution of the second kind

This is a special case when ¢ = 1,p = 1,and q = 1 in equation 6.1

) b—1
(Dﬂm*<L%1—DQ%)>

y 1) a+b
(1)<1>aB(a,b)<1+1(m )

fGiab) =

ya—l
" B(a,b)(1 + y)**b

for0<y< o, a>0,b>0
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6.4.14 The two parameter Inverse Lomax distribution function

This is a special case whenc = 1,b = 1,and p = 1 in equation 6.1

(1)y(1)a—1 (1 _ (1 _ 1) (g)(l))l—l

(1) a+1
qgMeB(a, 1) (1 +1 (g) )

fvia,q) =

aya—l

o (g)yﬂ

for0<y< o, a>0,g>0

6.4.15 The two parameter General Fisk (Log-Logistic) distribution function

1
This is a special case whenc =1,a=1,b=1andq = 3 in equation 6.1

py (D1

pyr®O11-(-D| T
A

f:Ap) =

oy (DD
1,\PD y
(3) B@D|1+1 T

7y

_ apy)rt
-1+ Qy)r)?

for0<y?P < oo ,A>0,p>0,g>0

6.4.16 The two parameter Fisher (F) distribution function
u

\4 \4
This is a special case whenc = 1,a = > b= > p=1andq= ain equation 6.1

(1) (z)-1
WyP@11-a-1 <%)

u

fuwv) = (u)+(v)
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for0<y< oo ,u>0,v>0

6.4.17 The one parameter Power distribution function

This is a special case whenc = 0,a = 1,b = 1and q = 1 in equation 6.1

o Y 1-1
f(y;P)=py p (1 - 0)(110) 1)+1
1MWrB(1,1) (1 +0 (%) )
= py?~!

for 0<y<1, andp >0,

6.4.18 The one parameter Wigner semicircle distribution function

3 3
This is a special case when ¢ = 0,a = > b= > p=1and q =1 in equation 6.1
3 1) -1
2
(1)y D01 (1 -~1-0(%) )
f) = 3.3
3 M\2"2
z)wg (33 y
12 B(z'z)(l +0(3) )
8yy(1l—
— Ly), 0 < y < 1
/[
Letting
_x+R d 1

Limits changesasy =0 = x> —-Randy=1 = x =R

3 y+R 1_y+R
f(x):JZR( ZR)i

s ‘2R
2+/R? — y?
:—Rzny , —-R<y<R
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6.4.19 The one parameter Lomax (pareto type II) distribution function

This is a special case whenc =1,a=1,p = 1,and q = 1 in equation 6.1

1) b—1
(1yDw-1 (1 -a-1(¢5) >

(1)+b
()ODB(L, b) (1 +1 (%)m>

f;b) =

B b
- (1 + y)1+b

for0<y< o, b>0

6.4.20 The one parameter half student’s (t) distribution function

1 r . ]
E'b =7/p=2 and q = v in equation 6.1

(1)1 y\®@ (2)-1
2)y?@ (1‘(1‘”(%) )
1
2

This is a special case whenc = 1,a =

fin = O
(\/—)(2)(2)3( ,%)<1+1(%)()>2 2
r (457

for0<y< o ,r>0

6.4.21 Uniform distribution function

This is a special case whenc =0,a=1,b=1,p =1and q = 1 in equation 6.1

(1)yOMm-1 (1 (-0 (%)(1)>1—1

1+1

fy) =

M
1MW B(1,1) (1 +0(%) )

=1
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6.4.22 Arcsine distribution function

1
This is a special case when ¢ = 0,a = > b=—,p=1and q = 1inequation 6.1

f) =

6.4.23 Triangular shaped distribution functions
I. Thisisa special case whenc =0,a=1,b =2,p=1and q = 1in equation 6.1

(1)y(1)(1)—1 (1 —(1-0) (}T/)(l))z—l

1+2

f) =

M
1MDMB(1,2) (1 +0(%) )

=2(1-y), 0<y<1

ii. Thisisa special case whenc =0,a=2,b=1,p=1andq = 1in equation 6.1

(1)y@m-1 (1 (-0 (%)(1)>1—1

1) 2+1
1@MB(2,1) (1 40 (%) )

f) =

= 2y, 0<y<1

6.4.24 Parabolic shaped distribution functions
This is a special case whenc = 0,a=2,b=2,p =1and q = 1 in equation 6.1

(1)y@m-1 (1 —(1-0) (%)(1))2_1

2+2

f) =

M
1@DMpB(2,2) (1 +0(}) )

=6y(1-y), 0<y<1
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6.4.25 Log-Logistic (Fisk) distribution function

This is a special case whenc =1,a=1,b =1,p = 1,and q = 1 in equation 6.1

(D-1

(1)y D1 (1 —(1-1) ((yT))(1)>
D+

(1)DMB(1,1) (1 +1 ((31'))(1)>

1
1+ y)?

fQy) =

for0<y< oo

6.4.26 Logistic distribution function
This is a special case whenc=1,a=1,b=1,p=1,q=1,y=e*,and |J| = e*

in equation 6.1

exp P!

@) > (e7)
(1+)

(DHOWBLD) <1 +1 ( )))(1)>

ex
N (14 ex)?’

(1) (er)Dd-1 < (1-1)
flx) =

for— o <x <
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The Five Parameter Beta Distribution and its Special Cases Diagrammatically

5 Parameter

4 Parameter

3 Parameter

2 Parameter

1 Parameter

Generalized beta

Generalized beta Generalized Generalized beta
of the 1% kind beta of the 2™ kind
Inverse beta Stoppa Singh Maddala
(Burr12) Dagum (Burr3)
Beta of the || Pareto Kumaraswam )
st ! swamy Generalized Beta of the
1> kind type |
Power oM Lind
Inverse General Fisher F
Lomax Fisk (Log ISher
logistic)
Power Wigner Lomax (Pareto Half student’s t Uniform
Semicircle type 1)
Fisk (Log
Arcsine Triangular Parabolic Logistic logistic)
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6.5  Construction of the Five Parameter Weighted Generalized Beta Distribution

Function

Extending the McDonald’s five parameter model by introducing a sixth parameter, k

gives a six parameter weighted generalized beta distribution as follows.

Let

py et (1= (1= ) (%)P)b‘l

q*kB (a +§,b - %) (1 +c (g)p)

f(;a,b,c.k,p,q) = (6.3)

a+b

foro<y’ < L=, 0<c<landp>0, >0, a+7>0,b=">0

)
—C

The Weighted generalized beta distribution of the second kind with polynomial weight
function w(y) = y* is a special case of equation 6.3 when ¢ =1. Alternatively, it can be
obtained from the generalized beta distribution of the second kind by adding some weight

to the parameters a and b.

k k
Leta=a+—andb =>b — 5 in equation 4.1 of generalized beta distribution of the

first kind.
Izolyp(a%)_1
fsp.q.abk)=
T x5 -5 (11 ()
|plye++-1
= (6.4)
a5 (at b 5By (14 (@))"

y >0, p,q,a,b > 0,and —pa < k < pb
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Equation 6.4 is a very flexible five parameter weighted generalized beta distribution of
the second kind presented by Yuan et al. (2012).

6.6 Properties of Five Parameter Weighted Generalized Beta

Distribution

6.6.1 rth-order moments

To obtain the r™-order moments for the weighted generalized beta distribution, we
evaluate

[ee]

E(Y") =f y' f(v;p,q,c,a,b)dy

© yrpypa+k—1
=f k k Yo\t @y
—© _pa+k K p_K Y
qra B(a+p,b p) (1+c(q)P)
k r k r
"B —+—-b—=—=
_1 (a+5+52=55) 6.5)
N k k '
B (a + Z_)' b — 5)
6.6.2 Mean
The mean is given by
qB(a+§+%,b—%—%)
E(Y) = (6.6)
B (a + k b — E)
p’ p

6.6.3 Variance

2
[B(a+k;2,b—k;2) gkl k=1\"]
Var(Y) = g —
k k k k
[ Ba+k b= (a+Ep-E)
The coefficient of variation is given by
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o B(a+k;2,b—k;2)8(a+§,b—%) .
B Bz(a+k+1b_k+1)
p ’ p

6.6.4 Skewness
The skewness is given by
Skewness = E(Y3) —3E(Y2)E(Y) + 2(E(Y))3

q3B(a+k+3,b—k+3) qu(a+kL2,b—kL2)

= p p _3 p D
B(a+pb-1) B(a+E b5
2
Gl G A DO G
B(‘H%’b—g) B(a+§,b—§)

6.6.5 Kurtosis

The kurtosis is given by

kurtosis = E(Y*) — 4E(Y)E(Y) + 6E(Y2)(E(Y)) = 3(E())"

Kurtosis
_q4B(a+k;4,b—k;4)
B(a+%,b—%)
k+3 k+3 k 1 k1
_4q3B(a+%k,b—k%).qB(a+5+k§,b 5—5)
B(a+5,b—5) B(a+5,b—5)
k+2 k + 2 ko 1 ko 1\\°
+6q2B(a+%k,b—k%). qB(a+5+k5b—]f—5)
B(a+5,b—5) B(a+5,b—5)

qB(a+§+%,b—g—%) '
B(a+§,b—£)

-3
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6.7 Special Cases of the Five Parameter Weighted Generalized Beta

Distribution Function

The five parameter weighted generalized beta distribution includes both the generalized
beta distribution of the first and second kinds as special cases, it also includes several
other weighted distributions as special or limiting cases: weighted generalized gamma,
weighted beta of the second kind, weighted Singh-Maddala, weighted Dagum, weighted
gamma, weighted Weibull, and weighted exponential distributions among others as

shown below.

6.7.1 Weighted beta of the second distribution function

This is a special case when p = 1 and q = 1 in equation 6.4

ya+k—1
foiab k) = g b= )7 ©.7)
y >0, ab,k>0and—1<k<b
6.7.2 Weighted Singh-Maddala (Burr12) distribution function
This is a special case when a = 1 in equation 6.4
ply? !
f(y; b, k, P, Q) = qp+kB (1 .\ E b E) (1 .\ (X)p)1+b _______ _(68)
p’ p q
y >0, p,q,b > 0,and —p < k < pb
6.7.3 Weighted Dagum (Burr3) distribution function
This is a special case when b = 1 in equation 6.4
|p|yap+k—1
fipq.ak) = - (6.9)
k k y pyat
+k roq_k 2z
qra B(a+p, 1 p)(1+(q) )

y >0, p,q,a>0,and —pa<k<p
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6.7.4 Weighted Generalized Fisk (Log-Logistic) distribution function

This is a special case when ,a=1,b=1and q = % in equation 6.4

pyp+k—1
fspAk) = N P P (6.10)
2) B(a+Z, 1-5)1 + ayr)?
3 (a+p, p)( + AyP)

y >0, pA>0and—p<k<p
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The Five Parameter Weighted Beta Distribution and its Special Cases Diagrammatically

5 Parameter

4 Parameter

3 Parameter

2 Parameter

Weighted
Generalized Beta?2

Weighted  Singh
Maddala (Burrl2)

Weighted Dagum
(Burr3)

Weighted Beta of
the 2" kind

Weighted

(log-logistic)

Generalized Fisk
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6.8  Construction of the Five Parameter Exponential Generalized Beta
Distribution Function

This section considers a five parameter exponential generalized beta distribution
function, its construction, properties and special cases. If a random variable Y follows the
generalized beta distribution given in equation 6.1 with parameters (a, b, ¢, p, q), then the
random variable Z = In(Y) is said to be distributed as an exponential generalized beta,
with the pdf given by

Let
y=e’
and
dy| _ .
dz
p(e?)Pe—1 (1 —(1-0) (7) ) .e”
f(Z; a, b) Gp, Q) = e? p a+b
qP*B(a,b) (1 +c (7) )
e? p\b—1
ey (1-a-a())
— NG (6.11)
qP?B(a, b) (1 +c (7) )
1
Letp = p and g = e? in equation 6.11
b—1

Lok (1-a-a &)

1\ a+b
(eS)%aB(a, b) <1 +c (%)E>

™

f(z;a,b,c,0,68) =

™

a(z—6) z=6 b-1

e o (1—(1—c)ea>
= 5 ath (6.12)
oB(a,b) (1 + ceT>
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z—30 1
for—00<—<1n< )
o 1-c

Equation 6.12 is the five parameter exponential generalized beta distribution function.

6.9 Properties of Five Parameter Exponential Generalized Beta

Distribution

6.9.1 Moment-generating function
The moment-generating function of the exponential generalized beta distribution variates

can be obtained by using the substitution u = e#=%)/9 in E(e® ) and combining terms:
M(t) = E(tZ)

=ed E(Y';p=1,9=1,c,a,b)

_e‘” B(a + at, b) [ a+ot, ot; c
= 21

B(a,b) a+b+oat ]'---(6-13)

Equation 6.13 is the moment-generating function of the five parameter exponential
generalized beta distribution. The other moment generating functions related to special
cases can be obtained from equation 6.13 as necessary; for instance, the moment
generating function for the exponential generalized beta distribution of the first kind can

be obtained as a special case when ¢ = 0 and is given by

et B(a + at,b)
B(a, b)

M(t) =
While for the exponential generalized beta distribution of the second kind can be
obtained as a special case when ¢ = 1 and is given by

e B(a + ot,b — ot)
B(a,b)

M(t) =
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6.9.2 Mean of the exponential generalized beta distribution

The mean of the exponential generalized beta distribution can be obtained by
differentiating the natural logarithm of equation 6.13, the cumulant-generating function,

and substituting t = 0 to yield

E(Z) =6+ a[p(a) —y(b)]

coa F[l, 1, a+1; c]
a+b 3112, a+b+1;

The means for the exponential generalized beta of the first kind, exponential generalized

beta of the second kind, and exponential generalized gamma, respectively, can be given
by

Ei(Z) = 6 + aly(a) —(a+D)],
Ey(Z) = 6 + al(a) — (b)),

E3(Z) = 6 + ayp(b),

Where () denotes the digamma function. The higher-order moments for the exponential
generated beta distribution are quite involving, however, relatively simple expressions for
the variance, skewness and Kurtosis for the exponential generated beta distribution of the
first kind, the exponential generated beta distribution of the second kind and the
exponential generated gamma distribution can be easily obtained by differentiating the

desired cumulant-generating functions.

