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Abstract

The goal of this project, is to demonstrate the use of special functions; in this case - hy-
pergeometric function in statistics. We start by deriving the basic difference differential
equations for birth and death processes at equilibrium and solving it iteratively using
different values of A,, and ,,. The solution of the basic difference - differential equations
are applied and hence obtain distributions to the: (i) Growth models; (ii) Waiting time
problems and (iii) Queuing processes as special cases of Birth and Death processes at
equilibrium.

The basic difference differential equations are also expressed as ratio of polynomials and
the equations are solved to obtain probability distributions in terms probability generating
function technique and hypergeometric functions.

Birth and death processes at equilibrium and their extensions based on recursive models
of P11 as a function of P, and P,_;; Katz, Crow-Bardwell, Panjer’s and Kemp’s families of

. . . P s . .
recursive models as a ratio of polynomials ~5~ = 1Qe((Z)) ; Kapur’s recursive model as a ratio
n

b
Plfl ’

Note that, Kapur (1978a) generalized birth and death processes are expressed in terms of

of polynomials

generalized hypergeometric functions at equilibrium as ratio of polynomials given;

Pl A171
= , 0
Pl*l 28] H 7&

where various cases of A; and y, are solved.

A confluent hypergeometric series distribution is constructed using Kummer’s series is
used as a tool to construct hypergeometric function from a ratio of polynomials. Some
special cases and properties of the distributions arising from these processes are discussed.
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1.1

GENERAL INTRODUCTION

Background Information

The aim of this thesis is to demonstrate the use of hypergeometric function in statistics.
The study of distributions based on difference differential equations arising from stochastic
processes. In this case, we studied birth and death processes, where a transition takes
place from one state only to a neighboring state. With an arrival (birth) A, there is a
transition from state k(> 0) to the state k+ 1, and with a service completion there (death)
I there is a transition from the state j to the state (j —1)(j > 0), the state denoting the
number in the system.

The basic difference differential equation in general is note easy to solve in most cases.
But can be solved easily at steady state; solving differential equation for birth and death
processes as t — oo.

1.1.1 A Stochastic Process

The theory of stochastic processes mainly originated from the need of physicists. It began
with the study of physical phenomena as random phenomena changing with time. Let ¢
be a parameter assuming values in a set 7, and let X (¢) represent a random or stochastic
variable for every t € 7. The family or collection of random variables {X(¢),7 € 7} is called
a stochastic process.

The parameter or index 7 is generally interpreted as time and the random variable X (r) as
the state of the process at time 7. The elements of T are time points, or epochs, and 7 is a
linear set, denumerable or non-denumerable.

If T is countable (or denumerable), then the stochastic process {X(¢),r € T} is said to a
discrete-parameter or discrete-time process, while if 7 is an interval of the real line, then
the stochastic process is said to be continuous-parameter or continuous-time processes.
For instance {X,,n=0,1,2,...} is a discrete - time and {X(¢),7 > 0} is a continuous - time
process. The set of all possible values that the random variable X (¢) can assume is called
the state space of the process; which may be countable or non-countable.

1.1.2 Types of Stochastic Processes

The stochastic processes may be classified into these four types:
(i) Discrete state and Discrete time,



1.2

1.3

(ii) Continuous state and Discrete time,

(iii) Discrete state and Continuous time, and

(iv) Continuous state and Continuous time.

Therefore, birth-and-death processes is a continuous time and discrete state processes.
Birth and Death processes were initiated by David G. Kendall (1948).

Definitions, Notations and Terminologies

At equilibrium / At steady state: Given the function P,(t), at steady state / equilibrium
it means that t — oo implying that P,(¢) is independent of ¢.

Birth and Death Processes: Is a process where a transition takes place from one state
only to a neighboring state. With an arrival (birth) A, there is a transition from state
k(> 0) to the state k+ 1, and with a service completion there (death) ; there is a tran-
sition from the state j to the state (j —1)(j > 0), the state denoting the number in the
system.

A, Birth rate.

W,: Death rate.

At: 1t is the time interval between t and t + Ar.

0(At): Order Ar means that a function of At goes to zero faster than At as At — 0. It is
the probability of having two or more births.

pgf.: probability generating function.

ECHS: Extended Confluent Hypergeometric Series.

iid: independent and identically distributed.

Problem Statement

Solutions of Basic Difference - Differential equations are not easy to obtain; they can be
cumbersome and complicated.

Most of the literature concerning birth and death processes involve the coefficients A
and U are permitted to depend on time. In the analysis, distributions based on difference
differential equations arising from birth and death processes at time r which sometimes
tends to infinity. Most Birth and Death processes never tends to infinity and for such
processes time dependent do not make sense hence the need for birth and death processes
at an equilibrium.

Kapur (1978a) obtained generalized birth and death processes at steady state. Though he
has identified some special cases, but did not provide their explicit solutions. Mine is to
solve the special cases of A; and ; as a ratio of polynomials and identify distributions
arising from the special cases in terms of hypergeometric functions.



1.4

1.5

Objectives
1.4.1 Main Objective

The main objective of the project is to obtain distributions arising from birth and death
processes at equilibrium and their extensions.

1.4.2 Specific Objective

1. To derive and solve the basic difference - differential equations of birth and death
processes at equilibrium.

2. To apply the solution of the basic difference - differential equations and hence obtain
distributions to the following:
(a) Growth model,
(b) Waiting time problem,
(c) Queuing processes as special cases of birth and death processes.

3. To express the basic difference - differential equations as ratio of polynomials and
solve the equations to obtain probability distributions.

Methodology

Distributios based on difference differential equations arising from birth and death pro-
cesses at steady state can be solved using:

1. Iteration technique;

2. Probability generating function technique;

3. Laplace technique; and

4. Others.

In this case, the methods used are:

1. Iteration technique; and

2. Probability generating function technique;

Where, confluent hypergeometric and generalised hypergeometric functions are con-
structed from birth and death processes at steady state and some special cases and their
properties are obtained.



1.6 Literature Review

A general Birth and Death process at equilibrium where the coefficients A and u are
independent of time was discussed in details by Kendall, D.G. (1948). He also worked on
the simple birth - death - and immigration process with zero initial population (Kendall,
D.G. 1949).

In waiting line and trunking problems for telephone exchanges were studied long before
the theory of stochastic processes was available and had a simulating influence on the
development the theory. In particular, Palm’s C. (1943) impressive work on waiting lines
and trunking problems were useful. Also Palm, C. works on the distribution of repairmen
in servicing automatic machines.

Servicing of machines problem was derived by Erlang, A.K. (1878 - 1929). The limiting
distribution is an Erlang distribution when only one serviceman is servicing the machine
and a binomial distribution when several repairmen are servicing the machines.

Naor, P. (1969) has used the queuing system model M/M/1/K to study the regulations of
queue size by levying tolls.

Rue, R.C. and Rosenshine, M. (1981) have extended Naor’s arguments to obtain a policy
for individual optimum in case of M classes of customers.

In the displaced Poisson destribution introduced by Staff, P.J. (1964), we have A =ris a
positive integer. For any A > 0 we have a hyperpoisson distribution. Bardwell, G.E. and
Crow, E.L. (1964) termed the distribution Sub-Poisson for A > 1.

Barton, D.E. (1966) also pointed out that a hyper-poisson distribution can be obtained by
considering a truncated Pearson type Il mixture of a Poisson distribution.

Kemp, AW. and Kemp, C.D. (1966) found that if mixing is treated purely as a formal
process with the poisson parameter 6 taking negative values, then a Hermite distribution
can be derived as a Poisson - Normal mixture.

In constructing a generalized Hermite distribution, Gupta, R.P. and Jain, G.C. (1974) con-
sidered the variable X given by X = X| + MX;, where X| and X, are independent Poisson
random variables with parameters 171 and 1, respectively.

The probability generating function of a Hermite distribution is a compound Poisson
distribution obtained by considering Sy = X; + Xz + ... + Xy, where X/s are independent
and identically distributed binomial random variables with parameters 2 and p, where N
is Poisson with parameter A.

Kemp (1978a) studied the most general case in its steady state and found expressions for
the probability distribution, probability generating function, and moments in terms of
generalized hypergeometric functions.



1.7 Significance of the Study

Special functions were originally used in Theoretical Physics and Applied Mathematics.
Here is a case where they are being used in Statistics.
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2.1

2.2

BIRTH AND DEATH PROCESSES AT EQUILIBRIUM
WITH APPLICATION TO GROWTH MODELS

Introduction

Birth-and-Death process is a stochastic process in which jumps from a particular state
(number of individuals, cells, lineages etc) are only allowed to neighbouring states. A
jump to the right, i.e. increase by one of the number of individuals or similar quantities
represents birth, whereas a jump to the left represents death.

Assume that the probability is approximately AAt or pAt that in an interval of length Az,
a member will either create a new member or loss a member. More specifically, if X(r)
is the size of the population at time t, then {X(¢),# > 0} is birth (death) process with
Ay =nA (g, =nu) forn=0,1,2,...

Derivation of the basic difference differential equations for Birth
and Death Processes

Let X (¢) be the population size at time 7. Further, Let
P,(t) = Prob[X (1) = n] (2.1)
This implies that;
P,(t+ At) = Prob[X (r) + A(r) = n] (2:2)

where At is the time interval between ¢ and Ar.

Assume that the following events occur within time interval (¢,7 + At):
(1) Only one event occurs; or

(2) No event occurs.

For instance, for births only if X(r 4 Ar); then

X(t)=n—1 or X(t)=n (2.3)



For deaths only, if X (¢ + At) = n; then

X(t)=n+1 or X(t)=n (2.4)

Therefore, the following basic assumptions are underlying the birth and death processes

with parameters A, and ,:

2.2.1 Assumptions: X(t) =n
1. The probability of a birth occurring within At is A,,Ar + 0(At).
2. The probability of a death occurring within At is u,At 4+ 0(At).

3. The probability of a death and a birth occurring within Az is 0(At).

4. The probability of no birth and no death occurring within Az is 1 — A,At — u, At — 0(At).

Note that: O(Ar) is order Ar which means that the function of At tends to zero faster than
At.

ie.,

T ( t)
lim —Z2 =0 _
A0 Ar @3)

Thus,

P,(t+At) = Prob[X(t+At) =n|X(t) =n— 1]Prob[X (1) =n—1]
+Prob[X(r+At) =n|X(t) = n+ 1]Prob[X () = n+1]
+ Prob[X (t + At) = n|Prob[X (1) = n]



Therefore,

Palt+40) = (A 180 +0(A0) ) By 1)+ (180 +0(A1) ) By 1)

+ (1 — ApAt — U, At — O(At))Pn(t) (2.6)

Using the first principle;

Pt) = lim P,(t+Ar) — P, (1)

2.7
Ar—0 At 27)

where P/ () is something to be derived.
Given the initial condition, we have;

(M4m+mm0& (1) + (MHm+mm»nH(H{j—Mm—Mm—mm»mm—gﬁ)
At

- lim0{< o+ A ) ( 1+%)Pn+l(t)

At—

o )

P(t)=

But,

A—0 At
Therefore, P(t) = Hut 1Pas1 (1) + A1 Pa (1) — (A + i) Palt)
S B(0) = a1 Papt (0) + A1 Pt (8) = (A + ) Pa(2); n>1 0 (28)

For n=0;

Py(t 4 Atr) = Prob (death) or Prob (no birth, no death)

Py(t 4+ At) = Prob (death) + Prob (no birth, no death)
Since

Prob[X (1 +At) = 0|X(t) = —1]Prob[X(t) = —1] =0
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Then,

Po(t+At) = Prob[X (t + At) = 0|X (¢) = 1]Prob[X (t) = 1]
+ Prob[X (r + Ar) = 0|X (¢) = O]Prob[X(r) = 0]
Po(t +Ar) = [0 +O(AN)]Py (1) + [1 — oAt — AoAr — O(Ar)]Po (1)

From the first Principle;

. Po(t-i—At)—Po(l‘)
Pi(t) =1
0() AT At

we have;
. { (11 A2+ O(A2)]Py (1) + [1 — HoAr — AgAr — O(Ar)] Po(r) — Po(f)}
Folt) = fim, A
= tim [l + 2SNm10) + 020 - X mio)}
But;
. 0(Ar)
A A 0

Therefore;

Ry(t) = miPi(1) = (Ao + to ) Ro(0)

Since W, = 0 for n =0 (i.e., there is no death at )
Therefore,

Py(t) = —AoPo(t) + i Py (1) (2.9)
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Thus, for the general Birth-and-Death processes the basic difference differential equations

are:

Pr/z(t) = .un+1Pn+1(t) +Anflpnfl(t) - (An‘}'.un)Pn(t)a n Z 1
and (2.10)

P)(t) = mPi(t) — AoPy(t), for n=0.

At stedy state t — oo implying that P,(¢) is independent of t.
Thus,

P,(t) =P,
and
. / _
A balr) =0

Therefore, the basic difference differential equations for the steady state for the general

Birth-and-Death processes are:

0= u Py — AP,
and 2.11)

O:“n—b—]Pn—H_'_An—]Pn—l_(Afn_k,un)Pn, n>1

2.3 Recuesive Relation based on three consecutive terms

Let, the probability of birth and death in the time - interval (z,7 4 Ar) be;

Po(t + At) = w1 Py (1) At 4 [1 — XAt Py (1) + O(Ar) (2.12)
and

Pn(t+At) = .un+1Pn:1(l)At+)wflpn71Pn71(t)At+ [1 _)LnAl _.unAt]Pn(t) +0(AI); n= 1727~--
(2.13)
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Which leads to the system of the basic difference differential equations given by;

Py(t) = mPi(t) — AoPo(1) (2.14)
and
P;;<t) - .u'n—O—IPn—l-l(t) +A'n—lpn—l(t> - (A'n —I—‘Ll,n)Pn(t),l’l >0 (2.15)

For the steady state, we have;

limP.(t)=0, for n=0,1,2,..

t—roo

Thus, equations (2.14) and (2.15) becomes;

0 =P — APy (2.16)
0:.un+1Pn+l+/ln71Pnfl _<)Ln+un)Pn;n >0 (2.17)
Hence;
Proposition 2.1
MAy.. Ay
PHZMPO; n=1,2.3,..., W#0 (2.18)
Hip... Uy
1
where, Py= . (2.19)
o oA a oy
{1 +Yoe1 Aoullu;..un l}
Proof
Equation (2.16) can be expressed as;
P = AR
=P = @PQ
M1
coP = EPO. (2.20)
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When n=1;
Equation (2.17) becomes;

0= P, — (A + )P + AR
Substituting (2.20) in equation (2.21), we have;

0= P — (4 +H1)%Po + AP

A
O:uzpz——)tzllpo—/ploPO‘f‘AOPO
A
0=H2P2—MP0
Hi
A
= b= Aoy LRy
12
=P = MPO
159 2%)
L Ml
[ 5592%)

When n=2;
Equation (2.17) becomes;

0=wP;— (A + )P+ APy

Substituting (2.20) and (2.22) in equation (2.23), we have;

Ao Ao
0= 3Py — (Ao + 112) M py 4 2, 20
Uz Ps — (A2 le)uluz bFho R

AoA1 Ay Aot Ao

0= usPs— Ry — 22+ 2% p
HE3 ) A Y A Y
AMA
02#3103—)LO 2 p,
Hil2
Ao Ay
> 3P = P,
Hats Uit

(2.21)

(2.22)

(2.23)
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ﬁo/h/lz
I~L1N2H3
Ao /12
23] Nsz

=P =

SR = (2.24)

When n=3;
Equation (2.17) becomes;

0= Py — (A3 +u3)P3 + 2P (2.25)

Substituting (2.22) and (2.24) in equation (2.25), we have;

0=wPy— A3+
HaPy = (%3 MS)MMZM ! J2502%)

MAA MA MA
O:,u4P4—AO 1A 3P0_% 1 2P0+)LO by
Myt U3 J250%%) J250%5)

Ao /127L3P

M1tz 13
1011/121313
E— (!

