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CHAPTER ONE
1.1 GENERAL I NTRODUCTI ON

The Finite Element Method (FEM) is one of the

numerical analysis techniques for o~taining appro~mate

solutions to a wide variety of engineering problems.

O_hers are finite difference and boundary element methods.

Suitability of any method depends on the nature of the

problem to be solved.

The basic premise of tKe FEM is that a solution

region can be analytically modeled or approximated by

replacing it with an assemblage of discrete elements.

Since these elements can be put together in a variety of

of ways .they can be used to represent exceedingly complex

shapes.

In a continuum problem of any 'dimension the field

variable possesses infinitely many values because it is a

functi on of each gener ic poi nt. in the body or sol uti on

regi on. Thus the problem is one with an infinite number

.of unk nowns. The finite element discretization procedures

reduce the problem to one of a finite number of unknowns by

dividing the solution region into elements and by

approximating function wit.hi n each element. The

approximating functions are defined in lerms of the values

of lhe field vari~bles al specified points called nodes or

nodal poi nts. Nodes usually lie on lhe elemenl boundaries /

where adjacenl elements are considered lo be connecled.

In addilion lo boundary nodes ,an elemenl may also have a

few interior nodes. The nodal values of lhefield variable
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and ~he in~erpola~ion func~ions for ~he elemen~s complelely

define ~he behaviour of lhe field variable wilhin lhe

elemenls. For the fini~e elemenl represen~atlon of a

problem. ~he nodal values of ~he field variable become lhe

new unkno .•••ns. Once ~hese unknowns are found .~he

inlerpolalion func~ions define lhe field variable ~hrougou~

lhe assemblage of elemenls.

Clearly. lhe nalure of lhe solulion and degree of

approximalion depend nol only on lhe size and number of lhe

elemenls used bul also on ~he inlerpola~ion funclions

selecled. Of t.e-n functions are chosen so t.h at. the field

variable or i~s derivaties are conlinuous across adjoining

element boundaries.

An imporlanl feature of ~he FEM whi ch sels it

aparl from other approxima~e numerical methods is ~he

abilily to formula~e solutions for individual elements

before putting them togelher to represenl the enlire

problem. In essence a complex problem reduces ~o

considerably simplified problems.

FEM has also a variet.y of ways in whi ch one can

formulate ~he properlies of individual elemen~s. These

are basically four approaches:

(i) Direcl approach.

(ii) Varialional approach

(iii) Weigh~ed residuals approach

(iv) Energy balance approach.

Regardless of lhe approach used to find the

elemen~ properties. lhe solulion of a continuum problem by

lhe FEM always follows an or-derly st.e-p+b y+s t.e-p process.
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The summary of how ~he FEM works is:

(i) Discret.Lze ~he solut.t on region Lnt.o afini~e

number of elemen~s

(ii) Selec~ in~erpola~ion func~ions

(111) Find elemen~ properlies

(iv) Perform coordina~e lransforma~ion if need be

(v) Assemble lhe elemen~ prc-pe-r-Laes t.o ob~ain ~he

system e-qua t.f orrs

(vi) Solve ~he system equa~ions

(vii) make addi~ional compu~alions if desired.

-- --~~-' ---=-_._-- ------ _.
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CHAPTER TWO
2. 1 DI SCRETI ZATI ON OF CONTI NVUM

The discretization of the domain into a series of

elements is ~he first of a series of steps that must be

performed when solving a problem. This particular

depends on the use of engineering judgement.

step

The

application of poor 'or improper judgement will produce

inaccurate results even though all of the other steps are

rigorously adhered to. Since there are no setrules for

reaching this goal because of the vastly different

circumstances encountered from one problem to another ,some

hel pful guidelines emerge from the large amount of

experience in finite element analysis.

The first, questi on one must subject onesel f to

are the k i rid of elements to use and whe'ther one shoul d mi x

several different types of elements. The answers to these

questions depends on the physics of the problem under

study. Often one type of element is used to represent the

continuum unless circumstances dictate otherwise. The most

popul ar and versati 1e elements. because of the ease with

which they can be assembled to fit complex geometries. are

triangular and tetrahedral

elements in 3-di mensi ons. These elements can have any

number of .exterior and interior nodes depending on the type

of interpolation functions defined for th~m.

A uniform element mesh is easy to construct.but

it may not always provide a good representation of the

conti nuum. In regi ons of the sol uti on domai n where the

gr-adient of the field variable is expected .to vary
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relatively fast. a finer element mesh should be used. It

is conveni en t, to place nodes and element boundar ies at

locations ..••.here poi nt, external a c t.a orrs are applied and

..••.here there are abr upt, changes in the corit.I nuum. I f the

boundary of the region has any corners. nodes should also be

placed at these corners. More elements should be used in
•regions ..••.here the boundary is irregular than in regions

..••.here it is smooth.

The continuum should be discretized so as to give

the element a ..••.ell proportioned shape (lengths of the sides

should not be very different) Long. rrarrow elements

should be avoided because they lead to a solution ..••.ith

directional bias that may not be correct.

Provided that the the elements obey the

requirements for a convergent solution •..••.e may exPect that

the more elements ..••.e use to model the solution domain.the

better the accuracy of our results.

2. 2 LI NEAR I NTERPOLA TI ON FUNCTI ONS

The FEM is based upon the concept of

approximating a continuous function (temperature. pressure.

displacement. etc) by a discrete model that is composed of

a ~et_ of piece ..••.ise continuous functions ..••.hich are defined

over a finite number of elements. The most popular form of

the element function is the polynomial. The order of the

po-lynomi al depends on the number of items kno..••.n about the

continuous function at each element node.

Finite elements can be classified into three

groups accordi ng to the order of the element pol ynomi al.

These groupings are simplex. complex and multiplex
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(Oden .1972) .

Simplex Elemen~s have an approxi mali ng pol ynomi al

lhat. consis~s of lhe conslan~ lerm plus the 1i near

lerms. The number of coeff ici enls in .~he pol ynomi al is equal

lo ~he dimension of lhe coordina~e space plus one.

Complex Elemenls have a pol ynomi al funct.ion

consi st.ing of ~he corrst.ant, and I inear t.erIDS pl us second.

third and higher order t.er ms as lhey are needed. The

compl ex elemenls can have ~he same shapes as t.he si mpl ex

elemen~s. bu~ t.hey have addit.ional boundary nodes and may

also have in~ernal nodes.

The mulliplex elemen~s have pol ynomi al s

cont.aining higher order lerms b'ut,lhe elemenl boudaries

musl be parall el t.o t.he coordinale axes lo achieve

inler-elemen~ con~inuit.y. The elemen~ boundary of t.he

simplex and complex element.s are riot, ,subjec~ed t.o t.his

rest.ricli on.

For ~he purpose of t.his projec~ only t.he simplex and

Complex elemenls will be considered. The discussion of t.he

complex only covers quadrat.ic t.riangular elemen~s bu~

mul t.I p.l ex elemen~s along wi ~h ~he is op.arame t.r- ic el emen~s

are beyond lhe scope of lhis pr oj e-c t.. Al so onl y one and

elemenl formula~ion will be

considered.

2.3 ONE DIMENSIONAL SIMPLEX ELEMENT:

This is a line segmen~ wi~h a lengt.h Land lwo nodes.

one a~ each end as below:



- 7 -

~ ~

~

. ¢=o. +
. 1

: ~
. j

0. x
2

•.

+-L -+

x

!-x j ---i
Fig.2.1.

The nodes are denoled by i and j and lhe nodal vaIues by ~
\

and ~. The origin of lhe coordinale syslem is oulside lhe
J

elemenl. The polynomial funclion for a scalar quanlily. ~.

is

¢ = 0. +o.x
1 2

2.3.1

The coefficienls 0. and 0.
\ J

can be delermi ned by usi ng lhe

nodal condilions.

¢ = ~ al x = x
i i

¢ = ~ at. x = x.
j J

----Wl+i-Gh re5ul-t.----4-Fl-·a-pa.i-J--of-equali ons:
~. = 0. + 0. X

I. 1 2 I.

~. = 0. +o.x
J 1 2 j

.••.hich yield
0. = ~. x ~ .x.

1 I. J J I.

L
~. - ~.

J I.
0.

2
=

L
When solved. Equalion (2.3.1)

lhen becomes._

¢ =
ex. -x) (x - xl.') ~

J ~i + ~JL L 2.3.2

The linear funclions of x in (2.3.2) are called shape

funclions or inlerpolalion funclions and are denoled by N.

Each shd.pe funcli on musl have a subscr ipl lo denole lhe

node il is associaled .••.ilh. The shape funclions in (2.3.2)

are
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N
I.

=
Cx -x)

j = LL
and N

j

ex -x)
I.

Equalion (2.5.2) can also be written using matrix notation

¢ = N 4'> + N 4> = [N){ 4'>}
I. I. J J

2.3.3

..•••here
( NJ = [N N ) is

I. J

{~} = {:: }
11.0 at. riocie i,

N .• N =I. j 0.1 at node J

a ro ..•••matrix and

is a column veclor

r especti vel y. These val ues ar e

characlerislic of shape func li ons.

2.4 TWO 01 MENS1 ONAL $I MPLEX ELEMENT:

This is a triangle ..•••ith straight sides and three

nodes oneat· each corner. Lebelling of nodes is

counterclock ..••.ise from node •..•••hich is arbitrarily

speei fied., ._~~ .~~~---- -- ---

¢
4>.

I.

ex +ex X +ex y
t 2 3

.,---t---~ ~k

¢ =

Gx ~Y0~~::·.====--==-'-=- ~- ==~. ~x;z-:--:-;yv-:)=----:----.y
v v- ~_ k' k

(x •Y )
J J

Fig.2.2

The interpolating polynomial is

¢=ex +exx +exy
t 2 3

2.4.1
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wilh lhe nodal condilions

¢=Il? al x=X .v=t .
\. \. \.

