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ABSTRACT

In seismology and other earthquake related studies, the recording of seismic signals is the 

most fundamental part. Seismograph instruments measure and record seismic signals 

generated from various artificial and plate tectonic processes. A wide range of frequency and 

amplitude values characterizes these seismic signals. The basis of seismology is the study 

and analysis of seismic signals to infer the various physical properties and dynamic processes 

of the earth’s interior. Therefore, for accurate analysis and interpretation of a given seismic 

record, the understanding of the characteristic properties of the instrument used is essential.

This dissertation describes the basic principles of design and operation of a single degree of 

freedom seismometer system. In theory, seismic energy traveling through a medium causes 

different materials to react differently to these disturbances. In the case of elastic media, 

transfer of seismic energy is described within a given range of the material’s elastic 

properties. The principle of inertia has found great application in the design of seismometers, 

a shift in position of the ground results in a corresponding shift of position of the 

seismometer similar case in linear time invariant systems. The seismometer and ground 

displacement being harmonic in character, is described by the theory of linear time invariant 

systems. Presentation of this system by analysis of the frequency response function of the 

system is effective in describing its characteristic properties.

The result illustrates the different values of damping with which a seismometer performs

optimally. It is observed at damping close to critical (h=l), the seismometer mass will return
/

to it rest position in the least possible time without overshooting and the response curve has 

no peak as illustrated in the case of zero damping where the response curve is infinite at 

resonance. «,

It is therefore, highly recommended for researchers working with seismic data and 

instruments to have an understanding of the operation and design principle of seismometers. 

It provides the necessary information that is applied in routine system maintenance, testing,
4s

calibration and in design improvement of existing seismometers. This is fundamental in the 

identification and correction of the instrumental errors introduced in the seismic data.
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CHAPTER ONE

1.0 INTRODUCTION

Seismology is the science that deals with the study of earthquakes and seismic related wave 

motions. The fundamental tool used in the science of seismology is the seismograph. A 

seismograph system measures, records and recently stores and transmits seismic data within a 

network of data centres. Seismologist and other scientist use these seismogram records, which 

is a complete record of the seismic activity as the main source of information used to study the 

interior of the earth. The need to have sufficient and accurate records of particular seismic 

related activity is essential for these studies. Therefore, seismology as a science is 

continuously evolving with new and more advance techniques of data analysis developed to 

understand the different physical characteristics and dynamic nature of the earth.

Since the inception of measurement and recording of earthquakes [Dewey and Byerly, 1969], 

tremendous improvement and advancements in technology has greatly revolutionised the 

methods of data acquisition, recording, transmission, analysis and interpretation [Bormann, 

2002], Initially, the seismographs were composed of purely mechanical systems and were 

very bulky with good examples of the ones deployed in the World Wide Standardized Seismic 

Network (WWSSN) before the 1960s. In the WWSSN stations, seismograms records were on 

smoked paper, photographic paper and in common ink recordings on standard papers. This 

required large storage space for both the instruments and the seismic records. This has since 

changed with the introduction of digital systems, which are much smaller, compact, very light 

and require minimal storage space compared to the earlier versions of instruments. The new 

seismograph system is composed of various mechanical, electronic and electromagnetic 

components intergraded together. A good number deployed in the Digital Global Networks 

(DGN) where seismic records are in digital formats on magnetic tapes or in external storage 

hard drives.

The various improvements in the seismograph technology cover a wide range of subjects in 

both theoretical applications and instrumentation design and development. The need to keep 

abreast with the new developments and improvements is of great interests to the upcoming 

scientist for purposes of research and education.
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A recording mechanism that will measure and record the seismic signal systematically and 

accurately as it travels trough the earth media is therefore essential for this study. The seismic 

record alone is not sufficient to infer the characteristic properties of the media through which 

the seismic wave has traversed. Hence, additional information about the seismic sensor and 

the recording system properties is also required. This information provides the necessary 

constrain applied to the seismic data representation, analysis and interpretation. The challenge 

is therefore to describe what actually happens in the seismometer, and the recording 

instrument as a seismic wave (input signal) receive is transformed to a resultant output signal 

that is the seismogram for analysis.

This project dissertation describes the working principles and characteristic properties of a 

seismometer. It further illustrates the relationship between the different distinct elements of a 

seismometer by use of mathematical approaches such as the complex frequency response 

functions curves Laplace transfer function representations. With this understanding, the 

geologist or the seismologist is well equipped with the knowledge of how a seismic 

instrument operates. Moreover, with this information, one is in a position to fully utilize the 

seismic data received from various instrument more effectively and carry out instrument 

calibration for purposes of standardization of the instrument. In the cases where there are gaps 

occurring in seismic data records from a specific instrument, an investigation can ascertain if 

the cause of such a problem and other related problems is in instrument installation or 

calibration. The geologist or the seismologist will henceforth be in a position to correct

discrepancy and any other errors in the data related to the data acquisition process./

1.1 PROBLEM STATEMENT

The need to know and understand the various methods and techniques of seismic signal 

analysis is of great interest to a geologist or the seismologist charged with such responsibility. 

The seismic data is usually a representation of a particular area covering a particular 

geological phenomenon of interest. For accurate and meaningful representations of actual 

geological phenomena, seismic signal analysis is highly dependant on the ability to' record the 

characteristic output seismic signatures (frequency and amplitudes) of the various geological 

phenomenon. Hence, the seismometer that is the principal measuring system is required to

2



measure ground motions accurately over a wide frequency bandwidth and dynamic 

(amplitude) ranges.

Since no single instrument can cover such a large frequency bandwidth and dynamic range 

associated with different seismic activities, a specific instrument design is consequently 

limited within a given range. This has resulted in numerous seismometer designs in the market 

that measure seismic signals within a given dynamic range and frequency bandwidth range. 

The major challenge is therefore to be able to identify the particular characteristic system 

property that enables a particular instrument to measure a targeted dynamic range and 

frequency bandwidth.

1.2 LITERATURE REVIEW

The theory of elastic waves explains how the Earth vibrates as seismic waves travels through 

it and along its surface [Thome and Terry, 1995] and [Shearer, 2009], Quantitative analysis of 

these seismic disturbances requires that the vibrations be instrumentally recorded which is the 

main objective in seismology [Thome and Terry, 1995],

The term seismograph, is reserved for instruments that record the waveform of ground motion 

versus time [Stein and Wysession, 2003], A seismograph system record ground motions that 

result from seismic waves. The resulting seismograms provide information about the 

earthquake process itself and of the earth materials through which the seismic waves traverses. 

In general, a seismograph consists of three basic components: a seismometer, a timing system, 

and a recording system [Havskov and Alguacil, 2004],

The greatest challenge in the development of a seismograph was in designing a seismometer 

that could achieve the goal of sensing ground motion only but not move with the ground. 

Standard practice in earthquake observatories normally use two horizontal seismometers, one 

oriented north south and the other east west, as well as a vertical seismometer. There were 

four types of sensing element designs in ancient horizontal seismometers, such as the common 

pendulum, Milne, Wiechert, and Galitzin pendulums [Dewey and Byerly, 1969] and [Agnew, 
2002],
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The first true seismograph, which recorded the relative motion of a pendulum and the Earth as 

a function of time, was built by Filippo Cecchi in Italy in 1875 [Dewey and Byerly, 1969], 

The earlier sensors were made of sophisticated mechanical system sensitive to low frequency 

that ware able to have a low resonance frequency. It was however not possible to make 

sensors with a stable resonance frequency much lower than 0.03 Hz. Today, purely 

mechanical sensors are only constructed to have resonance frequencies down to about 1.0 Hz 

(short period sensors), while sensors that can measure lower frequencies are based on the 

Force Balance Principle (FBA) of measuring acceleration directly [Havskov and Alguacil, 

2004].

A number of purely mechanical systems are present in observatory service as distinct for the 

widespread modem application in strong-motion work but their limited magnification restricts 

their utility to the recording of large or nearby earthquakes. The determination of their 

constants is inherently simpler than is the case of electromagnetic seismographs [Willmore, 

1979],

In recent years, considerable amount of effort in the analysis of seismic signals is toward 

utilizing the full broadband signal. The broadband signal provides adequate and more detailed 

information for quantitative interpretation of the waveform data This full waveform data is 

very important in the characterization of seismic sources and in the study of earth structure. 

This resulted in seismic instrumentation undergoing rapid growth, the development of 

broadband and the very broadband seismometers enabling generation of very useful data sets 

not only for unravelling the very important features of the earth’s interior but also in 

understanding the complex geological processes.

The very broadband seismometers have a characteristic low self-noise, broad-ffequency 

response and large dynamic range; this enables them to resolve the lowest seismic frequencies 

such as Earth tides and free oscillations of the Earth. Their primary purpose is in research of 

the deep interior of the Earth and earthquake dynamics, which has applications in the 

assessment ot earthquake hazards and the reduction of seismic risk. Very broadband sensors 

are expensive, fragile, require very elaborate and expensive seismic shelters, and as a rule, 

require considerable expertise to install. Site election and preparation for a very broadband 

station requires extensive studies and expensive civil engineering yvorks. Seismic sensors
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placed in boreholes at depths of 100m or greater have the potential to be much quieter than 

surface installations because much of the desired low frequency data is masked by surface 

noise [IRIS, 2004].

1.3 AIM AND OBJECTIVES

1.3.1 Aim

This project aims at analysing the fundamental and operational principles in seismometer 

design, and develops insight for improving the performance of existing designs suitable for 

application in various seismic studies.

1.3.2 Objectives

a) . To examine the relationship of the various characteristic properties of the seismometer

(damping value, natural frequency and resonance).

b) .To determine the optimum characteristic properties for improving existing seismometer’s

performance.

1.4 JUSTIFICATION OF THE RESEARCH

The seismologist or a trained geologist is more concerned with the analysis of the recorded 

seismic signals than with the recording system (seismometer) itself. The need to study and 

understand the fundamental operational principles of a seismic instrument is therefore equally 

important to a geologist or a seismologist as it is to an engineer who designs the instrument. 

This is particularly important because the recorded seismic signal is a modified representation 

of the ground motion by the characteristic properties of the seismometer. Through such 

studies, a seismologist or a geologist will be well equipped with the knowledge and 

fundamental principles under which the seismometer operates. One will also be in a position 

to extract full geological information more effectively by manipulation of the signals-received. 

Therefore, the seismologist and or a geologist who fully understands what geological 

information is to be extracted from a seismic signal, is able to recommend and or come up

5



with new designs that will enhance particular instrumentation characteristics that will best 

serve in the investigation of the various geological phenomena.

1.5 SIGNIFICANCE

This project is an important tool to the seismologist and other research scientists tasked with 

the responsibility of seismic data analysis. With this understanding, they can recommend 

which type of instrument is most suitable for the study of seismic events characterized by a 

given frequency range.

After prolonged usage and the exposure of the seismic instrument to mechanical vibrations 

and in various weather conditions, the seismic instrument will often undergo mechanical 

distortions on some movable parts. This mechanical distortion on such parts as the springs will 

lead to introduction of errors and uncertainty in the recorded seismic data. With the 

knowledge and understanding of instrumental calibration, one can easily conduct such 

calibration procedure to eliminate possible errors in the recording process. This is very 

essential to ensure that the seismic instrument measure and record data most accurately and 

the data represents the actual geological phenomenon.

To the research institutions and governments’ organs interested in acquiring seismometers, 

this research will enable them make decisions in allocating funds for research. Design and 

making of cheaper and reliable seismometers can be achieved thereby increasing on the

national awareness in earthquake disaster mitigation saving money to be used for other
/

development purposes.

4,
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CHAPTER TWO

2.0 BASIC SEISMOLOGY

2.1 Introduction

Seismology is the study of the generation, propagation, and recording of elastic waves in the 

Earth and of the sources that produce them. This elastic waves are due to deformational 

energy or elastic disturbances that expand spherically outward from the source as a result of 

transient stress imbalances in the elastic media in which they occur [Thome and Terry, 1995], 

The sources of the seismic wave is classified as either natural sources that includes plate 

tectonic movements, ocean tides, volcanic eruptions, meteoritic impacts and or artificial 

sources such as induced explosions and heavy mechanical vibrations.