M1tz 13
/10/111213

T M4
Ao 7Lz7t3

T I~L4

0= paPy—

= Wb =

By Mathematical induction, we have;

Ao 121314

a3 e s f
301112131415

T IJ4H5H5

MAy.. A,
Pn:MPO. n=1,2,3,.. (2.26)

HiH2 13- Un
1

oo MMMy
{1 L= Mﬂiu;-lun ] }

where, Py=
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But;

n=0

=P+P+P+P+...+P,+..= 1

A MA MAg.c gy
P0+@PO+AO 1P0+% ! 2P0+...+MP T =1
M1 2502%) HiH2 U3 HiH2 13- Un
A MA MAs. Ay
P0{1+@+)'0 ISP o SR T e = W W
Mio Wil Mo U3 M1t 13- Un

= AAAg.. Ay
Pyi 1 |
0{ +';1 Mt Us... Wy, }

Thus, the probability of ultimate extinction is given by;

1
Py= '
o MhAp. Ayt
Therefore;
Pn: MU 3. Uy . n= 1’2737..-

o AMAz.Ay 1 ]
{1+Zn:] Hipa 13- Uy }

2.4 Recursive Relation based on two consecutive terms

Proposition 2.2

Proof
From (2.26), we have;
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P, = Mpo_ n=1,273,..
W us... thy
_p = Mt
Myt 13-ty —1
Therefore,

Po MMM Apalnot PaMol3. Mo
P Ui 3. My —1 U .201112"]%—2

Py An—]

.Pn—l Un ’

Hn 7 0 (2.29)

2.5 Problem Statement

The problem is to determine P, using propositions (2.1) and (2.2). For special cases, differ-
ential equations in probability generating function will be derived and solved to obtain
the means and the variance.

2.6 Population Growth Model

Note that, from (2.11) the basic difference differential equations for the general Birth-and-
Death processes at equilibrium are:

0 =P — APy,
0= Hn+1Pn+1 +7Ln71Pn71 - (ln +.un>Pn; n>1

2.7 Birth, Death and Immigration Process

One interesting variant of simple Birth-and-Death Process is obtained if we add the
condition that in an infinititesimal time interval Az, there is a chance vAr + 0(Ar) that a
single member will be added to the population by immigration from the outside world.
The characteristic feature of immigration effect is that it acts at an expected rate which is
independent of the population size.

Here,



An = nA +v,
and (2.30)

For a steady state, the basic difference differential equations are:

0=—vPhy+up (2.31)
O=pu(n+1)P1+ (l(n— 1) —|—v)Pn_1 — (A +v+nu)Py; n>1 (2.32)

Hence,
Proposition 2.3

B GO L S e S Y

Proof
Equation (2.31) can be expressed as;

uP =vh
1%
= P1 = —P()
u
1%
SP=—h. (2.34)
u

Solving equation (2.32) iteratively, we have;
When n=1;
Equation (2.32) becomes;

0= —()b +V+H)P1 +vPy+2upP;
=2uP, = (A+u+v)P,—vPh (2.35)
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Substituting (2.34) in equation (2.35), we get;

2up, = (A +u —|—V)£P0 —vFh

2
_ (Wl—f—v )Po
u
" (A+v)P
= — 0
u
%
=P = 2—“2(1 —I—V)PO
v
P = 2_“2(& +v)P. (2.36)
When n=3;
Equation (2.32) becomes;
0=—RA+v+2u)P,+ (A + V)P +3uPs (2.37)

Substituting (2.34) and (2.36) in equation (2.37), we get;

0=—(21 +v+2u)2Lu2(a FV)Py+ (A +V)£P0—|—3LLP3

vA V2 y v
0= —E(l +V)P0 — 2—“2(2’ +V)P0 — ﬁ(l —I—V)P() + E(A +V)P()—|—3‘LLP3
VA V2
V(A +v)(2A +v)
— 3uP; = TRITCNE i)
V(A +v)(2A +v)
=h= w.2u?.3u3 Fo
V(A +v)(2A +v)
P =

w.2u?.3u3
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Therefore,

b VAV A+V)(BA+Y)

B w.2u?.3u3.4u?
(A+V)QA VAV +Y)

w.2u?3u3.4u4.5u°

Y

ps="

Y

Py. (2.38)

~~
=| >

- 1)(%4—1@—2)...(——1— )

~—~

Bl i Rl Rl E|F

A~~~ /—~ —~
~—_ ~— ~— ~—r
S

= %(%)nr(}) {GHn-vrG+n-n}
fn= PO(%)nmrl(%)r(% )
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Therefore,
ANnT(x +n)
P,=R(=
" 0<u> n\[(3)
[ ¥+n—1
)
u n
Vv
¥ —1
SoP = At <&>nPo; n=1,2,3,.. (2.39)
n u
But;
Y P=1
n=0
=P+P+P+..=1
v v
P+ —Py+—=(A P+..=1
0+,u 0+2,u2( +v)Py+
v v
PO{l1 +—+—=(A =1
0{ +u+2u2( +v)+...}
.'.PO:(I—&)%. (2.40)
u
K+ _1 v
= " @)"(1—&)1; n=0,1,2,3,..
n H H
(2.41)

A

This is a Negative Binomial Distribution with parameters ¥ and 1 — m

Remark (2.1)

(1) In the birth, death and immigration processes, the population either remain con-
stant, increase or decrease.

It may eventually reach zero; however, since there is always a positive immigration rate
v, the population will never become extinct. But the population will become extinct as v
goes to zero.

e, lim, ..P,.

Using Proposition 2.1
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We have;
_ ).0111213...),,1_1})0
M1tz 13- Un
But, do=v, ALi=A+v, L=02A+v), B=0CBA+v), .., L_1=m—-1)A+w
and
pi=H, Ho=20, MH3=3WU, .., HUp=nU.
p VA +Vv)2A +v)...[(n—1)A —l—v]PO
o U2U3L..np
:v(7L+v)(2)~+v)...[(n—1)7L+V]P
n!lu" 0
il 4y
=15
=g N
Py n—1 ‘
= A+v
mu,,}g)(J )
B PO n—1 ‘
n!ungl(”z)
_Polnnfl oy
_n!u”ﬂ)w z)
Py/AN"(v v v
=) ZGE G-}
_PyANng v v v v
= () G- DG +n-2-G+ 07
Py ANg v v v vI(3)
= () G+ DG =2 G+ D3Rl )
_ PyANng v v % C(x+1)
_H<H> {(I+n—1)(z+n—2).“(z+1) e }
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Therefore,

= >
N——
’_J‘
—_
—
>|
_l.
S
|
=
3
>|
+
S
|
=
——

I
=

I
Ja
/N /N /N

Tl Tl T

N S

I
=

But,

n=0

ie, P+ ) P=1
n=0



Therefore,

PO,; % (—&)nzl

Ay
Py=(1-2)%
0= ( “)
.'.Pn: %—i_n_l <)L
n u

Which is a Negative Binomial Distribution with parameters y and 1 —

where, A <u, A >0, pu>0.

Using Proposition 2.2

R w0
But,
An—1 = (n=1)A +v,
and
Up = np.

Therefore,

P ny
(n—1+7)

pr— ]’[IJ,

A
A
P, m
. — (_ I Wl
P, (QL o )n
A
B, 14 m
=(5+n—-1)=.
Pn,1 (A tn )I’l

> <

n Aoy
—>O——ﬁ;n:QLL&W
u

+n—1)P,_1; n=1,2,3,..

(2.42)
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Using the probability generating function technique, we multiply (2.42) by 5" and sum the

results over n to obtain;

> A&, v
nP,s" = — —+n—1)P,_15"
Z nP,s" = &.1 Z P,_1s"+ & Z(n— )P, _1s"
n=1 H A’nzl n=1
s i nP,s" ! = &.Ks i P, s+ &sz i (n— I)Pn,ls”_1
n=1 H A n=1 H n=1
W) Ay A dyis)
ds —u.lsl//(sﬂ—us ds
A dy(s) A v
(1 ES) ds = HXSII/(S)
Ay
dy(s) _  wx g
A
vis)  (1-2%s)

Integrating both sides, we have;

Ay
/dlzl((s)) :/(1”—A&s)ds

Putting s=1;

<
—~
[E—
N——

I
[

I

)

—_
—~
[E—

|

T
~—
|
P

SN—
><

Tl>oTw|>
=
_
I
I
NP
|
&<
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w(s) = ( 1w )X (2.43)
(1—%s)
Which is the pgf. for a Negative Binomial Distribution with parameters ;i
Ay AT
o Rra-dy
V= i
(1 —ES)IjL
(1—%S)%+2
GPGPU-DE+GP-bi
(1—%s)%+2
Ayp—2yi
E(X)=y(1)= 21K
00 =¥ =S
%
E(X)= =)
The variance is given by;
Var(X) =y (1) +y (1) = [y ()]
_GPGPO-DATGPRO-R)r 0-E G- D,
(1= E)i¥ (=BT =R
CGPGRO-DI G0 0D (PG
(1— )i (-5 (1—4p
GGG 5 Q)7
- A2 T Ay A2
(1—4%) (1-%) (A=%)
VA +vu—vA
(h—2)?
vi

s Var(X) = TENER

—and

>

1——.

=
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From Gauss hypergeometric series, we have;

voA vk g+ (2)? (L+n—1)(1+n—1) (%)
P il ) = T A+ 2 A1(1+1) TR (+n—1) p
B i A1) (= DI+ 1) (142)..(1+n—1) (5)"
&= 1(1+1D)(14+2)...(1+n—1) n!
_ i (Ltn—1)(Z+ DI +n—1).(14+2)(1+ 1)1 (5)"
o (I+n—1)...(1+2)(1+1)1 n!
:ir(%—kn)r(l—kn) ra)y (&)
= T(l+n) T !
Normalizing, we get;
1:ir(%+n)r(1+n) r(1) 1 (%)
=0 [(1+n) .F(%)F(l).zﬂ(%,l;l;%) n!
Hence,
P, = Prob.(N =n)
CT(34+mT(1+n)  1(1) 1 (%)
 I'(1+4n) 'F(%)F(l)'zFl(%,l;l;%) n!

The pgf. in hypergeometric terms is given by;

0(z) =) P2"
n=0

CaTE+m(1+n)  T(1) (G2 1
V0= L " Titw  TOM) AGLLLA)

1. A
2R L)
- 1. A
ZFI(%vlalaﬁ)
o va2R(FH L1+ L1+ L)

7)==
i~ A 2Fi (3, 1:1:4)

PERE
v v v AR H23352)
¢ (Z):Z(I+l)(_)2 . =
mo R LLg)
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Therefore,

2Fi(F 414551+ 5%

Let, Ap= NIERERS L k=12
E(X)=9(1)
E(X)—%%Al
Var(X)=¢"(1)+¢'(1)—[¢'(1)]*
—%(%—H)(%)ZAZ%—%%AI—[%%AI]Z
Var(X) = ;%Al ;(1)2{(% 1A — %A%}
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3.1

3.2

BIRTH AND DEATH PROCESSES AT EQUILIBRIUM
WITH APPLICATION TO WAITING LINE
PROBLEMS

Introduction

In this chapter, birth and death processes and some special cases of waiting line and ser-
vicing problems are explored. Their basic difference differential equations at equilibrium
are stated given different birth 4, and death y, rate values or functions.

The steady states equations are solved iteratively to generate distributions arising from
the birth and death process. Some properties and special cases of these distributions have
also been discussed.

The simple trunking problem

Suppose that infinitely many trunks or channels are available, and that the probability
of a conversation ending between ¢ and 7 + At is A + 0(At), (exponential holding time).
The incoming calls constitute a traffic of the Poisson type with parameter 1.

Assume that the duration of conversations are mutually independent. If n lines are busy,
the probability that one of them will be free within time At is then nuAr+)(At). The
probability of a new call arriving is AAr 4+ O(Ar). The probability of a combination of
several calls, or of a call arriving and a conversation ending is 0(Az).

Thus, this implies that;

A=A,
and
Uy, = np.

At a stedy state, 1 — oo implying that P,(¢) is independent of t.
Thus,



Therefore, the basic difference differential equations for the steady state for the simple

trunking problem are:

0=uP — AP

0= (l’l—l— 1).uPn+l + (l’l— 1))'Pn—l - ()’ —I—I’ZI.L)Pn,

Hence,
Proposition 3.1

A i
n= n!une M
Proof
Equation (3.1) can be expressed as;
APy = P
A
= —F =P
U
A
P =2n,.
u

Solving steady state equation iteratively, we have;
When n=1;
Equation (3.2) becomes;

0=2uP,+APRy— (A + )P

3.1)
(3.2)

(3.3)

(3.4)

(3.5)
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Substituting (3.4) in equation (3.5), we get;

A
0= 2[,LP2 —I—AP() — (ﬂ, —|—,U)EP0

2
0=2upP,+ APy— APy — %Pg

)LZ
0= 2,LLP2 ——PF
u

— —Py=2upP,

When n=2;
Equation (3.2) becomes;

0=3upr; +AP — (ﬂ, +2‘LL)P2

Substituting (3.4) and (3.6) in equation (3.7), we get;

0=3uPs+ AR — (A2 ))L—ZP
= SUr3 I 0 H 212 0
2 12 7L3
0=3 PB+—P——P——F
SRR wooo2u?
13
0=3uPs— ——PR
Ur3 22 0
3
——Py=3UP.
= b 3ups
3
:>T‘LL3P0:P3
7L3
P3:WPO

When n=3;
Equation (3.2) becomes;

(3.6)

(3.7)

(3.8)
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0=4uPy+AP,— (A +3u)Ps (3.9)

Substituting (3.6) and (3.8) in equation (3.9), we get;

0=4uPy+2A—— A Po—(A+3u)— A —h
),3 A3 7L4
O:4uP4+2u2PO_2‘Ll2PO_3'“31)0
4
O:4HP4—WPO
4
— 3‘“3P0—4[.LP4
4
—P =P
:>4Ul 0=14
7L4
Sh = mu4R)
Therefore,
P. _)L5 P,
5 5‘“5 0,
7L6
P6 6!‘u6P07
A
P, = ‘ nPO' (3.10)
n'u
But,
Y P=1



:>P{1+7L+ L b=
) TR T TR TITE RV TTTE S
A
Py eﬁ}zl
_A
Phy=e ~. (3.11)
Hence,
A 2
P1:—e By
1u
A i
P2_2!‘u26 ®,
A a2
P3:m€ “,
A 2
B
We find by Mathematical induction that;
AT A
n:n'une M, (3'12)

Thus, the limiting distribution is a Poisson with parameter % It is independent of the
initial state.

Using Proposition (2.1)
We have;

P _ 10111213---/%71130

Hit243... U
But, =Ai=h=M=..=A4,_1=A4,
and
Hi=HW, Hp=20, p3=3U, .., U=np.
AAAA...A

-4n

u22u3u...np
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Therefore,

ln
P, ::n!“n 0
But, from (3.11) above;
A
AT _a
Ay = n!“ne M,
Which is a Poisson distribution with parameter %
Using Proposition (2.2)
I An—l
— , 0
P Hn un3£
But, An_1::l,
and
U, = npl.
P A
Py nu
Proposition 3.2
P A
P nu
=$'nyf%2=:lf%_1

Multiplying (3.13) by s and sum the results over n we obtain;

[}

Z nuP,s" = i AP, 15"

n=0 n=0
s Z nP,s" ' = As Z P, 5!
n=0 n=0
dy(s)
SH—q,~ = SAV(s)
dy(s) _ A,

v(s) M

(3.13)
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Integrating both sides, we have;

[avts _ r,
v(s) T
Iny(s)=—s+c
y(s) = cle%s
Putting s=1;
y(l)=1= cle%
== e_%.
_A A
Sy(s) =e mer”
= b

Which is the pgf. for a Poisson distribution with parameter %

(s —&e_%(l_s)
v (s) i
" §) — & 28_%(1_5)
w()(“)
E(X)=y (1)
A
E(X) =1
Var(x) =y (1)+y (1) — [y (D)]?
_ A A A
_%)+u M]
. _A
s Var(X) = m
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From Kummer’s confluent hypergeometric series, we have;

Normalizing, we have;

Therefore,
P, = Prob.(N =n)
CTh+me) 1 ()
F(b+n)1“(b)'1p1(b;b;%) n!

In hypergeometric terms, its pgf. is given as;

0(z) =) Put"
n=0

CTO+n)T6) ("1

T(h+n)TOh) n! 'lpl(b;b;%)
B 1F1(|?;b;%1)
1F1(b;b;%) '
; 7L1F1(|7+1§|7+1;%Z)
5 1F1(|7;|7;%)
" A 21F1(b+2;b+2;%2)

- A
H lFl(b,b’ﬁ)




Therefore,

1F1(b+K;b+K;%)

Let, = ; k=1,2.
1R (035 %)
E(x) = %Al
Var(X)=¢ (1) +¢ (1) —[¢ (1)]?
= Epnria-don
SVar(X) = —A + (%)2(1\2 —A})

3.3 Waiting lines for a finite number of channels

Assume that the number of channels is finite and equals to k. If all channels are busy,
each new call joins a waiting line and wait until a channel is free.

We say that the system is in a state E,, if there are n persons either being served or in the
waiting line. Such a line exists only when, n > k and there are n — k persons in it.

As long as at least one channel is free then,

A=A,
and

U, =nu; for n<k.