¢=Il? at x=X .y=Y
J J J

A.=1l? at x=X y='f~ k Ie' Ie

and (2.4.1) produces the syslem of equalions

IJ? = 0 + exX.+0 'f
l t 2 \ 3 \.

Il? = ex + exX.+exY
J 1 2 J 3 J

Il?Ie = ex + exX +CJ. Y
1 2 Ie 3 Ie'

which yi,eld

ex =( 1 / 2A) x
1

2.4.2

ex =( 1 / 2A). [( Xk
- X)Il? + ( X

3 J l
i,

-- - ---

where lhe deler mi nanl

1 X Yi. i,

1 X Y = 2A
J j

1 X Y
k k

2.4.3

and A is lhe area of lhe lriangle

ex ,ex and
1 2

ex
3

in (2.4.1) and .

rearranging we oblain

¢=NIl? + Nil? + Nil?
i.\. jj kle 2.4.4

where
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[ ] {
a~ = ': Y x_-:xY

)

Nl = l/2A. a\ + bi.x + c\Y and l ) k

c\=Xlc-X)

r
= X Y - Y XIe \ k \

N = 1/2A. [a) + bx + c)Y] and b. = Yk Y
J J J \ 2.4.5

c = X - X
J i. k

CO X Y - Y X
t, J J l

[ak Jand b = Y - Y
N = l/2A. + b x + ckY xx Ie

Cx = X - X
J \.

The evaluat.ion of N at. node i. produces
l

N = 1/2A. [ai. + bx + ci.y ]l l

The t.erms wi t, hi n t, he br ac k et. ar e t,he val ue of

the det.erminant. in (2.4.3). Thus N = (1 /2A) (2A)i, = 1 at.

node i.and it. is zero at. nodes two and three.

The scalar quant.ity ¢ is a function of a set of

shape functions which are linear in x and y. This means

that the gradient. in either the x or y direct.ions will be

constant. A constant gradient within any element means that

many small element.s have to be used to approximat.e a rapid

change in the value of ¢.

2.5 COMPLEX ELEMENTS

Quadratic t.riangular element.

It has si x nodes [Br ebbi a •(1987) ) and the

int.erpolat.ing polynomial is

1 2 3

Fig 2.3
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2¢=o. +o.X+o.y+o.X
1 2 3 •

2.5.1

The 0. can be determined in a similar way as in the
l

previous discussion. However. Lhe algebra becomes more

involved as the nurnber of nodes increases. The d i r ec t,

derivat.ion of Lhe shape functions is an alLernative and

preferable met.hod.

Thus a general equalion for calculating Lhe

lh
lnLerpolatiqn funcLions for an n order Lriangular elemenL

may be expressed by Lhe following simple formula

[Silvester, (1972))

N ...,(L .L .L) = N (L )Nn( L )N (L )
o.py 1 Z 3 0. 1 I> 2 Y 3

where
0. (nL -\.+1

N (L) = n 1
0. 1 ----i.=1 i,

)~o. )1 2.5.2

=1 0.=0

n is

Lhe order of Lhe polynomial. For lhis ~arlicular case,n=2.

2.6 NATURAL COORDINATES
A . coordi ria t.e- s ys.t.e-m t.ba t, rel i es on t.ho el emenl

geometry for its definiLion and whose coordinales range

between zero and unily within the elemenl is known as a

nalural coordinate syslem.

Lhe nodal val ues i nvol ves Lhe i nlegraLi on of t.he shape

funcLions or lheir derivatives or boLh over lhe element.

This inLegration is easier when ~he interpolation equalion

is writLen in lerms of an elemenL coordinale system i. e a

coordi nale system localed on or wi lhi n the boundar i es of

the elemenL.
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The use of nalural coordinat..es in deriving

inlerpolat..ion funclions is part..icularly advanlageous

because special closed forms of inlegrat..ion formulas can

oflen be used t.o evaluat..e t..heinlegrals in lhe element..

equalions.

The basic purpose of a nat..uralcoordinat..e syslem

is lo describe the· location of a point inside an element..in

lerms of coordinat..es associat..ed with the nodes of lhe

elemenl. We denole lhe nalural coordinales as

L(~=1.2 •.~ •n). where n is lhe number of e:>ct.ernal nodes

of lhe elemenl.

The inlegral equat..ions which simplifies lhe

evalualion of lenglh and area int..egrals are summarised

below [Zi enk iewi cz-( 1975)) :

J
1

a!b/
(a+b+t~!

1 2.6.1

J
A

= a/b/c/
-(a+b+c+2~/

2A 2.6.2

In lhis case lhe area coordinales Lt L2and L3

correspond lo lhe shape funclions N ,N and N
k
.

~ J

Equalion (2.6.1) is used t.o evaluale inlegrals

t.ria t. are a funct..ion of t..he1englh along an edge of lhe

element... The quanli t.y lhus is lhe dislance bet..weent..he

t.wo nodes lhal define lhe edge under. consideralion. The

real convenience of (2.6.1) and (2.6.2) wi11 become

apparenl when we consider specific applicalions.
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CHAPTER THREE
A FINITE ELEMENT FORMULATION OF SOME BOUNDARY VALVE PROBLEMS:

3.1 FI NI TE ELEMENT EQUATI OI.JS:

Suppose lhal the variable ¢ is lo be found in

a three-dimensional solulion doma~n 0 bounded by lhe

surface r. For' steady-sLale problems the fleld equalion

lo be solved is lhe quasi r-har moru c equalion expressed in

general lerms as

~ ( K iJ¢) + ~ ( K iJ¢) + ~ ( K . iJ¢ ) + Q = 0
iJx xx ax iJy yy iJy iJz z z iJz

.•.•here K .K .K and Q are given funclions independenl of
xx yy zz

3.1.1

¢ bul can be funcli ons of x , y and z. The qLJanlilies

K • K and K are bounded a.•.•ay from zero in O. The
xx yy z z

physical inlerprelalion of lhe paramelers in (3.1.1)

depends on lhe parlicular physical problem.

The descriplion of lhe field problem is nol

boundary condilions are specified i. e

equalion (3.1.1) musl be solved subjecl lo addilional

conslrainls imposed on lhe boundary surface. Vsually. on

some parl of lhe boundary. lhe value of ¢ is a specified

funclion as

¢ = ~(x.y.z) on S (Dir i ctvl.e t ec»
1

3.1.2

while lhe remainig parl of lhe boundary we have lhe

condilion

K
xx

iJ¢ l
ax x +

K iJ¢ L
yy iJy y

+ q + h(¢' - ¢ )
00

= 0

on S (Cauchy BC)
2

3.1.3

and L ,Lx y

(3.1.3) are direclion cosines of a veclor lhal

.•.•here q and hare k rio.•.•.n a priori and L inz
is normal
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t.o the surface. The uni on of Sand S for ms the compl et..e
1 2

boundary r .

Equat..ion (3.1.1) along wit..h t..he boundary

conditions is t..he governing equat..ion for a

three-dimensional heat t..ransfer CKreith-1973) In t..his

case K • K •and K are t..he thermal conduc t i vi ti es •Q is
xx yy zz

the int..ernal heat..source or sink. q is the heat..flux over a

portion of the surface •.and h is t..he convection

coefficient... The field variable ¢ is t..hetemperature. The

governing equat.ions for one-and t..wo-dimensional heat..

t..ransfer can be obtained from (3.1.1) by noting t..hat..

o¢/Oy :;: 0 and/or o¢/ctz :;: O. If bot..hq and.h are zero on a

portion of t..he boundary where ¢ is riot, specified. then

(3.1.3) reduces t..o

o 3.1.4

which is a condition for zero heat.. transfer (an insulat..ed
,

boundary).

With appropriat..e specificat..ions of t..heparamet..ers

.in the equations (3.1.1) • (3.1.2) • and (3.1.3) • t..he

governi ng equat..ions for t.he t..orsion of nonci rcul ar sol id

sections [Timoshenko and Goodier-(1970)). t..heirrot..ational

flow of fl uids (Vall enti ne":'(1950)). confi ned groundwat..er
-- - --- - -- ._ .. - ._---. - _. --- - -- -flow (Harr-(1962)). fluid-film lubrication [Huebner-(1975))

etc are derived from the quasi-harmonic equation (3.1.1).

The formulat..ion t..hatfollows is in terms of heat..transfer

However it is as good as t..hegeneral case.

The calculus of. variat..ions provides an

alt..ernat..ive method of formulating this heat t..ransfer
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problem. Varia~ional calculus s~a~es ~ha~ ~he m1nimiza~ion

of ~h& func~ional

v

1
2 [

K ~2+
xx lq-.,<] ~

¢ 2K +
yy Oyx = f

J [qrp + 1 h(¢ - ¢ ) 2]ds
s 2 00

3.1.5

requires t.ha t, ~he differenlial equalion (3.1.1) wi~h i~s

boundary condi~ions (3.1.2) and (3.1.3) be sa~isfied.

Thus, any ~emperalure dislribu~ion lha~ makes X (3.1.5), a

minimum also sa~isfies ~he governing differen~ial equalions

and ~herefore is a sol ulion lo lhe probl em under

sludy.

Equa~ion (3.1.5) is the slarling p01n~ for

delermining ~he t.e-mpe-r at.ure- at, each node. We minimize

(3.1.5) by using our se~ of elemenl funclions, each defined

'over--a~single -elemenl arid in t.or ms of nodal values. The

nodal values {~) are ~he unknown values in our formula~ion.

S1 nce lhey de~er rru ne lhe val ue of ~he funcli onal X '~he

mirrd mizat.Lori of X must. be done wilh respecl lo ~hese

quanlilies.

The objeclive of lhis seclion is t.o perfom lhis

minimizalion on lhe general formulalion given in (3.1.5).

Here lhe f uric t.Ional is mi nimi zed before lhe eval uali on of

in~ergrals. This approach allows ~he selec~ion of elemenl

characlerislLcs mos~ applicable ~o a par~icular problem a~

a ~ime we solve lhe problem.