The theory of wave propagation in elastic media has been described by various authors and 

gives the characteristic properties of an elastic wave as it is travels through a given medium 

[Aki and Richards, 2002], [Stein and Wysession, 2003] and [Shearer, 2009] . The theory of 

elastodynamics in the physics of elastic solids, describes the properties and characteristics of 

seismic waves.

A seismometer is a receiver that measures motion of the propagating seismic wave and 

records this motion as a function of time in a seismogram. The seismogram contains

information of the medium and the source of the seismic wave. Therefore, to have a good/
understanding of the nature and source of seismic wave, seismograms recording, observation, 

analysis and interpretation is unavoidable.

Seismology has contributed tremendously to our knowledge and understating of the internal 

structure of the earth. Application of the science of seismology in mineral exploration and in 

monitoring of various mining activities has greatly improved. Seismology offers a more 

detailed information of the subsurface compared to the other geophysical methods [Dobrin
4,

andSavit, 1988],
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An understanding of the basic theory of seismology provides a useful tool to use in this 

dissertation. In the preceding section, is a brief discussion on the theory and basic principles of 

waves and wave propagation and there application in seismology is outlined.

2.2 Theory of Wave Propagation

In the definition of seismology, the subject revolves around measuring, recording analysis of 

the elastic waves. Therefore, seismic wave, which are elastic in nature, is the basic tool in 

seismology. Seismic waves are elastic waves and the theory of linear elasticity describes their 

characteristics. This is because they do not cause a permanent deformation of the material in 

which they propagate [Dobrin and Savit, 1988],

2.2.1 Elastic Characteristics of Solids

2.2.1.1 Stress and Strain

Seismic waves propagate in solids as patterns of particles travelling through the materials with 

velocities that depend upon their elastic properties and densities. The theory of elasticity 

provides mathematical relationships between the stresses and strains in the medium. 

Seismology is concerned with very small deformations (relative length changes o f-lO -6) over 

short periods of time (< 3600 s) [Thorne and Terry, 1995] . When stress varies with time, 

strain varies similarly, and the balance between stress and strain results in seismic waves.

Deformations within a medium are composed of components that involve length changes and
/

angular distortions called strain. Strain components depend linearly on derivatives of the 

displacement components permitting only very small strains and small spatial derivatives in 

the displacement field. The trace of the strain tensor is called the cubic dilatation*# this is 

illustrated from Figure 2.1 by equation 2.1.

Sw, du,----L + --- L
fix, fix2

Sw,
+ --- -

fix3
= V • u ( 2. 1)

4,

t
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Figure 2-1: Displacements of a small cubic volume with a corner at point P to a new 

position with corner at p’ |Thorne and Terry, 1995|

Stress is defined as force acting on a unit area. Stress, which is a vector, has both magnitude 

and direction. For a linear deformation of an elastic medium, stress is directly proportional to 

strain, and the proportionality constant defined as the Young’s Modulus represented by 
equation 2.2 below.

X (2.2) (a)

where E=Young’s Modulus, Xx=Stress and — =Strain
dx

Deformation of a three dimensional body illustrated by Figure 2.2 , the relation between stress 
and strain is,

-a X „ (2.2) (b)

- o X X

where cr is the poison ratio.

* (2.2(c)
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When stress act along all the three axes Xx, Yy, Zz; application of equation 2.2 to the other
axes Y and Z gives;

duE— = X x- &Yy -  aZz 
dx
'V

E— =-oXx + Yy -  aZz (2.3)
dy

E—  = -aXx -Yy + Zz 
dz

If the stress result from excess pressure AP above the ambient pressure, all three of the stress 

components will be the same and each will be equal to AP.

dv 
+ —

dy
&w
dz

= (l -2 a \ X x+Yy + Zz) (2.4)

(Ail)
Hence, EG = (l — 2 a )3AP , where 0 -  A !  and — ------

V A P
e

A P = P

Therefore,

A -  ft -  E 
P  ( l - 2rr)3

(2.5)

where p  is the compressibility and k the bulk modulus.
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This formula relates the constant for cubical dilatation resulting from pressure to the constants 

relating linear strain and liner stress. For small deformations involved in seismic wave 

propagation, shear stress is proportional to shear strain with the proportionality constant 

defined as rigidity modulus //.

v v ,du dv.Xy = Yx = pa = /*(—  + — )
dy ox

(2.6)

where V ~ 77“ yT, and Xx = 2/v ̂  + A 
(1 + <J)l dx

du . ( du dv dw
H---- +

dx dy dz

In addition, A =
E a

(l + <rXl ~ 2cr)
where A is one of Lame’s Coefficients.

Therefore, the Hook’s relations for all stress components in terms of strains are given as;

Xx = 2u —  + A0
dx

dvYv = 2n — + A0
dy
chi?

Zz = 2n —  + A6 
dz

(2.7)

2.2.2 Equation of Motion

1 he general form of wave equation, which is more applicable to the propagation of seismic 

waves through the earth, assumes deformation in three directions, each component of stress 

being associated with strain in more than one direction [Dobrin and Savit, 1988], A simple 

case in which stress and stain is confined in a single direction is illustrated in Figure 2.3.

Six) S U  *  dx) dA
A----------------------------------------- ’ ~  — -Z f  ■ ^ ................ ......................................... -

------------------------------------------------ 7 ?  r
------------------- ---------------- . J  -  .

...................................................- v  J
> u

<- (Ik > ■

f * * - u  ♦  du 4,

Figure 2-3: Elastic deformation in an element caused by longitudinal stress along axis X 

and stress is S(x) | Dobrin and Savit, 1988J.
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According to Newton’s second law o f motion,

r)1
( S ( x  +  dx )  -  S ( x ) ) d A  = p ^ - d x d A

d t 2 (2.8)

Where ( S ( x  + dx)  S ( x ) ) d A  is the net force, ~~T  = acceleration, and pdxdA  =
d r

mass

Therefore, S(x + dx) -  S(x) = 3SV  du
—  \dx which is equivalent to 5 = E— .
dx)  M dx

Hence with appropriate substitution,

P d 2uE ---- —o x oA = p
dx

d 2u
d t 2

dx dA (2.9)

And on simplification,

3 2 u 
d x 2

p  d 2 u 
"e d t 2 (2.10)(a)

This is the classical one-dimensional wave equation of motion which is equivalent to:

d ' q 1 d 2 u

d x 2 ”  v 2 d t 2 (2-l0)(b)

where V is the velocity of propagation and a convenient solution for a harmonic wave is;

q  = A  sin  k ( V t  -  x )  (2.u )

For a three-dimensional case, the equation of motion for a compressional wave is; *

d 2e  d 2e  d 2e
d x 2 dy

d 2u
d z : A + 2 p  dt (2.12)

r j  r 2
and Vp = /----------  is the equation of velocity of the compresional (P) wave.

For shear strain, the three-dimensional equation of motion is:
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(2.13)
d 2a d 2a d 2a p  d 2u
dx2 d y 2 d z 2 p d t 2

where &  is the shear stain and Vs is the equation of velocity of the Shear (S)

wave.

2.23 Types of Seismic Waves

2.2.1.1 Body Waves

Body waves propagate outward in all directions from a source (such as an earthquake) and 

travel through the interior of the Earth.

a).Compresional Waves

Particle motion associated with compressional waves consists of alternating condensations 

and rarefactions of adjacent particles in a solid a medium. The motion of particles is always in 

the direction of wave propagation as illustrated in Figure 2.4.

mm— Compressionsmm—| Undisturbed medium

1 H

------ Dilalions
P lA/a\/D

Figure 2-4: Particle separation during the Passage of compresional pulse (Rogers, 2012]
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b).Shear W ave

Shear waves also called Secondary or S waves, travel slower than compressional waves and 

they don't change the volume of the material through which they propagate, they shear it. S- 

waves are transverse waves because they vibrate the ground in a direction transverse or 

perpendicular, to the direction that the wave is travelling. The motion of individual particles is 

always perpendicular to the direction of wave propagation.

Figure 2-5: Particle deformation along line of wave travel during passage of shear pulse 
through solid material |Rogers, 2012)

2.2.1.2 Surface Waves

Surface waves propagate approximately parallel to the Earth’s surface. There are two types of 

surface waves: Rayleigh waves and Love waves. For laterally homogeneous models, Rayleigh 

waves are radially polarized (P/SV) and exist at any free surface, whereas Love waves are 

transversely polarized and require some velocity increase with depth (or a spherical geometry) 

Figure 2.6 below. Surface waves are generally the strongest arrivals recorded at teleseismic 

distances and they provide some of the best constraints on Earth’s shallow structure and low- 

frequency source properties [Shearer, 2009],

1
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Direction o f
propagation

AH vibration 
■v— tf T .-  -in  verticalplane

(a) Rayleigh waves

Direction o f
propagation

(M_love waves

Figure 2-6: Characteristics of Rayleigh waves (a) and Love waves (b) (Dobrin and Savit,

1988|

2.3 Sources of Seismic Waves

Sources of seismic are classified into two main categories; natural and artificial. Figure 2.7 

below illustrates a schematic representation of the seismic sources.

4

Figure 2-7: Schematic Classification of Various Kinds of Seismic Sources |Bormann et 
al., 20021

t
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2.3.1 Tectonic Earthquakes

Tectonic earthquakes are caused when the brittle part of the Earth’s crust is subjected to stress 

that exceeds its breaking strength. Sudden rupture occurs along pre-existing faults or 

sometimes along newly formed faults. Rocks on each side of the rupture translate into a new 

position. For very large earthquakes, the length of the ruptured zone may be as much as 

1000km and the slip along the fault can reach several meters [Bormann et al., 2002],

2.3.2 Volcanic Earthquakes

Most of the seismic oscillations produced in conjunction with sub-surface magma flows are of 

the tremor type, i.e., long-lasting and more or less monochromatic oscillations which come 

from a two- or three-phase (liquid- and/or gas-solid) source process which is not narrowly 

localized in space and time [Bormann et al., 2002],

2.3.3 Explosions, Implosions and other Seismic Events

Explosions are generally artificial and controlled with known location and source time. Some 

explosions used in exploration and in scientific experiments [Prodehl et al., 1994] have 

sufficient energy to produce seismic waves which can be recorded from several km to 

hundreds of km distance.

The collapse of karsts caves, mining-induced rock bursts or collapses of mining galleries are

generally of an implosion type. The first motion patterns should show dilatations in all
/

azimuths if a secondary tectonic event has not been triggered by the collapse.

2.3.4 Micro-Seismic Earthquakes

These are seismic signals produced by storms over oceans or large water basins (seas, lakes, 

reservoirs) as well as by wind action on topography, vegetation or built-up surface cover. 

Seismic signals due to human activities such as rotating or hammering machinery, traffic etc., 

are cultural seismic noise. Rushing waters or gas/steam (in rivers, waterfalls, dams, pipelines, 

and geysers) may be additional sources of natural or anthropogenic seismic noise. They are 

neither well localized in space nor fixed to a defined origin time. Accordingly, they produce
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more or less permanent on-going no coherent interfering signals of more or less random 

amplitude fluctuations in a very wide frequency range [Bormann et al., 2002],

2.4 The Seismograph

A seismograph is a system that produces a permanent recording of ground motion. Since the 

ground motion is a vector, a seismograph is composed of independent components that record 

the vertical and horizontal ground motions.

The seismograph is composed of:

a) . Seismometer: a harmonic oscillator that reacts in a predictable way to ground motion

b) . Sensor: converts the mechanical output from the seismometer into a form of energy that

can be recorded

c) . Recorder: produces a permanent time history of the ground motion

2.2.1 Standard Classes of Seismographs

The Committee for the Standardisation of Seismographs and Seismic Records recognised five 

main classes of galvanometric seismographs, and drew up a typical response curve for each 

class. The magnification with which instruments of any class is operated depends largely on 

local noise conditions. There is a range of period and damping constant within each class, but 

the specifications are close enough to ensure that records drawn from any class will be similar 

in general appearance, and that quantitative comparisons of corresponding phases of the earth 

motion will be possible [Willmore, 1979],

a) . Class A. Short-period instruments, having maximum sensitivity in ttte period

range 0.1-1.0 second.

b) . Class B. Long-period seismographs, which yield high magnification for periods

considerably in excess of 100 seconds.

c) . Class C. Seismographs having approximately constant magnification over the

range of period from 1 to 10 seconds as typified by the Soviet SK system:
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d). Class D. Long-period Benioff and other combinations, characterized by 

approximately uniform response to earth velocity over a wide range of period.