6.10 Special Cases of Exponential Generalized Beta Distribution

Since the five parameter exponential generalized beta and the five parameter generalized
beta distributions are related by the logarithmic transformation, similar ‘exponential’

distributions can be obtained by transforming each of the distributions mentioned under
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the five parameter generalized beta distribution in section 6.2.3 which corresponds to the

special cases given below:

6.10.1 Exponential generalized beta of the first kind

This is a special case of the exponential generalized beta distribution in equation 6.12

whenc =0

a(z—6) z—6
e o (1—6 0)

oB(a,b)

(6.14)

f(z;a,b,0,6) =

for —,o< ——< 0
o

Equation 6.14 is just an alternative representation of the generalized exponential

distribution.

6.10.2 Exponential generalized beta of the second kind

This is a special case of the exponential generalized beta distribution in equation 6.12

whenc =1

a(z—6)

e o
— (6.15)
oB(a,b) (1 + eT>

f(z;a,b,0,6) =

zZ—90
for —oo<— < ®©
o

Equation 6.15 is just an alternative representation of the generalized logistic distribution.
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6.10.3 Exponential generalized gamma

The exponential generalized gamma distribution can be derived as a limiting case (b —

o)and § *= glng + § using the same method given in section 5.6.17. It is defined by the

following probability density function:

a(z—6) z—0
=2 ¢ ° 6.16
f(Z; al O—l - UFE(p) ( . )
z—90
for — oo < < oo
o

Equation 6.16 is an alternative representation of the generalized Gompertz distribution.

6.10.4 Generalized Gumbell distribution

This is a special case of the exponential generalized beta distribution in equation 6.12

whenc=1anda=b

a(z—6)

e o
f(za,0,6) = 7% (6.17)

oB(a,a) (1 + eT>

zZ—90
for —;o<—— < @
o

6.10.5 Exponential Burr 12

This is a special case of the exponential generalized beta distribution in equation 6.12

whenc=1landb=1

a(z-6)

ae o
o (6.18)
o (1 + eT>

f(za,0,6) =
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zZ—0
o

for — oo < < oo

6.10.6 Exponential power distribution function

The 3 parameter exponential power distribution function is a special case of the

exponential generalized beta distribution in equation 6.12whenc =0and b =1

a(z—6)
ae o
fza,0,8) == (6.19)

for —;o< ——< 0
o

6.10.7 Two parameter exponential distribution function

The 2 parameter exponential distribution function is a special case of the exponential

generalized beta distribution in equation 6.12 whenc =0,a =1and b =1

z—08

e o

f(z0,6) = (6.20)

Z
for —;o<——< 0
o

6.10.8 One parameter exponential distribution function

The 1 parameter exponential distribution function is a special case of the exponential
generalized beta distribution in equation 6.12 whenc =0,a=1, b=1and§ =0

V4

eo
f(z;0) =— (6.21)

Z
for —o<—<0
o
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6.10.9 Exponential Fisk (logistic) distribution

The exponential fisk distribution is a special case of the exponential generalized beta
distribution in equation 6.12whenc =1, a=1landb =1

z—08

f(z;0,8) = ‘ :_5 5 (6.22)
0<1+e o )

zZ—0
o

<

for — oo <

Equation 6.22 of the exponential fisk distribution is also known as the logistic distribution.

6.10.10 Standard logistic distribution

The standard logistic distribution is a special case of the exponential generalized beta
distribution in equation 6.12whenc =1, a=1, b=1and§ =0

V4

f(z;0) = e—azz (6.23)

o(1+e7)

Z
for —;o<—<
o

6.10.11 Exponential weibull distribution

The exponential weibull distribution is a special case of the exponential generalized

gamma distribution in equation 6.16 whena = 1

z—6 z—6
(z;b,0,6) ere (6.24)
Z,0,0, — T /= N .
f ol'Z(p)

z—0
for —,o < —— <
o
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The exponential weibull distribution is the extreme value type 1 distribution or the
Gompertz distribution. Equation 6.24 of the exponential weibull distribution can also be
derived as a limiting case (b — oo with § = §* + glnq) from the exponential burr 12
distribution.
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The Five Parameter exponential Beta Distribution and its Special Cases Diagrammatically

5 Parameter

4 Parameter

3 Parameter

2 Parameter

1 Parameter

Exponential
Generalized Beta

Exponential
Generalized Beta
of the 1% kind

Exponential
Power

Exponential

Exponential

Exponential
Generalized Beta
of the 2™ kind

Exponential Burr 12

Generalized
Gumbell

Exponential Fisk
(Logistic)

Standard Logistic
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7 Chapter VII: Generalized Beta Distributions

Based on Generated Distributions

7.1 Introduction
This chapter looks at the new family of generalized beta distributions. The new family of
generalized beta distributions is based on beta generators and can be classified as follows:
= Beta generated distributions
= Exponentiated generated distributions
= Generalized beta generated distributions

7.2 Beta Generator Approach

The beta generated distribution was first introduced by Eugene et. al (2002) through its

cumulative distribution function (cdf). The cdf of a beta distribution is defined by

B y ta—l(l _ t)b—l
wo = fo B(a,b)

Notethat0 <y <1since0 <t <1

dt, a>0, b>0

Replace y by a cdf say G(x), of any distribution, since 0 < G(x) < 1,
for —oo < x < o0

1
B(a, b)

W(G(x)) = A cdf of a cdf

~W(G(x)) =

G(x)
f t*1(1-tb1dt, a>0, b>0
0

= A function of x
=F(x)

F(x) = F(G(x))
(PG = = F(60)
f@) = {F (GG @)

= {f(G(0))} g
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G a—1 1—-G b—1
= Fx) = g)[ (x)]B(a,[b) (x)] 7.1)

I'(a)'(b)

Tab) is the beta

for 0<G(x)<1 —o<x<ow where a>0, b >0, B(a,b) =

function.

Equation 7.1 is the beta generator or beta generated distribution. It is also referred to as
the generalized beta-F distribution (Sepanski and Kong, 2007). The equation can be used
to generate a new family of beta distributions usually referred to as beta generated
distributions. Jones (2004) called it generalized i™ order statistic because the order
statistic distribution is a special case when a=i,b=n—i+1 which gives the

following density function

_gWIEMIT L~ Gy

f(G(y; a, b)) D)
F(n+1 | |
T IMIEOI - 6P
|
T G- 1)?@ i IMIEMIT L= 6O (7.2)

Equation 7.2 is the i"™-order statistics generated from the beta distribution.

7.3 Various Beta Generated Distributions

7.3.1 Beta-Normal Distribution - (Eugene et. al (2002))

Eugene et. al (2002) introduced the beta-normal distribution, based on a composition of
the classical beta distribution and the normal distribution. Its importance is more than just
generalize the normal distribution. The beta-normal distribution generalizes the normal

distribution and has flexible shapes, giving it greater applicability. Since then, many

authors generalized other distributions similar to the beta-normal distribution.

The beta-normal distribution is obtained as follows:
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Let

_ (P TH
6 =01
be the cumulative density function of normal distribution with parameters x4 and o, and
X— U
900 =¢(—)

be the probability density function of the normal distribution.

By using equation 7.1, the density function of beta-normal distribution is given by

-1 x— et — X H o -
oo (X5 )]B(a,[z) ) ¢<(x0”)>___(7.3)

Wherea > 0,b > 0,0 >0, u€ Rand x € R

f(x;a,b,u,0) =

The parameters a and b are the shape parameters characterizing the skewness, kurtosis
and bimodality of the beta normal distribution. The parameters u and o have the same
role as in normal distribution where, u is a location parameter and o is a scale parameter

that stretches out or shrinks the distribution.

Special case of equation 7.3 when yu = 0and o = 1gives the standard beta-normal

distribution given by

[@C)]* ' [1 — @(x)]*!

f(x;a,b,) = Ba.b) px)____ (7.4)

Wherea >0,b >0, xR

Equation 7.3 is the beta-normal distribution introduced by Eugene et.al who also

discussed some of its properties.

7.3.2 Beta-Exponential distribution - (Nadarajah and Kotz (2006))

Nadarajah and Kotz (2006) introduced the beta-exponential distribution, based on a
composition of the classical beta distribution and the exponential distribution. They
discussed in their paper the expression for the r'™ moment, properties of the hazard
function, results for the distribution of the sum of beta-exponential random variables,

maximum likelihood estimation and some asymptotic results.
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The beta-exponential distribution is obtained as follows:
Let
G(x) =1 —exp(—x)
be the cdf of exponential distribution with parameter A, and
g(x) = A exp(—Ax)
be the pdf of exponential distribution

By using equation 7.1, the density of the beta-exponential distribution is given by

Aexp(—Ax)[1 — exp(—Ax) ]*'[1 — (1 — exp(—Ax))]"~!
B(a,b)

_ dexp(=bA)[1 — exp(—Ax) ]~}

B B(a,b)

f(x;a,b,A) =

(7.5)

a>0,b>0A>0x>0

Equation 7.5 is the beta-exponential distribution introduced by Nadarajah and Kotz
(2006). They also discussed some of its properties. This beta-exponential distribution
contains the exponentiated-exponential distribution (Gupta and Kundu (1999)) as a

special case for b=1. i.e
f(x;a,1) = aA exp(—Ax)[1 — exp(—Ax) |41
a>0, A>0x>0

When a = 1, the beta-exponential distribution coincides with the exponential distribution

with parameters bA i.e
f(x; b,A) = bA exp(—bAx)

b>0 A2>0,x>0
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7.3.3 Beta-Weibull Distribution - (Famoye et al. (2005))

Famoye et.al (2005) introduced the beta-weibull distribution, based on a composition of
the classical beta distribution and the weibull distribution. Lee et.al (2007) gave some
properties of the hazard function, entropies and an application to censored data. Cordeiro
et.al (2005) derived additional mathematical properties of beta-weibull such as

expression for moments.
The beta-weibull distribution is obtained as follows:

Let

Gx)=1- e_(%)

be the cdf of Weibull distribution and
g(x) = <|BLC|> x¢1 e_(ﬁ)

be the pdf of Weibull distribution

By using equation 7.1, the density function of the beta-weibull distribution is given by

C o N

(%) x¢1 e_(%) [1 - e_(ﬁ) l [1 - <1 - e_(ﬁ) >l
fG;ab,cp) = B(a,b)

. Y a—1 «\C b-1
) (%) x¢1 e_(F) ll — e_(g) l [e_(ﬁ) l
= B(a,b)
c e a—1
(l_CJ) xe1 e_b(%) ll — e_(E> l
_ p a,b,c,p>0____ (7.6)

B(a,b) ’
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Equation 7.6 is the four parameter beta-Weibull distribution introduced by Famoye et.al
(2005) and studied by Lee et.al (2007).

7.3.4 Beta-Hyperbolic Secant Distribution - (Fischer and Vaughan. (2007))

Fisher and VVaughan (2007) introduced the beta-hyperbolic secant distribution, based on a
composition of the classical beta distribution and the hyperbolic secant distribution. They
gave some of its properties like the moments, special and limiting cases and compare it
with other distributions using a real data set.

The beta-hyperbolic secant distribution is obtained as follows:

Let

2
G(x) = - arctan(e”®)

be the cdf of the hyperbolic secant distribution and

1

90 = mCosh(x)

be the pdf of the hyperbolic secant distribution

By using equation 7.1, the density function of the beta-hyperbolic secant is given by

[% arctan(e®) ]a_l [1 — %arctan(ex) ]b—l

B(a,b)mcosh(x) —————

f(x;a,b,m) =

a>0,b>0andx € R

Equation 7.7 is the beta-hyperbolic secant distribution introduced and studied by. Fischer
and Vaughan (2007).

7.3.5 Beta-Gamma - (Kong et al. (2007))

Kong et.al (2007) introduced the beta-gamma distribution, based on a composition of the

classical beta distribution and the gamma distribution. They derived in their paper some
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properties of the limit of the density function and of the hazard function. They gave an
expression for the moments when the shape parameter a is an integer and made an

application of the beta-gamma distribution.
The beta-gamma distribution is obtained as follows:
Let

Ix(p)

60 =703

be the cdf of gamma distribution where

R&p)=JﬂyV‘€”dy
0
is the incomplete gamma function and

x\P~1

g(x) = (;\) e X
is the pdf of the gamma function.

By using equation 7.1, the density function of the beta-gamma distribution is given by

b—1

Ix(p)
F(p)]

X
xp—le—jri(p)a—l [1 __A
A
f(x;a,b,p,\) =

(7.8)

B(a, b)T(p)2Ar
a,b,p,Ax>0

Equation 7.8 is the beta-gamma distribution introduced by Kong et al. (2007). They also

derived some properties of the limit of the density function and hazard function.

