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Abstract

There are two main objectives in this project. First, to construct Power Series Distri-
butions and obtain their properties. Specifically, to express the Power Series Distri-
butions in explicit form, in recursive form (in Katz recursive form), special function
form (in terms of Confluent and Gauss hypergeometric functions), expectation form
(in terms of probability generating functions)

Secondly, to generalize Power Series Distributions by introducing an inflated para-
meter. Specifically,

(1) To construct an inflated Poisson, Binomial, Negative Binomial and Logarithmic
distributions.

17) To obtain the moments and the maximum likelihood estimators of the zero inflate
1) To obtain th ts and th i likelihood estimat f th inflated
power series distributions.

(77i) To obtain Compound Poisson distributions for the inflated power series distrib-
utions.

(iv) Application of the inflated models described above to migration data.
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Chapter 1

General Introduction

1.1 Introduction

One way of constructing discrete probability distributions is based on power series
expansions resulting into Poisson, Binomial, Negative Binomial and Logarithmic dis-
tributions forming a family of Power Series Distributions (PSDs).

The power series distributions have been generalized to what is called Generalized
Power Series Distributions (GPSDs) and Modified Power Series Distributions (MPSDs)

By introducing a parameter to these distributions we have inflated PSDs, GPSDs
and MPSDs. The inflated distributions can also be seen as finite mixtures consisting
of a degenerate and a non-degenerate distribution.

1.2 Problem Statement

In applications involving count data, it is common to encounter the frequency of ob-
served zeros significantly higher than predicted by the model based on the standard
parametric family of discrete distributions. In such situations, zero-inflated Poisson
and zero-inflated negative binomial distribution have been widely used in modelling
the data, yet other models may be more appropriate in handling the data with excess
zeros. The consequences of this is misspecifying the statistical model leading to er-
roneous conclusions and bring uncertainty into research and practice. Therefore the
problem is to identify by constructing other alternatives, to the models already present
in the literature that may be more appropriate for modelling data with excess zeros.

1.3 Objectives of the Study

There are two main objectives in this project. First, is to express Power Series Distri-
butions in explicit form, in recursive form, special function form, and in expectation
form. Specifically to express Poisson, Binomial, Negative Binomial and Logarithmic
series distributions.

(7) In explicit form.
(77) In Katz recursive form.

(737) In terms of Confluent and Gauss hypergeometric functions.
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(7v) In terms of probability generating functions (pgf).

Secondly, to generalize Power Series Distributions by introducing an inflated para-
meter. Specifically,

(1) To construct an inflated Poisson, Binomial, Negative Binomial and Logarithmic
distributions.

(77) To obtain the moments and maximum likelihood estimators of the zero-inflated
power series distributions.

(77i) To obtain Compound Poisson distributions for the inflated power series distrib-
utions.

(17v) To apply the inflated models described above to migration data.

1.4 Literature Review

1.4.1 Power series distribution

A number of attempts have been made during the past decades to study power se-
ries Distributions, Noak (1950) considered a class of random variable with discrete
distributions. He defined power series distributions and investigated its moment and
cumulant properties. He also, constructed the special cases of important discrete dis-
tributions belong to this class with their moment and cumulant properties that is; the
binomial, Poisson, negative binomial, and logarithmic series distributions.

Khatri (1959) on certain properties of power series distribution extended what
was done by Noak (1950) to multivariate distributions. He established the recurrence
relations for cumulants and factorial cumulant, which are utilized to show that any
power series distribution in a single parameter is determined uniquely from its first two
moments. He further derives the multivariate extensions of powers series distributions
with the illustration of multinomial distributions and extended it to truncated powers
series distributions.

Patil (1962) studied on certain properties of generalized power series distribution.
He allowed the set of values that the variate can take to be any non-empty enumerable
set S of non-negative integers and called this extended class generalized power series
distributions (GPSDs). He also studied estimation and other properties of GPSDs. He
noted that among the distributions of major importance belonging to this class are the
binomial, Poisson, negative binomial, and logarithmic series distributions and related
multivariate distributions. Furthermore, if a GPSD is truncated, then the truncated
version is also a GPSD. He also noted that the sum of n mutually independent random
variables each having the same GPSD, has a distribution of the same class, with series
function [n (9)]".

1.4.2 Zero-Inflated models

A zero-inflated model is a statistical model based on a zero-inflated probability distri-
bution. Zero-inflated models has become fairly popular in the research literature with
a number of attempts being made during the past decades to study it, Katti and Rao



(1966) used a criterion for flexibility and showed that there is a distribution called
the log-zero-Poisson distribution (1.z.P.) which has more flexibility than the Neyman
type A, the negative binomial, and the Poisson binomial distribution. They derived
some basic properties of the I.z.P. distribution and compared it with other distribu-
tions, fitted using the 35 sets of data given in Martin and Katti (1965). In their study
they regard the 1.z.P. as a 'one-distribution summary’ of Neyman type A, the negative
binomial, and the Poisson binomial distribution.

David Kemp and Adrienne Kemp (1988) examined the construction of rapid esti-
mation procedures for discrete distributions, using the empirical probability generating
function (epgf), mathematical approximations to the maximum likelihood equations,
and bounds for the maximum likelihood estimators. They reviewed some standard
rapid estimation procedures for discrete distributions, placed in the context of epgf
estimation, and developed a new methods. They also, considered a number of distri-
butions in depth and found that different distributions require different procedures of
estimation as shown in their illustrative example of zero-inflated binomial distribution
with large and small to moderate sized sample in their simulation.

Farewell and Sprott (1988) studied the use of a mixture model in the analysis of
count data. They analyzed data on the effect of a drug with antiarrythmic proper-
ties on patients who experienced frequent premature ventricular contractions (PVCs).
Where the number of PVCs per minute was recorded before and after the drug was
administered. They noted that a wide range of counts were observed during the pre-
drug measurements but that 7 of the 12 patients experienced no PVCs during the
postdrug measurement. They assume that any non-zero count is considered abnor-
mal. Individuals with no PVCs may be "cured," in which case their zero count is
assured; otherwise, the observed zero is a sampling zero. The observations occur as
paired data (z;,y;) which are the predrug and postdrug count, respectively, for the
i'" patient. Assuming that z; is a Poisson variate with mean \; and that for patients
who are not cured y; is independently Poisson with mean ();, then the conditional
distribution of y; given t; = x; 4+ y; is zero-inflated binomial distribution.

Lambert (1992) studied Zero-Inflated Poisson Regression, with an application to
defects in manufacturing. She observed that when a reliable manufacturing process
is in control, the number of defects on an item should be Poisson distributed. If the
Poisson mean is ), a large sample of n items should have about ne™ items with
no defects. Some times, however, there are many more items without defects than
would be predicted from the numbers of defects on imperfect items. She gives an
interpretation that slight, unobserved changes in the environment cause the process to
move randomly back and forth between a perfect state in which defects are extremely
rare and an imperfect state in which defects are possible but not inevitable.

Gupta et al., (1995) studied the zero inflated modified power series distributions
(IMPSD) which include among others the generalized Poisson and the generalized neg-
ative binomial distributions and hence the Poisson, binomial and negative binomial
distributions. They also considered the structural properties along with the distribu-
tion of the sum of independent IMPSD variables, the maximum likelihood estimators
of the parameters of the model and obtained the variance-covariance matrix of the
estimators. Finally they gave examples on the generalized Poisson distribution to il-
lustrate the results. Murat and Szynal (1998) have extended the results of Gupta et
al., (1995) to the discrete distributions inflated at any of the support points.

Gupta et al., (1996) considered a zero adjusted discrete model. Such a situation



arises when the proportion of zeros in the data is higher (lower) than that predicted by
the original model. They also, studied the effect of such an adjustment and compared
the failure rates and the survival functions of the adjusted and the non-adjusted mod-
els. As an example, they studied an adjusted generalized poisson distribution and the
three parameters of the model estimated by the maximum likelihood method. They
recommended that in order to obtain more accurate results for zero-inflated data, the
model should be adjusted for the number of zeros.

Dowling and Nakamura (1997) studied estimating parameters for discrete distrib-
utions via the empirical probability generating function. They considered parameter
estimation for a family of discrete distributions characterized by probability generating
functions (pgf’s). Kemp (1988) suggest estimators based on the empirical probability
generating function (epgf); the methods involve solving estimating equations obtained
by equating functions of the epgf and pgf on a fixed, finite set of values. They pro-
vide an asymptotic theory for these epgf-based methods that allows computation of
asymptotic efficiency in a unified setting, and suggests asymptotic estimates of stan-
dard errors. They considered some examples as used by Kemp (1988) and based on
the theory, they gave graphical techniques that are shown to be useful for exploratory
analysis.

Nikolai et al., (2001, 2002) studied an extension of the generalized power series
distributions by including an additional parameter p. This parameter has a natural
interpretation in terms of both "zero inflated" proportion and correlation coefficient,
and because of this they called this family Inflated-parameter generalized power series
distributions. They presented probability mass functions (pmf) and probability gener-
ating functions (pgf) of the corresponding inflated-parameter distributions, with two
different representations of the corresponding pmf’s of the r.v’s belonging to the in-
flated parameter family of the generalized power series distributions. They successfully
fitted a real frequency data using inflated-parameter poisson and inflated-parameter
negative binomial models.

Jansakul et al., (2002) studied score tests for zero-Inflated Poisson Models. They
considered a situation where the count data have a large proportion of zeros than
specified by the Poisson model. Thus for data of this form they adopted the use of the
zero-inflated Poisson (ZIPo) model. ZIPo model with a constant proportion of excess
zeros to a standard Poisson regression model, was given by van den Broek (Biometrics,
51 (1995) 738-743). They extend this test to the more general situation where the
zero probability is allowed to depend on covariates and evaluated the performance of
this test using a simulation study. They also proposed a composite test to identify
potentially important covariates in the zero-inflation model. lastly, they illustrated
the use of the general score test and the composite procedure on some real datasets
and showed that the composite tests are useful for suggesting appropriate models.

Inuwor (2004) considered a model that takes into account zero observation. He
assumed the Poisson distribution for the number of clusters migrating, and that the
number of migrants in a cluster follows each of the members of the class of one-Inflated
power series distributions namely: the binomial, the Poisson, the negative binomial,
the geometric, the log-series, and the mis-recorded Poisson. At least one person is
expected to migrate in household is exposed to the risk of migration thus, the use of
the one-inflated distributions. This is justified by the need to reduce the risk of under-
estimation of the probability that one person migrates in households are exposed to
the risk of migration. Hence the use of zero-truncated distributions as proposed by



Yadava and Singh (1991) is not justifiable since the zeros are real zeros are real and
observable as there is the possibility that nobody migrates in a cluster in a household.

Perakis and Xekalaki (2005) proposed process capability index useful for both the
discrete and continuous processes. They further provided a process capability index for
Poisson and attribute data. Notably these indices are based on maximum likelihood
estimate of the Poisson parameter as well as on minimum variance unbiased estima-
tor (MVUE). The simulation study performed by them reveals that indices based on
maximum likelihood estimates perform better than the one based on MVUE. In the
recent years, due to adoption of technology, production processes produce extremely
good products. Thus, zero-inflated models have been found useful in statistical process
control.

Patil and Shirke (2007) considered testing parameter of a zero inflated power series
model. They provided three asymptotic tests for testing the parameters of power se-
ries distribution, using an unconditional (standard) likelihood approach, a conditional
likelihood approach and a test based on sample mean, respectively. They illustrated
this by using zero inflated Poisson distribution (ZIPo).

Perumean et al., (2012) studied Zero-inflated and overdispersed. They recom-
mended that when there is evidence of overdispersion, other models (e.g. zero-inflated
Poisson and zero-inflated negative binomial) may replace the Poisson model in han-
dling excessive zeros in count data and that the modification of the Poisson or Negative
binomial procedure is to avoid the incorrect estimation of the model parameters and
standard errors and the incorrect specification of the distribution of the test statis-
tic. If ignored these misspecifications may easily lead to erroneous conclusions about
the data and bring uncertainty into research and practice. They utilized simulation
methods in educating researchers on the importance of accounting for zero inflation in
count data and the consequences of misspecifying the statistical model.

1.5 Significance of the Study

The study is significant to various fields in expanding on the previous research in
addressing the problems encountered in data modelling. A brief description and an
illustration on the significances of the study in various fields are given below:

The study will be beneficial to those in the field of demography in understanding
population history of areas and drivers of regional change. One of the applications is
in the analysis of migration data. Researchers studying migration have widely used
probability models with the primary purpose of modelling being simplification and to
reduce a confusing mass of numbers to a few intelligible basic parameters, to make
possible an approximate representation of reality without its complexity. Moreover,
by doing so bring policy makers and development planners to a new level of awareness
in the formulation of their policies. Several studies have been proposed for modelling
rural out migration at household level with Inuwor (2004) proposing a model that takes
into account zero observation. He assumed the Poisson distribution for the number of
clusters migrating, and that the number of migrants in a cluster follows each of the
members of the class of one-Inflated power series distributions. He fitted the various
distributions and tested their adequacy for various villages using data contained in
Sharma (1995) and found that the distributions that takes into consideration variations
in the probability of a person migrating in a cluster in a household (The log-series,



and the geometric) performed better.

The study will also be useful to Actuaries in enriching their knowledge to develope
and use statistical and financial models to inform financial decisions, pricing, estab-
lishing the amount of liabilities, and setting capital requirements for uncertain future
events. In actuarial applications zero-inflated distributions have been widely used for
modeling observed situations whose various characteristics as reflected by the data
differ from those that would be anticipated under the simple component distribution.
For example, observed data on the number of claims often exhibit a variance that no-
ticeably exceeds their mean. Hence, assuming a Poisson form (or any other form that
would imply equality of the mean to the variance) for the claim frequency distribution
is not appropriate in such cases, (Karlis and Xekalaki, 2005). To have over-dispersion,
then there is need to have models whose variance is greater than the mean. This is
where zero-inflated models are adopted to handle the excess zeros in modelling.

Furthermore, the study will be helpful to analyst in environmental studies in their
efforts to raise public awareness regarding the environment and conservation of natural
resources. An application example is the use of zero-inflated models by Viviano et al
(2004) to analyze environmental data sets with many zeroes. The first data set refers
to a daily time series (1997-1999) data to study the effect of air pollution on health in
Palermo. Their interest lies in estimating the effect of PM;y which is one of the major
causes of health problems in air pollution studies, and the second data set referred to a
study of bathing water quality in the district of Palermo. Their goal was to analyze the
effect of some covariates (Month, Water Temperature, Oxygen, Sea Condition) on the
response variable ‘Number of Fecal Streptococcus’ (counts in 100 ml of water), that
ranges from 0 to 200 and presents a great percentage of zeroes (=~ 54%). Results from
the fitted models confirmed that that in the mortality data set, the classical Poisson
model is the best choice, while in the second data set. Zero-inflated negative binomial
is preferable.

Moreover, this study will be important to those in the field of engineering. One ap-
plication is in the process of manufacturing items, the explanation offered by Lambert
(1992) for the defects produced is that the system randomly changes its state from
perfect to imperfect. The system is said to be perfect when there can be no defects
manufactured. The system is said to be imperfect when defects are possible but not
inevitable. Gupta et. al. (1995) have given another explanation to the above situa-
tion. Their explanation refers to the situation in which the items are manufactured by
different machines out of which some machines do not produce any defectives; when
the items are mixed up, the information is not available as to which item is produced
by which machine. Thus is difficult to give a simple explanation for the excess ze-
ros, hence the use of inflated model has been adopted to handle the excess zero and
to effectively check on the quality of production thus, producing output according to
specified requirements.

The study will also be of great importance for those in Biomedical field in adopting
the recommended statistical models to evaluate the effectiveness of treatment and to
diagnose disease. Their success in modern health care relies on the accuracy of the
models and their efficiency. One of the applications is given by Bohning et al., (1999)
in dental epidemiology the DMF-index is an important and well-known indicator and
overall measure for the dental status of a person. It is a count number standing for the
number of DECAY, MISSING, and FILLED Teeth (in which case it is called DMFT-
Index) or Tooth Surfaces (in which case it is called DMFS-Index). They showed that



DMFT-index is a special mixture model having two classes, where the first class has
a fixed value at 0. This class consists of children with no caries at all. In the case
of the DMF'T, this zero-class corresponds to those children showing no improvement.
As an their application, they considered data coming from a prospective study of
school children from an urban area of Belo Horizonte (Brazil) and from their study
the zero-inflated Poisson distributions has been described to fit the data, since 90% of
the over-dispersion is explained by the model.

Moreover, this study will benefit and help future researcher in Traffic Accident
Research as a guide in modelling accident data, with the focus in their studies and
numerous others of similar kind, is on evaluating public policy on how successful
was past (traffic) safety legislation in reducing the number of accidents. Kuan et
al., (1991), as one example considers data coming from the California Department of
Motor Vehicles master driver license file. Here the variable of interest is the number of
accidents per driver. From the data we see that there is excess number of zero counts
and the frequency of X is greater than or equal to 3 is 21. Generally such data is
modeled by Poisson distribution. But Poisson distribution does not fit well for the
data. They fitted the above data for zero-inflated Poisson (ZIPo) and observed that
the ZIPo provides the best fit.

Lastly, the output from this study will be helpful to the retail industry and business
practitioners in marketing by using the probability models to understand and profile
individual behavior, understand market-level patterns, and their origin in individual
behaviors, provide norms or benchmarks for comparison and Prediction or forecasting
of: Aggregate results beyond current observation period and Individual behavior, given
knowledge of past actions.



Chapter 2

Power Series Distributions

2.1 Introduction

A numbers of researchers have worked on these class of power series distributions.
Noak (1950) considered a class of random variable with discrete distribution. Where
he defined power series distributions and showed that many important discrete distrib-
utions belong to this class. Khatri (1959) studied the multivariate extensions of powers
series distributions with the illustration of multinomial distributions and extended it
to truncated powers series distributions. Patil (1961, 1962) studied on certain proper-
ties of generalized power series distribution. Where he allowed the set of values that
the variate can take to be any non-empty enumerable set T" of non-negative integers
and called this extended class generalized power series distributions (GPSDs). He also
studied estimation and other properties of GPSDs.

In this chapter, we define Power Series Distributions (PSD) and provide an overview
of some of its structural properties that includes; probability generating function,
moments and their recurrence relation, central moments, the recurrence relation for
cumulants and factorial cumulants. Lastly, the special cases of discrete probability dis-
tributions belonging to the class of power series distributions with their corresponding
structural properties will be covered.

2.2 Definition

A large class of random variables with discrete probability distributions can be derived
from certain power series.

Let

OB (2.1)

be a power series.
Therefore,

1= > akek
;f((?)

That is



ek
Pr(X:k;):%fork:0,1,2,...and0>0, ap > 0 (2.2)
is called a power series distribution (PSD). A power series distribution belongs to the
exponential family, since

Pr(X =k) = jc’z—j; = oxp {m [jfk(zi] }

= exp {Ina,0" —In f(0)}
=exp{lnay +klnd —In f(0)} (2.3)

The first and second derivatives of f(f) are
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2.3 Probability Generating Function(pgf)

The pgf of X is given by

G(s) = Xy _ s k_ — a(0s)" _ f(0s) .
(s) = B(s¥) ;%pks ;% 0 0 (2.8)
See Feller (1968, Chap. XI and Chap. XII).

Thus,



and

PG, f"(0s)
-5 = 76 (2.10)

Hence the mean and the variance is given by

G”(S) —

E(X)=G'(1) = 9»;:(9) (2.11)

and

Var(X) = G"(1) + G'(1) - [¢"' (1))
(9)

|
110 O [, 1077
- 5 {wa)] (2.12)

As given by Feller (1968: 266)

2.4 Moments and their recurrence relations

The r** moment is defined by

L > K ayd” (2.13)

d , 1 dX&,, =~
1 — 1 d -
- - kr+1 k—1 - 6 k‘r 9’“
@ 2= | oran’ )}Z &
1 < o S0) &
- = kr+1 k-1 _ kT k
70) 2= oy 2=

multiplying % . by 6 we obtain
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equation (2.14) then becomes
d ! / ! !
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Thus the recurrence relation for the 7** moments of a PSD is given as
/ d !/ !
Hrsr = 05t + pafiy (2.16)
The r** central moment. i.e., the " moment about the mean is defined by
- rard” «9’“
k::O
1 o0
— WZ (k — p})"art® (2.17)
k=0

Therefore taking the derivative of u, with respect to € we obtain

11



=
- ﬁ ki;o {d%(k - ul)T] ax
--£0) fj(k Y fj kO — 1)y
+ ﬁ g; r(k =)t ( de‘“) art*
o k=
— _{f/((g ) g% [(k = ph)™ + ph(k — )] antd® " — Td%u’lm_l

multiplying d% 1 by 6 we obtain,

d 9 . a 6 G 0"“ d
G@Mr 9 Z 7“-1-1 k + Z k: 7"9@//1,&7_1
k=
o / B Qi /
N + M1 + o1 oy r de:ullu’r—l

d
= fri1 — Tf)@u’lm_l

Therefore, it follows that the recurrence relation for the central moments of a PSD is
given as

d d |
Hr41 = 0 {@HT + 7"/11”1@:“1} (2'18)

putting 7 = 1 in (2.18) we get

=0 i + i /
Ho = de,ul ,uodelh

but

and



As a result,

—0— (2.19)

substituting (2.19) in (2.18)

d It
Mr41 = 0 [@ur + 71,“1“1?2}

_ d

g T THr1e (2.20)

Also from (2.19)

d . d f'(0
apt = edee f((9)>
{ £ ,d 1)
o) Taa o)
{f’(9) £(0)f"(0
G

A

Mo =

=
TN [ —
s
= |
=
—~
)
=
v
[
—

)
J}'w)) f” L [f’(H)r}
(6

0
) 2f” 71(6)]*
STORTT) {efw)}

The variance of X will be given by

Y OIS OB Ol
VartX) = 1 =0y + 055 [(’f(e)]

2.5 Moment Generating Functions (mgf)

The mgf of X is given by

Mx(t)=E [e*'] = Zetkpk _ ) akjv?;)>

= (2.21)

To obtain the " moment

13



tX) (tX)* (tX)’
ot Ty T

t2 2 £ 3
:E[1}+tE[X]+EE[X]+—E[X]+---

3!
12 13
! ! !
:1+t/ﬁ1+5/~‘2+5/~53+"'
oo tT .
Yt 22)
— rl

From (2.22) it is observed that 1 = coefficient of % in the expansion of Mx (t). Also,
the r'* moment is the 7" derivative of My(t) w.r.t t and setting t = 0 i.e.

d"Mx (t
[y = d—;j() li=0

2.6 Factorial Moments
r*" factorial moment is defined by

pp = E[X(X —1)(X —2) ... (X —r+1)] (2.23)

when
r =1 we have

r=2
pp = EX(X —1)] = py — 4
r=3
pig) = EIX(X = 1)(X = 2)]
= E [X?] = 3E [X?] + 2E[X]
= p3 — 35 + 2444
r=4

pay = E[X (X = 1)(X = 2)(X = 3)]
= E [X*] - 6E [X®] +11E [X?] — 6E [X]
= py — 6y + 1l — 644)

2.7 Factorial Moment Generating Function (fmgf)

The fmgf of X is given by

14



. > ek . > ak(H [1+€])k
—k0[1+ ] pk—kz; £0)
i i (J;)Ht) (2.24)

The r** factorial moment is given by the r* derivative of Mix(t) w.r.t t and setting
t=0

dtr
tr

T: in the expansion of Mx)(t).

] lt=0

or the coeflicient of

2.8 Cumulant and Cumulant Generating Function
(cgf)

The cgf of X is given by

Kx(t) = log Mx(t)

provided E [e*] exist. Therefore to obtain the r'* cumulant

Kx(t) = log M (t)

ol [rs G0 G0

21 3!
~ o { Bl +18[X] + B[] + Lo () + ]

2! 3!

t2 t3
/ / /
zlog{1+tul+§u2+§u3+---}
— t’+ﬁ’+ﬁ’+... _1 t’+ﬁ’+ﬁ’+...
1 ! t? / t? /
+§ Ml‘i‘aﬂz‘i‘gﬂ?ﬁ“” -
, t2 t3
:tﬂ1+ﬂ25+ﬂ3§+"'
2 t3
2 kt"

rl

(2.25)

r=1

Thus, k. (r'™ cumulant of X) is the coefficient of £ in the expansion of Kx(t). The
r*" cumulant can also be obtained from the 7" derivative of Kx(t) w.r.t ¢t and setting
t = 0. That is

15



| dEx()
der "0

Ky

2.9 Special Cases

2.9.1 Poisson Distribution

Then

Pr(X =k)=
which is a Poisson Distribution.

1.

1il.

1v.

v. The mean is given by

vi. The variance is given by

2S0) S0 [, 107
var () =00 0 - )|
=0’+0-6>=9
vii.
d d ,
1 =0 {@ur + WHEM]
but
py=E(X) =10
Hence the recurrence relation for the central moments of Poisson Distribution is
given by
d
pr1 =0 {@Mr + 7"/%1}
setting: r =1

ol
M2 = d@lul Ho
=0[0+1] =46

16



d
ps =10 {@M + 2/11}

:€{i9—|—2-0} =40

do
r=3
d
M4=9{d—ﬂ3+3/4&2}
d
R
skl
—0(1+30)

viii. Probability generating function for Poisson Distribution is given by

f(Os) efs

f0) e

Taking the first and second derivative w.r.t s and setting s = 1, we obtain

G(s) =

0s
G'(s) = -

ef

Thus, to obtain the mean and variance

E(X)=G(1) =0
Var(X) = G"(1) + G'(1) — [G’

=60%+0—6*
=0

o]

ix. The moment generating function of Poisson Distribution is given by

FO) _ e _ g(emn)
f@) e

The r** moment about the origin is obtained from the 7 derivative of Mx(t)
w.r.t t and setting t =0

MX (t) -

That is for r = 1, we have

) AMx(t) AT ()] _ o o(e-1)
=g == g [e ] = bce li=o=0

17



forr =2
' d o(et—1)+t ¢ oet—1)+t 2
Wy =2 [ee ] li—o= 0 (0! + 1) o= 62 + 6
Also,
po = py — pp =02 +0 —0° =0

forr=3

o= 0 (0 + 1) exp [14 0 (¢~ 1))} e
= {92et exp [t+0 (" —1)] + 0 (8" + 1) exp [t + 6 (' — 1)}} |t=0
—0+30>+6°

when r =4

Wy = % {926t exp [t +40 (et — 1)} +0 (Het + 1)2€Xp [t +0 (et — 1)}} |li=o
[ @Petexplt+0 (et —1)] +0 (0’ + 1)’ exp [t + 0 (et —1)] |
N +3602%¢ (fe! + 1) exp [t + 0 (¢! — 1)] =0
=02 +0(0+1)°+362(60+1)
=0+ 70% + 66° + ¢*

x. The factorial moment generating function of Poisson Distribution is given by

M[X] (t) _ f(e + Ht) — eé‘t

f(0)
%2 633
=1+6t+ 7 + ? +

The 7" factorial moment is the coefficient of £ in the expansion of My (t).

r!
Thus
pp =0", r>1
That is
pp =0 = ph, pp =02 pg = 0%, pp = 60*
The recursive relationship between factorial moments of Poisson Distribution is
given by
Hir) = Oy

xi. The cumulant generating function of Poisson Distribution is given by



The r* cumulant of the distribution is the coefficient of ’;—T, in the expansion of
Kx(t).
Thus

k, =6 forall r>1

The recursion formula for the cumulants of Poisson Distribution is given by

dr
kr - dtre( ) ‘t:o

d d"
@kr pre (e — 1) |li=o ( * %)

Multiply equation (x % %) by @ to obtain
d dr

4 & 1) |
Oa6" = ar? (¢ 1) limo
Also,
r+1 .
kri1 = WH (e = 1) li=o
d’/’
= g0 b=

Subtracting k.1 — Gd%kr we obtain

d, —d ; . B
hrir = 05 ks = %{ee — 0" +6} =0
Therefore it follows that p
kyi1 = 00—k,
+1 20

2.9.2 Binomial Distribution

FO)=(1+0)" i( )

k=0
Then

(k)<1+9> (1+0) =02

which is Binomial with parameters n and

1+a)

ay, = (Z) k=0,1,2,...n

19
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iii.

flO)=n(1+0)"" n=12,..

v.

F1O0) =nn—1)(1+6)"%n=23,..

v. The mean is given by

vi. And the variance

varn =L 2O [0

o) fo) f(0)
o —1)(1+ )2 0 9 1°
= (1+0)" +n1+0_{nL+J
on(n—1) 0 n*f
_9<1+m2+"1+0 (1+6)°
6%n? né? 0 n%6?

1107 102 "T+0 (1107

vil.

but

Hence the recurrence relation for the central moments of Binomial Distribution
is given by

ol d 0
Hr+1 = delir Ty — 1d6 1+0

. (( +9)-1—9.1)]
= _deﬂr Hr—1 (1 +9)2

ol 1
- _d‘glur nr by — 1 +

_9W 1+0

)_\

20



As a result, when r =1

0Ly 0 g —n( f )( ! )
e T ey T Tare? "\1ve)\1ve

r=2
d 2n }
=40 +
K3 {6,#2 (1+ 0
“ti{ o)
1+9
_{ (0+1)—2n9}0
N 0 +1)°
1
=nb(1—
=0 oy
r=3
d 3N flo
=0 |—us+
_g d [n9(9+1)—2n02} +3” n(1f0)
do 0 +1)° (1+0)
n—2n +1) —3(nd —nb?) + 3n
_ 0) (6 0 62 20
6 +1)*
_n0—4n6’2—|—n6’3—|—3n26’2
0+1)*

viii. Probability generating function for Binomial Distribution is given by

_ fls) (1+6s)"
O =0 = aror

by (1 0s)"
G'(s) = n@—(l 0

v o (14 0s)" >
G"(s) =n(n—1)0 —(1 o

setting s = 1 we obtain

To obtain the mean and variance

E(X)=G'(1)=n

21



0 2
= —1 |
TR ) ”[u+9J
02n2 n6? 0 n26?
= 2~ g 1 - 2
(1+6) (1+0) 1L+60  (1+6)

- () (- 59)
:"<1+9)<1+9)

ix. The moment generating function for Binomial Distribution is given by

fe' 1+ fet)™
My (1) = L0e) _ Qr0e)
fo) - (1+0)
The r* moment about the origin is obtained from the " derivative of Mx ()
w.r.t t and setting ¢ = 0. That is
d"Mx(t
[, = d—;{() |t=0

Hence setting r = 1

dM(t)
o
My = di |t=0

Cd [[140e\"

- (557) 1=
14 0e\"" et
”(1+9) T3 =0
0
1+60

(1 + 96t>n1 et

n N —

14+6 1+06

Y 1+9€t Oet 2 140" noet |

- +0 140 140 1+ "
2

0
_”<n_1)<1+9 Y

. _1)_JL_2+ 0 0\’
pz = 0D 1+6 "Tro \"110

n26? n? né n262

u+ef_(1+m2+1+9_(r+@2

_”(1i9><1i0>

22

=N

=0

Also,




forr=3

1+ 0et\" get |
1+6 1+0("°
n— 93 St(n 2) Get-‘rl n—3
9 (6+1)° 0+1 |
-1 n—2 t=0
fet [ fet+1 0%2e?t(n—1) [ fet+1
n [ﬁ ( 0+1 ) T oy ( 0+1 ) ]

( 1>{ 20?2 +(n—2)03}+ { 1 +(n—1)02}
=n(n— n
0+1)?  B+1)° O+1  (0+1)
x. The factorial moment generating function of Binomial Distribution is given by

_f@+0t)  [(1+(0+060t)\"
M 0= L0 = (M55

The r'* factorial moment is obtained by from the r*" derivative of My|(t) w.r.t
t and setting t = 0. i.e.,

_ d"Mix(t)
M[r}—T|t:0
When; r =1,
dMx(t) d (14 (0+00)\"
Mm:—]\to— ———— ] =0
dt dt 1+6 -
. 1+@+00)\"""/ 0 |
- 1446 1+60)"°
1+6
forr =2
(0 A1+ “1|
eI ="\159) at 1+0 =0
B 1+ O+00)\"2/ 0 \°
_”m_ﬂ)(_TI?_J 1+6 =0
0 2
ﬂ““”(m)
forr=3

(1-+fijzet))”2]|to

0 \°/1+(0+61) “ﬂ
146 146 =0
0




xi.

and for r =4

w=ntn--2 (1) &

(1—+fi:;9t))"3]|t0

—n(n—1)(n—2)(n—3) <i>4

1+6

The recursive relationship between the factorial moments of Binomial Distribu-

tion is given by
=7+ 1) (1
= \n—-T r—
Hir) 1+0 Hir—1]

The cumulant generating function of Binomial Distribution is given by

1+ 0et\"
Kx(t) = log Mx(t) =10g( 0 )

The 7" cumulant of the distribution is the r** derivative of K,(t) w.r.t ¢ and
setting t = 0
d"Kx(t) |

der "

ky, =

When r = 1, we have

L _de(t) | —inlo 1+9€t |
LT Ty =0T e\ g ) =0

. 146 fet |
T\ 14 0et ) \14+0) =0

1+
forr =2

2= [ (11++9it> (1+9)} =0
:"{ (1+eet)) <1+9> * (11++9it) (9§1(i2)29))} =0

n? On

040’ (1+0)

- <1i0){1 i
- (1+9)( )

24



forr=3

d 92 2t eet
k :— -
’ { (1+ Oer)? +1+9ef}'”

B —202e% (1 + 0e)® + 2 (03€3) (1 + 0e?)  fet (1 + Oet) — 62e
B { (14 fet)* " (14 fet)? }
B { —2602 (1 + 0)? +293(1+9)+ 0 }
B (1+0)* (1+6)°
—20% — 203 + 2603 0

- { (1+6)° +(1+6)2}
B { 292+9 1+9)} n{—292+¢9+92}

1+9 (1+6)°

n9
(1 +9)

and for r =4

d [ —20%€2 (1 4 0et)? + 2033 (1 + 0e') et [(1 + fet) — ']
k’4 = nN— + |t:0

di (1+ 0et)? (14 et)?
A [ 2207e (L 0et) + 20% (1 0e') | 0e [0 (1 + 0c') — 0] |

dt (1 +6et)* (1+ Oet)? =0

fet (et +1)—26%e2t +62¢2
B 603e3t — 4033 — 402 N G +(9)et+1)2 ) |
=n A0et + 602¢2t 1 4033t + Pledt + 1 _29et(9et(9et+1)792e2t) =0
(Bet+1)3
B { 60°— 46" —40> 0 2 }
404602 +403+ 04 +1  (94+1)° (0+1)°
. 203 — 462 — 202 (0 +1) 4+ 0 (0 + 1)°
0 +1)*
b (67 —40+1)
(0 +1)*

The recursion formula for cumulants of Binomial Distribution is given by

d
=0— >
kr+1 Hdgk»,«, r = 1

2.9.3 Negative Binomial Distribution (NB)

o =a-0-=3 () o

Therefore

25



— (—1) (7:“) 0k (1 — )

B (a—l—k—l

L )0’“(1—9)‘“, for k=0,1,2, ...

which is a Negative Binomial Distribution.

(a+k—1)
ap = L

6 =a-6"

ii.

| £1(0) = a(a+1) (1 — )

v. The mean is given by
(1—6)—1 6

_ 0 _
E(X)—Qf(e)—Qa 10" =oar—p 0<f<1

vi. The variance is given by

_ 10 S0) [ef'w)r

Var(X)

oy ey e
_pola )@= g,
) -0 R
B 0 o, P
_a(a+1)(1_9)2~|—a1_0 a<1_9)2
o262 ab? ab o262
TP e 1-6 (1-op
N P
“m[*m}
0 1 af

vil.

but



Thus the recurrence relation for the central moments of NB is given by

P K
Mry1 = _delur TMT_ldgal Iy
o [d (1-6)-14+6-1
o[ wom s (=801
o g o (75|
=0 |l +ary_1|-——
E R NTE
d arfu,_q
=0—pu, +
" T 1=y
setting r =1
d Qfo }
=0 | —u +
2 [deﬂl (1_0)2
1 0
=0 |0+ =
{ “(1—9)2] Ty
setting r = 2
d 1
=0 |— Q00—
13 H{deufr aul(l_e)z}
d «of 1
=) |—-——+2a-0- —
[cw(l—e)? " <1—e>2]
d 0 (1-6)*-1+260(1—9)
=ba———7 = 1
df (1 —0) (1-20)
_9)? _ 902
— b (1-10) +294 207)
(1-0)
C0a(1—-0)(1—60+20)  fa(1—0)(1+0)
(1-0)" (1-0)’
:6a<1+9)3
(1-19)

using (2.20), setting r = 2 we obtain

d d
ps = O0——=pio + 212 = 0—=p12 + 0

df df

_ a0

o (1 —9)*
e (1—6)*-1+20(1—6)

(1-6)"

fa(1—0)(1—0+20)
- (16"
— b (1+ 9)3

(1-0)

27



and for » = 3, again using (2.20) we obtain

d
pa =0

d9M3+3M2M2
2
= i@a (1+9)3 3{04 0 2]
g (1-0) (1-10)
2 202
_ 0l d (0+6%) 3a°0

o (1-6)°  (1-06)*
:aelu—e) (1+29)+3<9+92)<1—9)2] 30262
(

(1—0)° 1—6)*
_ae{(l_e) (1+20)+3(9+92)1 3a26?
(1-06)" (1-06)"
af 3a26?

- 1420 —0—20%+ 30 + 30%) + 3(0 + 0%)] +

ab 30262
1440 + 0*] +

7 [1 4460 + 6 + 300]

viii. Probability generating function for NB is given by

f(0s) _ (1—6s)"
o)y a-e0"

G(s) =
G'(s) = a0<1 _ 08)70&71

1-0"

" o 2 (1 — 05)_a_2
G"(s) = a(a+1)0 —(1 e

setting s = 1 we obtain

G"(1) =ala+1) N

To obtain the mean and variance
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/!

wmm_mm+dm—pa$

62 0 0 1°
= 1 —a? lo——
ala + )<1_9)2+Oz1_9 a {al_e}

B a6? ab? af a20?

TP e 1-6 (1_op

LA PR
Y179 1-6

b
(1-0)

ix. The moment generating function for NB is given by

fe’ 1 —fet)~™
My o) 1) _ (=66
f0)  (1-0
The r** moment about the origin is obtained from the 7" derivative of My (t)
w.r.t t and setting ¢t = 0. i.e.,

r d"Mx <t> |
MT - dtT t=0
Therefore setting r = 1
,  dMx (t
H1 = d—)jf() |t=0
d [(1—0e)™
= | a | =0
dt | (1—06)
o (A—ehy ™ 0
= afle 10 lt=o ATy
for r =2
d (1—0et)™ "
/ _ 0 t\—~ =) _
H2 = [a “CTa—e =0
_ptyo-l 2.2t (1 _ poty—a—2
_ oa%t(l fe )7(1 o a(a+1)0% (17a fet) o
(1-20) (1-20)
92
= 1
ala+ )< _9)2 +a1 7
Also,
[y = iy —
=a(a+1) s + b _ &i 2
B (1-6)2> 1-90 1—-6
a?6? af? ab a?6?

A_0f (1-07 1-0 (16

LA P
~ Y19 1-6
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forr=3

, d Jabe’ (1—0e") + a (o +1) 0262 (1 — fet) ™2 |
BT a-e (i-0"
Oael ( 2022t (1-6)* 622t (1-6)*
19t)a+1+&<a+1)w_0&( a_l)ﬁ ‘t_o
—afa+1) (-a -2 e it )
{ fala+l) Pa(-a-1) Fala+1)(-a —2)}
1—& (1—6)° (1—6)°
r =
e2t(1_0)2 2,2t (1_g)
,_ d [ Gt +ala+ 1) GG —a(—a = 1) G50
:u4 = 7 3tp3 (1 6) ‘tZO
dt —a(a—i—l)(—a— ) QTW

(1-0) + (1—6)2 31 )2 (1—0)2 (1—0)®
03 a(—a—1)(—a—2) + a(a+1)(—a— 2)( a=3)  36%a(at+1)(—a—2)
(1—6)® (1-6)* (1-6)3

{ fa 460%a(a+1)  202a(—a—1)  #%a(-a-1)  203a(a+1)(—a—2) }

. The factorial moment generating function of NB is given by

o (55

The r'" factorial moment is obtained by from the r** derivative of Mxj (t) w.r.t
t and setting t = 0, i.e.