2.5 Interpretation of Seismograms

A seismogram is the time series recording of transient seismic wave. Seismologist use the 

seismogram and try to work backwards to define the different cases that might result to the 

recorded seismogram. Since the seismogram is a representation of the ground displacement 

and not the true ground displacement, true ground conditions have to be determined from this 

data.

This is an inverse problem in geophysics where you start with data and determine the best 

model parameters that best fits the data. This is the inversion process.

In the inversion theory, its assumed that one understand the physics of a process which for a 

set of model parameters described by some vector usually the model vector, give rise to a set 

of observed data described by some other vector usually the data vector [Telford et al ., 1990],

This relationship is represented as;

d=G (m) (2.14)

where, d is the data vector, m is the model vector and G is the mapping matrix mapping data 

vector d to the model vector m.
/

The major challenges associated with the inverse problem solutions are;

a) . Existence

There may not be a model that fits the data due to high noise content in the data or the 

mathematical model of the physical process is an approximate or even inadequate.

b) . Uniqueness ~

If an exact solution exists, it may not be unique because other possible models can adequately 
fit in the data.
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c). Instability

The process of computing the solution to the inverse problem can be unstable where small 

changes in the measurements can lead to enormous changes in the estimated model 

parameters.

With these limitations, trade-off between the model resolution and its stability is optimally 

selected. This assumes the selected model will fit the data more appropriately in many cases 

without exaggeration of results. Sufficient priori information is very useful in constraining the 

model parameter and in this case, the selected model is an improvement on the starting 

mathematical model.

Inverse theory in seismology is used to locate earthquakes given the travel time data from the 

seismograms. Various assumptions are initially stated to develop a working model for such 

solutions. A good example, the earth is assumed homogeneous and isotropic where a seismic 

wave will travel with equal velocity in all directions in a strait line. This case is not necessary 

true since the earth is not of uniform density, and velocity has to change with density as 

indicated by equation of wave propagation. An improvement to these assumptions is therefore 

inevitable.
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CHAPTER THREE

3.0 PRINCIPLES OF SEISMIC INSTRUMENTATION

3.1 Linear Time Invariant System

3.1.1 Introduction

Linear Time Invariant (LTI) system theory investigates the response of a linear, time-invariant 

system to an arbitrary input signal. Linearity means that the relationship between the input and 

the output of the system satisfies the scaling and superposition properties. Time invariance 

means that whether we apply an input to the system now or t seconds from now, the output 

will be identical, except for a time delay of the t seconds. More specifically, an input affected 

by a time delay should affect a corresponding time delay in the output, hence time-invariant 

[Ward, 2007],

It will be shown that the input-output relationship for LTI systems is described in terms of a 

convolution operation. The importance of the convolution operation in LTI systems stems 

from the fact that knowledge of the response of an LTI system to the unit impulse input allows 

us to find its output to any input signals [Bormann, 2002].

3.1.2 The Complex Notation

A fundamental mathematical property of linear time-invariant systems such as seismographs, 

as long as they are not driven out of their linear operating range, they do not change the 

waveform of sine waves and of exponentially decaying or growing sine waves [Bormann, 
2002],

An input signal of the form

/ ( / )  = ea' (ay cos cot + bx sin cot) (3.1)
4h

will produce an output signal,

g ( 0  = e°' (a2 cos cot + b2 sin cot) . (3.2)
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with the same o and go, but possibly different a and b. Note that go is the angular frequency, 

which is 2n times the common frequency.

Substitution with Euler’s identity e 1 1 — COS cot + j sin (Ot and application of complex 

algebra, recasting the input and output signals results in,

/ ( < ) = *  (3.3)(3.3)

and

g ( t )  = 9 i[c 2£ ia*Jm),\ (3.4)

respectively, where R[...] denotes the real part, and Ci = at - jbj, c2 = a2 - jb2. It can now be 

seen that the only difference between the input and output signal lies in the complex amplitude 

c, not in the waveform. The ratio Ci / c2 is the complex gain of the system, and for a = 0, it is 

the value of the complex frequency response at the angular frequency go.

The mathematical approach is slightly different in that real signals are not considered the real 

parts of complex signals but the sum of two complex-conjugate signals with positive and 
negative frequency:

Where the asterisk (*) denotes the complex conjugate.

3.1.3 The Laplace Transformation

A signal that has a definite beginning in time such as the seismic waves from an earthquake 

can be decomposed into exponentially growing, stationary, or exponentially decaying 

sinusoidal signals with the Laplace integral transformation:

f (0 = cr £(a+JW)t +Cl* -£(a-JW)t (3.5)

(3.6)
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(3.7)

00

F  ( s ) =
0

The first integral defines the inverse transformation (the synthesis of the given signal) and the 

second integral the forward transformation (the analysis). It here is assumed, the signal begins 

at or after the time origin. S is a complex variable that may assume any value for which the 

second integral converges (depending on f (t), it may not converge when S has a negative real 

part). The Laplace transform F(s) is then said to “exist'’ for this value of S. The real parameter 

a, defines the path of integration for the inverse transformation (the first integral) can be 

arbitrarily chosen as long as the path remains on the right side of all singularities of F(s) in the 

complex s plane.

This parameter decides whether f (t) is synthesized from decaying (o < 0), stationary (o = 0) 

or growing (a > 0) sinusoidal (mathematical expression with complex s represents a growing 

or decaying sine wave, and estimation with imaginary s a pure sine wave).

The time derivative f (t) has the Laplace transform |s. F(s)j the second derivative has [s2.F(s)|. 

If an analogue data-acquisition or data-processing system is characterized by the linear 

differential equation

where f(t) is the input signal, g(t) is the output signal, and the C| and dj are constants. We may 

then subject each term in the equation to a Laplace transformation and obtain,

c2s2 F (s) + cxsF (s) + c0F (s) = d2s2G(s) + d{sG (s) + d0G(s)~ (3.9)

c2f{ t )  + c j ( t ) + c j { t )  = d2g(t) + dxg(t) + d0g(t) (3.8)

from which we get,

G(s) = c2s 2 + c{s + c0
F( s )

d 2s 2 + d ls + dy (3.10)
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This is an expression of the Laplace transform of the output signal by the Laplace transform of 

the input signal, multiplied by a known rational function of s. From this, we obtain the output 

signal itself by an inverse Laplace transformation. This means, we can solve the differential 

equation by transforming it into an algebraic equation for the Laplace transforms. Real signals 

must be approximated by suitable mathematical functions for a transformation. The method is 

applied to linear and time-invariant differential equations of any order.

The rational function,

It contains the same information on the system as the differential equation itself. Generally, 

the transfer function H(s) of an LTI system is the complex function for which G(s) = H(s).F(s) 

with F(s) and G(s) representing the Laplace transforms of the input and output signals. A 

rational function like H(s) and thus an LTU system can be characterized up to a constant 

factor by its poles and zeros.

3.1.4 The Fourier Transformation
/

Somewhat closer to intuitive understanding but mathematically less general than the Laplace 

transformation is the Fourier transformation.

H(s) = C2S 2 +  C {S + c0
d 2s + d  + dy (3.11)

is the Laplace transfer function of the system described by the differential equation

c 2f ( t ) + c l f ( t ) + c 0f ( t ) = d 2g ( t ) + d lg ( t ) +  d 0g  ( t )  (3.12)

(3.13)

00

(3.14)
-  00
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The signal is here assumed to have a finite energy so that the integrals converge. The 

condition that no signal is present at negative times can be dropped in this case. The Fourier 

transformation decomposes the signal into purely harmonic (sinusoidal) waves. The direct and 

inverse Fourier transformation is also known as a harmonic analysis and synthesis.

Although the mathematical concepts behind the Fourier and Laplace transformations are 

different, we may consider the Fourier transformation as a special version of the Laplace 

transformation for real frequencies, i.e. for.s=jo). Fourier transform for real angular 

frequencies q) is identical to the Laplace transform for imaginary s=j©. For practical purposes 

the two transformations are thus nearly equivalent, and many of the relationships between 

time-signals and their transforms (such as the convolution theorem) are similar or the same for 

both. The function F (go) is called the complex frequency response of the system. Usually, 

poles and zeros are given for the Laplace transform.

The definition of the Fourier transformation applies to continuous transient signals. For other 

mathematical representations of signals, different definitions are used [Hsu, 1995]:

(3.15)

and

b V

0
(3.16)

for periodic signals f(t) with a period T, and

2 xjkiy
(3.17)

M -1
c (3.18)

it = o
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for time series fk consisting of M equidistant samples (such as digital seismic data). We have 

noted the inverse transform (the synthesis) first in each case.

The Fourier integral transformation is mainly an analytical tool; the integrals are not normally 

evaluated numerically because the discrete Fourier transformation permits computations that 

are more efficient. The discrete Fourier transformation is a mathematical identity that does not 

depend on any assumptions on the series fk. Its relationship with the other two 

transformations depends on the properties of the original continuous signal. The most 

important condition is that the bandwidth of the signal before sampling must be limited to less 

than half of the sampling rate f,; otherwise, the sampled series will not contain the same 

information as the original. The bandwidth limit fs/2 is called the Nyqvist frequency. Whether 

we consider a signal as periodic or as having a finite duration (and thus a finite energy) is to 

some degree arbitrary since we can analyze real signals only for finite intervals of time, and it 

is then a matter of definition whether we assume the signal to have a periodic continuation 

outside the interval or not [Bormann, 2002].

3.1.5 The Impulse Response

A useful function is the Dirac pulse 8 (t). it is supposed to be an infinitely short, infinitely 

high, positive pulse at the time origin whose integral over time equals 1. It cannot be realized, 

but its time integral, the unit step function, can be approximated by switching a current on or 

off or by suddenly applying or removing a force. According to the definitions of the Laplace 

and Fourier transforms, both transforms of the Dirac pulse have the constant value 1. The 

amplitude spectrum of the Dirac pulse is “white”, this means, it contains all frequencies with 
equal amplitude.

In this case; G(s)= H(s) .F(s)  reduces to G(s) =H(s), which means that the transfer 

tunction H(s) is the Laplace transform of the impulse response g (t). Likewise, the complex 

lrequency response is the Fourier transform of the impulse response. All information 

contained in these complex functions is also contained in the impulse response of the system, 

fhe same is true for the step response, which is often used to test or calibrate seismic 
equipment.

t
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Explicit expressions for the response of a linear system to impulses, steps, ramps and other 

simple waveforms can be obtained by evaluating the inverse Laplace transform over a suitable 

contour in the complex s plane, provided that the poles and zeros are known. The result, 

generally a sum o f  decaying complex exponential functions, can then be numerically 

evaluated with a computer or even a calculator. Although this is an elegant way of computing 

the response of a linear system to simple input signals with any desired precision, a warning is 

necessary: the numerical samples so obtained are not the same as the samples that would be 

obtained with an ideal digitizer. The digitizer must limit the bandwidth before sampling and 

therefore does not generate instantaneous samples but some sort of time-averages [Bormann, 

2002],

3.1.6 T he  Convolution Theorem

Any signal may be understood as consisting of a sequence of pulses. This is obvious in the 

case of sampled signals, but can be generalized to continuous signals by representing the 

signal as a continuous sequence of Dirac pulses. We may construct the response of a linear 

system to an arbitrary input signal as a sum over suitably delayed and scaled impulse 

responses. This process is called a convolution.

Here f(t) is the input signal and g(t) the output signal while h(t) characterizes the system. We 

assume that the signals are causal (i.e. zero at negative time), otherwise the integration would 

have to start at -oo . Taking f (t) = d (t), i.e. using a single impulse as the input, we get

OO OO
g  ( 0 =  \ h ( t ' ) f ( t - t ' ) d t ' = \ h ( t - t ' ) f ( t ' ) d t ' (3.19)

0 0

(3.20)

where h(t) is in fact the impulse response of the system.