However, if n > k, only k conversations are going on and A,, = ku; for n > k.
The basic difference differential equations for the steady state for waiting lines for a finite

number of channels are:

0=upP— AR (3.14)
O0=m+1)uP1 +AP—1 — (A +nu)B,; for n<k (3.15)
0=kuP, 1 +AP,_1 —(A+ku)P;; n>k (3.16)
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Proposition 3.3

Proof
Solving the steady state equations iteratively, we have;
Equation (3.14) can be expressed as;

APy = uP
= —P=P
P )LP
1= —10
u

When n=1;
Equation (3.15) becomes;

0=2uP,+APy— (A + )P
Substituting (3.18) in equation (3.19), we get;

A
0=2up, +APR — (A‘ —|—,U)EP0

2
0=2up, +APy—APy— %Po
)LZ
0=2uP,— —~P
H2

22
<~ FP() =2upbP,

2
= T‘lepo =P
12
SR,

2 2'u

(3.17)

(3.18)

(3.19)

(3.20)
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When n=2;
Equation (3.15) becomes;

0=3uPs+ AP, — (A +2u)P, (3.21)

Substituting (3.18) and (3.20) in equation (3.21), we get;

A 2
0=3u”P;+ 2P A2P A3P
= OUL3 u 0 u 0 22 0
/13
023‘U,P3—2—‘uZP0
3’3
<:>2'—‘IJ,2PO:3‘LLP3
)‘3
:3!—‘LL3P0:P3
13
P3:WPQ
Hence,
14
P4:4!‘u4P0;
15
PSZWP(%
n
P, = A B. (3.22)
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Note that;
Y P=1
n=0
(B (AR (AP ()
=P+ 0 P+ 51 Po+ 3t P+ 1 PB+..+..=1
B (R (2P ()
e 0T T g tof=t
A
Py(er) =1
A
S Ph=e k. (3.23)
Thus;

Al 2

1= 1,—“1 g
AZ 4

P2 = T‘uze 5
A3 a2

P3 3!‘[1,36 b,
At 2

P4 = W@ 5
AT A

= n!une u

Which is a Poisson distribution with parameter %
Next,
When n=1;

Equation (3.16) becomes;

0=kuP,+APy— (A +ku)P, for n>k (3.24)
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Substituting (3.18) in equation (3.24), we get;

A
0=kubP, +AP)— ()L —|—k,Ll);P0

)'2
0=kub,+ APy —kAPy — FP()

12
0 :kuPz —l(l —k)P()— ;P()

2
— A(1 —k)P()-I—%P() =kup,

1/2 A2
= %<ﬁ(l—k)+m>P0:P2

m=r(a-n+)n

When n=2;
Equation (3.16) becomes;

0=kuP;+AP — (A +ku)P, for n>k

Substituting (3.18) and 3.25) in equation (3.26), we get;

A’ 1/2
O_k,uP3+HP0—(/1+ku)z<ﬁ(l—k)+
A3 A?
1 /A3 A2 A
:>ﬁ(m—i-m(k—l)—Fﬁk(k—l))PO:Pj,

(3.25)

(3.26)

12
u?

)



Hence,

1 /A% A3 A? A
P, k—3(m+m(k—1)+Pk(k—1)+ﬁK(k—1)(k—2)>P0,
RV L Kot A
n—W(E—Fun_l(k—l)+...Ek(k—l)(k—2)...(k—n)>P0.
for n>k.
Assume that f—L <k.
But,
an:l for n>k.
n=0
A1 A? 1 A"
:>Po<1+m+(%) ar et () k!“n+...)_1
I 1
PO((kH) e”>:1
1
= Pk * = —
enr
1 _x
.'.P():kn_ke .
Thus,
(L)
P, = k!k”‘lPO'
(2 A
.’.Pn:k”’;n_le ; for n>k;, for ﬁ<k.
Remark 3.1

The series Z(%) converge only if% <k ie,YyP =1 If% > k, a limiting distribution
P, cannot exists.
In this case, P, = 0 for all n, which means that gradually the waiting line grow over all

bounds.
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3.4

Servicing of machines by a single repairman

We consider & automatic machines which call for service only in the event of breakdown.

Let AAr + 0(At) be the probability of calling for service in time Az if it is working at ¢
(time) and Af 4+ 0(At) be the probability of machine reverting back to work if it is being
serviced at .

Let the system be in state E, when n machines are working. A transition E, — E, ;|
is caused by breaking of one of the working machines, while a transition E,, — E,_ is
caused by the return to work of a machine being serviced.

Thus, we have a Birth and Death process with coefficients:

ln:(g—l’l)l,
and
po=0, =t =..=U=u; for 1<n<E-1.

The basic difference differential equations for the steady state problem for servicing of
machines with only one repairman are:

0=—-EAPy (3.27)
0=—{(E—mA+utPy+(&—n+1)AB1 +UPi1 (3.28)
0=—uP; +/’LP5_1 (3.29)
Hence;
Proposition 3.4
P {1+1!(H) +2‘(H) +3!(“) +4!(H) +'"+§!(N) } (3.30)

Proof
Solving the steady state equations iteratively, we get;
Equation (3.27) can be expresses as;
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uP =EAR

:>P1=:§—Jb

s P =8—h.

When n=1;
Equation (3.28) becomes;

0=—{(E—DA+utPi+EAP +uP

Substituting (3.31) in equation (3.32), we get;

Oz—ﬂé—Ul+Mﬁgﬂﬁf1%+u&

212 12
Oz—é‘u POJFé,u Py—EAR +EAP) + UPs
():<_€212 €12

AR L

12
0= —Fé(é —1)Py+up

12
<:>,LLP2=F§(§—1)P0
12
:>P2:F (E—1)Py

2
P = S5EE - DR

When n=2;
Equation (3.28) becomes;

0=—{(E-2)A+uP+(&—1)AP +pPs

(3.31)

(3.32)

(3.33)

(3.34)
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Substituting (3.31) and (3.33) in equation (3.34), we get;

2
0=—{( —z)uu}%é(é )R+ (- 1)/15%P0+MP3

3 2 2
0= —238E - DE - DR - 28 E - DA+ EE - DR+ up
3
o=—% (&~ 1)(E ~ 2P+ pPs
3
<:>ng—% E-1E-2R
3
:Psz% (&~ 1)(E 2R
13
P3_E (E-1)(&-2)R
Hence;
4
P4=% (E—1)(E—2)(E 3P,
5
PS:% (€~ 1)(E—2)(E—3)(E 4R
Pnzgaé—1><é—z><é—3>...<é—n>Po.
Note that;

EE-1)(E-2)(E—3)..(E—&) = {é}—l

_ 1 —1 2‘ 1
=P = {ﬂ} <ﬁ) Fo,
_ 1 -1 A 2

1, A

(3.35)
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Therefore,

Therefore,

Which is Erlang’s loss function.

POZE(H)gpé

Which gives the probability of a repairman being idle.
We find by Mathematical induction that;

1
m=(g)" ()P
Hence,
[y LA LA LAs 1Ay 1At
P;;_{HH(“) 5 g e () }

Thus, the limiting distribution is an Erlang distribution with parameter %

It is independent of the initial condition, or equivalently the sum of independent exponen-
tial distributions, or a gamma distribution of time I'(§)e™ 7.

The expected number of machines in the waiting line are:
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3
I

nP,— (1—"Py).

e
Il
gl

3
Il
—_

But,

(& —n)AP, = UPy 1,

p _ M
Pn—ﬂ‘<§_n)Pn+1

3.5 Servicing of machines by several repairmen

Let £ machines be serviced by r repairers (r < &). Thus, for n < r the state E,, means
r —n repair-men are idle while n machines are being serviced and no machines are in the
waiting line for repairs. In the case of n > r, the state E,, means r machines are being
served and n — r machines are in the waiting line.

Then set up is:

=84, Ho=0
Ai=(E—nmA;, Ww=nu(l<n<r)
An=(E=nmA; Up=rp(r<n<g).

The basic difference differential equations for the steady state for servicing of machines

with several repairmen are:

0=—-EAPy+pupP, for n=0 (3.36)
0=—{(E—mA+nutp+(E—n+1)AP -1+ (n+ Uk, (1<n<r) (337
0=—{(E—nmA+ru}P,+ (& —n+ 1 )AP 1 +riuPypy1, (r<n<§). (3.38)
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Hence,
Proposition 3.5

Proof
Equation (3.36) can be expressed as;

P =SAR
A
~p—tlpR
I 5# 0
A
S PP=¢c—P.
| iu 0

When n=1;
Equation (3.37) becomes;

0=—{(§—DA+utP+EAR +2uP
Substituting (3.40) in equation (3.41), we get;

0=—(ﬁ—lﬂﬂﬁﬁég%+fl%+2u&
Oz—%;ﬂé—w—fk%+€k%+au&

0 A2
= e aup

7L2
= 2ub = 75(6 —1)+2up,

AZ
=P = Eé(é —1)+2up,

12
SoP = Eé(é —1)+2up;.

(3.39)

(3.40)

(3.41)

(3.42)
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When n=2;
Equation (3.36) becomes;

0=—{(E-2)A+2u}P,+ (& —1)AP, +3uP; (3.43)

Substituting (3.40) and (3.42) in equation (3.43), we get;

0= —{( —z>z+zu}ﬁ—§é<é 1) 0P (€ - DAL SR+

3 2 2
o:—j—“z (5—1)(5—2)1’0—%5(5—1)P0+%§(5—1)P0+3HP3
3
o:—j—uz (&~ 1)(& 2P+ 3uPy
3
s 3Py = j—uzé@ “D)E-2)R
3
:»Pg:;f—mé(é—l)(é—zwo
3
.-.Pazj,“—mé(é—l)(s—zwo.
Hence,
14
P 8- DE-DE =R,
5
Ps—5%5(5—1><é—2><é—3><é—4>Po,
An
Pn=n,uné(é—l)(é—Z)(é—3).-~(r—n)Po. (3.44)

Let,
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—r=(5)'1 5 )a
Pz—<%>2 i P,
p=(2)( 7 )
But
e

Py= The probability of machines not serviced.

ne {02 () 2 02 (8
() (8o 20 (B

.-.P,,{(é)(ﬁTuY(pﬁ)“}; n=0,1,2,.,6 1 (1<n<r).

n

Hence the limiting probabilities are given by the Binomial Distribution with parameters &

A
and m
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Using Proposition 2.1
We have;

But,

b=

P Aoll)bzﬂg...kn,lp
HitoU3... Un
M=8E4, M=(E-DA, L=(E-2)1 A&=(E-3)1,

and

Hi=H, MHp=2U, M3=3U, .., Uyp=nU.
_SAE—DA(E=2)A(E—3)A...(E—(n—1))A
u22u3u...nu
_SAE DA =2)A(E —3)A...(E—(n— 1))7LPO
nlu"

P

n—1
) (!

nlu" 55

VRS

n

/N /N /N /N /N
TISTE|SE|>TE|IS>TE(ISTE|S
N——— N———— N———— N——— N——

S

‘_

2F IF I I EF E&F

I
=

N———

N
p—J
—~
| w
~—

~
=
1S
o~

I
F
S /N VS

I
=

—_
|

>

+‘>

=

N— e
[Yay ~—
i

/-~

S JUw

N——

=t = (E— (n—1))A.
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But,

A

o

A

Which is a Binomial Distribution with parameters & and T

Let E =& and

A
TS

Thus, the Binomial distribution becomes;

Then;
Gauss hypergeometric series given by;

(

A+u

n
) n=0,1,2,...& 1.
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ELL

SE+DUHY (6 (E+n—D(+n—1) ()

e O VA 77 s TR tn—1) n!
B i ECE+1).(E+n—1)l+1)({+2)...(+n—1) (O)"
&= (+1D)(0+2)...(0+n—1) n!
B i E4+n—1)(E+1DEUL+n—1)..(0+2)((+1)E(E)"
e (C+n—1)..(£+2)(L+1)L n!
_ i LE+n)l(+n) T() (&)

L({+n) (&) n!
Normalizing, we get;

= i L(E+n)l({+n) T(4) 1 (&)
n=0 I'(£+n) 'F(i)r(f)'zﬂ(é,é;f;g) n!

i
(e

Hence,
P, = Prob.(N = n)
T +nT(l+n) T() 1 (&)
~ T(+n) DT 2K (E66E) n!
The pgf. in hypergeometric terms is given by;

0(z) =) P2
n=0

ir(éﬂl)r(fﬂl) re) (z)" 1

= T{+n) TETE) n! 2F(E640)

. _2F(8.454:82)

= RE a0

/ . 2F1(§—|—1,£+1;£+1;CZ)

¢()=66 2F1(€,4;4:8)

noo 5o (E+2,0+2;0+42;(7)

¢ (2) =8&(E+1)(C) FE D)

Fi(E+rl+ K0+ K3 8)
2F1(E,0:458)

¢(z) =

Let, AK’ -

Kk=1,2.

E(X)=¢'(1)
L E(X)=ECA,.
Var(X)=¢"(1)+¢'(1)—[¢'(1)*
= E(E+ 1) A+ ECA — [ECA?
S Var(X) = EQA +ECH{(E+1)A —EATY.
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Using Proposition 2.2

We have;
Pn An—l
= s n70
Py Uy a 7&
But, A,—1=(&—(n—1))A,
and
Uy, = npl.
P (E—(1—1)A
Py nyu
=nuP,=(&—(n—1))AP,—; (3.46)

Using the probability generating function technique, we multiply (3.46) by s and sum the
results over n to obtain;

u Z nP,s" = A Z (E—(n—1))B,_15"
n=0 n=0

s Z nP,s" 1 = A& i P,_1s"—A i (n—1))P,_1s"
n=0 n=0 n=0

s Z nP,s" 1 = AEs Z P, 15" — As? Z (n— 1))Pn,1s”_2
n=0 n=0

n=0
dy(s) dy(s)
Hs =1 = AEsy(s) — As® P
(w49~ azy (s
dy(s) A&

y(s)  (u+As)

Taking the integral, we have;

/ d"f,fRS) -/ <uiis>ds

Iny(s) = Ein(y "

W) =e <lsiu)é

)+1Inc
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Putting s=1;

Next;
When n=2;
Equation (3.38) becomes;

0=—{(E—DA+ru}Pi+EAPy+rupb;
Note that;
ruP, 1 =(E—n)AB, for (n>r)
EA

ru
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Substituting (i) we get;

0=—{(E-1)A —}—r,u}%Po +EAPy+rupP,

212 7(‘2
0——-—§ru fb%—éirfb——élfb%—élfb#—rufﬁ
O:_gzlz 5242

Po+—PFP +rupk,
ru ru

2
sy = (- EE- DIy
1 A2
=P = ﬁ{ﬁg(é —1)}P,
2
Py = f—z{%&@ “1D)iA,

3
P = S {8E - DE - DA,

e () 0 ) G () G ()G

Py= The probability of repairmen being idle.

3.6 A power supply problem

A welder working independently draws current from some circuit. If at time ¢, a welder is
using current, the probability that he ceases using it at time ¢ + At is uAr + 0(Ar). If at
time t he does not require current, the probability that he call for current in next time

interval Az is AAf + 0(At).

We say that the system is in a state Ej, if n welders are using current.
Thus, we have only a finite number of states Eg, Eq,...,Ey.

If the system is in state E,,, % —n welders are not using current and
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and
W, =nu. for 0<n<9.

For a steady state, t — oo implying that P,(¢) is not dependent on z.

P,(t) =Py,
and
. / o
tlgan(t) =0.

Thus, the basic difference differential equations for the steady-state for a power supply

problem are:

0=—9AP)+ uP
0= —{(0—m)A+np}Put ALO — (n— D}Bu 1+ (n+ DPrs
0=—0UPy+APy_

Hence,
Proposition 3.6

P ( A )n(l—L)ﬂ_", n=012 .01

Proof
Solving the steady state equations iteratively, we have;
Equation (3.47) can be expressed as;

(3.47)
(3.48)
(3.49)

(3.50)



58

uP = 9AR

DA
=P =—0DF8
i}
A
SPL=—0F. (3.51)
i}
When n=1;
Equation (3.48) becomes;
0=—{(—1)A+u}P+A0P +2upP, (3.52)

Substituting (3.51) in equation (3.52), we get;

A
0=—{(%-1)A +,LL}TP0 +AOP +2uP;

212 2
0:—19 A —ﬁlPo+ﬁlPo+%Po+2uP2
9222 vA?
0=— —|——P()—|—2‘LLP2
u u
9222 92
—2ubP, = ——D5
u u
BA?
BA?
P=——(0—-1)P
Eav) 2[u2 (1.9 ) 0
2
SoP = %(19 —1)P. (3.53)



Thus,

;L3
P = mﬁ(ﬁ —1)(%-2)h,
)'4
Py = Wﬁ(ﬁ —1)(%=2)(%—-3)P,
)
P = & Py,
HA\ 1
2[00
P, = )L—Z Fo,
Hu 2
A [ 0
Py=— Fo,
Hu 3
YR
P4 4 P07
u 4

Let,

v

Y P=1

n=0
P+P+P+P+...+P,= 1

Al D A2 [ © A3 0 A D
Py+— P0+—2 P()—l——3 P0+...+—n Ph=1
H\ 1 H 2 H 3 H n
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Therefore,
(050502
<1+%>P0:1
A
:>P0:<1—m>

.~.P0:(1—L).