Mix (t) =

:d”%m(ﬂ|

Hir] dir t=0

When r =1

dM[X} (t) d [1—60—-6t\""
=g o= T e

N A |
-\ 1—6) "
14

for r =2

0 d (1006t ﬂ*|
=T ga \ ™ 1-0 =0

VLI PPN £ Sl bl el |
T e T s ey =0

92
(1—6)°

=a(a+1)
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forr=3

02 d [1—0—0t\ 2
/,L[g] = (a + 1) - < ) |t:0

(1—6)*dt \ 1-96
62 6 [(1—60-—06t\ "
:Oé(Oé‘Fl)m{(Oé‘i‘Q)l_e( 1-0 ) }’t:o
93
=a(a+1)(a+2) 16y

and for r =4

B d[1—0—0t\ 3
M[4]:a(a+1)(a+2)(1_9>3%< - ) |i=o

63 0 (1—-0—6t\ "
=am+¢ﬂa+majgﬁ{m+3g_ﬂ( . }ho

_
(1-6)*

The recursive relationship between the factorial moments of NB is given by

0
pp = (a+7—1) 1—g ) Hr-1

=a(a+1)(a+2)(a+3)

xi. The cumulant generating function of Negative Binomial Distribution is given
by

1 —fet\ “
Rx(t) = log M, (1) = log (£ =75

The r** cumulant of the distribution is the r** derivative of K,(t) w.r.t ¢ and
setting t = 0

d" Kx(t
k’r - d—tXrU |t:0
When r = 1, we have
ko — dKX(t) |
L= Ty t=0

__11 1 — fet |
T 81T ) =0

- 1—10 —fe! |
M \a—ee ) \1=0)

6t
1= et =0

JEIEEE

Il
Q

0
(1-0)
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xii.

3_

et }|
1—(96t =0

(1- 06 ? 4 20e% (1 — fe')
— fet)!

{
ofpa)
ot

(1+
11—

)

by — a@i el (1 — 0et)® + 20e% (1 — fet) |
T (1-— Get)4 =0

el + 40e?t + §%e3
{692€2t — 40et — 4033 + Gttt 41 } =0
1+460 + 62
{692—49—493+64+1}
af (40 + 0> + 1)

0-1)"
The recursion formula for cumulants of Negative Binomial Distribution is given
by
d
kyi1 = 0—k,
+1 20

Re-parameterization
Writing,
Ui

h
:—’O{:—,T]>0,h>0
1+n n

We get Polya-Eggenberger Distribution with

by b 5
Pr(X—k)—(”+ )(L) (1—L>";k_0,1,2,...
k 1+n 1+mn
b1 k 7
:(n* )( n ) ( ! )”;k:o,l,z,...

k 1+n 1+mn

To obtain mean and variance

0 h n 1
1= BX) =ar— =0, ()
— h J—
S l4n—-n
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1

. 77 .
)

1+n

_h (4w
L+n(1+n—mn)

5 = h(1+n)

(1+6) h 1 '<1+1_-Tli-_n> h (1+2)
- 3 3 2
(1-6)" n 1+n (1_ﬁ) L+ (ﬁ)
=h(1+4+2n)(1+n)="h(1+n)(1+2n)
and
af
= 1+ 460 + 6 + 3ab
h > h
S g - +<77)+3—-L
n 1+mn (1_L> L+n L+n n l+n
1+n

h . 2 h

:m(l—l—n) 1+4lzn+(1zn> +3m
o |+’ +4an(1+n)+ 2 +3h(1+17

Iy [CE)) ((1+)77)2 (1+m)
=h(L+n) [(1+n) (L+n+4n+ 3h) + n°]
=h(L+n) [(1+n) (1 457+ 3h) + 7]
=h(1+n) [(L+n) (1+50+3h) + (n+1—1)"]
=h(1+n) [(1+n) (L+5n+3h)+ (n+1)" —2(n+1)+1]
=h(l+n)[1+104+n){1+5n+3h+n+1-2}
=h(1+n)[1+ (1+mn){6n+3h}]
=h(1+n)[1+3(1+n){2n+ h}]

Next consider the recurrence relation (2.18)

ld A
Hr+1 = dQI’I’T’ THr—1 d@'ul

d
:0_ 97‘7.
A Ty

for Negative Binomial Distribution.

but
d ds, @ dp,. dh

a0" = "ay a0 " an " de

9:—?7 =0+0n=n =0=(1-0)n
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Therefore,
dp  1-0+60 1

o (1-0)°  (1-06)

ie.,

Thus,

S0,

d,ur h 2
— = i
6" =y L

di,.  hdu,
= (1 2 —
e {dn +ndh]

(T+n)?*+

The recurrence relation for the central moments of Polya-Eggenberger Distribu-
tion is given by

_ [i LT }
Hr+1 = de,ur (1 _ e)gﬂr—l

n 2d r 2hd r 2
= a2 )22 (1 402

d, dps,
= h r—
(L+mn) [n ay H gy s 1}

d, dps,
=1 h ht,—

The pgf of Polya-Eggenberger Distribution is given by

_h
f0s) _ (-9 _ |1 o]
HORTE) [ }_Z

__n_
1 1+n

G(s) =
=14y —ns] "
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h

G'(s) = —% L+n—ns) 7 (=n) =h[L+n—ns| 7"

G"(s)=h (—% —1) [L4+n—ns] % ()

)
= hn (% + 1) 140 —ns] 172

setting s = 1, we obtain

G'(1) =h
" h’ 2

To obtain the mean and variance
E(X)=G'(1)=h

!

vmm:mm+dm—@
= h*+nh+h — h?
=h(n+1)

o)

xiii. Special case. When o = 1 we have
Pr(X=4k)=0"(1-0), for k=0,1,2,...
which is a Geometric Distribution.

The mean and the variance is given by

7
!/
= — 1
M=1—¢ 0<0<

M2 = (1—0)
The recurrence relation is given by

d d
Mrr1 = 0 @/flr + rlurfl@:ul

but p
py = E(X) = T34
Thus the recurrence relation for the central moments of Geometric Distribution
is given by
[ d d 6
pri1 =0 _@Mr + 7“#7«1@?9}
o[ (U101
=0 i,u + Ty <;)}
0™ T\ (1 - 6)?
= Hi/i + T—Qlﬁ -1
™" (16"
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setting r = 1

setting r = 2

:Hdi 0 9[(1_9>2'1+29(1_9)]

0 (1—06)° (1-6)
» u_ef+2a—w%]
(1-6)*
O(1—0)(1—0+20) 6(1—6)(1+0)
N (1-0)* -0
L (1+0)
(-0’

And for r = 3, using (2.20) we obtain

d
fha = 9@;13 + 3pope
d  (1+0) [ 0 }2
=0—0—%+3 | —
do - (1—6)° (1-6)°
B 91 0+ 6 302

= a0 (1_9)3 (1_9)4
:elﬂ—efu+2m+3w+eaa—ey]+ 362

(1-0)° (1-0)"
_9 [(1—0)(1+29)+3(9+02)] 362
(1-0)" (1-0)"
__ Y (1420 —60—260°+ 360+ 36%) + 3(0 + 6°)] + il
(1-6)" (1—6)"
) 362
:(1_9)4 [1+49+9]+(1_9)4

g LT

Probability generating function for Geometric Distribution is given by

()_(1—93)‘1_ (1-10)
T A e T (- 0s)
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(1—6s)* g (1=0)
(1—6)"" (1—0s)°

G”(S) _ 202 (1 — 98)_3 _ 292 (1 — 6)

G'(s) =0

(1—6)"" (1—0s)°
setting s = 1, we obtain
0
G'(1) = —
D=1
2 2
G/l(l) — 0 5
(1-10)
To obtain the mean and variance
B(X)=c(1) = —
N S 1-46

Var(X) = G"(1) + G'(1) — [G

_w 6 [0 2

S (1-0% 1-6 [1-0

_ w0

(11— 1-60 (1-9)

__ 9

C(1-0)7 1-0
0 0

_1—(9{1+1—9]
0

(1-9)2

The moment generating function for Geometric Distribution is given by

(1-6)

Mx(ﬂZm

The r** moment about the origin is obtained from the 7" derivative of My (t)
w.r.t t and setting ¢t =0 i.e.,

d" My (1)
/ j—
Hor datr =0

Therefore setting r = 1

dMx (t)
[
M1 = dt |t:0

_d [ =0
Tt { 1-0)" } =0

(1—0eH™ 6
(1-6)" 1-46

= feét

|t=0=
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forr=2

Ho = dt (1— 9),1 lt=0
1—fet)? a(a+1)6%2 (1 — get) ™2
= a@et( )_1 ]tzo ( ) ( - ) ’t:O
(1-0) (1—0)
_y 62 0
S T(1-0® 14
Also,
po = iy — it
P 2
S Ta-0?% 1-0 \1-9
B 0
- (1-0)?

The factorial moment generating function of Geometric Distribution is given by

fO+0t) (1-0-0t\"  1-0
f(0) _< 1—6 ) C1-0-—0t

The 7" factorial moment is obtained by from the r" derivative of My (t) w.r.t
t and setting t = 0, i.e.

Mix) (1) =

_ I Mx (1)
Hr) = T ar |i=0

When r =1

_ dMx (1)
K = —a |t=0

_d (1-0-0t ”|
Tdat\ 1-6 =0

AN |
- 1-90 1-6) """
0

1-46

0 d[(1-—0—0t\"
PE= T 0t \ ™ 1-0 =0
_ 0 [, 0 (1007 |
T1-60)"1-60\ 1-96 =0
262
(1-06)
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_, 0P d(1-0-0t *|
T AN =0

02 9 [1—0—0ot\*
=9 _
u—ef{3r—9( 1-6 ) }"J‘—0

603

A
(1-0)

The recursive relationship between the factorial moments of Geometric Distrib-

ution is given by
0
Hip)p =T <1T9> Hir—1)

The cumulant generating function of Geometric Distribution is given by

1—0et\
Kx(t) = log M, ) = log ( — )

The r** cumulant of the distribution is the r** derivative of K,(t) w.r.t ¢ and

setting t =0
_ d"Kx(t) |
a7

Ky

When r = 1, we have

dK x(t d 1 — fet
ki = x({) li—0= ——10g( — ) =0

9{611(ffzzﬁa@ﬁ}to




T
@

I

>

=)

e (1 — 0et)® + 20e% (1 — fe')
(1 — fet)*

(1—-0)*+20(1—9)
(1-0)" }
u—ey+w}
(1-0)°
+0)
1—-0)°

7

I
S

I
>

—~
—

0

—~

d | e (1—0e)? +20e% (1 — be)
k4 =0— 4 ‘t:O
dt (1 —fet)

_g et + 40e? + 923 |
a 602e2t — 4fet — 403e3t + Phedt 11 [ 7Y
{ 1+ 460 + 02 }
—gy T
(0—1)

The recursion formula for cumulants of Geometric Distribution is given by

d

kr+1 = H@

by

2.9.4 Logarithmic Series Distribution

f(0) = —log(1 - 0)
To obtain the power series of —log(1 — 6), we start by expanding (1 —6)~". i.e.

1
1—-6
Integrating both sides w.r.t § we get

g
1—60

=14+604+6%*+--.

/[1+9+¥+~~}w

0?2 03
Clog(1—0) =0+ =+ 2 ...
og( ) —|—2+3+

[ ek
:ZE
k=1

Therefore,

1=y —
“~ —klog(1 - 0)
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ek
—klog(1 —0)

which is called Logarithmic Series Distribution.

Pr(X =k) = k=12 ..

ii.

a 1
Tk
iii. 1
f(0)= 19
iv. 1
11(0) = 1_0)7

v. The mean is given by

) 0 1 0
E(X)—Gf(e) T 1-0 —log(1—6) —(1-0)log(l—0)

vi. The variance is given by

L) ) T o7
VertX) =56 59 {eﬂﬂ]
_ —6? N —0 B 0?
(1—6)log(1—6) (1—0)log(1—0) [(1—6)log(l—0)]
—0? —0 02

(1—0)*log(1 - 0) 1= 0)log(1-0) [(1—0)log(1 — 0))?
—0?log(1 —0) + 0 [— (1 — 0)log(1 — 0)] — 6?
[— (1= 6)log(1 - 0)]*

—60?log(1 —0) — 0 (1 —0)log(1 —0) — 62
[~ (1 - 6)log(1 — 6))”
Blog(1—6)] (-0 — (1—0)] —
[~ (1 6)log(1 — 6))”
_ —Olog(1-90) — 62
[(1—6)log(1 - )"
_ — [0+ 0log(1 — 0)]
[(1 —6)log(1 — 6)]*

vii. The recurrence relation for the central moments of Logarithmic series distribution
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is given by

d d ,
pry1 =0 {@ + THr—175H
g’ O — (1 —0)log(1 —0)

] d —(1—0)log(1—0)+ 0% (1 —0)log(1 — 0)
_9{@” ”’“‘1_ (1= (oglL —0)) ”
S K —(1—6)log(1 —0) — 6 [log(1 — 6) — =4]
— e T (1—0)[log(1 — )]

. fd . [— (1 —0)log(1—6)—0log(l—6)—06
_e{de“ Fre (1 6)" [log(1 - )] H
o A 10— 0)log(1—6) —0

_e{dﬂ’“‘ e T ey uog<1—e>12 H

. fa . log (1-0)—

_Q{de“ + Ty 0 logl_ H

. fa ., 0 + log(1 — 0)

_e{de’” {(1—9) log(1 ]“T 1}

When r = 1 we obtain,
{ { - o —) } }
2 o™ (1 9)2 [log(1 9)]2 ’

oo~ [ o] )
0% + flog(1 — 0)

- _{u —6)% [log(1 - e)F}

for r =2
. fd 0 + log(1 — 0)
Ha =6 {d@‘” : {(1 — 0)*[log(1 — 9)]2} ‘“}
. d 62 + Olog(1 — 0) B
At At e i)
_ [92+91n(1 0)] 2[92+01n(1—9)]+[20+1n(1—9)—ﬁ}
B (1-6°%Im*(1—-6) (1-6)>I*(1—-0) (1—6)%In®(1—6)

viii. Probability generating function for Logarithmic series distribution is given by

_ f(0s)  log(1—0s)
)= T0) = Togi—0)

—0 1

@) = 1705 Tog1 —0)
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—6? 1

@s) = (1—0s)° “log(1—6)

setting s = 1 we obtain

0 1 0
T 1-6 log(1—6) —(1—6)log(l—0)

G'(1)

-2 1
(1-0)* log(1—10)

G//(1> —

To obtain the mean and variance

6
—(1—0)log(1 —0)

BE(X)=G'(1) =

!

Var(X) = ¢"(1) +¢'(1) - [G (1)}2

B —?2 - 0 - 62
C(1-0)log(1—0) (1 —0)log(1—0) (1 -6)"log(1—6)°
—? 0 62

(1—0)log(1—0) (1—0)log(l—0) (1—6)log(l—06)]
—621log(1 — ) — 6(1 — 0) log(1 — ) — 6?
(1—6) [log(1 - 0))*
_ —0?log(1 — 0) — 0log(1 — 0) + 6% log(1 — 0) — 0?
(1 6)" log(1 - 0)]°
_ < 62 + 0log(1 — 0) )
(1—6)* [log(1 - )"

ix. The moment generating function for Logarithmic series distribution is given by
et log(1 — et
V(e £0<) _ Tox(1 o)
f0)  log(1—16)

The 7 moment about the origin is obtained from the " derivative of Mx(t)
w.r.t t and setting ¢ = 0.That is

d M (1)
I
IU’T‘ - dtr

=0

As a result when r =1
dMx (t
:u{l_ = d);< ) ‘t:(—)
1 d
= log(1l —68é") |,—
log (1 —0)dt o8 ¢') li=o
1 fet
- L
—log(1—0) 1—0e
0
—(1—-0)log(1—10)
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0 et e
- —log (1 —0) {1 — et (1 — Get)2} =0
0 1 0
" Tlog(1-0) {1 9" (1_0)2]
B 0
 —(1-6)*log(1—10)
Also,
po = juy — it
B 0 0 ?
o (1—0)log(1—0) (—(1—9)10g(1—9))
_ —flog(1—6)—6?
(1= 6)log (1 -0
[P+ 8log (1 0)
 [(1—=0)log (1 —0))°
r=3
, 0 d et e
H8 = Tog (1—0)dt {1 “fa (1- eet)Q} =0
_ 0 { el N e N 2022 N 2023t } o
—log(1—0) \T—0e " (1—0et)>  (1—0et)®  (1—fety S "

B —(1—9)310g(1—9)

0 { 1 } 0 (1+0)
(

. The factorial moment generating function of Logarithmic series distribution is

given by
£(0+0t) 1—0—6t
Mix(t) = ——F~+—= =1 _
) () 0 og{ ——5
The r'* factorial moment is obtained by from the r*" derivative of My|(t) w.r.t
t and setting t = 0

d” Mix)(t)
K] = ar |t:0
Thus when r =1
dM[X](t) d 1—-60-06t
=g o= s (T ) e

.g{_ng—H—QM}ho

:{_1og<11_9) ' 1—021+t) '9} =0




B 6 d 1 ]
PR = Tog (1—9) dt TEDI R

0
~ —log( 1—9 {{1—9 141)} }|t:0

—(1-0)* log(1—9)

r=3
62 d 1
Hiel = —log(l—())%{[l_euﬂ)]?} =0
o 20
~ —log(1-0) {[1—9(1+t)]3} =0
B 26°
B —(1—9)310g(1—6)
r=4

o 1{ 1 }|
M= Tlog(—0)dt \1—g(1+ o) ) "

B 203 30
~ —log(1—6) {[1—9(1+t)]4}
60*
—(1—6)"1log(1—10)
The recursive relationship between the factorial moments of Logarithmic series
distribution is given by

0
Hir) = <m) (r = 1) -1y

xi. The cumulant generating function of Logarithmic series distribution is given by

Kx(t) = log Mx(t) = log {log (11_—05) }

The 7" cumulant of the distribution is the r** derivative of K,(t) w.r.t ¢ and
setting t = 0

kr = d §;<t) |t:0
When r = 1 we have
b — dK x(t) o
dt -
= Do {10g (1 — get) } =0
dt 1—-4 B
_ log(1-96) fe
~ log (1 — fet) {— (1 —6et)log (1 —6) } =0
0

—(1—0)log(1—10)
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_d fe
"~ dt — (1 — 0et)log (1 — Oet) =0
_ Be' [— (1 — fet) log (1 — Be')] — fet [fet + fel log (1 — fe')] |
[(1— fet) log (1 — fet))? =
—0(1—0)log(1—0)—0[0+0log(1—0)]
[(1—6)log (1 - 6)]*
—[0% + flog (1 — 0)]
[(1—6)log (1 - 6))*

r=23

_ d —fe'log (1 —fe’) — (fet)?
dt [(1—fet)log (1 — fet)]?
(Get 2

{ {-9@ log (1 — fet) + ) — 2 (eetf] (1 = fet) log (1 — fet)]? }
+20¢ [log (1 — e') + 1] [(1 — fet) log (1 — fe')] |
[(1 = fet) log (1 — fet)]* =0
{ [—elog (1—6)+ 25— 292} [(1— 6)log (1 — 6e"))? }
+2[flog (1 —0) +6][(1 —0)log(1—0)]
[(1—6)log (1—0)*

3 ’t:O

The recursion formula for cumulants of Logarithmic series distribution is given
by
d

kpsr = 0
+1 d@

k,

2.9.5 When
f(0) =1log(1+0)—log(1—0)

f(0) =log(1+6)—log(l—0) =log (ﬂ)

1—-0
but 2 g
“Jog(1l — ) = T
og(l—460) =0+ 5 + 5 + 1 +
replace 6 by —6 to obtain,
02 6 ot
—log(1+9) ——Q—F?—g—f—z—"‘
Thus,
203 6>
—log(l—e) —[—10g(1+0)]:20+?+?
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i.e.

03 6°
log(1+ ) — 1og<1—0>—2{e+ 2 +}

35
1+6
1 =2

92kr+1
> 92k+1

2k+1
1=2
; (2k + 1) log (ie)

NE

i

0

Therefore

og2k+1
Pr(X =2k 1) = ke =0,1,2,...
(2k + 1) log (ie)
1.
2
Qa o
P Rk+1)

.
oo (1=0\ d [1+0
f@)—(1+9)—5<1_0>

d
:(1+9) gu (9 1+9)

—0 -1
:1+9(—ﬂf (1—%) 2(1-7)

f”w)zz—Q(l—eﬂ(—zmzzzf:?EF

v. The mean is given by

E(X)zef%9>:20“’_9%il— 20

f(6) log (H0) ~ (1-67) log (129)
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vi. The variance is given by

f"(0) f(0 HOIN
Var(X) =9 f((9)) 0 f((9)) - [9 f<(9)) ]

B 463 . 20 B 46*

(1-6%)7log (1£5) (1 —0%)log (55) (1 - 62)” [log (129)]?
B 463 . 20 B 46*

(1-62)log (H2)  (1—)1og () (1 - 02)* log (1£2)]”
B 20 {292 log (ﬁ) + (1 —6%)log ( ) - 2‘9}

(1-62)° [log (19)]°
202 log (ie) + log (%) — 6% log (14

o

) 92log(1+9) +10g( _6’)

2

2

|
.

Mr41 = 0 |:d9,UJT+r”T 1_ :|

(1= 6%)" [log (§5)]
(1+6%)log (120 — 29}
(1= 62" [log (7))

vil.

=9 deuﬂrw 1@ (X)}
=0 i r - 20 !
0" ( — 6?) lg( 0)
2(1—62)log (34) — 204 (1 — 62)log (14
_9 i/LT—l-T,LLrl )log (£5) ) log (155)
40 (1-62)’ [log(“e)]
but
d 1+6 140 0d1+6
— (1-6*)1og ([ ——= ) = —20log —— + (1 — 6
75 ( )°g<1—9> g7+ )1+9d91—9
_ 02
:_2910g1+9 (1-6)(1-6) 2
1-0 1+6 (1+6)(1-0)
1+60 8 —-02-0+1
— 991 2
Oloe g T2 g1
——291gi2+2
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Thus the recurrence relation for the central moments is given by

d
Mr+1:9{ Hur—l—r,ur 1

[2(1—60%)log (3£9) — 20 (—201og 122 + 2)

}

(1-62)° [log (19)]°
B [(2 — 20% + 462) log (19) —
‘6{ @ | T ) log (29)]° ”
B (2 +26%) log (15) — 4
‘e{d”’“”"” (-6 [lo < >F”
d +92 log(_) }
=04 — r—1
{d 2)? o <im o
putting r =1
M2—9{2 (1+02)120g(}—_g)—226’]}
(1—62)° [log (125)]
(1+6%) log (1£5) — 26

viii. The probability generating function is given by

f(0s) 1 (1 + 95)
G(s) = = 1
)= F0) ™ 1og (22) 8\ 10
_ log(1 +0s) —log(1 — 0s)
~ log(1+6) —log (1 —6)
, 0 0 1
@ls) = [1+03 * 1—93} log (14 60) —log (1 —6)
—6? 62 1
G/I — +
(5) {(1 +6s)>  (1-— 63)2} log (1+6) —log (1 —0)
setting s = 1, we obtain
0 0 1
!/ 1 —
&) {1—1—94_ —9] log (14 60) —log (1 —0)
20 1
1—-6% log (1t9)
—6? 62 1
G// 1 — + :|
(1) {(14-0)2 (1_9)2 log (1 +6) —log (1 —0)
Ik 1
B 11— 02] log 1+9
The mean and the variance is given by,
, 20 1
E(X)=G'(1) =

and

1—62 log (ie)
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Var(X) =G"(1) +G'(1) - [G'(1)?
463 1 20 1 462
:[1—92] log1+9+1—92.log1+9_ [(1—92)10{;(%)}2
493 log 124 + 26 (1 — %) log 116 — 462
(1 — 62)? [log 140]?
463 log 128 + 20 1og 14 — 263 log 114 — 442
( _ (92) [log 1+9]
293 log 14 + 260 log 15 — 46>
(1 92) [log 1+0}
(14 6%)log 16 — 26
(1—62)* [log 1+9] ]
ix. The moment generating function of the distribution is given by
f(0e')  log(1+ fe') —log(1 — be')
f(0) log(1+6) —log(1 — )
The 7 moment about the origin is obtained from the " derivative of Mx(t)
w.r.t ¢ and setting ¢t = 0

That isforr =1

MX (t) -

. dM
H1 = j() |i=o0
_d [log(1+ (96 —log(1 — fet) |
dt | log(1l —log(1 —0) =0

1 d{lo <1+9€t)}’
Tlog (1) dt LS \1—0e) [

1 1 —0é! — 02e? 4 fet + 622
(1 — fet)? =0

1—0ét 20¢! |
log % 1 4 fet — fet)2 [ 70

log i@
For r =2
. 1 d 20¢!
H2 = g (129 dt {(1 + fet) (1 — eet)} =0

B 1 20e' + 2633

~ log (%g) {9 dedt — 2022t 4 1} =0

_ { 20 + 20° }

log (£5) | 0* —20% +1
1 20 + 20°
~ log () {( —62)? }
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Also,

20 +26° 1 20 2
04 =202+ 1 log (10) | (1-6?)

1 20 + 26° 1 46°
Clog (H9) | 0 —202+1  log (L£2) [0* — 202 +1

N D

0log (1£9) + 26° log (1£5) — 462
log (120) (67— 262 + 1]

;L 1 d 20e" + 263 |
N log (%) dt | O%ett —202¢2t 1 [ " 0
20e' + 6633 20¢" + 26 44 5 o
_ {046475 — 2022 + 1 B (9464t — 20262t 4 1)2 (40 e™ — 40%¢ )} |t:0
1 { (20 + 663) (0* — 26% + 1) — (20 + 263) (40* — 46?) }
(04 — 262 + 1)

1 20 — 1203 — 20
~ log (H9) {392—394+96—1}
1 (—20—126° — 207
 log 146} { (1—62)>° }

(20! + 603e3) (01et — 20%e* + 1)
d — (20e® + 263¢3) (40%et — 462e2")

r_ “ _

(04—202+1)*
2(494—492)[(29+603)(94—2e2+1)—(2a+293)(404—492)]
(64—20241)3
20 + 300% — 500° — 1467 —16603 — 966° — 1607
694—492—496+98+1 604 — 462 — 406 + 08 4+ 1

20 + 3003 — 500° — 1407 + 166> + 966° + 1667
604 — 402 — 406 4+ 98 + 1
20 + 4603 + 460° + 207
604 — 402 — 405 + 08 + 1
20 + 4603 + 460° + 207 }
(1-62)°

[(20+186%) (64 —262+1)—(20+26° ) (166* 862 )] }

Il
<)
09
|
|
ES
SN~—
—N N N N —N—

o1



x. The factorial moment generating function of the distribution is given by

FO+6t)  log(1+6+6t) —log(1— 6 — 61)

M () = =5y = = Jogl 7 0) —Tog(1—0)

The r'* factorial moment is obtained by from the r*" derivative of My|(t) w.r.t
t and setting ¢t = 0. i.e.,

d"Mix(t)

Wi =~ li=0

When r =1

dMix(t)

pa = d—

2 e

d
ia) - Uog(1+0+0t) —log(1 — 0 — 01)} |0

1+9

0 }
‘t:O
(18) 16 W1 1100

+

0

it 1)

1-— «9)+9(1+0)}
(1+6)(1-0)

=
A0 N,d( 0\
dt 9+t0+1 Ta\1 w0 =0

—0? }|
0117 t=0

{
{
1 —60% (0 — ) +920+1
_1og(}ﬂ){ 0" —20° + 1 }
{
{

o
ﬁ{
21
=

_ 1 463 }

~log (£0) 1 6% —202+1

! 46° }
log }%9) (1-— 92)2
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1 d 62
T 2042t0+02+2t02+1262+1 |
92 t=0

e log (%) dt | +Eap—mamrEe
- 1 d 62 d 02
e A A e
_ 1 203 263
-~ log (15) {(9+1)3 - (9—1)3}
1 20% (0 —1)° — 20% (6 + 1)
" log (1) { (1— 02 }
1 —40° — 126°
" oo )
r=4
1 d 26° 90°
M Jog (550) dt {_(0 17 10+ 1)3} 1o
_ 1 d —203 203
 log (%Z) dt [(9 +10 —1)° * (0+10 + 1)3] =0
_ 1 60 (6 +t0 + 1)* — 664 (0 + t6 — 1)*
~ log (19) { O+t0—1) O +t011) } |t=0
- 1 604 (0 +1)* —66* (0 — 1)
= fog (1) { ISR }

1 {4805 +4807}
Clog (B9 L (1—62)*

xi. The cumulant generating function of the distribution is given by

log(1 4 fe’) — log(1 — fe?) }
log(1 + 0) —log(1 — 0)

Kx(t) = log Mx () = log {

The 7" cumulant of the distribution is the r** derivative of K,(t) w.r.t ¢ and

setting t = 0
_ d"Kx(t)

k, _
g =0
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When r = 1, we have

o = x|
1= dt t=0

d log (1 + fe*) — log (1 — 6e?)
= — < log =0
dt log (14 0) —log (1 — 0)
_ 20¢’ |
" UIn(fet + 1) —In (1 — Oet) — 622 In (fet + 1) + 622 In (1 — fet) [ *=°

B 20
a 1n<i0) 02 1In (£)

log(ie { 1-6?) }

by — 4> Io log (1 + fe') —log (1 — fet) |
27 a2 % log(1+0) —log(1—0) =0

_ 20ln(0+1) -4 —20In(1—0) +260°In (0 + 1) —26°In (1 —0)
B In* (04 1) +1n*(1 —0) —2In (0 +1)In (1 —6)
6*In* (

—202In* (0 +1) +6*In”* (0 + 1) — 20%In” (1 — 6) +
2(1—0)+40%In (0 +1)In (1 —0) —20*In (0 + 1) In (1 — 6)
20 {In (&) — 20 + 6*In (£1) }
{1202+ 6% (In®(0+ 1) — 2In (0 + 1)In (1 — 0) + In® (1 — 0))
20 {In (%55) — 20 + 0*In (22)}
T 120210 (In(1+6) —In(1—0))>

:29{(1+92)10g 146 —20}
( _92) [log 1+0]

2.9.6 Inverse Sine
f(6) =sin~t4.

To obtain the power series of sin™! §, we start by expanding (1 — 62)~ > ie.,

Intergrating both sides w.r.t 6, we have

o4



k=0
=2 " < k:%> 26:2—:11
k=0
Solving the left hand side(LHS)
/ (1-6)"
Let  =sinu ... df = cosudu and sin™'§ =

1

LHS = / (1 — gin? u)_5 cos udu
= / (cos2 u)fé cos udu
= /(cos w) " cos udu

:/1du

=u
—sin t4
Therefore,
) 0 . _% 9%-}—1
o 9:;(_1) <k>2k+1
00 1 1 1 1 2k+1
_ () (3= (31 [m3 - (R 1)) R
_0+k2( 2 1-2-3---k 2k + 1
[eS) 1 3 5 2k—1 2k+1
_ ok (53) (59) ((3) - ()
_9+k§( 2 1-2-3---k 2k +1

1.3.5, ., 2-1 2k+1
2

1-2-3---k 2k+1

=6+ (-1 (-1 IR T

Therefore

95

00 1.3,5...(2k—1) g2+l
—1F(=1)F
+Z( )" (=1) 2-4-6---(2k)sin" 102k + 1

(2.26)



and

1-3.5.--(2k—1) %+

r{ LR A SRS YA S T

1,2,...,and 0 < 0 < 1

Alternatively, from (2.21)

0 1 1 92k+1
1= (- ?2)———
— kE Jsin™'02k+1

k=0

Therefore,

kE )sin™'02k+1’

o= () (7759)

o0 _1\ 2kt
o k 2 a1
f(0) = E (—1) <k>2k+1—sm 0

1 1 2k+1
Pr(X:2k+1):(—1)k< 2) — k=12 . and0<f<1

ii.

iii.

1v.

(1-6%) 2 0
sin~!' o V1—60%2sin7'4
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vi. The variance is given by

VaT(X)—Hzf/,()+9 ©) {9?(9)}2

AC) ) (0)
2 ( 62)": ) 9 - 62
N 1o V1—0%sin 10 (V1- 92)2 (sin™" 9)2
(- 92)*3 .\ 0 - 0?2
sin~!@ V1 —0%2sin"10 (\/1 — 92)2 (Sirf1 9)2
03 0 0?

TV s AP0 (VT ) (s 0)’
CPsin 0+ 0 (VI 02) sin 0 — 62 /(1— 07
N (VI= ) (sin'0)
_ PsinT 0+ 0(1—0%)sinT" 0 — 02/(1 - 6?)
N (VI= )’ (sin~'0)>
_ Osin Tt 0 —0%/(1—6?)
 (VI=)® (sin"10)’
w [ nty— 9\/1—792 ]
(\/1—792) (sm 1 0)

vii. From (2.18) the recurrence relation is given by

A A
Hr+1 = deluT' THr—1 de/’bl

but

V1= sin 0
Differentiate w.r.t 6 to obtain,
d |, \/1—HQSin_19—9d%\/1—92sin_19
_u —
do’ (VI=02)° (sin"' )
\/1—92Sin_19—9{(_2—29)(1 62)" > sin~ "0+ V1—6Lsin ! }

(M) (sin_1 9)2

but
d d

@811149—@]‘3() fO)=(1-6*":
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Therefore,

g, VI Psin 00 {C2 - hsin 0+ VI B (1-07) )
0"~ (my (sin™ 9)2
VI—Fsin~ 6+ 6% (1—6%) *sin' 9 — 6
(M)z (sirf1 0)2
CV1-602 | V1-0sin ' 0467 (1 _92)—5811&719_9
T /1 — 92 [ (\/1—792)2 (sin! 0)2 ]
(1—6%)sin™'0+60%sin"' 0 — /1 — 62
(M)g (sirf1 0)2
sin~' 0 — 01 — 62
(\/m)3 (sin™ 9)2

- i,u . sin™'0 — 01 — 62
r+1 46 T ( —1 — 02)3 (Sjn_l 0)2 r—1]
setting r = 1 we obtain,
oy = 0 sin™'0 — 0v/1 — 62
2 =
(\/1 — 92)3 (s.in_1 9)2

viii. The pgf is given by
f(s)  sin™'Os

G f— f—
() F0)  sin e
04 sin~'fs
! __ ds
Gls) = sin~'4

_0(1—(0s)) ®

N sin~t o
and
o =L (1=(0s)%) T (<20(6s)
G"(s) = Ty
sin
s (1 — (05)2)_§
n sin~'4
Therefore,
, 0(1—62)2 0 1
1) = — )
G'(1) sin~t o V1—62 sin'6

63 (1 —62)

GdM1l)= ———
() sin™' g
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To obtain mean and variance we have,
0 1

BX) =G0 = =T

and
Var(X) =G"(1) + G'(1) — [G'(D)]?
63 (1 — ¢2) 2 0 62

snig VI—@sin ' (VT—02)" (sin ' 6)
0 (sin~' 0~ 0/(T—0))
(VT #) (sin o)
ix. The moment generating function of the distribution is given by

o & 1 (eet)2k+1
My (1) = f(0e") _ 2o (=1) ( k2) 2k+1
f(6) sin~'0
The r** moment about the origin is obtained from the 7" derivative of Mx(t)
w.r.t t and setting t =0

That is forr =1

dMx (t
M,1 = C;;( ) |t:0
o _1 fet 2kl
> ko (—1)" ( If)% {%} |t=0
- sin™'4
Yo (<D () {06 (0™ | [imo
B sin~'6

Y (1) ()66
N V1—02sin7'9
X, () (=60
a sin~' o

B )

V1 - 02sinto

For r =2

_ ZZio (_1)k (7;@%)% {eet (96t)2’“} lt=0
B sin~'4

X (- (7) {eet (6e))** + 2kbe! (Qet)%}
B sin~'4

R (D () {0 + 240 ()

B sin™'4

X D GO {0 +2k0 @)} g

sin~t o V1—602sin7'46

M’z |t:0

=0
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A summary of the univariate discrete probability distributions belonging to the class
of power series distributions are illustrated in table 2.1 below.

ar 16) S pmf ref
Bin(np) | & | (1) | @+6) |01,...n| (7 )p*0-p)* |[1-p+ps]"
Pod) | A4 | e [0,1,2,... et et
NB(a.p) | 1-p | ()| =00 | 01,2, | (*F )" -0)* | (=)

1 2 In[1-ps]
LS(p) p — —log(1-6) | 1,2,3,... ilog(1-p) m(1-p)

Table 2.1 Summary of univariate discrete probability distributions
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Chapter 3

Power Series Distributions in terms
of Hypergeometric functions

3.1 Introduction

This chapter entails expressing of power series distribution interms of Hypergeomet-
ric functions, that is; the Confluent and Gauss Hypergeometric functions with their
construction and properties of the discrete Hypergeometric functions. Further, A Gen-
eralized form of Hypergeometric function with it’s construction and properties will also
be covered. Lastly, Special cases of confluent and Gauss Hypergeometric distributions,
that includes; Power Series Distributions based on exponential expansion, and those
based on binomial expansions with their construction and properties will be covered.

3.2 Confluent Hypergeometric Distribution

3.2.1 Introduction

Confluent Hypergeometric (Kummers’s) function denoted by the symbol | F} (a;c; x)
represents the series

ar ala+1)2?> a(a+1)(a+2)2®
F — 1422 il 4.
hlsan) =1+ Tt o P e er 3

a(a+1)(a+2)-- (a—i—k—l)
Z:: DD e EoD S A0 ()

d o al a(a+1)2r a(a+1)(a+2)32?
g W) = 2ot o c+1)2 et (ctr2) 3
~a ala+l)z ala+1)(a+2)a®
T cle+D) 1 cle+1)(c+2) 2
_a (a+1)z  (a+1)(a+2)2?
_E{1+(c+1)1! crDer2 2 }

=—1Fila+Lc+ Lz
c

~—

(3.2)
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ol ol olg ol

(a+1) (a+1)(a+2)z
{O+(c+1) crD)ern

(3.3)

In applied Mathematics, special functions are used in solving differential equa-
tions. Thus 1F} (a;c; ) is a solution to certain differential equation which is derived

as follows:-
Let us use the operator

Therefore,

(6 +c—1)a"=62F +(c—1)a"
=ka" + (c—1) 2"
=(k+c—1)aF

§(0+c—1)aF=0k+c—1)aF

=02" (k+c—1)
=ka"(k+c—1)
=k(k+c—1)aF

(0+a)(0+b)z" = (6 +a) (62" + bz")
= (6 + a) (kz* + ba*)
= (6 +a)ka® + (6 + a) ba”

= (k+a)(k+b)aF

62

(3.4)

(3.5)



Let 6 (0 + ¢ —1) 1F} (a;¢;x) = AB. Therefore,

o0

ala+1)(a+2) - (a+k—1)a"

AB=56(0+c—1)) —

k=0

cle+1)(c+2)---(c+k—1) k!

~ala+)(a+2)---(a+k—1) et
_;c(c+1)(c—|—2)---(c—|—k—1)5(6+C 1)k!
wala+1)(a+2) - (a+k—1) et
_;c(c+1)(c+2)---(c—|—k—1)k<k+c D
~~ala+)(a+2)--(a+k—1) 2*
_}; cle+1)(c+2)-(c+k—2) (k—1)
B ia(a+1)(a+2)---(a+k—1) rk-l
et (et ) (et k—2) (k- 1)
. w— ala+)(a+2)---(at+k) 2* . .
_mkzzoc(c—i—l)(c—i-2)-~(c+k‘—1)EbyreplacmngIth (k+1)
. wafla+1)(a+2)...(a+k—1) zk
_wkgoc(cﬂ)(cm)...(cw—m (a+h) 50
. wala+1)(a+2)...(a+k—1) zk
_$kz:;c(c—l—1)(c+2)...(c+k—1)( o)
B “ala+1)(a+2)---(a+k—1)z"
m(a”);c(c+1)(c+2).--(c+k—1)ﬂ (383a)
Thus replacing the value of AB in (3.8 a) we obtain
d(0+c—1),Fi(a;c2) =x(a+0), Fi(a;cx) (3.8 b)
ie,d(0+c—1)y=ax(a+0)y wherey = 1F(a;c;x) 3.8 ¢)
Py+d(c—1Dy=z(a+d)y
Py+d(c—1)—x(a+)]y=0
Py +0(c—1)y—zay —xdy =0
Py+(c—1—x)0y —xay=0
d(0y)+(c—1—x)dy —zay =0
5(x%y>+(c—1—x)x%y—xayzo
xd—(x@y>+(c—1—x)x%y—xayzo
d’y | dy dy _
I@+d_+( —1—x)%—ay—0
d’y dy _
x@—l—(c—x)%—ay—o (3.9)

Which is the differential equation.