Equa~ion (3.1.5) can be rewri~len by defining the

ma~rices as

[~ax :] 3.1.6
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~ .. 0

K:JD = Kyy
0

so that

X = I~ [{g)T[ D){g) 2¢Q]dV + Is ¢q ds +v 2

3.1.7

3.1.8

No'W the functi ons for ¢ are not conti nuos over the ent.ire

region but. (e)instead are defined over individual elements.¢

.the integrals in (3.1.8) are separated int.o t.he individual

elements, yielding
E

X =e~1 [Iv<e) ~ [{g<e» T[ D<e»){g(e\] dv

Is<e) ~ hIe) [ ¢<9>¢<e)- 2¢(9)¢OO+ ¢: ]dS]
z

3.1.9

'Where E is the total number of el ements Equation

(3.1.9) can also be 'Written symbolically as

( 1) (2)

X = X + X +

E

+ X(E) = 2_ x<e)

e-1

3.1.10

(e)'Where X is t.he contribution of a single element to X·

The minimization of X occurs 'When

E

a 2_ x<e)
a{~) e-1

E a < e) = 0_)' X:=f a{~)
3.1.11

The derivatives aX(e)/a{~) in (3.1.11) cannot be

evaluated unt.il t.he .integrals in (3.1.9) have been 'Writ.ten

in terms of t.he nodal values (~). Recall from (2.3.3) t.hat.
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1> = [H){~)

3.1.12

and we can eval uate C 3.1.6) ,which along wi th (3.1.12) can

be subsituted into the appropriaLe places in (3.1.9).

Thus

01>(·) oN~ 4t) oN~e) oN~e)
ox ax ax ax
o1><e) oHle) oNie) oN~e){gce)} =
qy

= oy oy qy

o1>(e)
oNle> oN£e> oN~e>az az az Oz

or 3.1.14

where (8) contains information related to the derivatives

of the shape functions. These terms are presently unknown

because the shape functions have not been specified.

Utilizing (3.1.12) and (3.1.14) allows the element integrals

inC3.1.9) 1...0 be written as

(e)

:t = dv

f (e)
v

Q[N(e»){~) dv + f q[N(e»){~) ds +
(e)

s
1

f 21>00[N(e»){~)ds +
(e)

S
Z

f h 1>2 ds
s<e}2 00

2

3.1.15

The quantities Q,q.1>,and h are known coefficients.'
00

are left within the integral because it is

They

possi bl e for

them 1...0 vary over the element The differentiation of

C3.1.15) with respect 1...0 {~) is accomplished quite readily

when the differentiation rules of matrices,
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(Seger 11nd-( 1976). as shown in Appendi x B) are uli 1ized.

Inlegral by inlegral di~ferenlialion of (3.1.15) yields;

I (e>~
v 2 dv =

I (B<e)]TCO (e)](B(e»){~} dv
(e>

v

Q[ N(·» Tdv

qfN C e> ) T ds

I h ¢00 [N c e)·) T ds .
-r e >

S
2

3.1.16

The elemenl lhe lotal
minimizalion process .aX/O{~}.is

< e >

a x = [
O{~} I C e>

v
dv +

e I (e>
v

Q[N<e»Tdv

+ I (e>
s

1

q [N (e»Tds - I h ¢oo (N(e»Tds
( e)

S
2

3.1. 17

Th1S sel of inlegrals can be wrillen in lhe condensed ~orm

( e>
a x = r x?" {~} + {fee>}
a{~)

3.1.18

where

= (I (Bce»T[Oce»(Bce»
e e)

v
h (N e e) ) T [ N( e}) ds )

Isce>
2

dv +

3.1.19
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and

- J h ¢ a} N<e» Tds
< e >

3.1.20

1 S
2

The final system of equations is oDtained by substituting

C3.1.18) into (3.1. 11) giving

E

= LC r x?" {{». + {fIe»~) = 0
e=1

3.1.21

or

[K){~)= {F)

E

.•••here [ K) L (K<~»=
e=l

E

and
{F) L {fIe')=

e=1

The integrals

3.1.22

3.1.23

in (3.1. 19), define an element

conduct ron matt ix • nCe1
). ana-t-ne-rnt:egrals in (3.1.20) define

(e>the element force vector.{f ) •.

The eval uati on of these integral s is discussed

in the specific application areas in the follows sections:

3.2 ONE DIMENSIONAL HEAT TRANSFER

Consider the one-dimensional heat flow
.-.- ------ .... - .---- - -- in an

insulated rod (fig. below).
T z

T .------(-1->-------.----(-z->------~.T3
iT +- --- L(1)--+ T+- ---, - L(z>--I

The rod is

Fig.3.1

attached to a wall and has a specified heat input q. The

other end is free and has a convection coefficient h and a

surrounding media temperature of The rod is

insulated.therefore.no heat loss occurs from the



l>

- 20 -

circumferen~ial surface.,

The gover ning differen~ial equa~ion for ~he

~empera~ure dis~rlbution wi~hin ~he rod
d2T

is

= 0 3.2.1

wi~h boundary condilions

K _dT 0 l 0+ q = a x=
xx dx 3.2.2

and
K ~ + hC T - T ) = 0 at, x=L

xx dx 00
3.2.3

where ~he K is ~he ~hermal conductivi~y of lhe ma~erial.
xx

The he at, fl'ux .q. is posilive if heal is moving o ut, of lhe

rod.

TIle f trric t.f orra I represenlation of ~he governing

differe.nlial e-qua t.Lori is

3.2.4

The mi ni mi z a t.I on of is done w.r.~ T C nodal

tempera~ure which is ~he unknown).

The rod is represenled by ~wo line elemen~s wilh

the nodal val ues T
i
• T

2
• and T3 The el emenl equati ons

for ~he ~empera~ure are:

+ N(2)T
3 2

3.2.5

where ~he shape f trric t.; ons ar e lhose defi ned in C2.5.2) .

namely
X. - X

J
x-X.

(). L
N. =

J L()

The func~ional formulalion separales inlo

x = Iv (ddTXCX?)l.dV I TCx.)d+ s q S +
1
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3.2.6

where sand s are the surface areas where q and
1 Z

hare

speci fi ed. The value of X is obtained by substituting for

he temperature, T(X), and evaluating the integrals.

The derivative of the temperature enters into

the volume integral,(3.2.6).

yields

ar'" 1 (-T T )dx = +
L (1) 1 Z

dT(z> 1 (-T T)dx = +
L (Z) Z 3

Differenllating (3.2.5)

3.2.7

The integral quantity X is separated into its element

components, and these components are minimized with respect

to the nodal values before the integrals are evaluated.

For this particular case,
(1) (2)X X ~=.:--=~~~~ ---- 3.2.8

(1)where X is the sum of the integrals for element one and
(2)Xis a simi 1ar sum for element two. Thus

( 1 )
X = Iv(l)

e(1)
- (-T

2L ( 1) 1
+ T ) 2dv +

2 I qT ds
(1) 1

s
3.2.9

c ' 2)
(2) IX = v(2) - (-T

2L (Z) z

where ell) = A(1)Kl1) /
xx

We now differenti ate each component of X wi t.h respect to

all the values. St.a rt.I ng wi th XU)

ax
(1) Iv(l}

e(1)
T ) (-1 )dv I (l)qds= - (-T + +

aTl L (1) 1 2
s

aX(l) Iv(Z) e(1)
T) dv= - (-T +

aTz L (1) 1 2

ax II)
0=

aT3
Evaluation of the integrals produces a set

3.2.10

of equa tions
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that can be written as

0'X(1) =
aT

3.2.11

Differentialing lhe second component gives

c (2)

0'X(2) = f (2) - (-T
oT2 v L (2) 2

+ T )( -1) dv
3

0'X(2) =
OT3

C(2)f
v

(2) - (-T + T) dv + f h(T-TOO) ds
L (2) 2 3 S(2) 3

or

0'X (2) =
o{T)

o o
3.2.12C(2) C(2

_C(2) rc" > +hA )
3

once the integrals have been evalualed .

.The mini mizali on of 'X wilh respect t.o the nodal

val ues is

(J (1) (J (2)

=_X+ X-O
(J{T) (J{T)-

3.2.13

Thus if we sum (3.2.11) and (3.2.12) and sel lhe resull

equal lo zer 0 we will oblain the desired system of

equalions as:

or

[KJ {T) = {F) 3.2.14

The important concepl lo be realized in the

procedure just discussed is t.ha t. lhe system of equations

can be constructed an el ement at a ti me. The el emenl by
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element summation indicated 1n (3.2.13) is a very

melhodical procedure and is readily implemented on the

digital computer.

3.3 TWO DIMENSIONAL HEAT TRANSFER:

The kind of element used is a three-node

t.r 1angul ar element. The shape functlons for thi s 1inear

triangular element are

f3 := l.j.k 3.3.1

where af3.bf3.andcf3 are defined in (2.6.3J.

is given by

The temperature

3.3.2

T i, • Tj •and . ~k __ .

counterclockwise around the element from hode i.

where are the nodal temperatures

The gradient matrix.[BJ.is

[BJ = 1/2A [:: :; c:k
]

and the material property.(D).is

3.3.3

3.3.4

The element conduction matrix then follows. The

first term becomes

bj bk]T ~xx 0 ]
c. c LO k

J k yy

x ~: :>:k] dv

Assuming a unit thickness of the element .. the element of

3.3.5
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.volume dv becomes dA with t..heint..egrat..ionover t.he area.

All t..he t..erms under the inlegral sign in (3.3.5) are

const..ants; t..hus.lhey can be removed yielding

I [BJT[D)[BJdv = [B)T[D)[BJ
v

I dA = A[BJT[DJfBJ
A

3.3.6

Evaluating t..hemat..rix·product. yields

4A

b b.
l J

b b
J J

bb
k J

blbkl +
b b

J k
b b

k k

K
yy

4A
~

c
t t

C C
J 1

C C
k t

c C
t J

C C
J J

C CIeJ

K
xx

The second i nt.egral •Is h INJ T [N) ds ,musl be eval ualed over

a surface.