The response of a linear system to an arbitrary input signal can thus be computed either by 

convolution of the input signal with the impulse response in time domain, or by multiplication
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of the Laplace-transformed input signal with the transfer function, or by multiplication of the 

Fourier-transformed input signal with the complex frequency response in frequency domain.

Since instrument responses are often specified as a function of frequency, the Fast Fourier 

Transform (FFT) algorithm has become a standard tool to compute output signals. The FFT 

method assumes, however, that all signals are periodic, and is therefore mathematically 

inaccurate when this is not the case. Signals must in general be tapered to avoid spurious 

results [Bormann, 2002],

3.2 The Seismic Sensor

3.2.1 Introduction

Seismometry is the technical discipline concerned with the detection and measurement of 

seismic ground motion. It comprises the design of seismographs system, their calibration, their 

installation, and the quantitative interpretation of seismograms. A seismograph basically 

consist of one or more seismometers, a clock or time-signal receiver, and a recorder 

[Wielandt, 2002],

The seismologist will use seismograph records that is the seismogram to infer the physical and 

the characteristic properties of the earth’s interior. Therefore, the seismograph system should 

be capable to measure and record seismic ground motion from natural ground noise up to 

large amplitudes of very strong earthquakes. Unfortunately it is not so easy to measure this 

motion and the seismic sensor is the single most critical element in such measurements 

[Havskov and Alguacil, 2004],

3.2.2 Physics of the Seismic Sensor

3.2.2.1 General

A seismometer is an instrument that measures the ground motion when it is disturbed by some 

internal force or action. This motion is dynamic and the seismic sensor or the seismometer has 

to give a dynamic physical variable related to this motion. In the earlier seismometers, this 

variable was also a displacement of a stylus representing the amplified ground motion. In

27



present day instruments, the physical output that a seismometer yields is always voltage 

[Havskov and Alguacil, 2004].

A seismometer is considered as a filter whose input is ground motion represented by a 

kinematical variable: displacement, velocity or acceleration and its output is voltage or pen 

d i s p l a c e m e n t  in t h e  case of some older equipments. T h e  main objective in seismology is to 

measure the earth motion at a point with respect to this same point undisturbed. Unfortunately, 

this is never the case since a l l  objects move with the disturbed earth surface.

Therefore, the sensor instrumentation must:

a) . Be able to detect the transient vibrations within a moving reference frame (the

instrument moves with the Earth as it shakes);

b) . Operate continuously with a very sensitive detection capability with absolute timing so

that the ground motion can be recorded as a function of time, producing a seismogram; 

and

c) . Have a fully known linear response to ground motion, or instrument calibration, which

allows the seismic recording to be accurately related to the amplitude and frequency 

content of the causal ground motion.

This lead to the development of two basic types of seismic sensors:

a) . Inertial seismometers, measure ground motion relative to an inertial reference, which
is a suspended mass.

/

b) . Strainmeters or extensometers, measure the motion of one point of the ground relative
to another.

Since the motion of the ground relative to an inertial reference is, in most cases, much larger 

than the displacement of the ground, inertial seismometers are generally more sensitive to 

earthquake signals. The wavelength of seismic waves is so large that the differential motion of 

the ground within a vault is normally much smaller than the motion relative to'an inertial 

reference; strainmeters are therefore generally less sensitive to earthquake signals. However, 

at very low frequencies, it becomes increasingly difficult to maintain an inertial reference and,

*
/

1
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for the observation of low order free oscillations of the Earth and tidal signals, strainmeters 

m a y  outperform inertial seismometers [Wielandt, 2002],

In seismology, the range of amplitudes involved is very large and the natural background 

noise is highly frequency dependent, this sets the limit for the smallest amplitudes we can 

measure. In some cases, the ground displacement is usually in the order of lnm while the 

largest displacement is in the order of 1 m. This is a dynamic range of 109. The challenge is 

therefore to construct seismic instruments, both sensors and recorders, which cover at least 

part of this large frequency and dynamic range [Havskov and Alguacil, 2004] as illustrated in 

Table 3.1.

Table 3-1: Typical frequencies generated by different seismic sources |Havskov and 

Alguacil, 2004|

Frequency (Hz) Type of Measurements

0.00001-0.0001 Earth tides

0.0001-0.001 Earth free oscillations, earthquakes

0.001-0.01 Surface waves, earthquakes

0.01-0.1 Surface waves, P and S waves, earthquakes with M > 6

0.1-10 P and S waves, earthquakes with M> 2

10-1000 P and S waves, earthquakes, M< 2

3.2.2.2 The Inertial-Pendulum Systems

Almost all seismometer design is developed on damped inertial-pendulum systems of one 

form or another. The orientation of the pendulum further determines which component of 

ground motion will induce relative pendulum motion [Thome and Terry, 1995], Seismic 

signals occur in three orthogonal directions: Vertical (Z), North-South (N) and East-West (E). 

Figure 3.1 illustrates simple cases of the vertical and horizontal seismometers bas'ed on the 
inertial pendulum systems.

1
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Figure 3-1: Schematics of inertial-pendulum vertical and horizontal seismographs 

|Thorne and Terry, 1995].

The inertial pendulum system consists of at least three different mechanical elements tied 

together as illustrated in Figure 3.2. The elements define the natural properties of the system: 

the natural frequency of the system ((»«) and the damping constant.

The mechanical elements are:

a) . A mass of !M kilograms, we assume that the seismic mass is constrained to move along

a straight line without rotation (i.e. it performs a pure translation).

b) . A spring with stiffness S (measured in Newtons per meter), and

c) . A damping element with a constant of viscous friction R (in Newtons per meter per
/

second).

Other elements associated with the inertial pendulum system are dependant on the position in 

the reference coordinate axis in this case, the vertical plane. They include:

a) . Time-dependent ground motion, x(t),

b) . Absolute motion of the mass, y(t) and

c) . Mass motion relative to the ground, z(t) = y ( t)- x(t)
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M: y(t) \  ^ ) > : z(t)

R ljls
Ground: x(t) \

Figure 3-2: Schematics of inertial-pendulum vertical seismometer |Bormann, 2002|

3.2.2.3 Mechanical Properties of the Inertial Pendulum Seismometer

The frame is assumed to be firmly connected to the ground. What controls the actions of the 

seismometer is the superposition of all their forces acting on the mass simultaneously 

[Scherbaum, 1996], Actual ground motions displace the pendulums from their equilibrium

positions, inducing relative motions of the pendulum mass. Each pendulum system has an
/

equilibrium position in which the mass is at rest and to which it will return following small 

transitory disturbances. The damping element R represents a variety of possible damping 

mechanisms. Mechanical or optical recording systems with accurate clocks are. used to 

produce the seismograms.

The presentation of this superposition of forces is given by the definition of physical laws. If 

the ground experiences a displacement x (t), the mass (m) moves from its equilibrium position 

to the seismometer housing. This motion of the mass creates an inertial force that is restricted 

by the displacement proportional spring force and the velocity proportional damping force.
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That is:

a). The Inertia of Mass

The inertial force (fj) (from Newton’s Second Law of motion) is acting on the moving mass 

M. It is directed into the opposite direction of the motion of the mass Um (t) =(x (t) + y (t)) 

which is downwards if the ground is moving upwards.

f i  =  ( 0

b). The Spring

(3.20)

A second force (fsp) (from Hook’s Law) will be exerted by the spring if it is elongated. The 

force is proportional to the elongation in accordance with the Hook’s Law. If the spring is 

elongated, the force will be positive pointing upwards.

f,P = -Sz(t)

where S is the spring constant.

(3.21)

c). The Dash pot

A frictional force (ff) is acting on the mass. It is proportional to the velocity with which the 

mass is moved with respect to the dashpot. The frictional force is equivalent to restoring force 

in electromagnetic systems. This quantity is best described within the reference frame that is 

attached to the seismometer. If the movement is up, the frictional force will be directed 
downwards.

f f  = ~ D z ( t )

where D is the friction coefficient.

In equilibrium, all these forces add up to zero:

(3.22)

4,

-  w « m ( 0 -  Sz ( t ) -  Dz(t)  = 0  . (3.23)

32



Since Um (t) -(x (t) + y (t)) equation 3.23 becomes

-  m( x ( t ) +  y( t ) )  -  Dz( t )  -  Sz ( t)  = 0

a„d m . i v )

equation 3.24 becomes

m 'z(t)  + D z ( t )  + Sz  ( / )  = - m  (*( / ) )

Dividing through by m;

'z(t) + —z(t) + —z(t) = -X■ ( / )  m m

(3.24)

(3.25)

(3.26)

This is the equation of motion of an inertial pendulum system seismometer.

Rewriting the constant terms in equation 3.26,

2 ( / ) +  2 e z ( t )  +  a  2

,  l  D h = -
where, =m and 2e = m  = COo and COo is the damping constant and is the

natural frequency of the seismometer.

Therefore, equation 3.27 transforms to,

z ( 0  =  -  x ( t )
(3.27)

z(t)  +  2 h ^ z i t )  +  COo" =  “ * ( 0  (3 > 2 8 )

This is an inhomogenous linear differential equation of second order for the relative deflection 

z (t). The inhomogeneous term, or the driving term, is the ground acceleration multiplied the 
seismometer mass.

h is observed from the equation (3.28) above,

t
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" ( '•a n d

and ~ ^ w i l l  dominate the left hand side. i.e.

a). For very slow movements (very low frequency), “ v‘ ’ and will approach zero 

This corresponds to

the seismometer measuring ground acceleration '  ' [Scherbaum, 1996], This 

principle is used in the design of accelerometers used in geotechnical and engineering 

investigations.

b). For fast movements (very high frequency, the acceleration will be high compared to 

velocity and displacement), ~(t )  dominates the left hand side and the seismometer 

will be measuring ground displacement, i.e. i: ( / )  = -  x ( t )

c). If the damping is very high, and the seismometer velocity is proportional to the ground 

acceleration, i.e. 2ho)0: ( t )  = - x ( t )  or, integrating once, the seismometer 

displacement is proportional to ground velocity.

In order to convert the motion of the mass into an electric signal, the mechanical pendulum in 

the simplest case is equipped with an electromagnetic velocity transducer Figure 3.3 below. 

The feedback coil can exert a force equal and opposite to the inertia force due to the largest 

acceleration, we want to measure. The displacement transducer sends a current through this 

force coil through a resistor R in a negative feedback loop. The polarity of the current is such 

that it opposes any motion of the mass, and it will try to prevent the mass from moving at all 
with respect to the frame.

/

A small permanent acceleration on the mass will therefore result in a small permanent current 

and a large acceleration will need a large current. The current is in fact linearly proportional to 

the ground acceleration, so the voltage gives a direct measure of acceleration over the resistor 
[Havskov and Alguacil, 2004],

/
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Figure 3-3: Electromagnetic velocity and force transducer [Havskov and Alguacil, 2004|.

3.2.2.4 Seismic Recorders

Seismometers give out electrical signal, which is measured by some electronic instruments. In 

order to preserve these signals, recording them is necessary. In its simplest way, a recorder is 

any device plotting the signal in a permanent way like a chart or drum recorder and we get a 

seismogram. Since the seismometer, output signals are generally small and noisy, it has to be 

amplified and filtered before recording. This is achieved through analogue signal preparation. 