A+u
for n=0,1,2,....,9.

Py= The probability of welder not using current.

(22

) () )

Thus, the limiting probability are given by the Binomial Distribution,

A

T and ¥ is a total number of welders.

with parameters ¥ and

Using Proposition 2.1
We have;
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But,

P, — ).0111213...1,1,1130
i Us3... Uy
)-O:ﬁ;lw 11:(19—1)1, 12:(19_2);1’7 2'3:(1“9._3))'7

and

pi=H, Mo=20, MH3=3WU, .., HUp=nU.
OA(D — DA(S = 2)A (8 —3) A (D — (n—1))A
c P, = i)
u22u3u...np
_ 920~ DA®-2A(0-3n(d— (1= 1)A
nlu"
P n—1 .
= n!,li” jl:!)(ﬁ — A
AP n—1
Zn!ugjlllo(ﬁﬂ)
:%(%)"{0(@—1)(0—2)(0—3)...(0—(;1—1))}
:%(%)n{(ﬁ—(n—1))(19—(11—2))...(19—2)(19—1)19}
:%(%)"{w—(n—1))(0—(;1—2))...(19—2)(0—1)@%}
:%(%)”{w—(n—1))(19—(,1_2))...(19_2)(19_1)”;9(;)1)
—%(%)n%{(ﬁ—(rz—1))(19—(11—2))...(19—2) (-2}
— () {0 - - e - -1}
N
:Po(ﬁ> (o) 0
AN (O —n)
:P°<ﬁ> n!T()
A d—n )

P = ( j ) (1—/%“)19_"130 n=01,2,..
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But,

=0 A+u
= [ —9 )\, —A \o-n
Ry | (m) =1
A o\
0<7L +/,L> =1

(1_)L;LTu>ﬂn

A

Which is a Binomial Distribution with parameters ¥ and T

Let 9 =¥ and l;LTuzc;

Thus, the Binomial distribution becomes;

Then;
Gauss hypergeometric series given by;

(

A

A+u

n
) n=0,1,2, ..
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B4 SO+ 1)L +1 2 S+n—1){l+n—-1) (L)
2h(0,6::¢) = 1+ G+ S G
_y BO+1)...(d+n—1)0(L+1)(£+2)...0+n—1) ({)"
&= (l+1)(f+2)...(¢+n—1) n!
B i (O+n—1)..(0+1)0{+n—1)...(+2)(£+ 1) (L)
e (+n—1)...0+2)({+ 1)l n!

S (O +n)(l+n) T ()"
= ['({+n) T(9)L(¥) n!
Normalizing, we get;
lzir(ﬁ—i-n)l“(ﬁ—i-n). ') . 1 (9K
= T(l+n)  T(TE) 2F(9,668) n!
Hence,
P, = Prob.(N =n)
T +n)I(l+n) T() 1 (&)"
T T(l+n) T 2F(0,6:6:0) n!
The pgf. in hypergeometric terms is given by;

0(z) =) P2
n=0

e I@+nl(+n) T (L2)" 1
MZ)‘Z;) L({+n) T(OCE) n! 2F(8,660)
, _ 2FR(9,4:4;C2)

- 0) = 2F1 (0, 6:4:8)

1o 2P (O 1L+ 150+ 1:8z)

0 = R B0

noo 2P (0 42,0+2,0+2;87)

0 () =B(3+1)({) F(0.00.0)
2F1(19‘+K,£+K;£—|—K;C)_

2F1 (9,045 8)

Let, AK' -

Kk=1,2.

E(X)=¢(1)
E(X) = ﬁCAl

"

Var(X)=¢"(1)+¢ (1)~ [¢ (1))
=90+ 1) A0+ OCA; — [9CA )
s Var(X) = 98A + 08 (9 + 1)Ay — 9AT).



Using Proposition 2.2
We have;

Pii .U; » Ha 0
But, A,—1=(0—(n—1))~A
and
Wy, = npl.
P (®—(n-1)A
Py ny
=nuP,=(%—(n—1))AP, (3.54)

Using the probability generating function technique, we multiply (3.54) by s and sum the
results over n to obtain;

,LLZnPs —AZ —(n—1))P,_15"

usZnPns” ! lﬁZPn 18 —AZ (n—1))P,_1s"

n=0
usZnPns"_l :lﬁsZPn,ls lszz n—1))P,_1s""
n=0 n=0
dy(s) _, 24v(s)
Hs— =AV0sy(s) — As 5
d
(w29~ 2oy
dy(s) A0

VOREY N

Taking the integral, we have;

ayis)s) _ [ AD
/ w(s) _/(u+/ls)d
A
lnq/(s):ﬁln(ls+u)+lnc

Sy(s)=c <7Ls):_“)19
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Putting s=1;







4

4.1

4.2

BIRTH AND DEATH PROCESSES AT EQUILIBRIUM
WITH APPLICATION TO QUEUING THEORY

Introduction

Queueing ststems can be studied through Birth-and-Death processes. These processes
are characterized by the property that whenever a transition occurs from one state to
another, then this transition can be to a neighboring state only. With an arrival, there is a
transition from state n(> 0) to the state (n+ 1), and with a service completion, there is a
transition from the state m to the state (m—1) (m > 0), the state denoting the number
in the system.

In this chapter, we will discuss queueing models in terms of Birth-and-Death equations,
based on the rate-equality principle which holds for systems in steady state.
Rate-Equality Principle states that the rate at which a processes enters a state n(> 0),
equals the rate at which the processes leaves that state n. In other words, the rate of
entering and the rate of leaving a particular state are the same for every state-that is,
ratein=rate out.

For the general Birth-and-Death processes, the basic difference differential equations at a
steady state are:

Ozﬂn—&-lpn—l—l'i‘ln—lpn—l _()Ln'i‘“n)Pm n>1
and ()
OI‘LL1P1 —MP(), for n=0.

We now use equation (*) to solve iteratively special cases of 4, and L, in relation to
queueing systems.

M|M|1|GD|eo|oc Queuing Process

An M|M|1|GD|eo|eo queueing syatem uses Poisson arrivals or exponential inter-arrivals
and exponential service time distribution, one parallel server and the queue discipline is
general.

The number of customers allowed in the system (in queue plus in service) and the size of
the source from where the customers arrive are finite.

Thus, this implies that;
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)\'n:)'7

and

Hp = H.

For a steady state to exist, we have;

P,(t) =Py,
and
lim P,;(t) =0.

t—roo

Thus, the basic difference differential equations are:

0=w P — AP
0= Pyt + APy 1 — A+ W)Py 0> 1

Hence,
Proposition 4.1

Proof
Equation (4.1) above can be expressed as;

APy = uPy
A
= —P=P
u
A
,',Pl = —P().

u

(4.1)
(4.2)

(4.3)

(4.9)
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Solving equation (4.2) iteratively, we have;
When n=1;
Equation (4.2) becomes;

O0=uP,+AP — (A +u)P
Substituting (4.4) in equation (4.5), we get;

A
0= ,LLP2+7LP0—()~+,U)EPO

12
O0=ub, +APy— APy — ?Po

2
— —PR=ub
U

22
= _ZPO =P
}LZ
P EPO

When n=2;
Equation (4.2) becomes;

0= upr; + AP — (A, +N)P2

Substituting (4.4) and (4.6) in equation (4.7), we get;

lk A s
0=puPs+ ﬁPo—( +“)PPO
A2 A2 A3
OI‘LLP3—|——P()——P()——2P()
uooop ou
;L3
OI‘U,P:,'—EP()

(4.5)

(4.6)

4.7)
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Therefore,
13
<~ —2P0 =UuP;
7L3
= —3P0 =P
13
P3 — —3P0
u
When n=3;

Equation (4.2) becomes;

0=uPy+ AP, — ()L +,I.L)P3

Substituting (4.6) and (4.8) in equation (4.9), we get;

A3 A3
3 2’3 14
0=u~Py— 2P0+ 2P0— 3P0
7L4
OZ[JP4——3P0
14
(:}—3P0:‘UP4
14
:>—4P()—P4

(4.8)

(4.9
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Thus,

P — (%)5130
P — (%)6130
e ()

Hence,

n=0

— P+ (%>1P0+ <%>2P0+ (%)3P0+ <%>4P0+...+ (%)"Pﬁ... —1

(e (2) (B (B (B s ()}

Note that,
i =1+s+s7+5 +5 +...
—s
Therefore,
1
1—2
u
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Therefore,

By Mathematical induction, we have that;
n
P = (—) (1——), for — <1, or A<u;

Which is a Geometric Distribution with parameter %

Using Proposition 2.1
We have;

P Mlllzlg...ln_lp

M1t 13 Un
But, =A== =..=4,_1 =
and
Ho=Hi =H2 =H3 = ...lUp = M.
A\
Py = (ﬁ> Py,

But from (4.10), we have found that;

R—1-".
u

Therefore,

n= () -2)

n=0,1,2,..

A,
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Which is a Geometric Distribution with parameter A

u
Using Proposition 2.2
We have;
Pn Afn—l
= , 0
) Hn Hn 7&
But, A, = /1,
and
Hn = H.
P A
B T
= uP, = AP, (4.11)

Using the probability generating function technique, we multiply (4.11) by s and sum the
results over n to obtain;

i UP,s" = i AP, 15"
n=1 n=1

u i P,s" = As i P, s !
n=1 n=1

— wy(s) = Asy(s)
= (1= As)W(s)— By =0

= (1= 25yl =
But, P()Zl—&.
U
-2
_ T
Ly(s) 1_% :
II/(S)_ ds _(ul—%;i)z
//(s) _ dl[/,(S) _ 2(%)21 _%
ds (1 —%s)3
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Therefore,

E(X) =y (1)
A
E(X =
®= 1t
Var(X) =y (1)+y (1) = [y (1]
J2RP0-h)  B0-D 0D,
=Ry a-A2 -2y
ook 4 ()
BT AT ST
_ G
(=22 " (1-4)
_Gr+k-dy
I
A
_ u
Var(X) = 0 _%)2

From Kummer’s confluent hypergeometric series, we have;

12 1141 (2)? (1+n—1)E)"
1F1(1;1;_):1+I1i+1(1+1)%+~ AR Z'
= 11+ 1) (1+2)(1+n—1) (&)
;1(1+1)(1+2) (1+n—1) n!
= (14+n—1)(1+n—2)..(1+2)(1+ D1T(1) I(1) (3)"
§(1+n D(1+n-2)..(1+2)(1+DIT(1) T(1) n!
& T+ (1) ()
_,;)r(1+n)r(1) n!
Normalizing, we have;
B i ri+mr(1) 1 (&)
AT+ T(1)  F(1 1;%) n!
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Therefore,

P, = Prob.(N = n)

r(i+nr) 1 (&)
C(1+n)T(1) " F(1; ﬁ) n!

In hypergeometric terms, its pgf. is given as;

:iPnZn

n=0
CT+a)T0) (F2" 1
[(1+n)T(1) n! .1F1(1'1'&)
1F1(1;1;%z)

A1 54)

o AR+ L4 A)
TR TRy
) AL P2+ 15241547

@=C
u IFI(]"]"IJ)
Fi(1 3 1 ;=
Let, AK:l W1+x EK ”); K=1,2.
tA(11:4)
E(x)Z%AL
Var(X) = ¢"(1)+¢'(1) —[¢'(1)]?
A A A
= (ﬁ)zl\z + EAI - (E)2A%

~Var(X) = %Al - (%)2(/\2 —A).

4.3 M|M|c Queueing System

Suppose that infinitely many trunks or channels are available, and that the probability of
a conversation ending between 7 and ¢ 4 At is uAt 4 0(At) (exponential holding time).
The incoming calls constitute a traffic of the Poisson type with parameter A. Assume that
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the durations of the conversations are mutually independent.

If n lines are busy, the probability that one of them will be free within time At is then
nuAr +0(At).

The probability of a new call arriving is AA7 + 0(At). The probability of a combination of
several calls, or of a call arriving and a conversation ending is O(Ar).

Thus, we have;

A=A, n=0,1,2,3,...
and

U, =nu, n=12.73 ..

At a steady state, 1 — oo implying that P,(¢) is idependent of 7.
Thus,

P,(t) =Py,
and
. / o
,lg?op”(t) =0.

Therefore, the basic difference differential equations for the steady state are given by;

0=uP, — AP, (4.12)
O0=(n+1)uP,1+AB_1 — (A +nu)P,. (4.13)
Hence,
Proposition 4.2
An
_2 (3)
P,=e n “' , n=0,1,2,... (4.14)
n!

Proof
Equation (4.12) can be expressed as;
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APy = uP
=—P=P
A
P =—Ph. (4.15)
i}

Solving steady state equations iteratively, we have;
When n=1;
Equation (4.13) becomes;

0=2uP,+APy— (A + )P, (4.16)
Substituting (4.15) in equation (4.16), we get;

A
0=2upP, +AP)— (l +N)EPO

2
0=2UP,+APy—APy— %Pg

242
0= 2[.LP2 ——PF
u
12
= —PF = 2[LP2
Hu
)LZ
= —2!“2P() =P
12
P = 2'—‘u2P(). (4.17)

When n=2;
Equation (4.13) becomes;

0=3uPs+AP — (A +2u)P; (4.18)



78

Substituting (4.15) and (4.17) in equation (4.18), we get;

A2 A2
0=3uPs+—Py— (A +2u)=—P,
A2 A? A3
0=3uP;+—Py— —FPy— —PF,
H3+u 0 m 0 2!#20
13
O - 3,LLP3 - 2'_‘LL2PO
3
<~ T‘LLZPO =3ubPs
3
= —3!“3})() =P
7L3
.. P3 = WPO
When n=3;
Equation (4.13) becomes;
0=4u”, +AP — (A, + 3,LL)P3
Substituting (4.17) and (4.19) in equation (4.20), we get;
13 3
A3 A3 A4
O0=4u”Py+ 2!“2P0 — 2!“21—"0 — 3!“3P0
4
0= 4‘U,P4 — WP()
7L4
<~ 3![.13P0 =4uPy
14
= 4!“41')() =P
214
Py 75

(4.19)

(4.20)
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Therefore;
)LS
Ps=—_P
5 5"“5 0,
7L6
Pe=——h,
6!u
An
.'.Pn:n!‘un 0
Note that;
Y Pi=1
n=0
o0 (&)n
=>P< K ):1
(B0 (2 (E)p (2
T i T i _
P0(1+ T +...)_1
But,
Y1 P =
e = +X—|—2—!+§—|—4—!+...
2
#P()(Eﬁ):l
_A
Py=¢e ~.

(4.21)

(4.22)



Therefore,

A
TR
G .
’Lt —
Py=—7re b,
A
_ G
3= 31 e ",
() s
_
Py = 41 Hy
We find by Mathematical induction that;
()"
P, =P
n!
G .
Hence, P, = “' e *, n=0,1,2,3,...
n!

A

Thus, the limiting distribution is a Poisson distribution with parameter m

. Itis independent
of the initial state.
Using Proposition (2.1)

We have;

P — 20111213.../1,1,1130

M1t 13- HUn
But, y=Ai=h=MA3=..=4,1=A4,
and
Hi=HW, Hp=24, H3=3WU, .., WU=nl.
L AAALLA
LY TR YT
A{I’l
R

- nlun 0
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But, from (3.11) above;

Which is a Poisson distribution with parameter %

Using Proposition (2.2)

[2 An,1
}%71 Un , “n7é0
But, A‘nflz/l,
and
Hp =np.
P A
"B onu

= n,LLPn = an—l

Multiplying (4.23) by s" and sum the results over n we obtain;

[}

Z nuP,s" = i AP, 15"
n=0

n=0 =
us Z nPs" ' = As Z P!
n=0 n=0
dy(s) _
SH=—q,~ = SAv(s)
dy(s) _ A,

y(s) u

(4.23)
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Integrating both sides, we have;

Putting s=1;

[ _ A,
v(s) T
Iny(s)=—s+c
Y(s) = cres”
y(l)=1= cle%
= Cq :e_%.
_A A
LY(s)=e men
() =en

Which is the pgf. for a Poisson distribution with parameter %

|
1Y
N

—
—_
|>_)\_/
5 |
<.
—
[E—
=
[\

=

(s —&e_%(l_s)
v (s) m

" () = A 2,400
Vi) =)
E(X)=y (1)

A
E(X)_H.
Var(x) =y (1) + v

A A

=+
. _A
..Var(X)—u.
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From Kummer’s confluent hypergeometric series, we have;

A ioee+) () a1y (R
) =1 S S ()
_ ¥ ElerDEr2) (e rn=1) (&)
- Se(e+1)(e+2)...(e+n—1) n!

n=0
B i T(e+n)T(e) (5)

S T(e+n)I(e) n!