Subst..it..ulionfor [N) in t..erms of t.he shape funclions and

perfoming t.he mat..rix mult..iplicalion gives

[N N N NNlIs h[N)T[NJds hIs
1 \. \. j \.Ie ds 3.3.7= N N N N N jNkj \. J j

NlcNi. N N NIeNlclcj
The shape funct.ions are dependent. on x and y; t.herefore.t.he

product..s N N et.c.
1 j

cannot. be removed from under t.he

int.egral sign. In addit..ion.t.he value of t.he int.egral

depends on whi ch sur face is exper i enci ng t..he convect.i on

phenomenon. For example.if t..heside bet.ween nodes i. and j

is subjected to convect.ion.t..hen Nle is zero along t..hisside

and t..heint..egral reduces t.o

fN N N N O. lIs h[N)T[NJds -r, [" t j ds 3.3 8= N N N N ·0j I. J J

0 0 0

The evaluat.ion of the product. t.erms in (3.3.7) is

easily done if area coordinat.es and the relat..ed formula are

employed.
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Heat l os t: by
corn.Jec t ton

N}c = 0 along
this side

Fig.3.2

Assumi ng that L is measured from the side opposite node L

.we can write

L =N • L =N L =N
1 \. 2 j' 3 }c

If we assume the side between nodes \.and j to be the one

experiencing the convection phenomenon. then

N = L = 0 along this surface and (3.3.7) becomes
}c 3

t L
h [ N) T [ N) ds = -r 1 1

i.J L L
2 1

o

L L
1 2

LL2 2 J~dL. 3.3.9

o
where ds = t.d I. and we have assumed a· uni t val ue for t..

There are two tyPes of products in (3.3.9) a squared

quantity or and a cross product. LL.1 2
Starting

with the squared term we have

2,10.'
C2+0+1~.'

I. .. = I.
L J i. j

-3-

where t~e
_.

L.. is the length of the side between nodes \.LJ

and j. Integration of the cross product term gives

1.' 1.'
C 1 +1 +1 ~ l

l. = 1.
l J l J

-6-

Substitution of these results into (3.3.9) gives

[~1 0 lIs h[N]T[NJds = hI. dLi. j 2 0
6 0 0

3.3.10

Si mi 1ar tr ea tment is done for sides bet ween nodes j and k
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and nodes Ie and i..

The t..hree int..egralsin t..heel ement.. force vect..or

are also easily evaluat..ed if area coordinat..es are employed.

Assuming Q const..ant..wit..hin t..heelement.. we have

3.3.11

The heat.. within t..he body is dist..ribut..t..edequally t..ot..he

t..hreenodes. The int..egrals

fs [N)Tq ds and fs [N)ThToo ds are bot..hof t..heform
1 2

L GJ ds
3.1.12

and only one needs lo be evaluat..ed. Since it..is a surface

inlegral.(3.3.12) is subject..ed t..olhe same considerat..ions

t..hat..were encounlered when discussing (3.3.7). The result..s

depend on which side--of t..he elemenl is subjecled t..ot..he'

heal flux or t..heconvect..ion phenomenon h. Assumi ng q is

conslant.. over lhe surface. t..heint..egral (3.3.12) is

q I..lJ 3.3.13

same t..reat..ment..appl~es t..osides bet..ween nodes j and k and k

and i.

fs [N)ThToo ds are ident..ical t..o (3.3.13)

except...t..hat..q is replaced by hToo

The val ues of

3.4 POINT SOURCES

A point..or line source is said lo exist.. whenever

t.he generat.ion of heat. Q or fluid occurs wi t.bLn a very

small volume or wit..hin a very small area. Physical

examples of line sources include st..eam and /or hot.. wa t.er

pipes wit..hin t..he eart..h and conduct..ing elect..rical wires
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embedded .••.it.hin a product... In each case t.he

cross-sect.ion area of t.he pipe or conduclor is very small

compared .••.it.h t.h~ surrounding medla. Point. sinks are also

used in gruond .••.ater problems. They occur as pumps that are

removing .••.at.er from an aquifer.

Consider t.he triangular element in figure C3.3)

belo .••..••.ilh a line source Q* located at X .Y
o 0

Si nce t.he

heal source is located at. a poinl.Q is no longer a const.ant.

throghoul t.he volume but. is a funct.ion of X and Y. Using

unil impul se functions. 6C x-xo) and 6Cy-yo)

fKaplan-(1962)) ..••.e can .••.rit.e

*Q = Q 6Cx-xo)6Cy-yo) 3.4.1

The integral

3.4.2

assumi ng a uni t. t.hickness. The int.egral of a funct.ion

mul t.ipl ied by an impul se funct.ion. po .••.ever .is si mpl y t.he

funct.ion evaluat.ed at. Xo and Yo. Therefore

*J ~\.}= Q N
A Nj X=Xo

Ie y=yo

3.4.3

point S01.l.Tce

within a trian
L- ~ Bul.ar el.ement

Fig.3.3
Eqution C3.4.3) slales lhat. .••.hen a point Cline) source is
localed .••.it.hin an element .the proport.ion allocated to each
node is based on the rel at.ive val ues of N .N. and N .••.hi ch

l J Ie
are evaluated using t.he coordinates of the point. source.

When subdividing a continuum t.hal conlains a
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po1nlCline) source,il may be convenienl lo place lhe source

a t, a node.

-----~~====~~------- -----
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CHAPTER FOUR
ASSEMBLY OF ELEMENT PROPERTIES

4.1 CooRDI NATE TRANSFORMATIONS:

It. is generally more convenient. t.o derive t.he

element. charact.erist.ics in a local coordinat.e syst.em. The

local coordi nat.e syst.em rr.a y be d i fferen1J for each el ement.

in t.he assembly. Thus .if local coordinat.es are used it.

1S necessary before t.he individual element. can be assembled

t.o t.ransform the element. equat.ions so t.hat. all element.

charact.erist.ics are referred t.o a common global coordinat.e

syst.em.

The element. mat.rix equat.ions to be transformed

have t.he st.andard form ,

4.1.1

where t.he ast.erisk designat.es a local referehce syst.em. If

t.here exist.s a t.ransformation mat.rix [¢J bet.ween t.he local

and global syst.ems , then we may writ.e

{x*} = [~]{x}

and----- -{b~}-~ [~J{b}

4.1.2

4.1.3

where t.he column vect.ors < x> and {b) are referenced t.o a

global syst.em.

t.here results

Put.t.ing C4. 1 . 2) and C4. 1 . 3) in C4. 1. 1)

4.1.4

or
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or

.•••here

4.1.5

Equalion (4.1.5) gives t,he elemenl malrix ref'erenced lo

lhe global coordinale syslem provided lhal [~)-1 exisls.

If' lhe column veclors *< x ) and {b*) are direclional

quanlilies such as nodal di spl acemenls and f'orces .lhen

lhe lransf'ormalion malrix is simply lhe colleclion of lhe

direclion cosines relaling lhe l .•••o syslems. In lhis case •

lhe lransf'ormalion malrix [~) is an orlhogonal malrix .•••ilh

___lhe properly lhal ils-inverse equals_ ils lranspose i.e

[~) -1 = [~J T 4.1. 6

and lhus we may write

4.1.7

4.2 ASSEMBLING THE PARTS
- Havi ng-l~ound lhe al gebr-ai c equali ons descr i bi ng

lhe characlerislics of each elemenl lhe nexl slep is lo

combine all lhese equalions lo form a complele set.

gover ni ng lhe composi le of el emenls. The procedure for

conslrucling lhe syslem equalions from lhe elemenl

equalions is lhe same regardless of lhe lype of problem

being considered or complexily of lhe syslem of elemenls .

The syslem assembl y procedure is based on lhe
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fact that at '.odes where el emen s are connecled the

val ueC s~ of lhe unknown nodal variableCs) 1S (are) the

same for all elements connecting that node. The

consequence of this rule is the basis for lhe assembly

process.

Inlroduction and illustrat.ion of the pssentLL
-features of assembly is made using an elementary example.

4.3 TORSION OF NONCIRCULAR SECTION

The / assembly procedur e is demonstrated

through solution of torsion of noncircular sections

problem.

The problem is to calculate the shear stresses.in
. ,

a noncircular shaft subjected to a twisting moment T about

the Z axis. The shear stress components at any point can

be calculated using Slandard Sl.Venant equalions:

T = o¢/Oy;
zx

T
zy

-O¢/Ox
4.3.1

where ¢ is the stress function. The governing differantial

equation is

1 02 ¢ + 29
- --
G oy2

o 4.3.2

with ¢=O on the boundary. G in C4.3.2) is the shear modulus

and e is the angle of _wist per unit length. The a.pplied

torque T is calculaled once ¢ is ~nown using

T = 2f 1dA
Area

a.3.3

The stress function represenls a surface covering

the cr oss secti on of the shaft. The tv-.'istingrr.orr.er.t, is

propor-tior,al to the volume IJrlder' tr.i s, surface ""fule ll'"

v

i rections.
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Assume lhe shafl to be made of a single material.

Th2n (4.3.2) be omes

4.3.4

whose functional representation is

= 0. ~.3.5

which from equations (3.1.12) and (3.1.14) of chapler (3)

can be rewritlen as

4.3 ..6

o
k ]yy

The column vector {g) is related lo lhe shear

stress components in lhis applicalion.while [D) becomes lhe

idenlit.y ma t.r I x since k =k =1.
xx yy

The mi ri i mi zali on of

w.r.l {~) resulls in lhe sel of linear equalions
E

\'f [B(e})T[D(e»)[B(e»)dv{~)f., (e)
e-J. v

where [N(€1}) is defined in

E

= If (e)[ N(e}) TC;:;Ge)dv

1'>-1 v

C<.~. 5. 3) and [g(e}) .lhe gradient

malrix.Is defined by (3.1.4).

The square shafl is used to illuslrate lhe

evaluation and lhe assemblage of the element malrices inlo

a sel of linear equations.

shaft is 1 crr?