However, the present most common way is to digitize the signal with an analogue to digital 

converter (ADC) and record it in some computer device [Havskov and Alguacil, 2004],

3.2.2.5 The Instrumental Self-Noise

All modem seismographs use semiconductor amplifiers, which, like other active (power 

dissipating) electronic components, produce continuous electronic noise whose origin is 

manifold but ultimately related to the quantisation of the electric charge. Electromagnetic 

transducers, such as those used in geophones, also produce thermal electronic noise (resistor 

noise). The contributions from semiconductor noise and resistor noise are often comparable, 

and together limit the sensitivity of the system. Another source of continuous noise, the 

Brownian (thermal) motion of the seismic mass, may be noticeable when the mass is very
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srnflll (less than a tew grams). With sufficient mass, the Brownian noise is negligible against 

electronic noise. Seismographs may also suffer from transient disturbances originating in 

slightly defective semiconductors or in the mechanical parts of the seismometer when subject 
to stresses [Bormann, 2002],
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CH APTER FOUR

4.0 MATHEMATICAL ANALYSIS OF THE SEISMOMETER

4.1 Mathematical Formulation of the Frequency Response Function

4.1.0 Introduction

A digital seismograph generally consists of a sensor, a low-pass anti-aliasing filter, an 

analogue-to-digital (A/D) converter, and a recorder. Assuming the magnitude of input ground 

motion is small; the instrument response can be conveniently analyzed by employing linear 

system theory [D’Azzo et al., 2003],

The dynamic behaviour of a seismograph system within its linear range can, like that of any 

linear time-invariant (LTI) system, be described with the same degree of completeness in four 

different ways: by a linear differential equation, the Laplace transfer function, the complex 

frequency response, or the impulse response of the system. The first two (the Laplace transfer 

function and the complex frequency response) are usually obtained by a mathematical analysis 

of the physical system. However, since all four are mathematically equivalent, one can derive 

each of them either from the knowledge of the physical components of the system or from a 

calibration experiment [Bormann, 2002],

Practically, the mathematical description of a seismometer is limited to a certain bandwidth of 

frequencies that should at least include the bandwidth of seismic signals. Within this limit, any 

of the four mathematical representations discussed describes the system’s response to an 

arbitrary input signals completely and unambiguously. The viewpoint from which they differ 

is how efficiently and accurately they can be implemented in different signal-processing 
procedures.

4.1.1 Seismometer Frequency Response Function
4,

The frequency response function (FRF) is, in general, a complex valued function or waveform 

defined over a frequency range. Therefore, the process of identifying parameters from this
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type of measurement is commonly called curve fitting, or parameter estimation [Richardson 

and Formenti, 1982],

In seismometry, the damping constant and the natural frequency of the seismometer are the 

characteristic parameters of interest used in design. The characteristic parameters (damping 

constant and natural frequency), can be estimated assuming initial conditions in equation 3.28. 

However, there is no simple relationship between the sensor motion and the ground motion. 

Therefore, equation 3.28 will have to be solved analytically so that the input and output 

signals can be related. The simplest way to solve equation 3.28 is to assume an input of 

harmonic earth motion as described by the equation of motion 2.10 in seismic wave 

propagation, and solve for the solution in the frequency domain.

The frequency response describes the relationship between the relative deflection of the 

seismometer mass and the ground motion as a function of the excitation frequency. Therefore, 

frequency response of a seismometer is a ratio between the output signals to the input signal.

From the general equation of a seismometer,

(assuming the time varying ground displacement x (t) is harmonic in nature as described by 

equation 2.11) it can be represented in the Fourier transform, i.e., from classical Ansatz,

The displacement is given as,

*(0  +  2h C00z(t) + (Do* =  “ *(0 (4.1)

x(t) = x ( ( o ) r o)t (4.2) (a)

The velocity is given by,

x(t) = ic o X { o ) ) r ‘ (4.2) (b)

The acceleration is given by,

x(t) = -i(02X(0) ) r ‘ (4.2) (c)
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For the time varying seismometer mass displacement z (t), in the complex number notation is

1NIIT
f (4.3) (a)

z(t) = icoZ(o))rl (4.3) (b)

z{t)=-i(o2z { o ) ) r ' (4.3) (c)

where, © is the angular frequency of the seismic disturbance in equation 4.2 and 4.3. 

Recasting equation 4.1 above in the frequency domain using the complex variables obtained 

in equation 4.2 and 4.3, the equation of a seismometer becomes,

z(t)+ 2h (0o z ( 0  + Cf)Q2 z(t) = -x(t)

The frequency response H(w) of the inertial pendulum system seismometer from equation 4.4,

* ( * )  6 ) 02 ~ w2 +2hCOoiw (4.5)

Multiplying the denominator and the numerator by the complex conjugate of the equation 4.5 

[Weisstein, 2012],

H(w) = I M  = »'2((cOl)2-» '2) -2ha)o,u>)

X(tt ) (((0O2- w2) + 2h(DoiwK(fi)02 - w2) ~ 2hO)oiw)

where according to Euler formula, the equation reduces to,

(4.6)

H ( w )  =  \ H ( w ) \ t - ‘e ^  (4.7)

This is the amplitude phase representation of the frequency response function. Figure 4.1 is a 

general illustration of Euler formula  ̂ = Cos6 — iSinO in the complex plane.



Figure 4-1: Euler Formula in the Complex Plane

2 ...2cos# = /y  - w 2 Sind = 2hr.'i iw , V ‘0(W)=(CO - w 2) - 2 hwhere, , “ *> hence, v « /w

Therefore, from equation 4.7, the Amplitude of the frequency response is [Smith, 2007],

| « H =
co

yj(co02 -  co2) + 4h 2co O)0
(4.8)

From the complex plane,

tan 6 = sin#
cos#

Therefore,

a * , sin# # = arctan(------ )
cos#

Therefore, the phase delay of the seismometer described by equation 4.9 is,

(4.9)

(4.10)

n  , 2 hco0ia )
6{co) = -  tan — ■r - -—7- + n2 20)Q - O ) (4.11)
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4.1.2 The Seismometer Transfer Function

A seismic signal (the equation of the seismometer, Equation 4.1) can be decomposed into 

exponentially growing, stationary, or exponentially decaying sinusoidal signals with the 

laplace integral transformation. The relationship between the input signals to the output 

signal is given by the expression of the transfer function.

Given the differential equation of the seismometer;

z(O + 2/i<y0z(O + f» o2 HD = -HD

Its Laplace transform as described in section 3.1.3 is given by,

S 2 Z ( s )  + 2hco0SZ (^) + co02 Z (s)  = - S 2 X  ( 5 ) (4.12)

The Laplace Transfer function H(s) is the ratio of Lapalce transform of the seismometer mass 

displacement Z(s) to the Laplace transform of ground displacement X(s). Recasting equation 

4.11 gives the expression of the Laplace transfer function, and the characteristic equation.

H{s) Z(s)
X(s)

-  S 2
S 2 + 2hco0S  + o)02

(4.13)

It is often convenient to factor the polynomials in the numerator and denominator, and to write 

the transfer function in terms of those factors. The denominator is a quadratic equation which 

is the characteristic equation, and quadratic equations have the roots:

v  _  -  b ±  ĵb -  4ac
2 [Scherbaum, 1996] which results in

5 , 2 = -hco0 ±co0J h 2 - 1  .

Recasting the Transfer function into its roots,
4,

m  = = _____________( S - z ,X S - z 2)____________
(S-p, XS-pD[S-(-to0 +<D0s[h2- l)][S-(-/i®0-®0VA2-1)] '

t
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Where Z i<2 is defined as the system Zeros , and the coefficients Pli2 of the denominator as the 

poles of the characteristic equation and also the eigenvalues of the system A matrix.. Together 

with the gain constant K they completely characterize the differential equation, and provide a 

complete description of the system’s response. In general, if the numerator S=Z (i.e. the 

numerator is zero), the transfer function vanishes as S approaches Z. if the denominator S=P 

(i.e. the denominator is zero), the transfer function becomes unbound (oo) as S approaches P 

[Trumper, 2007].

The location of the poles and zeros on a complex s-plane provide qualitative insights into the 

response characteristics of a system. In the pole-zero plots, it is usual to mark a zero location 

by a circle (0) and a pole location a cross (*). For a given homogenous system, the 

homogeneous response may therefore be written as [Trumper, 2007]:

y „  U )  =  £  c  , t  (4. i 5)
/ = l

Where the constant Ci is determined from the given set of initial conditions and the exponents p, are 

the roots o f the characteristic equation or the system eigenvalues. The characteristic equation

S’ + 2h(O0S  + (O0 and its roots are the system poles. The locations o f the poles in the s-plane therefore 

define the n components in the homogeneous response as described below Figure 4.2:

a) .A real pole in the left half of the s-plane defines an exponentially decaying component. 

The rate of the decay is determined by the pole location; poles far from the origin in the 

left-half plane correspond to components that decay rapidly, while poles near the origin 

correspond to slowly decaying components.

b) .A pole at the origin pi=0 defines a component that is constant in amplitude and defined by 

the initial conditions.

c )  . A real pole in the right-half plane corresponds to an exponentially increasing component

Ce<r ‘ in the homogeneous response; thus defining the system to be unstable.

d) - A complex conjugate pole pair s ± jto in the left-half of the s-plane combine to generate a

response component that is a decaying sinusoid of the form Ae-"1 Sin (tot + 0) where A

t
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and ff are determined by the initial conditions. The rate of decay is specified by cr; the 

frequency of oscillation is determined by o>

e) An imaginary pole pair that is a pole pair lying on the imaginary axis, ±jo generates an 

oscillatory component with constant amplitude determined by the initial conditions

f) A complex pole pair in the right half plane generates an exponentially increasing 

component.

Figure 4-2: The specification of the form of components of the response from the system 
pole locations on the pole-zero plots.

4.1.3 Estimation and Presentation of Optimum Characteristics Properties of the 

Seismometer

In order to characterize the seismometer, the equation 4.4 derived for the complex frequency 

response function is applied. Different values of the damping constant, ground angular 

frequency and seismometer natural frequency are investigated. Table 4.1 shows the values 

applied do estimate the optimum characteristic properties of the seismometer.

t
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Table 4-1: Table of Seismometer Parameters and Data Range Required.

Parameter Data Range

Natural frequency of the seismometer (©„) 1Hz

Angular ground frequency (oo) 0 Hz to 1000 Hz

Damping constant (h) Oto 10

A complete list of the different values used in the data preparation is given in the Appendices 

A and B. From the calculated values of amplitude and frequency response of the seismometer, 

the data is the presented graphically with the appropriate graphs.
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CHAPTER FIVE

5.0 RESULTS AND DISCUSSIONS

5.1 Results

In the analysis of the characteristic properties of a seismometer, the frequency response 

function given by equation 4.4 is used. The damping parameter of the seismometer is obtained 

by finding the magnitude of the frequency response function given in equation 4.8.

The different values of damping are then applied on the equation and by use of Microsoft 

Office Excel program; I generated the different list of tables given in Appendix A.

For the phase delays, the equation of the phase delay given by equation 4.11 is applied. Where

Similar procedure is applied as in the case of amplitude response. I used Microsoft excel 

program to generate data for phase delays listed in Appendix B.

After generating the data to be used for this study, the data was then ploted on the appropriate 

graphs as in the case of amplitude response, amplitude against frequency is plotted on a log- 

log graph. This is achieved by use of Geosoft Grapher7 plotting program. This software 

enables one to plot linear and logarithmic data efficiently. This procedure was also applied to 
the phase delay data.

5.1.1 Amplitude Response of a Inertial Pendulum Seismometer with Single

2

Degree of Freedom

The amplitude response data of a seismometer with natural frequency one is given by the 

tobies in Appendix A is plotted on a graph Figure 5.1. This graph clearly shows that the
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amplitude values are increasing and decreasing near the natural frequency values for the 

various values of damping. The highest is observed for damping is equivalent to zero.

Figure 5-1: A graph illustrating the values of amplitudes for different damping constants 
at various frequencies.
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5.1.2 Phase Response of a Inertial Pendulum Seismometer with Single Degree of 
Freedom

The phase response data given in the tables of Appendix B is plotted on a linear-logarithmic 

graph Figure 5.2. The graph illustrates the phase delay shifts at the natural frequency with 

values of angular frequency greater than the natural frequency.

figure 5-2: A graph illustrating values of Phase delays at different damping constants of 
various frequencies.

t
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5.2 Discussion

5.2.1 For Zero Damping (h=0)

In this case, the damping constant is zero and the seismometer is said to be undamped. The 

amplitude response Figure 5.1 indicates the value of amplitude is infinite at resonance and the 

phase response Figure 5.2 is less than zero for all frequencies less than one and a phase shift 

occur where the phase response is -180° for all frequencies greater than one. This indicated the 

instrument will not stop oscillating when disturbed from its equilibrium position.