Normalizing, we have
¥ Te+mIe) 1 (&)
i L(e+n)I(e) F(e:e:%) n!
Therefore,
P, = Prob.(N =n)

Te+n)T(e) 1 (&)
[(e+n)T(e) \Fi (g;

In hypergeometric terms, its pgf. is given as;

— Z Pnzn
n=0

CT(e+n)(e) (5" 1
N F(£+n) F(S) n! 1F (g;g; %)

1Fi(; E,ﬁZ)

1F1(8,8,ﬁ) '

S0(z) =
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Therefore,

/ A 1F1(8+1;8+1;%Z)
= m 1F1(8;€;%)
p A 21F1(8+2;8+2;%z)
(@)= u 1F1(8;€;%)
1Fr(e+ K;e—Hc;%)
Let, Ax= ; kK=1,2.
1F1(8;8;%)
A
S E(x)= ﬁAl.
Var(X)=¢"(1)+¢' (1)~ [¢ ()]’
A, A Aoson
= (ﬁ) A2+ﬁ/\1 —(=)"A7

4.4 M|M|S|GD| Queuing Process

An M|M|S|GD|ee Queuing Process uses Poisson arrivals and exponential service time dis-
tribution with s parallel servers.

The queue discipline is general and the number of customers in the system and the size of
their source or where the customers come from are infinite.

In this case,

A=A, for n=0,1,2,3,...

W, = min(n,s) for n=1,2,3, ..
= U, =nu, (n<s)

Hn=sp, (n=s).
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The basic difference differential equations for the steady state are:

0=uP — AP, (4.24)

O0=(n+1)uP1+AP_1—A+nu)P,, for n<s (4.25)

0=suPyr1+AP,—1 —(A+su)P,, for n>s (4.26)
Hence,
Proposition 4.3

AT
= e *, for n<s
nlun

Proof
Solving the steady state equations iteratively, we have;
Equation (4.24) can be expressed as;

APy = uP
=—P=P
SoP = &PO. (4.27)
i}

When n=1;
Equation (4.25) becomes;

0=2uP,+APy— (A +p)P, (4.28)
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Substituting (4.27) in equation (4.28), we have;

A
0=2upP, +APR — (A, —|—,U)EP0

2
0=2upP,+ APy— APy — %Pg

)LZ
0= 2;,LP2 — —P()
u
AZ
= —FPy=2upP,
u
)LZ
= —2! 2P() =P
12
P = —2!‘u2P0. (4.29)
When n=2;
Equation (4.25) becomes;
0=3uPs+ AP — (A +2u)P; (4.30)

Substituting (4.27) and (4.29) in equation (4.30), we get;

12 2
0=3uPs+—Py— (A +2u)=——P,
2 AZ 7L3
0=3uP;+"--P— P — R
N3+“ 0 M 0 2!“20
3
OZ3NP3_2’_‘LLZP0
3
ﬁz'—‘uﬁpozaup:),
3
:>TH3P0:P3
7L3
.'.P3ZWPO~
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Thus,
7L4
Py mpo,
7LS
Ps —S!uSPO’
An
P, = HWPO.
Let,
Y P=1
n=0
=1
0(};) n!u")

Al A2 A3 A )

_A
Php=e &,
From (4.31) and (4.32) above, we have;
An
P, = U 0-
AT A
. n:n"u’le k. for n<s
A

Thus, the limiting distribution is a Poisson with parameter i

Using Proposition (2.1)
We have that;

(4.31)

(4.32)
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P )LO)Ll?Lg?Ly..An,lP

Ui U3... ty
But, h=Ai=h=A=..=4,1=A4,
and
Hi=HW, Hp=20, H3=3WU, .., WUy=nl.
AAAA...A
= R
uu3p...np
Conlun 0
But, from (4.32) above;
P():e_%
A" 2
n = e M.
nlu"

Which is a Poisson distribution with parameter %
Using Proposition (2.2)

B Ay
Pn—lz [T Hn 70
But, A,_1=A4,
and
Wy = npL.
B A
P nu

= nuP, = AP, (4.33)
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Multiplying (4.33) by s" and sum the results over n we obtain;

[}

Z nuP,s" = i AP, 15"
n=0

n=0
us Z nPs" ' = As Z P!
n=0 n=0
dy(s) _
R 240
dy(s) _ A
y(s) u

Integrating both sides, we have;

e

Iny(s) = ﬁs+c

Ag
y(s) =cjer
Putting s=1;
A
y(l)=1=cjer

I
o

I
Q

<
—~
o5
N—— N~—
I
<\|
B> > e
® .
=l>
1)

Q
—
-
1
“
NP

<
()
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Which is a Poisson distribution with parameter A

z,
(s —&e_%(]_s)
v (s) m
") — A 2,5 (1-9)
v (s) (u)
E(X)=vy (1)
2
E(X):;.
Var(x) =y (1)+y (1) = [y (1)
_ At A A
_(u) +u [u]
2
Var(X) m

From Kummer’s confluent hypergeometric series, we have;

oy  oe+l) (%) (w+n—1) (%)
a)f o(o+1 o@+1) 20 Tt p
)(

! (w+n—1) n!

2!
(@+n—1) %)
(o+n—1) n!

)
)
w+2)..
= o a)+1 J(w+2)..

_§ (@+n-D(@+n-2)..(0+2)(0+ Dol (@) [(a) (%)
Llorn—D@+n—2)(0r2)(0+ o) ()
& De+n) o) (4 )
_nzbr(a)—kn) INow)
Normalizing, we have;
i )T (o) 1 (A
nzor )F(CO) 1F1(a) (U,ﬁ) n!
Therefore,
P, = Prob.(N = n)
I'(o+n) (o) 1 (%)n
(aH—n) ((D).]F]((D;w;%) n!
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In hypergeometric terms, its pgf. is given as;

0(z) =) Pu2"
n=0

(o +n) T(0) (52)" 1

B 1F1(w;(0;%z)

- v A
1F1(a),a),u)

) AlFl(a)+1;a)+l;%z)

PE=y 1Fi(0;03%)
, F(o+20+2:4%
() = (RO EOT 2
i 1Fi(o;0:4)
. LA
Let, AK:]F]((DJFK’(DEK’“); k=12
1Fi(o;0:4)
;m@:%m.
Var(X):q)”(l)-i-(])’(l)—wl(l)]z
A A A

= (5)? A0+ A — (5)%A2
(“) 2+ (H) i
A A
- Var(X) = ﬁAl + (E)Z(Az —AD).
Next,

When n=1;
Equation (4.26) becomes;

0=suP,+APy— (A +su)P

4)

(4.34)
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Substituting (4.27) in equation (4.34), we have;

A
0=suP,+AP)— (A, —I—SIU)EPO

2
0=suPr+ APy — SAP) — %PO

;L2
0= S,LLPQ —l(s— 1)P() — ?PO

2
= %PO +A(s—1)Py=supb,

= l(l—er&(s— )R =P

S\HE o p
1/A% A
,PzZE(E—l—E(S—l))Po. (4.35)
When n=2;
Equation (4.26) becomes;
0=suPs+AP — (A +su)P, (4.36)

Substituting (4.27) and (4.35) in equation (4.36), we get;

A2 1/A2 A
OZSHP3+;P0—(/1+SH)§<F+E(S—1)>P0

12 12 ;Lz 13
OZSHP“?’—’—FPO_A@_1)PO_FPO_E(S_1)PO_W_2PO

A2 A3
OZS‘U,P:,’—A(S—l)P()—m(S—l)P()—S‘u—zp()

A2 A3
¢>)L(S—I)Po-{—a(s—l)Po—l—w—zPo:S‘ng,
1 /A A? A3
1,23 A2 A
..P3:S—2<E+P(S—1)+ES(S—1)>P0.
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Thus,

1A% A3 A? A
Py = s_3<F+E(S_ 1)+Ps(s— 1)+Es(s— 1)(s—2)>P0,

n n—1
P, = 1 (%—i—in_l(s—l)—f—...#—%s(s—1)(s—2)...(s—n)>P0. for n>s

Assume that % < s, we have;

Then,
Y P=1
n=0
o] A’n
=1
O<n§6n!u">
Al A? A3 A4
PO<1+1'H1 212 3'u3+4!u4+'") =1
A
Py eﬁ> =1
_A
Py=e *.
We find that;
E)y ., A
Po=—t—¢u. for n>s (=<y)
slsn—s u
Remark 4.2

(1) If the series 2(5—8) converges only in % <s.ie,YP,=1.
(2) If f”—L > s, a limiting distribution P, cannot exists. In this case P, = 0 for all n, which

means that gradually the waiting line grows over all bounds.
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4.5

M|M|1|GD|c| Queueing System

The M|M|1|GD|c|e queuing process uses a Poisson arrivals or exponential intervals ex-
ponential service time distribution with one server, the queueing discipline is general, ¢
customers are allowed in the system (in queue plus in service) and the size of the source
from where the customers arrive is finite.

In this case, the system can accomodate only ¢ units so that a unit/customer which arrives
when the system is in state E, is not allowed into the system.

System is said to be in state E, if there are exactly n units/persons either being served or
in the waiting line, (n < c¢—1).

Here,

A=A, for n=0,1,2,3,....c—1
and

U, =nu, for n<c—1

U, =u, for n=1,2.3,...c.

For the steady state problem, r — oo implying that P,(¢) is independent of 7.
Thus,

P,(t) =Py,
and
lim P,é(t) =0.

f—oo

Hence the basic difference differential equations for the steady state, at state E,(n <
c—1),are:

0=uP,—AP), for n=0 (4.37)
0=m+1)uPyr1+AP,—1 —(A+nu)Py;; for n<c—1. (4.38)

Hence,
Proposition 4.4

(4.39)
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Proof
Equation (4.37) can be expressed as;

APy = uP
= —P() =P
SoP = ipo- (4.40)
U

Solving steady state equation iteratively, we have;
When n=1;
Equation (4.38) becomes;

0=2upP,+ APy — (l + ‘LL)Pl (4.41)
Substituting (4.40) in equation (4.41), we get;

A
0=2uP,+APy— (A +‘U)EPO

}LZ
0:2IJVP2+)LP0—)~PO—?PO
7Lz
0= ZHPZ ——R
1 0
12
= —F = 2[.LP2
Hu
2
= 2!‘LL2PO =P
AZ
SoP = —Z!HZPO' (4.42)

When n=2;
Equation (4.38) becomes;

0=3uPs+AP,— (A +2u)P, (4.43)
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Substituting (4.40) and (4.42) in equation (4.43), we get;

A? A2
A? A2 A3
0—3‘LLP3+FP()—IPO—2|—H2PO

3

A
O:3IJP3—2'—‘LL2P0

3

<~ Py=3up;

21u?
3
= —3!“3})() =P
7L3

P3:WPO

Thus,

Let,

c—1

Y P=1

n=0

Asc—1— oo,
Then,

(4.44)
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P+P+P+P+...+P_1 =1

B) (AR (R)

PO(H T TRREY =1
A
P0<eﬂ> =
_A
SPy=e ~.
Hence, from (4.44) and (4.45), we have;
(G
Py = H‘ P
n!
An
po
n!

(4.45)

Thus, the limiting distribution is a Poisson with parameter % It is independent of the

initial condition.
Using Proposition (2.1)
We have that;

P — )LO?Ll)Lz?L3.../1n,1PO
Ui U3... ty
But, y=Ai=h=MA3=..=4,_1=A4,

and

Hi=HW, Hp=24, H3=3W, ..,

o AAALLA
YL YT YT, 1T
An
SoP = uP()
n!
But, from (4.45) above;
PO = e_%
An
SoPy == (“) e_%

L

nuy.
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Which is a Poisson distribution with parameter %

Using Proposition (2.2)

Pnpnl - A:Lnl’ Ha 70
But, A,_1=4,
and
Hp =np.
P, A
P ZZEET
= nub, = AP, (4.46)

Multiplying (4.46) by s" and sum the results over n we obtain;

o>}

Z nuP,s" = i AP, 15"
n=0

n=0
us Z nPs" ' = As Z P!
n=0 n=0
dy(s) _
R 240
dy(s) _ A,
y(s) u

Integrating both sides, we have;

[ -/
Iny(s) = %s +c

A

W(s) =cres”



Putting s=1;

y(l)=1= cle%
= C] :e_%.
_A A
Sy(s)=e ner’
=0

Which is a Poisson distribution with parameter %
/ A —A(1—s)
§) = —e H
Vi =
" A, 2 —£(1 s)
s)=(—)"e H
v (s) (u)
E(X)=wy(1)
A
EX)=—.
(X) m
Var(x) =y (1) +y (1) = [y (1)]”
Ao, A A,
= (=Y += =
G+ [u]
A
s Var(X) = —.
(X) i

From Kummer’s confluent hypergeometric series, we have;

v(v+1) (%) (vrn—1) &)

v(v+1) 2! 7 (v+n-—1) n!

v (
& o) (0+2). (v+n—1) (5"
_Zv(v+1)(v+2) (v+n—1) n!

:i(vﬂ—l)(vﬂ 2)..(v+2)(v+ 1)V T(v
S (v+n—1)(v+n—-2)..(v+2)(v+1)vT(V

=i I(v+n) Ev)( )"

~—
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Normalizing, we have;

= ) T(v) 1 (A
n;)l“ n) F(‘U) 1Fl(1) v;%) n!
Therefore,
P, = Prob.(N =n)
(v +1) () 1 G

L(v+n)T(v) 1F(v;0;4) n!

In hypergeometric terms, its pgf. is given as;

— Z Pnzn
n=0

T(v+n)T(v) (3" 1

:F(v+n)F(v) n! 1F1(U U’ﬁ)

A
1F1(U 0;42)

1F1(v,v,ﬁ)'
, )L]Fl(v+1;v+1;%z)
T 1F1(U;U;%)
p A 21F1(U+2;v+2;&z)
T 1F1(v; U,ﬁ)
1F1(v+1c;v+1<,ﬁ)

Let, Ax= L ok=1,2.

1F1(U,v,”)

SE(x) = %/\1-
Var(X) =¢"(1)+¢' (1) —[¢'(1)]?
= (%)ZAM—%M - (%)21\%

- Var(x) = %Al T <§>2<Az A,
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4.6

M|M|1|§ Queuing Preocess

In this queueing process, the assumption is that the system accommodates finite § number

of units, the one being served included if any. Here, customers uses a Poisson arrivals

process with a rate A say; the customer only join the system when there are less than

§ units/customers and when a customer arrives and find § in the system will leave the

system and be lost. The service time is exponential with u rate.

When the system is at state Eg or when there are § customers in the system, it means

that no more customers allowed in the system and hence the number of customers cannot

exceed § in the system. This implies that when the system is at state §, departures only is

possible.
Thus, this implies that;

)Ln:,un
=A=U.

Therfore, the basic difference differential equations for the steady state are:

0= [.LPl —)LPQ,
and
0=uP, 1 —AP,, for n=0,1,2,3,....§—1.

Hence,
Proposition 4.5

Proof
Equation (4.47) can be expressed as;

APy = uP
A
= —P=P
u
A
P="p

(4.47)

(4.48)

(4.49)

(4.50)
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Solving steady state equations iteratively, we have;
When n=1;
Equation (4.48) becomes;

0= ,lle—)LPl

Substituting (4.50) in equation (4.51), we get;

7L,2
0= [.LPQ — —P()
u
2
= —F = ,LLP2
u
2
= —2P() =P
12
P = EPO
When n=2;
Equation (4.48) becomes;
0=uP;— AP,
Substituting (4.52) in equation (4.53), we get;
ﬂ,3
0= [.LP3 — EPQ

3
<~ FPQ = [lP3

(4.51)

(4.52)

(4.53)
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Thus,

14

Py = FPW
15

P5 EP()a
A

P, = ()P
(“)o

When applying the normalizing conditions, we have;

§
Y P=1
n=0
§ 2 ;
PO(Z{)(E) ) =1
P14 G+ G2+ (P + () ) =1

Note that;

=l x 2+
1—x
1
P0<1 l) =1

o

A
Ph=1-=.

u

(4.54)

(4.55)
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Therefore,

We find by Mathematical induction that;

P,,:(%)n@—%). for n=0,1,2,3,...§—1. (4.56)

When n=0,1,2,3,4, . . . ,§ we have that;

(1=2) &)
p = M H . A+ .
n . & 1 1)
1 (”)§+
and (4.57)
1
b= A=k

Therefore, the limiting distribution is Uniform distribution when % =1 and truncated
Geometric distribution when % £ 1.