~------,------

j'l ,. L

:;hctl i, has f ry.lr ""'l"efc~'



- 33 -

e:ghlh of lhe t ot aI cr os s+s ec t i on needs t.o be arialy se-d.

-:'-hISfrac ional porlion of cross seclion is d.i v i de-d int.o

four elemenls as shown below:

I
I

0.5

1'q,
3

Fig.4.2.

The elemenl inlerpolaling polynomials are:
¢(1) = N(l)q, + N(1)q, + Oq, + N (1)q. + Oq, + Oq,

1 1 2 2 3 4 4 5 6

rp(Z) = Oq, + N(Zlq, + N<Z)q. + Oq, + N <2)q, + Oq, 4.3.7
1 Z 2 3 3 4 5 5 6

.(3)
= Oq, + N(3)q, + Oq. + N( 3)q, + N ( 3)q. +" Oq.t:p

1 2 2 3 .;I 4 5 5 6

¢(4) = Oq, + Oq, + Oq, + N( 4)q, + N (4)q, + N( 4)q,
1 2 3 4 4 5 5 6 6

The general equalion for lhe elemenl sliffness malrix is:

since [D] =1 for the lorsion of nancircular section.

Ev a I ua t.i on 0""_ [ B<e>] . 1 d : f f' t· +' [ ;;..(E:)].~ =_ J Invo ves I eren .Ia~lng ~ wilh

respecl lo X and Y. Confining lhe allentian lo elemenl one,

0¢(1) [ at,; " oN~1)
0

aNi 1)
0 0 ]ox = ox ox ox

=~ [b<l) b (1) 0 b(t) 0 oJ2A ( 1) 1 2 4

0¢(1) [ at<; " 0l'4~1)
0

Ol"i 1) 0 0 ]=oy oy oy oy

=~ [CW C(l) 0 C(1) 0 0]
2A ( 1i 1 2 4



- 34 -

The gr a-di e nt, [B(1») is

{
b:t>

= (1)
C 1.

o o

:J
b (1)

4

(1)
C

4
o o

The are.? for t.b i s element is 1/32.

The b a-Fld c coeff i ci errt.s a r e

. (1) C(1)= X -X =0b -y-y
=0.25124 1 2 4

b(1)
Y4 -Y1=0.25 C(1)= X -X =-0.25

1 = 1 4 1
b(1)=

Y1-Y2 =0 c(1)= X -X =0.25
1 1. 1 2

Putting these values in C 4.3.8) we get

[:' 4 0 0 0

:J[ B(1») = -4 0 4 0

and the product

-4 O~

4 -4
[B(1»)Tf B(1») = 0 0 ~4 4 " 0 0 ~J0 4 o -4 / 4 0

0 0
0 0

16 -16 0 0 0 0
-16 32 0 -16 0 0

0 0 0 0 0 0
0 -16 0 -16 0 0
0 0 0 0 0 0
0 0 0 0 0 0

The el e-rne-rit, stiffness matrix

(4.3.10) SGr- that we have

[k(1»)T=[B(1.»)[B(1»f ds = [B(1l) [B(1)JA(1.)
(1)

v

uri i t, thickness.

4.3 8

4.3 9

4.3.10

1·=.
. "" the of

assuming



1 -1
-1 2

0 0
[ k (1) J = 1/2 0 -1

0 0
0 0

The evaluation of

{f (i>} =

- 35 -

0 0 0 0
0 -1 0 0

0 0 0 0
0 -1 0 0
0 0 0 0
0 0 0 0

4.3.11

the vol ume J ntegral

~

( 1 >

f .2G(1)e N~1)

v'l' ~'2 ~N( 1 >

04--
o

dv

is easily done by employing- the area coc.r d.i nat e system

discussed in chapter two.

Defining the area c oor crna t.e-s as
L =N(1) .

1 1 '
L =N(1) • and L =N(1)

2 2 ' 3 4
4.3.12

The volume integral becomes
L1

f 2G(1)e
(1)

v

4.3.13dv

Assuming a ur·· thickness and using the area

integral for area coordinatesC2.7.2).Ylelds

2G( 1>@o4(1)

3

4.3.14

The system of eqlations for
(1) {[,(i>}

[k ){q,} =

rv slT" Of' ~Al 0
\8 ••
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1 -1 0 0 0 0 '~l 1
-1 2 0 -1 0 0 cf>z 2G (1)eA(1 > 1

0 0 0 0 0 0 ::J 3 0 4.3.15
1/2 0 -1 0 -1 0 0 =or 1

0 0 0 0 0 0 cf>5 0
0 0 0 0 0 o if6 0

A si mi1ar set .of equalions can be calculated for

each of t.he other elements using i denli cal procedure.

The assembled !TIdtrJX C orrt a i ns

sti ffness coeff icierit.s -obt.ai ned by di r e-ct.Iy adqi ng the

i ndi vidual element stiflness coefficienls in the

appropriate locations in the global sliffness matrix. The

resultant load vector lor the system is also obtained by
~

adding individul element loads at the appropriate locations

in the col umn mat.r ix of resul t.ant, nodal loads. Before

adding various element matrices, first expand them to the

dimension of the matrix The relation between the O:;)'~l-C'J11

matrix and the degrees 01 lreedom involved is that if the

system has n degrees of freedom ,the system matrix (K) will

be a square matrix of ~. mension nxn .
. (e)

Mathemali call y if r k ) is the element ma LrLx

then the global system matrix is obtained as:
m

[ k ) = l [k) (e> =
e=1

• (1) . (2 >
[k) + [k) +

where m is the total number of elements in the assemblage.

The 52-me summa t.Ion pr i ric i pl e app:'ies for fi rid; ng

the column vector's of resultant exter'nal nodal actions from

the element subvectors
rr.

{y) = ') {R)(e>
; .'
'''" '" 1

where {R) (8' j"" t r
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and m is the total number of eJements .

Though from a si mpl e exampl e in prI nci pl e the

general procedure that applies to all finite element

sysLems has been outlined.

The matrix formed is banded and sparse. The

system matrices are sparse because each has

relatIvely few nodes compared to all the system nodes and

only a few elements share each node. Number Ing of the

nodes c a usse-s the system matr ices to be banded. The system

coefficient matrices are usually symmetric-a characteristic

that can often be used to advantage in storing the

ma t.r ices.

The complete solution of the above used example

is found in section (4.5).

4.4 INTRODUCING BOUNDARY CONDITIONS:

After assembly of the system equations the final

equations will always l"l •....ve the form

nxn nx1 nx1
[KJ {X) = {R) 4.4.1

regardless of the type of problem.

For a uniqll~ :solution of equation (4.4.1) at

least one and sometimes more than one nodal v a r d a b l e must

be specified and [ j( ) must be modified to render it

nonsingular. The required number of specifIed nodal

variables is dictated by the physics of the problem. Thore

:::r' e a number of \.,Iay:sto i nt.r oduce boundal'y condi t, ions to

equatIon (4.4.1). N0d~1 variables should be J~t) c~·

·,,'2)' tha t. 1ea ves -. h- or i o i rraI nunr
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UIlL n.; 11gc'cl CiVOl.ds na j c-r of

l'~od.:d 'arl..3bl s are included ln C4.4.1:->

[k) and {R) as follo .•..-s l F'e-I i pa g. Cl ougn-C 1 ~7:-» •

c.' i . ! f

pre sc r Lbe-d nodal var f abl e-, t..he llh I-OW and t..he 1 h column

of [l-(] are set equal t.o z s-r o and K is set equdl ,-0 unity.
II

The teI'Jr. R of the co.Lun.n vector {P) is replaced D\.' lhe
i.

known value of X.
l

Each of t..he n-1 re rnai n i riq t.e r n.s of {R)

is modlfied by sub~racling from it.. lhe value of the

prescrl.bed nodal variable multi pIled by t..he app~opriate

column t.e-r m from t..he or i o.i na l [i~) mat..rix. t.h i s p:-ocedure
I

is r·epeat..ed for each prescribed X until all of them have
i,

been included.

As an example wit..h only four syst..ern equalions;

equat..ion (4.4.1) expands t..o lhe form

[}:~ K J~ K , ") 11 ")"111 12 13 14
I i

}~ J<: r: K v R I,\

21 22 23 24 2 2

)K K K K X R31 32 33 34
3 3

K K I::
V44J lX 4

R
41 42 43 4

X
1

and X ",re specified as l = (5 dnc1 X '" (..;
3 • 1 3" 3'

bc.urrdar y corid i Li orrs are inserted, the equations becor:.e

'1 0 0 °l X

1
r; 11

1 !0 j( 0 y. X p - I(21(31-I:' r~. ,

"23" ?
!

33 24 2 2

1° I --
,

0 .~, (
X r:-

- I, I
::!