7.3.6 Beta-Gumbel Distribution - (Nadarajah and Kotz (2004))
Nadarajah and Kotz (2004) introduced the beta-Gumbel distribution, based on a
composition of the classical beta distribution and the Gumbel distribution. They

calculated expressions for the r'"" moment, gave some particular cases, and studied the

density function.
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The beta-Gumbel distribution is obtained as follows:

Let

X—
G(x) = exp {— exp {— S }}
be the cdf of Gumbel distribution and

gx) = %exp {—X; ll} exp {— exp {—X; H}}

u
= EEXP{—U}

is the pdf of the gumbel distribution. Where

X — p
—

u = exp {—

By using equation 7.1, the density function of the beta-gumbel distribution is given by

f(x;a,b,u,0) = Blab) [exp{—u}]*~! [1 - exp{—u}]b‘l.gexp{—u}
— Wléb)e—au (1 _ e—u)b—l (79)

ab,u,o0,x>0

Equation 7.9 is the beta-gumbel distribution introduced by Nadarajah and Kotz (2004).
They calculated expressions for the r' moments, gave some particular cases and studied

the density function.

7.3.7 Beta-Frechet Distribution (Nadarajah and Gupta (2004))

Nadarajah and Gupta (2004) introduced the beta- Fréchet distribution, based on a
composition of the classical beta distribution and the Fréchet distribution. They derived
in their paper some of its properties and hazard function and of the hazard functions.
They also gave an expression for the r™ moment. Barreto-Souza et.al (2008) gave another

expression for the moments and derived some additional mathematical properties.

The beta- Fréchet distribution is obtained as follows:
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Let

G(x) = exp {— (g)_x}

be the cdf of standard Frechet distribution and

Aot Xy~
909 = e |- (3) |
be the pdf of the Fréchet distribution.

By using equation 7.1, the density function of the beta-Fréchet distribution is given by

Ao exp {—a (%)_}\} (1 — €Xp {_ @—A} )

x**B(a,b) B

b-1

f(x;a,b,pu,0) =

ab,Ao,x>0

Equation 7.10 is the beta-Frechet distribution introduced by Nadarajah and Gupta (2004).
They derived some of its properties and gave an expression for the r'" moment. Barreto-
Souza et.al (2008) gave another expression for the moments and derived some additional

mathematical properties.

7.3.8 Beta-Maxwell Distribution (Amusan (2010))

Amusan (2010) introduced the beta-Maxwell distribution, based on a composition of the
classical beta distribution and the Maxwell distribution. She defined and studied the
three-parameter Maxwell distribution. She also discussed various properties of the

distribution.
The beta-maxwell distribution is obtained as follows:

Let

be the cdf of maxwell distribution and
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2x2e_(2x725)
A

be the pdf of the maxwell distribution.

By using equation 7.1, the density function of the beta-maxwell distribution is given by

3 x2\\*" 3 x2\\ " X2
2v(3 %) Y %) ﬁxze—(rxz)
VT Vm ™o

B(a,b)

_ 1 2 3 x° ! " 2 3 x2\\" " 2xze_(;7) "
D) D) o

for a,b,a,x > 0 and y(a, b) is an incomplete gamma function.

flx;a,b,a) =

Equation 7.11 is the beta-Maxwell distribution introduced by Amusan (2010).

7.3.9 Beta-Pareto Distribution (Akinsete et.al (2008))

Akinsete et.al (2008) introduced the beta-Pareto distribution, based on a composition of
the classical beta distribution and the Pareto distribution. They defined and studied

properties of the four-parameter beta-pareto distribution.
The beta-pareto distribution is obtained as follows:

Let

X\ K
G(x)=1- (5)
be the cdf of pareto distribution and

ko*
gx) = Py

be the pdf of the pareto distribution.

By using equation 7.1, the density function of the beta-pareto distribution is given by
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(X —k a—1 ~ - £ e b—1 kgk
f(x;a,b,k,0) = <1 0, ) (13(61(;) %) )) s,
k K\ kb1
~ 0B(a,b) (1 - (g) > (g) (7.12)
a,b,k,8, x>0

Equation 7.12 is the beta-pareto distribution defined by Akinsete et.al.

7.3.10 Beta-Rayleigh Distribution (Akinsete and Lowe (2009))

Akinsete and Lowe (2009) introduced the beta-Rayleigh distribution, based on a
composition of the classical beta distribution and the Rayleigh distribution.

The beta-Rayleigh distribution is obtained as follows:

Let

xZ
Gx)=1—¢e 242

be the cdf of Rayleigh distribution and
2
x (X
g(x) = ; e (0( 2)
be the pdf of the Rayleigh distribution.

By using equation 7.1, the density function of the beta-Rayleigh distribution is given by

2 a—1 2 b—1 _( x )2
<1 —e 2a2 > <1 — <1 —e 2a2 > > % e ‘a2
f(xab,a)=

B(a,b)

2

x _x2\E ()
= m(l —e m) e a2 (713)

abk,a>0
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Equation 7.13 is the beta-Rayleigh distribution. If a = b = 1, equation 7.13 reduces to
Rayleigh distribution with parameter «. When a = 1, the beta-rayleigh distribution

a

reduces to the Rayleigh distribution with parameter k = 7

7.3.11 Beta-generalized-logistic of type IV distribution (Morais (2009))

Morais (2009) introduced the beta-generalized logistic of type 1V distribution, based on a
composition of the classical beta distribution and the generalized logistic of type IV
distribution. She discussed some of its special cases that belong to the beta-G such as the
beta —generalized logistic of types I, Il, and Ill and some related distributions like the
beta-beta prime and the beta-F. The generalized logistic of type IV distribution was
proposed by Prentice (1976) as an alternative to modeling binary response data with the

usual symmetric logistic distribution.
The beta-generalized logistic of type 1V distribution is obtained as follows:

Let

B1+1_X (p, )
A O

be the cdf of the generalized logistic of type IV distribution given by a normalized

incomplete beta function and
e &

9 = B DA+ e

be the pdf of the generalized logistic of type IV distribution.

By using equation 7.1, the density function of the beta-generalized logistic of type IV

distribution is given by
f(x;a,b,p,q)

= Blab) 7 B a-11g b-1 7.14
= B(a.b) (1 — ex)PHa [ H—%(p' q)] [ 1i%(q' p)] (714

a,b,p,q,>0, x >R
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Equation 7.14 is the beta-generalized logistic of type IV distribution introduced by
Morais (2009).

7.3.12 Beta-generalized-logistic of type I distribution (Morais (2009))

Morais (2009) introduced the beta-generalized logistic of type I distribution which is a

special case of the beta-generalized logistic of type 1V distribution with q = 1.

The density function of the beta-generalized logistic of type | distribution is given by

pe—x[(1 + e—ax)p _ 1]b—1

fOsabp) = =g dr ey

(7.15)

a,b,p>0, x >R

Equation 7.15 is the beta-generalized logistic of type I distribution introduced by Morais
(2009).

7.3.13 Beta-generalized-logistic of type II distribution (Morais (2009))

Morais (2009) introduced the beta-generalized logistic of type Il distribution which is a
special case of the beta-generalized logistic of type IV distribution with p = 1. This
distribution can also be obtained through the transformation X = —Y where Y follows the

beta-generalized logistic of type | distribution.
The density function of the beta-generalized logistic of type Il distribution is given by

qe—qu e~

f&iaba) =g ad e | T Bab)d el ——

a,b,q,>0, x >R

Equation 7.16 is the beta-generalized logistic of type Il distribution introduced by Morais
(2009).
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7.3.14 Beta-generalized-logistic of type III distribution (Morais (2009))

Morais (2009) introduced the beta-generalized logistic of type Il distribution which is a
special case of the beta-generalized logistic of type IV distribution with p = q. This

distribution is symmetric when a=Db.

The density function of the beta-generalized logistic of type Il distribution is given by

B(q, q)l—a—b e~ ax
f(x;a,b,q) =

Bab) (Itenmib 1 (@ QJ*(B Il (@] __(7.17)

a,b,q,>0, x >R

Equation 7.17 is the beta-generalized logistic of type Il distribution introduced by
Morais (2009).

7.3.15 Beta-beta prime distribution (Morais (2009))

The beta-beta prime distribution can be obtained from the beta-generalized logistic of
type 1V distribution using the transformation

x=e7Y
where Y is a random variable following the beta-generalized logistic of type IV

distribution.
The density function of the beta-beta prime distribution is given by

B(p, q)l—a—b xq—l
B(a,b) (14 x)rt4

f(x;a,b,p,q) = B (4, 2] [B%(p, Q1P __(7.18)

ab,q,>0, x >R

Equation 7.18 is the beta-beta prime distribution introduced by Morais (2009).
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7.3.16 Beta-F distribution (Morais (2009))

The beta-F distribution can be obtained as follows:

Let

1 vu
O ED 6 z2)

be the cdf of the F distribution and

q
g(x) = u+v

be the pdf of the F distribution.

By using equation 7.1, the density function of the beta-F distribution is given by

f(x;a,b,u,v)
v v [ -la—l b1
B(a'b)_l (%)2 X2 ' I vV u | vV u
- u+tv [ x \9’9 Py _(7.19)
IR Sl e

ab,uv,x>0
Equation 7.19 is the beta-F distribution. It can easily be verified that if Y follows the beta
generalized logistic of type IV distribution with parameters a, b,u,v then F = Ee‘y

follows the beta F distribution with parameters a, b, 2u, 2v,.

7.3.17 Beta-Burr XII distribution (Paranaiba et.al (2010))

Paranaiba et.al (2010) introduced the beta-burr XII distribution, based on a composition
of the classical beta distribution and the burr XII distribution. They defined and studied
the five parameter beta-burr XII distribution. They also derived some of its properties like

moment generating function, mean and proposed methods of estimating its parameters.
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The beta- burr XII distribution is obtained as follows:

Let

seo=1-(1+ ()

be the cdf of burr XII distribution and

—k—1

xX\P
g(x) = pkq? (1 + (a) ) xP~!
be the pdf of the burr XI1 distribution.

By using equation 7.1, the density function of the beta- burr XII distribution is given by

f(x;a,b,p,q,k)
oy A A Py k-1
(-0 @)) (a+@)) w4 @)
- B(a,b)
—k\21 —kb—1

fora,b,p,q,k,x > 0.

Equation 7.20 is the beta-burr XII distribution introduced by Paranaiba et.al (2010). The

beta-burr XII distribution contains well-known distributions as special sub-models.

For a = b = 1, equation 7.20 gives the burr XII distribution
—k—1

FO;p,q, k) = pkq*xP1 (1 N G)p)

For b = 1, equation 7.20 gives the exponentiated burr XI1 distribution

e =i (1= (5 () ) (04 G))

Fora=b =1,q = 27! and k = 1 equation 7.20 gives the log logistic distribution

—k—1

fx p.q,) =pAPxP™t (1 4+ (x)P) 2
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For a = p = 1 equation 7.20 gives the beta-pareto type Il

—kb—1
Flbk,q,) = %(1 + (g))

Fora = b = p = 1 equation 7.20 gives the beta-pareto type 11

—k—1
FGik ) = %(1 " (g))

7.3.18 Beta-Dagum distribution (Condino and Domma (2010))

Condino and Domma (2010) introduced the beta-dagum distribution, based on a
composition of the classical beta distribution and the dagum distribution. They defined
and studied its properties.

The beta- dagum distribution is obtained as follows:
Let

G(x)=(1+qgxP)™°
be the cdf of dagum distribution and

Iplgax—>~1
(1+ gx—P)l+a

glx) =

be the pdf of the dagum distribution.
By using equation 7.1, the density function of the beta- dagum distribution is given by

Iplgax™~"

(T +gxP)™ )1 (1= 1 +gx?)e)0? A+ qr ) ——

f&x) =

B(a,b)
fora,b,p,q,x > 0.

Equation 7.21 is the beta-dagum distribution introduced by Condino and Domma (2010).

The beta-dagum distribution contains the beta-fisk (log-logistic) distribution when

a=1landq = % and the dagum distribution whena = b = 1.
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7.3.19 Beta-(fisk) log logistic distribution

This is a new distribution referred to by Paranaiba et.al (2010) as a special sub-model of
beta-burr XII distribution. It can be constructed based on a composition of the classical
beta distribution and the log logistic (fisk) distribution as follows.

Let
(Ax)P
6O = T o
be the cdf of log logistic distribution and
Ap(Ax)P~1

90 = T om)?

be the pdf of the log logistic distribution.

By using equation 7.1, the density function of the beta- log logistic distribution is given
by

b—1

(ﬂ)a_l (1_ (Ax)P ) Ap(Ax)P~1
f(x;a,b,p,A) = 1+ (Ax)P 1+ (Ax)P (1 + (x)P)2
e B(a,b)
Ap(Ax)*P 1

(7.22)

" B(a,p)(1 + (Ax)p)a®
fora,b,p,A,x > 0.

Equation 7.22 is the beta-log logistic distribution referred to by Paranaiba et.al (2010).

7.3.20 Beta-generalized half normal Distribution (Pescim, R.R, et.al (2009))

Pescim, R.R, et.al (2009) introduced the beta-generalized half normal distribution, based
on a composition of the classical beta distribution and the generalized half normal
distribution. They derived expansions for the cumulative distribution and density
functions. They also obtained formal expressions for the moments of the four-parameter

beta- generalized half normal distribution.
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The beta- generalized half normal distribution is obtained as follows:

Let

)

=0l |- &

Where

x
V2

be the cdf of generalized half normal distribution and

= PO " o5

be the pdf of the generalized half normal distribution.