Using Proposition (2.1)
We have that;

P — Mlllzlg...ln_lp
HiH2U3... Hn
But, p=Ai=Ah=M3=..=A4,_1=A4,

and

=4, Ho=H, UWB=H, ..., U

I
=
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T
P = (%)npo
But, from (4.55) above;
n=(1-7)

.'.Pn:<&>n<1—&>, for n=0,1,2,3,...§—1.

u

Which is a Geometric distribution with parameter %

Using Proposition (2.2)

P _

P11 __A% 1, un7é0
n—1 Hn

But, ﬂn,1==l,

and
Hn = H.

P A

]%—1 “.

:i-quZZZAI%_l

Multiplying (4.58) by s" and sum the results over n we obtain;

i UP,s" = i AP, 15"

n=0 n=0

U Z P,s" = As Z P, st
n=0 n=0

(1= 2¥() =

(4.58)
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Which is a Geometric distribution with parameter %

) A1—4
_ M u
II/(S)—(I_%S)2
o 2ER(1-1
v (s) = (1_%s)3
E(X)=v (1)
-3
(1-4)
A
EX)=—% .
®=0l5
Var(x) =y (1)+y (1) = [y (]’
20700 -9 50-0,
- A\3 + A 2_[ 2 2]
(1=%) (1-2)2 “(1—2%s)
I S S ¢
(1=22 (1-2) (1-%s)?
_Gr i
(=52 (-3)
, CAr+ia-4
s Var(X) = (1_%)2
A
s Var(X) = —*~
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From Kummer’s confluent hypergeometric series, we have that;

A2 n
) =1 G e T
¥ W+ 1) +2)(ttn—1) (5"
=1t +1)(+2)..(1+n—1) n!
¥ (t+n—1)(1+n—2)..1+2) 1+ 1 D(p) T) (§)
S +n—1)1+n-2)...0+2)0+11T0) T(1) n!
= T(14n)T(1) (2)"
=L Fon i)

P, = Prob.(N =n)

In hypergeometric terms, its pgf. is given as;

(o)

0(z) =) P

n=0
r(t+n)00) B2 1
Ii+n) () n! .1F1(l;l;%)
1F1(l;l;%z)

o 1F1(l;l;ﬁ)'

, /11F1(l+1;l+1;%z)

@ M 1F1(l;l;%)
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Therefore,

. LA

¢ <Z):(ﬁ) 1F1(l;l;ﬁ)
. A
Let, Ax= IFI(HK,IJ;K,”); K=1,2.
1F1(l§l§ﬁ)
L E(x) :%Al-
Var(X) =9 (1)+¢ (1) —[¢'(1)]?
= (%)zAer%Al —(%)2/\%

4.7 M|M|c|c Queueing Process

Suppose we consider a c-server model with Poisson input and exponential service time
such that when all the c-channels are busy, a customer leaves the system without waiting
for service.

In this case:

A=A; for n=0,1,2,3,....c—1
and

U, =nu; for n=0,1,2,3,....c—1

U, =cu; for n>c.

The basic difference differential equations for the steady state are:

0= ,LLPl — 7LP0 (4.59)
0=(n+1)uP1+AP,—1 —(A+nu)P,;; for n=0,1,2,....c—1 (4.60)
0=cuPyi1+AP—1 —(A+cu)P;; for n=c+1,c+2,... (4.61)

Hence,
Proposition 4.6
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(2 s
P, = ek, for n=0,1,2,...,c—1.
n!
G s A
Po=—t ¢k, for n>c (=<e)
cle—¢ i}

Proof
Solving steady state equations iteratively, we have;
Equation (4.59) can be expressed as;

AP() = ‘uPI
= —F =P
(%)
P = %PO. (4.62)
When n=1;
Equation (4.60) becomes;
0=2uP,+APy— (A+u)P (4.63)

Substituting (4.62) in equation (4.63), we get;

A
0=2upP, +APR — (). +'U)EPO

2
0=2UP,+APy—APy— %Pg

212
0=2uP, — —~P
2 m 0

= —PF= 2[1P2
u

ooP = 'u—P(). (4.64)
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When n=1;
Equation (4.60) becomes;

0=3uPs+ AP — (A +2u)P, (4.65)

Substituting (4.62) and (4.64) in equation (4.65), we get;

A2 A?
0=3uP;+—Py— (A+2u)=—P
A2 A2 A3
0=3uP;+=—Py——Py— R
N3+“ 0 m 0 2'1“20
3
0=3upP;— P,
HE3 2112 0
3
Py=3uP
<~ 2.1#2 0 3[.L 3
3
— = Ppy=3P
= 30 =3b
(3
P3:TP()
Thus,
(&)
P4=—Z, Fo,
3
Ps =P,
An
(2)
P, = |P0, for n=0,1,2,3,...,c— 1. (4.66)
n!

Suppose that c — 1 — oo.
Then,



n=0
oo (&)n
PO{Z “‘ }:1
=0 n!
R) (A2 AP (A
Po{1+ P +..}:1
Po{e%}zl
2
Py=¢e *~.

From (4.66) and (4.67) above, we have that;

A
e . for n=0,1,2,3,...,c—1.

Which is a truncated Poisson distribution with parameter %
Using Proposition (2.1)
We have that;
p_ ﬂolllzlamﬂm—lpo
M1tz 13- Un
But, p=Ai=h=MA3=..=4,_1=A4,
and
Hi=HW, Hp=24, H3=3W, ..,
s AAAALA
ETL YT YT T
An
_Gr,
n!
But, from (4.67) above;
A
&) .
oP= B2 eh,

=

Wy = npl.

(4.67)
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Which is a Poisson distribution with parameter
Using Proposition (2.2)

=[>

I% ::A%fl, n7é0
[%71 Hn
But, ﬂ«nflz)u,
and
Hp =np.
P A
BT m
P A
P nu
= nuP, = AP, (4.68)

Multiplying (4.68) by s" and sum the results over n we obtain;

o>}

Z nuP,s" = i AP, 5"

n=0 n=0
s Z nP,s" ' = As Z P, s !
n=0 n=0
dy(s)
SH=q;~ = SAV(s)
dy(s) _ A,
y(s) u

Integrating both sides, we have;
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Putting s=1;

y(l)=1= cle%
= C] :e_%.
_A A
LY(s)=e ner’
=0

Which is the pgf. for a Poisson distribution with parameter %

"(5) = &e_%(l_s)

v (s) i

"oy Ry,

v (s) (“)

E(X)=vy (1)
A

E(X)—H.

Var(x) =y (1)+y (1) = [y (1)]?
_rpe A Ap
_(u)+u [u]

g1t p(g+1) 2! (1+n—1) n!
_y e D42).. (b= 1) (%)
S )42 rn—1) nl
Ly D=2+ D) I )"
“(+n—1)(+n—2)...(5+2)(5+1)sT() T()  n!
e Tm ) G
" LG
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Normalizing, we have;

_afEemrl) 1 Q)
' L TG TG R k) o
Therefore,
P, = Prob.(N =n)
_T@Emr 1 Q)"
C+mT0) 1A a) o

In hypergeometric terms, its pgf. is given as;

0(2) = ZOPnZn

CT+n) D) G" 1
L(g+n)T() n! '1F1(H;h;%)

B 1F1(h;h;%z)

N F(54)

A 1F1(ﬂ+1;h+12%2)

¢(2)

¢ () u 1F1(h;h;%)
v &ZlFl(H+2;H+2;%Z)
$ &)= 1R (55 4)
. A
Let, Aklel(h—'—K’h_:K’ﬂ). K=1,2.
1P (0 4)
E(x) = %Al.
Var(X) =¢"(1)+¢ (1) [¢'(1)]?
A A A
= (ﬁ)zl\z-l-ﬁ/h —(E)ZA%

- Var(X) = ﬁm T <%>2<A2 A,

Next,
When n=1;
Equation (4.61) becomes;
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O0=cuP,+APy— (A +cu)P (4.69)
Substituting (4.62) in equation (4.69), we get;

A
O=cub; + AP — (l + CM)HPO

;Lz
0=cub,+ APy —cAPy— ;P()

22
0= C‘UPQ—).(C— l)PQ—IPO

2
= %Po—i—l(c— I)Po =cubP,

N l(’X—ZJF&(c— 1)>P0 — P,

c\p? u
1/A%2 A
P2:E<P+E(C—1)>PO (4.70)
When n=1;
Equation (4.61) becomes;
O0=cuPs+AP— (A +cu)P; (4.71)

Substituting (4.61) and (4.70) in equation (4.71), we get;

A2 1/A%2 A
0=cups+ EPO_ (/1+C.U)E(E+H(C— 1))1’0
13 212 2’2 12
0= _C,LL_ZPO_ a(c— I)Po— IP()—)V(C— 1)P0+HP0+C[JP3
A3 A2

0= —C‘u—ZP()—a(C— I)Po—ﬂ,(c— 1)P0+C[.LP3
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Therefore,
1 13 Az
b = ;(E‘I‘F(C—l)-i-lc(c—l))ﬂ)
1 ;LS /12 1
:>P3:?<E+E(C_l)+ﬁc(c—1)>Po
~~P3:C—2<E+E(6—l)+ﬁc(c—l)>Po,
Therefore,
1,24 A3 2
Py B<E+E(C 1)+—zc(c—1)+—c(c—1)(c_2)>p0’

Supposed that % <c,

Then,
Y h=1
=P +P+P+P+..+P =1
AL (A2 (A3 (A4
1 0{1+(H) +(‘u) +(u) (u) }:1
¢ 1! 21 31 41 ..

A

A A
Soh= e #. for n>c (ﬁ<c)
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4.8

Note that;

( )l‘l

]

=|>

S

P, = , for n=0,1,2,....c.
(38

Y=o §T

=

Which is the Erlang’s distribution/formula.

Suppose that the unit that arrived in the system is lost because upon arrival, it found that
all the channels in the system are busy.

Then, the probability of this event will be given by;

—
= >
—

rY

~
I

— o (4.72)
Ys=0"§

—
=|>

won

Equation (4.72) is called Erlang’s loss function and can be denoted by L(c, %)

M|M|c||m (m > c) Queueing Process

Suppose the source of arrivals is from a finite population of size . Let the unit or a
customer be either in a system or outside the system. Let also the system be consits of
parallel servers, say ¢ were ¢ < . In this case, any unit arriving in the system will start
receiving a service from any of the parallel servers if there is any that is free and if there
is none a vailable, it will join the queue.

The distribution of the service time of ¢ servers is exponentially distibuted and indepen-
dently identically distributed with parameter (t. When n servers are busy, the total service
rate is given as nl, for n < ¢ and cu, for n > c. If at any given time there are n in the
queue either being served or n —¢(> 0) in the system while ¢ are being served, then there
will be & —n outside from where arrivals to the system occur, hence the average rate be-
comes A (& —n); the inter-arrival time distribution is exponential and is also independent
identically distributed with parameter A.

In this case;
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Ai=(E—nmA, n=0,1,2,3,....E—1
and

W, =nu, n=1273..,c—1

W, =cl, n=>c.

The basic difference differential equations for the steady state are given by:

0=uP, —AE,R,
0= (0 DiPyes +AE — (= DIB s — (G~ mA +nulF,
0= cttPus + AE — (n— DJPs 1~ [(E ) +culP,

Hence,
Proposition 4.7

Proof
Solving the steady state equations iteratively, we have;
Equation (4.73) can be expressed as;

upP =AER
A
~p=£2p
| ﬁu 0
A
SPP=¢—P,.
| 5# 0

When n=1;
Equation (4.74) becomes;

0=—[(E—DA+ulPL+AEP +2uP,

(4.73)
(4.74)

(4.75)

(4.76)

(4.77)

(4.78)
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Substituting (4.77) in equation (4.78), we get;

0=—[(5—1)l+u]€%Po+/1€Po+2uPz

A2
0=-¢& Po—}—é PQ-&AP()—{-&AP()—FZUPQ

)LZ )LZ
= —62 P+ &E— P0+2;LP2
12 7(,2
= 2up, = éngo—é Py

7LZ
= 2upP, = 5;(5 - DR

)LZ
=528 DA, (4.79)

When n=2;
Equation (4.74) becomes;

=—[(E—=2)A +2u|P, +A(§ — 1)P1 +3uP; (4.80)

Substituting (4.77) and (4.79) in equation (4.80), we get;

A2 A
(e 2)7L+2M]2, 566 —DR+A(S— )5EPO+3“P3

ST Moo i Ao A
238~ DR 8 (E ~ DR -8 - DR+ S-8(E - DR+ 3un
3 3
—;—uziz(i—1)Po+%5(§—1)P0+3NP3
PE E
<:>3HP3=2—HZ§ (5—1)1’0—?5(5—1)1’0
3

= 3P = %a@ “DE-2R

P= e s8E-DE-DA
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Hence,
4
Py = 4);75@ CD(E-2)(E )R,
5
ps = 5?75@ CD)(E-2)(E -3 (E -4,
Py o EE = D(E 20—,
Note that,
4
Y P=1
n=0
But,
P = <%)1 i R,
P, = (%)2 i R,
Py = (%)3 i R
Py = (%)4 i P
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;&pﬁ(_)l(j)po+(&)2(i)Pﬁ(gy(j)po+...+(g>"(i)po1
w8 )+ (5) @ (8) e ()1
1+
po—(1—%)" for n=0,1,2,....&

Hence, the limiting distribution is the Binomial Distribution with parameter ﬁ and &.

g A o\n A \&-n
Pn( )<m> (1—m) L on=1,2,3,.,E 1.

n

A
Letting —— =p, we have;
A+u

P = ( . ) (p)n(l—p)én, n=1,23,.,E—1.

Using Proposition 2.1
We have;

P = 20111213.../1,1_1130
Ui 13- Un

But, do=EA, LM =E—-DA, L=(E-2)A, A3=(E-3)A, .=k 1=(E—-(n—1))A7.

and

Hi=H, Hp=20, p3=3U, .., U,=nl.
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EAE—DAE —2)A(E =3)A..(E—(n—1))A
u22u3p..nu

_ MDA —2)AE =) (5 —(n—1))A

nlu"

.'.Pn:

Py

n—1
SN y ()

nlu" i

:@<

I
Sl
VN N N U
Tl E|l>E|>E|>E|>TE>
e N~ ~— ~—
S

I
=

I
=
/N R

N————

N
p—J
—
| v
~—

IR IES
N———
S
= =
I~

[E—
|
>
+\>>
=
SN— e
e ~—
:
R
S [Ta
N——
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But,

Y P=1

n=0

ie.,
= [ & A \&n
P l—— =1
O,;z)<n)< 7L+u)

oo _5 o E-n
PO,;) . ) (ﬁ) =1
0(%—/1/4)”:1
ES)

Which is a Binomial Distribution with parameters & and p.

Let E =& and /LTu=p;

Thus, the Binomial distribution becomes;

Then;
Gauss hypergeometric series given by;

(py n=01,2,..E—1.
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§E+DIA+D (P (E+n-1)(A+n-1)(p)"

11! 13+1) 20 7 (J+n-1)
_ i EE+1)..(E+n—1)IT+1)I+2)...A+n—1) (p)"
= JT+1)(3+2)...d+n-1) n!
_ i (E+n—1)..(E+1)EQ+n—1)..3+2)A+1)I(p)"
= A+n—1)..3+2)3+1)] n!
_ i L(E+mI@+n) TQA) (p)
& T@+n TErQ@

Normalizing, we get;

1= i [(+n)lQ+n) T 1 (p)"
~ T(Q+n) T3 /(E,3Lp) n!

Hence,
P, = Prob.(N =n)
T +nmr@+n) T 1 (p)"
 T(A+n) TETA) 2F(E,1Lp) n!
The pgf. in hypergeometric terms is given by;

¢(z) = Z P
n=0

e I +n)Id+n) TA) (p2)" 1
¢(Z)_,§5 L@+n)  TETA) n! 2F(E,33p)
. _ 2F1(8,3:35p2)

SO RE T
oy e 2F(EH+ 1,1+ 10+ 15p2)
(P(Z)_ép 2Fl(§7j;3;p)
22F1(E+2,3+2;1+2;pz)

") = E(E + 1)) e

Let _ 2R+ I+ I+ K5p).
CE 2F1(€,3:1:p)

K=1,2.