I y. I~ -}.,i. J ll" 4
}

L 4. , 4 -, 1



Th1S set of pquations; ullz-dterpd ill d i me-r.sa or- 1S

JlL"''''' r e-a d y t.abe sol v d for all nodal V~-..r r a b l -s .

of fkJ according to the e a s y melhod suggest.ed by The

diagonal t.e-r-rn of Lk J associat-ed wilh a specified nodal

va r a a b l e- is muLt a p l r e-o by a l8r-ge number, S8)'

speciTied nodal '-2rlable mult.jplied by the same large

f ac t or mu.lt.Ll p.l i e-o by 1...he c or re-s pc.rid i no diagonal t e r m. This

procedure is repeat.ed uri t.a I all pr e s c r a bs-o rroo a I variables

have been t.reat.ed_

Thus t.he exam?le lS modlfied into 1...he fo~m

J~
43

1
G Y- .. ,..15

1
' 1 11

X __

X R
2-

1

2

10"1= f' K xX 3 33
3

X R
4 4

K x 101~ K K K
11 12 13 14

K x K K
21 22 23 24

K K K y ld~ K
31 32 33 34

K
41

K 42
K44

Afler

Find i__he lTl

the Z aX1S_

sr~'LUTI OU:



The basic eq oa tr c.n 15 t..h(o"Poisson's equatlcln i.1?

a Ch au )+a (h au )= c
ax xax ay Y ay

4.5.2

where hand 1'1 ar-e the mat.e-r raI c oris t.arrt.s in the x and yx- Y
dlrect..ions and c represenls the right hand side constanl 1n

Boundary condilions are of lhe for-m

u= u on r Polential given
1

4.5.3

tt) q = h au n + h au n
x- x Yay y on r 4.5.4ax 2

wher-e r = r +r , n and n are direction cosines of lhe
1 2 y. Y

normal to lhe boundar-y wilh respecl lo lhex and y axis

The case of Sl.Venanl lorsion is governed by lhe

following equalion

a ( 1 au ) +
ax Gax

ae 1 au )
ay G oy

-2e 4.5.5

G is lhe sheal- modulus,e lhe r a t.e of twist.. For- lhe

pur pose of the pr oo rnrru ng Cins: landal-d For t.r an 77).

h =h = l/G;
): y

c = -29 4.5.6

A different. variable ~
u is used such lhal

4.5.7

and lhen equat.ion (5.1.5) becomes

a2u
:Y. c/u *+ = -2

,---

ax 2 ay 2

4.5 8

The t.ors. i onal rHoll,enj~ i s, 91 ven by

lC,
= JGe = 2JJudxdY 4.5.9T

.",her e J 1~ the lor s1 onal r 1g1 dl 1.. Y of the sec t 1C') under"

study.

_ = T /CJ
rn "



J=2JJU~dXd)' 4.5.11

a~d he stresses are glv0n by

T
XZ

T yz
*= -Geou

ox
4.5.12

The case study considered is elliptIcal defined

2
a

t-' zx

\.i)t-h a=2. b=l. The section is divided into 24 elements as

shown in the figure below. The total number of nodes is 65

and boundar y c orrd i t, ions in potent ials ar e gi ven over 32

boundary nodes C in this case the
~:1.

values there are assumed

to be zero).
r1. t

Fig.4.:3

Elliptical section divided into Elements.

The resul t s to t_he EX2mple above fcllo .••.s from

pages 42 to 47. The p-r ogr amnu ng exer ci se 1s found in

Appendi >< A.
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0.00
0.00
0.00

0.00
!.50
O.CO
1.20
0.00
0.00
0.00
0.00
1.80

0.00
0.00

-0.8~
O.~0
0.00
0,00
O.0~
0.44

0.00
0,00
0.00
0.30
0,00

0.00
0.00
0.00

El~~E~T CJNN~CTIYI~Y AND FLllEE
EL~MENT
2 c

3

6

B
9

10
11
1~-<

13
14
15
16

--'

20
21

q 14
6
9

16
19

22
~~
.•. '"."

33

9

10.:.1

14
26

19

1t

41

0.00
0.00
2.00

6
4

13

25

30
36

e 2 0,0000
QNl

14
16 15

17
21

19
1 c
.i!

24
LO 24

0.0000

20 0.0000

28
29

31 37
39

0.0000
27 0.0000

61

a.oeo(

~,0000
0,0000

~1
:."

0.0000
0.0000
0,0000

0.0000
0.0000

0.0000
0,0000
0.0000
0.0000
0,0000
0.0000
0,0000
0.0000

0.0JOC

0,0000
0.0000
0.C~OC

0.0000
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\
~-

G~3
0.0000
0.0000
0,0000
0.0)00
O.00JO

0.0000
0.0000
0,0000
O.CODO
0.0000
0.0000
0.0000
0.0000

0.0000
0:0000

0.0000
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solution of t 0rS1 oria I

rJ91d1ty 1S J = 5.026

Th~ solutlon worked out uS1ng FEM lS ~lven by

J = 2 x 2.3767 = 4.753

I
exact -""of'J-.edsol ut ion

The absolute relative error =. exact solution Ix J 00

el =-- or- =- 5.02f3-s.753 4'- ••...•."

...! ":::C.J c

CONCLUSI Ol~

From the computation. we observe that. the result

co~pares quite favourably against the exact. value. Hence

t.he method is worthwhile applying to appropriate boundary

val ue pr obI ems.
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~j'~~,n {=ll F::iT,EIJ t

~NN=No. of nod~s

-- , "...:.. ~ _. = _' .J

-3; ~ D (~ T ~~'i:=.::::: .- E,. " ~I:J~'=-=:.• [. ~:: t, .. a; '-.~ -7 = /:::.::",":1

[~Clt·1t-;C~1"-~ -···~l'··~'\ t) E ': r··~E: 1'- ~1' ~~~F t·~~-·H:~~ t···J ~ ;"'i ~::; • [. '! F " c.:-
D I ;",t::r -,j:::: I I]l"'~ :'f: (~··~7) " ...{ (:\~ -; "k.C,t'·.: :~!,()~))~F'F,C)f.: (::~.!.JCi.i F ;.~ -;) " IE (t·~7 ) •

" c".1,J. 1.' __.. '-'-- ,

_ ~ .1.- _ ,.
-::- '" L. _ r ~ i. ~ '-

t-,~:" -- ....-:'
1 ~!...·I .•-.,_ •....:....

E:: 1 . (~:
-'-! ('-- .. -'

T: f ,:-:.' " I II •
- r ~

, 1

r
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1 . 1'-l[II'll::1f.J, OF=- EL F ME N I ;., . , I ~) •. ,1 -: •
~ ~Jll!'ll\q, (IF I<UllI-.Jn{~)f\'y 1\ICII)l-:-~:: .1 ~l. 'OJ' .• -,
,.:::'C(1!~ 1t~NTH >- • , F- J \ ' , _' • .•.'1: >-
Ll • CUN~ i ,:'jNl HY : ' • F: .1(). :' • i 4 ': ,
:' . CllN~) 1 j~)1\11 C : . ,r= 1 U .2 • / Lj ~< ,

,,'--NCiD.i~_ [[\DF:';DIN~n~·::-:.'/"X, 'N:JDE',"\' '~,'.9X.
1 FORM~Tl~I10.3FIO.21

Y' / ), ,

iRp~d nod~l =oordinates 1n ~rray X ~nd 'y

FORM~T(;10,2Fl0.2)
- FQhM~T(]10,2Fl0.2)

JNQUIhE(FILE=DATA1,EXIST=yes)
.1f(\e5.) then

':,;: ~:- ~,_ i, j OJ F 1 L ~ ::.~.' c, ; F" [-I T C. j ..r'; i~1~ I )

L ,_.:' .::'. 1 l. :::.:1 '1 ~ -of i

read(l.t)ipl(i) ,X(l) ,Y(i)
60 CONTINUE

EL~,E
~'J1- i. te (:t , * ') 'Dr'i'; p." ,c~,::,t c,J .• ' l~ C~,t·; [\ = ~. TE I··jT

en d i i"

do 61 i=1,lIn
WRITE(5,23)Ipl(i) ,X(I),Y(1

t,J .CDi\iT I NUE
JNQUIRE(FILE=DATA2,EXIST=vEs)

.i f ('~,""'e3) then
OPEN(2,FILE='A:POIS2.dat' )

*Re~d elemen~ connectivity in array KON and
*on ,each of the element sides

the boundary fluxes!

l;W I T E ( :' • 2 Lj. )

24 ~OR~AT(!4X, 'ELEMENT CONNECTIVJ~Y AND FLUXES' 14X, 'ELEMENT' ~16
J.. "~,jfJ[)F~S"!I'~ X !I ' [~f··~.i' !I ~7X ~ I C~t'\J:~' Ii 7' X .• ' C'r-·., 3 , :.

4 FORMAT(7J5,3Fl0.4)
25 -FORMAT(715,3Fl0.4)

r·~1 :::r--~:"'~E~-.:( I -1 )

L.' \....

~~JI~'::t t, ~::,( t ~l ) " D Pi T r~i' :. I) i~':'j-r {-';2 ~ , f-··J ::~J1) E. :>:: I E. l' E t) T :
c;:nd.i.f

I"-. I I.C ;:;;; 1, i··J
1 ) = .....
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Co"I, ~I':;; l f - to,;., "1 (j:'\1 .1 (' t h
Jl. i)1~:+~*.'!:1.;:\.~"'*':d :4***

[,{'ILL 8i"NP ( I, UN)

'~S1i' *~:\.******tl.~~*t*.*.
:rdc' t,'l'(r,cj-I"' nOlf" d,,\·t_,,, c,nd <;iL)f'-f.' thief ~-,.re~~,crlIJE·d un:nC\·~n

C-(lF-- t'1' 1 (/4 X, 'I:CJlJWAf-.:Y C(Jr'~L\ 11 J O:~ 1':::-,1 p,' IE,X, ' WJDE:.
1 F f.'F~3C\-o: 1 r-,ED','A:""'UES' )

( r·:-:. N ( :.' , F 1 L F = ' c : f-' OJ S =, . d c\ t ' ,t, 1 P 1 L S z- ' [1 L D' )
OD 7 J =1. ~'jEil\!
F;EAL)(=,.~)JJ(j).r-eno(j)
~RITE(5~28)JJ(J).reno(j)

1 (r,·r, •__1 \:: ,1

• i .. ! .I •• ~ L -. :. 1 I

cu~n E~UE::
FORMAT(I10,F10.4)

FORMAT(110.F10.~)
FETUh;~~

*tX1***tt*t~*'*tl~****l~~~t~ttt~X~~~ 1tl:\.l~~*~~tt»X**;'~~)'~~
S~BRCUTI~!E ASSEM(X,Y.KON.PROP,TK,~L5T,AC,NFMX,NCMX,N~FEL)t~~~1*~~~tt*t*t********tt*~**t*~*tit·*t~**t***t~.t*tl***tti~~
PARAMETER(N8=65)
DlMENSJ~~ X(NB) ,Y(N8),KONl300) ,1K(NRMX.NCM<) ,ELS1(NDFE~,NDFEL)