P(x) = %[1 + erf( )] and erf(x) = %jxexp(—tz) dt
0

By using equation 7.1, the density function of the beta-generalized half normal

distribution is given by
(20[3) 1-1)

ab,o,0>0 (7.23)

Tl ) fOE

f(x;a,b,0,0) = B(a,b)

Equation 7.23 is the beta- generalized half normal distribution defined by Pescim, R.R,

et.al. (2009) It contains as special sub-models well known distributions.

for o« = 1, it reduces to beta half normal distribution given as

1/x\2
X) - = - X b-1 36_7(5)
f(x;a,b,0) = (24) (0) 1) (ZB(a,ZZ))(G)) \/; o
a,b,ad >0

fora = b = 1,itreduces to generalized half normal distribution given by
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faor= HOES A

o,0>0

further if a = 1, the generalized half normal distribution gives the half normal

1/x\2
23_7(3)
f(X; o,0) = \/;T

oao>0

distribution

for b = 1, it leads to the exponentiated generalized half normal distribution given as

fan - B 6 o]0

7.4 Beta Exponentiated Generated Distributions

Beta exponentiated generated distributions are based on the power of the cdfs.

7.4.1 Exponentiated generated distribution

Let
F(x) = [G(x)]*
Where G (x) is the old or parent cdf and F(x) is the new cdf

The new cdf in terms of the old is therefore given by

f) = alc()]* g (x)

The following are some of the examples of the exponentiated exponential distributions
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7.4.2 Exponentiated exponential distribution (Gupta and Kundu (1999))

Let

X

g(x)=%e_(ﬁ),ﬁ>0, 0<x< oo

X

Gx)=1- e @

F(x) = <1 - e_(%)> and

x\\ 71 x
f(x) =% <1 - e_<ﬁ>> e_(ﬁ) (7.24)

Equation 7.24 is an example of the exponentiated generated distribution known as the
exponentiated exponential distribution which has been extensively covered by Gupta and
Kundu (1999).

7.4.3 Exponentiated Weibull distribution (Mudholkar et.al. (1995))
Let

900 = (i) w-1e)

Gx)=1- e_(%)

F(x) = <1 - e‘(%f)

x\P\ ¢! x\P
£ ﬂ%(l _ ) > (%) (7.25)
Equation 7.25 is the exponentiated Weibull distribution proposed by Mudholkar et.al.
(1995).

a
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7.4.4 Exponentiated Pareto distribution (Gupta et.al (1998))
Let

b-1

g(x) = pgPbx P! (1 - (2)_10)

oo=(1-()")
reo=((-()))

N a_lpb o
f(x)=a<(1—<a) ) > 7x pb—1 (7.26)

b

Equation 7.26 is the exponentiated Pareto distribution.

7.4.5 Beta exponentiated generated distribution

g@)al¢()]* 1 ([6(x)]*)* (1 - [6(x)]*)*
B(a,b)

_ g(x)a[G(x)]ad—l(l — [G(x)]“)b—l
- B(a, b) :

flx) =

a>0, a>0, b >0,

—o<x<oo, 0<[G(x)]*< 1

is the exponentiated generator distribution or exponentiated generated distribution. Below

are some of the examples on exponentiated generated distributions.

7.4.6 Generalized beta generated distributions

To obtain generalized beta distributions, we simply replace G (x) by [G(x)]? in the beta
generated distribution. Some of the many distributions which can arise within the
generalized beta generated class of distributions can be derived from an arbitrary parent
cumulative distribution function (cdf) G(x),and the probability density function (pdf)

f (x) of the new class of generalized beta distributions is defined as
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Pla@I6@I” 1 - (6]
B(a,b) = ——————

where a > 0, b > 0 and p > 0 are additional shape parameters which aim to introduce

f(G(x); a,b)) =

skewness and to vary tail weight and g(x) = dG(x)/dx. the new class of generalized
beta distributions generated by equation 7.27 includes as special sub-models the beta
generated distributions discussed in section 7.2 above. Eugene et.al (2002) introduced the
beta generated distributions forp = 1 i.e
g 1- (6]

B(a,b)
and Cordeiro and Castro (2010) introduced Kumaraswamy (Kw) generated distributions

f(x) =

fora=1i.e

b-1
f(x) = blplgIGDP 1~ (6(0)']
Alternatively, the generalized beta generated distribution in equation 7.27 can be derived
from the generalized beta distribution of the first kind in equation 5.1 as follows:

Lettingg =1
y\P h—1
o) IplyPe—t (1_(T)) .g(x) < <1 ) 0
gy - 1aPB(a,b) ) <y < ) a, ,p>
Now consider
G(x) pa—1 1— P b-1
F ) :f Iply?e=t(1 —yP) dy
0 B(a, b)
-1 pb—1
plg) ()" (1 - (6W)")
“f(x) = B(ab) ) —00 < x < 0, a,b,p>0

7.4.7 Generalized beta exponential distribution (Barreto-Souza et al. (2010))

Let
G(x) =1—exp(—x)
be the cdf of exponential distribution with parameter A, and

g(x) = L exp(—Ax)
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be the pdf of exponential distribution.

By using equation 7.27, the density function of the generalized beta-exponential
distribution is given by

f(x;a,b,p, )
_IpIdexp(=Ax)[1 — exp(=Ax) ]P* 1 [1 — (1 — exp(—Ax))P]b—1
- B(a,p) T —

Equation 7.28 is the generalized beta-exponential distribution.

7.4.8 Generalized beta-Weibull distribution
Let

Gx)=1- e_(%)

be the cdf of Weibull distribution and
g(x) = <|Bicl> xc_l e_(ﬁ)

be the pdf of Weibull distribution.

By using equation 7.27, the density function of the generalized beta-weibull distribution

is given by

f(x;p,c,a,b,B)

x\¢ x\© x\° \? b-1
|p| (%) xC_l e_(ﬁ> [1 — e_(ﬁ) ]pa—l [1 — <]_ — e_(g) > ]
= B(a.b) __(7.29)

Equation 7.29 is the generalized beta-Weibull distribution.
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7.4.9 Generalized beta-hyperbolic secant distribution

Let
2 x—p
G(x) = —arctan (eT)
s

be the cdf of the hyperbolic secant distribution and

1
9(x) = omnCosh (%)

be the pdf of the hyperbolic secant distribution

By using equation 7.27, the density function of the generalized beta-hyperbolic secant is
given by

X— ap—l x— 14 b—1
D [% arctan (eTH)] [1 — (% arctan (eTu)) ]

B(a, b)otmcosh (%)

f(x;a,b,p,0,m) = _(7.30)

a>0,b>0u>0,0>0andx eR

Equation 7.30 is the generalized beta-hyperbolic secant distribution. If u = 0and o =1,
the generalized beta-hyperbolic secant distribution reduces to the standard beta-

hyperbolic distribution in equation 7.7.

7.4.10 Generalized beta-normal distribution

The generalized beta-normal distribution is obtained as follows:

Let
_ (X
G(x) = d (T)
be the cumulative density function of normal distribution with parameters y and o, and
_ (M
9() = ¢ (—)

be the probability density function of the normal distribution.

208



By using equation 7.27, the density function of the generalized beta-normal distribution is

given by

b o) — poto (L) et1- o (2= u)p] , <(x ; u)) 73

B(a,b)
Wherea >0,b > 0,0 >0, p>0u€eRandx €R

Equation 7.31 is the generalized beta-normal distribution. If p=0,0=1and p=1,
the generalized beta-normal distribution reduces to the standard beta-normal distribution
proposed by Eugene et.al (2002). If u=0,0=1,b =1and ac = 2 the generalized

beta-normal distribution coincides with the skew-normal distribution.

7.4.11 Generalized beta-log normal distribution

The generalized beta- log normal distribution is obtained as follows:
Let
G(x) = ®(logx)
be the cumulative density function of standard log normal distribution, and

_ ¢(logx)
gx) = —x

be the probability density function of the standard log normal distribution.
By using equation 7.27, the density function of the generalized beta-log normal

distribution is given by

pp(ogx)[®(logx)]??~1[1 — d(logx)P]> T
xB(a, b) —_

f(x;a,b,p) =
Wherea > 0,b > 0,p>0andx € R

Equation 7.32 is the generalized beta-log normal distribution.
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7.4.12 Generalized beta-Gamma distribution

The generalized beta-gamma distribution is obtained as follows:
Let

be the cumulative density function of gamma distribution, and
x\P1 x
glx) = (7\) e
be the probability density function of the gamma distribution.
By using equation 7.27, the density function of the generalized beta-gamma distribution

is given by

T (p)]
A

oP-1 _x F§(p) P
0w | -(w)
B(a,b)

Wherea > 0,b > 0,p > 0,p>0,A>0andx € R

fGsabp,p, ) = _(7.33)

Equation 7.33 is the generalized beta-gamma distribution.

7.4.13 Generalized beta-Frechet distribution

The generalized beta- Fréchet distribution is obtained as follows:
Let

G(x) = exp {— (g)_x}

be the cumulative density function of Frechet distribution, and

glx) = %exp {— (g)_x}xl‘l
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be the probability density function of the Fréchet distribution.
By using equation 7.27, the density function of the generalized beta-Fréchet distribution

f(x;a,b,p,p,A)
_ p%exp {— (%)_A}xl_l [eXp {_ (g)_x}]ap_l [1 - (exp {_ (g)_k})pl

B( Z) ___(:'31)

Equation 7.34 is the generalized beta-Fréchet distribution.
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8 Chapter VIII: Generalized Beta Distributions

Based on Special Functions

8.1 Introduction

Beta, F, Gamma functions are among the many special functions. Most of these special
functions can be expressed as hypergeometric function. This chapter looks at the
generalized beta distributions based on special functions such as the hypergeometric
distribution function, the confluent hypergeometric function, gauss Hypergeometric

function among others.

8.2 Confluent Hypergeometric Function
The confluent hypergeometric (Kummer’s) function is denoted by the symbol
1Fila; c; x] and represent the series

ax ala+1)x?> ala+1)(a+2)x3

Flacx]=1+-= = =
hlaexl =1+ o+ Dot cerDer 31 T

[ee]

_Na@a+D(a+2)..(a+n—1)x"
_z c(c+1)(c+2)...(c+n—1)m

for c # 0,—1,—2, ... It can simply be expressed in the following form

[0¢]

a), x"
1F1[aiC:x] :ZL, c#+0,-1,-2,..
4 (c),, n!
n=

where (a),, is the Pochhammer’s symbol defined by
(a), =a(a+1)..(a+n-1)
_T'@a+1)
- T@

; N is a positive integer

(a)g =1
If a is a non-positive integer, the series terminates.

The integral representation is given as

r 1
Fila;c,x] = % ) ut1(1 —w)c 2 leXdy (8.1)
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wherec>a >0

We verify that equation 8.1 is a distribution

1 1 ot n
xXu

j ua—l(l _ u)c—a—lexu du = f ua—l(l _ u)c—a—l ( ) du
0 0 ~ n!

> 1
— Z ;f xnrynta-l (1 _ u)c—a—l du
Y0

n=0

[o¢] xn 1
— Z _'f ynte-1 (1 —_ u)c—a—l du
4

n=0

[ee] xn
= ZHB(n+a,c—a)
n=0

1 o X" ['(n+ a)l'(c—a)
a—1 _ c—a—1,xu — R
= .fo W - e du Z n! I'(n+c)

but T'(n4+a)=(Mm+a—-1DI'(n+a—-1)
=ala+1@+2).(n+a—-1r()

a(a+1@+2)..(n+a—1r@Tr(c—a)x"
cc+1)(c+2)..(n+c—1DI'(© n!