E(X)=¢(1)
E(X) = 5[)/\1

"

Var(X)=¢ (1) +¢ (1) —[¢ (1))
= E(E+1)p?Aa+EpAs — [EpAL)?
S Var(X) = EpA;+Ep*{(E +1)A — EAT).

n!
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Using Proposition 2.2

We have;
Pn An—l
= ) n 0
Pn—l Hn H 7&
But, A,—1=(&—(n—1))A,
and
Uy, = npl.
P (E—(1—1)A
Pnfl nu
=nuP,=(&—(n—1))AP,—; (4.81)

Using the probability generating function technique, we multiply (4.81) by s and sum the
results over n to obtain;

u Z nP,s" = A Z (E—(n—1))B,_15"
n=0 n=0

s Z nP,s" 1 = \E i P,_1s"—A i (n—1))P,_1s"
n=0 n=0 n=0

s Z nP,s" 1 = AEs Z P, 15" — As? Z (n— 1))Pn,1s”_2
n=0 n=0 n=0

‘LlSdll/(S) — AéSl[/(S) . )LSZdlI/(S)

ds ds
(w49~ azy (s
dy(s)  A¢

w(s)  (u+As)

Taking the integral, we have;

ayls) [ A&
I ol Ak
Iny(s) =& n(;"

W) =e <7Lsiu)é

)+1Inc
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Putting s=1;

2oy e
v(s)=¢ :
7L+/,L> ( ﬁ))
A2 (e
s) = —1 .
V6 =5E-1(57) <</+u>>
EX) =y (1)
A
=)
EX)=¢p
Var(X) =y (1) +y' (1) = [/ (1)
e o A2 () e Aoy (e o Ay (e,
56 )<7L+u> ((ﬁ)) +§<A+u>((/llTu>> [é(l—i-u) ((ﬁ)) )
A A
=& () - 70)
Var(X) =&p(1-p).
Next,
When n=1;
Equation (4.75) becomes;
0= [(é — DA +culp +AEPy+cuPs (4.82)
We note that,
pePyr = (8§ —n)Ap, (n>c)
coP = é—APo. (4.83)

cu
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Substituting (4.83) in equation (4.82), we get;

0=[(E-1)A +cu]§—)“Po +AEPy+cuPs

212 7L2
0:_{§C‘LL P()—g—‘upo—l—lépo}—{—lgf’()—i—c,upz
212 )LZ
0::-—6 }h%—§——fb——l§fb%—l§fb—kcufﬁ
cu cl
gZAZ 512
= — Py+—PF, P
0 o 0+ ol 0 +cub>

12
by = i—u(é - DR

1 A2
=h=5{ 25(5 — 1D}
1 12
=3t 25(5 -}tk (4.84)
When n=2;
Equation (4.75) becomes;
—[(E=2)A+culP+A(E —1)P,+cuPs (4.85)

Substituting (4.83) and (4.84) in equation (4.85), we get;

2
(€ -2+ EE— DIA+AE ) EER e,
3 3 2 2
- DR 5 5EE - DA DR DR
3
o=—§%2@ n%+?ga5 1P+ Py

1 A3
< cubP; = 21 2(5—1>P0—W§(5—1)P0

13
= cuPs = —2{5(6 —1(E-2)}R

3
;{15@ D(E -2},
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Hence,
1 At
Py = Cj{mé(g - 1)(E-2)(E-3)}th,
1 A°
Ps = C—S{Eﬁ(é —1(E-2)(E-3)(§ —4)}h,
I A" El
" c”_c{mc!(é —n)!}PO‘
But,
S
Y Pi=1
n=0
Which will give,
c—1 g ANE g fg’y 1 Ayny —1
(B[ )0 L))
Remark 4.3
The distribution of T servers that are busy in the queueing system will be given by;
Pr=Prob (t=number of busy servers), 7=0,1,2,3,... c.

e (5)6m
neRG)T
e () e

Which is called Engset Distribution.
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4.9

M|M|c||m (m < c) Queueing Process

Let the number of busy servers be n. When n servers are busy, the total rate is ny. This
means that there are (Y — j) outside the system where the arrivals occurs with an average
rate of arrival being A (y— j); the distribution of inter-arrival time is exponential and is
also independent and identically distributed with parameter A.

In this case, we have;

Ai=A(y—j), for 0<k<y
and

wi=ju, for j=0,1,2,3,..,7.
The basic difference differential equations for the steady state are given by:

0=—AyPy+uPb (4.86)
0=—[(y=J)A+julPi+Aly—(—DIPi1+ (F+1)uPin (4.87)

Hence,
Proposition 4.8

p=|7 ( A )"(1-%)H, n=0,1,2,3,....7. (4.88)

Proof
Solving the steady state equations iteratively, we have;
Equation (4.86) can be expressed as;

uP = AyR

= P }/)LP
1=7Y—10o
u

P = }/&Po. (4.89)
u
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When j=1;
Equation (4.87) becomes;

0=—[(y— DA+ ulP+AyPy+2upP,
Substituting (4.89) in equation (4.90), we get;

A
0=—[(y—=14 +H]YEP0+M’P0 +2uP,

A2 A2
0= _YZFPO + '}’EPO —YAPRy + YAR + 2P

A2 A2
A2 A2
<= 2uP, =y"—Py— v—P,
wr 7’2“ 0 YN 0

2

A
= 2upP, = YF(Y— )Py

2
P = WY(Y— P

When j=2;
Equation (4.87) becomes;

0=—[(y=2)A+2ulP+A(y—1)P1 +3uP;

Substituting (4.89) and (4.91) in equation (4.92), we get;

22 A
0=—[(y—-2)A +2H]2,—‘uﬂ(7’— Py +A(y— I)YEPO +3uPs

13 3 2 2
O:

A3 A3
0= —2—u27'2(7— DR+ a0y =R+ 3Py

A A A
a2 (y—1)Py+ Em— 1)Py — F}’(Y— 1)Py+ F}’(}’— 1)Py+3uP;

(4.90)

(4.91)

(4.92)
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3

A A3
< 3uP; = Z—‘Lﬂyz(y— )Py — E}/(y— 1)Py

/13
=3uPs=—=y(y-1)(r-2)Rk

2u?
7L3
Py = ruﬂ(?’— 1)(y—2)P.
Hence,
14
Py = WY(Y— D(y=2)(y=3)h,
5
Ps = W?’(Y— D(y=2)(y—3)(y—4)P,
n= n|‘un)/(}/— 1)(’}/—2)...(’}/—1’1)})0.
But,
Y
Y p=1
n=0
Thus,
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Therefore,

P, = ( y) (ﬁ)"@—ﬁ)” n=0,1,2,3,...7.
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A
Letting —— =p, we have;
A+u

P = ( y) (p)"(l—p)y_", n=0,1,2,3,..7.

n

Using Proposition 2.1
We have;

P MM A3 Ay Ay
MM 13- Hn

But, Ag=7A, Ai=(y—DA, Ab=7—2A4, A=(F-3)A, .=
and
Hi=H, H2=20, H3=3U, .., Uy=nl.
p A= DAF=2A =3 (y— (= D)A ,
o U2u3p...nu 0
_ YA(y—DA(y—=2)A(y—3)A..(y— (n— 1))7LP0
nlun
n—1
- -
np. n—1
~ o L)
= () {023 r- - 1)}
=B {0 - D)7 - D)r-2) - 11}
WIEAY ()
=1 () {(y—(n—1>><y—<n—2>>.'.<y—2><7—1>ym}
B dy C(y—1)
= () {o=e=0o-e-2)- - 20-D=F )
=B Y {0 - 1)) - -2 (r- 202}
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Therefore,

)
|
s>
—~

Tl>oTE|>
~— —
S S
Jau i
=
S

But,

= >
N——
‘_
—
—~
N
—
S
|
p—
SN—
N—
=
—~
N
—
S
|
p—
SN—
N—r
——
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Which is a Binomial Distribution with parameters y and p.
Where, y =y and AATMZP;

Thus, the Binomial distribution becomes;

Y y=n, \n
Pn(n)<lp) <p> n=012,...7.

Then;
Using the Gauss hypergeometric series we have;

: (y+ i +1) (p)? (Y+n-1)(+n—1) (p)"
2F1(%l;l;P):1+¥%+Y?’l(l—il—ll) g! Tt ! (l-i—nl—l) I:l!
B i Y(y+1)...(v+n—Dt(t+1)(1+2)...0+n—-1) (p)"
&= 1+ +2)...(1+n—1) n!
_ i (y+n—1)...(y+1)y(t+n—1)...0+2)1+1)1 (p)"
o (t+n—1)...(1+2)(1+ 1)1 n!

:if(?”rn)l“(ﬂrn) I'(t) (p)"
o [(1+n) T(y)C(t) n!

Normalizing, we get;

1= i C(y+n)(t+n) T(1) | (o)’
=  T(+n) T(MLQ) 2F(r.1p) nl
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Hence,
P, = Prob.(N = n)
_Dr+n)la+n) TQ) 1 (p)"
F+n)  TEQ) 2R (r11p) n!
The probability generating function in hypergeometric terms is given by;
9(z) =} "
n=0
o D(y+n)I(t+n) TQ) (p2)" 1
(P(Z) = Z : [ 1.
n=0 F(l+n) F(Y)F(l) n. 2F1('}/,l,l,p)
2F1(1,1:1,02)
SO0R) = -
. 2F1(7,131p)
/ F; 1, I,J 1;
0'(z) = 2R (y+ 1,14+ 114+ 15p2)

2F1(7,1515p)

" Fi(y+2,1+2;142;p2)
_ 1 22

P (Y +K 1+ KL+ KP),

Let, Ag— L k=1,2.
© : 2Fi(7,1515p)

EX)=¢ (1)

SLE(X) =7ypA.

Var(X)=¢ (1) +¢ (1) —[¢ (1))
= Y(y+1)p*As+ Yo A1 — [ypA1)
. Var(X) = ypAr+yp*{(y+ 1)As — yAT}.

Using Proposition 2.2

We have;
Pn }Ln—l
= s n70
Pi—1 Un K 7£
But, A1 =(y—(n—1))A,
and
Wy = niL.
P _ (r=(n—1)
P ny

=nuP,=(y—(n—1))AP,_ (4.93)
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Using the probability generating function technique, we multiply (4.93) by s and sum the

results over n to obtain;

,LLZnPs —)LZ

s Z nP,s" !
n=0

—(n—=1))P,_1s"

l}/ZPn 18 —),Z (n—1))P—1s"

,usz:nPnhs‘"*1 :l}/sZPn_ls PLSZZ (n—1))P_15"
n=0 n=0
dy(s) ~, 2dy(s)
Hs—q = Aysy(s) — As P
dy(s
(1 +2s) ‘gﬁ )=o)
dy(s) _  Av
v(s)  (H+As)
Integral both sides, we have;
dy(s) _ / Ay
v(s) (1 +7LS)
A
Iny(s) = yln(ls+u) +Inc

Sy(s)

:C1<7Ls)—L|—/J>Y
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Putting s=1;

A+p
Ay,
v (s) =1y 1)(11“)2-<((g)))y 2
EX)=v (1)
A
-1(55)
E(X)







5.1

5.2

KATZ FAMILY OF RECURSIVE MODELS IN BIRTH
AND DEATH PROCESSES AT EQUILIBRIUM

Introduction

Suppose P,, the distribution of population size n is proportional to A, /(M,n!), where
Ay = WA Ay Ay and My, = uypo ...y Ay (W) is the birth (death) rateb when the
population size is n.

In this case, the Pearson’s differential equation given by;

= (5.1)

where P(.) is the probability mass function; P(n) and Q(n) are polynomials.
(5.1) above will be used to determine some special cases and properties of some recursive

models.

Katz (1965) Recursive Model

Katz considered the relationship;

P o
il _GHPn o oo (5.2)
P, 1+n
where, ZPnzl
n=0
o+ fn
=P, =P
n+1 n n+1
S Pi(n+1)=PB,(a+Pn) (53)
Proposition 5.1
P (07
il CFPr 010

P, 14+n°
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Proof

Solving equation (5.3) iteratively, we have;
When n=0;

Equation (5.3) becomes;

PL=aPR
.'.Pl = OCP().

When n=1;
Equation (5.3) becomes;

2P = (o +B)P

Substituting (5.4) in equation (5.5), we have;

2P, = ((X+ﬁ)(XPO

o(a+p)
p=""Pp
= £2 12 0
[04AN04
.'.Pzz%lgo-

When n=2;
Equation (5.3) becomes;

3Py = (a+2B)P

Substituting (5.6) in equation (5.7), we have;

3P = (a+2ﬁ)—o‘(°1‘§ﬁ)po
- sespieciy
(ot B) (et 2)
A 0

3!

(5.4)

(5.5)

(5.6)

(5.7)
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By Mathematical induction;

p_ @@t B)at2p)(@t3p),
4! ’
ps = oc(oc+[3)(oc+2[3)(oc+3ﬁ)(a+4B)PO
5! ’
p_ a(a+ﬁ)(0¢+2ﬁ)(a+3ﬁ)---(a+(n—Z)ﬁ)((H(n—1)B)PO 55
" n! ’ '
But,
n=0
:>P0+P1+P2+P3+...+Pn+...:1
Py+ 0Py + a(a;ﬁ) +a(a+ﬁ3)!(a+2ﬁ)Po+...:1
R{1+ 1+ a(a;ﬁ) + a(a+ﬁ3>!(a+2ﬁ) =1
1
SRy = {1+1‘+ (a+ﬁ) (a+ﬁ§'(a+2[3) }
. o+ (@ +28)(@+30)a+ (- 2B+ (1 1)) !

n! (g ) | elepep) | 1

From (5.8), we have that;

oo+ B)(o+2B) (o +3B)...(+ (n— 1)ﬁ)(a+B)P

0-

Pn—H:

(n+1)!
Py o(a+B)(a+2B)(a+3B)...(a+(n—1)B)(a+pB) n!
P n!(1+4n) “o(a+B)(o+2B8)(a+3B)...(a+ (n—1)B)
. Poy1 _ I’lB-i—OC

BT 1+n; as required.
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5.2.1 Special Cases and Properties

(i) When o # 0 and B = 0 Then equation (5.3) becomes;

(1+n)Py1=ab,, n=0,1,2,...

When n=0;
Equation (5.9) become;

P =aP
CLP=ab.
When n=1;
Equation (5.9) become;
2P, = aP
O£2
=P, =—PR
120
2
(04
P, = Srho
When n=2;
Equation (5.9) become;
3P =ob;
063
=P3=——F
T 1237
3
o
Py = ﬁPo

Thus,
When n=7 — 1;
Equation (5.9) become;

(5.9)
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cPr=—P, for 1=0,1,2,..

Therefore (5.10) becomes;

=] =] T
Z&:%+Zjﬁ
=0 T=
But,
Y P=1
7=0
Hence,
1=Y —n
7=0 7!
1 = P() —'
=0 T!
1 = Pye®
P() = e_a

Which is the pgf. for a Poisson Distribution with parameter o.

Its pgf. in hypergeometric terms is given by;

(5.10)

(5.11)

(5.12)
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1Fi(1;10z)
=" 5.13
/ 1
:— (L 1o
1
:—.—.Fl L;1+1;
R 1 AR Lag)
. OCIF1(2;2;(XZ)
1 FR(LLa)
" 1 (X d
= F1(2;2;x
¢ () AL 1 & uhl 2)}
1 a 2a
= FI2+ 1241«
F(LLa) 1 2! 12+ 12+ Laz)
. 2062 1F1(3;3;OCZ)
12 A(LLa)
F; ;1 ;
Let, A = HIEEITIRO)
1F1(1;1;00)
EX)=9¢(1)
LEX) = %Al. (5.14)
Var(X) = ¢ (1)+¢ (1)—[¢ ()]
202 a
— A %A TA 2
15 2+1 1 — [ A
.'.Var(X):TA1+—{ A2——A%} (5.15)
When multiplying equation (5.9) by s and sum the results over n, we obtain;
Y (1+n)Pi1s" =) abs” (5.16)
n=0 n=0
Define;
= ZPnsn7
n=0
= ZnP,,s”_l,
n=0
Z (n+1)P,

n=0
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Therefore, equation (5.16) becomes;

n=0
v (s) = ay(s)
= dlg—is) =ay(s)
dy(s) _
<= / () = /Ocds

Iny(s) =as+c

Y(s) =e%.e”
Putting s=1;

y(l)=1=e%e%

=el=c=e %

Hence,

y(s)=e*.e @
() =e
Y (s) = e 1)
W' (s) = a2~ (19
Putting s=1, we have;
¥i(s) =«
Y (s) = o
EX) =y (1)
LEX)=a.
Var(X) = l[/”(l) + W/(l) — [y (1)]2
—o’+a—o?
S Var(X) =o.
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Using Feller’s method, we sum equation (5.9) over n to obtain;

Y Pi(n+1)=) Pa (5.17)
n=0 n=0

Define;

Mi=Y nP,=Y Pi(1+n)
n=0 n=0

Thus, equation (5.17) becomes;

M =ua.l
E(X)=M,
EX)=«a

Next, multiply equation (5.9) by n and after summing the results over n, we obtain;

(o)

Y n(1+n)Py = aZnP (5.18)
n=0
Define;
My=Y n’B, =Y (14+n)Puy
n=0 n=0

Thus, equation (5.18) becomes;

Z (1=14n)(14n)Puys = aM,

)

Y (14+n)?Pi— Y (1+n)Pyy = aM,
n=0 n=0

My, — M| = aM,
= M, = oM + M,
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But,

M=o
Hence, M, = o+ o
Thus, Var(X) =M, — [M]?