1 ~ PF:OF'(3(10) ~AL (N8 )
COMMON NN,NE,NBN,NDF,NN[,N,MS,E,G,C

,~52mbli~g of the total matrix for the pr~blem

OPEN(5,FJLE='A:TOP.dat' ,STATLS='OLD'

IlO 1.I) I:::: 1. , ~.~
DO .10 ,]=:l,l'iC;

,) IT ( I ,.1 ) =0 . 0

'.,.- - ,. -,-- :-co. ::. =- c:.: " •. '.-- <:::.:
.l : •. '_ .•• ~ oj _."l

_'._' L ':::"' _
1- ._

... \ , -'- ,-'

ITi::" t. r i ::-~: L'J

criL.l_ £,·-r 1FF (t"~EL, \. ~\' ~F'F:Cif:" ~ I.Clj··-. "l ::~L:~·-;I( (..';~_ ~ r·~I>i·:.-E:L )
.1..~.~.t ~f ~f* l * * ~:l * ~t-:* *: ~. ~::~I.:*: ~t·:~{{ ~,: ~~:i~;{::* * ~1::* /.::t:. ::~ ~:: ~ .~" *' ~.* * * ;y~,: ~ft t >t~

E r D

"-' ('.'
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L1I-E"J(~"I-)IX~ I': ,tT.,j,,1 ,~:;-11-111l~.'lllrJ

.Nc~' l'u,Tlber- o t -:lI'-1" -",_ f'Jt',llt c-,'
't1J.1.~J '.;\j~"==I\lIIf1,tl' r' c'l i:l-~·t,~::'t',..:c:nd,.:,nd t.h i r d (-:lC?I'lf'r'I·!:. nc."1c!t-
; :) 1 . r .'. fL.:: U h'-H JF F-1R~~l • ~}[l~C~fL). f~N!) H-II 1m ELl:..l'lt_ ~ r S 1Dt::~

, . c.. t\ ~Jl ~ i. rJ F L,- 1 -t 1

rJ1=f<(Ji~ (L )
N:?== I,: ( 1r'./ ( t. -r- 1 )
; .•-:<-::-·1 [11" (L..i.~)

t j Ll = ~.m" ( L+ -::.)
.\l~,='~[li'.j (L +4 )
Nb==\<'ClN(l_+5)

D 1 =:S [WiT ( ( x ( l\j::'" ) - x ( N j ) : U', ~ + ( Y ( N ~ ) - Y ( N 1) ) :+. *' = )
_ ::':' ,<:: file;, 1 Ii;' I ", '_',\ + ", " I'..!~:'\ \ ~_'/ ~ -'- ( V ( i 1-'-: ) -- '; (n::: \ \ ~, :::)

:.' , I 1_ \. .: l ~ .•,' I (j 'I J --.::' i'~

C:::(!)=Y(N:::)-Yl~-'-:)
C2(2)=Y(N3:-Y1Nl)

C2(-'-:)=Y(Nl)-Y(N21
C3(1):X(N3)-X(N2)
C3(2)=X(Nl)-XfN3)
C3(3)=X(N:::)-X(Nl)
A=(C2(1)*C3(2)-C2(2)*C3(1»/2.0
[1[1 ::.'1 I::::1 ,3
C2(I)=C2(I)!(2.0*A)

5 r~(~)=C3(I)!(2.0*A)
C2(4)=C2(1)
C3(Ll) ,0::[:::::.( i)

*Check fD~ e~~o~ condltions
IF(A)1,1,2

1 WRITE(5,101) NEL
10.1 r=DFIMAT (/ ' * *-» * Z~:="c· iJf; !-jl:C-j(;-r 1 _ (:jf<[{_'1 :=CI;-: LL_cr·ll::i·jT:·, I':,. ';..;1~ :t ' ,/)

1G

C=:~;::::::::>:::C2 (:.2) s.c.: \ 3; \E-_+c.~. (=~) ::C:~~,(~.::,) :VL:i
DD 10 1=1,3
F~L ~3T ( J ~ I ) :::::8 ~0 ~.;~i~~(C '~"::("T ) * [:~:?( I ) ~"E:+[: ~~:,~:J

E L ~'T ( I +3 , I -;-::c. ) ::: \ :::: " ':" / 3 " U ,I ~- (:::J ( (c =: ( I ) :t C:2
11:::='( 1+1 >*C::~~( jJ_}'~ ,: ~[::-+ ~c:~.,(...)~.C~·~·,("j .-+C·~~,( J

ELS"T ( .1~.~?):::: ( ...:.1 ,,_. ~ •... ~ '~~.'~: 1 ~-~~'.~

ELST(1:4)=EL~ ·1,2):~.u
F ~ ~;1 I j , ,:.) =0 . C
ELST(I.6)=E~ST(1.3)/5.0
E: ~~- (:~'" 2:, :: :::: ( :? f ". ~'./ 3 " ~.J ) ~- F-'j >:. C~/' :~?:;':'~~

f , 1 [ - Lf ::::( i,
F i I ~ c; =Ei- l ., ~, ,
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[: ~-) j ( -.: ~ h . :::EL ~~.,( J • 6 ~I

[ l ~\ 1 \', ~l) ~ (il • \) / " .• ( ) ) 't f";t. ( ( C ::' I 1)~([':' (:.') -l ':' • ()' c:' (:~.) ) -l c.'.:-' ( :' ) i
.1 ([".' ( ::.::) i C~' I ~. , ) ) *-1.- + (I.=~·. I 1 ) ;+. \ C:2. ( .: i .-:. (''I c: ( = ) l+C'-: ( :::) ~ \ r ",(~~-t

1 l '\ -,, ) )l c., \
: l·~~.-I!,~.~,), l4.\)/.2,.()):H'd (lC.'(J ,:t (l. \ll-IC'':-'(:::.) )-l'C:'(=-'q(I~:'(l)-f

~ .' • I ••• .: ~ , ~~.) ,1 ) *' E -t- ( C -. ( 1 : *' \ c:::' ( 1 ) +C -~\ :::') ) + \.=, \ '. , :t ( C -::;( 1 '1 -l- :. • \) 1c: .-, ('. i ) )*'.::
[ l.'.' . : ,b' := ( 4 • (1/3 • ( 1) ~.:.,~ ( ( C:;:-'( ::' ) • \ =.. (l ~C::,:( 1 , + r : -: ( :::. ) ) -+ [ -:: l -.: \ i C -: ( :. ) -{

. l-::'::, ~ Ii) ;t.,:: ... (C:::: (::.::P I .'. (I*C:::,\ 1) +1- -:-I = ) ) +C~ \ ::-) l (C' \ J ) + C= (:::' ) ) i':J)
I' ~.. .1.1 1 =- :~ • \.~
11'1-=1-1
i-C' 1:1 J=cj~Hl1

11 EL~l(l~J)=ELET(J~I)

I .--- ~\ (~,'EI.-j )

~L\N1)=AL\Nl)+(PROPlf.+1)*Dl+PkOP(K+3)*D3)/6.0
AL(N2)=Al(N2)+(PROP(K+l)*D1+PROP(K+2)*D2)/6.0
AL(N3)=AL(N3)-t(PROP(K+2)*D2-tPR~P(K+3)~D::::)/o.O
.:'L(N£])=:Pll ( N4 )-tF'RUF(I+ j ) * D 1* ( 2 .0 I:;, . 0 )+CC

t t. ( t;::, ) = AL (t ~:5) + F'S:[:f"(r.:. -t 2 ) :\.:D::::t ( ::: . 0/:::', . 0 ) +CC
AL(N6)=AL(~6)+PROP(V-t3)~D:::*(2.u!3.0)+CC

CFj"':" F;ETUF-:N
c:t :;,

if i! ;j ~ x i t '* ~, ~.•t t :t t t t * * *t 'I :to '* ~ l~: * » * l * * * * x :t *' :i * *' ;j.. 1-t f, * t; '$. * t. :t: t :t :t '1. :t
SUSROUTINE EL~SS(NEL~KON,TM,ELM~l,NRMX.NCMX,NDFE_)****t***t**~*********t****i:t:~1*tt**t**:i***t*1~**t***~t,t*

*This program stores t~E element matri~ for ele~entnEl In
tthe totsl matrix for thE problem

*NEL=Current element number
:t ~..;.1. ··'·tlL,.mlot': ;'- c.f ::..t ,0; r- t nod E'

tN2=NumbEr of end node

;" _.- ~ i-_,l. 'L
..i --...:.. " '"0; "_/-.

__ ':..:- '-_ .1. -r ]

J 1 =i..J f) F:-::t- ( 1- 1 )

~2=Ll+J

:~)~=. ~i -', ~::: = 1 ~ r:.~1F-
t 1 ::-.":1

(~.' . ~.u, ' I' I '" '- " -; ".'
7.-. '.. ' ~. " leI \..

- ,..I 1 +- ','

. ,1:' . f r,: + J
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~ 1 .= 1.1·; l ,
[;l1 HI ,1')

,. F, zr J ..J "' + ,.
110 JJ .._\ ;"~ j

~ ..., -:: J '2 -1 ~

L'U :,) L:.! ) •~~r'F
r '-::'= J C+L
~F\NJ-N2)45~4~~46

45 ~:=::::I2+L
(~O 10 50

4c ~~1==I .1·;·L
5\') 11"j ( f: F·:. f~C)=T1"1( r:f=.: ~ Ie) + ELI"1;:O,T(~.:1• r ..=:)

.~ ~,!

:. '" 1.