63



3.2.2 Construction and Properties of Discrete Confluent Hy-
pergeometric Distribution

By definition,

1F1(a;6,0) =

is a power series

“a(a+1)(a+2)---(a+k—1)0F
2 clec+D)(c+2) - (c+k—1) k!

Therefore,

CSalat (@t (atk-1)
= A D et D e b DR A @ a0

Therefore
C(C+1)(C+2)(C_i_k:_l)kllFl(a/’c’Q)J - g Ly &y oo v
(3.10)

This is the Confluent Hypergeometric Probability Mass Function. It belongs to
the class of a power series distribution given by

Pr(X =k)=

for k=0,1,2,...and 0 >0, a, >0

In this case

ii.

(3.11)

iii.

f(0)= 1Fi(a;¢;0) (3.12)

iv.
(0 = % 1Fi(a+1;¢+1;0) asin (3.2)

1"(0) = %% 1Fi(a+2;¢+2;0) asin (3.3)

vi.
0 L, faiFi(a+ e+ 1;0)
@' T R (3.13)

BE(X) =

vii. To obtain Var (X), consider the differential equation (3.9) by letting
v=0andy=f(0) = 1F1(a;¢0)

01" (0) + (c—0) f'(0) —af(0) =0

01" (0) = af (6) — (c—6) f'(0) (+)
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multiply equation (%) with 6 to obtain

0 f" (0) = baf (0) — 0 (c—0) f' ()

Ty~ 00
-5 1)
]
oG]

=fa+[1 —c+ 6] %‘“Fl izf(i ;;)1; 0) [9?@ 17y (lc;;r(i Z;Z)l; 0)]°
(3.14)

viii. Probability Generating Function (pgf) of X is given by
Gls) = f(0s) _ 1Fi(a;c;0s) (3.15)

f0)  1Fi(a;c0)

To derive the differential equation whose solution is G(s) given in (3.15)

let

d
0 = s— an operator
ds
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Then
S0 te-1CEH =60 +e-1) pst

:ipkd((s-i-c—l)sk
DNRUCERESE)
En o]
zzgg;pk{5 [sks*™' + (c — 1) s*]}
zgpk{a[ksk+(c—1>sk]}
:ipk{(;[k-f-c—l]sk}
__ézpkﬂk+«y—u5¢}

:ipk{[k—l-C—l]SC%Sk}

k=0

= Zpk{[k+0— 1] sks* '}

ipk{[k—i—c—l]ksk}

0

e
i

k[k+c—1]pps” (3.16%)

M8

B
Il

0

Therefore (3.16%) becomes

ala+1)(a+2)---(a+k—1) OFsk
clc+D)(c+2)-(ctk—1) f(O)k!

CKala+1)(@+2)-(atk—1)  (0s)"
_; Y(c+2)---(c+k—2) f(0)(k—1)

: m+1ﬂa+m~(a+k—m(%f4 1
O e+ )

~ clct+1)(ct+2)-(c+k—=2) (k=1 f(0)

Replace k£ by k£ + 1 to obtain
iy Z ala+1)(a+2)---(a+k) (0s)" 1
clc+1)(c+2)---(c+k—=1) kI f(0)

S@+e—1)G(s)=> klk+c—1]
k=0

do+c—1)G (3.16 * %)
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but

e a+2)'“<a+k_1)[(a—kk)(é’g)k}
5(5+c—1)G<s)—98kZ et (cr2)(crk—1) Kf O

(et k- 1) [(a+5)(93)k]

Q
—~
S|
+
—
~—
—

L ~ala+1)(a+2)
_es;C(c+1)(0+2)...(0+k—1) kL (6)

_ a(a+1)(a+2)---(a+k—1)(0s)" 1
_08(a+5)k:0 clc+1)(c+2)---(c+k—1) kI f(0)
=0s(a / 0s)

=0s(a+9) 7 0)

=05 (a +0) G (s) (316)

Therefore

d[0G (5) + (¢ — 1) G (s)] = OsaG (s) + 056G (s)
I [0G (s)] + (¢ — 1) dG (s5) = saG (s) + 0s0G (s)

) {S%G (8>:| +(c—1) S%G s) = 0saG (s) + 0Os - S%G (s)

§{sG" (5)} + (c — 1) sG' (s) — bs - sG' (s) — OsaG (s) =0
§{sG' (5)} + (c — 1) sG" (s) — 0s*°G' (s) — 0saG (5) = 0
s% {5G" (5)} + (c — 1) sG' (5) — 0s*G" (s) — saG (5) = 0

d% {sG' (8)} + (c—1)G" (s) — 0sG' (s) —0aG (s) =0

L 15C ()} + (= 1) (3) — 05T (s) — BaCi () = 0
sG" (5) + G (s) + ¢G' (5) — G' (5) — 05G' () — BaG (s) = 0
sG" (5) + (¢ — 05) G (s) — 0aG (s) = 0 (3.17)
setting s = 1, we obtain
G (1) + (c—0) G (1) — 0aG (1) = 0
G" (1) = fa — (c— 6)G' (1) (3.18)
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E(X)=6"(1) = %f’(e) = 9?“1171 (16;;(; 2‘;)1;9)

as given in (3.13)

Var(X) = G"(1) + G'(1) — [¢"(1)])°
=fa—(c—0)G (1) +G'(1) - [G'(1)]
—fa+[1—c+0]G' (1) — [
ba1Fi(a+1;c+1;0)  [Oailfi(a+1c+150) ’

c 1F1 (a;¢;0) c 1Fy (a5 ¢, 0)
(3.19)

=60a+[1—c+0]

3.3 Gauss Hypergeometric Distribution

3.3.1 Introduction

Gauss Hypergeometric function denoted by the symbol 2 F (a, b; ¢; x) represents the
series

abx  a(a+1)b(b+1)a?
21 (a,bi ;) * cl!+ c(c+1) 2!

+ forc#O}—l,—Q, (320)

i2F1(0J,b;C;{L'): ab ala+1)b(b+1) ala+1)(a+2)b(b+1)(b+2)a*

o Y Py clet1)(ct2) 2]
= {1 e e e e |
:%bQFl(a+1,b+1;c+1;a:) (3.21)

2P ) = { G e RO T
septbon, o)

_ala j:(?ﬁ (1b>+ Y R (a+t1,b4 et 1:a) (3.22)

we now wish to derive a differential equation whose solution is 2 F (a, b; ¢; x)
Let us use the operator
0=1x—
xdx
Then
Let 6 (6 +c—1) oF (a,b; c; x) = AC. Therefore,
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ala+1)---(a+k—-1)bb+1)---(b+k—1) ak
clerl)(cth—1) SG+e=1)7

ala+1)(atk—1)bb+1)-(b+k—1)k(k+c—1)ak

b
Q
[
(]2

e
Il
o

K

k=0 clc+1)---(c+k—1) k!
_ia(a—ir1)~--(a—|—k—1)b(b+1)...(b+k_1) 2k
_k:() cle+1)---(c+k—2) (k—1)!
_ f:a<a+1>--'(a+k—1)b(b—|—1)...(b+k_1) k-1
owale+ )@+ k=Db0+1)--- (bt k=1 (a+k)(b+k)a*
AO_I; clc+1)---(c+k—-1) Ll
ala+1)---(a+k—-1)0b0b+1)---(b+k—-1) ok

(a+6)(b+5)

Il
I %8

cle+1)---(c+k—-1) k!
ala+1)---(a+k—-1bb+1)---(b+k—1)2"

=z(a+06)(b+0)) PRSP iy e o (AC)

-
[e=]

Therefore replacing the value of AC' in equation (AC*) above we obtain

d(0+c—1) oF (a,b;c52) =z (a+0) (b+9) 2F1 (a,b;¢;2) (3.23)
Therefore,
d(0+c—1)F=ax(a+9)(b+9)F where FF = 5F (a,b;c;x) andé—x%
Therefore

d{0F +(c—1)F}=xz(a+0)(bF +dF)

d d
d d d d

a4 [xiF} +(c—1) %F = (a+9) {bF+x£F}

dr | d
d? d d d d d
d? d d d d d
—F 4 c—F = abF —F —F 42— |z—F
T +Cdx ab —|—axd +xbdx +:cd$ {xdx 1
d d? d
= abF + (ax + bx) dIF—l—x {xﬁF—F dxpl
= abF + (a +b) dF+ d2F+ dF (3.24)
— ¢ o a2 dx '
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Therefore (3.24) becomes

2 d
r(l—a)—F+[c—ar —br —x] —F —abF =0

dx? dx
d? d

Which is the differential equation.

3.3.2 Construction and properties of Gauss Hypergeometric
Distribution

By definition

ala+1)---(a+k-1)bb+1)---(b+k—-1)6"
clc+1)---(c+k—1) k!

2F1(a7b;c;9) :Z

k=0

1=

—aat+1)---(a+k=1Db0b+1)---(b+k—-1)0"

(c+1)---(c+k—1) oF; (a,b;c;0) k!

k=0

Therefore
1.

o _ala+1)-(la+k—=1)bb4+1)---(b+k—-1)0F
P =k = e D) e kD) o (b R 0h2e
(3.26)

which is the Gauss Hypergeometric probability mass function. It belongs to the
class of power series distributions given by

for k=0,1,2,... and 0 > 0, a; > 0.

This implies that

ii. ala+1)---(a+k—=-1)b0b+1)---(b+k—1)

ag = P P P Py (3.27)

iii.
f(0) = 2F1(a,b;c;0) (3.28)

iv.

f(0) = %b oF) (a4 1,b+ 1;¢+ 1;0) as given in (3.21)
V.
1"(0) = ala _CI_(?fZ (1b)+ D oF) (a4 2,b+ 2;¢+ 2;0) as given in (3.22)

vi.

BE(X) = % £1(0) = e%b?F ! <“;11&27; i g;r 1) (3.29)

70



vii. To obtain Var (X), consider the differential equation (3.25), i.e.

x(l—x)d—2F+[c—(a+b—|— 1) z] iF—abF:O (3.30)

dz? dx

Replace x = 0 and F' = f(0) = 2F} (a,b;c;0) in (3.30) to obtain
01 —0)f"(0)+[c—(a+b+1)0] f'(f) —abx f(0) =0

17(9) ab c—(a+0+1)0] f(9)

[ 61-6)  61-6) [0

OICIR 0
Jf ab e (atbt1)6] £(6)
:9{9< }

Var (X) = o0 1ol 0 {9f/ (9)]2

1-10) 01—0)  f(6) (6) f(0)
bbb e—(a+b+ D)0 FO) L FO) [, 0]
R e R R e

_ fab +{1_ [c—(a+b+1)9]}9f’(0) B [eff/(e):|2

(1-0) (1-9) f(9) ()

_ fab 1—0—[c—(a+b+1)0)\ £ [,f )]

‘(1—9>+{ i-0) }wa> waﬂ

 Gab i oSO [,/

e R R R R o o]

 fab e 0[O [,

“ o PO e G ewa

Therefore,
Var(X) = (136)%1)c+{(1—c)+(a+b)9} (1ﬁ9)%bx

2Fi(a+1,0+1;¢+1;0) HabgFl(a+1,b—|—1;c+1;0)2

o F (a,b;¢;0) _{ ¢ 2 I (a, b; ¢; 0) }

Fi(a+1,b+1;c+1;0)

B 0 Cl_b c+ {(1 — C) + (CZ + b) 9} = 2F1(a,b;c;29) (3 31)

- _ ab Fi(a+1,b+1;c+1;0) '
(1-0) c —0(1-9) [2 a0 }

as obtained by Noack (1950)

viii. Probability Generating Function(pgf)
The pgf of X is given by

f(0s)  oF1(a,b;c;0s)
f(9) - 2F1 (a,b; C; 9)

G(s) = (3.32)

71



To derive the differential equation whose solution is G(s) given in (3.32), consider,
d(0+c—1)G(s) :5(5—|—c—1)2pksk

where § = sdi
S

Therefore

d(6+c—1)G(s)

_ipké((ﬂ-c—l)sk

:ipkk(k'+c—1>8k

B . a(a—i—l)-..(a—l—k—1)b(b+1)...(b+k_1)k(k+c_1)9k

_; clc+1)---(c+k—1) oF (a,b;c;0) S
_ia(a—l—l)...(aﬂLk—1)b(b+1)...(b+k_1) o

= (C+1)(C+k’—2) 2Fi (a,b; ¢; 0) k—1!°

- i a(atl)-(a+k=1)bb+1)-(b+k-1) (65"

= C(C 1) (c+k—2) 2F1(a,b;¢;0) (k—1)!

_ g ia(a—i-l) (a+k-=1)b(b+1)-- (b+k—1)(a+k)(b+k)(93)k
- Sk:o clc+1)(c+k—1) oF (a,b;c;0) k!
_ g ia(a+1)...(a+k—1) (b+1>"'(b+k—1)(a+5)(b+5)(05)k
- Sk:o C(C+1)(C+k—1) QFl(Cb,b;C;Q) k!
_ o F (a,b; c; 0s)

—93(a+5)(b+5)m

=0s(a+9)(b+0)G(s) (3.33)

.. from (3.33) we have

= 0s (a + 0) [bG (s) + 6G (s)]
= 0s(a+06) [bG (s) + sG' (s)]
= (Asa + 0s6) [bG (s) + sG' (s)]
0sabG (s) + 0s*aG’ (s)
{ +050bG (s) + 050 [sG' (s)] }
{ 0sabG (s) + 0s2aG’ (s) }
+052bG' (s) 4 0s*L [sG' (s)]

0abG (s) + O0saG’ (s)
+0sbG" (5) 4 05 [sG" (s) + G’ (s)] }

0abG (s) 4+ 0saG’ (s) + 0sbG' (s)
+0s*G" (s) + 0sG’ (s)
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{s =0’} G"(s) +{c—141—0sa—0s—0sb} G’ (s) — 0abG (s)
s{1—=0s}G"(s)+{c—[a+b+1]0s} G (s) — OabG (s)

0
0

(3.34)
setting s = 1 we obtain
1-0)G"(1)+(c—[a+1+0]0)G (1) — fab =0

Therefore,
Bab c—(a+b+1)0
1-0) (1-0)
0f'(0) ga_bgFl(a+1,b+1;c+1;0)
f(0) c o F1 (a,b;¢;0)

G" (1) = G (1) (3.35)

E(X)=G"(1) =

Var(X) = G"(1) + G'(1) — [G'(1)]?
S R e e U GOy
_ (19ibe> n [1—0— C(;L_(ag;— b+1)0] G' (1) — [G/(l)P

_ (19ib9) N 1—60-— c(i{—_(aeg— b) 0 + 0] &' (1) — (G

B (19ib9> r S C<1+_(ae)+ Moo oy

~ fab +[1—c+(a+b)9] absFi(a+ 1,0+ 1;¢4 1;0)
C(1-0) (1-20) c o F (a, b; c; 0)
[ aboFy(a+ 1,0+ 1;¢+ 1;0) }

0? 2F1 G b C, 9
Therefore,
0 ab [l—c+(a+b)0], absFy(a+1,b+1;¢+1;0)
Var(X -
ar(X) = (1-6) ¢ T (1-6) c o F (a,b; c; 6)
eabgFl((l—f—l b+1 C+1 (9)
c o F1 (a,b; c; 0)

Fy(a+1,b+1;¢4+1;0)
_ 0 a_b ¢t [1 ot (a t b) 0] = 2 F1 (a,b;c;0)
T (1 — b [ 2F1(a+1,b+1;¢+1;0)

(1 6) ¢ - ( 6) 0> |:2 . 2F1(a,b;c;0) :|

3.4 (Generalized Hypergeometric Distribution

3.4.1 Introduction

A Generalized Hypergeometric Distribution is defined as;

o0

a as), -+ (a, kxk
PFQ (ala"' 7ap;bla"' ,bq;x) = Z( zzl()k)k (bqgk ) F (336)

where b; 20, —1,—-2,... and 1 =1,2,...,q
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d
qu(ala"' 7ap;bla"' 7bq;x)

dx
= T B Ly by L byt 1) (3:37)
biby - -+ b,
d2
A F(ar e agibie bin)
:a1(a1+1)"'ap(ap+1)p ) ar+2, -, ap+2 - (3.38)
b1<b1+1)bq<bq+1) b1‘|‘2, T, bq+2 ;
Theorem
B ar, Qz, -, Qp ;
Y= qu(b17 by, -+, by ;a:)
is the solution of the differential equation.
Proof

dO0+by—1)(0+by—1)---(6+b,—1y=x(0+a)(d+az) - (0+a,)y (3.39)

where d
0=x—
xda:
Therefore
Sak = xixk = wka* ! = ka* (3.40)
dx '

((5+b1—1)((5+b2—1)$k:((5+b1—1)(/€+b2—1)$k
=(k+b —1)(k+by—1)2" (3.42)
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Consider

00 +br=1)(04bp = 1) (040 —1) qu(le’ Z? L Zp ’$>
’ ’ ’ q
- N - (ap), 2
=0(0+b—1)(0+by—1)-(0+by — Z o
k=0 q)k k!
3 k
:Z(al (ag), - ap)k5(5+bl—1)((5+b2—1)...<5+bq_1)$_‘
Vi (ol Kl

k

)i - (
(br) )
:i (m? 1<>i2) (bqg%)kk(“bl — 1) (kb= 1) (k+b,—1)
) - (
)

. k!

(@) (a2)y - (ap), @
_Z<b1k1 (kal( >!

—_- Z (@)1 (02) 1 () 2 (by replacing k by k + 1)

po—t (b)y -+ (by)y k!
_ N () (ap)y (a0 4 ) (az +K) - (ap + ) 2
a ;; (b)y -~ (by)y k!
oy e ) (a4 0) (o 0)
Ty, T R
=1 (a1 +0) (ag + ) - ap+5kz; q)ky
= (a1 +0) (as + 0) - -+ (a, + ) qu(Zi Z; - ZZ x) (3.43)

3.4.2 Construction and properties of a generalized Hyperge-
ometric distribution

By definition,

ay, Gg, -+, G ; > (G/p)k Hk
2 s 9> -
b < b17 b27 T % q)k k!
Therefore,
1 — io: (a1)y, (a2)g - - (ap),, e_k
0 (1) (bg)y pFy(ar, -+ apiby, -+ bg; 0) k!
i
. 1 o*
P, = Pr (X _ ]{?) _ (al)k (aQ)k (ap)k v (3 44)
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for k =0,1,2,3,... is a generalized hypergeometric probability mass function.
It belongs to the class of power series distributions is defined by

ek
Pr(X:k):ak—fork:zo,l,Z... and 0 > 0, a; > 0,
f(0)
. (1), (a2),, -~ (ap)
1) (2) - \Ap)y,
an = 3.45
T by (), (3.45)
1ii.
f(9) =,k ((11,--- s Apy by, abq39) (3-46)
v.
fopy . Q102 Ap a+1, ag+1, -+, ap+1 ;
110 = biby - - - b, PFQ( bi+1, byt1, -+, by+1 ;‘) (3.47)
V.
f,,(9>:al(a1+1)"'ap(ap+1> a1+27 a2+27 Tty a‘p+2 79
by(by+1)---by(by+1) "I\ br+2, bp+2, -+ by+2 ;
(3.48)
vi.
ataz-ap <a1—|—1, ag+1, -+, a,+1 ;9)
! bibobg PRAN\ hy 41, bo4+1, -+, by+1 ;
E(X) = 0ro) _ = 2 d (3.49)
f(9> qu(ala"'7ap;b17"'abq;9)
vii. ) )
021" 0) 1" (0) l f’(Q)}
Var (X) = +46 — |0
=50 o "Fo
viii. Probability Generating Function(pgf)
The pgf of X is given by
G(S) _ f(@s) _p q(a’17 ’apablv abq705) (350)

f(e) a PFq(al"" 7ap;bl"" 7bq;0)
Theorem: the pgf above satisfies the differential equation
(0 +b—1)---(0+b,—1)G(s) =0s(0+ay) - (0 +a,) G(s)

Proof:

To derive the differential equation whose solution is G(s) given in (3.50)

let us use the operator.
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Then
JO+b—1)---(6+b,—1)G(s)

=00 +b 1) (0+b—1)> pis*

k=0
= pb(6+b—1) - (5+b,—1)s"

_ — (a1); (a2),, -~ (ap), 1. Sy (es)k
B e e G AL 1)

i (a1)y, (az)y, - (ap)y k(b +br = 1) -~ (k+b,—1) 1 (6s)"
k=0 (bl)k U (bq)k f (9) k!

y i (al)k+1 T (ap)k.H

(@) (ap) (e + k) (g + k) 1 (0s)"
=052 () (B 7@
s (1) (ap), 1 (0s)"
=fs 2 —<b1)k - (bq)k (al + 5) ((lp + (S) f_H) il
(ap)k (es)k

_ 0s(a;+6)---(a,+9) i(al)k“'
pFy(ar, o apibr, - g3 0) =0 (bl)k"'(bq>k k!

05 (a e [ (0s)
=0s(a1+9)---(ap,+9) 0
=0s(a1+0)---(a, +9)G(s) (3.51)
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3.5 Special cases of confluent and Gauss Hyperge-
ometric Distributions

3.5.1 Power Series Distributions Based on Exponential Ex-
pansion

Poisson Distribution

0 _ JR—
‘ R
k=0
ia(a+1)(a+2)---(a+k—l)9k
“~a(a+1)(a+2)-(at+k—1)Fk!
= 1F1(a;a70)
Alternatively,
0 _ 1 6 62 6
e = +ﬁ+§+§+

n-1/0\1 n(n+1) o\° 1
= i 1+— (=) =4+ 2" 1.2(=2) = 4+...

0
= lim LF; <n,1;1;—>
n—aoo n

The pmf is given by

o* e 00"
PT(X:k) = W = T, k:0,1,2,...
which is a Poisson Distribution with parameter 6.
Probability Generating Function(pgf)

_ f(Os) e 1P (a;0;0s) _
G(s) = 0 = ie. G(s) = T (a:0:0) =c=a
, fa1Fy (a+1;¢+ 1;6)

V=F(X)=—
¢'(1) (X) c 1F1 (a;¢;0)
791F1(a—|—1;a—|—1;9)
B 1F1(a;a;0)

G"(1) =6a— (c—0)G'(1) from (3.18)
1Fi(a+1;a+1;0)
11 (a;a;0)

=0a—(a—0)0
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Therefore the variance is given by

Var(X) = G"(1) + G'(1) — [G"'(1))?

Fi(a+1a+1;0) VFi(a+1a+1;60)77
:0 1_ 001 ’ 9 . 0 9 }
at(l-a+d) 1Fy (a;a;0) 1y (a5 a50)

3.5.2 Power Series Distributions Based on Binomial Expan-
sions

a) Binomial distribution

=1+ 9+n<f21)92 n(n_lg)!(n_2>93+ +n(n—1) 21i—n
:1+(—1)n(—1)§+(—1)2n(n—1)(—1)2%+(—1)3n(n—1)(n—2)( 1)3%
+ —l—(—l)”n(n—l)--«zl(—l)"%

L, () 1(=8) | (=n)(—n+1)-1-2(=0)°

=1+ 1 T 1-2 2! :

gl Gt D Cntn =l g W20

= oF) (_nu I; 1; _9)

The pmf is given by
n o*
Pr(X =k) = P E——
rX =5 <k> (1+6)"

n 6 k 1 n—Fk
= — ) (—) k=012 ..
(1) (755) (9) rmonzen

which is Binomial distribution with parameters n and ﬁ.

Probability generating function for Binomial distribution is given by
(1+6s)"

(1+0)"

2P (—n,1;1; —0s)

2 (—n,1;1;-0)

G(s) =

_a_bHQFl(a+1,b+1;c+ 1;0)

G'(1)=E(X) c o F1 (a, b;¢;0)

refer to (3.29)

Puta=-n,b=1,andc=1
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o F (—n, I; 1 _9)

Gab lc—(a+1+0b)0

G'(1) = E(X) = —nf

G"(1) = a0 1-0) G' (1) refer to (3.35)
Therefore,
1" o —0 (_n) -1 [1 - (—TL +1+ 1) (_0)] !
G =—a59 - 1+0) ¢ )

o 1+2-n)b]
“w+e  are oW
b 1+ (2—n)0) 92F1 (—n+1,2;2;—0)}
C(1+0) B (14 0) [_ oF (—n, 1;1; —0)

0 2y (—n+1,2;2;—0)
_ m{u e N e P o) }

Therefore the variance is given by

Var(X) = G”( ) +G'(1) - [
{[1 +2-n)fnf 0] oF (—n+1,2;2; —0)
(1+9) (1+6) oy (—n, 1;1;—0)
P (—n+ 1,22 9)}
o1 (—n,1;1; —0)
{[1 +(2—n)0lnf —nb (1 + 0)] oF) (—n +1,2;2; —0)

—nf

(1+(9) (1+6) oF1 (—n, 1;1;—0)
_ g2t +1,2,2-6) ’
oIy (—n, 1,15 -0)

Fi(—n+1,2,2,—6)
nd { 14‘(1_”)922%1(_7111 —0) }

= (—n 0
(14+6) ) —nb(1+06) [—f;l(_;ll;ﬁg) )}
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b) Negative Binomial Distribution

(1-6) = i (‘5) -0  a>0

k=0
k=0
_i(a+k—1)

k=0
_ifa+k9k
B Fa k!

k=0

= Lo 6*
=Y (at+k-1)(a+k-2)(a+k- B) T
k=0
:Z(Oz+k—1)(a+k—2)~~ay

k=0 '

b(b+1)---(b+k—1) k!
= oF] (Oé,b; ba 0)
The pmf is given by

k-1
Pr(X = k) = <O‘+k )am—e)“, for k=0,1,2, ...

which is a Negative Binomial Distribution.
Probability generating function for NB is given by

Gl = L=
(1-9)
o1 (a, by b; 05)
Y (cv, b; b5 0)
F
G(1)=FE(X)= a692 ilatlb+ et 1;6) refer to (3.29)

2F1 (a, b, C; 9)

2 I (v, b; b; 0)
b [b—(a+1+0b)f
(1-10) (1-19)

G'(1) = E(X) = ab

G" (1) = G' (1) refer to (3.35)
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Therefore,

abb b—(a+1+0)0
(1-0) (1-0)
~abb b—(a+1+0)6 02F1(a+1,b—|—1;b+1;0)
S (1-9) =0 " LF(abibh0)

_<1—9>{1_[b_(a“+b)9]b S (@, b : 0)

Therefore the variance is given by

Var(X) = G"(1) + G'(1) - [G"(1)]?
b 1—60-1b 1oF (a+ 1,0+ 1,0+ 1;0) o
_(1—0){1 {+(a+1+b)9}g 2F1<a,b;b;6’) }_[G(S)]

1 2F1(a+1,b+1;b+1;0)
afb 1+ [1 -0+ (CY + b> 9] 32 : 2 F1 (a,b;b;0)
_af(1-0) |:2F1(a+17b+1;b+1;9)] 2

G (1) = @ (1)

- (1-0)

b 2 F1(a,b;b;0)

¢) Logarithmic Series Distribution
1
= 1404+06%+...
= L0+t
which is obtained by putting o = 1 in (3.35).
Therefore by Integrating both sides w.r.t 6 we get

do
m—/[1+0+92+-~}d9

2 ¢ 6t P
Ttg Tt (3.36)

+
:0{14_?_}_9_2_}_9_34_%4_...}
23 45
116 206> 3163 416
{+§ﬁ+§a+za+€z+“}
1-16 1-262 1-2.36% 1.2.3.46¢4
> 1 3 A 1 3 3 Z+"'}
ZQ{H1-1g+1~2-1.2§+1-2-3~1-2.3§+m}
2 11 1-2.3 2 1-2-3.4 3l
1-16 1-2-1-20*> 1.-2-3.1-2-36°
> 1 23 2 234 §+”}
=0,F (1,1;2;0)

I
>
—N
—_
+

The pmf is given by
ek

Pr(X:k):m

,k=1,2,...;0<0<1
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which is called Logarithmic Series Distribution.
Probability generating function for Logarithmic Series Distribution is given by

~ log (1 —0s)

~ log(1—06)

_ 0s3F1 (1,152 05)

0,8 (1,1;2;0)

o S2F1 (17 1; 2; 63)
2F1 (17 1; 23 ‘9)

G(s)

, ab oF) (a+ 1,0+ 1;¢+ 1;0)
1)=FE(X)=—40
¢ )= 21 (a, b; ¢;0)

settinga =1,b=1and ¢ =2

refer to (3.29)

_1,9F1(2,2:3,0)

BN = R0
vy abb c—(a+1+b)0] ,
G"(1) = a0 =0 G' (1) refer to (3.35)
Therefore,
" _ 0 [2 — 39] !
U= a=p%W

0 [2—-30]1 oF)(2,2;3;0)
(1—6) (1—0)2 5F (1,1;2;0)
- 0 2F1 (27 2; 3§ 9)
2(1-6) {2_[2_39] 2F1(1>1;2;9)}

Therefore the variance is given by

Var(X)=G"(1)+ G'(1) — [G,(l)]z

_ 0 [2=380-1+0)012F(2230) [1,F(2230 2
C(1-0) 2(1—0) oF (1,1;2,0) |2 oF (1,1;2;0)
_ 0 [y 0p2 2250 0(-0) [ (2,2:56) ’
S 2(1-9) 211 (1,152;0) 2 R (1,1;2;0)

d) Replacing 0 by —0 in c

we obtain
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2 0 0t P
log(1 —p_ L T
og(l+0)=0- S +7 -+~

AR
2 3 4 5

—9{1+; (—0)2+i(—6)3+%(_9)4+...}
“ofies i,“2’i>2+%<;’§>3+%’<;?4+~~}
:9{1+ 1é2<—2‘§>2+1-i-3<—;)3+1-13-4(—9)“
G REC
e

=0 oF; (1,1;2; —0)

since

—0)? 03 _p) _p)°
10g(1+€):—49+( 2) +( 3) +( 4) +( 5) 4.
(=0
k=1 k
Then
= (=0
1=2 v 0
> k
:Z(_l)k_lm
k=1
Thus
PF(X=k)=(—1)’“’19—k-k:123...
klog(1+6)’ e
(=0)"
= Thlog(150)

Probability generating function for the distribution is given by

f(0s)  log(1+0s)
f0)  log(1+0)
 OsyF) (1,1;2; —05)
 0.F(1,1;2;—6)
oF1 (1,1;2; —0s)
=35
2F1 (17 17 27 0)

G(s) =
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_a_bGQFl(a—i—l,b—i—l;c—l—l;G)
e 2 I (a, b5 ¢;0)

refer to (3.29)

Gm:EM%—ﬁgg?2?
" abb  [c—(a+1+0)0]
G"(1) = a0 =) G' (1) refer to (3.35)
Therefore,
1" _ 0 [2 B 39] !
U= 1=V
0 2-30]1 2F) (2,2:3; 0)

T(1-0) (1-6)2 .k (1,1;2;,-6)
- 0 2F1 (27 2; 3; _9)
- 2(1-0) {2_[2_39] 2F1(1,1;2;—9)}

Therefore the variance is given by

Var(X) = G"(1) + G'(1) — [G'(1)]”
0 {(2—30—1+9)9}2F1(2,2;3;—9) B [1621%(2,2;3;—9)}2

S (1-9) 20-0) S R(1L52-0) (2.5 (1,1;2-0)
0 oF(2,2:3:—0)  0(1—0) [2F;(2,2;3;-0)]°
T 2(1-0) {2_{1_20} oF (1,1;2,—0) 2 tFl (1,1;2; 9)} }

f(0) =log (i i Z) = log(1 + 6) — log(1 — 0)
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f(0)=1log(140)—1log(1—6)
92 63 6)4 92 6)3 94
:&——+———+~} %+—+ +—+- }

2 3 4 2 3 4
23 265
Y
Ty
Q?’ 95
—olg+Z 4+ 2
[+3+5+ ]
0 92k+1
T Yok
92 94 Q6
—op 1+ 4+ 242
L ]
[ 112 120022 1-31(62)
— 20 |1 v
L R T TR ST
L1126 12@@) 1230
—op |14 —=.2.2 o
L R T R A S TR
— 20 L+5lf+%'%12w%2 5o 5-5-1-2-3(0%)°
3 3.5 3 5 7
I by 1! 33 21 S 53 3!
1 3
— 20,7 (=, 1: 2.2
2 1(27 727 )
292k+1
Pr(X =k)= k=0,1,2,...

(2k + 1) log (+£2)
Probability generating function for Distribution is given by
log(1 + 0s) — log( —0s)
log (1 +6) —log (1 —0)
YR
2fﬁ»(2’1,§792)

G(s) =

refer to (3.29)

o (a, b; c; 9)
settinga:%,bzl, andc:%
2 2F1(§ 50)
G'(1)=FE(X)==0 22772
)= B(X) =g T
" atb lc—(a+1+b)0] ,
G" (1) 1—0) 1=0) G' (1) refer to (3.35)
Therefore,
1 6 (2 —20]
(1) = = 12 2 (1
C=01=5 =g ¢ W
0 2R RE2E
20-0)  6(1—-0) »Fi(3,1;56?)



Therefore the variance is given by

Var(X) = G"(1) + G'(1) — [G' (1))

_ 0 _2{% 59—1+9}92F1(gzg~92)_ gezFl( 2,3,92)
2(1_0) 6(1_‘9) 2 F1 (%71;%;92) 6 oF (2,1,3,62>
0 a-sanGake) w[AG2ne)]
2(1-0) 3(1-0)2F (3,1;2,0%) 18 |F (1,1;3,62)

3.5.3 Power series distributions based on trigonometric in-
verses

a) Inverse sine

From chapter two subsection 2.9.6
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We have shown that

k=0
> N _1\ p2k+1
_ 2
_9+;(_1) (k)2k+1
oS ) (D [ oy e
=1 1-2-3---k 2k + 1
2k—1
i3 ERED D [ e
& 1-2:3-...-k 2k +1
e X kl.§.§ ..... 2k—1 p2k+1
=0 -1 -1 2 2 2 2
+k§( ) (=) 1-2-3-...-k 2k+1
1 3 5 2k—1 1 #*
—0+0 222 2 7
+ ;2 5% 5 okt 1k
1 3 5 2k—1 1 #%*
—0L1 2 g e 2 7
{+;222 5 2k+1k!}
ol 12 1 3 1(6®° 1 3 5 1(92)3+
N 2 311 2 2 52 2 2 92 7 3
EPYPIR I 202 1 3 1> 1 3 5 1(92)3+
N 2 3 21! 2 2 520 2 2 2 7 3
2 3
:9{1+%-%9_2+%-%~%~%<92) LEEastey
1 1 3 1 3 5
;31 5.5-5 2 37557 3
1 1 n2 1 3 1 3 2\2 1 3 5 1 3 5 2\3
Lolp2 1.3 1.3 2y L1.3.5.1.3.5 0
= {1+2§2_|+2 5 <2|) A <3|) T
2 2 2 2 2 2 :

Therefore

1
2

b 1 92k+1
PriXx=2k+1)=(-1) <k)n—em

k=1,23...and 0 < <1

The Probability generating function for Distribution is given by

0
RS
s2F1 (5,53 5:6%5)
C 2F(535:07)

b) Inverse tan

Expanding (1 + 62)"
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we obtain

-1 > -1 Nk
) =3 () @)
k=0
Integrating both sides with respect to 6 we get

o0

(/u+¥)ﬂw:§:(?>/wﬂﬂw

k=0

Let # = tanz = tan 10 = z and df = sec? zdx

/1) §2k+1
RHS = <k)3ﬁT
k=0

1\ g2+l
r= Z < L ) 2kt 1
B o -1 92k+1
tan 19_Z<k) 2k+1
k=0

— (-1 1 §2k+1
- <k)Eﬁjﬁﬁﬁﬁk=0JJ,”
0

k=

i.e.

——k=0,1,2,...
k 5 Ly 4y

-1 1 02k+1
Pr(X=2k+1)= < )m 2k+1
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3 5 7
tan_10:0_9_+9__6_i
3 5) 7
02 9+ 68
{ 375 7 }
T e O G S e
_ . / /
1-1(=6%)  1-20(=6%)"  1-31(=6%’
- 1 ..
9{+3 T T A A TR
5o 1(=6%)  1-21(=6%)° 1-3!(—6?)°
- 1 2 DY
%%ﬁ51!+5 TR ST
:9{1+%'1(_92)+%‘%'1~2(—02)2+%.%.3.1.2.3<_92>2 }
; 1.3 1 3 5
5.3 1! 5.5.5 91 5_5.5'7 3
l.l(—92) l.§.1.2(_92)2 l.§.§.1.2,3(_02>2

1
=05 (5, I; ;; —92)

The Probability generating function for Distribution is given by

0
R
_saf (%, 1; %; —928)
C eR (3 155-67)

3.5.4 Power series distributions based on special functions

a) Legendre Polynomials P, (x)

Generating Function is given by:
1 &
(1=2at+2%)2 =) P(a)th|t| < 1]zl <1
1=0
The expression function P, (z):

L
LG @,
-2 ol (I — ) (I —20)!

Differential equation:

(1-2) P (z) —2zF/ () + 11+ 1) P (z) =0
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Recurrence relation:
IP1—Q2I+1)zP+(1+1)P(x)=0

Examples:

Hypergeometric Functions:
1—
P(z) = of% <—l, [+ 15 1; Tx)

b) Bessel Function of the First Kind: J, (z)

Generating Function is given by:

Expression for .J, (z) :

Differential equation:
) (x) + xJd), (z) + (2* = n?) J, (z) =0

Recurrence relations:

Alternatives
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¢) Hermite Polynomials H, ()

Generating function:
> = tn
€_t +2tr Z Hn (l‘) =
n!
n=0
Expressions for H, (x) :
noa2 d\"
o () = (<1 () ();

Hy (@) = (~1)Fnly_ (-1)"

(22)*" e
T ;if n is even

k=0

- =N (22) %+

H,(z)=(-1)7 ) (=1 — .if n is odd
; (2k + 1)1 ("5F = k)!

Differential equation:

H) (z) — 2zH, () + 2nH, (z) =0
or

d2 1.2 1.2

@Hn (x)e 2% + (2n —— 1) H,(x)e 2" =0

Recurrence relations:

Examples:
Hy (z) =1, H (x) =22, Hy(x)=42*—-2

Hypergeometric functions:

Hap (z) = (=1)" (2:!)! F (—n; g;ﬁ)

n2(2n+1)! 3
Haa () = (-1 2220 (s )
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d) Laguerre Polynomials L, ()

Generating function:

Where

Recurrence relation:
(14+2n—2)L,(x) —nLl, 1 (x)— (n+1) Ly () =0

L) (x) =nL, (x) —nL, 1 (z)
Examples:

Ln(x)zl,Ln(x)zl—x,Ln(x):%(x2—4x+2)

Hypergeometric function:

e) Associated Laguerre Polynomials L* (z)

Generating function:

1 — £z . k n
e T T ZLn () 2
(1—2) e
i i LE (z) z2"uk Lo —xz+u
= X _—
k! 1—=2 P 1—2z

: k
Expression for L,

Differential equation:

Ly (x) + (k + 1 — ) L/ (x) + nLy, (x) = 0

93



Recurrence relation:

Ly (x) + Lyt (x) = Ly, (x) ;
cL¥ (z) = nLF (2) — (n+ k) LF_| (2)

Examples:
Li(x)=1; Li ()= -2+ k+1
Lg(x)_%[x2—2<k+2)x+<k+1)(k+2)}
L’g(m):é[—x3+3(k+3)x2—3(k5+2)(k+3)a:+(k+1)(k;+2)(k+3)]

Hypergeometric function:

F'n+k+1)

L@ =S sy

f) Tschebyscheff polynomials T, (z)

Generating functions:

Symmetry relation T, (z) = 1., (x)
Expression for 7T,,

To(a) =5 [{e+ivi—a} + o —ivi—a2}]

1
2
Differential equation:

(1-27) d—2Tn (x) — xiTn (z) +n*T, (r) =0

dx? dx
Recurrence relation:
Tn+1 - 2$Tn + Tn—l =0
(1 -2 T, (z) = —naT, (z) + nT,_1 (z) =0

Examples:

T, (2)=1,T, (z) = 2,T, (v) = 22° — 1, T}, (v) = 42° — 32
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Chapter 4

Zero-Inflated Power Series
Distributions (ZIPSD)

4.1 Introduction

A zero-inflated model is a statistical model based on a zero-inflated probability distri-
bution. It arises when probability mass at point zero exceeds the one allowed under
the standard parametric family of discrete distributions. A numbers of researchers
have worked on these family of zero inflated models. Gupta et al., (1995) have stud-
ied Zero-Inflated Modified Power Series distribution with the structural properties, in
particular for zero-inflated Poisson distribution. Murat and Szynal (1998) extended
the results of Gupta et al., (1995) to the distributions inflated at any of the support
point ‘s’.