1
=>f ua—l(l _u)c—a—lexudu —
0

= ;F;la;c,x]B(a,c— a)

Thus

1 1
1F1 [a} cC, X] = B(T—a)_]; u“‘l(l - u)C‘a‘lex“ du

8.3  The Differential Equations

The first and second order differential equations can be expressed as follows;

4 Flac ]—0+a1+a(a+1)2x ala+1)(a +2)3x
1Fila;c; x| = cl!  cle+1) 2! clc+D(c+2) 3!

dx
a a(a+1)£ E(a+1)(a+2)£

ettt e e 2 T
_a{l (a+1)x (a+1D(a+2)x? }

AT e T cx e T
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a
=Z 1F1[a+ 1,C+ 1,x]

d? a{ (a+1) (a+1D(a+2)x }

a2 hlaoxl =0+ oY o er T T

_a(a+1) " (a+2)x
_E(c+1){ (c+2)ﬁ+m}
=% 1Fila+ 2;¢+ 2;x]

In applied mathematics, special functions are used in solving differential equation. Thus

1Fila; c; x]is a solution to a certain differential equation which is derived as follows:-

Using the operator

Therefore

Sx™ = xd—x" = xnx" 1 = nx
X

+c—1Dx"=6x"+(c—x"

2@ +c—Dx"=m+c—1x"
S@E+c—Dx"=6(n+c—1)x"
=0x"(n+c—1)
=nx"(n+c—1)
260+ c—1x" = n(n+c—1x"
Gb+a)([§+b)x" =5+ a)(6x™ + bx™)
=6+ a)(nx™ + bx™)
= +a)nx™+ (6 + a)bx™
= énx™ + anx™ + §bx™ + abx™
=n2x" + anx™ + bnx™ + abx™
= (n® + an + bn + ab)x™
=nmn+a)+bn+a))x"
S0+ 0+ b)x"=n+a)(n+b)x"
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a(a+D(@a+2)..(a+n—-1)x"
c(c+1)(c+2)...(c+n—1)§

§(6+c—1)Fla;c;x] =66+ c— 1)2
n=0

[oe]

_al@a+(a+2)..(a+n-1) x"
_Z clc+1)(c+2)..(c+n—-1) 6(6+C_1)H

n=0

[oe]

_Naa+(a+2)..(a+n-1) " x"
_Z clc+1D(c+2)..(c+n—-1) n(n+c- )H

n=0

[oe]

Nal@a+D(a+2).(a+n—-1) x"
_Z cc+1)(c+2)..(c+n—-2) (n—1)!

n=0

[oe]

— a(a+1)(@a+2)..(a+n—-1) x*!
_XZ cc+1)(c+2)..(c+n—-2) (n—1)!

n=1

B - a(a+1)(a+2)..(a+n) x"
_ch(c+1)(c+2)...(c+n—1)§

n=1

by replacing n with n+1

[ee]

=xza(a+1)(a+2)...(a+n—1) "

2 e Dt D ein-1 (@+mn)Ty

[ee]

=xza(a+1)(a+2)...(a+n—1) o

Liclc+D(c+2)..(c+n=-1) (@+8)7r

= a(a+1)(a+2)..(a+n—1)x"
:x(“”)nzzoc(c+1)(c+z)...(c+n—1)ﬁ

W 8(6+c—1) Fila;c;x] = x(a+6) 1Fila;c; x]

§(6+c—1Dy= x(a+d)y
where
y = 1F[a; c; x]
2624+ 8(c— D]y = x(a+ 6y
= 52y +[6(c—1)—x(a+8)]y=0
. 8%y +(c—1)6y— xay— x5y =0
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5%y +(c—1-x)6y— xay =0
§(6y)+(c—1—x)6y— xay =0

d
6[ y]+(c—1—x)x— — xay =0

X [ y]+(c—1—x)x—y— xay =0

X [ I y]+(c—1—x)—— ay=0
d*y dy dy
xw+a+(c—1—x)a— ay =
d? N dy 3
X (c x)dx ay =

Which is the Kummer’s differential equation. The confluent hypergeometric function
satisfies this equation.

The confluent hypergeometric distribution due to Gordy (1988a) is a special case of the
confluent hypergeometric distribution given in equation 8.1 where

c=a+b,u=xand x = —y such that

l(a+b !
Fila;a+b,—y] = F(a)F((Z-I-I_- b)— ) x¢71(1 — x)ethma-lerx gy
F(a +b) o- -
1Fila;a+ b,x] = T@r®) J, 11 —x)b=le ™ dx

- j-l xa—l(l _x)b—le—yxdx
~ Jy 1Fila;a +b,—yIB(a,b)

xa—1 [1 _ x]b—le(—)’x)

fe) = B(a,b)Fi(a;a + b; —y)’

(8.2)

forO<x<1,a>0,b>0, —c0 <y <o and ; F; is the confluent hypergeometric function.
If y =0, then the moment generating function denoted by

B(a—t,b)Fi(a—t;a+b—t;—y)

M) = B(a,b),F;(a;a + b; —y)

(8.3)

reduces to the standard beta pdf given by equation 2.1
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8.4 Gauss Hypergeometric Function.

The Gaussian hypergeometric function denoted by the symbol ,F;[a, b; c; x] represents
the series
abx a(a+1)b(b+1)x?

Fila,bic;x] =1 +—=—
2Fila b;c; x] + c 1!+ c(c+1) 2!

where ¢ # 0,—1,-2, ...
It can simply be expressed in the following form;

- (@) (B)yx™

O c* 0,—1,-2, ... _(84)

2F1[a, b; c; x] =

where (a),, is the Pochhammer’s symbol defined by
(a), =a(a+1)..(a+r—-1)
Fra+1) L
= W; (n is a positive integer)
(a)g =1
If a is a non-positive integer, then (a),, is zero for n > —a, and the series terminates.

The Euler’s integral representation is given as

1
,Fila, b;c;x] = ﬁ?—a) \ u® 11— w211 - xu)~bdu _ (8.5

wherec>a >0

8.5  The Differential Equations

The first and second order differentials can be expressed as follows;

ab a(a+1)b(b+1
_2F1[a,b;c;x]:T+ ( )b( )

dx c(c+1)
_ab (a+1bB+1) (a+1D)(a+2)(b+1)(b+2)x?
I T Cc+ D +2) 20

ab
= ZFila+ 1,b+ 1;¢c + 1;x]
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d? o ab[la+ DB +1)  (a+D(a+2)(b+1)(b+2)

a2 2hlabicxl === c+D (c+1)(c+2) x+l
_ab(a+ 1D +1) (a+2)(b+2)
T ¢ (c+1D c+2) ~ l
B a(a+ 1b(b+1)

F 2 2: 2:
e+ D SJFila+2,b+2;¢c+ 2;x]

We now wish to derive a differential equation whose solution is ,F;[a, b; c; x]
Let

5= d
_xdx
then
§(6 +c—1),F[a,b;c;x]
ca(@a+1)..(a+n—Dbb+1D..b+n—1 n
=Za(a )..la+n—-Dbb+1)..(b+n )5(6+c—1)x—
c(c+1)..(c+n—-1) n!

n=0

[oe]

B a(a+1)..a+n—-Dbb+1)..(b+n—-1) x"
_Z cc+1)..(c+n—-2) (n—1)!

n=0

[ee]

_ aa+1)..a+n—-1Dbb+1)..(b+n—-1) x"!
_xz cc+1)..(c+n—-2) (n—1)!

n=1
replace n by n+1. Then
§(6+c—1),F]a b;c;x]

[o¢]

B a(a+1)..(a+n—Dbb+1)..(b+n—-1)(a+n)(b+n)x"
_xz cc+1)..(c+n—-1) n!

n=1

[o¢]

B a(a+1)..(a+n—-1Dbb+1)..(b+n—1)(a+8)(b+5)x"
_xz cic+1)..(c+n—-1) n!

n=0

a(a+1)..a+n—-1Dbb+1)..(b+n—-1)x"
cc+1)..(c+n—-1) n!

= x(a+8)(b+ 5)2
n=0

& 86+ c—1),F[a,b;c;x] = x(a+ 6)(b+6) ,Fila,b;c; x]
§(6+c—1F=x(a+8)bB+6F

where

218



d
F = ,Flab;c;x] and (S_xd_x

S[SF + (c — 1)F] = x(a + 8)(bF + F)

:6[ +(c—1)F] x(a+ 6) [bF+x—F]
:6[95— + (¢ —1)6F = x(a+6)[bF+xa]
:x—[x— +(c—1)x—F= x(a+ 6) [bF+xd—F]

dx dx

d [x— +(c—1)— (a+6)[bF+x2—§]

d*F dE dF dE dF dF
¢c— ——= abF + ax— + b6F + 6x—

o Tt ax @ dx dx

d*F dF dF dF  dF/ dF
xw +ca= abF+axd—+bxa+xa(xd—)
dF d’F dF
= abF+(a+b)x—+xlxd—+dxl
2 dF
x(l—x)w +[c—ax—bx—x]a—abF= 0

~x(1 )d2F+[ +b+1 ]dF bF =0
X X) 73 c—(a )x I bF =

This is the differential equation whose solution is ,F;[a, b;c;x] i.e the Gaussian

hypergeometric function satisfies this second order linear differential equation.

The Gauss hypergeometric distribution due to Armero and Bayarri (1994) is a special

case of the Gaussian hypergeometric distribution given in equation 8.5 where

c=a+b,x=—-z,u=x and —b =y such that

2Fily,b;a + b;—z] =

['(a+b)
[@TI(@+b

1
f x4 (1 — x)*tP=e=1 (1 + zx) Pdx
—a) Jg

1= flxa_l(l —x)P71(1 + zx)"dx
~Jo 2Fily,b;a+b;—z]B(ab)
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x4 = )P/ + z2)
" B(a,b),F,(v,a;a + b; —z)

f(x) (8.6)

forO<x<1,a>0,b>0,and —oo <y <oo. If y =0, then equation 8.6 reduces to beta of
the first kind given by equation 2.1

Nadarajah and Kotz (2004) also studied the beta distribution based on the Gauss
hypergeometric function. They defined the distribution as follows:

bB(a,b)

fe) =B(a,b+y)x

@1, F(1—v,a;a+ b;x), (8.7)

When b = 0 in equation 8.7, then it reduces to the Classical beta distribution with

parameters a and y.

8.6 Appell Function

Nadarajah and Kotz (2006) introduced a beta function based on the Appell function. The

distribution is given by

Cx*1(1—x)f1
(1 —ux)? (1 —vx)*’

f&) = (8.8)

for0<x<1, a>0, >0 p>0, 1>0-1<u<l-1<v<1

where C denotes the normalizing constant given by

1
i B(a,B)F,(a,p, A, a + B;u,v)

and F; denotes the Appell function of the first kind. This distribution is flexible and
contains several of the known generalizations of the Classical beta distribution as
particular cases. The Classical beta distribution is the particular case for either p =
OandA=0 orp=0andv=0oru=0andA=0oru=0andv = 0.Libby and
Novick’s beta distribution in equation 4.1 is the particular case for either p = a +
fandA=00ru=vandp+ A =a+ f. Armero and Bayarri’s Gauss hypergeometric

distribution in equation 8.6 is the particular case for either p=0o0riA=0
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8.7 Nadarajah and Kotz’s Power Beta Distribution

The generalization due to Nadarajah and Kotz (2004) is based on the basic
characterization that if X and Y are independent gamma distributed random variables
with common scale parameter then the ratio X/(X+Y) is a beta distribution of the first
kind. If one consider the distribution of

W =X/ (X°+Y°) C >0, referred to as power beta, then the pdf and cdf of W can be
expressed as

1
W—(1+b/c)(1 _ W)b/c—l =

1—w\c
Fw) = beB(a b b,F, b,a+b,b+1,—(—w )
1 1
1— w\c 1 —w\c
—(—) JF, b+1,a+b+1;b+2;—(—)
w w

and

b/c

Fw) =1 — 1 (1—w>

1 —-w 1/C

Simpler expressions can be obtained for integer values of a, b and c.

8.8 Compound Confluent Hypergeometric Function

The compound confluent hypergeometric distribution due to Gordy (1988b) is given by
x4 11— vx]?71{0 + (1 — O)vx} "e(—sx)

B(a,b)v=%exp (—%) @, (b,r,a+ b,%, 1-— 9),

f&) = (8.9)

for0<a<1l, b>0 -0 <r<o, —0<s<o00<v<1, 0>0andd,; is the

confluent hypergeometric function of two variables defined by

1 (@87, %,5) i i (ORI

P minm!n!
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Whens =0, r=a+b,v = (%) and 8 =1 — cin Equation 8.9, then it reduces to

McDonald and Xu’s five parameter generalized beta distribution in equation 6.1.
Whens =0, and v =1 Iin Equation 8.9, then it reduces to gauss hypergeometric
distribution due to Armero and Bayarri (1994) in equation 8.6. Whenv =1, and 6 =1
in Equation 8.9, then it reduces to confluent hypergeometric distribution due to Gordy
(1988a) in equation 8.2. Whenv =0, and > 0 , Equation 8.9 becomes the gamma

distribution.

8.9 Beta-Bessel Distribution (A.K Gupta and S.Nadarajah (2006))

A.K Gupta and S. Nadarajah (2006) introduced three types of beta-bessel distributions,
based on a composition of the classical beta distribution and the Bessel function. They
derived expressions for their shapes, particular cases and the n™ moments. They also

discussed estimation by the method of maximum likelihood and Bayes estimation.
The beta- bessel distribution is obtained as follows:
The first generalization of equation 2.1 is given by the pdf

f(x) = Cx* (1 —x)B11,(cx) (8.10)

For0<x<1,v>0,a>0,>0andc>0 , where C denotes the normalizing

constant and can be determined as

1 c’I'(a +v)I'(B) <a+v (x+v+1_v

C 2Ta+B+wlrw+1) *3\ 2 '~ 2

a+v+pB (x+v+B+1_c2)
’ 2 ’ 2 "4

I,(x) is the modified Bessel function defined by

— t2)0+1/2) exp(xt) dt

xV 1
L&) = e T 12) f_1(1

The classical beta pdf (2.1) arises as particular case of 8.10 for v = 0 and ¢ = 0.

The second generalization of equation 2.1 is given by the pdf
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f(x) = Cx* (1 — x)Ptexp(cx)I,(cx) (8.11)

For0<x<1v>0,a>08>0andc>0 , where C denotes the normalizing

constant and can be determined as

1 c'I'(a +v)I'(B)
C 2Ta+p+v)rv+1)

1
ze(v+§,a+v; 2v+1,a+ﬁ+v;2c)

The classical beta pdf (2.1) arises as the particular case of 8.11 for v = 0 and ¢ = 0.
The third and final generalization of equation 2.1 is given by the pdf

f(x) = Cx* (1 — x)BLexp(—cx)I,(cx) (8.12)

For0<x<1v>0,a>08>0andc>0 , where C denotes the normalizing

constant and can be determined as

1 c'I'(a +v)I'(B)
C 2T(a+B+v)[(v+1)

1
ze(v+§,a+v; 2v+1,a+ﬁ+v;20)

The classical beta pdf (2.1) arises as the particular case of 8.12 for v =0andc =0
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9 Chapter IX: Summary and Conclusion

9.1 Summary

This project has looked at three methods of generalizing the classical beta distribution. The work

could be summarized as follows:

In Chapter I, a general introduction covering the work on statistical distributions in general is
given followed by a brief background on classical beta distribution. The limitation of the
classical beta distribution is noted leading to the main objective of adding more parameters to
make the distribution more flexible for analyzing empirical data. The recent works in literature is
also highlighted.