:t. ~ * * t:~;\::> "" * ~::+ * ~:t. * *' * * ;t, *' * * * * *..• * * 1', t * 't XC. :+. * :+ * *' *- t. * l * * ~ *' i *
SUBROUTI~E 80UND(T~.AL.RE~C.IB.NRMX.NCMX)

Yr * 1 i * '* ~ :7, tit ;j. ~. ~. ~. :t. ~ » }, :>. *' '!!. ~: t t ::;-:* t ;+. i ~,t. * t t ~.* i t * .• * ~ ~ :t :+ ~ * :\::
/

[, 3 !"IE~~~~31[i:--~ r::;L (N8) • 1 I{ ( r~:=-) ~F:Ef:iC (t,:~;) ~n. ( NF:I'1), ~t£t'iX )
PA~~~ETES(N8=65l

DO 100 L=l ~NBI'~
Ll=(NDF+l)t(L-1)+1
1--l[i=Ih(Ll)
f<l:=:NDFl(N[i-l)
DO 100 I=l~f'mF

L2=L1+1
IF ( I H ( L2) )1.00 ~i (I, 1ur'
I<F:=!<:l+]
DC! ~!I) JO<.'::,t"IS

~::;''''!=I''R+J-1
IF(N-kV)30~2C~20

AL(f<V)=AL(~V!-Tf«KR~J)*REAC(KR)
1 t:: ( }( ~~ ~ J ) := ()
~::"j=V;:;:-.J +.1

~5~) C~~!r.'Tl,t·jLE
T I< ( j:: F: !' 1 ) ::= 1
~L ( i<:F:;' =~~EPi:=:( VF~)

.1C.' c:mrr 1 t\jU~
F:L:::TUF:I\!

J F ( 3 -'::1 ) i ~1. ~ 2
1 1'1 I rj~.::I

:2 I.If.J-~:~J

~ -" '_'F:l·j
r·.I'.J .)

',.. I ! ' ,. ',J ..J ~'-oj , '1 'I. '
:. .- c· ~ . .., • I, I,' d ,f, r

j :~. :.....' t /.



- 55 - \
C(1I'11-1(\I\I I\lN. NE ~Nf.:{IJ.NI'r .NNt:. N ~1'1~~.E. G. r
C\F'LN(~l.FILE= a:tuI1.j..:d: .~;HnU~;='old' \

Nj=I'J-.l
Drl lur) 1<.::1.Nt
C=- •.';(1.1)

:;: I, + J

11

l' f \ T T I::' ( :5 ~ ,-' ) l-,
- [l: 11r .1 ( , ~ * *' "* 5 ~ 1'1( L: ~_' ; ~. . -: 'l ] N s: m'J • I ~, )

GO Hi :-.'.(1()

N) = U +l'1S-:2
L_=1'1H-J ( N I ._N )
DO .11 J == 2. 1"1S
D(J)=A(K.J) /
DO L\ J=l<l~L
~2=J -~:+1

I .... : ~ r", L

t:; ( I'. ) := 8 ( 1<) " ( C+ 1 )
DO 10 I::::K1~L
1<2=I-K1+2
(,==D ( 1':2)
[iCl S J ==I ~L
1·::=J-I+1
~::3=J-~::+ 1

5 A(I.1<2)==A(I.K~)-(,*A(K~K3)
1(, 8 ( I ) = B ( I ) -·cn~'(~.:)

IF(ABS(A(N,1»-O.U00001)l,1,101
10n CONTINUE
101 B(N)=B(N)!(A(N~1)+1)

DO 200 I=1,N1
K=N-I
K1=1<+1
N 1 ==f::·l +M:::;-2

1_'''''·1 I r,1 ( N I ; N )
DD 200 J= 1<1,;'"
1<2=,]-1<+1

200 B(I<)=B(K)-A(K,1<2)t8(J)
CUJSE (~r)

~.::.OO f~;ETUF:N
ErlD

~:. ..JE:;F"C: ,JT 1 f··JE F JF'~.~·E ( I C~""" -::'F.:[J:=' .. F:E~.~IJIi >< , \J 'I c. -- ~
»: ~ ~''; 1 "c.;.· ~. *' ~tt k :t. :~~*: :4" :~'. :~: ~. / ~: 'J ,i-; .~ ,:, :~.::~:t" ~. :~. t :~~.:~~.:~~~.~.>( ~. ~ ,.. ,

,~:CI·"·lfT1CH··,.1 t-.H-··4=' r·J~ ~fE::r·~ ~f\ DF ;4 r·JJ.'~E ~ 1\ ~ t~t=:-;E ",:::3, C.
r) 1 t1Et··t=-:;I cn·j K[H) ( ~:r.:\~);~.~'F:C1C'( ~~.(J~)) ~F:~Et·-·jC!(:.::)("') " .:< ( 1.C'(~) '! \( r ~ .:".) !O ~~jl_( 1 C;()

1[:2(100) ,C::::(100)

~t··~EL= ,·4Lrpber- Ci1": c u r r e ...·'t c~] 2rncnt
lNl.~2;N3=NumbEr of fir~t .se=ond,ano third s~s~Ent no~~

DC! i 00 i'~EL-,:::l. i;:~-

L. == ~j l·lE J!. ( tlE 1_- 1::+1
t.Jl == Y.c!I\j ( L )

N2= I[i'l (L + 1 )
~j~::'::ofc!I'~ ( l_ +.2 )
! ...J/, :,:::!,·:c:t·J (1._ +'=,)

i'.l'·_I::·': IJ: (i. +"~!
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r:~'\ j \ :-' ( N.:')-';'l ~~:,'
C2(~)~\ ,N~)-Y(Nl)
r~'(~'\=- \ (N 1 ) - Y ( ~C )
C~il)~~lNl)-X(N~)

[ -', ( ~' ) = X ( N 1 ) - X ( N =, )
C:\~)=)(N:I-X,Nl)

A=(C~(j IjC~(2)-C=(=)*C~(1)
DC, 5 J=1,3
C2(I)=C2(I)/(A+l)

~, C3 (I ,l =C3 (I )/ (A+ 1)

:t.CClIl'r-,ute c e r Lv a t i v e s of pr-oblem v a r aa b l e o f r E'Cl.ch element

RENO(L~1)=C2(2)*(4.0*AL(N~)-AL(N2) )+C2(3)*(4.0
1 *AL(N6)-AL(N3)\+3.0*C2(1)*AL(Nl)

RENO(L+2)=C3(~)*(4.0X.AL(N~)-AL(N2)+C3(3)*(4.0tAL(N0)-AL(N3»
1+3.0*C3(1)*AL(N~)

F,EN0 ( L +3 ) =C2 ( 1 ) * ( 4 • (J f AL ( N4 ; - A L ( N 1 ) ) +C2 ( ? \ * ( 4 • CiA ~ ( t J::. ) - ALl N3) )
1+3.0*C2(2)JAL(~3)

F;Etm l L+4 )=C3 (1 ) 1: ( -+ • 0 *' AL (t' Lj ) - A L (N 1 ))+[:3\3 ) t (4 .O;",~,L ('J::, ) - P,L(N3 )
1+3.0*C3(2)*AL(N3)

RENO(L+5)=C2(1)t(4.0tAL(N6)-AL(Nl) )+[:2(2)*(4.0*AL(N5)-AL(N2))
1+3.0*C2(3)*AL(N3)

RENO(L+6)=C3(1)*(4.0tAL(N6)-AL(Nl)+C3(=)*(4.0tAL(N~)-AL(N2))
1+3.0%C3(3)*AL(N3)

100 EE= EE+At(AL(N4)+AL(N5)+AL(N6))/6.0
F:ETUF:N
END~**********t*t*~*t*~*t**1:~~**t*t***t
SUBROUTINE DUTPT(AL,RENO,KON)

**************~****~.t1**t)~**l*****
*Output of t"'esult~

:)"f. f7",[, •.•/=. I i=;\' ;·~l_ i." .1.(;(:,) ~F·E~t'f=·(::-(;t) ,~~t .n.. ~>:~~C
-,,~::~:=!~:" ::; ~F I L E =: ."e ~t o ) : r 2. t ,"~:::;T ~ T L!f:~=- ' C: -; d ' )

tWrlt~ ~~lu~s of pr0bl~ffi ~2rl2b12 2t GC~61 po~r:0

17/, 'NODE' ~bX, '~ARI~8~E')

Ll~r~I l-E ( ~;~3 )
'-' r:C,F:i"!;:iT(/i2;~~'[!EF:IljATJ'_JE~; OF :'f-'E 'C:;'c:E:U.::r'1 '.'P,::;:I;:;~~_E C,:::.;:.: ~c'CH

1 F U-::.t-: u, r' ! if > , . EL E f'1Errr' ~c.X , 'rW [E' ~c,. ;: ~ , X ' , 1-1 /: , 'Y ,.1 (' >:. ;."

I..'i;:i T - ,

'" ', -
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kll d TT.:.( :' • b 0 ) 1. 1«11\ (I', ,1) , FiI':::f\ 0 ( U. ) ,F, C N II ( 1<1 -t 1 ) ~D N
l f f-' M•• I ( " ) ~ • ::,Fl' ) . ~,\

(.\lh:; i= ( :. , 7 f) ) I:. t.
F-Ur !'h' I (II:>,,' I.,.'I-,,_,_Ij-_ dF' l HE ) NTEGRf-'lL:.r i.; .4)7(~

Su n. -r (I 1)". 1 ::.() ( '*, U_
H 1~'::.J

t '~l)

2

tt***tt*t***t*~~*,******jl*
SUHhOUTINE 8AND(~UN)

******************t********F'ARAMETER(N9=65)
DIMENSION ~:ON(l'

COMMON NN.NE,NBN.ND~.NNE.N,MS,E,G,C
OF-EN(5.FJLE='.3: t.o o v o e t ' ,STATUS=' old' )

,1=,,:JE--1
MS=O

DO 2 I=l,NE
Ll=NNE*(I-l)

DO 2 J=LNl
L2=Ll+J
Jl::::J+l

DO 2 K=Jl,NNE
L3=L1H::
L=IABS(KON(L2)-KON(L3) )
I F ( 1'1S - L ) 1, 2 , 2

MS=L
CmHI~-IUE
t1S=NDF* (MS+l)

~lJRI TE (:",3 )ns
WF: I TE (* . 3 ) MS

FORMAT(/'---HALF-BANDWIDTH IS EQUAL
R E T URN

END

1

TO' •I:'"'------' / )
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