In this chapter, we provide an overview of the concept of zero-inflated distribution.
Examples of situations giving rise to zero-inflated distribution and an overview of
its structural properties that includes; probability generating function, moments and
their recurrence relation, central moments, the recurrence relation for cumulants and
factorial cumulants. Lastly, the special cases of zero inflated power series distributions
with their corresponding structural properties will be covered.

4.2 The concept of Zero-Inflated Distributions

In applications involving discrete data we come across data having frequency of an
observation ‘zero’ significantly higher than the one predicted by the assumed models.
This situation is often called zero inflation because the data set contains an excess
number of zero counts.

Consider the following uniform discrete distributions with 0,1, 2,3 and 4 counts.

X
Frequency (Counts)
Proportion

| | O
ol | = | =
el | |
el | | W
o | = | B

Suppose that three more zeros are introduced to the initial data given in the fol-
lowing table.
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¥ 0 1 2 3 4
Frequency (Counts) 5 1 3 1 1

i 5 1 3 1 1
Proportion +r | ir | 1T | i | 11

Let the proportion of extra zeros be p. Then p = 13—1

Pr(Y =0)=p+1-p)po

_3+8 2\ 5
11 11 \8/) 11

Pr(Y =3) = (1-p)ps

_ 8y _ b

11 \8/) 11
Pr<Y:k):(1_p)pk7 k:1727374

Hence,
p+(=p)po for k=0
Pr(Y =k) = 0<p<l
(1—p)px  for k=1,2,3,...

As in given (Gupta et al., 1996: 208, Dianliang D. 2000: 564)

4.3 Definition

If the data set contains excess number of zero counts, a mixture assigning a mass of
p to the extra zeros and a mass of (1 — p) to the power series distribution, leads to
the Zero-Inflated Power Series Distribution (ZIPSD). A discrete random variable Y is
said to have Zero-Inflated Power Series Distribution (ZIPSD), if the probability mass
function of Y is given by

p+ (1 —p) for k=0

Pr(Y =k) = (4.1)
(1—p) 22 for k=1,2,3,... ag>0and0<p<1




4.4 Examples of situations that give rise to Inflated
Distribution

Example 1: (Fetal movement data). Leroux and Puterman (1992) Consider the
Fetal movement data by a model consisting of a mixture of finite number of Poisson
components. This data set was collected in a study of breathing and body movements
in fetal lambs designed to examine the possible changes in the amount of pattern
of fetal activity during the last two thirds of the gestation period. The numbers of
movements by a fetal lamb observed through ultrasound were recorded and counts are
given below:

Number of movements 0 1 2 |3(4|(5|6 |7
Number of intervals 182 |41 |12 |2 |2 |0 |0

In this case the number of Fetal movement with zero intervals is inflated.

Example 2: (Ridout et al., (2001)) Consider the data Table below consisting of
the number of roots produced by 270 micro-propogated shoots of the columnar apple
cultivar Trajan. The roots had been produced under an 8-h or 16-h photoperiod in
culture systems that utilized one of four different concentrations of the cytokinin BAP
in culture medium. For illustration, we have merged the data on four concentrations
into one group. Let Group I (Gr II) consist of the data produced under 8 hour period
and Group II (Gr II) consist of the data produced under produced under 16 hour photo
period.

Number of roots Obs. fr. (GrI) Obs. fr. (GrII) fr.

0 2 62 64
1 3 7 10
2 6 7 13
3 7 8 15
4 13 8 21
5 12 6 18
6 14 10 24
7 17 4 21
8 21 2 23
9 14 7 21
10 13 4 17
11 10 2 12
12 2 3 )
13 2 0 2
14 3 0 3
15 0 0 0
16 0 0 0
17 1 0 1
Total 140 130 270

where

e fr.=Frequency
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o Obs.=observed

In this case the number of roots with zero observations is inflated.

Example 3: (Yip, P. (1998)) A sample of n leavesof a particular plant is examined
and z; insects are found on the i leaf for i = 1,2,3,...,n The number of insects per
leaf is assumed to be a Poisson variate, except that some leaves have no insects because
they are unsuitable for feeding and not merely because of the chance variation allowed
for by the Poisson distribution. In this case the number with no insect (i.e. zero
observations) is inflated.

Example 4: (Gupta P. L., Gupta R. L. and Tripathi R. C. (1995)) Consider two
machines, one of which (machine I) is perfect and does not produce any defective item
and the other (machine II) produces defectives according to a Poisson distribution
(with parameter, say A). We observe data from the joint output of the two machines
without knowing whether the item has been produced by machine I or by machine
II. In this case the observed number of non-defectives (zero observations) produced is
inflated.

4.5 The mean and variance of Zero-Inflated Power
Series Distributions

Zero inflation is a special case of over dispersion that contradicts the relationship
between the mean and variance in a one-parameter exponential family. One way to
address this is to use a two-parameter distribution so that the extra parameter permits
a larger variance.

The first and second derivatives of f(f) are given by,

/ d 0 - 0 -
f'(0) = d—{) = kapd" ' =" kap0"! (4.2)
k=0 k=1
and
" d2f - k—2 k—2
f(&)—?:Zk(k—lake Zk — 1) ab (4.3)
k=1
Therefore,

E(Y) :ikPr(Y:k):ikPr(Y:k)

Z ka,ﬁk !

I
gk
5
—~
—_
e
~
S
o
)
-
&ﬁ‘
>

2 1)~
N0
_1-) T (4.4)
BY(Y 1= 3 k(= 1)Pr(Y =k) = 0> k(b 1”1"”&;9(2)2
0 k=2
02 "
= (1 p)mf (0)

98



and

Var(Y) = E[Y(Y — 1] + E(Y) — [E(Y)]?

PN IO PN O

— (1= ) 1 ") + (1= 9) S [(1 ) f(e)]
e re (PO

=0 p)e{ef(9)+f(9) ¢ "”[f(e)]} 9

4.6 Probability Generating Function of Zero-Inflated
Power Series Distribution

The pgf of Y is given by

7o) "2 7 0)
=p+(1-p)+r +§:(1—p) o (6s)
7o) "2 7 0)
. B aop (1—0p) s)—a
=0 (1= ) 5+ S (03—
_ f(0s)
o= L5 (4.)
but £ (69)
ORI
Therefore, (4.6) becomes;
Gy(s)=p+(1—p)Gx(s)
Gyls) = 5 = 1= o) (47)
and
Gy(o) = G = 1= p L) (4.9
Hence the mean and the variance of ZIPSD is given by
B(Y) = Gy() = (1= 03 (49)
and
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Var(Y) = GY(1) + Gy (1) - [Gy (1))

S L () RS () N PR L ()l

= (L= gy T (=05 [(1 ")Hf(e)}

o o e O]

=4 ””{ef(e)*f(e) ! pw[f(@)” (410

4.7 Moments and their recurrence relations of zero-
inflated power series distributions

The r** moment is defined by

Zk:’"Pr (Y = k) ;k (1 p)ak%
_ (1f(_930) gyakek (4.11)
Therefore,
bt Srar o i S
_ (1]”(_0)p> gwlakek—l + [— ([jc : } S ka6t

o'~ ) & [f
e al 0 X, akek
2K -0 %G e[f(ﬁ)],;k < )f(9)
! f/(e) 1
r+1 [f(@)] r (412)
but
> a;ﬁk 0 d 1
E(Y):kz:%k(l—mm_(1—P)m;kak9k
- HON
~ Um0 =
Hence, )
f'(0 1
Yre) " -0 (413)



Equation (4.13) then becomes

!/

d 1
0 r_ . 1 /
d@’ur Hort1 (1 . p) Ky

Thus we have the recurrence relation for the 7 moments of a ZIPSD as

d 7
L =0 L 4.14
:ur+1 d@ﬂr + (1 . p) Moy ( )

The 7" central moment, i.e., the v moment about the mean is defined by

pr=EY — ]

=> (k=) Pr(Y = k) (4.15)
k=0
but
p+ 1 —p) G for k=0
Pr(Y =k)=
(1—p)jf(g’; for k=1,2,3,... az>0and0<p<1
(4.16)
Let s = 0, thus (4.16) becomes
p—i—(l—p)% for k=s
1—p ax0” for k>s a>0and0<p<1
f(6)

Therefore The 7" central moment as given in (4.15) becomes

uy = p(s— 1Y+ (1= p) s~y 2 S 0 ey B ()

Hence
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e =03 (=4 =) 4 (6= )
+(1-p) (%ﬁ) g(k i) s + (f(e) d&z (k — 1) axf*
= —prts—uy ™ 2t - L0 1=y (s -y ffe) =) (s -
(4.19)
e o= Gt gy 0 -9 i)
+ (lf(_@f) gk (k= )" ™" — T(lf(_@)p) g (k — )" akf)kd%u’l

r\r+1 akekil / INT akekil
+Z(l‘7—ﬂ1) +M12(k_ﬂl) (4.20)

but, by definition u, is given by (4.18). Thus by replacing the values of u, in (4.19)
we obtain

d —_ d, f'(0) ri1 as0°"!
El’b’f - _T@lllﬂr_l - f(e) {M”‘ - (S - lul) } + ( — M ) - (1 - p) f (9)
7»+1 kek—l , B . , Ta/ses—l o e} . Takek_l

(4.21)

Multiplying /i, by ¢ in (4.20) and replacing the values of u,, -2, then becomes

d d '@ 0°
H@MT = _709@”,1“1“71 - (gff((9)) {ﬂr — p(s —_ :u,l)r} + (S _ ull)r+1 (1 . P) ;(9)
r+1 aké’k / _ B ake
+I§S (Q)ﬂh{(l p) (s — )" )}
- —er%//lurl - (9];((09)) (i — p(s — 1)) + prsr — pls — )1 (4.22)
+ 4y (e — p(s — p)") (4.23)
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but

o0 _ 1
f0)  (1-p)
Therefore,
d d , INT ' 1 T
O—gtr = —r0g -1 + (r = p (s —m)") (ul T jp)) + e — p (s — )
(4.24)
From (4.22) , we obtain
d d / 1\ +1 I\T / :u/
firy1 =0 (@ur + rﬂr1@N1> +p(s—=ph)" = (e —p(s —p)") (ul T _1/)))

but s = 0.
Thus we obtain the recurrence relation for central moments of ZIPSD as

d d r+1 IN\T /‘Ll
Hr4+1 = 0 |:@,U/T + Ty 1d9/~L1:| + IO( Hq ) [,U/T - p(_ﬂl) ] |::LL/1 - (1 _lp):| (425)

setting 7 = 1 in (4.23) we get

d d !/ !/ / / ,LL/
pz =0 (@uo + Mo@m) +p(u1)? = (ma + pp) (Ml - >

(1—p)
but
o= B(Y — 1)’ =1
and
pn=EY —py) = E(Y) —py = py —py =
As a result,
B p(p)?
0 { (wm} +p(ph)? = p(ph)” + =)
d P(Nl)
— 4.2
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Also from (4.24)

: %[9}5& ] o fo;;?F
o ol -]
~0-p J}'(ei T e[f' ] +o0- W}}(ﬁfr
B AT
02[ (ﬂ (1= +e<1—p>§'f§))+92<1—p>%
oot b
The variance of ¥ will be given by
vm<y>:m:9<l_p>{e§'(<;>+%_u_pw[§gg;r}

4.8 Moment Generating Functions (mgf) of Zero-
Inflated Power Series Distribution

The mgf of Y is given by

My(t) = E[e"] =) e*py =Pr(Y =0)+ Y Pr(Y = k)e*

=00+ 300
=t (1) g+ S [ (0) - o
—p+ -9 L0 (4.27

The " moment is obtained from the r** derivative of My (t) w.r.t t and setting ¢ = 0
ie.
/~L/ _ dTMY(t) |7
r dir "0
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4.9 Factorial Moment Generating Function (fmgf)
of Zero-Inflated Power Series Distribution

The fmgf of YV is given by

My (t) = E[1 +1]"

k=0 —~ [0
=p+(1-p) fcéoe) +(1-p) g & (%)et)k
=p+(1-p) f@) + ﬂf@)p) gak 0+ 01)"
=+ (=) f5+ (1f<_9>p> £ 0+ 600" — a
=p+(1-p) f(i(z)et) (4.28)

The r'* factorial moment is obtained from the 7 derivative of My (t) w.r.t ¢ and
setting t = 0

_ d"My(t)

L] i lt=o

4.10 Cumulant and Cumulant Generating Function
(cgf) of Zero-Inflated Power Series Distribu-
tion

The cgf of Y is given by

Ky(t) = lOg My(t)
Thus the 7" cumulant of Y.is obtained from the r** derivative of Ky () w.r.t ¢ and
setting t = 0. That is
_ d"Ky () |
a7

Ky

4.11 Special Cases

4.11.1 Zero-Inflated Poisson Distribution (ZIPo)

k!
k=0

F0) = =
From this we obtain
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—Qek

Pr( X=Fk)=—— 1

 k=0,1,2,..

which is a Poisson Distribution.
By definition the probability mass function of ZIPSD is given by,

p+(—p)po for k=0
Pr(Y =k)=
(I—=p)pr  for kE=1,2,3,...
Therefore
i.
p+(1—p)e? for k=0
Pr(Y =k)=

1.

iii.

1v.

vi.

1—p) < for k=1,2,3,...

Which is the probability mass function of ZIPo and confirms with (Bohning et
al 1999: 198; Chin-Shang, Li et al 199: 30; Jansakul 2002: 77)

11(0) = ¢

1'(0) = ¢

The mean is given by

BY) = (1= )] = (1= )05 = 1= )6

The variance is given by

Var (V) =

1=l el e [0

SATT) 7 76)
=(1—=p)00+1—0+0p]
=(1=p)0+p(1—p)6?
=(1—p)0(1+pd)

d d ) i ,
WH—9L@W+WmAaw@+p(M)“ [m—p@wﬁ]%b— = }

but
py =EY)=(1-p)0,

As a result the recurrence relation for the central moments of ZIPo is given
by

AW+1=:9[é%ur+—(1—-p)rur1}-%p(—(l-—p)9Y+l—-pﬁ(ur—-p(—(l-—P)ef)
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setting s = 1

=(1=p)0+p((1—p)0)° —p*(1—p)6°
=(1=p)0+p(1—p)*((1-p) —p)
=(1=p)0+p(l—p)6*
=(1=p)0(1+pf)

vii. The probability generating function for ZIPo is given by

Cy(s)=p+(1—p) ?fg)
ot (1= p) oD

695
Gy(s)=(1-p) 0%
e@s
Gls) = (1= )85

setting s = 1, we obtain

Gy (1) = (1= p)0G(1) = (1 —p)0”

To obtain the mean and variance

E(Y)=Gy(1)=(1-p)0

Var(Y) = G%(1) + G4 (1) — [G} (1))
=(1=p)0+(1—-p)0—[(1-p)0
=(1—p)0(1+ pbd)

viii. The moment generating function of ZIPo is given by
f(0€")
My(t)=p+(1—-p
=p+ (1= p)el™)
= p+(1—p) )

The " moment is obtained from the r** derivative of My (t) w.r.t ¢ and setting
t=0ie.
r dTMY(t)

l’l’r - dtr |t:0

For r = 1, we have

= o+ (1= p)el %0 | ],

d

dt
—(1-p) Getel fe'—0) oo
=(1-p)b
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0L o(et=1)+t

Né:(l_p) dt |t=0
= (1=p)0 (0" +1) )5 | g
=(1=p)0(0+1)=(1-p)(6°+0)
=(1=p)*+(1-p)0
The variance is given by
po = iy —

= (1=p) 0+ (1=p)0—(1—p)°0
=(1—-p)0[0+1—6+pb
=(1=p)0[1+ pd]

ix. Factorial moment generating function of ZIPo is given by

f(0+6t)

My (t) =p+(1—p) 70

=p+(1—p)e”

The r™ factorial moment is obtained from the r* derivative of My (t) w.r.t ¢
and setting t =0

_ ()
Hir) g =0
setting r = 1
d ot
py = = (p+ (1= p) ) limo
= (1—p) e |1=9
=(1-p)b
r=2
d
el = g (1—p)0e™ |1—
= (1—p) 6% | 1=
=(1-p)¢
r=3
d
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d
o = (1—p) 6% |10

= (1= p) 0" =0
=(1-p)6
The recursive relationship between factorial moments of ZIPo is given by
pp) = Opp—y T2>1
. The cumulant generating function of ZIPo is given by
Ky () = log My (2)
= log {p +(1—p) 69<et_1>}

The 7" cumulant of the distribution is obtained from the r** derivative of Ky (t)
w.r.t ¢ and setting ¢t = 0.

That is
b d" Ky (t) |
r At t=0
When r = 1, we have
b = ()
L= g =0
d 6(ct—1)
= 2 log (p+(1—p) ) |t=0

( )66 (etfl)th
p+<1_p)€g(et 1) |t 0
(1-p)0
:m:(l—m@

B d ( )66 (e —1)+t
ke = d_{ +(1-p) ee(et—l)} =0
(1 —p)9(96t+1)60(€t_1)+t{p+ (1—p) ee<et—1>} ]
- oty

) (p-+ (1= p) e =

_(=p) 0O+ (p+1-p)—(1-p)¢
(p+ (1—p))°
=(1L=p)0(0+1)—(1-p)*0°
=(1-p) 0>+ (1—p)0—(1—p)*¢°
=(1—p)0{0+1—-06+pd}
=(1—=p)0[1+ pd]
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4.11.2 Zero-Inflated Binomial Distribution (ZIBin)

o =aror=3 (7)o

k=0

From this we obtain

= —_— —_ k=0.1.2. ..
(kr)(He) (1+9) =02

Which is Binomial with parameters n and %.

By definition the probability mass function of ZIPSD is given by,
p+(1—p)po for k=0

(I=p)pr  for kE=1,2,3,...

Hence

n

p+(1—p)(ﬁ) for k=0

Pr(Yk‘){ . o
(1—p)(Z) (1%9) (ﬁ) for k=1,2,3,...,n

Which is the probability mass function of ZIBin with parameters n and -2

130
ii.

@) =n1+6)"" n=12,..
iii.

"0 =nn—-11+0)"%*n=23,..
iv. The mean is given by

B(Y) = (1= )% = (1= o™ o = (1= gl

1+6
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v. The variance is given by

S L () PR () N PR L (Ol
Var (Y)=(1-p)0 0 + (1 p)Gf(e) {(1 P)wa)}
010 L0 PO
"oy e ) {ef(H)}}

on(n—1) 0 0 1
0 1107 +n1+9—(1—0){”1—+9}}

LN EN)
ne— |
(1+9)2p 1+60 [1+0

vi.

d d , r+1 r / 1%
Mr41 = 7 |:@,U/r +T/~LT_1@:U’1:| +p<_:u/1) - [/J“T - p(_'u’/l) :| l:’u’l o : 1

but

Y R U 0. DY (AP PR
Hr41 = de#r Ty —1 pnd01+9 P p)n

r 0 (1—p)ni
} (1—P)n1+9— (1—p)+0]
nrphr—1

axo? +p<—(1—p)n ’ >T+1

—~ {ur—p(—(l—p)m) ] {(1_9)1+9_1—+9}

setting » = 1 we have

- {ur—p(—(l—p)n ’

)
|

d

no s n0? 2 _n°0°
M2:(1_P)m+0(1_’0) (1+0)2—p(1—p) (1+6)
n%6?
+p(1—p) 1107
nd n202
:(1—P)m+0(1_p)m

=(1—p){(17f9) {plre} +p%}
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vii. The probability generating function of ZIBin is given by

f(0s)
f(0)
(1+6s)"
(1+6)"

Gy(s)=p+(1—-p)

=p+(1-p)

, B (14 0s)" "
v o (14 Gs)n_2
Gy(s)=(1—p)n(n—1)0 N

setting s = 1, we obtain

nb

Gy (1) = (1-p) 1

(14 6s)" 2
(1+06)"

To obtain the mean and variance of ZIBin using pgf

GY(s) = (1= p)n(n — 1)

nf
1+6

E(Y)=Gy(1)=(1-p)

Var(Y) = Gy(1) + Gy (1) = [Gy (1))’

B n(n — 1)6* no
—(1—P)W+(1—P)1+9

{ N A }
1+9 102 146 P62

0 0
{ 1—1+¢0+n1+9[1—1+9]}

nd 1°
146

- {(1—/))

SIS
1+ 6)? "1 1+60|1+6
viii. The moment generating function of ZIBin is given by
f (0€")
My(t) =p+ (1 =p)
( 70
1+60e\"
- 1—
p+(1=p) ( o )
The 7" moment is obtained from the 7 derivative of My () w.r.t ¢ and setting
t=0ie. My (1)
r Y
My = dtr |t:0
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For r = 1, we have

The variance is given by

po = juy — it
0 \° 0 n26?
:(1—p){n(n—1)<m> +n<m>_(1_p)(l+0)2}
0°n? n6? 0 n26?
:(1_p){(1+9)2_ arep "Tre P (1+9)2}

=<1—p){(19-2+n;)2 (1_1+p)+n1i0 [bﬁ}}

:(1—p>{(192+n;>2p+"1i0 =l

ix. Factorial moment generating function of ZIBin is given by
f(0+61)

f(0)
1+6+0t]"
fﬁT{

The r'" factorial moment is obtained from the r* derivative of My (t) w.r.t ¢
and setting t =0

Myy(t) =p+ (1 - p)

=p+ﬂ—pﬁ

d"Myy(t)
Hir] = T ar li=0

d 1+60+6t1"
Hop = 3 p+(1-=p) x4 |t=0
1+0+060t1""/ 6
—(1— S — ) |
( mn{ 1+6 ] <1+6>>|t‘0

—(P—mn<T§§>
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setting r = 1



_ - pnt 1+0+0t]"" (0 |
Har = =Py 116 110) ('

— (= - 1) [ FEE (%) o

1+6
ot (15)
r=3
= (L= (- 1) 5 |20 (%) o
— (- p)n(-1) (-2 [%} (ﬁ) oo
(- Pl —1)(n—2) (1%)
r=4
= (1= p)m(n— 1) (n - 2) & [%} (%) o
— - pn -2 -3 [T (O

=(1=p)n(n—1)(n—2)(n—3) (%)4

Therefore the recursive relationship between factorial moments of ZIBin is given
by

0
pp) = (n—r+1) (1—+9) Hr—1]

. The cumulant generating function of ZIBin is given by

Ky (t) = log My (t)
= log {p +(1-p) (11++9§t)n}

The 7" cumulant of the distribution is obtained from the r** derivative of Ky (t)
w.r.t t and setting £ = 0.

That is,

Ky (1)

kr dtr |t:0
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When r = 1, we have

dKy(t
b (D)

dt =0
d 14+ 0et\"
—Elog{p—l-(l—p)( 1+9) }|t0
1 a ) <1+96t)n_1<96t>‘
= n - n =
p+ (1—p) (B PIM\ T 14+0) =0
0
B
r=2

0
02n? N 0 [ 1 }
n
(1+06) 1+60 |1+0

:< _p) 5P
r=3
e-n ()" () - () (55)
b= (1= gt ~-n ()
A (o4 (=) (55))°
(- pn (n—1)(n—2) (%) +(n—1) (%) + (1) (%) +2(
’ 21— p)n (i)
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4.11.3 Zero-Inflated Negative Binomial Distribution (ZINB)

o =a-0-=3 (") o

k=0
From this we obtain
—a\ (—0)"
Pr(X =k)= < >—_a
k) (1-0)
— (1)t (‘O‘) o (1 6)°
k
— <O‘+:_ 1)9’%1 —0), for k=0,1,2,...

Which is a Negative Binomial Distribution. By definition the probability mass function
of ZIPSD is given by,

p+(1=p)po for k=0
Pr(Y =k) =
(I—=p)pr  for E=1,2,3, ...
Therefore
i.
p+(1—p)(1-60)" for k=0
Pr(Y =k)=
(L—p) (N0 (1 —0) for k=1,2,3,...

which is the probability mass function of Zero Inflated Negative Binomial Dis-
tribution

| FO) =a(—6"
| £1(60) = a(a+1) (1 — )

iv. The mean is given by

E(Y) = (1-@@%:(1—@@%, 0<fh<1
v. Variance is given by
vt =00 - a- o]
] e e R
—a-p {2y (104_920)2 + 10199 ~(1-p) (1aj9;)2}




vi.

d d / 7\7+1 I\T / ,U,/
fry1 =0 |:%,Ur ‘1‘7“,%1%#1] ‘|’P(_N1) - [Mr —P(—/h) } [/ﬁ - ! }

but 0
"=FE(Y)=(1- —
ph=B(Y) = (1= p)or—

Thus, the recurrence relation for the central moments of ZINB is given by

d d 0 o\
1 =0 {@Mr + rpr—1 (1= p) a@m} +p <— (1—p) am)

- {ur—p(—(l—p)al%ﬂ {(1—@0&1?9—@1?9]

=0 l%ur + (1 - p) grfrg)lz] ) <_ (1 p)oé£>r+l

T e B R

setting r =1

pg =0 l%m +(1—p) W;)g] +p (— (L—p) a%)Q

(1-
== ()| [ - o]

—-p) = = e (%)Q—p(l—p)%2 (&)2

(1-06)°
(1—p)a®p?
e
ob a?6?
= (1—0){(1_9)2 +p(1_9)2}

SR e ] ”%}

vii. Probability generating function for ZINB is given by

_ f(6s)
B o (@=0s)"
(8 = (1— o) (1—0s)" "
Gy(s) = (1= ot =20

" . _ ala 2(1_0‘9)7(172
GL6s) = (1= pala+ DI e
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setting s = 1 we obtain

, af
NN 1)6?
Gy (1) = (1—p) 1_ 9)2
To obtain the mean and variance
, af
BY) = Gy(1) = (1-1) 7
Var(Y) = Gy (1) + G4 (1) =[Gy (1)
o oot 1)6? B af B af 1?
0202 0% ab a’6?
~ 0=~ e T~ G )

:(1_p){%(1—1+p)+a139 {1_139}

—(1-p) { (192_a;)2p - O‘% [ﬁ] }

viii. The moment generating function of ZINB is given by

f (0e")
f(0)

My(t) =p+(1-p)

The 7" moment is obtained from the r** derivative of My (t) w.r.t ¢ and setting

t =0 1i.e.
= d" My (t)

g =0

For r = 1, we have

1-0
—(1-p)(-a) (11‘_9§t)_a_1 (725) s
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1X.

The variance is given by
po = iy —
a?0? ab? 0 a?0? }
=(1- + +a —(1-
(1= 1 -

:(1—m{afﬁyp+ayf9L}ﬂ]}

Factorial moment generating function of ZINB is given by

F(0+01)
£(9)

v [550]°

Myy(t) =p+(1-p)

The r*" factorial moment is obtained from the r* derivative of My (t) w.r.t ¢
and setting t =0

Hr] BT U
setting r =1
d 1—-0—0t1 "
Py = %{PWL(l_P) [—1—9 } } =0
1-0—-0t] 7/ 0
=-S5 () e
0
=(1-pa (1—_9)
r=2



0 \>d[1—0—0t]""
wo = -pat+ ) (155) § 55| e

—a-patar e+ (1255) 552 e

—(1-pla(@+1)(a+2) (m)s

r=4

0 \’d[1—0—0t] "
pa =1 —-p)ala+1)(a+2) (m) E[ﬁ] |t=0
0

— (- palat D+ a3 [0 (%) o

0
=1-pala+l)(a+2)(a+3) (L)

Therefore the recursive relationship between factorial moments of ZINB is given
by
( - 1) s
1= (m+r .
P g ) M1

. The cumulant generating function of ZINB is given by

Ky (t) = log My (¢)

— log {p+ (1=7) (11_—09€t)_a}

The 7" cumulant of the distribution is obtained from the r** derivative of Ky (t)
w.r.t t and setting ¢ = 0.

That is,
e d" Ky (t) o
r di t=0
When r = 1, we have
by = dKy(t) o
dt B

d 1—0et\ ™ °
—Elog{pﬂl—p)( 1_9> }|t=o

Tl pi (%)™ =) (11_—9;t)_a_1 (%06;> o

1-0

0
—(1—P)am
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0 1
= — o t=0
dt p+(1—p) (%)
( 1—6et a2 fet 2 1—6et —a-l fet )
(-pa+y () () +0-na () (i)
2
2 Pet
—(1—=p)a? 1.0

o 2 lt=o

(p+1-p)°
:(1—p){a(a+1) (%) +a&—(1—p)a2 (%) }
a?6? ab? 0 a?6?
==+ o ot~ -0 5

)
:(l—p){(lai0;)2p+a1f¢9 {1i0]}

xii Special case when o« = 1 we have
p+(1—=p)(1—0) for k=0
Pr(Y=k)=

(1—p)0F(1—0) for k=1,2,3,...

which is the probability mass function of Zero Inflated Geometric Distribution

(ZIGD)

The mean is given by

Variance is given by

Var(Y):(l_p){(1f29)2p+139 (119)}

The recurrence relation for the central moments of ZIGD is given by

_ da +(1=)p) 71 o )L r+1
Hr41 = delur P (1_9)2 p P 1-6

e ) et
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Probability generating function for ZIGD is given by

B o a- 0s) "
Gy(s)=p+(1 p%ajgfr
/ (1_‘95)72
GY - - 069 1
()= 1= =2

1—0s)®

setting s = 1 we obtain

G =00 =

Gy(1) = (1 - p)

To obtain the mean and variance

Var(Y) = Gy(1) + Gy (1) = [Gy (D)’

:(1—p){(1329)2p+1€9{1i9”

The moment generating function of ZIGD is given by

Mﬂﬂ=p+(bwﬁ<31%j_l

The " moment is obtained from the r** derivative of My (t) w.r.t t and setting

=01i.e.
r_ dTMY(t)

MT dtr |t:0
, 0
py=(1-0p) (m)

S 6> 6> 0
Mz—(l p){(1—9)2+(1—9)2+1_9}

The variance is given by

For r = 1, we have

po = py — p

02 02 0 §2
:(1_”){(1_9)2+(1—9)2 T 4r) (1—9)2}

—(1—p){(1ﬁ29)2p+1fe [1i9”




Factorial moment generating function of is given by

f(0+6t)

My(t) = p+ (1= p) 70

The 7" factorial moment is obtained from the r* derivative of My(t) w.r.t ¢
and setting t =0

Hr] g =0
setting r = 1
—-p) (2
By = p 1-¢
r=2 )
0
pe =1 =p)2{ 15
r=23
9 3
p = (1-p)6 1T-3
r=4

M[4}:(1—P)24(1_9

Therefore the recursive relationship between factorial moments of ZIGD is given

by
0
K =T 1-9 Hir-1)

The cumulant generating function of ZIGD is given by

Ky () = log My (¢)

= log {p +(1-p) <11__9§t> _1}

The r** cumulant of the distribution is obtained from the r** derivative of Ky (t)
w.r.t t and setting ¢t = 0.

That is,
b d" Ky (t) |
r dtT t=0
When r = 1, we have
0

Joy = (1—p){<1aj6;)2p+0‘1ﬁ6 {liH]}
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4.11.4 Zero-Modified Logarithmic Series Distribution (ZILS)

f(0) = —log(1 - 0)
From this we obtain

gk

And by definition the probability mass function of ZIPSD is given by,
p+(L=p)po for k=0
Pr(Y =k)=
(I—p)pr  for k=1,2,3,...
Therefore

i.

for E=0

P
Pr(Y =k) =
k
(1—p)m fOT k:1,2,3,...

which is the probability mass function of Zero-Modified Logarithmic Series Dis-

tribution

ii.

iii.

iv. The mean is given by

0 1 1
B0 = 1= 0 g = 1= (725) - S

_ —(-p
(1 —0)log(1—0)

v. Variance is given by

Var(v) = (1 - 902 Z 0 4 = ol 10 [(1 ~p) e@]

1) f(0) ()
_p2 B 0
_ (1 _ ) (1—6)21og(1—0)  (1-0) log(1—29)
’ { —1=0) [W}
{ —6? log ( )log( 9) _ (1 _ p) 92}
1 — 0) [log(1 — ]
{ 910g (1—6)—(1-p) 92}
log 1 — ]2
Hlog(l —0)+(1—p)b
= { (1-06) log 1 - 0)? }
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vi.

d d ) )
prsr =0 | —opte ety |+ p (=)™ = [ = p(=11)'] {u'l - }

but

/ _(1_/))9
m=EX) = (1 —0)log(l—0)

Thus, the recurrence relation for the central moments of ZILS is given by

g1

-’ {d%m i (1=0) d% ((1 —0) lgg(l — 0))} +p ((1 __9<)110_g(p1) 0_ 9))T+1

B [“’“ -7 <<1 = e(>11;g51) - e>ﬂ {u = e(>11;g<pl) - o) (1—0) 1§g<1 = HJH
_9 {d%ur — (1= p) o1 Klligé)ll;g@()lt@e)]Q} N <<1 :9()110—g(p1) 9_ 9))
B [“’“ -7 <<1 = e(>11;g51) - e>) } {u = e(>1lo_g<pl) - 6) " (1—0) 1§g<1 = eﬂ

setting r = 1

d log(1 —6) + 6 —1-p)6 \°
Ha = Hlde“l (1= p)r’“‘o[( 9)1og(1—9)]2]+p((1—9)10g(1—9)>

[‘“ { (>1og<1>9— >H [( —9(>11;g<pl)9—9>*(1—9>1zg<1—9>}

(1-

{ 910g (1—6) +6? } p0> (1 — p)* p*6° (1 - p)
[(1—0)log(1l — [(1—0)log(1—0)* [(1—6)log(1l—0)]
{Qlog (1-10) +02+p«92(1— )+p202}

0)log(1 — 0)]?
Hlogl— +92+p92[1—p+p]}
0)log(1 — 6)]?
o 910g1—9)+92(1+p)
- ”){ e

vii. Probability generating function for ZILS is given by

[ (0s)
f(9)
log (1 — 0s)
log (1 —0)

Gy(s)=p+(1-p)

=p+(1-p)

! _ _(1_:0)0
) = T e (1=0)
—(1—p)0?

Gy(s) = (1 —60s)*log (1 —6)
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setting s = 1 we obtain

! . —(1—p)(9
Gy (1) = (1—6)log(1—0)

Gy = G0
(1 —-0)"log(1—0)

To obtain the mean and variance

, —(1-p)0
E(Y)=Gy(1) = (1—6)log(1—0)

Var(Y) = G4 (1) + Gy (1) - [Gy (1)
—4- o) ° (1-p)0 [ —(1-p)0 }
(1-6) (-0log1—0) [T 0)log—0)

—92 _ 9
)2 log(1—0) (1-0) log(1-0)
1 _ (1—pe*

T a- 0 ) log(1—6))?

) log
% 62log (1 — ) — Olog (1 — 0) + 6’210g(1—9)—(1—p)92}
—p)

[(1—6)log (1 —6))?
—(1- )92}
log(l —0))*

{Hlog(l— 0)+ (- )92}
[(1—6)log (1 - )]

viii. The moment generating function of ZILS is given by

My(t) =p+(1—p) f;(eg)t)
B log (1 — fe?)
=r+(l=p) log (1 —0)

The 7" moment is obtained from the 7 derivative of My () w.r.t ¢ and setting
t=01ie.

d" My (t)

I

/’Lr - dt,,. |t:0
For r = 1, we have

p)) dlog(l—@e) li=o
(1—p)be

~ (1= 06e")log (1 —0) =0
__ —(1=p)b
~ (1—0)log(1—0)

log

i ) ey} e
(i
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1X.

, _—(1-p)0d €t|
M_bm1eﬂﬁ1—W):

- —p)0 (1—0et) + ‘962t |
B log (1-— 9) =0
—p)b

(1 HW%O 0)

The variance is given by

po = juy — it

=- p){(l—eflog(l—e) ’ [(1—9>10g<1_9)]2}

flog(1—6)+ (1—p) 6
~1-0 (1= 0)log (1= )] j

Factorial moment generating function of ZILS is given by

N%ﬂ0=p+(l—mi%%§ﬁ
b (1) AL

The r*" factorial moment is obtained from the r* derivative of Mjy(t) w.r.t ¢
and setting ¢t = 0

ZJMNW
Hir) dir t=0
setting r =1

d 1—0—-0t

= o {P + (1= p)log (—1 — )} =0
log(1—60) (1—6—6t) "™
__ —(=p

(1—-0)log(1—0)

r=2

_ —(l-p) d 0
M2 = Jog (1 0) ‘%{(1—9—9@} =

_ —(-p) 02
~ log(1-0) {<1—9—9t>2} o

_ —(=pe
(1—6)*log (1 —6)
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—(1—p)6* d 1
M8 Tog (1—0) " dt (10 o)
—2(1—p) 63
= 3 |i=0
(1—-0—0t)"log (1 —0)
o 2(1-pe
C (1—-6)*log(1—10)
r=4
—2(1—p) 6% d 1
M Tlog (1= 0) dt (10— 01)° e=o
_ —6(1—p) 0"
T (1—0—0t) log (1 —0) 0
—6 (1 —p)0*

(1—6)*log(1—6)

Therefore the recursive relationship between factorial moments of ZILS is given

by
0
Hr] = (r—1) 1-0 Hr—1]

x. The cumulant generating function of ZILS is given by
Ky (t) = log My (t)

log (1 — fe?)

=1 1l—p) ———=

The 7" cumulant of the distribution is obtained from the r** derivative of Ky (t)
w.r.t ¢ and setting ¢t = 0.

That is,

_ d"Ky (1)

ki _
pra

When r = 1, we have

B dKy(t) |
a =

d 1 — 0et
=Elog{p+(1—p)log( T 0 )} =0

= ! - (A=p (—Qet)’
p+(1—p)log (&) log(1—0) \1— et t=0

. —(1=p)¥

- (1-0)log(1-10)

Ky
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r=2

(1-p) —0e?

I __(1_p)i log(1—0) (1 eet) |

2 dt p + (1 _ )log (1 95t> t=0
1-p)0 et e 1— 2t
e {u—eef)Q [p+ (1= p)log (1 = ﬂ + Tl <1§eef>2}

" log(1-6)
{p+ = p)og (125)}
1
2

|t=0

o 1 (1-p)
=-a '0)9{(1—9) log(1—0)+(1—9) [log(l—G)]}

(l—p){( (1_)02+910g(1—9)}

0)° [log (1 - 6))"

A summary of ZIPSD distributions with their corresponding pmf and pgf are given
in the table (3.2) below

Pr(Y = 0) Pr(Y=k), S— {0} vef
ZIPo(4, p) p+(1-pe? (1-p) eHA*‘ p+(1- p)eieD
(P A-p)™ | p+(-p)1-p+psT

ZIBin(n,p,p) | p+ (1- p)(1-p)"
ZINB(a.p,p) | p+(l-pp* |(1-

p)( ‘Hi—l )pa(l _p)k pt (1 - p){(l— p_p)s)
k I 1-ps]

P
(I_P)m pT U‘P) n(1p)

ZILS(p. p) p

Table 3.2 Summary of zero-inflated discrete distributions
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Chapter 5

Estimation of the Parameters of
Zero-Inflated Power Series
Distribution

5.1 Introduction

This chapter entails the estimation of Zero-Inflated Power Series Distribution para-
meters based on two methods; the maximum likelihood and the method of moments.
Two parameters will be estimated, the first parameter indicating inflates of zero p
and the other parameter 0 is that of power series distribution. Also, the special cases
of the Zero-Inflated Power Series Distributions that includes; Zero-Inflated Poisson,
zero-inflated binomial, zero-inflated negative binomial and zero-modified logarithmic
series distribution will also be covered.

5.2 Moment Estimator of ZIPSD

A random sample of size n, taking the values x, xs, ..., x,, from ZIPSD defined as

p+(1—p)% for x; =0

0%i

(1—p)ajf(9) for x;=1,2)3,... a;;, >0and0<p<1

with unknown p and 6. The estimates of the parameters 6 and p is obtained by the
method of moment by equating the first » sample moments about zero, to the corre-
sponding population (distribution) moment. That is,
Let -
. "
mzzh, k=1,2,...,r

n

be the r*" sample moment about the origin.

and let
w,=FE(X*), k=1,2,....r

be the corresponding " distribution moment. Where r is the number of unknown
parameters. The method of moments is based on matching the sample moments with
the corresponding distribution moments and is founded on the assumption that sample
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moments should provide good estimates of the corresponding population moments.
Because the population moments ), are often functions of the population parameters.

