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MATHEMATICAL MODELLING OF HIV INFECTION
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ABSTRACT
We formulate a deterministic mathematical model for the HIV/AIDS.
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MODEL FORMULATION

In modeling the total human population at any time t, denoted by N(t). The total population is subdivided into sub-
population namely, Susceptible S(t), who are not yet infected but can be infected by HIV individuals through sexual
contacts, HIV infected individuals not yet displaying symptoms of AIDS Iy(t), individuals treated for HIV showing
symptoms of AIDS, T(t) and individuals with full blown AIDS still, A(t).

Thus we have N(t) = S(t)+ Iy (’[)+T(t)+ A(t) (1.2)

Where f3, is per capita contact rate susceptible human with HIV infected individuals. A is recruitment rate/birth rate
of humans. o, is rate at which HIV infected individuals progress for treatment. &, is the progression rate at which

HIV will go back to HIV infected class after treatment. o is treatment rate and 77 is progression rate from treatment.

The resulting system of equations is shown below:

d—S:/“\I _ﬂls
dt N

d—I: £iS +£,0T —(0'1+,u1)|,
gt N w2

=l 6+ T,

— 1S,

dt
d—?=7wl| +(1-&,)0T — (o + 14, )A

A
We normalize the system (3.2) by introducing the following S = W
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Thus the system becomes

g _ AL-3)-B,s+was,

dt

ﬂ=,Bls,+WOzi ~(A+0,))i+ e,

dt L3)
%‘= (1= 7)o — (5 + Al + wat,

?j_\iv = 71oi + (1— £, )é’[ — (a + /1)W+ W(Wa)

Positivity and boundedness of solutions

Theorem 3.1: If S(0), 1(0) and A(0) are non-negative, then so are s(t), i(t), ty(t) and w(t) for all t>0. Moreover
. A

limN(t)< = (1.4)

X—00 ILll

Furthermore if N (O) < ithen N (t) < i In particular the region 2 =Q, Rf with
H H

Q= {(S, 1T, A) IS Rf S+HI+T+AL i} is positively invariant.
Hy

From this theorem we conclude that it is sufficient to consider the dynamics of 3.2 in €. In this region, the model can
be considered as being epidemiologically well posed (Hethcote, 2000).

Stability of the disease-free equilibrium (DFE)

At disease free equilibrium, it is assumed that there is no infection. Then we set I =t =W = 0 (which can be
interpreted as a quarantine program). But at disease free equilibrium, the susceptible population is equal to total

population, that is to say S = 1'

Therefore the Disease Free Equilibrium (DFE) denoted by Eoof the model system (1.3) is given by
E, =(5,0,0,0)=(1,0,0,0).

The Basic Reproduction Number, RO

The basic reproduction number of the model (3.3) is calculated using the next generation matrix (Driessche and
Watmough, 2002). Using this approach, we have,

F.\ (Bis V, ~Wal +(1+0,)i-d&e,
F,=|F,|=| 0 |andV, =|V, |= —(1-7z)oi+ (5 + At —wat (1.5)
F, 0 V, — 7o, —(1—52 )é’[+(a+/1)W—W(Wa)

After taking partial derivatives we have

ps 00 A+o; - 0¢, 0
F=| 0 0 OlandV =|7o, -0, 0J+4 0
0 00 —-no, O0-0g, a+A

And then we have
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pi(6+2) 0 0
US+A)+(5 +(~1+ 7)de, + A)o,
FV = 0

0

The reproduction number is the dominant eigenvalues of FV . Thus

R pi(6+4)
AU+ A)+ (5 +(-1+7)s, + A)o,

(1.6)

The threshold quantity Rq is the basic reproduction number of the normalized model system (1.3) for HIV/AIDS
infection in a population with treatment. It measures the average number of new infections generated by a single
infected individual in a completely susceptible population (Anderson et al 1995)

Local Stability of Disease Free Equilibrium (DFE) — HIV/AIDS only
Theorem 1: The Disease-free Equilibrium of the system (2.3) is locally asymptotically stable if RO <1, and unstable if

RO >1. . Thus the theorem implies the disease can be eliminated from the community. Now to determine the local
stability of EO, the following variation matrix is computed corresponding to equilibrium point EO.