This setup is not practical for any seismic application. With infinite amplitude, the different 

movable components used in the making the seismometer such as the spring will surfer elastic 

deformation.

5.2.2 For Damping (0<h<l)

This is also referred to as the underdamped case. The amplitude response Figure 5.1 of the 

seismometer is decreasing from infinity towards one near the resonance frequency. This 

indicates that the mass of the seismometer is sensitive to frequencies near the natural 

frequency. These values of amplitude are applied in determining the optimum damping values 

used in the design of the seismometer depending on what frequency values we are interested 

in. The phase response graph illustrated in Figure 5.2 indicates the instrument mass motion is 

in the opposite direction with ground motion at various damping constants.
/

5.2.3 For Damping (h=l)

The amplitude response Figure 5.1 of the seismometer at resonance is close to unity and at 

frequencies above the natural frequency; the seismometer has amplitude of one. This means 

that the seismometer is not sensitive to frequencies above the natural frequency and therefore 

acts as a high pass filter for earth displacement.

The phase plot Figure 5.2 illustrate that the instrument oscillation is minimised more rapidly 

and the mass quickly returns to rest after a seismic disturbance. This condition is referred to as 
critical damping.

t
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5.2.4 For Damping (h>l)

The amplitude response Figure 5.1 of the seismometer at resonance is less than one and the 

phase response varies minimally for all frequencies. This condition is referred to as the 

overdamped case. At Very low frequencies, less than resonance, the seismometer motion is 

infinitesimally small and hence not suitable for frequencies lower than the resonance 
frequency..

The amplitude response for frequency higher than the resonance frequency is constant. This 

indicates the instrument is not sensitive to frequencies higher than the resonance frequency. 

When the damping increases above one, the sensitivity of the instrument decreases, and the 

response approaches that of a velocity sensor. We see that for h=10, the response approaches a 

straight line indicating a pure velocity response. The amplitude response indicates no 

oscillation occurs but the mass returns to rest more slowly as illustrated by the phase delay.
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CHAPTER SIX

6.0 CONCLUSION AND RECOMMENDATIONS

6.1 Conclusion

Presenting the amplitude and phase response of an inertial pendulum seismometer with 

varying damping constant, the system properties is easily understood. These graphs show 

what values of the damping constant are useful in the design of seismometers and 

accelerometers. By varying each of these parameters, different system responses characteristic 

can be developed by tuning the seismometer’s sensitivity to the desired part of the earthquake 

frequency spectrum. This is essentially utilized in instrument calibration and testing.

The different values of damping illustrate that seismometers perform optimally at damping 

close to critical (h=l). Here, the seismometer mass will return to it rest position in the least 

possible time without overshooting, hence, the response curve has no peak as for the case of 

zero damping where the response curve is infinite at resonance.

The frequency response function relates the Earth displacement to the sensor mass 

displacement. In the case where a seismometer measures mass acceleration, the response 

function describes the sensor response to ground acceleration. In general, seismometers 

measure the displacement, velocity, or acceleration of the sensor mass and it is of interest to 

recover the displacement, velocity, or acceleration of the ground. Therefore, the frequency 

response function and the transfer function present very useful tools for this analysis.

The most important task is to be aware of which parameter value combination is employed for 

a given response function. In the seismometer equation, each time a derivative of tfie complex 

frequency introduces a factor of (-to) in the frequency domain. Thus, all other things being 

constant, velocity and acceleration will be enriched in high frequencies measurement domain 

relative to displacement.

The instrumental self-noise and the earth’s background noise set the limit at which the 

seismometer can record the seismic signals without much interference. With this limitation,
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design of seismometers is limited to particular frequency range, which is dependant on the 

resonance frequency of the seismometer.

6.2 Recommendations

6.3 With the adoption of new technology and the introduction of the more sophisticated 

broadband seismometers, many seismic stations are migrating from the old analogue 

mechanical systems to the new improved digital seismometers. Although the broadband 

seismometers are very useful in the analysis of waveform data due to their large frequency 

bandwidth and dynamic range, the knowledge of instrument response is pertinent in 

application to the testing, calibration and routine maintenance of the various instruments. This 

will ensures the instrument performs within the recommended and acceptable ranges Enables 

one to identify the worn-out or deformed parts of the instrument such as the spring

In seismic stations with old and outdated seismograph systems, modification on their systems 

characteristic parameters (damping constant and natural frequency) is effective in making 

such instruments reusable and equally aid in reducing the cost of buying new equipments. 

Very good examples are the Long Period and Short Period instruments deployed in the 

worldwide seismic station networks and their affiliate institutions. These instruments can 

make considerable contributions in research and teaching purposes.

4,

f
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APPENDICES

A . T a b les  o f  A m p litu d es  ( | H  (co) | ) fo r  D ifferen t v a lu es  o f  D am p ing  

C o n sta n t (h )

Table A-l: Amplitude Response Values of the Seismometer for Damping h=0

CJ (i>o h |H(W)|
0 1 0 0

0.000001 1 0 1E-12
0.00004 1 0 1.6E-09

0.000042 1 0 1 764E-09
0.0001 1 0 1E-08

0 64533 1 0 0.713651591
0.7 1 0 0.960784314

0.7756 1 0 1.509758947
0.9 1 0 4.263157895

0.98323 1 0 29.06726007
0 999 1 0 499.2501251

1 1 0 OO
2 1 0 1.333333333
3 1 0 1.125
4 1 0 1 066666667
5 1 0 1 041666667
6 1 0 1 028571429
7 1 0 1.020833333
8 1 0 1.015873016
9 1 0 1.0125

10 1 0 1.01010101
20 1 0 1 002506266
30 1 0 1.001112347
40 1 0 1.000625391
50 1 0 1.00040016
60 1 0 1.000277855
70 1 0 1.000204123
80 1 0 1.00015627*
90 1 0 1.000123472

100 1 0 1.00010001
200 1 0 1 000025001
400 1 0 1 00000625
500 1 0 1.000004
600 1 0 1.000002778
700 1 0 1.000002041
800 1 0 1.000001563
900 1 0 1.000001235

1000 1 0 1.000001

t
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Table A-2: Amplitude Response Values of the Seismometer for Damping h=0.1

a) (Oq h IH(w)|
0 1 0.1 0

0 000001 1 0.1 1E-12
0.0000023 1 0.1 5.29E-12

0.00001 1 0.1 1E-10
0.00978 1 0.1 9 56574E-05

0.1 1 0.1 001009895
0.23344 1 0.1 0 057564873

1 1 0.1 5
2 1 0.1 1 321637201
3 1 0.1 1 121849224
4 1 0.1 1 065152858
5 1 0.1 1 040763618
6 1 0.1 1 027967413
7 1 0.1 1 020399402
8 1 0.1 1 015545556
9 1 0.1 1 012243808

10 1 0.1 1 009894951
20 1 0.1 1 002455893
30 1 0.1 1 001090051
40 1 0.1 1 000612868
50 1 0.1 1 000392151
60 1 01 1000272295
70 1 0.1 1 000200039
80 1 0.1 1 000153148
90 1 0.1 1 000121002

100 1 0.1 1000098009
200 1 0.1 1000024501
300 1 0.1 1000010889
400 1 0.1 1000006125
500 1 0.1 100000392
600 1 0.1 1 OOQ002722
601 1 0.1 100000271 3
800 1 0.1 1000001531
900 1 0.1 100000121

1000 1 0.1
1

' 100000098
—#— —̂
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Table A-3: Am plitude Response Values of the Seismometer for Damping h=0.2

OJ Cl)q h |H(w)|

0 1 0.2 0

0 000001 1 0.2 1E-12

0.00001 1 0.2 1E-10

0.1 1 0.2 0.010092775

0.7 1 0.2 0.842202921

1 1 0.2 2.5

1.1 1 0.2 2.481822854

1.2 1 0.2 2.211462421

1.7 1 0.2 1.43880846

2 1 0.2 1.288313253

3 1 0.2 1.112553397

4 1 0.2 1.060649814

5 1 0.2 1.038068498

6 1 0.2 1.026161731

7 1 0.2 1.019100919

8 1 0.2 1.014565073

9 1 0.2 1.011476398

10 1 0.2 1.00927753

20 1 0.2 1.002304819

30 1 0.2 1.001023173

40 1 0.2 1.000575301

50 1 0.2 1.000368123
60 1 0.2 1 000255615

70 1 0.2 1.000187787

80 1 0.2 1.000143769
90 1 0.2 1.000113592

99 1 0.2 1 000093876-

110 1 0.2 1.000076038

200 1 0.2 1.000023
300 1 0.2 1.000010222
400 1 0.2 1.00000575
501 1 0.2 1.000003(565

600 1 0.2 1.000002556

700 1 0.2 1.000001878
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800 1 0.2 1.000001438
900 1 0.2 1.000001136

1000 1 0.2 1.00000092

Table A-4: Amplitude Response Values of the Seismometer for Damping h=0.3

CO h |H(<o)|
0 1 0.3 0

0.000001 1 0.3 1E-12
0.00004 1 0.3 1 6E-09

0.001 1 0.3 1E-06
0.00422 1 0.3 1.78087E-05

0.0043 1 0.3 1 84903E-05
0.00455 1 0.3 2.07029E-05
0.00978 1 0.3 9.56559E-05

0.1 1 0.3 0.01008251
023344 1 0.3 0.057012846

0.234 1 0.3 0.057299278
0.3 1 0.3 0.097021296

0.345 1 0.3 0.131524078
0.4 1 0.3 0.183147419

0.432 1 0.3 0.218611847
0.5 1 0.3 0.30949223

0.999 1 0.3 1.664990741
1 1 0.3 1.666666667

1.1 1 0.3 1.747030597
1.2 1 0.3 1.706563667

2 1 0.3 1.237968921
3 1 0.3 1.097560976
4 1 0.3 1.053270007
5 1 0.3 1.033622788
6 1 0.3 1.023173291
7 1 0.3 1.016947753
8 1 0.3 1.012937226
9 1 0.3 1.010201251

10 1 0.3 1.008251007
20 1 0.3 1.002053181
30 1 0.3 1.000911739
40 1 0.3 1.000512699
50 1 0.3 1.000328081
60 1 0.3 1.000227817/ .
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70 1 0.3 1 000167368
80 1 0.3 1 000128137
90 1 0.3 1.000101242

100 1 0.3 1.000082005
200 1 0 3 1 0000205
300 1 0.3 1.000009111
400 1 0.3 1.000005125
500 1 0.3 1 00000328
700 1 0.3 1.000001673
800 1 0.3 1 000001281
900 1 0.3 1.000001012

1000 1 0.3 1.00000082

Table A-5: Amplitude Response Values of the Seismometer for Damping h=0.4

<J> (O o h |H(6,)|
0 1 0.4 0

0.00455 1 0.4 2.07028E-05
0 00978 1 0 4 9.56546E-05

0.1 1 0.4 0.010068191
0.23344 1 0.4 0.056542631

1 1 0.4 1.25
1.1 1 0.4 1.337445299

1 98 1 0 4 1.180019745
1.9877 1 0.4 1.178641831

1.99 1 0.4 1.17823305
2 1 0.4 1.176470588
3 1 0.4 1.077554571
4 1 0.4 1.043192359
5 1 0.4 1.027493671
6 1 0.4 1.019033
7 1 0.4 1.013956121
8 1 0.4 1.010671348
9 1 0.4 1.008424119

10 1 0.4 1.0068191^2
20 1 0.4 1.001701206
30 1 0.4 1.000755794
40 1 0.4 1.000425076
50 1 0.4 1.000272031
60 1 0.4 1.000188904
70 1 0.4 1.000138^84
80 1 0.4 1.000106255
90 1 0.4 1.000083954

100 1 0.4 1.000068002
200 1 0.4 1.000017

t
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300 1 0.4 1.000007556
400 1 0.4 1.00000425
500 1 0.4 1.00000272
600 1 0.4 1.000001889
800 1 0.4 1 000001063
900 1 0.4 1.00000084