In Chapter 1l, the classical beta distribution is constructed from the beta function and the
relationship between the beta function and the Gamma function is shown. Its construction from
ratio transformation of two independent gamma variables is also done. Other constructions from
the r™ order statistic of the Uniform distribution and from the stochastic processes are also
looked at. Some properties, shapes, and special cases of the classical beta are also covered under
this chapter.

In Chapter 111, looks at the transformation of the classical beta distribution on the domain (0,1) to
the extended beta distribution of the second kind on the domain (0, o). It also looked at some
properties, shapes, and special cases of the beta distribution of the second kind.

In Chapter IV, highlights some of the three parameter beta distributions used by various authors
in literature. In particular, the well known Libby and Novick (1982) three parameter beta
distribution and the McDonald (1995) three parameter beta distribution.

In Chapter V, the four parameter beta distributions are constructed. Their properties and special
cases are also given.

In Chapter VI, covers the construction of the five parameter beta distributions due to McDonald
(1995) giving some of its properties and special cases. It further extends the five parameter beta
distribution due to McDonald (1995) by introducing a sixth parameter to give a five parameter

weighted beta distribution. Some of the properties and special cases of this five parameter
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weighted beta distribution have also been looked at. The chapter also looked at the construction
of the five parameter exponential generalized beta distribution and its special cases.

In Chapter VII, gives a new family of generalized beta distributions based on the work of Eugene
et al. (2002) using the generator approach. It covers the beta generated distributions,
exponentiated generated distributions and the generalized beta generated distributions.

In Chapter VII1, the generalized beta distributions based on some special functions are covered.
In particular, the Confluent Hypergeometric function, the Gauss Hypergeometric function, the
Bessel and the Appell function.

In Chapter IX, a summary and concluding remark of the work is given followed by references
and an appendix.

9.2 Conclusion
This project has looked at both the two kinds of two parameter beta distributions. It has reviewed
various methods of constructing the beta distributions, their properties which include expressions
for the ™ moments, first four moments, mode, coefficient of variation, coefficient of skewness,
coefficient of kurtosis and their shapes. It has also presented the special or limiting cases.
However, there are other methods which can be explored in extending this work e.g. using
mixtures of distributions. Other areas of research which need to be looked at are: further

properties of the beta distributions, estimation and applications.
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10 Appendix

A.1 C(Classical Beta Distribution

Pdf ( ) xa—l(l _ x)b—l 0 5 0
f X) = B(a, b) ,a > ) > )
0<x<1
Cumulative distribution function
1 X
— a—-1 _ #\b-1
F(x) B, b)JO t* (1 —-t)’ " dt

r™order moment

I'@+r)I'(a+b)

I'@A+b+r)I'(a)
a

Mean
a+b
Mode (a—1)
(a+b—2)
Variance ab
(a+b+1)(a+b)?
Skewness 2(b—a) |a+b+1
a+b+2 ab
Kurtosis

(a+b+1)/3[a%(b + 2) — 2ab + b%(a + 2)]
ab < (@a+b+2)@+b+3) >

A.2 Power Distribution (b=1 in table A.1)

Pdf f(x) = ax®t, a>0, 0<x<1
Cumulative distribution function F(x) = x*
™ order moment a

a+r
Mean a

a+1
Mode 1
Variance a

(a+2)(a+ 1)?
Sk
eWness 2a(1—a) |(a+2)
(a+3) a

Kurtosis

a+2/(3[3a*—-a+2]
a <(a+3)(a+4)>
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A.3 Uniform Distribution (a=b=1 in table A.1)

Pdf fx)=1, 0<x<1
r™ order moment 1
1+r

Mean 1

2
Mode Any value in the interval [0,1]
Variance L

12
Skewness 0
Kurtosis 1.8

A.4 Arcsine Distribution (a=b= ; in table A.1)

Pdf

fx) = ,0<x<1

1
mx(1 —x)

Cumulative distribution function

F(x) = ;arcsin(\/})

th
r' order moment 1
r (7 + T')
1
rI'(r)T (7)
Mean 1
2
Mode 1
2
Variance 0.125
Skewness 0
Kurtosis 1.5
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A.5 Triangular Shaped (a=1, b=2 in table A.1)

Pdf fx)=2-2x,0<x<1
Cumulative distribution function F(x) = 2x — x?
r™ order moment 2rT(r)
I'(r+3)
Mean 0.3333
Mode 0
Variance 0.0556
Skewness 0.5657
Kurtosis 2.4

A.6 Triangular Shaped (a=2, b=1 in table A.1)

Pdf f(x) = 2x, 0<x<1
Cumulative distribution function F(x) = x?
™ order moment 2I(2+7)
I'(r+ 3)
Mean 0.6667
Mode 1
Variance 0.0556
Skewness -0.5657
Kurtosis 2.4

A.7 Parabolic Shaped (a=b=2 in table A.1)

Pdf

fx)=6x(1—x),0<x<1

Cumulative distribution function

F(x) = 3x?% — 2x3

™ order moment 6
(r+3)(r+2)
Mean 0.5
Mode 0.5
Variance 0.05
Skewness 0
Kurtosis 2.1429
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A.8 Wigner Semicircle (a=b=§, and x = % in table A.1)

Pdf 2VRZ — x2
= " R R
f(x) R <x<
™ order moment RN 1 [2r
(2) r+1\r
Mean 0
Mode 0
Variance R_2
4
Skewness 0
Kurtosis 2

A.9 Beta Distribution of the Second Kind (using x = l—iy or l—iy in table A.1)
Pdf xe1
f(x)zB(a,b)(1+x)a+b'a>0' b>0, 0<x<o
" order F(a+r)T(b-7r)
moment I'(a)l(b)
Mean a
b—1
Mode b—-1
a+1
Variance a(a+b—1)
(b—D?(b - 2)
Skewness 2a[2a? + 3a(b— 1)+ (b — 1)?]
(b—1)3(b—2)(b—23)
Kurtosis 3a(ab® + 2b3+2a%b? + 5ab? — 6b%+a®b + 8a%b — 13ab + 6b + 5a3 — 10a?
+7a—2)

(b-D*b-2)(b-3)(b—-4)
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A.10 Lomax (Pareto II) (a=1 in table A.9)

pdf f(x)=ﬁ,b>0, 0<x <o
™ order moment F(1+nrrm-r)
r'(b)
Mean 1
b—1
Mode b—1
2
Variance b
(b—2)(b—1)?
Skewness 2b[b + 1]
(b—=1)3(b—2)(b—3)
Kurtosis 3(3b3 + b% + 2b)

(b-1D*b-2)(b-3)(b—4)

A.11 Log Logistic (Fisk) (a=b=1 in table A.9)

pdf

1

=0, 0<x<
f0) =gy X<
™ order moment I
sinrm
Mean s
sinT
Mode 0
Variance 2m ( T )2
sin 21t sinTt
Skewness 3m 2T I T \3
-3 2
sin 31 sin 21t (sin 11) + (sin 1'[)
Kurtosis

41 i 3 T \2 2T
sin4m 4 (sin 11) sin 3m +6 (sin 1'[) sin 21

4
=3 (si:n)
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A.12 Libby and Novick (1982) Beta Distribution (x = 1—§iyc in table A.1)

pdf 1 Caya—1(1>__y)b—1
f(X)= a+b’
B(a,b) 1 - (1-0)y)
a>0, b>0, c>0, 0<x<1

A.13 McDonald’s (1995) beta distribution of the first kind (x = %in table A.1)

Pdf Lt (1 ~ (g))b—l

fx) = cBab)
a> 0, b >0, c>0, O<x<c

A.14 Three Parameter Beta Distribution (x = % in table A.1)

Pdf c*x* 11+ (1 —c)x)b?
f(X) = a+b ’
B(a,b)(1 + x)
a>0, b >0, c>0, 0<x<1

A.15 Chotikapanich et.al (2010) Beta of the Second Kind Distribution (x = % in

table A.9)

pPdf f(x) _ xa—l
c*B(a,b) (1 + (x)>a+b’

c
a>0, b>0, c>0, 0<x<o

A.16 General Three Parameter Beta Distribution (x = cy in table A.9)

pPdf c%xa1

&) = 3 a e
a>0, b>0, c>0, 0<x<o
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A.17 Three Parameter Beta Distribution (x = y¢ in table A.1)

Pdf

Cxac—l(l _ xc)b—l
flx) = )
B(a,b)
a>0, b>0, c>0, 0<x<1

A.18 Generalized Four Parameter Beta Distribution of the First Kind

(x= (ﬁ)c in table A. 1)

phet (1 (2))
q*? B(a,b)
q>0, 0<xP <q°

fx) = ,a>0, b >0, p >0,

r™order moment

q"T(a+b)l (a + %)

(a+b+ )F(a)

Mean 1
ql'(a+b)r (a + 1_9)
r (a +b+ ) I'(a)
Mode 1
q’*(pa—1) ¢
pa+pb—1—-p
Variance 2 2 1\ 2 2
2 F(a+p)F(b)F(a+b) T (a+p)F (b)I'2(a+b)
2 ] 1
F(a+b+5) r (a+b+5)
Skewness

3/I‘(a+b)f‘(a+%) F(a+b)F(a+ )F(a+b)F(a+}29)

! \F(a+b+ )F(a) F(a+b+ )F(a)F(a+b+ )F(a)

3

1
s F(a+b)F(a+p)

F(a+b+ )F(a)
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Kurtosis
4

/I‘(a+ b)I’ (a+%)

'@+ b)r (a

+ )r(a+b)r(a+;’)

q

+6

-3

'(a+b)r (a + %)

\r(a+b+Dr@ r(a+o+ )r<a>r(a+b+ 5)réa)

F(a +b)l (a + %)

(a+b+ )F(a)

I'(a+b)r (a + %)

(a+b+ )I‘(a)

(a+b+ )F(a)

4

A.19 Pareto Typel (b=1, p=-1in table A.1)

Pdf aq“
f(x)=xa7,a>0, q>0,
0<g<x
Cumulative distribution function 1— (g)a
X
r™ order moment qa
a—rTr
Mean qa
a—1
Mode q
Variance q’a
(@a—2)(@a—-1)?
Skewness
2(1+a)( |[(@a—2)
a—3 a
Kurtosis 3(3a® — 5a% — 4)
a(@a—3)(a—4)

233




A.20 Stoppa (Generalized Pareto Type I) (a=1, p=-p in table A.1)

Pdf

Ty b1
f(x) = pqPbx~P1 (1—(2) ) b >0, p>0, q>0,

0<g=sx

Cumulative
distribution function

b

(-G

r order moment

qrbr(b)r(1 - %)

r (1 +b— %)
Mean abr(o)r (1-3)
r(1+b- %)
Mode 1+ pb 117
_ 1 ((1 + p))
Variance r (1 - Z) T(b)r(1+b) I? (1 - 1) r2(b)I2(1 + b)
q p ) _ P -
F(1+b—5) r2(1+b—5)
Skewness 3 / br(o)r (1 - %) br(o)r (1 - %) br(o)r (1 - %)
q -3
\(-2)r(o-2) (b—%)r(b;%)(b—gﬁ(b—%)
< br(o)r (1 —%) > >
+2 - :
(b- 5) r(b- 5)
Kurtosis 4 /br(b)r (1- %) bro)r (1 - %) br(o)r (1 - %)

’ \F(1+b—%) _4F(1+b—%)1“(1) F(1+b—%)

2
» <r(1 +b)r (1 - %)) [(1+b)r (1 - %)

r(1+b-2) F(1+b—%)

, <r(1 +b)r(1+ ;)>4>
r(1 +b+%)
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A.21 Kumaraswamy (a=1, g=1 in table A.1)

Pdf f(x) = pbxP~1(1 —xP )L, b >0, p>0
r'" order moment bl (229 n 1) r(b)
r(1+ % +b)
Mean br( + 1) r'(b)
ret+2 S+b)
Mode 1
1-p
(1 - pb)p
Variance [ (2 “1
b! (b — 1)!|2(pi—b! (b — 1)!( (p)' > |
((5+b)! (G+v)!/ |
Skewness br()r (a + %) br()r (1 + )bF(b)F (1+ %)

F(1+b+%) F(1+b+21)) r(1+b+§)

<bF(b)F(1 + ;))3
+2 :
r (1 +b+ p)

Kurtosis bI'(b)T (1 + %) br(b)r (1 + )bF(b)F (1 + 2)
F(1+b+%) I F(1+b+219) F(1+b+;39)

bF(b)F(1+%) 2b1“(b)1“(1+%)
+6 . .
F(1+b+2—9) F(1+b+5)

4

1
_3 <bF(b)F (1 + z_?)