—4 -5 0
v | © p-(A+o,) s, 0 wn
10 (A-x)o, -(6+2) 0 '
0 o, 1l-¢,) —(x+4)

From (2.7) clearlyn, = A, n, = —(a + A), 17;and 77, are obtained from

ﬂl_(/1+61)_77 ¢,

-,  —(5+2)-n "

Thus the characteristic equation corresponding to M ois given by
(7+ AN +a+w)in? +n(6 = B +24+0,)— B(S + 1)+ 64+ 1% + 850, — 56,0, + 51,0, + Ac, | =0,
Welet a, = (6 — B, +2A+0,)and &, =—B,(5 + 1)+ 01+ A* + 50, — 56,0, + One,0, + Ao,

Thus according to Routh Hurwitz Criteria for a 2 x 2 system, EO is locally asymptotically stable when
a, >0and a, >0,

Then from @, > 0 we will have

~ B8+ A)+ A+ X + 80, - 56,0, + One,0, + A, >0,

This will lead to

~B(6+1)> —(5/1 + 1 + 60, — 0,0, + One,0, + Ao, ), (1.8)

Hence

Bi(5+42)

A+ A’ + 60, — 8,0, + Ome,0, + Ao,

<]
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This means
R, <1
The condition (3.8) is sufficient to satisfy all the equations

a, >0and @, >0,

It is clear that for Ro < Lthe disease free equilibrium E0 is locally asymptotically stable such that the infection does
not persist in the population and under this condition the endemic equilibrium does not exist. It is unstable for Ro >1

and then endemic equilibrium exists and the infection is maintained in the population.

Global stability of the disease free equilibrium

The disease free equilibrium of the system (3.3) is globally asymptotically stable whenever Ro <1 and unstable if

R, >1.

This is based on the comparison theorem (Lakshmkantham et al, 1989) to prove the global stability. The rate of change
of the variables representing the infected components of the system can be written as follows.

di
O<Iz|_t i i
% =(F-V)t, |-F|t, (1.9)
dw W W

dt

Where
di
dt B —(A+0,)+ 0, [
(ijth =(F—V —7r0'1+61—(5+/1) Kt | (1.10)
dw no, —(a+ 1) w

dt

Thus
di
dt i
%‘“ <(F-V)t, (1.11)
dw W

dt

According to (Castillo-Chavez et al 2002) and (Driessche and Watmough 2002), all eigenvalues of the matrix F -V
have negative real parts. It follows that the linearized differential inequality above is stable whenever Ro <1

Consequently i =t, =w=0— (0,0,0,0)ast — 0.,

Substituting 1 =1, =W =0in (3.3) gives S(t)—) S(O)as t — 00, Thus we have established that the disease free
equilibrium is globally asymptotically stable whenever R, <1 and unstable if R, >1.
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Local Asymptotic Stability (LAS) of Endemic Equilibrium

We shall now analyze the local asymptotic stability (LAS) of endemic equilibrium, by using the Centre Manifold
theory (Gumel et al 2009). The application of this theorem (Centre Manifold).

The theorem will be used to determine if the normalised model system (2.3) exhibit a backward or forward bifurcation
at Ry =1. This will be done by re-naming the variables as follows;

Let
S=X, =X, t=X%X;, w=X, (1.12)
With
X, + X, + X3+ X, =1

. . . T . .
Furthermore, by introducing the vector notation X =(X1,X2,X3,X4) the model can be rewritten in the form

ax _ F(x), whereby F = (f,, f,, f;, f,)" as follows;

dt
d
% =f = 2,(1— X, )— LiXo X, 40X, Xy,
dx,
el f, = B XX, +ax, % — (A +0,)X, +5&,X,,
dx (1.13)
d_t3 = f, =(1— 7)o, X, — (5 + A)X; + X, Xs,
dx, )
T f, =70, X, + (L—&,)%, —(a + )X, + ax;
The Jacobian of the normalised model system at disease free is given by
-2 =B 0
0 -4 1) 0
M, = B ( +O'1) L) (3.14)
0 (@-n)o, -(5+2) 0
0 o, Ml-¢,) —(a+4)