1000 1 0.4 1.00000068

Table A-6: Amplitude Response Values of the Seismometer for Damping h=0.5

C J CO 0 h |H(w)|
0 1 0.5 0

0.000001 1 0.5 1E-12
0.001 1 0.5 1E-06

0.4 1 0.5 0.171973432
0.9 1 0.5 0.880590856
1.1 1 0.5 1.080486354
1.9 1 0.5 1.118225995

1.95 1 0.5 1.113743089
1.98 1 0.5 1.111119507
1.98 1 0.5 1.111119507

1.9877 1 0.5 1.110454744
1.99 1 0.5 1.11025688

2 1 0.5 1.109400392
3 1 0.5 1.053370325
4 1 0.5 1.030650602
5 1 0.5 1.019771271
6 1 0.5 1.013782891
7 1 0.5 '1.010148252
8 1 0.5 1.007780296
9 1 0.5 1.006152958

10 1 0.5 1 00498Z06
20 1 0.5 1.001249212
29 1 0.5 1.000594353
30 1 0.5 1.000555401
40 1 0.5 1.000312451
50 1 0.5 1 00019998
60 1 0.5 1.000138879
70 1 0.5 1.000102036
80 1 0.5 1.000078122
90 1 0.5 1.000061726*

9
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400 1 0.6 1.00000175
500 1 0.6 1.00000112
600 1 0.6 1.000000778
700 1 0.6 1 000000571
800 1 0 6 1 000000437
900 1 0.6 1.000000346

1000 1 0.6 1.00000028

Table A-8: Amplitude Response Values of the Seismometer for Damping h=0.7

(1) (Oo h |H(o>)|
0 1 0.7 0

0.000001 1 0.7 1E-12
0.001 1 0.7 1E-06

0.4 1 0.7 0.15848577
1 1 0.7 0.714285714

1.5 1 0.7 0.920670948
2 1 0.7 0.974740358
3 1 0.7 0.996072641
4 1 0.7 0.999297616
5 1 0.7 1
6 1 0.7 1.000169796
7 1 0.7 1.000199977
8 1 0.7 1.000190484
9 1 0.7 1.000170749

10 1 0.7 1.000150034
20 1 0.7 1.000046878
30 1 0.7 1.000021606
40 1 0.7 1.000012305•k
50 1 0.7 1.00000792
60 1 0.7 1.000005517
70 1 0.7 1.000004061
80 1 0.7 1.000003113
89 1 0.7 1 0000025J7
90 1 0.7 1.000002462

100 1 0.7 1.000001995
101 1 0.7 1.000001956
200 1 0.7 « 1.0000005

-- -̂-  -------1--------------------------
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300 1 0.7 1.000000222
400 1 0.7 1.000000125
500 1 0.7 1.00000008
600 1 0.7 1 000000056
700 1 0.7 1.000000041
800 1 0.7 1.000000031
900 1 0.7 1.000000025

1000 1 0.7 1.00000002

Table A-9: Amplitude Response Values of the Seismometer for Damping h=0.8

Cl) (O  o h |H(w)|
0 1 0.8 0

0 000001 1 0.8 1E-12
0.000042 1 0.8 1.764E-09

0.1 1 0.8 0.009971621
0.7 1 0.8 0.398163496

1 1 0 8 0.625
1.004 1 0.8 0.627492188

1.0043 1 0.8 0.627678472
1.0054 1 0.8 0.628360762
1.0087 1 0.8 0.630400545

1.09 1 0 8 0.677321813
1.098 1 0.8 0.681598026
1.098 1 0.8 0.681598026

1.1 1 0.8 0.682657733
1.5 1 0.8 0.831481954

2 1 0.8 0.911921505
3 1 0.8 0.964679541
4 1 0.8 0.9810967T9
5 1 0 8 0.988211769
6 1 0.8 0.991935045
7 1 0.8 0.994129568
8 1 0.8 0.99553304
9 1 0.8 0.996485016

10 1 0.8 0.997162126
20 1 0.8 0.999297616
30 1 0.8 0.999688417
40 1 0.8 '  0.999824851

----------------------*----------------------------------------------1— J______________________________________
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50 1 0.8 0.999887939
60 1 0.8 0.999922193
70 1 0.8 0.999942841
80 1 0.8 0.999956241
89 1 0.8 0 999964645

100 1 0.8 0.999971996
200 1 0.8 0.999993
300 1 0.8 0.999996889
400 1 0 8 0 99999825
500 1 0.8 0.99999888
600 1 0.8 0.999999222
700 1 0.8 0.999999429
800 1 0.8 0.999999562
900 1 0.8 0.999999654

1000 1 0.8 0.99999972

Table A-10: Amplitude Response Values of the Seismometer for Damping h=0.9

CO OJQ h |H(o>)|
0 1 0.9 0

0 000001 1 0.9 1E-12
0.0000023 1 0.9 5.29E-12

0.1 1 0.9 0.00993808
1 1 0.9 0.555555556

1.5 1 0.9 0.756222423
2 1 0.9 0.8535792
3 1 0.9 0.932454758
4 1 0.9 0.961624595
5 1 0.9 0.975342893
6 1 0.9 0.982843799
7 1 0.9 0.98738161
8 1 0.9 0.99033243t
9 1 0.9 0.992357973

10 1 0.9 0.99380799
20 1 0.9 0.998450484
40 1 0.9 0.99961253
50 1 0.9 0.999752012
59 1 0.9 0.999821897
60 1 0.9 0.999827784
70 1 0.9 0.999873473
80 1 0.9 0.999903127
90 1 0.9 « 0.999923458

>
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100 1 0.9 0.999938001
200 1 0.9 0.9999845
300 1 0.9 0.999993111
400 1 0.9 0.999996125
500 1 0.9 0.99999752
600 1 0.9 0.999998278
700 1 0.9 0.999998735
800 1 0.9 0.999999031
900 1 0.9 0.999999235

1000 1 0.9 0.99999938

Table A -ll: Amplitude Response Values of the Seismometer for Damping h=1.0

(Jj U) 0 h |H(w)|
0 1 1 0

0.000001 1 1 1E-12
0.0001 1 1 1E-08

0.00022 1 1 4.84E-08
0.00031 1 1 9.61 E-08

0.1 1 1 0.00990099
0.4 1 1 0.137931034
0.7 1 1 0.32885906

1 1 1 0.5
1.1 1 1 0.547511312
1.2 1 1 0.590163934
1.7 1 1 0.742930591

2 1 1 o bo

3 1 1 0.9
4 1 1 0.941176471
5 1 1 0.961538462

-
6 1 1 0.972972973
7 1 1 0.98
8 1 1 0 984615385
9 1 1 0.987804878

10 1 1 0.99009901
20 1 1 0.997506234
30 1 1 0.998890122
40 1 1 0.99937539
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50 1 1 0.99960016
60 1 1 0.999722299
70 1 1 0.99979596
80 1 1 0999843774
90 1 1 0.999876558

100 1 1 0.99990001
200 1 1 0.999975001
300 1 1 0999988889
400 1 1 0.99999375
500 1 1 0.999996
600 1 1 0.999997222
800 1 1 0999998438
900 1 1 0.999998765

1000 1 1 0.999999

Table A-12: Amplitude Response Values of the Seismometer for Damping h=1.5

CO Cl>0 h IHMI
0 1 1.5 0

0000001 1 1.5 1E-12
0.0000023 1 1.5 5.29E-12

0.00001 1 1.5 1E-10
0.0000222 1 1.5 4.9284E-10
0 000032 1 1.5 1 024E-09

1 1 1.5 0.333333333
1.004 1 1.5 0.334665481

1.1 1 1.5 0.36592649
1.2 1 1.5 0.397045407

1.23 1 1.5 0.406095831
1.7 1 1.5 0.531353251

2 1 1.5 0.596284794
3 1 1.5 0.747409319
4 1 1.5 0.83292673
5 1 1.5 0.883331567
6 1 1.5 0.914696025
7 1 1.5 0935243946
8 1 1.5 0949320874
9 1 1.5 0.959335932

10 1 1.5 , 0.966691318
\

I
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20 1 1.5 0.991360149
30 1 1.5 0.99613304
40 1 1.5 0.997819458
50 1 1.5 0.998602853
60 1 1.5 0.999029155
70 1 1.5 0.999286458
80 1 1.5 0.999453561
90 1 1.5 0.999568173

100 1 1.5 0.999650179
200 1 1.5 0.999912511
300 1 1.5 0.999961113
301 1 1.5 0.999961371
400 1 1.5 0.999978126
500 1 1.5 0.999986
600 1 1.5 0.999990278
700 1 1.5 0.999992857
800 1 1.5 0.999994531
900 1 1.5 0.999995679

1000 1 1.5 0.9999965

Table A-13: Amplitude Response Values of the Seismometer for Damping h=10

a) <x>0 h IHMI
0 1 10 0

0.000001 1 10 1E-12
0.001 1 10 9.99801 E-07

0.6 1 10 0.029957424
1 1 10 0.05

1.5 1 10 0.07493498
2 1 10 0.099719931
3 1 10 0.148684185
4 1 10 0.196574437
5 1 10 0.243096825
6 1 10 0286
7 1 10 0.331081081
8 1 10 0.37218739
9 1 10 0.411215197

10 1 10 0.448106216
20 1 10 0.707991216
30 1 10 0.832690716
40 1 10 0.8948746
50 1 10 0.928796957
60 1 10 0.948920525
70 1 10 0.9617054
80 1 10 0.970285188
90 1 10 , 0.976301919

/
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100 1 10 0.980674971
200 1 10 0.99506182
300 1 10 0.997796195
400 1 10 0.998758566
500 1 10 0.999204949
600 1 10 0 99944768
700 1 10 0.999594125
800 1 10 0.999689207
900 1 10 0.999754411

1000 1 10 0.999801059

t
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B. T a b les  o f  P h ase R esp o n se  (0) fo r  D ifferen t va lu es  o f  D am p in g  

C o n sta n t (h)

Table B-l: Phase Response Values of the Seismometer for Damping h=0

© ©o h 0
0 1 0 0

0.0001 1 0 0
0.1 1 0 0
0.5 1 0 0

1 1 0 #DIV/0!
1.5 1 0 -180

2 1 0 -180
3 1 0 -180
4 1 0 -180
5 1 0 -180
6 1 0 -180
7 1 0 -180
8 1 0 -180
9 1 0 -180

10 1 0 -180
20 1 0 -180
30 1 0 -180
40 1 0 -180
50 1 0 -180
60 1 0 -180
70 1 0 -180
80 1 0 -180
90 1 0 -180

100 1 0 -180
200 1 0 -180
300 1 0 -180
400 1 0 -180
500 1 0 -180
600 1 0 -180
700 1 0 -180
800 1 0 -180
900 1 0 -180

1000 1 0 -180
4:

Table B-2: Phase Response Values of the Seismometer for Damping h=0.1

© ©0 h 0
0 1 0.1 , " ' 0

0.1 1 0.1 , ' -1.157418319
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0.5 1 0.1 -7.595202801
1 1 0.1 #DIV/0!