For ZIPSD the number of unknown parameters is two (r = 2); p and 6. Therefore
we take the first and second distribution moment given by u} and p), respectively

0 =B () = (1)
and
W= (X% = (1 —p)G{%f”(f)) T %}

Also, the first and second sample moments m} and mj, are respectively

n
i—1 Li _
mll — Zz—l -7
n
and s 2
R o
mIZ — 1=1""1
n

equating the distribution moments with the sample moments, we get

RPN G
N
e Vi ot 0 1'(0)
e :“_M{f(e)"’ww>+ f<9>}

We obtain moment estimators of p and 6 by solving the above simultaneous equations.

The method is fairly simple and yields consistent estimators though these estima-
tors are often biased. Thus the estimates obtained by the method of moments will be
used as the initial estimate to the solutions of the likelihood equations, and successive
improved approximation of 0 may then be found by the Newton-Raphson iteration
method.

5.3 Estimation of the Parameters Using Maximum
Likelihood Function

A random sample of size n, taking the values xi, xs, ..., x,, from ZIPSD defined as

p—i—(l—p)% for ;=0
Pr(X =u;) = i
(1—p)% for z;=1,2,3,... a;,, >0and0<p<1
with unknown p and 6. The estimates of the parameters # and p are often found by
the method of maximum likelihood. Where the random sample =i, s, ..., x, are
considered to be known. The joint probability mass function (pmf) of the sample is
the product of individual pmf of 2’s, called the likelihood function defined in (5.1) and,
it is a function of parameter  and p. We find the values of # and p that maximizes it.
This is equivalent to maximizing the logarithm of the likelihood function(the log of the
likelihood function) with respect to 6 and p respectively. Mathematically it is easier
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to maximize the logarithm of the likelihood function than the likelihood function, as
it replaces the product by the sums. Moreover, it allows the use of the central limit
theorem when studying the properties of maximum likelihood estimator.

Consider the likelihood function defined by

n

“9’“@2}1{”*““’) f‘z;)}lbi{<1—p>a;i$i}bi 0. 050 (5.1)

where b; =0if z; =0and b; =1if z; =1,2,3,....
Maximum likelihood estimators (mles) of 6 and p is obtained by maximizing log L (6, p; x)
with respect to 6 and p respectively, where

log L (0, p;z) = no log {p+ (1—p) %} +Z?:1 bilog (1 —p) (5.2)
- + E?:l bilogay, + Z?:l bizilogd — Z?:l bilog f (0)

Where ngy denotes the number of observations that are zeros in the sample. Differen-
tiating log L (0, p; x) w.r.t p and 0, we get

( " b
60 pr(-p i (-p) >3

OlogL ”0{ 7(0)° Do biwi DL bif' (0) (5.4)
9 pr(l-p) s 0 10 |
To show that p and 6 are maxima we take the second derivative of the log likelihood

function w.r.t p and 60
That is,
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—(1—p)ao f'(0) n n ,
9*log L _ 2 "o < 1) ) + Zi:l biw; . Zi:l bif' (0)
00? 0 p—l—(l—p)% 0 f(0)

) { () } L0 {Einkn) 0 (5 0)
90 ) p+(1-p) 15 90 0 90 10
SISO S OF  no(l-p)aof” (0)
f(9) f(0) FO)p+(1—p)f(0)a
=g O) @G p+ (1=p) o) L5~
(0 p+ (1 —p) f(8) ao)’ 0

Since 9% log L 0%log L
o8 <0 and o8

0p? 062
Then it has a local maximum at p and 6 respectively.
Equating (5.3) and (5.4) to zero and solving for p and 6 we get

<0

B (
1=p)  p+1-0) 15

but .
substituting this in (5.5). We obtain

Qo

iy~ e =m = o1 )

e TR G 7)) S R U )

(n —mno) p+ (n — nog)

o= —(n —mng) ag +ng (f (0) — ag)
(n—mno) f(0) — (n—ng)ag —no (f (0) — ao)
o= —(n —ng) ag +no (f (0) — ao)
(n —no) (f () — ao) —no (f (0) — ao)
1o (£ (6) — ag) — (n— o) ay
n(f(0) — ao)

nof (é) — nag

) -w)

(5.6)

and
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i bii o (1 - p) aof” <9> +

0 %
. A ag
f( ) {P"‘(l p) f@)]
Where p and § are the mles of p and 6 respectively.
Substituting the value of p in (5.7), we obtain

(%)

2img biTi no (1= p) aof’ <9> N

0 f (é)2 {ﬁ+ (1—p) f%%)} f (9)
" (%F"O—)]f—(‘i)o af’ (9) [n—ng] f' (6)

F(o) 20
B [n — nglagf’ (é . [n —ngl f' <é>
PO ) -w) ) ()
S b wf' () 1(0)

S ()

Z::l bif’ <‘§>

(5.7 a)

but Zi=L%%i — 7 (the sample mean of the positive observations). Therefore replacing

[n—ng]
this in (5.7a) above we obtain

=10 fl(é)

7(6) = a0

Which is non-linear equation in #, a numerical procedure like Newton-Raphson

method can be used to find 6.

To obtain 6 using The Newton-Raphson Iteration. Let r be a root of the equation
F(B) = 0. We start with an initial estimate 6y of . From initial estimate 6, (preferably
obtained by method of moment), we produce an improved estimate 6,. From él, we
produce a new estimate 0. From 92, we produce a new estimate é3. We go on until
we are ‘close enough’ to r or until it becomes clear that we are getting nowhere. The
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general style of proceeding is, if f, is the current estimate, then the next estimate ér+1
is given by
7 (8:) = ao

7o)

and substitute the value of 0 in (5.6) to obtain p.

01 =1

5.4 Special Cases

5.4.1 Zero-Inflated Poisson Distribution
Moment Estimator of Zero-Inflated Poisson Distribution

The first and second 7" moment for ZIPo are given by

up=E(X)=(1-p)b
uy=E(X*)=1-p)0>+(1-p)b
and the first and second 7" sample moment are given by
’ Z?:l Li

n

and

r_ Z?:l 3712

m
2
n

Equating the distribution moments with the sample moments, we get

z=(1-p)b (5.8)

and

Limt% (- g2 (1 )0 (5.9)

n

Solving (5.8) and (5.9) simultaneously to get the moment estimators of p and 6. We
have

E?:l 3512

n
n

fo = Z0n + In

i=1

n
E r? — In = T6n
i=1

=20+7

That is
n 2 _

0 — Zi:1 Ty — TN

Tn

no 2

_ 21:1 Z;

xTn

-1

135



substituting the value of § in (5.8) we obtain

T=(1-p)b
That is

R z
p=1-=
0

R

2

_q z°n

Estimation of Zero-Inflated Poisson Distribution Parameters Using Full
Likelihood Function

A random sample of size n, taking the values x1, xs, ..., x,, observed from ZIPo distri-
bution. The likelihood function is given by

—0px; \ bi
L(0,p;x) II@+—L—)€ﬂPM{O—pVE? } 0,p>0

where b; =0if x; =0and b; =11if z;, =1,2,3,....
The corresponding log likelihood function is given by

log L (6, p;z) = nolog (p+ (1 —p —i—Zblog (I—p

-0 i b; + Z bix;log (0) — Z b; log ;!
i=1 i=1 i=1

where ny = number of x;’s equal to zero in the sample.
Therefore Maximum likelihood estimators (mles) of # and p is obtained by maxi-
mizing log L (0, p; z) with respect to § and p respectively. That is

OlogL _ mo{l—e} 3L, b
dp  p+(l—=ple? (1-p)

(5.10)

GlogL_ng{—(l e’} ZZ 1 Zb

00 p—i—(l—p)ee (5.11)

Equating (5.10) and (5.11) to zero and solving for p and 6 we get

E?:l bi _ "o {1 — 6_0}
(I=p) p+Q—pe?

Zbip+ Zbi (1—p) e ¥ =n, {1 — 6_9} — png {1 — 6_9} (5.12)
i=1 i=1
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but .
n—ng= Z bz
i=1
substituting this in (5.12). We obtain

(n—no)p+(n—ng)e’—(n—ng)pe =ng{1—e} —pnog {1 —e7’}

P {n — ne_e} = —ne '+ Mo
R nog — ne=?
P=—F7 "N

n (1 - 6—9)
noeé -n

_ e on (5.13)
n <69 - 1)

and

> iy it B
01 :p+(1_ _9+Zb (5.14)

Where p and 6 are the mles of p and 6 respectively. Substituting the value of j in
(5.14) .We obtain

n—n -0
> iy bimi " <”(1€09)> ‘
é N —ne=f%4n n—n _0
n(l—e*é)o + <n(1—eo§)> €

»
ng (n —ng) e
- 0< U) —i—(n—ng)
—ne=0 4+ ng +ne=9 — nge=0

(n—mngp)e 0

+ (n —no)

= ———— +(n—np)
(1<)
Yoz (n—ng) e=?
— = — +(n—n
0 1—e? ( 0)
noyo -
—Zi:l biti =40 S +1
(n —no) 1—e?
) 0
T = _
1—e?
g
ed —1

where 7 is the sample mean of the positive observations.

To obtain 6 using The Newton-Raphson Iteration. Let r be a root of the equation
f(0) = 0. We start with an initial estimate f of r. From initial estimate 6 (Preferably
the estimate obtained from the method of moment), we produce an improved estimate
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6:1. From él, we produce a new estimate 92, and the general style of proceeding is, if
6, is the current estimate, then the next estimate 6., is given by

0,
A e’r — 1
0.1 =12 _
+1 { o0, }

and substitute the value of 6 in (5.13) to obtain p.

5.4.2 Zero-Inflated Binomial Distribution
Moment Estimator of Zero-Inflated Binomial Distribution

The first and second r** moment for ZIBin are given by

W= B(X) = (1= p)nyy

uy=E (X?) =(1-p) {927(157:__9)12) —l—nlf_e}

Equating the distribution moments above with the sample moments, we get

T (1—p) nl;ig (5.15)

D i T { on(n —1) 4 }
=177 (1 — 0 + 5.16
e e R (5.16)
solving (5.15) and (5.16) to get the moment estimators of p and §. We have

> i1 T —(1— on(n —1)

n oy

and

1_
+ ( p)nHQ

(1—1—9)2”:1:?:a_:n(n—l)9+§:n(1+9)

i=1

ixf —i—@ixf = 7n*0 — Znf + Tn + Tnd
i=1 i=1
zn*0 + In = Zn:xf +9ix?
i=1 i=1
0 {a‘:n2 — Zn:xf} = Xn:az? —an
i=1 i=1

n 2 =
0 — Zi:l Ty — IN

=2 n 2
n Zi:l &y

That is
) > T —n

n Zi:l €T3
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substituting the value of § in (5.15) we obtain

0 0
"Tve "1y
T+ x0 = nb — npb
T+ 20 —nb = —npb

Therefore

Estimation of Zero-Inflated Binomial Distribution Parameters Using Full
Likelihood Function

A random sample of size n, taking the values xy, o, ..., x, observed from ZIBin
distribution. The likelihood function is given by

L0, ) =ﬁ{p+<1—p> (ﬁ)} {a=n (") <1+9>‘“}bi 0.p>0

where b; =0if x; =0and b; =1if x;, =1,2,3,....
The corresponding log likelihood function is given by

log L (6, p;z) = nolog {p+ (1—p) (1 +6)"} + Zbi log (1 —p)+ Zbi log (;L)
i=1 i=1 L
+ Z b;x;log (0) — Z bnlog (1 +6)
i=1 i=1

where ny = number of x;’s equal to zero in the sample.

Maximum likelihood estimators (mles) of # and p is obtained by maximizing log L (0, p; x)
with respect to 6 and p respectively. That is

(910gL - no{l—(1+9)_n} Z?:lb’i

dp p+1—=p)(1+6)"" C(1—p) (517)
dlog L — no {_(1 _P>n(1+0)7n71} iy i _ > iy bin
0 " pr(-pa+o 0 (1+6) S

Equating (5.17) and (5.18) to zero and solving for p and 6 we get
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Siiabi_ o[- (1+0)7"]
(L=p)  p+(1=p)(1+6)7"

Zbip + Z bi(l—p)(1+0) " =ng[L=(1+0)"] —pno[L = (1+6)7"] (5.19)

but .
n—mnog= Z bz
i=1

substituting this in (5.19), we obtain

(0= o) p+ (n— ) (1= p) (1+0)" = mp [1 — (14 6)"]
—png [1—(146)™"]
(n—mno)p+(n—no)(1+0)" —p(n—mng) (1+6)" =no—no(1+06)"
— png + png (1+60)™"
p{(n—mng) — (n—no)(1+0) " +ng—no(1+6) "} =ng—ng(1+6)"
—(n—mno)(1+6)"
p(n—n(l+6)")=ny—n(1+6)"

= ; (5.20)

and

> i i _ " {(1 ~Am <1 i é>7 7 } 4 2izy bin (5.21)

~

0 ﬁ+(1—ﬁ)<1+é>_n L+4

Where p and § are the mles of p and 6 respectively. Substituting the value of p in
(5.21) .We obtain
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s () 000 L (= ng)n

9 :gl_n((li;)_% i (n(1?§12)‘")> (1 T é) h L+0

no(n—no)n<1+6’) (n —no) n
no—n<1+é>_n+(n—n0)<1+é)_n 146

N —n—1
_no(n—no)n(1+0> (n — ng) n
N no—n0(1+é)_n 1+é

N\ —n—1
Doy biwi (n—no)n (1 + 9> + (n —mng)n

0 1—(1+é)_" 140
( AN\ —n—1
n bzz n<1+6>
Zzz—lxz(n—no) — + o
0 1—(1+9) 140
\
( A\~
i=1 _ +1

(n—mno) (1+é) \1—(1+é>_n

. n 0
<1+é) 1— <1+é>*n
é<1+é>n

(1 + é)nH - (1 +é)

where 7 is the sample mean of the positive observations.

To obtain 6 using Newton-Raphson Iteration. Let r be a root of the equation
f(0) = 0. We start with an initial estimate §, of r. From initial estimate 6 (Preferably
the estimate obtained from the moment estimation method), we produce an improved
estimate 6. From 01, we produce a new estimate «92, and the general style of proceeding
is, if 6, is the current estimate, then the next estimate 9T+1 is given by

N 1+46
i {—< +4) }
(14 6,)"
and substitute the value of 0 in (5.20) to obtain .
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5.4.3 Zero-Inflated Negative Binomial Distribution
Moment Estimator of Zero-Inflated Negative Binomial Distribution
The first and second r** moment for ZINB are given by

, 0
u=EX)=([1-pa—
a?6? af?

0
+ +oa—p
1—07 (-0 1—0}
Equating the distribution moments above with the sample moments, we get

7

1é=E@W)=(1—M{

z=(1-p) aT—y (5.22)
and En 2 292 02 2
_%%i:<1_m{ﬂ—ﬂf+fl—@2+a1—9} (5.23)

Solving (5.22) and (5.23) to get the moment estimators of p and 6. We have

S a? { a?6? af? 0 }
==l (] — + +
no U TN Ty T

~ , (1=p)na?6* (11— p)nab? B 0(1-0)

fo — Qfo = znfa + Tnb + Tn — Tnb
i=1 i=1

n n
fn@a—i—fnzg xf—eg x?
i=1 i=1
n n
0 Enoz—i-g xl = g ri — an
i=1 i=1
D T =T
j_ iz Ti —an
= —
Tna+ S, 7

That is
n 2 -
6 — Zi:l T; —IN
= = C—
Tnoa+ ) 1

Substituting the value of f in (5.22) we obtain

0
e
z=(1-plag—

o0
Y9 P19

T —10 = ab — apb

T —10 —al = —apb
Therefore
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T T

p=1-—+—
afd o -
T T
—1- L
Q{Z?—lwf—xn}+&
S S
L T{Tna+ Y a7 —i—i
a{Xi @i —In} o

Estimation of Zero-Inflated Negative Binomial Distribution Parameters Us-

ing Full Likelihood Function

A random sample of size n, taking the values xy, x3, ..., x,, observed from ZINB

distribution. The likelihood function is given by

L0, p;zx H{p~|— (1—p)(1—0) " {(1—p) (a +i:'—1)0xi(1_0)a}bi

where b; =0if x; =0and b; =11if z;, =1,2,3,....
The corresponding log likelihood function is given by

log L (0, p;x) = nglog {p + (1 — p) (1 —9)a}+zbz-log(1 —p)

+Zb10g(o‘”’ ) bezlog )—i—ibialog(l—é)
=1

Where ng = number of x;’s equal to zero in the sample.

Maximum likelihood estimators (mles) of § and p can be obtained by maximizing

log L (0, p; z) with respect to 6 and p respectively. That is

Ologl _  1-(1-0)" ¥
dp o+ (l-p) (-0 (1-p)

dlogL  ang(1—p)(1—6)"" N S biwi Y bia
2 p+(1—-p(1-06)° 0 1-6

Equating (5.24) and (5.25) to zero and solving for p and 6 we get

2 bi _ 1-(1-0)"

(l—p) p+(1-p(1-0)"

sz-p+zbz~(1—p)(1—9)“=no[1—(1—9)a]—pno[l—(l—Q)“]

but

n—ng= Zb
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Substituting this in (5.26) . We obtain

(n—mn0) p+ (n—no) (1 —p) (1 —0)" =ng [l - (1—0)7]
—pmo[1—(1-0)7]
(n—mng)p+(n—mn0) (1 —60)" —p(n—ng) (1 —0)"=ng—ne(l—0)"
— png + pno (1 — 6)°
p(n—mnog—(n—mnp)(1—=0)"+ng—ne(l—0)")=ng—ng(l—0)"
(0= n0) (1 - 0)°

p(n—n(l—60)")=ny—n(l-06)"

) ng—n <1 — é)a
r (1 _ (1 —f)a>
_ (1 9>_ - (5.27)
n {(1 _9) - 1}
and
Z?:l b, _ oo (1—p) (1 — é) " . S bia (5.28)

0 ﬁ+(1—ﬁ)(1—é>a 1-0

Where p and 6 are the mles of p and 6 respectively. Substituting the value of j in
(5.28) .We obtain
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B ang (n — ng) (1—@) ) (n —no) @
fno—n(l—é>a+(n—no)(1—é>a 1—46
g n—n0)<1—9> n—no)a
N ng—ng(l é)a 1-4

ang (n — ng) <1 9) n—no)a

W(= i)

o 10 1—(1—é)a+1
>y iz ab 1
(n—mno) 1-9 1—(1—é)a
_ af 1
7—

9(1—0_)aa 1
(1—é) —1

where 7 is the sample mean of the positive observations only.

Using Newton-Raphson method first we find 6 as follows. Let r be a root of the
equation f(f) = 0. We start with an initial estimate 0 of 7. From initial estimate 0 (the
estimate obtained from the moment estimation method), we produce an improved
estimate 6;. From él, we produce a new estimate ég, and the general style of proceeding
is, if 0, is the current estimate, then the next estimate QATH is given by

(1 _ 0}) .
« (1 — éT) o

and substitute the value of 0 in (5.27) to obtain .

&I
Il
o

9r+1 =T

5.4.4 Zero-Modified Logarithmic Series Distribution
Moment Estimator of Zero-Modified Logarithmic Series Distribution

The first and second r** moment for ZILS are given by
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—(1-p)0

uy = E(X) = (1 —0)log(l—0)

! 2\ _ _ _62 — 9
vp = E(X) =1 p){(1—9)21og(1—9) (1—9)1og(1—9)}

Equating the distribution moments above with the sample moments, we get

. —(1=p)0
T —6)log(1 —0) (5:29)
and s 2 52 p
i=1Ti —
== = (1 - — 5.30
n ( p){(1—9)210g(1—9) (1—9)log(1—9)} (5.30)
We obtain moment estimators of p and 6 by solving Eq (5.29) and Eq (5.30) to obtain
Yiar = (1-p)0? —(1-p)f
n (1—6)>log(1—6) (1—06)log(1—¥0)
D i1 T _ a0 -
0= "
Z:cf —GZx? =znf — znb + In
i=1 i=1

Therefore

i1
Substituting the value of  in (5.29) . We obtain
—(L—p)¥
(1—0)log(l—0)
(1—6)log(1—0) = — (1 - p)

T =

I
|
—_
|
)

Hence

*n log {%}
A — 1= K3 _ 1
P S a?—In

=11

Estimation of Zero-Modified Logarithmic Series Distribution Parameters
Using Full Likelihood Function

A random sample of size n, taking the values x1, x», ..., x,, observed from ZILS distri-
bution. The likelihood function is given by
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L(0,p;z) = H{p}l”” {(1 N 109;1 — 9>} 00

where b; =0if x; =0and b; = 1if z;, =1,2,3,....
The corresponding log likelihood function is given by

n n 1
log L (0, p.z) = nolog (p) + > bilog (1= p) + Y bilog —
i=1 i=1 t

+ Z b;x;log (0) — Z b;log (—log (1 —0))
i=1 i=1

Where ng = number of x;’s equal to zero in the sample.
Maximum likelihood estimators (mles) of § and p can be obtained by maximizing
log L (0, p; ) with respect to € and p respectively. That is

dlogL 1 37 b

Ng— — 5.31
dp " (1-p) (5:31)
log L T b b
0 0g —_ Zz:l x o Zz—l (532)
00 0 —(1=6)In(1-0)
Equating (5.31) and (5.32) to zero and solving for p and 6 we get
r b 1
Zz:l = ng—
(1-0p) p
Z bip = ng — png (5.33)
i=1
but .
n—mng= Z bz
i=1
Substituting this in (5.33). We obtain
(n—no)p:no — PNo
(n —mng +ng) p=ng
o
p —_
n
~ T
= — 5.34
p=- (5.34)
and
i b b
Zz:l T — szl (535)

0 ~(1-0)m(1-4)
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0 —(1—é>1n<1—é>
Z?:lbixi_ 0
(n—no) —<1—é>1n(1—é>

o 0
(1w (1-0)

Where p and f are the mles of p and 6 respectively.

Using Newton-Raphson method first we find 0 as follows. Let r be a root of the
equation f(f) = 0. We start with an initial estimate 6, of 7. From initial estimate 6, (the
estimate obtained from the moment estimation), we produce an improved estimate 0;.
From él, we produce a new estimate ég, and the general style of proceeding is, if 0, is
the current estimate, then the next estimate HATH is given by

=2 {(1-6) [~ 0]}

5.4.5 Zero-Inflated Geometric Distribution
Moment Estimator of Zero-Inflated Geometric Distribution

The first and second 7" moment for ZINB are given by

dy = B(X) = (1-p) 10

, . 52 02 o
uQ:E(X)_(1_p){(1—9)2+(1—9)2 +1—9}

Equating the distribution moments above with the sample moments, we get

T =(1—p) & (5.36)

Z?:lx?_ _ 0° 02 4
w1 p){<1_9)2+(1—9)2+1—9} (5:37)

and
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Solving (5.36) and (5.37) to get the moment estimators of p and 6. We have
Doy T { 62 62 0 }
==t =(1- + +

" L=\ a—ar T aep 10

(=t (1=pnf® _ 9(0-0)
(1_@2;% a—or T a—er T

fo—ezxf = znbd + 2nb + xn — znd
i=1

i=1

anb + zn = zn:xf —Hzn:x?
i=1 i=1
Q{fn—l—ix?} = ix? —Zn
i=1 i=1

n 2 _
0 — Zi:l Ty — TN
==l
n + Zi:l T3

That is

n 2 =
0= M (5.38)
4y

Substituting the value of  in (5.36) we obtain

0
it
T = p>1—9
68
“1-0 1.0
T30 =0—pf
T —0=—ph
Therefore
T
h=1—2 4z
p At
T
:1—
{zzglx%fm} o
S S
_ — n 2
:1_I{IZ+§Z‘=1_% + (5.39)

Estimation of Zero-Inflated Geometric Distribution Parameters Using Full
Likelihood Function

A random sample of size n, taking the values xy, xs, ..., x, observed from ZINB
distribution. The likelihood function is given by

LO,piz) = [[{o+ 0 =p) 0=0} " {1=0) 0" 1=0)}"  0,0>0
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where b; =0if z; =0and b; =1if z; =1,2,3,....
The corresponding log likelihood function is given by

log L (6, p; ) = nolog {p+ (1 — p) (1 —9)}+sz-log(1 —p)

+ Z b;x;log (0) + Z b;log (1 —0)
i=1 i=1

Where ng = number of x;’s equal to zero in the sample.
Maximum likelihood estimators (mles) of 6 and p can be obtained by maximizing
log L (0, p; ) with respect to 6 and p respectively. That is

dlog L 0 S b
=n — == 5.40
o - (=0 () (540
OlogL B no (1 —p) > i bii _ > i bi
6 pr(-pa-0 " ¢ 1= 0 (5.41)

Equating (5.40) and (5.41) to zero and solving for p and 6 we get

Z?:lbi —n 4
(1-p) “p+(-p(1-0)
Zbip—l—Zbi(l—p) (1 —0) =ngh — pned (5.42)

but .
n—mnyg= Z bz
i=1
Substituting this in (5.42) . We obtain

(n—mno)p+ (n—mn0) (1 —p)(1—6)=ngd — pneb
n —nb —ng + nbp + Ong — Opng = ngb — Bpnyg

A: 5.43
p = (5.43)
and
" b 1—p " b
Zz:}\ blxl _ nU ( p) - + E'L:]_ Ab’L (5.44)
0 ﬁ+(1—,6)(1—0> 190

Where p and 6 are the mles of p and 6 respectively. Substituting the value of j in
(5.44) .We obtain
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Yo i o <n;go> n (n — nyg)

0 ”07"(}*@) + (n—@o) (1 o é) 1—60

né

ng (n — ng) (n —ng)

~

no—n<1—é)+(n—n0)<1—é) 1-0
no (n — ng) +(n—n0)

no—n0<1—é) 1-6

i 1-6
S b {1 1}
— =(n—n =+ =
0 (n=mo) 0 1-0
Z?—lbzxt_é 1
(n — o) é(l—é)
1
xr = =
1—6
1 f=1
e

and substitute the value of in 6 (5.43) to obtain
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Chapter 6

Katz-Panjer Class of Recursive
Relations

6.1 Introduction

The objective of this chapter is to re-examine the work of katz (1965) on recursive
relation in probabilities. A class of probability of distributions and moments on the
model have been re-derived. Lastly, highlights on modifications and extensions of the
Katz model have also been made.

6.2 Probability Distributions

Pearson difference equation is given by

fx+1) B P (x)
@ G (6.0)

Where f (-) is the discrete probability distribution; P (z) and @ (z) are polynomials.
Katz (1965) considered the difference equation

flx+1) a+px

@) =1tz ;x=0,1,2,... (6.1a)
where
fx)=Pr(X=2)>0
and .
> fla)=1
=0
Re-arranging (6.1a) we have
_a+fr
Jla+1)=—"—/(2) (6.1b)
and
(14+2z)f(z+1)=(a+ Bz) f () (6.1c)

We want to identify all probability distributions generated by the Katz model by
considering various cases of a and
where f (-) is a discrete probability function; « and /3 are constants
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a)

When § =0 and « # 0, then (6.1a) becomes
flz+1) zljr%f(x);x:o,Lz...

Thus by iterative method,

p=1 S @) =571)=570
r=2 = fE)=5/@)=510
Therefore,
oF
r=k-1=fk)=7f(k-1)=7f(0);k=12
o] 0 k
D f) =10+ 5(0)
k=0 k=1
ie.
1= kZ:O ﬁf (0)
© k
=F O
k=0
= f(0)e”
Therefore,
f0)=e"
From (6.3) and (6.4)
efaak

f(k)= T;k:0,1,2,...
Which is Poisson with parameters a.‘
When a # 0 and 5 # 0, then
o+ fx

Flot) =20 @) = 0,12,

P20 = () =af(0)

r=1 = r@="Trm =20 )

r=2 =)=ty DO )
Therefore

r=k—1 :f(k:):a(a+5)(a+2ﬁ)---(a+(k:—1)5)%
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10 =84 (5+1) (§+2) - (G on-1) 1O

Therefore

=2 (%) (2 2) o (2o 1) L0

Case (i) Let m = £ is a positive integer. Then

B
f(k):ﬂkm(m+1)(m+2)---(m+k—1)%
=5k<m+:_1)f(0);k:1,2,3,...
To determine f (0) we use,
1=Zf(k')=f(0)+26’“(m+: 1)f(0)
k=0 k=1
m+k—1
=f(0)k§ﬂ’“( .
Therefore )
0) =
f(0) SN A ary
From (6.7) and (6.8) .
Hence, .
Bk(er 1)
Fh) = 5 OB,C(’“W ik =012,
ie. e
fk) = ) k=0,1,2,...

S BT

«

(6.6)

(6.7)

(6.8)

(6.9)

which is a Negative Binomial Dlstrlbutlon with parameters 3 and 0 < 8 < 1.

Since % is a positive integer and 0 < 8 < 1 then a > 0.

Case (i1) Let m = § is a negative integer.

Let m = —r where r is a positive integer. Then (6.7) becomes
fR)=p"(=r)(—r+1)(—=r+2)- - (—r+k—1) k(:'),k:—123

= =) =2 (- (k1) L

Therefore to obtain f (0)
=3 =0 -5 ()
=fO) 1+ (=p))
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f(0) = (6.11)

N _6 k 1 T*k. B
:(k> (1—6> (1_5) k=0,1,2,3,...7 (6.12)

which is Binomial with parameters (—%, %) where % is a negative integer and
£ < 0. This implies that o > 0.

We can therefore summarize the discussion by the following theorem:
Theorem (6.1)
Let

- [

where f (+) is a discrete probability function, a and § are constants

}f(x) forx =0,1,2,3,...

a) When § =0 and « # 0, then f (x) is Poisson with parameter a.
b) when o # 0 and [ # 0, then
(1) f(x)is NB(%,B) for § = a positive integer, 0 < f <1 and a >0

(13) f(x)is Bin(—%, —%) for § = a negative integer, 5 < 0 and a > 0
Graphically we have the following figure (6.1)

Poisson
ry

o

NB
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Proof for Theorem (6.1) using the pgf technique is as follows, multiply (6.1a) by
(x + 1) s* and sum the results over x. Thus

D @) flr+)s"=a) f(x)s"+8) af(x)s”

=0

=  G'(s)=aG(s)+ BsG (s)

Therefore

(1—8s)G' (s) =aG (s)

G'(s) «
~ G(s) 1-ps (6.13)
This implies that,
d o
glnG(s) | ~ s
InG (s) :/1_(1686154—01
InG (s) = _iﬁln(l —Bs)+InCy let k=1nC,
G(s)=k(1—Bs)" 5
1=G(1)=k(1—-p)"¢%
k=(1-p)7
Therefore N
_(1=B\?
G(s) = (1 —Bs) (6.14)

when a # 0 and § # 0
Case (i) when 5 is a positive interger and 0 < § < 1, then ¢ (s) is a pgf of a NB

Case (ii) when % is a negative integer = —r, say where r is a positive integer. Then,

G(s) = <11__§8>_T
(%)
- <1i5+1_—ﬁﬁ8)

which is the pf of Bin(r, %). Where r = —¢, 3 <0 and a > 0.

When =0

Case (i17) Equation (6.13) becomes

g((j; =a= %IHG(S) =«
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Therefore

InG(s) =as+c
G (s) = e‘e™ (%)
setting s = 1 to obtain e® we have,
1=G(1) =e%”
e =e”
Thus equation (x) above becomes
_ efa(lfs)

which is the pgf of a Poisson distribution with parameter «.

6.2.1 Panjer’s model
Let n=x+4+1 = x =n— 1. Then (6.1a) becomes

fmy = 0=y

By replacing f (n) and f (n — 1) by p, and p,_; respectively, we obtain

_(atB(n-1) .
<an )
() o
(6.16)

= <6+a;5)pn_1 forn=1,2,...

Let =aand a— =0
This implies that, a + b = «

Therefore )
DPn = (a+—>pn_1 forn=1,2,... and py > 0.
n
Which is the Panjer’s model for recursive relation.
So Theorem (6.1) can be restated by putting & = a + b, f = a and replacing

f(x+1) by p, as follows:

Theorem (6.2)
Let )
DPn = (a—i——)pn_l forn=1,2,... and py > 0.
n
Its differential equation is given by
G'(s)  a+b
G(s) 1-—as
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This implies that,

d a+b
| —
ds nG(s) 1—as
a+b
lnG(s):/l_asds—i—cl
b
lnG(s):aj_a In(1—as)+InC; let k=InC

_atb

G(s)=k(l—as) =«
1=G()=k(1—a) "«

a+b

k=(1l—a)-=

Therefore "

l—a) @
G =
(5) (1—@3)
a) (i) G(s)=1for a =0 and b = 0; implying that p,, = 1 for n = 0 and p,, = 0 for
n > 0.

(i) G (s) = e*=%) when @ = 0 and b # 0. Which is the pgf of a Poisson
distribution with parameter b, i.e.,

€_b n

DPn = forn=20,1,2,...

n!

(iii) G (s) = +=% when a # 0 and b = 0. Which is the pgf of a geometric

l—as

distribution with probability (1 — a), i.e.,

pm=a"(1—a);n=0,1,2,... for0<a<1
b) When a #0, b #0

(7)

1—a\"™
G =
(s) (1 — as)
Which is the pgf of a negative binomial distribution with parameters m =

“TH’, is a positive integer and 0 < a < 1

Thus ]
pn:<m—i—n— )a"(l—a)m forn=0,1,2,...
n

1—as\“ 1 a @
G(s)_(l—a) —(l—a_l—as)
a+b

Which is the pgf of a binomial distribution with parameters o = — (T) is
a positive integer and 0 < % < 1, where a < 0 and a + b > 0.

Thus
- n 1 a—n
Pn = “ ¢ forn=0,1,2,...«
n 1—a 1—a
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Remark :

Thus, when

b —
a<0,pnisBin<—a+ ) a)
a 1—a

a=20, p,is Po(b)
b
1>a>0, pnlsNB< ot ,a)
a

Graphically we have figure (6.2)

& =3 Poisson |

2]

Bin |

6.3 Moments

6.3.1 Moments Based on Katz model

Katz (1965) also found moments as follows:
Multiply
(x+1)fz+1)=(a+pPz)f(z);2=0,1,2,...

By (z + 1)” and sum the results over z. That is,

@+ )" fler) =) (e + 1) (a+pr) f (2) (6.17)
=0 =0
Let p = 0, then

iazjtl (x+1) ia+ﬁx
=0 =0

This implies that,
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Where

Therefore,

(6.18)
When p =1, then

[e.o]

M]3

(x+1)2f(:1:+1):

(z +1) (a+ Bz) f (2)

i
[«

NE

E(X?) (a+za+ap+ pa?) f (z)

0

8
I

[M]8

[+ 2 (o + B) + B2?] f (z)

I
o 8
Tl

(a+B)p+ BE (X?)

(1=B)E(X2) = a+(a+B)n
+(a+p8)p
E(x?)=2T2TH
X ="u-5
Hence to obtain the variance, we have

o? = E(X?) - [E(X)]?
_atlat+Pp
(1-75)
(a+8)p 2
B

This implies that,

=1+

I
—
—  +
Sl ol
o
~

(6.19)

—
|
=

and
2_ _H o

-6 (1-p)

In general for any positive integer p, (6.17) can be written as

(6.20)

im—i—lpH (x+1) Zm—i—l (a+ Bz) f ()
x=0



Hence when

p=0=01-BEX)=a =pu=E(X)= (6.22)

1 —
p=1=(1-B)E(X?) =a+(a+p)E(X)

=
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This implies that,

and the variance is

- 4 (6.23)

From (6.22) and (6.23) we obtain

o? = (6.24)

and from (6.23) we get
S (6.25)

Next

(1-8)E (x?) :a+{a@ +/5®}E(X)+{a© +5©}E(X2)

=a+ (2a+ ) E(X)+ (a+26) E (X?)
=a+ 20+ B) p+ (a+26) (o + 1)
= o+ 2au + Bu + ao? + 2026 + ap® + 2843

Therefore,
(1=-B)E(X°) =a[l+2u+0"+p?] + 8 [n+ 20 + 2]
E(X) = —% [ 42u+0?+ 2 b 202 + 2,2
(X?) (1_6)[+,u+0+u]+(1_6)[+0+u]
but
o
1_B:pfrom (6.22)
1 o?
1 o2 "
= 1—%



Hence,

2
E(X?) =p[l42n+ 0" + 17 +6% (114 20% + 2%
2
:u3+2u2+(1+02)u+(1—%)%[u+202+2u2]
2

=P+ 207+ (14 0%) p+ (5—1) (1 + 207 +214%)
:u3+2,u2+(1+02),u+202,u+02+2002—2u2—u—?az
=1*+ (140> 420" — 1) p+ (0 + 2c0”® — 207)

= u® +30%pu + (2¢ — 1) 0 (6.26)

2
Where ¢ = "7
Now consider,

ps = E(X —p)’
=E{X® -1’ +3Xp* - 3X°pu}
= E (X?) = 3uE (X?) + 34 — i
=E(X®) = 3u[o® + p*] +24°
= [1¥+ 30+ (2c — 1) 0®] = 3p [o” + p*] + 24°
= 1®+30%u+ (2c — 1) 0 — 3uo® — 3p® + 243
= (2c—1)0? (6.27)

For p = 3 we have

e -5 () o, ) oo

onsier-oe ) o en () o
SN0

=a+ Ba+p)p+ 3a+36)(0 + u?)
+ (a+3p) (4* 4+ 30%u+ (2c — 1) 0°)
=a+ (Ba+6)p+ (Ba+3p) (o® + 1)
+ (a+3p) (4* 4+ 30%u+ (2c — 1) 0°)

_ 1+ 3p+ 302 + 32 +u 3 p+ 302 + 3p? + 33
+30%1+ (2¢ — 1) o2 +90%u+3(2c — 1) 0

3 2 2
G s 3+30%) u }+6{3“ + 31 —|—(1+90)u}

+1+30°+ (2c—1)o +30? + 6¢0? — 302

§u+3u+3+30) }+6{ ( 3u? + 3u? }

I
Q

0%+ 1+ 302 + (14 90?) pu + 60>

p? + 3u% + (34 302) u+ 33 + 3u?
+ 2 2
+ (14 90%) pu + 6co

@ 2c0% + 202 + 1
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E (X% = o P+ 3%+ (34 302) p N I6; 33 + 3
(1-0) +2c0? + 202 + 1 (1—8) | +(1+90%) p+ 6co?
(6.28)
but 3 ) )
a o v o
- ~ 2 -y =7 =1
ooy = () ==
replacing this values in (6.28) we obtain
3 2 2 3 2
4 e+ 3+ (34 30°) p B 3’ + 3
E(X)_M{ +2c0? + 202 + 1 Tle=1 +(1+90%) p + 6o’

ot 3+ (3 + 307) 3cp? + 3cp? + (1 + 902) cu + 6202
N +(2c0? + 202+ 1) —3u® —3u* — (1 +90?) pu — 6co?

302u? + 302 + (1 + 902) o2 }

_f .4 2,2 2 2
= {p* +30%1* + 2co’p + 2p0 +M}+{ +6¢202 — ju — 902 — 6eo>

= 1t + 602U 4+ 20 + (202 +1430%—-1-— 902) p+o* +90* + 6c%0% — 6co?