F(1+b+%)
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A.22 Generalized Power (b=1, p=1in table A.1)

pdf ax®1
flx) = Pt a>0, q>0, 0<x<gq

™ order moment qa

(a+r)
Mean qa

a+1
Variance ,[(@+1)?(a+2)al(a) —a’T'*(a)

(a+ 1)2(a+2)2
3
Skewness 2a(—a3 — 3a? + 4) [ 1 2
(a+3) (a+ 1)?2(a+2)al'(a) —a?T?(a)
Kurtosis (a+1)%(a + 2)? 2 L a 432
q*(a+ 1)?(a+ 2)al'(a) — a®l'?(a) T \a+a (a+ 1@+ 3)

6a3 3a* >
T e +2) G+ D?
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A.23 Generalized Four Parameter Beta Distribution of the Second Kind

(x = (E)p in table A.9)

Iplxpe—t
flx) = % ,a> 0, b >0, p >0,
qP*B(a,b)(1 + (5)’”)aer

r™order moment

q>00<x<o
T (a+D)r(o-1)

T(aQ)L(b)
Mean qr (a + %) r (b - %)
I'(a)T'(b)
Mode 1
q(pa—l)p
b+1
Variance [ 2 zp ' 1, 1)
le(a+5,b—5) B(a+5,b—5) |
1 Il B(a,b) B(a, b) JI
Skewness q3/B(a+%,b—%)_33(a+%,b—%)B(a+%,b—%)
\ B(a, b) B(a, b) B(a, b)
B(a+dp-1)\
+2 B(Z,b) :
Kurtosis q4/B(a;—%,b—%)_4B(a+%,b—%)B(a+%,b—%)
\ (a,b) B(a, b) B(a, b)
y Bla+do-2)\ B(a+2-2)
B(a, b) B(a,b)
4
. B(a+%,b—%)
B(a,b)
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A.24 Singh Maddala (Burr 12) (a = 1 in table A.23)

Pdf |plbxP~1
flx) = < )
qr (1+ @)1
0<x<om

b>0, p >0, q>0

Cumulative
distribution function

Fx)=1- (1 + (g)r’) -

r™ order moment q'T (1 n Z) T (b _ %)
p
I'(b)
Mean ar (1 +%)l“(b —%)
r'(b)
Mode p—1 %
4 (pb + 1)
Variance (raor(1+ r(b-5)-r2a+3r(b-3)
1 IZ(b)
Skewness

3 3 11 2 2
3 bB(1+—,b——>—3bB(1+—,b——)bB(1+—,b——)
P’ P P’ P p

S

Kurtosis 4 4 1 1
q4 bB<1+—,b——>—4sz<1+—,b——)B<1+—,b——)
p 4 4 p p p

2
1 1 2 2
+6 bB(1+—,b——> bB<1+—,b——)
p p p p
4
1 1
~3(bm(as Lo )
p p
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A.25 Generalized Lomax (Pareto II) (a=1, p=1,q = % in table A.23)

Pdf Ab
f(X)—W, b >0, A1>0, 0<x<o
Cumulative F(x)=1—-(1+ )"
distribution function
th r
r order moment (%) (L + (b — 1)
I'(b)
Mean 1
A(b—-1)
Mode 0
Variance b
A2(b-1)2(b-2)
Skewness 2(b + 1) (b—2)
(b—13) b
Kurtosis

1\* 24 24
(Z) ((b —1Db-2)b-3)(b—-4) (b-1D2(b-2)(b-3)
3

12
T h-1Pb-2) b= 1)4)
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A.26 Inverse Lomax (b=1, p=1in table A.23)

Pdf ax?1
f(x)=ﬁ, a>0, q>0, 0<x<o
q® (1 + a)
r™ order moment (@' T(a+rT(1-7r)
NINE;
Mode a—1
1 ( 2 )
Variance q*laB(a + 2,—1) — {aB(a + 1,0)}*]
Skewness ,(Bla+31-3) _Bla+11-1)B(a+21-2)
1 B(a, 1) B(a, 1) B(a, 1)
, Bla+1,1-1) 3)
B(a,1)
Kurtosis J(Bla+41-4) B(a+11-1)B(a+31-3)
1 B(a, 1) B(a, 1) B(a, 1)
Bla+11-1D\’Bla+21-2)
B(a, 1) B(al 1)
; B(a+1,1-1D\*
B B(a,1)
A.27 Dagum (Burr 3) (b=1 in table A.23)
Pdf pa-1
fx) = Iplaxx , a>0, p>0, q>0
qre (1 + (5)7")1+a
0<x <o
™ order moment r r _r
q'T(a+ DI -2)
I'(a)
Mean 1 1
ql(a+ ) -2)
I'(a)
Mode 1
(pa — 1)19
1 p+1
Variance 2 _2\ 2 12(,_1
2 r@r(a+ p) r(1 p) r(a+3)r (1 p)
1 IZ(a)
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A.28 Para-Logistic (a=1, b =p in table A.23)

Pdf pzxp_l
@+ Gy
0<x <o

A.29 General Fisk (Log -Logistic) (a=b=1, q = %in table A.23)

pdf ~ 2lpl G
f(X)—W, p >0, A1>0, 0<x <o
th
r' order moment q'T (1 n [) r (1 _ [)
p p
Mean qlr(l)[‘(l_l)
p \p p
Mode p—1 %
1 (p + 1)
i 2 2 1 1
Variance qz{F (1 +—)r(1 ——) —I2(1+ )2 (1 ——)}
p p p p
A.30 Fisher (F) (a=§, b=§, q= E in table A.23)
pdf r (u + v) (g); 21
fx) = 2 /\v &5 u>0,  v>0
u v Xu 2
r(z)r(z) (1 + (7))
0<x <o
r™ order moment (U)T (u ) (” )
=) I'\5+r)l{5—r
u 2 2
u v
2) \2
r(z)r@)
Mean 4
v—2
Mode (u — 2) ( % )
u v+ 2
Variance 22 ( ut+v-—2 )
u(v—2)2(w-—4)
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A.31 Half Student’s t (a=%, b=£, q =+/r in table A.23)

pdf (
f(x)= 1471 —oo < x <00
L X 2
\/r_nr( )( 7)
A.32 Logistic (x = e’in table A.23)
pdf |p|epa(x_l09§@q)
) = B(a,b)(1 + epG-log@nya+rh’ SX<®
1
A.33 Generalized Gamma (q = fbp, })im in table A.23)
—00
pdf |p|xpa_1 _ X p
= B
f(x) P T (a) e , a>0, p >0, B >0,
0<x <o
™ order moment r r
BT (a + p)
I'(a)
Mean 1
pr (a + 2—9)
I'(a)
Mode 1 1
Bla=y)
p
Variance B2 2 1
r r( + ) I ( + —)
I2(a) < @ria p “Tp
Skewness 3.2 3 3 2 1 3.3 1
BT (a)F(a+5)—3B F(a)l"(a+2—9)l"(a+5)+2[3 r (a+5)
(@)
Kurtosis 4 3 1 2\ 2 1
B4 F(a+5)_4l“(a+5)l"(a+2—j)+ 6F(a+E)F (a+5)
I'(a) I*(a) I*(a)
t(g 4l
) 3M)
(@)
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A.34 Gamma (p = 1, in table A.33)

bt f(X)=’§a—_1e_(F),a>0,[3>0,0<x<oo
B T(a)
r'" order moment BT(a+r)
I'(a)
Mean Ba
Mode Bla—1)
Variance af3?
Skewness i
Ja
i 6
Kurtosis 3.8
A.35 Inverse Gamma (p = —1, in table A.33)
o 0
f(x)_x1+aF(a)e , a>0, 0<x<m
r" order moment B T(a—r1)
I'(a)
Mean B
a—1
Mode B
(a+1)
Variance B2
(a—1)2@-2)
Skewness 4 m
DR
Kurtosis 3(a—2)(a+5)
(a—3)(a—4)
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A.36 Weibull (a = 1, in table A.33)

pdf _(xY
f(X)=<%>x”‘le <ﬁ) p >0, 0<x<oo
Cumulative _(z)p
distribution function 1—e B
th T
r order moment BT (1 + _)
M 1
ean EF (_)
P \p
Mode 1
8 (p — 1)p
. p
Variance BZF (1 N

A.37 Exponential (a = p = 1, in table A.33)

X
pdf f(x)=%e_(ﬁ), B >0, 0<x<om
Cumulative -
distribution function F)=1-e ¥
™ order moment B rI'(r)
Mean B
Mode 0
Variance B

A.38 Chi-Squared (a = g,p =1, = 2, in table A.33)

df 1 n_. o x
p fQ) = —x2 172, O0<x<ow
221 (3)
r™order moment T (% N r)
n

r(3)
Mean n
Mode n—2
Variance 2n
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A.39 Rayleigh(a=1,p=2,8 = av2, intable A.33)

pdf

X _(L)Z
f(x)=§e a2/ | a> 0, 0<x<o

Cumulative _Lzz
distribution function F(x)=1—¢e 2«

™ order moment r r
(w2) T(1+5)
Mean T
2
Mode o4
Variance o2 (4 - ﬂ)
2

A.40 Maxwell (a = %,p = 2,8 = av2, in table A.33)

df x?
P 2 xze_(Z_“Z)
flx) = -, a>0, 0<x<o
T (04
r™ order moment r (3.1
(2)T(5+5)
NG
Mean 200/2
VT
Mode V2«
Variance 2 (3“ — 8)
(04
T

A.41 Half Standard Normal (a = %,p = 2, B = V2, in table A.33)

pdf f(x)=ie_xZ_2, 0<x<o
V2T
th
r' order moment r_ (1 r
(V)T (3+3)
1
r(z)

Mean 5

TC
Mode 0
Variance 1
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A.42 Half Normal (a = %,p = 2,8 = ov2, in table A.33)

pdf

23_(202
fx)= |- , 0<x<o
™ o

r™ order moment (ov2)'T (1 + 3)
2 2
1
r(z)
Mean ov2
Jm
Mode 0
Variance

A.43 Half Log Normal (x = (In(y) —p,a = %, B = 0V2 in table A.33)

pdf 2 _(n()—)?
flx) = > e 2% 0<x <o
oXx T
th 1
r" order moment oritgrio
Mean eu+%62
Mode ol +a?
Variance

e2u 402 (eaz _ 1)

A.44 Four Parameter Generalized Beta Distribution (x = P in table A.1)

paf (x—p)* (g —0)*
f(x)_ B(a,b)(q—p)a_l_b_l ) a,b,p,q>0,0<x<00
Mean aq + bp
at+b
Mode (a—1)g+(b-1Dp
a+b—-2
Variance ab(q — p)?

(a+b)’(a+b+1)
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A.45 Five Parameter Generalized Beta Distribution (x = o

yp

> in table A.1)

df pb—1
" e (1= ()
fx) = ——,  a,bpg>00<c<1
a x\P
q PB(a,b)(1+c(q))
th T T
r order moment qu(a+£,b) a+l, T
P p
B(a,b) a+b+-—
Mean 1 [ 1 1 ]
qB(a +=,b) at—-, —; ¢
P ZFli p. D |
1
B(a,b) la+b+— |
p
Mode (a—1Dg+B-1p
a+b—-2
Variance 2 [ 2 2 ]
2 = at—, —;
qa"B(a+,b) el e e
1 a+§B b o PR |
(1-0) (a,b) B 5 |
P T
/ qB(a+—b) | a+5 5; Cl\
_\ 2F1| 1 |/
(1-¢)° PB(a b) |a+ +E |
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A.46 Five Parameter Weighted Generalized Beta Distribution (a = a + E, b =

b— S in table A.18)

pdf pxap+k—1
flx) = . . e a,b,p,q >0,
ap +k i - = b
qP B(a+p,b p)(1+(q) )
0 <x < oo, —ap < k < bp
r™ order moment kT k_T
TB ) _ —_—
q (a + D + p,b D p)
k k
B (Clk+ 5, b — Ek)
Mean 1 1
B - - P
q (a + D + p,b D p)
k k
B - — =
(a + p‘b p) 2
Variance [ k+2 k+ 2 k+1 ,  k=1\\"]
qriB(HT,b_T)_ (as kL p k=) |
k k k k
l B(a+5,b—5) (a+5,b—5) J
A.47 Weighted Beta of the Second Kind (p = q = 1 in table A.46)
pdf xa+k—1
f&) = " Blatkb—kA+xet @ b,> 0,
0<x < oo, —a<k<b
A.48 Weighted Singh-Maddala (Burr12) (a = 1 in table A.46)
Pdf pxp"'k_l
f(x) = =5 bp.a>0,
k k x\P
k Ky K x
qr+ B(1+p,b p)(1+ (q) )
0 <x < oo, —p <k <bp
A.49 Weighted Dagum (Burr3) (b = 1in table A.46)
Pdf pxap+k—1
fG) = a1 ap.q>0,
k k x\P
ap+k - _ = b
qer B(a+p,1 p)(1+(q) )
0<x < oo, —ap<k<p
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A.50 Weighted Generalized Fisk (Log-Logistic) (a=b =1, q =% in table

A.46)
pdf pxp+k—1
flx) = N P p ,  Dp.qA>0,
— — — = 2
- B(1+p,1 p)(1+(/1x)?’)
0 <x< oo, -p<k<p

A.51 Five Parameter Exponential Generalized Beta Distribution (x = e”, p =

i and g = e’ in table A.18)

Pdf

a(x—8) (x—6)\P~1
e o (1—(1—c)e o )

1 a+b ’
oB(a,b) (1 +c (2—;)6)

x—06 1
o< E ()
o

flx) = a,b,c,a0,6 >0,

A.52 Exponential Generalized Beta Distribution of the First Kind (¢ = 0 in

table A.51)

Pdf

a(x—8) (x—6)\b~1
e o (1—e o )

oB(a,b) ’

f&) =

ab,o,6 >0,

x
—0<——<0
a

A.53 Exponential Generalized Beta Distribution of the Second Kind (¢ = 1in

table A.51)

Pdf

a(x—6)
e ag
f(x): a+b”’ alblal6>ol

oB(a, b) (1 + e¥>

x—0
g

—OO<

<
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A.54 Exponential
o0 and 6* = aglnq + § in table A.51)

Generalized Gamma

(Generalized Gompertz)

(b -

Pdf

x—06
o

—00 < < oo

f(x)=e

a(xa—d) e¢ (x—=8)/o

) al 16>01
ol'Ep ?