Let 3, = 5" be a bifurcation parameter and if we consider the case RO =1 and solving for 3, = " from the equation

n A6 +2)
0 - —4
U+ 2)+ (0 +(~1+7)de, + A)o,
We get
B=f - A+ 1* + 80, — Og,0, + One, 0, (1.15)

o+

The linearization system of equation (2.14) is transformed with ﬁl = ﬂ* which has a simple zero eigenvalues. Hence
the centre manifold theory can be used to analyse the dynamics of (2.14) near

ﬂlzﬁ*

It can be shown that the Jacobian of (2.14) atﬂ1 = ﬂ* has a right eigenvector associated with the zero eigenvalues
given by

a)=(a)1,a)2,a)3,a)4)T,
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Then
-1 -5 0 a , 0
0 B -(A+o,) s 0 ®,|_|0 (1.16)
0 (@-7)o, —(6+4) 0 w,| |0
0 7o, l-e,) —(a+i))\o, 0
This gives
w, :sz, o, :sz, w, = a(ml +m2)_m4 ®,, for which @, >0Qis a free right
o+A m, m,

eigenvector.
Where
m, =7o,(5+ ), m, =(1—&, 1-7)o, My = Ao+ A S+ 1), m, = B(a+A)5 + ).

Furthermore, the Jacobian at E0 has left eigenvector associated with the zero Eigenvalues atﬂ1 = ﬁ* given by

v =(v,,V,,V,,V,)" , implying that

) 0 0 0 v,) (0
-b B (ﬂ' + ‘71) (1_ ”)‘71 7oy Vy _ 0 (117)
0 e, —(6+4) (@-sg,) |vi| |O '
a 0 0 —(a@+2)\v,) 0
Where
v, =0,

_ o fl-7)1-¢, (6+4)]

y )y
2T 5+ A8 - (A+0,)+A-7)0,0%,]
(552)[0'1[( )( 2()+ (5"'1)]] (1—82)(§+l)[ﬁ1—(ﬂ+0'1)+(1—72')0'1582]v

o+ 2)2 [,Hl — (/1 + 0'1)+ (1— 7[)0'156‘2]

¥ |+

4

4

For which v, > Qs a free left eigenvector.

The Computations of aand b

From the normalised model system (2.1) the associated non-zero partial derivatives of F at disease free equilibrium are
given by

2 2 2 2 2 f 2
0 f ,Bl 0 fl - a, 0 fz =,31, 0 fz - a, 0 3 —a, 0 f24 =2a, (1.18)
0%, 0X, 0%, 0X, OX,0%; OX,0X, O0X30X, 0oX,

It follows from the above expression that

a= VZ +VZ — 2 4y o', iy 2 0" f4
w,® W0, ——— ,
1 1 2 ox, 3W3Wy XX, 4@y ox2
Since v, =0, abecomes
o%f, o%f, 2f, , 0% 1,
a=v,| oo, —+ao,0, ——— |+ V;0,0,0, V0 ———, (1.19)
0X,0X, OX,0X, 30X, 0oX,
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And subsequently
a=\v, (,Bla)la)z + aw2m4)+ V,aw,m, + 20N, 07,

Which simplifies to

2
ap,{Mm+m,)+(m +m,)—m m+m,)—z{m +m m, +m
a:vz[ ﬂl( 1 2) ( 1 3) 4]0)224_0(\/3011[( 1 2) ( 1 3)Jw§+2av412¥wj (1.20)
m, m,(5+4) m;
Where
m;, m,, My, and M, have maintained the same meaning as in equation (3.16)
Therefore o > 0, if all the following inequalities are satisfied:
af,(m, +m,)+(m, +m,)>m,and (M, +m,)> z(m, +m,), (1.21)