1.5 1 0.1 -166.5032726
2 1 0.1 -172.4047972
3 1 0.1 -175.7105307
4 1 0.1 -176.9468926
5 1 0.1 -177.6138802
6 1 0.1 -178.0361978
7 1 0.1 -178.3292237
8 1 0.1 -178.5450747
9 1 0.1 -178.7109675

10 1 0.1 -178.8425817
20 1 0.1 -179.4255832
30 1 0.1 -179.6175808
40 1 0.1 -179.7133232
50 1 0.1 -179.7707095
60 1 0.1 -179.8089476
70 1 0.1 -179.8362527
80 1 0.1 -179.8567279
90 1 0.1 -179.8726512

100 1 0.1 -179.8853887
200 1 0.1 -179.9426986
300 1 0.1 -179.9617996
400 1 0.1 -179.9713498
500 1 0.1 -179.9770799
600 1 0.1 -179.9808999
700 1 0.1 -179.9836285
800 1 0.1 -179.985675
900 1 0.1 -179.9872667

1000 1 0.1 -179.98854

Table B-3: Phase Response Values of the Seismometer for Damping h=0.2

(0 ®0 h 0 -
0 1 0.2 0

0.001 1 0.2 -0.022920022
0.1 1 0.2 -2.31389293
0.5 1 0 2 -14.93251705

1 1 0.2 #DIV/0!
2 1 0.2 -165.067483
3 1 0.2 -171.468606
4 1 0.2 -173 9110234
5 1 0.2 -175.2360074

9
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6 1 0.2 -176.0769982
7 1 0.2 -176.6612835
8 1 0.2 -177.0920229
9 1 0.2 -177.4232384

10 1 0.2 -177 6861071
20 1 0.2 -178.8512817
30 1 0.2 -179.2351956
40 1 0.2 -179.4266608
50 1 0.2 -179.5414264
60 1 0.2 -179.6178995
70 1 0.2 -179.6725082
80 1 0.2 -179.7134576
90 1 0.2 -179.7453036

100 1 0.2 -179.7707783
200 1 0.2 -179.8853973
300 1 0.2 -179.9235992
400 1 0.2 -179.9426997
500 1 0.2 -179.9541598
600 1 0 2 -179 9617999
700 1 0.2 -179.9672571
800 1 0.2 -179.97135
900 1 0.2 -179.9745333

1000 1 0.2 -179.97708

Table B-4: Phase Response Values of the Seismometer for Damping h=0.3

© ©0 h 0
0 1 0.3 0

0.1 1 0.3 -3.468484734
0.5 1 0.3 -21.80301541

1 1 0.3 #DIV/0!
2 1 0.3 -158.1969846
3 1 0.3 -167.3186825
4 1 0.3 -170.9090535
5 1 0.3 -172.8744588
6 1 0.3 -174.1269391
7 1 0.3 -174.998987
8 1 0.3 -175.6427041
9 1 0.3 -176.1381081

10 1 0.3 -176.5315153
20 1 0.3 -178.277211
30 1 0.3 -178.8528785

t
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40 1 0.3 -179.1400271
50 1 0.3 -179.3121579
60 1 0.3 -179.4268599
70 1 0.3 -179.5087689
80 1 0.3 -179.5701909
90 1 0.3 -179.6179585

100 1 0.3 -179.6561697
200 1 0.3 -179.8280962
300 1 0.3 -179.8853989
400 1 0.3 -179 9140495
500 1 0.3 -179.9312398
600 1 0.3 -179.9426999
700 1 0.3 -179.9508856
800 1 0.3 -179.9570249
900 1 0.3 -179 9618

1000 1 0.3 -179.96562

Table B-5: Phase Response Values of the Seismometer for Damping h=0.4

(D (D0 h e
0 1 0.4 0

0.1 1 0.4 -4.620263792
0.5 1 0.4 -28.07455479

1 1 0.4 #DIV/0!
2 1 0.4 -151.9254452
3 1 0.4 -163.2995257
4 1 0.4 -167.9565378
5 1 0.4 -170.5369808
6 1 0.4 -172.1904323
7 1 0.4 -173.3450848
8 1 0.4 -174.1989486
9 1 0.4 -174.8568566

10 1 0.4 -175.3797362
20 1 0.4 -177.7034861
30 1 0.4 -178.4706636
40 1 0.4 -178.8534364
50 1 0.4 -179.0829114
60 1 0.4 -179.235833
70 1 0.4 -179.3450377
80 1 0.4 -179.4269?96
90 1 0.4 -179.4906172

100 1 0.4 -179.5415639
200 1 0.4 -179.7707955
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300 1 0.4 -179.8471987
400 1 0.4 -179.8853994
500 1 0.4 -179.9083197
600 1 0.4 -179.9235998
700 1 0.4 -179.9345142
800 1 0.4 -179.9426999
900 1 0.4 -179.9490666

1000 1 0.4 -179.95416

Table B-6: Phase Response Values of the Seismometer for Damping h=0.5

(D (Do h e
0 1 0.5 0

0.1 1 0.5 -5.768313769
0.5 1 0.5 -33.69254918

1 1 0.5 #DIV/0!
2 1 0.5 -146.3074508
3 1 0.5 -159.4424406
4 1 0.5 -165.067483
5 1 0.5 -168.2308442
6 1 0.5 -170.2717049
7 1 0.5 -171.7022439
8 1 0.5 -172.7625449
9 1 0.5 -173.5807405

10 1 0.5 -174.2316862
20 1 0.5 -177.1302214
30 1 0.5 -178.0885847
40 1 0.5 -178.566903
50 1 0.5 -178 8536944
60 1 0.5 -179.0448231
70 1 0.5 -179.1813172
80 1 0.5 -179.2836754
90 1 0.5 -179.3632809

100 1 0.5 -179 4269618.
200 1 0.5 -179.7134952
300 1 0.5 -179.8089986
400 1 0.5 -179.8567494
500 1 0.5 -179.8853997
600 1 0.5 -179.9044998
700 1 0.5 -179.9181427
800 1 0.5 -179.9283749
900 1 0.5 -179.9363333

1000 1 0.5 -179.9427
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Table B-7: Phase Response Values of the Seismometer for Damping h=0.6

© ©0 h e
0 1 0.6 0

0.1 1 0.6 -6.91173621
0.5 1 0.6 -38.66265599

1 1 0.6 #DIV/0!
2 1 0.6 -141.337344
3 1 0.6 -155.77047
4 1 0.6 -162.2540213
5 1 0.6 -165.9627226
6 1 0.6 -168.374748
7 1 0.6 -170.0730233
8 1 0.6 -171.3352264
9 1 0.6 -172.3109859

10 1 0.6 -173.0882638
20 1 0.6 -176.5575312
30 1 0.6 -177.7066758
40 1 0.6 -178.2804413
50 1 0.6 -178.624514
60 1 0.6 -178.8538345
70 1 0.6 -179.01761
80 1 0.6 -179.1404302
90 1 0.6 -179.235951

100 1 0.6 -179.3123642
200 1 0.6 -179.6561955
300 1 0.6 -179.7707987
400 1 0.6 -179.8280994
500 1 0.6 -179.8624797
600 1 0.6 -179.8853998
700 1 0.6 -179.9017713
800 1 0.6 -179.9140499
900 1 0.6 -179.9236

1000 1 0.6 -179.93124

Table B-8: Phase Response Values of the Seismometer for Damping h=0.7

© ©0 h 0
0 1 0.7 Q

0.5 1 0.7 -43.02823526
1 1 0.7 #DIV/0!
2 1 0.7 -136.9717647
3 1 0.7 -152.2984868

/
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4 1 0.7 -159.5262125
5 1 0.7 -163.7385975
6 1 0.7 -166.5032726
7 1 0.7 -168.4598521
8 1 0.7 -169.9186595
9 1 0.7 -171.048782

10 1 0.7 -171.9503454
20 1 0.7 -175.9855286
30 1 0.7 -177.3249706
40 1 0.7 -177.9940656
50 1 0.7 -178.3953776
60 1 0.7 -178.6628713
70 1 0.7 -178.8539189
80 1 0.7 -178.9971957
90 1 0 7 -179.1086285

100 1 0.7 -179.1977722
200 1 0.7 -179.5988965
300 1 0.7 -179.732599
400 1 0.7 -179.7994496
500 1 0.7 -179.8395598
600 1 0.7 -179.8662999
700 1 0.7 -179.8853999
800 1 0.7 -179.8997249
899 1 0.7 -179.9107675
900 1 0.7 -179.9108666

1000 1 0.7 -179.91978

Table B-9: Phase Response Values of the Seismometer for Damping h=0.8

G) ©o h 0
0 1 0.8 0

0.5 1 0.8 -46.85106113
1 1 0.8 #DIV/0!
2 1 0 8 -133.1489389
3 1 0.8 -149.0339626
4 1 0.8 -156.8919711
5 1 0.8 -161.5636932
6 1 0.8 -164.660674
7 1 0.8 -166.8650102
8 1 0.8 -168.5144333
9 1 0.8 -169.7952746

10 1 0.8 -170.8187818
20 1 0.8 -175.4143263

/
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30 1 0.8 -176.9435029
40 1 0.8 -177.7077901
50 1 0.8 -178.1662925
60 1 0.8 -178.4719378
70 1 0.8 -178 6902465
80 1 0.8 -178.8539737
90 1 0.8 -178.9813149

100 1 0.8 -179.0831866
200 1 0.8 -179.5415983
300 1 0 8 -179.6943995
400 1 0.8 -179.7707998
500 1 0.8 -179.8166399
600 1 0.8 -179.8471999
700 1 0.8 -179.8690285
800 1 0 8 -179.8854
900 1 0.8 -179.8981333

1000 1 0.8 -179.90832

Table B-10: Phase Response Values of the Seismometer for Damping h=0.9

(D ODO h e
0 1 0.9 0

0.001 1 0.9 -0.103139992
0.5 1 0.9 -50.1981263

1 1 0.9 #DIV/0!
2 1 0.9 -129.8018737
3 1 0.9 -145.9781441
4 1 0.9 -154.3571054
5 1 0.9 -159.4424406
6 1 0.9 -162.8500056
7 1 0.9 -165.2906127
8 1 0.9 -167.12405
9 1 0.9 -168.5515605

10 1 0.9 -169.6943945
20 1 0.9 -174.8440359
30 1 0.9 -176.5623062
40 1 0.9 -177.4216291
50 1 0.9 -177.9372661
60 1 0.9 -178.2810382
70 1 0.9 -178.5265^55
80 1 0.9 -178.7107661
90 1 0.9 -178.8540113

100 1 0.9 -178.9686083
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200 1 0.9 -179.484301
400 1 0.9 -179.7421501
500 1 0.9 -179.7937201
600 1 0.9 -179.8281
700 1 0.9 -179.8526572
800 1 0.9 -179.871075
900 1 0.9 -179.8854

1000 1 0.9 -179.89686

Table B -ll: Phase Response Values of the Seismometer for Damping h=1.0

(0 COo h 0
0 1 1 0

0.5 1 1 -53.134
1 1 1 #DIV/0!
2 1 1 -126.866
3 1 1 -143.127
4 1 1 -151.925
5 1 1 -157.378
6 1 1 -161.074
7 1 1 -163.739
8 1 1 -165.749
9 1 1 -167.319

10 1 1 -168.578
20 1 1 -174.275
30 1 1 -176.181
40 1 1 -177.136
50 1 1 -177.708
60 1 1 -178.09
70 1 1 -178.363
80 1 1 -178.568
90 1 1 -178.727

100 1 1 -178.854
200 1 1 -179.427
300 1 1 -179.618
400 1 1 -179.714
500 1 1 -179.771
600 1 1 -179.809
700 1 1 -179.836
800 1 1 -179.857
900 1 1 -179.873

1000 1 1 -179.885

f
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Table B-12: Phase Response Values of the Seismometer for Damping h=1.5

© ©0 h 0
0 1 1.5 0

0.001 1 1.5 -0.171899656
0.5 1 1.5 -63.43962153

1 1 1.5 #DIV/0!
2 1 1.5 -116.5603785
3 1 1.5 -131.6299766
4 1 1.5 -141.337344
5 1 1.5 -147.9922592
6 1 1.5 -152.7818837
7 1 1.5 -156.3688817
8 1 1.5 -159.1440058
9 1 1.5 -161.3490875

10 1 1.5 -163.1403594
20 1 1.5 -171.4475398
30 1 1.5 -174.2826756
40 1 1.5 -175.7078582
50 1 1.5 -176.5647459
60 1 1.5 -177.1365899
70 1 1.5 -177.5452872
80 1 1.5 -177.8519211
90 1 1.5 -178.0904714

100 1 1.5 -178.2813437
200 1 1.5 -179.140543
300 1 1.5 -179.4270127
400 1 1.5 -179.5702554
500 1 1.5 -179.6562028
600 1 1.5 -179.7135016
700 1 1.5 -179.7544296
800 1 1.5 -179.7851257
900 1 1.5 -179.8090005

1000 1 1.5 -179.8281003

Table B-13: Phase Response Values of the Seismometer for Damping h=10

GO ©0 h 0
0 1 10 0

0.000001 1 10 -0.001146
0.0001 1 10 -0.114599848

0.1 1 10 -63.66927962
0.5 1 10 -85.71716025
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