= 1t + 602 % + (—402) w4 o* + 110* 4 6c20? — 60
=t +60%u? — 4o + 110* + (602 — 6c + 1) o? (6.29)

Thus, the fourth central moment is given by,

pa = E(X - M)4
=B (X' 4 p* —4Xp® — 4XPp+ 6X71°)
= E (X*) —4pE (X®) + 64°E (X?) — 3p*
= p* + 60°p* — 40°pu + 110 + (6¢* — 6c+ 1) 0
—4p (p® + 30w+ (2¢ — 1) %) + 6p° (07 + p*) — 3p*
= pt +60°p* — 40’ + 110" + (6¢* — 6c + 1) 0 — 4p*
—120%1% — 80* 4 4pc® 4 6120 + 6u* — 3t
= 30"+ (6¢* — 6c+ 1) 0? (6.30)

6.3.2 The probability generating function technique of ob-
taining mean and variance

Multiply

o+ Bx
L (@)

by (z + 1) s* and sum the results over z we obtain,

fla+1)=

Y@+ fle+1)s"=a) f@)s"+B8> af(x)s

=0

G’ (s) = aG (s) + BsG' (s) where G (s) =Y f(z)s"
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Therefore

(1—p8s)G' (s) =aG (s)
G (s) _ o«
G(s) 1-—0s

This implies that,

d «
iy | —
ds nG(s) 1—ps

o
:/l—ﬁsd8+cl

InG(s) = _iﬁln(l —Bs)+InCy let k=InC,
G(s)=k(1—Bs) 5
1=G(1)=k(1-g)F
k=(1-p8)5
Therefore the pgf is given by

and

setting s = 1 we obtain

G’(l):E(X):lf‘ﬂ

vy G (1) BaG(1)
G"(1) =75 ey
_a’+af _a(atp)
(1-p)7 (1-p)

Therefore the mean and variance is given by
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o2 =G" (1) + G (1) - [G' (1)

:a(a—l—ﬁ) a a?
1-p7 1-8 (@1-8)
__aB o _af+a(l-p
1-p)? 1-5 (1- )

T (1-8)

Table 6.1: Distributions of the Katz class

Distribution | a I} fx) G(s)
Po(1) A 0 A g H1=9)
NB(r.p)  |r(1-p) [1-p |-V | (=)
Bin(n.p) = = |G -p)™ |1 ~p+ps)”

Table 6.2: Moments of distributions in Katz class
Distribution | u = %5 | 0~ = s | €= &
Po(4) A A 1
1- (1-p)
NB(r.p) r(55) |1 L
Bin(n,p) np np(l —p) 1—p
Hence,
02
=0 = ? = 1 implying Po
0_2
g <0 :>O<g<1implyingBin

2

0<B<1 = 2 >0 implying NB
1
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Table 6.3: Higher moments of distributions in the Katz class

Distribution | 3 = (2c-1)0* | 4 = 30* + (6¢* - 6¢ + 1)0*

Po(2) i 304 +1)

=

NB(r,p) r( L

) 3 (1-p) 47 (6-12p+ Tp4p° )
pJ

Bin(n,p) | np-3np* +2np? | 3n*p? - 6n*p? + 3n*p* + 18np® — 12np* - 6mp*

6.3.3 Moments based on Panjer model

Given ;
DPn = (Cb+ﬁ)pn—1 forn=1,2,... and py > 0.
Let
M; = anpn
n=1
SO (R P
n=1
= Z (cm] + bn’ 1) Prn—1
n=1
:Z{a(n—1+1)j+b(n—1+1)j l}pn,l
n=1
Therefore
o) J ] 7j—1 j—
M; =) {az (2) (n—1"+b>_ ( ) (n— 1)Z}pn_1
n=1 =0 1=0
7 j 00 7j—1 ]— 1 00 .
_GZ{<i) Z(n—l) pn—1} +5b } {( . >Z(n_1)lpn_l}
=0 n=1 =0 n=1
() (i1
=a)_ (Z.)M,MZ ( Z, )Ml
i=0 i=0
= i
=aq <,)Mz+an+b < , )]\4Z
7 7
i=0 i=0
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S L0 G ()
:jjl{(aﬂ)) (J’;l) +a(z:i>}M forj=1,2,...  (631)

For j =1, we have

b
(1—a)M; = (a+b) ;»u:Mlsza (6.32)
For j = 2, we have
. j—1 j—1
1
1 1
= b M;
S {een () <)
= (a+b)+[(a+0b)+a] M
Therefore,
b b
M2:a—|— a+ a M,
1—a l—a 1-a
:M1+{M1+ - ]Ml
1—a
= M, + M? + iaMl
a M1
=(14+— )M + M = M
(+1—a) LA 1—a+ !
The variance is given by
9 9 a 1
o :MQ—Mlz 1+ M1: M1
1—a 1—a
That is,
b
g Mo 1T (6.33)
l—a (1-a)
2
1
Se=2 = (6.34)
7 1l—a

For j = 3, we have

(1—a)M;= ‘20 {(a+b) G) +a<:1)}Mi

7

= (a+b) + [(a+b) G) +a 3)} My + {(Wrb) (;) +a<i)] M;

(@+b) + [2(a+b) 4+ a] My + [(a + b) + 2a] M,
:(a+b)[1—|—2M1+M2]+a M1+2M2]

—
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Hence,

a+b a
M; = (14 2M; + M| + —— [M; + 2M,)]
1—a l-a
= My [1+2My + (02 + MP)] + 7= [My +20° + 207] ()
but ) ) u Y
o 1 1
M Toe Ml Tesiey
Therefore M ) 9
a 1 o [
= ([1-—=)—=-———-1 1
l1—a ( 02>M1 My (ex1)

replacing (* * 1) in equation(*x*) above, we obtain

02

M3—M1{1+2M1+02+M12}+<M—1) (My + 20% + 2M7)
1

2 4
:M1+2M12+02M1+Mf+a2+Mi1+2a2M1—M1—202—2M12
= M} + 30%u + 20%c — o°
= M} +30%pu + (2¢ — 1) 0?

Thus,
E(X?) = p®+30°u+ (2¢ — 1) 0% as in formula (6.26)

and pug is

ps = E(X = p)’
= (2c—1)0% asin (6.27)

6.3.4 Factorial moments by pgf technique

G(s) = ansn
n=0

d o0 o0
d—G = npas" =) npys™!
n=0 n=1
PG &
— = Zn(n — 1) pps"?
ds*  —~
PG & o3
e :Zn(n—l)(n—Q)pns
n=3
= (n
— 3! N n—3
O
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In general

le = n n—l
E;:Hg;(»pﬁ forl=1,2,...

but from (6.16)

pn:(ﬁ‘i_a_ﬁ
n

Substituting this in (6.35) we have,

1dG¢ &
Ta = 2

)pn_l;n:1,2,...

= (n—1 n— b+a—-p 1 d™a
:5§:<l )m48l+( ] )q_1ﬂwﬂn
IB+a—pY\d'VG

(o (2

Let j=n—1 =2n=7+1
Hence,

Therefore,

1d'G  pBsd'G  (I+a—p\ d""VG
Idst 1l ds! Il ds(=D
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l

(1)
(1-p) T = 1B+ a—5) S

— forl =1,2, (6.36a)
GO (s) IB+a—p
G0~ 1=5 (6.36b)
d (- B+a—-p
£1 n G (s) = T~ (6.36¢)
This implies,
~1) - I+a—p
In G (s) —/ T 5s ds
= Wlm(l —08s)+InCy let InCy =C
£ GU (5) = O 1 — ps)(1+5)
setting [ = 1 we obtain
GO (s)=C[1—Bs] 7
G(s)=C[1—Bs] 5
Also, setting s = 1 to obtain C'
1=G(1)=C[1—p]"#
C=[1-p"
Hence,
GV (5) = [1 - 5]% [1— 53]—(1—1+%) (6.37)
60 () = G () = = (1-14 5) (-9) 1= 6% 1= ol "3
= (IB=B+a)[1—p]7 [1—Bs] "7 (6.38)
G () = (1B +) (1B + a — B) [L - 5] [1 — s (+57)
G (s) = (IB+a+ B) (1B + ) (IB+a—B)[1—]7 |

1 - gs](H5+2)
GO (5) = {18+ a+28) 18+ a+ B) (18 + ) (18 +a— B) [1 = B [1 — ps) (F59)}

16+ 0) (1 +a — B)[L - A7 [1 - ps]"(+5+)
g <%+l+3> (2+l+2) (“+l+1>
{ (5+0) (5+1-1) - p15 (1 - ps (+5+)
= 513 <% +é+3) I _BS]—(%H-HL)

cwﬂuﬁz{( (1B-+a+38)(18+a+28) (18 +a+p) }
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Therefore,

FHl4+m—1

G(H—m) (S) _ (m + 1)!6m+1( 1

) [1-p]5 1~ 58]_(l+%+m) m=0,1,2,...

&+ 1 -2 o o
:Gwmlugzmwm0ﬁ_+m’ )u_mﬂu_&rWWWALm:QLz“.
(6.39)
Therefore the m!" factorial moment is obtained by putting I = 1 and s = 1 in
(6.39) .i.e.,
S+m—1 1 "
(m) (1) = m18™( 8 -
ey = (07 (1) o0

Hence when

1-p
2
oy = g2 (@ )g<_LJ
. /3<ﬁ+1 F\1i-
_ (a+pP)a
(1-5)"
This implies that,
o

and

o> =G"(1)+ G (1) - [&' (1)

(oz+6)oz+ a o

(1-p7 1=8 (1-p)
[o1e n Q

(1-p* 1-8

:ﬁa—i—a(l—ﬁ)_ a

(1- ) (1-p)°

o 3
m=3 = G"(1)= 3!53(5 ; 2> (L)

Gm“%:@<%+a>(%+1)%ajﬁf
_ala+p)(a+2p)
(1-8)°

o« Q@ 15} Q@ 28
_1—BL—6+1—B}L—6+1—A
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but

« 9 o
= and 0° =
1-8 (1-8)°
Therefore
o? 1 1
62;21— andﬁzl—;
2
A N
1-6  n
Hence,

G" (1) =plp+(c=D]p+2(c—-1)
=[P+ ple=D][p+2(c—1)
= [+ —pu][p+2(c—1)
=12+ 20% (c—1)+0*u+20" (c—1) — p®> —2u(c—1)
=1+ 2u0* — 2% + o?pu+ 20 (c — 1) — p? — 20% + 2u

=p® =3 + (307 4+ 2) p + 20%c — 40° (6.41)
Also,
G"(1)=E[X (X —1)(X—2)]

= F[X? - 3X?+2X]

= E (X?) - 3E (X?) +2E (X)

=E(X?) =3[0® + 1] +2u

= E(X*) = 30" — 3p® + 24 (6.42)
Therefore

= 3%+ (302+2),u+202c—402 :E(X?’) —30% — 3% 4+ 2u
E(X?) = 30° = 1’ + 30° 1 + 20%c — 40°
E (X3) = 1® + 30%pu + 20%c — o?
=1+ 30%u + (2c — 1) o

As shown earlier in (6.26)
For m =4
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a1 ) (1)

=7 (%+3) <%+2> <%+1) %(1—15)4
_ ala+p)(a+26)(a+3f)
(1-5)"

Q Q I6; Q@ 20 Q@ 30
- 125 (1554 155 [T el 55 1)
= plp+(c=Dlp+2(c=D]p+3(c—-1)
= [W*+ 0 — [u2+5,u(c—1)+6(c—1)2]
= [1*+0° — [p2—5,u+502+6(c—1)2]
= p* —50% + [50% + 6 (c — 1)°] p® — p® + 5p? + [~50% — 6 (c — 1)*]
+ 0% — 50%u+ [50* + 607 (c — 1)2]
= ' =61 + [50% + 6 (c— 1) + 5+ 0% > + [~106% — 6 (c — 1)*]
+ [50* 4 60° (c — 1)2}
=yt —6p° + [60° + 6 (c — 1)* + 5] y* + [-100” — 6 (c — 1)°] pu
+ [50* + 607 (c — 1)2}
= p* — 6p° + (602 +5) p? +6[u(c— 1))* + [~100%u] + [~6 (c — 1)* 1]
+ [50* +6(c— 1) o’
:u4—6u3+(602+5)u2+6[02—u}2—1002u—6(cu—u)(0—1)
+ [50* 4+ 6 (c — 1) o’]
= p* —6p° + (607 +5) u> + 6 [0* — 2u0” + p*] — 106°p — 6 (0 — ) (¢ — 1)
+ [50* 4+ 6 (c — 1)? o’]
=t — 6 + (602—|—ll) 12+ [—2202+6c—6],u+604—602 (c—1)
+50% +6(c—1)% 02
= pt —6p° + (607 +11) pi* + [6c — 220" — 6] p+ 110* +6(c— 1) (c— 1 —1) 0
= pt —6p° + (60% +11) pi* + [6c — 220" — 6] p+ 110* + 6 (c — 1) (c — 2) 0°

(6.43)
Also.
G"(1)=E[X(X-1)(X -2)(X - 3)]
= E[11X% - 6X — 6X° + X*]
=E(X') - 6E (X?) +11F (X?) — 6E (X) (6.44)
Therefore

{ E (X*) — 6E (X?)

_ 4 3 2 2 . 2
+11E (X?) — 6E (X) }—u 6p° + (60% +11) p® + [6c — 220 — 6] p

+11lo* +6(c—1)(c—2)0?
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E(X*) = {6E (X*) —11E (X*) + 6E (X)} + p* — 6p° + (60% + 11) p?
+ [6c —220% — 6] p+ 116" + 6 (c — 1) (c — 2) 07
=6 {1 +30%u+ (2¢c— 1) 0%} — 11 {0 + p*} + 6 + p* — 6,43
+ (607 4+ 11) p? + [6c — 220" — 6] p + 110* +6 (¢ — 1) (¢ — 2) 0°
=t 4+ 18020 + 6 (2 — 1) 0% — 110% — 11 + 60 + 602 1% + 11
+ [6c— 220" — 6] p+ 110" + 6 (c — 1) (c — 2) 0°
= p* 4+ 60°p° + [180% + 6 + 6¢c — 2207 — 6] p
+6(2c—1)0? —11l0? +116* +6(c — 1) (c — 2) ¢?
=yt +60°p” + [6¢ — 40°] pu + 12c0® — 60° — 1107
+11lo* +6(c—1)(c—2)0?
= pt 4+ 602 1% + 60° — 40% 1 + 12c0% — 60% — 110% + 110!
+6(c*—3c+2)0°
= pt 4+ 602 1% — 40% 4 12c0? — 116% + 110 + 6c%0? — 18co? + 1202
= p* 4+ 602 % — 40% 1 4 12c0? + 0 + 116* + 620 — 18co?
= pt 4+ 602 u% — 4% — 6c0® + 0% + 110 + 6¢%0>
=t 4+ 60%u% — 40’ + 110" + (662 — 6c + 1) o? as shown is (6.29)

Therefore
pa = E (X —p)’
= E (X*) —4uE (X?) + 6p°E (X?) — 3u*
=yt + 60°p* — 40 + 110 + (6¢* — 6c+ 1) 0
— 4 (,u3 + 3%+ (2¢ — 1) 02) + 642 (02 + u2) —3ut
= pt +60°p* — 4o’ + 110" + (6¢* — 6¢ + 1) 0 — 4p*
—120%u? — 80* + 4po? + 6120 + 6p* — 3ut
= 30"+ (6¢* — 6c+ 1) 0% as in (6.30)
Remark : o
!
1 = =
G'(1) =4 —5
i _ Oé—"_ﬁ
@)= 500
2 2
(1-5) 1-5
, 2
1-5) =5
Therefore
G (1) = %G(” (1) for r=0,1,2,...
Q r0 )
= 1
L—ﬂ*l—ﬂ}(} .
_ B | aw
= lu—i—rl_ﬁ} G (1)



but

« 9 o
= and 0° =
=5 (157
Therefore
o? 1 1
62;21— andﬁzl—;
2
A N
1-6  n
In general

2
GO (1) = [+ e = D] GO (1) forr=0,1,2,.. and e =
i

r=0 =G (1)=p
r=1 = @)=+ e— 16 (1)

G'")=[p+c-1G1)=[p+c—1]p
=p+pc—p=pt+o0°—p

r=2 = G"(1)=[p+2(c-1)]G"(1)

" (1) = [u+2(c— D] G" (1)
= (n+2c—2) (p* + 0% —p)
=21 — 2cp — 207 — 3p® + i + 2c0” + 2cp® + o p
= 13 + 21 — 207 — 207 — 3p® + 2co? + 207 + o
=p° =37+ (202 +0* +2) p+ (-2 — 2+ 2¢) 0
=p° =317+ (307 +2) p+ (2c — 4) 0?
=p° =32+ (307 +2) p+2(c—2) 0

r=3 = G"(1)=[p+3c-3]G" (1)

G" (1) = (p+3c—3) (u* = 3p*+ (36" +2) p+2(c — 2) 0?)
= (pu+3c—3) (2u — 40” = 3p® + 1 + 2c0” + 307 )
= 6cp — 6+ 1207 + 117 — 6 + p* — 18co?® — 9ep® + 3ep®
— 130 + 1lco?pu + 6c20* + 307 1

(6.45)

= pt —6p° 4 (607 +11) p* — (220° +6) pp+ 110" + 6 (¢ — 3¢+ 3) 0
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Chapter 7

Sum of Independent Random
Variables

7.1 Introduction

The chapter entails determining the the distribution of a sum of independent random
variables in terms of the distributions of the individual constituents. Only sums of
discrete random variables will be considered. Also, random variables whose values are
integers will be considered and their distribution functions are then defined on these

integers.
Let
SNn=X1+Xo+ X3+ + Xy

Where X/s are independent and identically distributed random variables. The problem

is to find the distribution of Sy when,

i) N is fixed.

it) N is also a random variable independent of Xs.

In both cases X/s are inflated power series random variables. Thus we wish to
determine convolutions and compound distributions for independent and identically
inflated power series random variables.

7.2 Convolutions

7.2.1 Convolutions in general

Definition
Let {ax} and {b;} be any two numerical sequences. The new sequence {c} defined

by

k

Cp = E arbk:—r

r=0
= aoby + ar1bg_1 + - -+ + ar_101 + azby
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is called the convolution of {a;} and {b;} and will be denoted by

{er} = {ar} * {br}

as given by Feller (1968).
In terms of probability generating function we have the following theorem
Theorem 7.1
If {ax} and {b;} are sequences with generating functions A (s) and B (s), and {cx}
is their convolution, then the generating function C'(s) is the product of A (s) and

B(s).
Proof :
If .
A(s) = Z aps”
k=0
B (s) = Z by.s"
k=0
Then

A(s)B(s) = (a0+a13—|—a232+---) (b0+bls+b2s2+...)
:a0b0+(a0bl+G1b0)8+(&0b2+a1b1—|—a2b0) 32_|_...
=co+ 15+ s’ + 38”4

=C (s)

We can extend the notion of convolution to many sequences for example.

Let {ar},{br},{ct},{dk},.. .be any sequences. We can form the convolution
{ar} *{bx}, and then the convolution of this new equation with {c;} .etc. The gener-
ating function of {ay} * {bx} * {cx} *{dx} is A (s) B(s) C (s) D (s), and this fact shows
that the order in which the convolutions are performed is immaterial. For example,

{ar} # {br} * {er} = {e} * {be} * {ar} and ({ax} * {br}) * {cr} = {ar} * ({be} * {cr}).
This shows that, convolution is an associative and commutative operation.
7.2.2 Convolution in random variables

Let X and Y be non-negative independent integral-valued random variables with prob-
ability distributions

pi=Pr(X =i and ¢ =Pr(Y =)

Further, let Z = X + Y such that r, = Pr(Z = k), The event Z = k is the union
of mutually exclusive events that is (X =4, Y = j). Then, the distribution r;, =
Pr(Z = k) is given by

r,=Pr(X+Y =k)
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and denoted by

{re} = {pi} = {g;}
Therefore in general the probability distribution of the sum of two or more independent
random variables is the convolution of their individual distributions. That is, the
probability mass function of a sum of random variables is the convolution of their
corresponding probability mass function.

The pgf Technique

Let
H (s) = the pgf of Sy

G (s) = the pgf of X;
Then

H (S) — F [SX1+X2+X3+"‘+XN]

SIGE

For independent and identically distributed (i.i.d) random variables G; (s) = G (s).

Hence,
H(s) =[G (s)]"

Remark : Convolution of distribution of random variables doesn’t have to come
from the same distribution.

7.2.3 Special cases
Poisson Distribution

If X and Y are independent Poisson random variables with parameters \; and Ag,
then Z = X +Y is a Poisson random variable with parameter A\; + \o. It follows that

{p (ks M+ A2)} = {p (i M)} +{p (5 A2)}

Proof : By discrete convolution formula, Z = X + Y has the probability mass
function

2!
k 2\ )\k—z
= ¢~ Mith2) Z —'1 0 2_ D using binomial formula we have

k
— 6_(>\1+/\2)—)\1 —{kj_l)\2) 7k = 07 17 27 e
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which is also the probability mass function for the Poisson distribution with parameter
A1+ g

In general, Let X7, X, ..., X} be independent Poisson random variables where X;
has a Poisson distribution with parameters (\;) for @ = 1,2,...;k. Then, X; + X5 +
.-+ 4+ X}, has a Poisson distribution with parameter (A; + Ag + - - - + ). Thus

{p (ks M) = {p (i M) Y s {p (ks M)}
and the mean and variance is given by

Remark : Note that the rate parameters \; add

Binomial distribution

Let X and Y be independent binomial random variables where X ~“b(n, p) and Y "b(ns, p).
Then, 7 = X + Y has a binomial distribution with n; + ny trials and probability of
success p. It follows that

{b(ksny +n9,p)} = {b (55 n1,p)} * {b(j; 12, p)}

Proof : By the discrete convolution formula, Z = X + Y has probability mass
function.

=0
k
— kl ni+nz—k ny o *
pra-am () (2 *)
but

00 o) k n n

k __ 1 2 k
Sas =33 (M)(,))
k=0 k=0 i=0



Hence

> (1)) - (1)

Replacing this value in (%) above we get

k
Pr(Z =k) =pF (1 —p)yatre=r n N
r(Z=k)=p"(1-p) ;(Z S
ny+n g1
:(lk 2)pk<1_p> + k

which is also the probability mass function for the binomial distribution with parameters(n; + ns)
and p.
In general, Let X;, X5, ..., X; be independent binomial random variables where X;
has a
Binomial distribution with parameters (n;,p) for i = 1,2,....,k. Then X; + X5 +
.-+ X}, has a Binomial distribution with parameters (n; + ng + -+ - - + ny) and p. Thus

{6 (ks 5, 0) Y = {0 (6510, p) Y570 5 {b (ks i, p)}

and the mean and variance is given by

E(Sk) =np
Var (Sk) = npq

Remark : Note that the sample sizes add but the success probability remains
the same.

Negative Binomial distribution

Let X and Y be independent Negative binomial random variables where X and Y is
Negative Binomial with parameters (a1, p) and (aq, p) respectively. Then, Z = X +Y
has a Negative binomial distribution with a; + a5 and probability of success p. It
follows that

{NB (k;o1 + az,p)} = {NB (i;01,p)} * {NB (j; az,p)}

Proof : By the discrete convolution formula, Z = X 4+ Y has probability distrib-
ution.

Pr(Z = k) ZiPr(Xzi)~Pr(Y:k—i)

_ perten (1 _ )t z": (al +;' - 1) <a2 + (:__;) - 1) ()

1=0
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but

_ i"; { (al +Zz - 1)5}2 <a2 + (:_—Zz) - 1)&—1}
£l pEE)er)

Hence
z’“: ar+i—1\(as+(k—i)—1\  [ar+as+k—1
g i k—i N k

Replacing this value in (xx) above we get

o +ay+k—1\ .,
)

which is also the probability mass function for the negative binomial distribution with
parameters (o + as) and p.

In general, Let X7, X, ..., X} be independent Negative binomial random variables
where X; has a Negative binomial distribution with parameters (o, p) fori = 1,2, ... k.
Then

X1+ Xo+- - - X}, has a Negative binomial distribution with parameter (o + g + - -+ - + ay,)
and p. Thus

{NB (k; i, p)}" = {NB (i; i, p) }* " 5 {N B (k; s, p) }

and the mean and variance is given by

aq

E(S,) = —
(Sk) p

aq

Var (Sk) = 72
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Geometric Distribution

Let X;, i = 1,2 be two independent Geometric random variables. where X;, i = 1,2
is Geometric with parameters (p) .

Pr(X;=a)=p(l-p)*: k=012 i=12
with the corresponding generating function.

2

pY {(1—p)s}t= #LMS

i=1

Then,

has the probability distribution
Using the Generating function technique. Since X;, ¢ = 1,2 are independent with
G (z1) and G (z3) , then
G (2) = G (21) G (2)

Then the Generating function would characterize distribution.

Therefore
G

(z;) and since G (z;) = G () is i.i.d random variables

Which is the Generating function of negative binomial distribution with parameter
(2,p)

In general, Let X7, X, ..., X} be independent Geometric random variables where X;
has a Geometric distribution with parameters p for: = 1,2, ..., k. Then X7+ X5+ -- X},
has a Negative binomial distribution with parameter (k,p).

7.3 Compound Distributions

If a probability distribution is altered by allowing one of its parameters to behave as
a random variable, the resulting distribution is said to be compound. An important
compound distribution is that of the sum of random variables.
Let X1, X5, X3,..., Xy be independently and identically distributed random vari-
ables. Let N be also a random variable independent of the Xs.
If
SN:X1+X2+X3+"'+XN

then now N and Sy are two random variables to be studied.
Given the distributions of X/s and N, the problem is to find the pgf, probability
distribution, mean and variance of Sy.
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7.3.1 Review of Bivariate conditional and Marginal Distrib-
ution

If X and Y are two discrete random variables and f (x,y) is their probability mass
function (pmf), then the marginal distribution of X is

filx) = f(x.y)

and that of YV is

W)=Y f(xy

The condition distribution of Y given X is

o= L@y
while that of X given Y is 1)
_ Sy

Hence,
f(@y) = [f(zly) f2 (x) = [ (ylz) f1 ()

Next, let ¢ (x,y) be a function of X and Y. We should note that since X and Y are
random variables, their functions are also random variables.
Therefore,

Elp(X, V) =) é(xy) f(zy)

For example, if
p(X,)Y)=X"Y?

then

E[X"Y?| = Z Z ="y’ f (x,y)
z oy
In particular, if » = 0 and s = 1, then

EY)=Y Y yf(zy).

If r=1and s =1, then

B(XY) =33 ayf (2,y)

Let us now prove the following
Theorem 7.2
For any two random variables X and Y

E(Y) = EE(Y|X)

E(XY)=E[XE(Y|X)]
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D)
VarY = E[Var (Y|X)]+ Var [E(Y|X)]
Proof :

E(Y|X)= Z yf (yle)

RS
B u@

which is a function of z, say u () ;
That is, let u (X) = E(Y|X)
Therefore
EE(Y|X) = Eu (X))

(i)
VarY = E (Y?) - [E(Y)]?
= EE (Y?|X) — [BE(Y[X)]"
= E[E(YX)] - {E[u (X))}’
)2

— E[E(Y¥X) — (E(Y]X) <<wxwwaw@wf

=E[Var (Y|X) + (E(Y|X))’] = {E[u(X)]}?
= E[Var (Y|X)]+ E (E(Y|X))* - {E [u (X))}
= EVar (Y[X)] + E[u(X))* = {E [u(X)]}"

= E[Var (Y|X)] + Var [u(X)]
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Hence

VarY = E [Var (Y|X)] 4+ Var [u(X)]
=E[Var (Y|X)] + Var [E (Y|X)]

7.3.2 Conditional Expectation of a Random Sum of i.i.d ran-
dom variables

Consider the two variables N and Sy. Setting X = N and Y = Sy in the Theorem 7.2
we get,

(2)
E[Sy] = EE[Sy|N]
=FE[X; +Xo+ X3+ -+ Xy]

=F [NE (Xz)]
= E(N)E (X))

VarSy =VarE (Sy|N) + EVar (Sy|N)
=Var{E[X1+Xo+ -+ Xy} + EVar [X1 + Xa + -+ + Xy]
=Var{NE (X;)} + E{NVarX,}
= [E(X;)?VarN + VarX;E (N)

7.3.3 The probability generating function technique

Let {X;} be a sequence of independent and identically distributed random variables
with common pgf.

G (s) = E (S")

and let
SNn=X1+Xo+ X3+ + Xy

where N is a random variable independent of the X/s with pgf
F(s)=E(S")
We denote the pgf of Sy by H (s) and it is given by,
H (s) = E (5°)

=FFE (SSN“V) using part (i) of theorem (7.2)
— EE (SX1+X2+X3+"’+XN)

N

=F H E (SY), because of independence of X/s
i=1

=E|[E (SXZ')]N , since X|s are identical

= B[G ()]
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Therefore

H(s) = FIG(s)

Therefore to obtain mean and variance using pgf technique, we find the first and
second derivative of H (s) with respect to s to obtain

H'(s) = G' (s) F'[G (s)]

and
H" (s) =[G ()] F" (G (5)) + G" (5) F' [G (s)]

setting s = 1, we have
H1)=F|GQ1)]|=F(1

(1)
H (1) =G (1) F' (1)
H" (1) =[G () F" (1) + G" (1) F' (1)
Therefore,
E[Sy]=H' (1) = E(N) E(X;)
Var Syl = H" (1) + H' (1) — [H' (1))
=[P F"()+G" () F (1) +G (1) F 1) - [& ) [F 1)
=[G (V)] |F" (1) + (F’(l))ﬂ +[G"(1) =G (V)] F' (1)
= [¢' (WP [VarN = F' (1] + [VarX + & ()] F (1)
— [¢" () VarN + (VarX) F' (1)
= [E(X)]?VarN + (VarX) E (N)

7.3.4 Special cases of Compound Power Series Distributions

a) Compound Poisson Distribution

Suppose
Sy = X1+ X+ Xs+ -+ Xy

Where Xs are independent random variables, with /N being a Poisson random variable.
Then Sy is said to have a Compound Poisson Distribution. Suppose N is Poisson with
parameter A. Then the pgf of N is given by,

F(s) = M=)
and the pgf of Sy is given by,
H(5) = F[Gx (s)] =N
Hence, the mean and the variance of Sy is given by

E[Sy]=E(N)E(X;) = \E (X))
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and
Var[Sy] = E[N]VarX; + [E(X)]*VarN
= \WarX; + \E (X,))
=\ [VarX; + [E (X;))?]
Case (1) if X; is Bernoulli with parameter Pr{X; =1} = p and Pr{X; =0} =
q, Then,
Gx (s)=q+ps whereq=1—p
Therefore
H(s) = MG x (5)—1]
— Alatps—1] _ A1-ptps—1]
— p(s—1)

Which is the pgf of Poisson-Bernoulli distribution.
Thus, the sum Sy is Poisson with parameter Ap
The mean and the variance is given by

E[Sy]=E(N)E(X;) = Ap
and
Var [Sy] =X [VarX; + [E (XZ)]Q}
=A[p(1—p)+p7]
=Xp-p"+p°] =X
Case (ii) if X; is Zero truncated geometric Distribution with parameter p, then

GX (S)

= where ¢ =1—p
1—gs

Therefore

H(s) = XOx)1)

e = e

=€

_ e)\[ps—llj-;s—pS] _ 6)‘[15:(115]

Which is the pgf of Poisson-Zero truncated Geometric Distribution. This distribution
is called Polya-Aeppli Distribution.
The mean and the variance is given by

E[Sy] = E(N)E (X)) = A]lj _A
and
Var [$x] = A [VarX; + [8 (%)
Ly (1-p T
- [ I pz]




Case (ii7) if X is Zero-Inflated Binomial Distribution with parameters (n, p, p) , then
Gx(s)=p+(1—p)[l—p+ps]
Therefore

— Mp+(1=p)[1—p+ps]" -1}

Which is the pgf of Poisson-Zero-Inflated Binomial Distribution.
The mean and the variance is given by

E[Sy] = E(N)E(X;) = Anp (1 — p)
and
Var [Sy] = A [VarX; + [E (X)]’]
= A{(1 = p) [p*n*p +npq] + [np (1 — p)]*}

= A(1—p) [P*n*p+ npg +n’p* (1 - p)]
= A (1= p) [npq + n*p?]

Case (iv) if X; is Zero-Inflated Negative Binomial Distribution with parameters
(o, p,p), then

Gx )=+ - =

Therefore

:exp{A<P+(1_p) {ﬁ]a_o}

Which is the pgf of Poisson-Zero-Inflated Negative Binomial Distribution.
The mean and the variance is given by

B[Sy] = E(N) B (X;) = (1= p) ha”

and

Var [Sy] = A [VarX; + [E (X,))]

- [Fee][1-0e]
:A(l_p){M}

p2
= (1—=p)\p~? (ag + o’¢?)

Case (v) if X; is Zero-Modified Logarithmic Series Distribution with parameters
(p,p), then
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In[1— ps]
G = 1—p)—————
x(s)=p+(1-p) (1= p)
Therefore
In[1— ps]
= A 1—p)——————1
o o+ - g = 1]
Which is the pgf of Poisson-Zero-Modified Logarithmic Series Distribution.
The mean and the variance is given by
A1—=p)p
— (1 —p)log(1l —p)

E[Sy] = E(N) E(X;) =

plog(l—p)+(1—p)p2 ~(1-p)p 1°
(1 —p)* log(1 — p))* }+ [( —p)log(l—p)l }

A{ plog(l—p)ﬂl—p)ﬂ N (1—p)*p? }
(
—

)? [log(1 — p)]? —p)* [log(1 — p)]?
plog(1—p)+ (1 —p)p>—(1—p)p°
R T s

(1—=p)Ap
(1—p)*log(1 — p)

Case (vi) if X; is Zero-inflated Poisson distribution with parameter (), p)

Gx (s)=p+ (1—p)eV
Therefore

_ Apr-pere i

Which is the pgf of Poisson-Zero-Inflated Poisson Distribution.
The mean and the variance is given by

E[Sy] = E(N) E(X;) = X (1—p)
and

Var[Sy] = A [VarX, + [E (X;)]]
=AM [A=p A1 +pN) + 2 (1= p)’]
=N (1 =p) [+ pA+ A=)
— X (1= p)[14+ A
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b) Compound Binomial Distribution

Suppose
Sy =X1+Xo+ X5+ + Xy

Where X/s are independent random variables, with NV being a Binomial random vari-
able. Then Sy is said to have a Compound Binomial Distribution. Suppose N is
Binomial with parameters (n,p). Then the pgf of N is given by,

F(s)=[1—-p+ps]"
and the pgf of Sy is given by,
H(s)=F[Gx (s)| ={1—p+p[Gx (s)]}"
Hence, the mean and the variance of Sy is given by
E[Sn] = E(N) E(X;) = npE (X;)
and
Var[Sy] = E[N]VarX; + [E (X)]?VarN
=npVarX; +np(l —p)[E (XZ-)]2
=np [VarXi +(1-p|E (Xl)ﬂ
Case (i) if X; is Zero-Inflated Poisson Distribution with parameters (A, p), then
Gx (s)=p+(1—p)etV
Therefore
H(s)={1-p+p[Gx (s)]}"
={1-p+plp+1-p) eV}

Which is the pgf of Binomial-Zero-Inflated Poisson Distribution.
The mean and the variance is given by

E[Sy] = E(N) E(X;) =npA(1—p)
and

Var[Sy] = E[N]VarX; + [E (X)]> VarN
=np [VarXi +(1-p)[E (Xz)ﬂ
=np{(1=p) A1+ pA) + (1= p) [(1 - p) I’}
=np(1—=p)AM{(1+p\) +(1—p)(1—p)A}
=np (1 —p) A {14+ pA+X—pA—Ap+ A\pp}
=Anp(1—p){1+A(1—p+pp)}

Case (ii) if X, is Zero-Inflated Negative Binomial Distribution with parameters
(v, p, p), then

191



Therefore

H(s)={1—p+p[Gx(s)]}"

orerlroon () I}

Which is the pgf of Binomial-Zero-Inflated Negative Binomial Distribution.
The mean and the variance is given by

E[Sy]=E(N)E(X;) =naq(1 - p)
and

Var[Sy] = E[N]VarX; + [E (X;)]> VarN
=np [Vaer- +(1—p)[E (Xl)ﬂ

:np{u 0|20+ %] v [ala "’)r}

Case (i7i) if X; is Zero-Modified Logarithmic Series Distribution with parameters
(p,p), then

In[1 — ps]

GX(S)=P+(1—P)M

Therefore

H(s)={1-p+p[Gx(s)]}"

:{1—p+'p[P+(1_p)HHn

Which is the pgf of Binomial-Zero-Modified Logarithmic Series Distribution.
The mean and the variance is given by
E[Sy] =E(N)E(X;) =npE (X))

. A=pnp?
— (1 —p)log(1—p)
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and

Var [Sy] = E[N]VarX; + [E (X;)) VarN
=np [VCL?”XZ' +(1—p)[E (XZ)]Q]

o1y )[Plos(l—p) + (1= p)p’ (1-p)p ’
—m p){ { (1 —p)* [log(1 — p))° ]+<—(1—p)10g(1—p)) }
1 gy dPlos( =)+ (L= p)p* — (1= p)*

-t p){ (1 - p)* [log(1 - p))* }

Case (iv) if X; is Zero-Inflated Binomial Distribution with parameters (n, p, p) , then

Gx(s)=p+(1—p)[l—p+ps]
Therefore
H(s)={1—p+p[Gx (s)]}"
=1—-p+p{p+1—-p)[1—p+ps|"}

Which is the pgf of Binomial-Zero-Inflated Binomial Distribution.
The mean and the variance is given by

E[Sy] = E(N) E(X;) = npE (X;)
=n’p* (1 - p)
and
Var[Sy] = E[N]VarX; + [E(X,)]>VarN
=np{(1=p) [pP°n’p+ npq] + (1 = p) [n*p* (1 - p)*] }
=np (1 — p) {npg+n*p* [1 — p+ o] }

c¢) Compound Negative Binomial Distribution

Suppose
Syn=X1+Xo+ X3+ + Xy

Where X!s are independent random variables, with N being a Negative Binomial ran-
dom variable. Then Sy is said to have a Compound Negative Binomial Distribution.
Suppose N is Negative Binomial with parameters (a,p). Then the pgf of N is given

by, )
P - (=)

and the pgf of Sy is given by,

p «
H(s)=FI[Gx(s)] = ([1 —(1—p)Gyx (s)])

Hence, the mean and the variance of Sy is given by

ElSy] = E(N) E(x) = 2L =P g,

p
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and

Var[Sy] = E[N]VarX; + [E (X)]*VarN
= MVarXi + 04(1—2_1)) E (XZ-)]Q
p p
A 24 “p_ D Varx, + % B (X))

Case (i) if X; is Zero-Modified Logarithmic Series Distribution with parameters
(p,p), then

GX(S)zp-F(l_P)H
Therefore
p [0
H(s)=F[Gx (9)] = ((1 —(1—p)Gx (s)))

«

p
[1 —(1-p) (P +{1=7) 1113}?112251)]

Which is the pgf of Negative Binomial-Zero-Modified Logarithmic Series Distribution.
The mean and the variance is given by

(1-pa

B[Sy] = E(N) B (X)) =~ 77

and

Var[Sy] = E[N]VarX; + [E(X;)]> VarN

= @ [VarXi + % (E (Xi))2]

(1 _ Plog(lfp)Jr(lfp)pz]
_a(l-p) (1=7) [ (1—p)*[log(1—p)]?

o 2 ()
4o flesl—p)+ (A —p)p—(1-p)
“ (- {0

Case (it) if X; is Zero-Inflated Poisson Distribution with parameters (), p), then

Gx () =p+(1—p)etV

Therefore

p o
H(s)=F[Gx (s)] = <(1 —(1-p)Gx (s)))

g : f
1= =p)[p+ (1 —p)er]]

Which is the pgf of Negative Binomial-Zero-Inflated Poisson Distribution.

194



The mean and the variance is given by

ESy] = EN) E(x) = L =P g x)

p
_a(l-p)(-p)
p

and

Var[Sy] = E[N]VarX; + [E (X)]*VarN
— MV@TXZ- + a(1—2—p) [E (X,)]?
p p
a(l

=D 0 paae o+ Lna o]

_a(l=p)(d=pA Al =p)
= , {(l—i-p)\)—i——p }

Case (iii) if X; is Zero-Inflated Binomial Distribution with parameters (n, p, p) , then
Gx(s)=p+(1=p)[L=p+ps]"

Therefore

p o
H(s) = F|[Gx (s)] = ((1 —(1-p)Gx (s)))

-{ p 3
(I-1=p)lp+1=p)(1—=p+ps)])

Which is the pgf of Negative Binomial-Zero-Inflated Binomial Distribution.
The mean and the variance is given by

ElSy] = E(N) B (x) = LD g )

p
—al-p)(1—p)n
and

Var[Sy] = E[N]VarX; + [E(X;)]> VarN

1

_aiTp <1p_ Dyarx, + L1 —P) p; g (X))

_ # {(1 —p) {p*n’p +npq} + % [np (1 — p)]Q]

an®(1—p)(1—p
( p)( )[p2p+npq+1—p}

Case (i) if X; is Zero-Inflated Negative Binomial Distribution with parameters
(o, p, p), then

Gx )=+ - =
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Therefore

p @
H(s)=F[Gx (s)] = <<1 —(1—p)Gx (S))>

p

(—t-n [+ 0= {tm) )

Which is the pgf of Negative Binomial-Zero-Inflated Negative Binomial Distribution.
The mean and the variance is given by

«

Blss = B B(xX) = “2p x)
B B O{2q2
= (=03

and

d) Compound Geometric Distribution

Suppose

SN=X1+Xo+ X5+ -+ Xy
Where X!s are independent random variables, with N being a Geometric random
variable. Then Sy is said to have a Compound Geometric Distribution. Suppose N
is Geometric with parameter p.Then the pgf of N is given by,

p
(1-(1-p)s)

F(s) =
and the pgf of Sy is given by,

H(s)=F[Gx (s)] = P

(1-(1-p)Gx(s))

Hence, the mean and the variance of Sy is given by

(1—-p)
p

E[Sy]=E(N)E(X;) = E(X;)

and
Var[Sy] = E[N]VarX; + [E (X)]?VarN

Ul )RV € —2p)

p p

7(1_]7) ar X 1 12
=, %4 Xz—i-p[E(Xz)]

[E (X))
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Case (i) if X; is Zero-Modified Logarithmic Series Distribution with parameters
(pv p) ) then

GX(S>IP+(1_/))H
Therefore
b
H(s) = F[Gx (s)] = {1-(1—-p)Gx(s)}
p

- . . . In[1—ps]
Which is the pgf of Geometric-Zero-Modified Logarithmic Series Distribution.