A.55 Generalized Gumbell (c = 1 and a = b in table A.51)

Pdf ea(x—5)/a
flx) = —7  20,86>0,
oB(a,a) (1 + eT)
x—306
—0 < <
(0}
A.56 Exponential Power (¢ = 0 and b = 1 in table A.51)
Pdf aea(x—&)/a
f(x)=—0 ) a,o,6 >0,

-0 < ——<0
a

A.57 Exponential (Two Parameter) (c = 0,a =1 and b = 1 in table A.51)

Pdf

x—0
—o<—<0
o3

eG=8)/o

fa)=——,

g6 >0,
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A.58 Exponential (One Parameter) (c=0,a=1,b=1andd =0in table

A.51)

Pdf

X
—o<—<0
o

A.59 Exponential Fisk (Logistic) (c =1,a =1,b = 1 in table A.51)

Pdf

e (x—=6)/o

fl) = o(1 + eC—0/o)2’

o> 0,

A.60 Standard Logistic(c=1,a=1,b=1,6 = 0in table A.51)

Pdf

ex/a

f(x) =m,

g>0,

—oo < —<

A.61 Exponential Weibull (b — 0,6" = glnq + 6 and a = 1 in table A.51)

Pdf

(x=8)
e o e

—e(x—68)/o

flx) =
x—0
o

) 16 > 01
ol'Ep d

—o00 < <

Other Generalized Beta Distributions

A.62 Beta Generator (x = G(y) in table A.1)

Pdf

CgE@) T (1 -6m)
fx) = 5 b

—0<x<00, 0<6G(x)<1

,a>0,b>0,
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A.63 ith Order Statistics (a=i, b=n-i+1 in table A.62)

o f0) = e I WE@I = 6, 10,

n—i>0-0<x<00<6(x)<1

A.64 Beta-Normal (Substituting G(X) and g(X) in table A.62)

pdf _ X—u a—1 xX— U b-1
f(x)=al[q>( o )] [1_(1)( o )] ¢ (x—p)
B(a,b) o
a>0, b >0, 0>0, ue Randx € R
X —
Parent cdf G(x) = q)( H)
(0}
Parent pdf _ (XK
9@ = (—)
A.65 Beta-Exponential (Substituting G(X) and g(X) in table A.62)
Pdf Aexp(—bAx)[1 — exp(—Ax)]¢ !
flx) = B
a,b)
a>0,b>0A>0x>0
Parent cdf G(x) =1 — exp(—Ax)
Parent pdf g(x) = Aexp(—2Ax)
A.66 Beta-Weibull (Substituting G(X) and g(X) in table A.62)
Pdf x\¢ 18!
(Lﬂ) ) [1 _ ) l
f(x) = B@b) ,  abcp>0
Parent cdf _(5)“
Gx)=1—e \B
Parent pdf —(5Y
P g(x) = <|BC_C|> xc_le (B)
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A.67 Beta-Hyperbolic Secant (Substituting G(X) and g(X) in table A.62)

Pdf a-1 b-1
[% arctan(e”®) ] [1 — Tz[arctan(e") ]
fx) =
B(a, b)T cosh(x)
a>0,b>0andx €R
2
Parent cdf Gx) = Earctan (e%)
Parent pdf 1

9(x) = 1t cosh(x)

A.68 Beta-Gamma (Substituting G(X) and g(X) in table A.62)

Pdf x Fi(p) b1
P=1o7 ATk a-1 __A
e r%(p) [1 F(p)]
fx) = B(a, )T (p)' A7
a,b,p,A,x>0
Parent cdf Ix(p)
G(x) =2
(x) F(Q)
Parent pdf x\P71 _x
P g(x) = (Z) e 4
A.69 Beta-Gumbel (Substituting G(X) and g(X) in table A.62)
Pdf ex {_ X~ U} b1
_ p O —a (exp {—ﬂ}) —exp {—ﬂ}
fx) = oB(a,b) e (1 e )
ab,u,o0,x>0
Parent cdf _ _ X~
G(x) = exp{ exp{ . }}
Parent pdf X—p

e B A R
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A.70 Beta-Frechet (Substituting G(X) and g(X) in table A.62)

Pdf Y Y b—-1
Ao? exp {—a (g) } (1 — exp {— (%) } )
fe) = x*2B(a, b)
a,b,Ao,x>0
Parent cdf Xy A
G(x) = exp {— (E) }
Parent pdf

gx) = ;\%eXp {— (g)_k}

A.71 Beta-Maxwell (Substituting G(X) and g(X) in table A.62)

2
Paf 1 2 (3 x? = 2 /3 x2\\"" |2 xze_(ZXTJ)
) = 5 m (ﬁY(E%)) (1 - ﬁY<§'£> ) P
a,b,a, x > 0 and y(a, b) is an incomplete gamma function
Parent cdf 2 (3 x?
o =r(23%)
Parent pdf

2x2e_(2L°<22)
A

A.72 Beta-Pareto (Substituting G(X) and g(X) in table A.62)

Pdf k oK\ kb1
) = 55t ) (1_(5) > 5)
a b, k,8,x>0
Parent cdf x\ 7K
Gx)=1- (5)
Parent pdf ko

g(x) = Sk
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A.73 Beta-Rayleigh (Substituting G(X) and g(X) in table A.62)

Pdf x %2 a—1 _b(L)Z
= —e 2daZ 0(\/7
f&) a’B(a, b) <1 ¢ > €
a,bk,a>0
Parent cdf _x?
Gx)=1-—e 247
Parent pdf x (2
g@)=@w(W9

A.74 Beta-Generalized-Logistic of Type IV (Substituting G(X) and g(X) in table

A.62)
Pdf B(a,b)!™* e a-1 b—1
f&) = Bab) (1—c )+ [B1+l—x (p, 9] [Bli:i _(@p)]
a b,p,q>0, x >R
Parent cdf B 1 (pq)
G(x) = 1+e”X
() B(p,q)
Parent pdf (x) = ed
I = A xexpta

A.75 Beta-Generalized-Logistic of Type I (Substituting g=1 in table A.74)

Pdf pe *[(1+e )P —1]b~1
f(x) = —x)a+pb
B(a,b)(1 + ex)atp
abp>0,x>R

A.76 Beta-Generalized-Logistic of Type II (Substituting g=1 in table A.74)

Pdf qePax

flo) = B(a,b)(1 + eX)®+
a,b,q> 0, x >R

(1~ B(a bﬁqi e‘X)q>pl

A.77 Beta-Generalized-Logistic of Type III (Substituting g=1 in table A.74)

Pdf Bl " e
— ! B ) a-1rg ox ) b—-1
fG) B(ab) (1+e)%l 1+1_}(((1 DI* | 1+e_X(q Q)]
a b,q>0, x >R
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A.78 Beta-Beta Prime (x = e™Y in table A. 74)

1—a-b -1
Pdf o) = B(p,q) x4

ab,q,>0, x >R

[B

Blab) (At xp B @B Lol

A.79 Beta-F (Substituting G(X) and g(X) in table A.62)

Pdf f(x) .
_ B(a, b)—l (%)2 xz 1 zi[l ) (X u)]i [I
B(i»i) (1 + (V)x)(u v | ) |

u (O ()
a,b,uv,x>0
Parent cdf 1 vu
G(X) = B LAW iy
R
Parent pdf 3 v
g(x) = (%)2 X
u+v)/2
(G 91+ ()

A.80 Beta-Burr XII (Substituting ¢(X) and g(X) in table A.62)

Pdf —p,p—1 —k\21 —kb—1
_ pkq7PxP x\P x\P
roo = (1-(1+ (2) ) (1+())
a b,p,q,k,x>0.
Parent cdf x\P\ K
G(x)=1—(1+(a) )
Parent pdf NN
g(x) = pkq™P (1 + (a) ) xP~

A.81 Beta-Dagum (Substituting G(X) and g(X) in table A.62)

Pdf [plqax 1
= -py—ayja-1 — —-p)—a \b—1

FO) = gy @)™ (= (A gx M) )P s

a b,p,q, x>0
Parent cdf Gx)=(14+qgx?)*
Parent pdf Iplgax—""1

g(x) = —p)l+a
(1+4gx7?)
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A.82 Beta-Fisk (Log-Logistic) (Substituting G(X) and g(X) in table A.62)

Pdf Ap(Ax)ap—1
f(X) = a+b
B(a,b)(1 + (Ax)P)
ab,p x>0

Parent cdf (Ax)P

G0 =T
Parent pdf Ap(Ax)P1

g(x)

~ (1 + (Ax)p)?

A.83 Beta-Generalized Half Normal (Substituting G(X) and g(X) in table A.62)

pdf a a—-1 a b—1 a  1x\2@
ol -0 -w () @G
[ = B(a,b)
a,b,a,0 >0
Parent cdf GQ0) = 2¢ [(g)“ ] _1
Parent pdf

o= PO A

A.84 Generalized Beta Generator (x = [G(y)]“ in table A.1)

Pdf

g)alG 1[G ()] (1 = [G(x)]*)P T
B(a, b) ’
a>0b>0,
—o<x<00,0<[G(x)]*<1

f&) =

a>0,

A.85 Exponentiated Exponential (Substituting G(X) and g(X) in table A.84)

wot ) (1= )] o BN
B G 1 W e et}

Parent cdf x)=(1- e_(%) '

Parent pdf o <1 >

(1 _ e—(,%)“‘l )

g(x) =

= K
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A.86 Exponentiated Weibull (Substituting G(X) and g(X) in table A.84)

P (B) e @ - i - e—(%)”)f”
fx) = 5D
- o io
g(x) = ([%) y"‘le_(ﬁ)

A.87 Exponentiated Pareto (Substituting G(X) and g(X) in table A.84)

Pdf - - —
o (=) 10- @) 1 - 0-0))
flx) = D)
Parent cdf 6x) = (1 ~ (g)—p)b
Parent pdf —

g(x) = pqPby*! (1 - (%)_p)

A.88 Generalized Beta Exponential (Substituting ¢(X) and g(X) in table A.84)

Pdf _Iplxexp(=2x)[1 — exp(=2Ax) ]P*7*[1 — (1 — exp(=Ax))P]*~*
flx) = B(a.b)

Parent cdf G(x) =1 —exp(—2Ax)

Parent pdf g(x) = Aexp(—Ax)

A.89 Generalized Beta Weibull (Substituting G(X) and g(X) in table A.84)

Pdf x\°¢ x\¢ x\¢ \ P b-1
|p| <|BLC> x¢—1 e_(ﬁ) []_ — e_(g) ]pa—l [1 — <]_ - e_(g) > ]
fx) = Ba.b)
Parent cdf _(5)“
Gx)=1—e \B
Parent pdf

gx) = <|BC—C|> x¢1 e_(/x?)

258




A.90 Generalized Beta Hyperbolic Secant (Substituting G(X) and g(X) in table

A.84)
— o b—1
Pdf p [% arctan (e¥)] r [1 — (Tz[ arctan (ET#))p]
flx) = B(a, b)oT cosh (%)
Parent cdf G(x) = %arctan (e%)
Parent pdf -

gx) =

oT cosh (
o

x—u)

A.91 Generalized Beta Normal (Substituting G(X) and g(X) in table A.84)

Pdf -1 X = U\jap-1 _ x—umPr _
f(.X) — po [CD( ) )] B(a,[;) (I)( ) ) ] ¢ <(x - ‘Ll)>
Parent cdf G(x) = @ (x - M)
o
Parent pdf 9 = ¢ <(x ; M))

A.92 Generalized Beta Log Normal (Substituting G(X) and g(X) in table A.84)

Pdf _ pplogx)[®Uogx)]??~'[1 — ®(logx)P]"~!
fO) = xB(a,b)

Parent cdf G(x) = ®(logx)

Parent pdf ¢(logx)

gx) =

A.93 Generalized Beta Gamma (Substituting G(X) and g(X) in table A.84)

Paf ot [T ]
0 ] ()|
flx) = Bab)
Parent cdf o f%(p)
)= <r<p>)
Parent pdf 90 = G)p—l e_%
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A.94 Generalized Beta Frechet (Substituting G(X) and g(X) in table A.84)

| Bonl ) ) ol e ol 0)Y]
B(a,b)

Parent cdf 6x) = <exp {_ (g)—lD

Parent pdf

gx) = %exp {— (g)_}\} x4t

A.95 Confluent Hypergeometric

Pdf

1 Lo —a—1
f(x):mfou (1 — we-a-lexudy

A.96 Gauss Hypergeometric

Pdf _ F(C) ! a— c—a—1 —b
f(x)—mfou 1(1—u) (1—X'LL) du

A.97 Appell

Pdf Cx®1(1 — x)F1

fO) = (1 —ux)P(1 —vx)t’

0<x<1l,a>0, >0 p>0,1>0, -1<u<l -1<v<landC

is the normalizing constant given by

1
C= B(a,B)Fi(a,p, A, a + B;u,v)
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SUMMARY: FRAMEWORK FOR CLASSICAL TO GENERALIZED BETA DISTRIBUTIONS
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A 4
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