For the sign of b it can be shown that the associated non-zero partial derivatives of F at disease free equilibrium are

2 2

ot = —land oty =1
03,0X, 03,0X,
Implying that

2 2
b=v,w, 6—fl+ V,@, o, : (1.22)
0p3,0X, 0p,0X,

Which gives
b=v,w,+ V,0,., But v, =0sothat b =Vv,0,,
Where
V. = 61[(1—72')(1—82)+ 7r(§+/1)] v

2 A+ o )5+ A) - (5 +A) B, +U-7)o,08,]]
Hence
b o,[0-7)1-¢,)+z(5+ )] o, (129

(A+0, S+ A)= (5 +A)B, + (01— 7)o, ]

Implying that

b:{ o, [l-7)1-¢,)+ (5 + 2)]

(A+0, N5+ 2)=(5+A)B, +(1-7)o,0%, ]}w2v4 >0,

Therefore
b>0if1>7,1>¢g,and (A+0, S+ 4)> (5 +A)B, +(1—7)o,5e, ].

Since @ > 0and b > Othen the system (2.3) will exhibit a backward bifurcation otherwise it will exhibit a forward
bifurcation and endemic equilibrium is locally asymptotically stable.
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Numerical Sensitivity analysis

Numerical sensitivity analysis was done by computing sensitivity indices of basic reproduction number R, which
measures initial disease transmission using the approach by (Issa et al., 2010).

Sensitive indices measures the relative change in state variable when the parameter changes. The normalized forward
sensitivity index of a variable to a parameter is a ratio of the relative change in the variable to the relative change in the
parameter. When the variable is a differentiable function of the parameter, the sensitivity index may be alternatively
defined using partial derivatives. The normalized forward sensitivity index of a variable R, that depends differentiable
on parameter q is defined as

quO = aRO Xi!
oq R,
For example, the sensitivity index of parameter value with respect to B, is given by

R, S
Xgo=—2xtl=1
b Ry

and other indices

X Po

o !

Xp, XP, X* and XJ
were obtained following the same method and tabulated as follows see Tables 3.3 and 3.4.

Interpretation of Sensitivity Indices

From Table 3.3 generally shows that when parameters B, and 7 increases whilst other parameters are kept constant,
the value of R, increases. This implies that the endemicity of the disease increases since they have positive indices.

While these parameters 82,1,5 yo,and 77 when each one decreases, while keeping other parameters constant they
decrease the value of 0 R implying that they decrease the endemicity of the disease as they have negative indices.

Analyzing the parameters singularly, we notice that the most sensitive parameter is the contact rate of HIV only
infection B, with the susceptible. This is followed by the progression rate to treatmento;. The rest follow in this

decreasing order of sensitivity, human recruitment A , tuberculosis related death y , HIV treatment rate O , progression

rate to HIV class for AIDS infectives’ accessing ARVS &, and the least sensitive parameter is the progression rate to
AIDS class 7.

Reducing the number of contacts between susceptible individuals and HIV infected individuals will have a significant
effect in the reduction of disease transmission and increase treatment awareness on the use of ARVS.

Numerical simulations and discussions

In this section, we illustrate the analytical results of the study by carrying out numerical simulations of the normalised
model system (2.3) using parameter values from literature.

Other parameter values are estimated to vary within realistic means, see Table 4.1.
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Fig 1.1: Variation of proportion of HIV infected population for different values of B,
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We observe that there is an increase in the population of HIV infectives as we vary the values of the per contact rate ;

upwards .If no control measures are in place, a large population will be infected with HIV/AIDS.
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Fig 1.2: Variation of proportion of HIV treated population for different values of &
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Fig 1.3: Variation of proportion of HIV patients’ population for different values of &

Fig 1.2 shows that as we increase treatment, the treatment proportion decreases due to treated individuals leave the

class. In Fig 2.4 we observe that when there is no treatment, that is ¢ = 0, the AIDS population reduces. This implies
that death rate is high as there since there is no treatment However, when treatment is in progress a significant increase
in the AIDS patients is observed. This also implies that patients access ARV’s which prolongs their
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