The mean and the variance is given by

(1-p)

B[Sy] = B(N) E(X) = — ot

and

Var[Sy] = E[N]VarX; + [E(X;)]>VarN
_ (1-p) ar X 1 )2
= [v X; + 5 (E (X)) ]

_Q=p ) o [plgl-p+A-p)p*] 1 (1—p)p 2
b { ! p)[ (1—p)* [log(1 - p)I* ]+p(—(1—p)log(1—p)>}
oy Jlog(l=p)+ (A —=p)p—(1-p)
SRRl (1—p) llog(1 — )P j

Case (ii) if X; is Zero-Inflated Poisson Distribution with parameters (A, p), then

Gx (s) = p+(1—p)ertV
Therefore

_ p
{1-(1-p)Gx(s)}

_ p

{1=-=-p)lp+ (1 —p) 1]}

Which is the pgf of Geometric-Zero-Inflated Poisson Distribution.
The mean and the variance is given by

H(s) = F'[Gx (s)]

E[Sy]=E(N)E(X;) = E(X;)
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and

Var[Sy] = E[N]VarX; + [E(X)]*VarN

) VarX; + (1;21’) [E (X,)]?

P p
_ (1;]9) {(1—p)A(1+pA)+%[A(1—p)ﬂ
_ (1—]9)(1—P)/\ {(14_'0)\)_’_@}
P p

Case (i) if X; is Zero-Inflated Binomial Distribution with parameters (n, p, p), then

Gx(s)=p+ (1 —=p)[l —p+ps]”

Therefore

_ P
{1-(1-p) Gx(s)}

B p

C{l-(1=p)lp+Q—p)(L—p+ps)"]}

Which is the pgf of Geometric-Zero-Inflated Binomial Distribution.
The mean and the variance is given by

H(s) = F[Gx ()]

Elsy] = BN B(x) = L2 px)

p
=(1-p)(1-p)n

and

Var[Sy] = E[N|VarX; + [E(X;)]> VarN

= (1_p)VarXi+u[E (Xi)]2

p p
_a ;p) {(1 —p) [p°n*p + npq] +}9[np(1 —p)]2}
GBI I

e) Compound Logarithmic Series Distribution

Suppose
SNn=X1+Xo+ X3+ + Xy

Where Xs are independent random variables, with NV being a Logarithmic Series ran-
dom variable. Then Sy is said to have a Compound Logarithmic Series Distribution.
Suppose N is Logarithmic Series Distribution with parameter 7. Then the pgf of N is
given by,
Fs) = In[1 — ps]

In(1—p)
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and the pgf of Sy is given by,

H (s) = F[Gx (s) = © [fn_(ff;);fs”

Hence, the mean and the variance of Sy is given by

E[Sy] = E(N)E(X,) = P E (X))

~ —(1-p)log(1—p)

and

_ ~ [p+log(1—p) g2
~(1—p)log(i—p) = p)og(i—p) = X
_ [p +log(1 — p)] NE
= TP ls(—p) (1= p)log(i —p) & X3

Case (i) if X; is Zero-Inflated Poisson Distribution with parameters (), p), then

VarX; +

Gx (s)=p+(1—p)ert

Therefore

n _ _ 6)\(571)
H(s) = Pl () = 20t LoD

Which is the pgf of Logarithmic-Zero-Inflated Poisson Distribution.
The mean and the variance is given by

A1=p)p

E[Sy]=E(N)E(X;) = —(1—p)log(1 —p)

and

Var[Sy] = E[N]VarX; + [E(X)]*VarN
_ p a0 tlog(l — p)] 2
Tl T - plegi g )
A1—=p)p [p+log(1 —p)] |
(1 —p)log(1l—p)

= (1+p\) +
Case (ii) if X; is Zero-Inflated Binomial Distribution with parameters (n, p, p) , then

(1-p)

—(1—p)log(l—p)

Gx (s)=p+(1—p)[1 —p+ps]"
Therefore

_Infl-p{p+A-p)[1—p+ps]"}]
In(1-p)
Which is the pgf of Logarithmic-Zero-Inflated Binomial Distribution.

H(s) = F[Gx (s)]
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The mean and the variance is given by

E[Sy] =E(N)E(X;) = — (173729;110;(?)— p)

and

Var[Sy] = E[N]VarX,; + [E(X)]*VarN

= b V(ZTXi —

— (1 —p)log(1 —p)

p+log(l—0p
[(1 = p)log(1 —p)]
- p ([1 - ﬁ) [P;n?p + npq )
—(1=p)log(1 =p) | +apyiogazy 72 (1 —p)]
1 - + log(1 —
_ p(l—p) [p + log(1 — p)] n2p2<1_p)}
—(1—p)log(1—p 1 —p)log(1—p)
Case (i1i) if X; is Zero-Inflated Negative Binomial Distribution with parameters
(o, p, p), then

) {p2n2p + npq + (

6x () = o+ 1= { =75}

Therefore

o= e oy 2 Ll 00 () |}
(S) - [ X (S)] - In (1 _p)
Which is the pgf of Logarithmic-Zero-Inflated Negative Binomial Distribution.
The mean and the variance is given by

aq (1 —p)
— (1 —p)log(1—p)

E[Sy]=E(N)E(X;) =

and

Var[Sy] = E[N]VarX; + [E (X;)]> VarN
_ (1-p) a’¢*  ag  [p+log(l—p)]
_—(1—p)10g(1—p){ P T

p p  (I—p)log(l—p)

Oé2q2 Oé2q2

P P p”

7.3.5 Special cases of Compound Inflated Power Series Dis-
tributions

a) Compound Zero-Inflated Poisson Distribution

Let
Sv=X1+Xs+ X5+ -+ Xy

Where X/s are independent random variables, with N being a Zero-Inflated Poisson
random variable. Then Sy is said to have a Compound Zero-Inflated Poisson Distrib-
ution. Suppose N is Zero-Inflated Poisson with parameters (A, p). Then the pgf of N
is given by,

F(s)=p+(1—p)et
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and the pgf of Sy is given by,
H(s)=F[Gx (s)] = p+ (1 —p)eMox©-1]

Hence the mean and variance is given by,

E[Sy]=E(N)E(X;)
= (1-p)AE (X))

and
Var[Sy] = E[N]VarX; + [E (X)]*VarN
= (1= p) AWVarX; + (1 — p) A (1 + p)) [E(X)]?
=1 —p) M VarX; + (1 + p\) [E(X)]*}

Case (i) if X is Zero truncated geometric Distribution with parameter p, then

pSs

Gx (s) where g =1—p

:1—q3

Therefore

ps _l]

H(s)=F[Gx (s)] = p+ (1—p) i
=p+(1—-0p) e)‘[ls:qls]

which is the pgf of Zero-Inflated Poisson-zero truncated Geometric distribution
Hence the mean and variance is given by,

E[Sy]=E(N)E (X))
(L—p)A
p

and

Var[Sy] = E[N|VarX; + [E(X)]* VarN
= (1=p) AWarX; + (1 —p) A(1+pX) [E (X)]?

RN E L)

:(l_p)A{l—er(lep)\)}

P2
Case (ii) if X; is Binomial Distribution with parameters (n,p), then
Gx (s) =[1—p+ps]"

Therefore
H(s)=F[Gx (s)] = p+ (1 — p) eMN0=ptps" =]

which is the pgf of Zero-Inflated Poisson-Binomial Distribution.
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Hence the mean and variance is given by,

E[Sy] = E(N) E (X))
=(1—p)Anp

and

Var[Sy] = E[N|VarX; + [E(X)]*VarN
= (1=p) AWarX; + (1 —p) A(1+ pA) [E (X)]?
= (1—=p)Anp{l —p+ (1 + pA) np}

Case (i11) if X; is Negative Binomial Distribution with parameters («, p), then

69 = =i s)

H(s) = F[Gx (s)] = p+ (1 p) MMd=s} 1

Therefore

Which is the pgf of Zero-Inflated Poisson-Negative Binomial Distribution.
Hence the mean and variance is given by,

E[Sy] = E(N) E (X))
=(1-p) Aa%

and

Var [Sy] = E[N]VarX; + [E (X;)] VarN
Cl{2q2

p2

:<1—p>%+<l—p>x<1+m>

2,2
aq a’q
=1=p)Aq— +(1+pA }
(1=p) { 2 H(+pd) =3
Case (iv) if X; is Logarithmic Series Distribution with parameter (p), then

_ In[1 — ps]
G (s) = In(1-p)

Therefore
In[l1—ps] 1]

H(s)= F[Gx (s)] = p+ (1 — p)

Which is the pgf of Zero-Inflated Poisson-Logarithmic Series Distribution.
Hence the mean and variance is given by,

E[Sy] = E(N) E(X;)
I G R
— (1 —=p)log(l—p)
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and

Var[Sy] = E[N]VarX; + [E(X)]* VarN
= (1= p) AWVarX; + (1= p) A(1+ pA) [E (X))
o — [p* + plog(1 — p)] p ?
== A{ (1—p)log(—p) 1+ [— (1—p)log(1 —p)] }
o —[p* +plog(1 —p)] + (1 + pA) p?
- MA{ (1= p)*[log(1 - p)]* }

Case (v) if X; is Poisson Distribution with parameters A\, then

GX (S) _ 6)\[371]

Therefore
eX(s—1) _ 1]

H(s)=F[Gx(s)] = p+ (1—p) el

which is the pgf of Zero-Inflated Poisson-Poisson Distribution.
Hence the mean and variance is given by,

E[Sy] = E(N) E(X)
=(1-pX

and

Var[Sy] = E[N]VarX; + [E(X)]* VarN
=1 =N+ 1 =p) N (1+p))
=1 =p) {1 +X(1+pN)}

b) Compound Zero-Inflated Binomial Distribution

Suppose
SNn=X1+Xo+ X3+ + Xy

Where X!s are independent random variables, with IV being a Zero-Inflated Binomial
random variable. Then Sy is said to have a Compound Zero-Inflated Binomial Dis-
tribution. Suppose N is Zero-Inflated Binomial with parameter (n, p, p). Then the pgf
of N is given by,

F(s)=p+(1—p)[1—p+ps]"

and the pgf of Sy is given by,
H(s)=F[Gx (s)] =p+ (1—p)[L—p+pGx (s)]"

Hence the mean and variance is given by,

B[Syl = E(N)E(X;)
= (1 —p)npE (X;)
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and

Var[Sy] = E[N]VarX; + [E (X)]>VarN
= (1—p)npVarX; + (1 — p)np {npp+ (1 — p)} [E (X)]”
= (1—p)np{VarX; + [npp+ (1 — p)] [E (X)]*}

Case (1) if X; is Poisson Distribution with parameter (), then

Gx (s) = M=)

Therefore
H(s)=FI[Gx(s)]=p+ (1 —p) [1 —p _i_peA(sq)]

Which is the pgf of Zero-Inflated Binomial-Poisson Distribution.
The mean and the variance is given by

E[Sy] = E(N) E(X;)
= (1—p)npA
and
Var[Sy] = E[N]VarX; + [E(X)]*VarN

= (1—p)npVarX; + (1 — p) np{npp + (1 — p)} [E (X)]?
= (1= p)npA {1+ Anpp+ A(1—p)}

Case (i7) if X; is Negative Binomial Distribution with parameters («, p), then

ix 9= { =3}

Therefore

H(s) = F[Gx (s)] = p+ (1= p) [1—19”{1—(1?;—;9)5}1”

Which is the pgf of Zero-Inflated Binomial-negative Binomial Distribution
Hence the mean and variance is given by,

E[Sy] = E(N) E(X)
= (1= p)naq

and

Var[Sy] = E[N]VarX; + [E(X,)]> VarN

(1 —p>np{@]%+ inpp+ (1 - )] M }

p
2.2
q a~q
=<1—p>n{a—+[npp+q1—}
p p

Case (iii) if X; is Logarithmic Series Distribution with parameter (p), then
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_ In[l — ps]
Gx (S)—m

Therefore
In[1— ps]]"”

In (1 —p)
Which is the pgf of Zero-Inflated Binomial-Logarithmic Series Distribution.
Hence the mean and variance is given by,

H(s)=F[Gx(s)]=p+(1—p)|l=p+p

E[Sy] = E(N) E (X))

_ (A -pnp?
—(1—p)log(l—p)

and

Var[Sy] = E[N]VarX; + [E(X)]*VarN

= (1—p)npVarX; + (1 — p)np {npp+ (1 — p)} [E (X)]?
. P +plog(1 —p)

- ]

e ) [ = pffogu )

1 2 S8l = p) —np?p+ p?
=—{=p)mp { <1—p>2[1og<1—p>]2}

Case (i) if X; is Binomial Distribution with parameters (n,p), then

Gx (s)=[1—p+ps]
Therefore
H(s)=F[Gx(s)]=p+(1=p)[1—p+p(l—p+ps)]"

Which is the pgf of Zero-Inflated Binomial-Binomial Distribution.
Hence the mean and variance is given by,

E[Sy] = (1 —p)n?p”
and
Var [Sy] = (1 — p)n*p*{qg+ np (npp + q)}

¢) Compound Zero-Inflated Negative Binomial Distribution

Suppose
Syn=X1+Xo+ X3+ + Xy

Where X|s are independent random variables, with N being a Zero-Inflated Nega-
tive Binomial random variable. Then Sy is said to have a Compound Zero-Inflated
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Negative Binomial Distribution. Suppose NN is Zero-Inflated Negative Binomial with
parameter («, p, p). Then the pgf of N is given by,

F<s>=p+<1—f}>{ﬁ}a

and the pgf of Sy is given by,

p

1—(1—P)Gx(8)}a

H<s>=F[GX<s>1=p+<1—p>{

Hence the mean and variance is given by,

E[Sx] = E(N) E(X)

and
Var [Sy] = E[N]VarX; + [E(X)]>VarN

RN Oy )
=(1-p) ;

=(1 —p)a(l ;p) {VarXi —i—%[a(l —p)p+1][E (X)]Q}

Varki + (1= ) XD a1 )+ 1 £ ()

Case (i) if X; is Logarithmic Series Distribution with parameter (p), then

_ In[l — ps]

GX(S)_m

Therefore

H (s) = F[Gx (s)] = p+ (1= p) {1 1 ln[l_ps}}
In(1-p)

Which is the pgf of Zero-Inflated Negative Binomial-Logarithmic Series Distribution.
Hence the mean and variance is given by,

E[Sy] = E(N) E(X;)
_ (A=p)a
—log(1 —p)

and

Var[Sy] = E[N]VarX; + [E (X)]> VarN

~(1-pal = varxi+ 01— ) o a1 - g+ Um0

p+log(l —p) —[a(l—p)p+1]

__41—ma{ (1 —p) [log(1 — p)]? }
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Case (i1) if X; is Poisson Distribution with parameter \, then

Gx (s) = M=)

Therefore

H(s)=F[Gx (s)]=p+(1-p) { 1-(1 —pp) e*(sl)}

Which is the pgf of Zero-Inflated Negative Binomial-Poisson Distribution.
Hence the mean and variance is given by,

E[Sy] = E(N) E(X;)
(1-p)
p

= (1-p) A

and

Var[Sy] = E[N]VarX; + [E (X)]*VarN

—(1-pal = varxi+ 1= T a1- g+ Um0
—1-pa =22 1 2 a1

Case (ii1) if X; is Binomial Distribution with parameters (n,p), then
Gx(s)=[1—-p+ps]

Therefore

H9) = FlGx ()] =p+ (1= ) { 2 as

I1-(1-p)[l—p+ps

Which is the pgf of Zero-Inflated Negative Binomial-Binomial Distribution.
Hence the mean and variance is given by,

E[Sy] = E(N)E (X))
= (1—p)anp
and
Var[Sy] = E[N]VarX; + [E (X)]> VarN
1 l=P)
=(1-p) 5

=(1—p)an(l—p){g+anp(l—p)+n}

a(l—p)

VarX; + (1 — p) o [ (1= p) p+ 1] [E(X))?

Case (iv) if X; is Negative Binomial Distribution with parameters (o, p), then

9=\ i)
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Therefore

p
1= (=) [=t)

Which is the pgf of Zero-Inflated Negative binomial-Negative Binomial Distribution.
Hence the mean and variance is given by,

H(s) = FlGx (s)] = p+(1—p)

E[Sy] = E(N) E (X))

and

p
(1-p) faq  o’¢ o¢  o¢
=(1-pa p p——l— PRl p+ o
1— 2.2
=(1 )a( 3p) {aq(l—oz2qp)+apq (ozp—i—l)}

d) Compound Zero-Modified Logarithmic Series Distribution

Suppose
SN =X1+Xo+ Xz + -+ Xy

Where X/s are independent random variables, with N being a Zero-Modified Loga-
rithmic Series random variable. Then Sy is said to have a Compound Zero-Modified
Logarithmic Series Distribution. Suppose N is Zero-Modified Logarithmic Series Dis-
tribution with parameter 7. Then the pgf of N is given by,

In[1— ps]

F(S):p+(1—p) ln(l—p)

and the pgf of Sy is given by,

In{1—pGx (s)}
In(1-p)

H(s) = F[Gx (s)] = p+ (1 - p)

Hence the mean and variance is given by,

E[Sx]=E(N)E (X))
—(1-p)p .
(1—p)log(l—p) B(X)
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and

Var[Sy] = E[N|VarX; + [E(X)]* VarN

_ —(A=pp plog(1l —p) + p* (1 + p) )
a (1 - p) log(l - p) [(1 — p) log(l _ p)]2 } [E (X>]

__ —QQ=p)p a1 08t =p) +p(1+p) 2
= = p)iog(l —p) {V N T ) s - p) WX”}

Case (i) if X; is Poisson Distribution with parameter A, then

VarX; — (1 - p) {

Gx (s) = M=)

Therefore

In {1 — pe)‘(s_l)}
In(1-p)

Which is the pgf of Zero-Modified Logarithmic Series-Poisson Distribution.

Hence the mean and variance is given by,

H(s)=FlGx(s)] =p+(1-p)

E[Sy]=E(N)E(X;)
_ —(A=p)pA
(1 —p)log(l —p)

and

Var[Sy] = E[N]VarX; + [E(X)]* VarN
__ —U=pp oy Plos(=p)+p*(1+p) 2
~ Tt -0 P o)
__—(A=ppA {1 Alog(l—p)+p(1+p)}
(1 —p)log(l—p) (1 —p)log(l—p)

Case (ii) if X; is Binomial Distribution with parameters (n,p), then

Gx(s)=[1—p+ps]

Therefore

) In{l—p[l—p+ps]"}

In (1 —p)
Which is the pgf of Zero-Modified Logarithmic Series-Binomial Distribution
.Hence the mean and variance is given by,

H(s)=F[Gx(s)|=p+(1—

E[Sx] = E(N) E(X))

— (1 —p)np?
(1 —p)log(l—p)
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and

Var[Sy] = E[N|VarX; + [E(X)]? VarN
_ 0 =pp gy [plog(=p) +p* (14 p) 2
T (1—p)log(l — p)v A= (1) { [(1—p)log(1l — p)]? } B
— (1 —p)np? { nplog(l—p)+np2(1+p)}
(1 —p)log(l—p) (1 —p)log(l —p)

Case (i17) if X; is Negative Binomial Distribution with parameters («, p), then

9=}

Therefore

H(s) = F[Gx (5)] = p+ (1= p) £ _mpifép)s} !

Which is the pgf of Zero-Modified Logarithmic Series-Negative Binomial Distribution.
Hence the mean and variance is given by,

E[Sy] = E(N) E(X;)
_—(d=-pa
log(1 — p)

and

Var[Sy] = E[N]VarX; + [E(X,)]> VarN
—(1-p) (- )a_Q{log(l—p)er(Hp)}

Tlgl-pp - U log(1 —p)]’
_—(=paf  log(l—p)+p(l+p)
"~ log(1—p) p [1 * log(1 - p) }

Case (iv) if X; is Logarithmic Series Distribution with parameter (p), then

~ In[1 — ps]
Gx (s) = m(i=p)

Therefore

__, In[1—ps]
In {1 PTaiip) }
In(1-p)
Which is the pgf of Zero-Modified Logarithmic Series-Logarithmic Series Distribution.
Hence the mean and variance is given by,

H(s) = F[Gx (s)] = p+(1-p)

E[Sy] = E(N) E(X,)
(1—p)p°
(1 —p)log(1 —p)]”
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and

Var [Sy] = —(d-pp {VMXﬁlog(l—p)ﬂLp(Hp)[E(X)]g}

(1 —p)log(l —p) (1 —p)log(l —p)
—(1—=p)p {—[p2+plog(1—p)] p° (10g(1—p)+p(1+p))}
[(1—p)log(1—p)]> | (1—p)log(l—p) [(1 —p)log(1 —p)]”
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Chapter 8

Applications of Inflated Power
Series Distributions to Migration

8.1 Introduction

In certain applications involving discrete data, it is common to encounter many zeroes
than predicted by models based on standard assumptions. The problem of a high
proportion of observations at some of the support has received great attention of the
practitioners and the researchers in data analysis and modeling as applied in various
fields that includes; econometrics, demography, medical, public health, epidemiology,
biology, demography and in many other fields. In this chapter, we review zero-inflated
and one-inflated power series distribution models as applied in describing migration
at various levels.

8.2 An Inflated Power Series Distribution for Mod-
elling Rural Out-Migration at Household Level

8.2.1 Introduction

Analysis of migration data at various level has momentous implication for regional
planning as well as for formulation of housing policies (Rossi, 1955; Pryor,1975). A
number of attempts has been made during the past few decades to study the migra-
tion phenomena at macro-level (Friedlander and Roshier, 1966; Lee,1966; Greenwoood,
1971; Muller, 1967). They have generally adopted a macro-level approach by operating
on highly aggregate data for countries, states’ districts and nations as a whole. These
studies might not provide the adequate explanation for the tremendous regional and
local heterogeneity planning, especially in developing counties. Recently, micro-level
research on both residential mobility and migration has played a decisive role in de-
velopment of the theory of migration (Dejong and Gardner, 1981; Speare etal., 1975).
The need for collection and analysis of migration data at the household level is based
on the fact that the household is the basic socio-economic unit for integrated rural
development. The number of migrants from a household has important bearing on the
economic and cultural characteristics of the household. Household with at least one
migrant are more prone to have new ideas than household having no migrants (Yadava
and Sing, 1991).
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Generally in rural area, the occurrence of migration from household can be classi-
fied as (i) Adult males (=15 years) who migrate singly to a place, leaving their wives
and children in their village homes, (i7) Individuals who migrate with their wives and
children, and (#i7) Males who migrate with their wives, children and some members of
their households, as identified by Yadava and Singh (1991). The impact of these three
types of migrants on the sociocultural and economic characteristics of the household
are usually different. It is obvious that migrations of many members of a household
especially females is more likely to affect the economic status and the sociocultural
outlook of the household. This consideration underscores the importance of concen-
trating attention on the pattern of distribution of total number of migrants from a
household.

A good number of studies have been done and several models have been proposed
to study the pattern of rural male (> 15) out migration (Hossain, 2000; Iwunor, 1995;
Singh, 1992; Sharma, 1987; 1985; Yadava, Tripathi and singh, 1994). However, this
models were not appropriate to fit the distribution of total number of migrants due to
the following limitations, Firstly, the prior distribution of males aged fifteen years and
over is not known. Secondly, the model do not take into account those households from
where the wives, children and other members of the household migrate i.e. migration
in clusters and thirdly, the distribution of living children to a couple is not known.
Taking these limitations into account. Consequently, several attempts have been made
to describe the distribution of households according to the total number of migrants
under different assumptions (Yadava and Singh, 1991;Janardan, 1973).

Yadava and Singh (1991) proposed a model that describes the variation in the total
number of migrants from a household. Their model is based on the following assump-
tions: (i) Migration from a household occurs in clusters (groups), (i4) Migration from
a household is a rare event, (i7i) The risks of a cluster of migrants vary from household
to household. They assumed that the number of clusters migrating from a household
follows the Poisson distribution, while the number of migrants in a cluster follows the
one inflated zero truncated geometric distribution.

Inuwor (2004) studied a model that takes into account zero observation. He as-
sumed the Poisson distribution for the number of clusters migrating, and that the
number of migrants in a cluster follows each of the members of the class of one-Inflated
power series distributions namely: the binomial, the Poisson, the negative binomial,
the geometric, the log-series, and the mis-recorded Poisson. At least one person is
expected to migrate in household is exposed to the risk of migration thus, the use of
the one-inflated distributions. This is justified by the need to reduce the risk of under-
estimation of the probability that one person migrates in households are exposed to
the risk of migration. Hence the use of zero-truncated distributions as proposed by
Yadava and Singh (1991) is not justifiable since the zeros are real zeros are real and
observable as there is the possibility that nobody migrates in a cluster in a household.

A review on estimation of parameters of the Inflated Geometric Distribution for
modelling rural out-migration according to the number migrants and a comparison of
Poisson-one-Inflated power series distribution for modelling rural out-migration at the
household level as done by Inuwor (2004) will be reviewed. In each case the description

of the model, the method of estimating the parameters, application and conclusion will
be derived.
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8.2.2 Model for the Distribution of Households According to
the Number of Migrants

The distribution have been proposed on the basis of the following assumptions:

(7) At any point in time, at least one member of each household has a chance of « of
migrating out and a chance of 1 — « of not migrating.

(77) The pattern of migration from each household follows the geometric distribution
with parameter p representing the probability of a single individual migrating
from a household.

Let X represent the number of male rural out-migrant from a household, then X
follows the inflated geometric distribution with probability density function:

l—a+ap for =0

T

aq®p for x=1,2,3,...

where p+ ¢ = 1.

The probability of x members migrating from a household is more than the prob-
ability of (x 4+ 1) members migrating from a household (for x = 1,2,3,...), Thus X
is a decreasing function. The use of this model is further justified by the fact that
migration is selective of age and other socio-demographic characteristics. Adult males
aged fifteen years and over tend to migrate singly. The chance that the entire members
of a household migrate decreases with increase in the household size.

Estimation of Parameters

The proposed Inflated geometric distribution involves two parameters a and p to be
estimated from the observed distribution of migrants from the households. The two
parameters would be estimated using by the method based on Moments, Maximum
Likelihood Function and the method of the mean-zero-frequency, i.e., Let z1, o, ..., z,
denote a random sample of size n from the population, also let ng denote the number
of zero observations and n the total number of observations.

Estimation of the Parameters Using Maximum Likelihood Function From
chapter five subsection 5.4.5, the maximum likelihood estimators of @ and p when they

exist are given by
ng —n +nod

p= nd

1
T

6=1—

as given in (5.43) and (5.45) respectively. Where Z is the mean of positive obser-
vations. R
Reparameterize by writing # =1 — p, p = 1 — « to obtain the estimates of o and
p as
Ng—n
o=— (8.1)
n(p—1)
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and
1

p= (8:2)

8

Solving for of o and p by substituting the values of Z, n and ng in (8.1) and (8.2), for
the three types of villages, i.e.,

Semi urban ng = 1042, n = 1171, £ = 0.16055
Remote ng =872, n=1135, = = 0.34537
growth centre ng = 978, n = 1208, = = 0.290 56

to obtain the maximum likelihood estimators. The estimators obtained is as given
in the table below:

Table 8.1: Estimators based on method of Maximum Likelihood Function
Parameters \ Semi-urban \ Remote \ Growth Centre ‘

0.68617 | 0.67092 0.655 27
o} 0.35103 | 0.70414 0.552 31

3>

The mean-zero-frequency method of estimation The mean-zero-frequency method
of estimation is based on the zero relative frequency of the data set which is equated

to the probability of zero under the assumed distribution (see Kemp and Kemp, 1988).
So, the resulting system of equations is

l—a+ap=f (8.3)

1—
a—L 3 (8.4)
p
Where fo = “* is the proportion of zero observations in the sample
Z is the observed mean of the distribution in the sample

Solving equation (8.3) and (8.4) simultaneously to obtain p and « we get,

N n —"no
o= ——-m— 8.9
n(l—p) (85)
and o
p = — (1 — *k
p=—(1-p (**)
but a = n?;f;) therefore equation (x*) becomes
P L 2 1]
= 8.6
p=— (8.6)

Solving for of o and p by substituting the values of Z, n and ny in (8.5) and
(8.6) ,for the three types of villages, i.e.,

Semi urban ng = 1042, n = 1171, z = 0.160 55
Remote ng =872, n=1135, z =0.34537
growth centre ng = 978, n = 1208, T = 0.290 56

to obtain the estimators. The estimators obtained by the method of mean-zero-
frequency is as given in the table below:

Table 8.2: Estimators based on mean-zero-frequency method
’ Parameters \ Semi-urban \ Remote \ Growth Centre ‘

D 0.686 17 0.67092 0.655 27

a 0.35103 0.704 14 0.552 31

Remark : The use of the mean-zero-frequency method is the same as the maxi-
mum likelihood estimates for Zero-inflated Geometric distribution.
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Estimation of the Parameters Based on the method of Moments The mo-
ment estimators of # and p as obtained in chapter five subsection 5.4.5, equation (5.38)
and (5.39) respectively are given as

é: Zz lxz —n
T+, T

and

NI 2¢UES vt
IS of —on}

Reparameterize by writing h=1— p, 1 — p = & to obtain the moment estimators of

+x

a and p as v

p:l_{T— (8.7)
and

PO D S (8.8)

{Zz 1 —JZTL}

Solving for of o and p by substituting the values of z, n and ) ;27 in (8.7) and
(8.8) ,for the three types of Villages ie.,

Semi urban Sor a2 =392, n=1171, & = 0.16055

Remote Yom o xp =770, n=1135, T =0.34537
=737, n =1208, = 0.290 56

72
Z
growth centre S a?

to obtain the moment estimators as given in the table below:

zlz

Table 8.3: Estimators based on method of moments
Parameters \ Semi-urban \ Remote | Growth Centre ‘

D 0.64828 | 0.67470 0.645 22
0.29591 0.716 33 0.528 43

(N

Application

Using the estimates obtained in table 8.2 and table 8.3 are used to fit the inflated
geometric distribution to the same data used by Sharma (1985). The observed number
of households according to the number of male migrants aged fifteen and over from
a household in the three villages types, the expected number and y? statistics are
computed to test for the goodness of fit. The results for the parameters obtained,
based on the method of the mean-zero-frequency and maximum likelihood function
are presented in table 8.4. The corresponding results obtained by method of moments
are displayed in table 8.5.

Table 8.4: The distribution of the observed and expected number of households ac-
cording to the number of rural out-migrants per household in the three types of villages.
(Based on the method of the mean-zero-frequency and mazimum likelihood function)
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Number of migrants Number of Households
Semi-urban Remote Growth Centre
Obs. Exp. Obs. Exp. Obs. Exp.
0 1042 1042 872 872 978 978
1 95 88.52 176  176.45 | 154  150.71
2 19 27.78 59 58.07 47 51.96
3 10 18 19.11 18 17.91
4 2 6 9
5 2 12.70 4 1
6 0 0 9.37 0 9.42
7 1 0 0
8+ 0 0 1
Total 1171 1171 1135 1135 1135 1135
A 0.35103 0.704 14 0.552 31
D 0.686 17 0.67092 0.65527
x? 3.6659 0.1229 0.8108
df 1 2 2

Table 8.5: The distribution of the observed and expected number of households
according to the number of rural out-migrants per household in the three types of
villages. (Based on the method of moments)

Number of migrants Number of Households
Semi-urban Remote Growth Centre
Obs. Exp. Obs. Exp. Obs. Exp.
0 1042 1049.13 | 872  870.52 | 978  981.53
1 95 79.04 176 178.44 154 146.12
2 19 27.83 59 58.05 47 51.84
3 10 9.80 18 18.88 18 18.39
4 2 6 9
5 2 4 1
6 0 5.20 0 9.11 0 10.12
7 1 0 0
8+ 0 0 1
Total 1171 1171 1135 1135 1135 1135
Qa 0.29591 0.716 33 0.52843
P 0.648 28 0.67470 0.645 22
X2 6.0845 0.1794 0.9743
df 2 2 p

Table 8.4 and 8.5 shows that the tendency to migrate by members of a household
is higher(0.704 14 and 0.716 33 respectively) in remote rural areas, moderate(0.55231
and 0.52843 respectively) for residents in growth centres and relatively low as 0.351 03
and 0.29591 respectively for residents in semi-urban areas. In table 8.4 the chance of
individual members of households actually migrating is higher for residents in the semi-
urban areas who are already adapted to city life and must have established links in the
cities. The insignificant values of the y? at the 5% level attests to the goodness of the fit
for values obtained in table 8.4 and 8.5 for Remote and Growth centres. But for table
8.5 Semi-urban the x? is significant at the 5% level this may be due to the bias in the
estimators. That is, they sometimes fail to take into account all relevant information
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in the sample. However, the goodness of fit obtained using the proposed method of
estimation (the method of the mean-zero-frequency and maximum likelihood function)
are not too different from those obtained by the method of moments except for the
semi-urban, as evidenced from the x? values.

Conclusion

The findings show that estimates of the parameters of the inflated geometric distribu-
tion for rural out-migration obtained using the mean-zero frequency method (which is
the same as the maximum likelihood estimates) are different from those obtained using
the method of moments. The goodness of the fit of the model is almost the same for
the three methods except for the method of Moments that is biased and sometimes fail
to take into account all relevant information in the sample. The maximum likelihood
method however provides more efficient results. It has a higher probability of being
close to the quantities to be estimated and are more often unbiased.

8.2.3 Model for the Distribution of Household According to
the Total Number of Migrants

The Distribution to describe the variation in the households according to the total
number of out migrants is derived under the following assumptions:

(1) Migration from a household occurs in clusters (groups),
(72) Migration from a household is a rare event,

(77i) The risks of a cluster of migrants vary from household to household.

Let Z;1 =1,2,..., N denote the number of migrants from ith cluster in a household
and let N denote the number of clusters of potential migrants in a household. Then,

X =21+ Zo+ 25+ +Zn

is the total number of migrants from a household.
Define

g(s)=E(5%) = Z‘PZi (2) s
z=0
as the probability generating function(pgf) of Z; where Py, (z) is the probability mass

function (pmf) of Z;.
Also,

h(s)=E(SY) =) Py(n)s"

is the pgf of N. Where Py (n) is the pmf of N.
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Then, the pgf of X is given as (Feller, 1968).
GX (S) =F (SX)

— EE (SZ1+Z2+Z3+---+ZN)
N

=F H E (S Zi) , because of independence
i=1

E[E (SZ’L')]N , since Zs are identical
= E[g(s)"

Therefore
Gx (s) =h(g(s)) (8.9)
from which the pmf of X can be derived. Specifically, Py (x) is the coefficient of the
s” in the expansion of Gx (s) as a power series in s.
The mean and the variance of the number of migrants in a household are respec-
tively given as

EIX]=Gx (1)
Var[X] = G% (1) +GY (1) - [Gy (1)
where G’y (1) and G (1) are respectively the first and second derivatives of Gx (s) at

s =1.
Assuming that NV follows the Poisson distribution with pmf given as

—Gen
PN(n)zeT, n=0,1,2,...,00

The pgf of N is given as

> o= (fs)"
h(s)=> Py(n)s —Z%
2=0 2=0 ’
-0 = (0s)" 0s = (0s)"
= Z ol but e :Z oy
2=0 ’ 2=0 ’
== (8.10)

Where 6 is the mean number of clusters of migrants per household /the average number
of clusters per household.

Using equation (8.9), the pmf of X are derived assuming that Z follows:
(7) The one-inflated Poisson distribution.
(77) The one-inflated log-series distribution.
(7i1) The one-inflated geometric distribution.
(iv) The one-inflated negative binomial distribution.
(v) The mis-recorded Poisson distribution.
(vi) The one-inflated binomial distribution.

The resulting mixed distribution are presented below.
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The Poisson-one-Inflated Poisson Distribution

we™ z=10
Pr(Z=1z2)={ (1—w)+wle? z=1

wA?e”

wace - z2=2,3,4,...,00

2!

where A is the average number of persons migrating from a cluster.

The pgf of Z; is given as

oo
z
= § Pzs
z=0

= po+pis+ Yy pas’
z=2
o0 A zZ -\
=we 4+ [(1 — w) + whe™] s—l—cuZ%
z=2
=we 4+ [(1 —w) +wAe™] s +we ™ {e* — As — 1}

—A(1—s) A -

=we M+ (1 —w)s+wle s +we —wle s —we

= (1 —w)s +werD

(8.11)

Therefore substituting equations (8.10) and (8.11) into (8.9) gives the pgf of X as

Gx (s) = exp [0 (1 —w) s + Owe "1 — 4]
The first and the second derivatives of Gx (s) w.r.t s is given by

GfX (8) =40 (1 — w) + 960)\6 (s—1) exp [9 (1 _ w) s+ Qwe)\(s—l) . 9]
G’ (s) = QwA?e* D exp [6(1—w)s+ Qe s _ 0]
[ 1—w)+ Owe 5~ 1)} exp [0 (1—w)s+ Qe =1 _ 9}

setting s = 1

Gy(1)=0(1—-w)+0wr=0[1—w+w)
G% (1) = 0w 4 [0 (1 — w) + w]

Therefore the mean and the variance is given by

E(X)=G%(1) =01 —w+ o]

Var (X) =G5 (1) +Gy (1) - Gy (1))

= WA+ [A(1—w) + 0N+ 01 —w+ ] — [0(1 — w4+ M)’

= 0wA? +0[1 — w + I
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The probability density function of X is obtained by extracting the coefficients of s*
in (8.12) as follows,

Gx(s)=exp[0(l —w)s+ foe s — 0]
6—960(1—w)369we’\(3_1)

_ 6—966’(1—w)s Z (00;]) BM(S_l)
2!
=0

oo )¢
_ 6—060(1—w)s Z (9(4.)6 ) eAis

=0

= [ (Owe™)" S (i)
oy {50
1=0 r=0
0o 0 A\ ¢ r o
(1-w)s (6&)6 ) (/\Z) S
e e ZO; il ]
00 o] bY
_ —w)s (00}6 ) ()\7’) r

let

Therefore (8.13) becomes
Gx (s) = ¢ {Z [9(1;—.””} {Zasm }
26_9{1+9(1—w)s+T }{ 0)+¢(1)s+¢(2)s*+

¢
_ 0 1'¢(0)+[1-¢()+9<1—w)2¢(0 s
O 1 0@ 0 —w) e(1) £ L o)) 2 1

Hence,
po=e"-¢(0)=e"’

p=c{1:¢(1)+0(1—w) 6(0)}

pgze—ﬁ{l-mwa—w)-¢<1>+W-¢<0>}
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o= e { 16 (2) + 209 g (2 — 1) 4 LA g (o — 9 }

+...+M.¢(0)

x!

r!
° 0(1—w)" <= (Bwe )" (\i)"
:eez{[ 1-) Z( ‘ )<T'>}

3 O —w)]” 3 M (8.14)

r=0 r=0

We can re-write Py (x) as

6—9(1—we‘*> =0
Py (v) = _ (8.15)
x —w)]* " 0o (Bwe™)" iy
ey el ZZ.:O< . ) M r=1,2,...,00

as given by Iwunor (2004).
The estimating equations for the parameters 6, w and \ are

e00=ee) - (8.16)
fo {é (1— )+ émeﬂ - f (8.17)
é[(1 — o) +X@] ~-X (8.18)

Where
fo is the proportion of zero observations
f1 is the proportion of one observations
X is the observed mean of the Distribution
To estimate for the parameters §,w and A divide (8.16) and (8.17) by (8.18) to
get,

1 — e :—ll_lf() (8.19)
1— @+ A& X
1—@+are™ f (3.20)

-0+ Xfo
From (8.19) and (8.20) solve for w and .
By making w the subject of the formula in (8.19) we obtain,
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1— (2)6_)\ _ N ln_fg _ ln_fo i " ln_fo
X X X
1 .1 1
1+ I}fo:@(e‘A anfo I;_go
14 fo
W= X (8.21)

and substitute the value of w in (8.20) to obtain

g —@(1—5\6)‘—L+5\L>

- Xfo Xfo ' "Xf
1+ Bh A 3
1— S X 1—/\e_A—_]C—1+)\:f—1
X fo e—*—)\%—k% X fo X fo

S _>\< i ) N _A< lnfo) BN (hlfo fi )
l1—=—=ce¢ 1—=—)+Xe 1+ —=— ) -\ —=—+=— 8.22
X fo X fo X X X (8.22)
Then solve for A in equation (8.22).

Substitute the value of A in (8.21) to obtain w. Then substitute the value of w and
A obtained in any of the estimating equations to obtain the value of 8

Semi urban

The proportion of zero observations fo=10.88984
The proportion of one observations fi=8.1127 x 1072
The observed mean of the Distribution X =0.16055

Substituting the values of fo = 0.88984, f; =8.1127 x 1072 and X = 0.16055 in
equations (8.18),(8.21) and (8.22) we obtain

. 188
0 = .
1171 (dw — w + 1) (8:23)
0.27301
&= 0 (8.24)

0.726 99\ + e~ 102 —0.726 99

188 1171 T 195806 195896
—0.15911)\ — 0.43212¢™* — 0.27301 e = —0.43212

043212 _,  0.27301)\e™* ~ 043212

015011 T 015011 015911
A+2.7159¢* + 1.7159 e > = 2. 7159
(8.25)

71, 1042 111245\ (1171 1042 ) SAGSL L, 84651
_ 1171, 1042 B
188 11171 ' 195896 ¢
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Solving for A in (8.25) we obtain A = 1.6522
Substitute the value of A obtained in (8.24) to obtain w. That is

= 0.41007

. 0.27301
T 10.726 99\ + e~ 10X —(.726 99

] A=1.6522
Then substituting the value of w and A obtained in (8.23) to obtain the value of 6

188

0 = =0.12
[1171(Aw—w+1) 012667

:| A=1.6522,w=0.41007

Therefore the solution to the parameters are w = 0.41007, A =1.652 2, 6 =0.126 67

Remote
The proportion of zero observations fo=10.768 28
The proportion of one observations f1 =0.15507
The observed mean of the Distribution X =0.34537

Substituting the values of fy = 0.76828, f; = 0.15507 and X = 0.34537 in the
equation (8.18),(8.21) and (8.22) we obtain

A 2
§— 92 (8.26)
1135 <1 — o4 A@)
0.236 77
o= (8.27)

0.76323\ + e=* — 0.763 23

1135 872 12485 1135 872 8879
A 1 —de M o ln— 1) - = -0.41561
( 302 1135 ' 21 364) ¢ ( 302 1135 > 21364" 04156

—0.178 83\ — 0.41561e ™ — 0.236 77X e > = —0.41561
0.17883 .  0.41561 _, et 0.41561

023677 T 0.23677° ¢ T 023677
0.75529\ 4+ 1.7553¢ > + de ™ = 1.7553
(8.28)

Solving for A in (8.28) we obtain A = 0.846 50
Substitute the value of A in (8.27) to obtain w. That is

= 0.75947

L 0.236 77
~10.76323\ + e — 0.763 23

] A=0.846 50
Then substituting the value of w and A in (8.26) to obtain the value of

- 2
0= 59 = 0.39095

1135 (1 — o+ X@)

A=0.846 50,w=0.759 47

Therefore the solution to the parameters are w = 0.759 47, A = 0.846 50, 6 = 0.39095
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Growth centre

The proportion of zero observations fo=10.8096

The proportion of one observations f1 =0.12748

The observed mean of the Distribution X =0.29056

Substituting the values of f, = 0.8096, f; = 0.12748 and X = 0.29056 in the
equation (8.18),(8.21) and (8.22) we obtain

: 351
0= 8.2
1208w —w + 1) (8.29)
2
- 0.27309 530,

0.726 91\ + e~10A — 0.72691

2 2 12 4 12 4 1
78623 78623 ’\—i—)\eA( 08 39 1>_)\( 08 89 930 6)

= e Rl i I
171639 171639 351 604 351 604 ' 171639
0.45807 = 0.184 98\ + 0.458 07¢ ™ + 0.273 09 \e

1.6774 = 0.67736A + 1.6774e ™ + Ae > (8.31)

Solving for A in (8.31) we obtain A = 1.1809
Substitute the value of A in (8.30) to obtain w. That is

. 0.273 09
w =
0.726 91X + e 10X —0.72691 |, _; 1500

Then substituting the value of w and A in (8.29) to obtain the value of 0

= 0.62278

b { 351 ]
1208 (A —w +1) [ ,_; 150 9,w=0.62278
Therefore the solution to the parameters are w = 0.622 78, A =1.180 9, 6 = 0.261 14

= 0.26114

The Poisson-one-Inflated Log-series Distribution

(1 —w)+ wap z=1
Pr(Z==z)=
o 2=2,3,4,...,00
Where p = 1 — ¢ is the probability of a person migrating from a cluster. o =

~(1-p]™"
The pgf of Z; is given as

g (8) = szsz = szsz
z=0 z=1
T
z2=2

= [(1—w)+w&p]s+waz

=[(1 —w)+wap|s+wa{—In(1—ps) —ps}
= (1 —w) s+ waps —waln (1 — ps) — waps

(ps)°
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Therefore g (s) is given by
g(s) = (1 —w)s—waln (1 — ps) (8.32)
Therefore substituting equations (8.10) and (8.32) into (8.9) gives the pgf of X as
Gx (s)=exp[f (1 —w)s—wlaln (1 —ps) — 0] (8.33)

The first and the second derivatives of Gx (s) w.r.t s is given by

G'X(s)—Q(l—w)—l—lweap exp[f (1 —w)s —wbhaln (1 — ps) — 0]
" ps

2
G%(s)=10(1—-w)+ 1w6’ap exp [0 (1 —w)s —whaln (1 —ps) — 0]
s

2
%exp[e(l_w)s—wéaln(l—ps)_9]

setting s =1

G (1) =0 (1 —w) + whapg™*

G% (1) =[0(1—w)+whapg™ 1}2 — whap®q?
Thus the mean and variance is given by

EX)=Gv(1)=0(1 —w)+wlapg™*

Var (X) = G% (1) + Gy (1) - [Gx (1))
= [0(1 —w) + whapg™'] 2L wlop® 2+ 0 (1—-w)
+ whapg™t — [9 (1—-w)+ weozpq_l] 2
=0 (1 —w)+wlapg ! + whap*q?

The probability density function of X is obtained by extracting the coefficients of s*
n (8.33) as follows,

Gx(s)=exp[f (1 —w)s—wlaln (1 —ps) — 0]

— 6—969(1—w)56—w6a In(1—ps)

— et 0(1—w)s (1 . ps)—waa

S

[9(1;@]2(6—;1)292] +}

po=c¢€ -1
pr=e¢’{1+10(1—w)-Bp}

=e-9{1+[e<1—w>-@p1s+

Hence,
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pgze9{1+9(1—w)-ﬁp+M<ﬁ+l>p2}

2! 2

2! 2 x!
1—w B+r—1
—6‘ r
y el (e,
1—w B+r—1
79 r
y el (),
Thus the pdf of X is given by

1_
’QZ . (5” >pda:=1,2,...,oo
r

Alternatively, from equation (8.14) we can re-write Px (z) as

pmze—e{1+9(1_w)5p+M(6+1)p2+___+ [0<1—w)}m(ﬁ+x—1)px}

et r=0

Px (z) = (8.34)
et (ﬁ+: 1)pr% r=1,2,...,00
as given by Iwunor (2004) .
where [ = fwa
The estimating equations for the parameters 0, w, and p are

= fo (8.35)
o [ (1—a) —f-w@pa] s (8.36)
0(1—a)+wbpag ' =X (8.37)

To estimate for the parameters 6, w and A we find the value of 0

~

0 =—1nfy
and substitute in (8.36) and (8.37) to obtain
N fi
l-0+wph = ———— 8.38
YAy (&3
A X X
(1=p) =@ =p)+opat — p=— — (8.39)

From (8.38) and (8.39) solve for w and p.
By making w the subject of the formula in (8.38) we obtain,
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o f1
1—w+wp —(—lnfg) I

fi 1
(—Info) fo(pa —1)  (pa — 1) (8.40)

and substitute the value of w in (8.39) to obtain

o)
I

w

X X

—lnfo_(l_p) 1 =w (= (1-p)+pa)
X 1 B
_lnfo_(l_p) —lnfo (—lnfo ) fo(pa—1) (ﬁ&_1)>{pa—(1—p)}
X pah pa fi(l—p)

~Info  (~Wnfo)fo(pa -1 Ga-1) (~nfo)fo(pa—1)
(8.41)

1(1-p) X
Fan TP TR

Then solve for p.
Substitute the value of p in (8.40) to obtain w.

Semi urban

The proportion of zero observations fo=10.88984

The proportion of one observations fi=8.1127x 1072

The observed mean of the Distribution X =0.16055

Substituting the values of fo = 0.88984, f; = 8.1127 x 1072, a = ﬁ
X = 0.16055 in equations (8.35), (8.40) and (8.41) we obtain

~

= —1n0.88984 = 0.116 72
0.218 87
s (8.42)

S

_ p
In(1-p)

1.3755 = 0.37553p + 0.218 871],—]91 40.21887 P +1
= (In (1 — p)) (—ﬁ . 1)
0.3755 = 0.37553 _ 1 P
. = 0.37553p + 0,218 87— —— + 021887
In(1—p) (ln (1 — p)) <—ﬁ — 1>
(8.43)

Solving for p in (8.43) we obtain p = 0.554 07
Substitute the value of p in (8.42) to obtain w. That is

21
[_M 069721

W= |——F— 1]
In(1-p) p=0.55407

Therefore the solution to the parameters are @ = 0.69721, p = 0.55407, 0 =

0.116 72
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Remote

The proportion of zero observations fo=10.768 28

The proportion of one observations f1 =0.15507

The observed mean of the Distribution X =0.34537

Substituting the values of fy = 0.76828, f; = 0.15507 a =
0.34537 in equations (8.35), (8.40) and (8.41) we obtain

1 _
mandX:

0 = —1n0.76828 = 0.263 60

0.23431
o= (8.44)

__pr
In(1—p) 1

1 —
1.3102 = 0.31023p + 023431 ———
S In(l-p)

p
(n (1= ) (~5ts = 1)
b

1—
0.3102 = 0.31023p +0.234 31— —— +0.23431 P
W) (n (1= ) (~5i 1)
(8.45)

+0.23431 +1

Solving for p in (8.45) we obtain p = 0.343 29
Substitute the value of p in (8.44) to obtain w. That is

.| 023431
- —1

] =1.2759

_pr
In(1—p)

Therefore the solution to the parameters are w = 1.2759, p = 0.34329, f =
0.263 60

Growth centre

The proportion of zero observations fo=10.8096
The proportion of one observations f1=0.12748
The observed mean of the Distribution X =0.29056
Substituting the values of fy = 0.8096, f; = 0.12748, a = ﬁ and X =
0.290 56 in equations (8.35),(8.40) and (8.41) we obtain
- 978
=—ln——=0.21121
b="Ini5s ="
0.254 47
~ In(l-p)
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1—
1.3757 = 0.375 70p + 0.254 47—~ -+ 025447 P +1
i) (I (1= p) (= — 1)
1—
0.3757 = 0.87570p + 025447 ——— + 0.25447 P
i (In (1 — p)) (—ﬁ - 1)
(8.47)

Solution is: Solving for p in (8.47) we obtain p = 0.442 16
Substitute the value of p in (8.46) to obtain w. That is

=1.0495

w =

. 0.254 47
S —
In(1-p) p=0.44216
Therefore the solution to the parameters are w = 1.0495, p = 0.44216, 6 =
0.21121

The Poisson-one-Inflated Geometric Distribution

wp z=10
Pr(Z=2)=¢ (1 —w)+wgp z=1 (8.48)
wpq® z=2,3,4...,00

Where p = 1 — ¢ is the probability of a person migrating from a cluster.
The pgf of Z; is given as

g(s)=> p.s’
z=0

=po+pis+ ZPZSZ

z2=2

=wp+[(1—w) +wgpls+wp ) (gs)°
=wp+ [(1 —w) +wgp] s +wp [(1—qs)_1 —qs — 1]
—(1-w)s+wp(l—gs)™"

Therefore g (s) is given by

g(s)=(1—w)s+wp(l—gs)™" (8.49)
Therefore substituting equations (8.10) and (8.49) into (8.9) gives the pgf of X as
Gx (s) =exp [0 (1 —w)s+whp(1l— qs) " — 0] (8.50)

The first and the second derivatives of Gx (s) w.r.t s is given by
G (s) =0 (1 —w) +whgp (1 — gs) >exp [6(1—w)s+wlp(l-— gs) ' — 0]
G% (s) = [0(1 —w) + whgp (1 — qs)_2}2exp [6(1—w)s+wdp(l-— qs) " — 0]
+ 2w0q%p (1 — qs) > exp [60(1—w)s+wlp(l— qs) ' — 0]

230



setting s = 1

Gy (1 ) 0(1—w)+whgp™?

G% (1) =[0(1—w)+wigp™ } + 2wlg*p
Thus the mean and variance is given by,

E(X)=Gx(1)=0(1—w)+wlgp™" (8.51)

Var (X) = G% (1) +Gx (1)~ [Gx (]
=[0(1-w)+ w@qp_l}z + 200 P2+ 0 (1 — w)
+wlgpt = [0(1—w)+ cu@qp’l}2
=01 —w) +whg’p™? +wlgp~? (¢ + p)
=0(1 —w)+wlgp(1+q)
=0(1 —w)+wlgp?(2—Dp) (8.52)

The probability density function of X is obtained by extracting the coefficients of s*
n (8.50) as follows,

Gx (s) = exp [0 (1 —w)s+wlp(1—gs)" 0]
_ 6—960(1—w)56w0p(1—qs)71

IR <N OGN BN
- ° Z 7! 1—gs

i=o0

o0 001—w)s i (WZ?)Z {i <Z + ; - 1>pi (QS)T}
— g0 0(1-w)s i i (Wf)l (Z + 7; - 1)piqr5r
o0 f(1-w)s i { io (“;?)z (Z + 77: - 1)piqr} o
i () =3 PO 5 {i el (0 1)p%f} s s5)
j=0 ) r=o \ i=o )

let

1-¢(0)+[1-¢(1)+0(1-w)-¢(0)]

0 0(1—w)s? 5

=e {14-(9(1—&})84—% }{¢()+¢(1)3+¢(2)3 +---}
10) S

+[1-¢(2)+9(1—w)~q§(1)+[9(1 —w)P? ¢(0)}52+-“

231



Hence,

pg:6—9{1-¢<2>+0<l—w)-¢<1)+M-¢<0>}

—6_92M¢@_T>
- 1—w wh)' (i+r—1\ ;.
e e i,

=0

Thus the pdf of X is given by
_ 1—w i+r—1\ (wh) |
0 i T
E E — =0,1,2,...
{ P ( r ) Z! p q Y x ) ) Y ) e
Alternatively, from equation (8.14) we can re-write Px (z) as

e~ 0(1-wp) =0

Py (v) = (8.54)

](L"f’

ety M=, () pigr 2 =1,2,.. 00

as given by Iwunor (2004)
The estimating equations for the parameters 0, w, and p are

e 00-2p) — £, (8.55)
fo 61— @) +05q] = i (8.56)
0(1—0)+abgp ' =X (8.57)

Unlike the distribution proposed by Yadava and Singh (1991), this distribution incor-
porates the possibility that nobody migrates from a cluster in a household.
To estimate for the parameters 6, w and p divide (8.55) and (8.56) by (8.57) to get,

1-0p  —Inf
8.58
1—&+ “pp) X (8.58)
1-&+ap(l=p) _ h 559

1—@4—@ _Xfo

From (8.58) and (8.59) solve for w and p.
By making w the subject of the formula in (8.58) we obtain,
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—1 8 — 9
p

1
X
lnfg AlIlfO lnfgc?)(l—ﬁ) A
1 = = A —
+ < WX < ; + wp
Info (Info Info(1-p) .
14— = S0 2
+ % W(X % b +p
Lo
o= : (8.60)
DR
and substitute the value of w in (8.59) to obtain
PR . w(l—p))
1—o+ap(l— :_—1(1—w—|—
p(1—p) X p
1—
- L :w(l—m 5 - Ly L p))
X fo Xfo Xfo p
h ) o~ 1 (l=p) Infy, .
-— —1= 1—9p)+ = — 1—
et IEURE Ce e ST
Info(l-p) . f .
+ e =P+ =D 8.61
X p X fo (861)

Then solve for p.
Substitute the value of p in (8.60) to obtain . Then substitute the value of @ and
p in any of the estimating equations to obtain the value of ¢

Semi urban

The proportion of zero observations fo=10.88984
The proportion of one observations fi=8.1127x 1072
The observed mean of the Distribution X =0.16055

Substituting the values of fy = 0.88984, f; =8.1127 x 1072 and X = 0.16055 in
equations (8.55),(8.60) and (8.61) we obtain

0.116 72

0 = e (8.62)
N 0.27301
W= 072699 (1 _ .\ _ (8.63)
P+ (1—p) —0.72699

p

0.15911
—0.43212 = —0.43212p — 0.27301p (1 — p) —

(1-p) (8.64)

Solving for p in (8.64) we obtain p = 0.58280
Substitute the value of p in (8.63) to obtain w. That is

0.27301
o= T = 0.72565
p+ %29 (1 — p) —0.726 99

p=0.582 80
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Then substituting the value of @ and p in (8.62) to obtain the value of 0

0= = 0.20226

R {0.116 721
L —@p | ,—0.58280,0—0.72565

Therefore the solution to the parameters are @ = 0.72565, p = 0.582 80, 6 = 0.202 26

Remote
The proportion of zero observations fo=0.768 28
The proportion of one observations f1 =0.15507
The observed mean of the Distribution X =0.34537

Substituting the values of fy = 0.76828, f; = 111—7365 and X = 0.345 37 in equations
(8.55), (8.60) and (8.61) we obtain

0.263 60

H = 8.65
e (8.65)
R 0.236 77
W= 0.76323 (8.66)
p+ O3 (1 ) (.76323
0.178 83
—0.41561 = —0.41561p — 0.236 77p (1 — p) — (1-p) (8.67)

Solving for p in (8.67) we obtain p = 0.755 16
Substitute the value of p in (8.66) to obtain w. That is

0.236 77
p+ S8 (1 —p) —0.763 23

~

w =

=0.98907

] p=0.755 16

Then substituting the value of & and § in (8.65) to obtain the value of 6

=1.0415

~ 0.263 60
i-|

1 —wp :|p=0,75516,w:[).989 07

Therefore the solution to the parameters are w = 0.98907, p = 0.755 16, 6=1.0415

Growth centre
The proportion of zero observations fo=10.8096
The proportion of one observations f1 =0.12748
The observed mean of the Distribution X =0.29056

Substituting the values of fy = 0.8096, f; = 0.12748, and X = 0.29056 in equa-
tions (8.55), (8.60) and (8.61) we obtain

0.21121
1—ap

0 = (8.68)
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0.27309

~ 8.69
C T P LT ) —0.72691 (8:69)
0.184 98
—0.45807 = —0.458 07p — 0.27309p (1 — p) — (1-p) (8.70)
Solving for p in (8.70) we obtain p = 0.677 36
Substitute the value of p in (8.69) to obtain w. That is
0.27309
W= = 0.92045

0.72691 (1 _ .\ _
p—l——p (1-p) 0.72691]1)0-67736

Then substituting the value of & and p in (8.68) to obtain the value of @

= 0.56095

i_ {0.211 21}
1—- @1’3 p=0.677 36,w=0.92045
Therefore the solution to the parameters are w = 0.92045, p = 0.677 36, 6 = 0.56095

The Poisson-one-Inflated Negative Binomial Distribution

wp™ z=0
Pr(Z=2)=¢ (1—w)+wmgp™ z=1 (8.71)

w(m“*l)pqu z2=2,3,4,...,00

Where p = 1 — ¢ is the probability of a person migrating from a cluster.
The pgf of Z; is given as

g(s) =) p:5°
z=0

=po+pis+ Y p.s’
z=2

m m m > (m+z—1
=wp™ + [(1 —w) +wmgp™] s +wp Z( i )(qs)z
z=2
:wpm+[(1—w)+wmqpm]s+wpm{(1—qs)_m—mqs—l}
=wp™ + (1 —w)s+wmgp™s+wp™ (1 —qs) " —wmgp™s — wp™
=(l-w)s+wp™ (1 —gqs)™"

Therefore
g(s)=1—-w)s+wp™(1—qs)™ ™" (8.72)
Therefore substituting equations (8.10) and (8.72) into (8.9) gives the pgf of X as
Gx (s) =exp [0 (1 —w)s+wlp™ (1 —qs) ™ — 0] (8.73)

The first and the second derivatives of G'x (s) w.r.t s is given by

Gy (s) = 0(1 — w) +whmgp™ (1 — qs) ™ "exp [0 (1 — w) s +whp™ (1 — gs) ™ — 0]

G%(s)=[0(1 —w)+whmgp™ (1 — qs)fm*l]2 exp [0 (1 —w) s+ wlp™ (1 —qs) ™ — 0]
+whm (m+1)¢*p™ (1 — qs)” "™ exp [60(1—w)s+wlp™(1—qs) ™ —0]
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setting s = 1

G (1) =0(1 —w)+whmgp™!

Gy()=[0(1-w)+ cu@’rnq]zfl]2 + whm (m + 1) ¢°p~?
The mean and variance of X is given by

E(X)=Gv(1)=0(1 —w)+whmgp™! (8.74)
Var (X) = G% (1) +Gy (1) - [Gx (V)]

_ [0(1—w)+w0m%r+w9m(m+1) <%>2+0(1—w)

2
+wm? — [9 (1—w)+ w@mg}
p p
=0(1 — w) + wdm¢*p~% + whmagp~> (q + p)
=0 (1 —w)+mwlgp 2 (1 +mq) (8.75)

The probability density function of X is obtained by extracting the coefficients of s*
n (8.73) as follows,

Gx (s) =exp [0 (1 —w)s+whp™ (1 —gs)™ ™ — 0]
_ 67069(17w)sew9pm(17qs)_m

oo 9 i -
_ 6—969(1—w)s Z (w") pmz (1 . QS) mi
1!

=0

_ 6—969(1—w)s Z (W?) {
- 7!

-0 91—wsoo - (we)z mi+r—1 mi, r.r
S i!( r )pqs
B 7wsoo (WO (mi+r—1 mi v L
= 00 )Z{Z(iu)< ) )p q}s
201 —w) s =N (W) (mi4+r—1\ |,
Gx<s>=2“j+,”2{z<i,)( ) q}s (8.76)
j=0 ’ r=o \ i=o ’
let .
(WO (mi =1\ .,
qZS(T):z:(i!)< r )

Therefore (8.76) becomes

A 5

7=0 r=0

2!
¢0)+[L-¢(1)+6(1—w)-¢(0)]

{14—«9 (1—w) S+M }{¢()+¢(1)3+¢(2)32+
10) s
+ —i—@(l—w) ¢ (1) + L)l ¢(o>}s2+-~
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Hence,
po=e"-¢(0)=e"’

—e {1 9(1)+0(1—w)-9(0)}

pg:6—9{1-¢<2>+0<l—w>-¢<1>+w-¢<o>}

_ 1-¢ () + 20520 g (z — 1) 4+ L9l g (5 — 2)
px—e +...+M.¢(O)

—GZ AC)] iy
_GZ{ 1—w Z(i?>i(mi+rr_l)pmiqr}

=0

Thus the pdf of X is given by

- l—w (w@)i mi+r—1 .
0 mi T
Z{ Z il ( - )p q},a;—_(),l,Q,_”

Alternatively, from equation (8.14) we can re-write Py () as
679(170.);0’") =0
Px (z) = o ' L
ety e (M) Uy v =1,2,.. 00

as given by Iwunor (2004)
The estimating equations for the parameters 0, w, m and p are

fo= e—é(l—wpm)

Ji= /o (1 —w)+ Mmofqp™
0(1—&)+madgp ' =X
0(1—&)+ mwbip 2 (14 mgq) = o?

Where o2 is the observed variance of the distribution
To estimate for the parameters 6, w, m and p

(1-wp™) =—1nf
[1— &+ e (1—p)p™] _h
fo

A

(1-&) +mo—L =X
p
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1—w—|—mw1p_ 14+ m(l—p) =0 (8.85)

Divide (8.83), (8.84) (8.85) by (8.82) to get

N O L L NP W S B
w( 1+m(l—p)p folnf0p> ATy 1 (8.86)
. 1-p X G\ X
w(—l—l—m p _lnfop >__1nf0_1 (8.87)
( L P p[1+m(1— )] - o Am>=— o~ (8.88)
p 1nf0 lnfo

Divide (8.87) and (8.88) by (8.86) to obtain

L fi s
foln fo fo

) (8.89)

1 ; . S
—1+m PR P =1 <—1+m(1—p)p

0.2
1—p ) o? . (_1nf0_ )( 1
— 1+ T+m(l—p))——p™ = 222 (14 (1—p) " — ==
el (=P =g 7P TA (L=P)p" = 5y b
(8.90)

Solving equation (8.89) and (8.90) simultaneously to obtain m and p

The Poisson-Misrecorded Poisson Distribution

The mis-recorded Poisson distribution takes into account errors in reporting the num-
ber of migrants in a cluster (Johnson et.al., 1992)

A1+ ) z=0
Pr(Z=2)=1{ Ae?(1-29) z=1 (8.91)
Ae 2 2=2,3.4,...,00

z!

where ) is the average number of persons migrating from a cluster, ¢ is the probability
that one migrant recorded in a cluster is not reported. The pgf of Z; is given as

oo
= E p.s®
z2=0

=po+pis+ szé‘z
z2=2

00 Py
=M (LA + AN (1— @) s+ Z; —(AS);

= (1 + )\¢> + Ase™? (1 — (p) + {e/\(sfl) ~se N — 67)‘}
— e £ Ae + Ase ™ — Apse + 2D \geA e
= Ape = Agse N+ XY (8.92)
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Therefore substituting equations (8.10) and (8.92) into (8.9) gives the pgf of X as
Gx (s) = exp [Mpe™ — Npe s + X1 — 0] (8.93)

The probability density function of X is obtained by extracting the coefficients of s*
n (8.93) as follows,

Gx (s) = exp [)\Hgbe_’\ — Mpe s + 0 =7 — 0]
—0(lfAdJe_’\)6_)\9¢37A869€>\(571)

=e
_ o0(1-r0eY) =20pe s i (962__'/\)1 Ais
— o—0(1-Ape™) ,—2bge sf: { (Qeﬂ )Z i ()\;fj) }
=0 r=0
o0 (1=Ade) —20ge sgi (66;\)2 ()‘Zj)r
_ o0(1-rse?) AOQ&e‘Asi g (‘9‘1_'/\)Z (/Y')r } o

let

Therefore (8.94) becomes
Gx () = e ) {Z WL} {Zd) }

ettt o RS A0
—o(1-rge) 1-¢(0)+[1-¢(1) - )\ngﬁe_)‘ ¢ 0)] s
—° + |:1 - ¢ (2) — )\nge*)‘ - ¢ (1) )‘%6 (O :|

Hence,
Po = e*9<1_k¢eﬂ) -9 (0) = e*9<1_weﬂ>

pr=e 027 {16 (1) = Mge™ - ¢ (0)}

pr = e (1207) {1 9 (2) = Mge -9 (1) + W “ (0)}
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—)\Od)e_’\]z

py = e 0(1=20e7%) 1-¢(z) — Npe™ - ¢ (z —1) +[/\9(¢);+A]Z)-¢(:U—2)
++[T¢<O)

= et Z 2200 o)
— o 0(1-20e™) Z { )\Qqﬁe_/\ " i - i )T}

Thus the pdf of X is given by

Px (z) = Ai { [—/\ngﬁe*’\]r i (QelA)Z (M)r} ,x=0,1,2,...,00

r=0

Alternatively, from equation (8.14) we can re-write Py (z) as

Aefe™ x=0
Py (x) = B Z_ (8.95)
A OMZCZ (0e) 00" 12

(z—r)!

as given by Iwunor (2004)
Where A = exp [—6 (1 — Aqbe_’\)]

E(X)=X[1—¢e?] (8.96)
Var (X) =M (14+ X — ¢e ) + ¢’ > (0°X* — 1) (8.97)
The estimating equations for the parameters 0, ¢ and A\ are given as
AP = ¢, (8.98)
fo |PAe™ (1-9)| = (8.99)
05 (1 - q@e_;\> - X (8.100)
To estimate for the parameters 6, ¢ and A
0 (1 ~ A — e—X) = —Infy (8.101)
i (5. A a5 A\ _ f
0 ()\e Hhe ) = (8.102)
f (X - q@&eﬂ - X (8.103)
Divide (8.101) and (8.102) by (8.103) to obtain
L - Age™ A
¢6 —e T _ Tl (8.104)
— e X
 Gheh
o’ N (8.105)

A—dled  foX
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Making ¢ the subject of the formula in (8.104) and substitute the value of ¢ to
obtain

—%5\%-6_;\—1
p=— X (8.106)
—Ae™r — FHo e A
A A A2 1 )2 1 A 1,1 1A 1 )2
TR Y I W Y S P

et et e XA X ey X7 e X foe2r  Xerf
Solve for A and substitute the value in (8.106) to obtain ¢.

To obtain 6, substitute the values of A and ¢ in any of the estimating equation
above and solve for 6

The Poissson-one-Inflated Binomial Distribution

wq" z=10
Pr(Z=2)=¢ (1 -w)+wnpg"? z=1 (8.107)

w(Z)qu"’Z 2=2,3,4,....n

where n is the cluster size, p is the probability of a person migrating from a cluster,
p+ g = 1. The pgf of Z; is given as

= po+pis+ »_p.s’
z=2

n Z n—z
=wq" + (1 —w)s+wnpg" s +w ; (Z) (ps)"q
=wq" + (1 —w)s+wnpg" s +w [(¢+ps)" —npg" s — q"]
=(1-w)s+w(g+ps)" (8.109)
substituting equations (8.4) and (8.109) into (8.1) gives the pgf of X as
Gx (s)=explf (1 —w)s+wb(qg+ps)" — 0] (8.110)
The first and the second derivatives of G'x (s) w.r.t s is given by

Gy (s) = 0 (1 —w) +whnp (q+ ps)" " elfd-w)s+wdlatps)"=0]
Gl)/( (8) — whn (n o 1)p2 (q + ps>n*2 e[0(1—w)s-i-we(q-‘:—ps)"—9}
n—l] 2

+ [0 (1 — w) + whnp (g + ps) [0 ~w)s+wh(g+ps)" 0]

€
setting s = 1

Gy (1) =01 —w) + wnp
G (1) = whn (n —1)p* + [0 (1 — w) + whnp]®

Therefore the mean and the variance is given by

E(X) =Gy (1) =0(1—w)+winp (8.111)
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Var (X) = Gx (1) +Gx (1) =[G (]
= whn(n—1)p* +[0 (1 —w) +whnp]” + 6 (1 — w)

+ whnp — [0 (1 — w) + whnp]” (8.1)
=win(n—1)p* +0 (1 —w)+whnp =0 (1 —w) + wnp (1 — p) + win’p?
=0 (1 — w) + nwlpg + wln?p* (8.112)

The probability density function of X is obtained by extracting the coefficients of s*
n (8.110) as follows,

Gx (s)=explf (1 —w)s+wb(qg+ps)" — 6

— n —
_ 60(1 w)sew9(q+ps) 0

6—069(1—w)s i (wg)

let

Therefore (8.113) becomes

- (8558 (0

J=0

2!

- 1-6(0) +[1-6(1) +0(1 - w)
= e 1 ¢

26_0{1+0(1—w)8+M }{gb() +o(1)s+¢(2)s*+
S0(0)s
(2)+0(1-w)-6(1)+ 25 6 (0)] 524

Hence,
Po = 676 . ¢(0) — 679

=e {1 ¢(1)+0(1 —w)-¢(0)}
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_ 1-¢ () + 2052 g (z — 1) + LSl g (5 — 2)
pe=e”’ +...+[9<1—'w)1’”.¢(0)

—GZ 1_w Ba=wl
.

()

Thus the pdf of X is given by

=0

_ 1—w > na (wh)’ -
0 r ni—r o
E { E (r>—i! p'q },x—O,l,Q,...

Alternatively, from equation (8.14) we can re-write Px (z) as

e~ 0(1-we") x=0
Px (z) =

0y Ll e () O prgrir =12,

as given by Iwunor (2004).
The estimating equations for the parameters 6, w and p are

fo = e-fa-@)

Ji=Jo (1 —w)+ n0p§"
0(1—&)+nwbp=X
To estimate for the parameters #,w and p
f(1—w(1—p)")=—Inf
0(1—&+nwp(l—p)" ") S

Jo
0(1—&+nip) =X

Divide (8.118) and (8.119) by (8.120) to get,

1 1 1
fnpwlnfo— §w1n‘f0 —Uj(l —p>n = —ilnfg —1
1 w 1

f—fl—w—}npf Ji+mnp

1wp(1_]9)n:—f1—1

X fo
Make w the subject of the formula in (8.121) and substitute in (8.122)
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—Llnfo -1
w= X - 8.123
%nplnfo—%lnfo—(l—p) ( )

1 n 1 1 1 n
<npln fo — (1 —p) —X—#ﬁj-yﬁjﬁflﬂLX—mfl(l_p) — 1 (8.125)
—n% (1-p)" - <PT, (1-p)

Solve for p in (8.125) and substitute in (8.123) to obtain w

To obtain 6, substitute the values of p and w in any of the three estimating equation
and solve for 0

A summary of the difference between the estimated Parameters and
Iwunor’s (2004) Parameters

The Poisson-One-Inflated Poisson Distribution

Semi-urban Remote Growth Centre
Par. | Est. |Iwunor| Diff. Est. | Ilwunor | Diff. Est. |Iwunor| Diff.
6 |0.1267 0.1193 0.0074 | 0.3910 0.2762 0.1148 | 0.2611 0.2194 0.0417
@ 0.4101 0.2423 0.1678 |0.7595 0.2925 0.4670 | 0.6228 0.2991 0.3237
A1 1.6522 2.4242 —0.772|0.8465 1.8566 —1.0101|1.1809 2.0858 —0.9049
The Poisson-One-Inflated Geometric Distribution
Semi-urban Remote Growth Centre
Par.| Est. |lwunor | Diff. Est. |lwunor | Diff. Est. |lwunor | Diff.
6 0.2023 0.3410 —0.1387 [1.0415 0.6912 0.3503 | 0.5610 0.6226 —0.0616
@ [0.7257 0.9332 —0.2075|0.9891 0.8966 0.0925|0.9205 0.9486 —0.0281
p |0.5828 0.7046 —0.1218| 0.7552 0.6900 0.0652|0.6774 0.6966 —0.0192
] The Poisson-One-Inflated Log-series Distribution ‘
Semi-urban Remote Growth Centre
Par. | Est. | Iwunor ‘ Diff. Est. | Iwunor ‘ Diff. | Est. | Iwunor ‘ Diff.
f 101167 0.1168 —0.0001
w |0.6972 0.4684  0.2288
p |0.5541 0.6483 —0.0942
Where

e Fst.=Estimated
e Par.=Parameters
e Diff.=Difference
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Application

The estimates derived from the equations with explicit solutions are applied by fitting
the various distributions and testing their adequacy for each of the village types; Semi-
urban, Remote and Growth centre, using the data contained in Sharma (1985). Table
8.6-8.8 show the distribution of observed and expected frequencies of the number of
households according to the the total number of Migrants from a household and the
x? values for the different types of village, based on each of the distributions.

Table 8.6: Observed and Fxpected Number of Households according to the Number
of Migrants and Type of Village

The Poisson-One-Inflated Poisson Distribution

Number of migrants Number of Households
Semi-urban Remote Growth Centre
Obs.  Exp. Obs.  Exp. Obs. Exp.
0 1042 1042 872 872 978 978
1 95 95 176 176 154  154.01
2 19 18.49 59 57.55 47 46.17
3 10 9.22 18 20.45 18 19.40
4 2 6 9
5 2 4 1
6 0 6.29 0 9 0 10.42
7 1 0 0
8 0 0 1
Total 1171 1171 1135 1135 1135 1135
0 0.126 67 0.39095 0.26114
w 0.41007 0.75947 0.62278
A 1.6522 0.846 50 1.1809
X2 0.3446 0.4412 0.1482
df 1 1 1

Table 8.7: Observed and Expected Number of Households according to the Number
of Migrants and Type of Village
The Poisson-One-Inflated Log-series Distribution
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Number of migrants Number of Households
Semi-urban Remote Growth Centre
Obs.  Exp. | Obs. Exp.| Obs.  Exp.

0 1042 1042
1 95 95
2 19 20.45
3 10 7.55
4 2
5 2
6 0 6
7 1
8 0

Total 1171 1171
0 0.116 72
w 0.697 21
p 0.55407
X2 1.0645
df 1

Table 8.8: Observed and Fxpected Number of Households according to the Number

of Migrants and Type of Village
The Poisson-One-Inflated Geometric Distribution

Number of migrants Number of Households
Semi-urban Remote Growth Centre
Obs. Exp. Obs. Exp. Obs. Exp.
0 1042 1042 872 872 978 978
1 95 95.01 176 176 154 154
2 19 19.84 59 58.43 47 47.73
3 10 8.02 18 19.36 18 17.73
4 2 6 9
5 2 4 1
6 0 6.13 0 9.21 0 10.54
7 1 0 0
8 0 0 1
Total 1171 1171 1135 1135 1208 1208
0 0.202 26 1.0415 0.560 95
w 0.72565 0.989 07 0.92045
P 0.582 80 0.75516 0.67736
2 0.7327 0.1689 0.0354
df 1 1 1
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Table 8.9: A summary of X, f and 6

Semi-urban Remote Growth Centre
I 0.1605 0.3453 0.2906
The Poisson-One-Inflated Poisson Distribution
] 0.12667 0.39095 0.26114
% 1.26744 0.88342 1.112671

The Poisson-One-Inflated Geometric Distribution
0.20226 1.0415 0.56095
0.79376 0.33161 0.51798

Cb>|b<:| I

The Poisson-One-Inflated Log-series Distribution
0.11672
1.37548

Cb>|b<:| I

Where

e The mean number of clusters of migrants per household 6
e The average number of migrants per cluster éi
e The average number of migrants per household X

The tables shows that the values of x? are insignificant at 5% and 1% level for all
the fitted distributions. On the basis of y? test is noted that the Poisson-one-inflated
Poisson distribution provides a superior fit than the two other distributions for the
same degrees of freedom, in modelling out-migration from Semi-urban villages. In the
case of household residing in remote and Growth centres villages, the Poisson-one-
Inflated geometric distribution provides a superior fit compared to the Poisson-one-
inflated Poisson distribution.

From table 8.9, it is found that in all the sets of the model the average number
of clusters per household is greater for remote villages, moderate for growth centre
and smaller in semi-urban villages, but the average number of migrants per cluster is
smaller for remote villages in comparison to growth-centre that is moderate and greater
for semi-urban villages. This might be attributed to the fact that from the remote
households males migrate singly in different cluster leaving their wives and children in
the village while in growth-centre and semi-urban villages males, mostly well educated
and employed in white collar jobs, migrate with their wives and children in less number
of cluster. Since remaining persons from semi-urban villages may commute to city for
their livelihood. Lastly, the average number of migrants per household from remote
villages is higher (0.35) than the growth centre (0.29) and semi-urban (0.16).
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8.2.4 Conclusion

In order to capture the event that at least one person migrates in a household, we have
fitted the mixture of the Poisson and some one-inflated distributions; i.e., one-inflated
Poisson distribution, one-inflated log-series distribution and one-inflated geometric
distribution. The results of the fit shows that distributions that take into consider-
ation variation in the probability of a person migrating in a cluster in a household
(the geometric which is a special case of the negative binomial distribution) performed
better in modelling out-migration from remote and growth centres. While Poisson-
one-Poisson distribution demonstrated a satisfactory fit for modelling out-migration
from Semi-urban areas.
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