—o’to—a’
s Var(X) = a.
(ii) When ax #0and 3 #0
Then, equation (5.3) becomes;
Pii(1+n)=P,nB+0a), n=0,1,2,3,.. (5.19)

Solving equation (5.19) iteratively, we have;
When n=0;
Equation (5.19) becomes;

P =akF
,',Pl = OCP().
When n=1;
Equation (5.19) becomes;
2P, = (B +A)P1
o+p «a
P = —P
2 2 1 0
oo+
B,

When n=2;
Equation (5.19) becomes;
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3Py = (a+2B)P

o528,
Lpy- (@20 alarD),
When n=3;
Equation (5.19) becomes;
4Py = (OC—l—?)ﬁ)Pg
P (054;13[3)1,3
P (aZSﬁ).a(a—%f)z(;HrZB)Po
py= St (a3
Therefore,
When n=7 — 1;
Equation (5.19) becomes;
TP = {OC—|— (’L’— 1)[3}PT_1
g laEE B,
o+ (t—1)B\/a+(t—2)B a+3B\/a+2B\/a+pB\/a
r= () () () ) (5 (e
Pe=a(o+ B) (o +2B)(a+3B)(ct+4B)...(a+ (t—2)B) (ot + (7 — 1)/3)%
_gr¥ @ d i o %o b
P.=p /3(ﬁ %—1)(ﬁ %—2)(B +—3)“.(B +7 2)(5 +7 I)T! (5.20)
BT (E+1t—1)!

B
[
B
|
..pfﬁf< B )Po, £=0,1,23... G20
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Suppose (5.21) above is a probability mass function,

Then;
Y P=1
=0
=P+ ) P=1
=1
oo o
gtt—1
Thatis, P+ Y B°[ P Py=1
7=1 T

Thus, P0{1+iﬁr &1 }:1

=1 T
1
Hence, Py=
a
a+71—1
{1rzepe| P }
T
Br(g+T-1)!
a
a+7—1
S P=B"| B P, 1=0,1,2,3,...
T
a j—
ﬁf B+T 1
T
P = , 7=0,1,2,3,..
a
- a+17—1
Lot P
T
(5.22)
Case 1: Let £ = & be a positive integer
Then,
%+T—1 [ §+1-1
T T
T
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Therefore, from (5.22) we have;

A gl
d

T
P = ( pret )ﬁf(lﬁ)é

T

—1
.'.Pf—(§+r )Bf(lﬁ)é; 0<B<l; a>0, t=0,1,2,... (5.23)

T

Which is a Negative Binomial Distribution with parameters 7 and 1 — f3.
In hypergeometric terms, we note that;
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Therefore,

(B E= Y reE T2 Ere 3)....55

\\Mg

i EE+D)(E+T— 1O+ 1) 47— 1) B°

b+ 1) btT—1) 7
(I_B) s :2Fl(5ab’b’ﬁ)'

Its probability mass function is given by;

Pr(N=r1)= ( str-d )ﬁf(lﬁ)ﬁ; 1=0,1,2,...

T

Hence, the pgf for a Negative Binomial Distribution is given as;

_(1-Bz)*
Mg
_ ~ 2F(E,b:b; Bz)
9= &P
I 1
(z) = FiE i) &z {2F1(5 b;b:Bz)}
1 &b
m ﬁzFl(é—f-lb—f—lb—i—l[)’Z)
5bﬁ 2F(E+1,b+1:b+1;B2)
B 2F1(&,0; b B)
" o 1 éb
¢ (Z)—m /3 {2F1(§+1 b+ 10+ 1;82)}
1 &b (5+1)(b+1) Lo
2F](€ |7 |7 B) ﬁ (b—f—l) .ﬁ.2F1(€+2,b+2,b+2,ﬁZ)
:5(5+1)(|7+1)'Bz‘2F1(5+2ab+22|7+2;l32)

b(b+1) 2F1(8,0:05B)
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Fi(E+Kb+x0+K:B)

Let, A= o) L k=12,
E(X)=¢'(1)
E(X) = %BAL
and
Var(X) = ¢ (1)+¢'(1) = [¢' (1))
R INETNE Y.
s Var(X) = %BM + %Bz{—(é tbl*)‘(i; 1)/\2 - %A%}

(a) Note that, the pgf. for a Negative Binomial distribution can be given as;

T4+n—1
n

Thus,

v(s) = 2)( T+Z_1 )pfq”S”
r w T+n—1 "
=p ZO ) (gs)
S eI B ) (as)"
n=0 n
=p*(1—gs)"
Sy(s) = (1 qu)f. (5.24)
V()= (1 _’L'quz)fﬂ
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Putting s=1;

EX)=wy(1)
_ 1qp°
(1__q)T+1
EX) =4
=
N (R
y 1)_ (1_q)r+2
t(t+1)g°
Var(X) =y (1)+y (1) — [y (1)]?
t(t+1)g*  tg T4
=T 2 T, T2
_ 1q(q+p)
-
But, p+g=1
7q
s Var(X) = —.
(X) po

(b) Using Feller’s Method, we sum (5.19) over n to obtain;

[ [

Y (1+n)Pyi =Y (a+Bn)P,

n=0 n=0

Define;

(5.25)
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From (5.25), we have;

Mi=a) P,+BY np
n=0 n=0

M, = (X.l—}—Mlﬁ
=a=M.(1-)
E(X)=M,
E(X):%.

Next, we multiply (5.19) by n we get;

(o]

Zn(l—l—n)P,,+1 = Zn(a—l—ﬁn)Pn (5.26)
n=0 n=0

Define;

From (5.26), we have;

[e) )

Y (14n)?P = Y (1+n)Piy = Mjo+ M8

n=0 n=0
My — My = oMy + BM,
= (1 —B)Mz = (OC—|— 1)M1
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But,

—g ="
1
=Gy
Var(X) = My — [M;]?
_afa+l)  o?
(1-B)* (1-B)?
_otta—of
- (1-B)
(X2
s Var(X) = 1-p7

Case 2: Let £ = % be a Negative integer
Then,

When & > 0,

Equation (5.20) becomes;

T
=0
Yo _pv a6
:»1ZPTPOZ([3>( )
=0 =0 T

1=R{l+(-B)}*

T=1,2,3,..

(5.27)

(5.28)
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Substituting (5.28) in equation (5.27), we have;

(1-B)*

: ( B L 20,1,23,..,8 (5.29)
T

Which is a Binomial Distribution with parameters _Ta =£, %; where % is a negative
integerand B <0 = a >0.

Note that;

|
Hgf)B1+(§)ﬁ2+(§)ﬁs+...+(§),ﬁ

E(E—1)
ﬁﬁl+ 21 B+

2 3
L ([ LA GV 11 1 [(- G L

FC1SEE 1.2 <—é>%
(<) (—B)  (—E)(—E+1)12(—B)

T:

(1+pF=Y

7=0

a Uw

=1+

=1+ > S+
(=&)(=E+1)..(=E+E+1) (—B)
+ 237 123m§—ET_

= F (=&, 1;1;-).
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Its probability mass function is given by;

5 T E-1
_ ( i ) ((ﬁﬁ)) <(1il3)> . 1=0,1,2,3,.....

Which is a binomial distribution with parameters £ and %
The pgf. for a Binomial Distribution in hypergeometric terms is expressed as;

(14 Bz2)°

(1+B)"

) 2R (=151, —Bz)

@)= 2R (=& 11 -B)

9= 2F1<—§;11; 1;—ﬁ>diz{2Fl(‘5;1;1;‘ﬁZ)}
- 2Fl(_€;11;1;_[3)'€'B'2F1(_€+1;1+1;1+1;_ﬁZ)
_ gﬁzFl(—éJrl;z;z;_ﬁz)

2Fi(=&:1:1;,-B)

9" (z) = ZF](_€;11;h_ﬁ).&ﬁ-d%{zﬂ(—é +1;2;2;—B2)}
_ 1 (—E+1)2
_2F1(—§;1;1;—ﬁ)'§ﬁ' 2

—E(=S+1)B% 2R (=6 +2:3:3,—B2)

¢(z) =

2F (=€ +2;2+1;24+1;—B2)

2 2P (=& 1;1,-B)
2R (-4l l4-B)
Let, Ag= S E T ) L k=1,2.
E(X)=¢ (1)
LE(X) =EBA.

and
Var(X) =¢"(1)+¢' (1) —[¢'(1)]?

_E(_ 2
— e T, e [EBAT

S Var(X) =EBA + ﬁﬁz{(g_Tl)zAz —EAT}.
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5.2.2 Obtaining Means and Variance of Katz probability

Using the probability generating function technique, we multiply (5.19) by s and sum the
results over n to obtain;

[ [

Zb(l +n)Pyy1s" = Zb(oc + Bn)P,s" (5.30)
Define; y(s) = i P,s"
n=0
V()= X nfis
V0= X int DR

From (5.30), we have;

l/// (s)=a Z P.s"+ B Z npk,s"
n=0 n=0

n=0
¥ (s) = ay(s) + Bsy ()
= (1-Bs)y (s) = ay(s)
= (1B ) gy
/dw(s) _ a4
v(s) 1—Bs
Iny(s) = _iﬁmu ~Bs)+Inc

w(s)=ci(1—Bs)F (5.31)
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Putting s=1;

=1 = : a

(1-B)°F

e =(1-p)F
W(S) _ (11—_%S>_ﬁ
1 — a
yis) = (1—55)13'

Let £ = & be a positive integer,
Then,

Let l—B=pandp+g=1
Then,

wis) = ().

1—gs

Which is the pgf. for a Negative binomial distribution with parameters §é >0and p=1—f3.

From (5.32), the pgf. is given as;

v(s) = (ll:lfs)%‘

(5.32)
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therefore;
/ o
v (s) = l_ﬁslI/(S)
" d o
W' (s) = d_s(1——ﬁs"’(s)>
"oy OCIV/(S) aBy(s)
RN TR (R B
Putting s=1;
/ o
W(l):q‘l’(l)
But, w(l)=1
E(X) =y (1)
CEX) = -2
1-B
ey (1) | apy(l)
L R (e
_ot+toap
- (1-B)?
Var(X) =y (1) + v (1) — [y (1)
_a2+a[3+ o o
S (1-B)? 1-B  (1-B)?
o
s Var(X) = e

5.3 Extension of Recursive Model by Tripathi - Gurland (1977)

Gurland and Tripathi (1975) and Tripathi and Gurland (1977) Extended Katz Family of
distributions.

The relationship between the probabilities has the form:

P, Y+n

= (n+7)P1 = (Bn+ )P, (5.33)




162

Proposition 5.2

B o
ntl _ +Bn; n=0,1,2,3,...
Proof
Solving equation (5.33) iteratively, we have;
When n=0;
Equation (5.33) becomes;
YPI = ahR
(04
=P =—PF
Y
(04
SPh=—F (5.34)
Y

When n=1;
Equation (5.33) becomes;

(I1+y)Ph=(B+a)P

B+o
= p="""p
2 1+ 1
o
'.P2:ﬁ+ P
1+7vy

Substitution (5.34) in equation (5.35), we have;

B+oo
= —P,
) 477 0
o(a+p)
‘. :—P_ .
T oylyr1) (336)

When n=1;
Equation (5.33) becomes;
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(v+2)Ps = (a+2B)P, (5.37)

Substituting (5.36) in equation (5.37), we have;

a(a+p)

(r+ 28 = (@+28) 505 R
(a+2B)(a+ B

=)y "

g olatpat2p),

" yiy+1)(y+2)

By Mathematical Induction, we have;

_a(a+B)(a+2p)(o+3p)
Yy+D)(y+2)(y+3)
_ o+ B)(a+2B)(a+3B)(a+4B)

O [ Ty
_a(a+p)(a+2B)(a+3p)..(a+n— I)PO
! Y+ D)y +2)(r+3).(y+n—1) 7
(5.38)
But, iPnzl
n=0
=PRh+P+P+PA+..+P+...=1
a al(o+p) B
P0{1+y+ TS +...}_1
1
SR =
’ {1+%+°;((‘;‘jﬁ)+...}
~a(a+B)(a+2B)(a+3B)...(a+n—1) 1

Ay —

Y(y+ D) (y+2)(y+3)...(y+n—1) -{1 yay O;((%B))

+..}
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From (5.38), we have;

o(a+B)(a+2B)...(a+n—1)(a+np)

1)
o T ) (= D)
P _ a(o+B)(a+2p)...(a+n— 1)(a+nﬁ) Y(y+1)(y+2)...(y+n—1)
P, YT+ D712 (ytn—D(y+n) alatB)(eat2B)..(ctn—1)
,Pn+l_OC+nﬁ.

. = ; asrequired.
P, 7tn

Multiplying (5.33) by s” and sum the results over n, we have;

(o]

Z Y+n)P 15" = Z(Ot—i—[)’n)Pns"

n=0

Y Z Pyy1s"+ Z nP1s" = a Z P.s"+ B Z nP,s" (5.39)
n=0 n=0 n=0 n=0

Define; w(s) = Z P,s"

(o)

I/// (s) = Z nP,s" 1 = i (n+1)P,s"
n=0

n=0
From (5.39), we have;
YW (s)+ X (n+ 1= 1)Psrs” = ay(s) + Bsy (s)
n=0

(o)

() + Y 0+ DBuss"— ¥ Puis” = ay(s) + Bsy (s)
n=0 n=0

YW (s) + ¥ (s) — w(s) = ay(s)+ Bsy (s)
(1-Bs)y (s) = (+1—P)w(s)
(19 — (@1 py(s)

/dy/(s) _ [o+l ~ Yy,
w(s) I—Bs

Iny(s) /1 Bs S+/1 ﬁsds /1 ,Bs

Iny(s) = g In(1 —Bs) + _—ﬁn< ~Bs) g In(1—ps) +Ine
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Therefore,
Iny(s) = In(1 — Bs) P +1In(1 — Bs) P —In(1 — Bs) P +Inc
lnl//(s)zlncl.ln(l—ﬁs)*ﬁ.ln( —ﬁs)ﬁ. ! -
In(1—Bs) P
() = (1 - Bs) B (1= Bs) B —
(1-Bs)
Putting s=1;
(1) — 1 — e (LB (=)
(1—Ps)
BRIt DS
(1-B)5.(1-B)F
e = =BT U= T (o)
(I1-B)F(1-B)F(1-PB)F

Thus, from gauss hypergeometric series, we have;

&1 &2 1)1(141) g2 (%4+n—1)(1+n—1)gn
2F1<E Ly.B)=1 ﬁ7+%+ﬁ ﬁy(y+(1) % ot P (}/+1)1(—1) %
= F(F+1).(F+n—DI1+1)(1+2)..(14+n—1) gn
_,; Y+ D)y +2)-(y+n—1) n!
= (F+n—1)..(F+DF(1+n—1)..(1+2)(1+1)1 gn
_n;o (y+n—1)..(r+2)(y+ )y n!
= F(ﬁJrn)F(H—n) r'(y) B"
CET Totw T A

Normalizing, we get;

> +n)F(1+n) T
; Co+n)  T(ON) (G Lyp) ol

Y>0
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Hence,

B i F(% +n)['(1+n) I(y) 1 ﬁ
“L T e T A L) A

The pgf. is given as;

:iPnz"

_ o T +nl+n)  1(@y) (B2 !
¢(Z)—n;) C(ytn)  T(ODM) al 2R (5, 17:B)
2F1(5,1:7:B2)
2F1 (5. L7 B)

0(z) =

Which is the probability generating function of an extended hypergeometric function.

/ 1

‘P(Z):m {2 1(ﬁ»1;7;ﬁz)}
OB ; )
CoR(F LB B YT R(F+1 1+ Ly + 1:B2)

ol 2F1(%+1,2;7+1;ﬁ2)
T BY 2Fl(%71'7§ﬁ)
" 1
¢ (2)= mﬁyﬁ {ZFI(B +1,2;7+1;B2)}
1 a1, (F+1)2
:21?1(%,—1;}/;/3)[39/ vl ———B{z 1(B+1,2,)/—|—1,ﬁ2)}
CB(EHD2 oF(f+2,2+4 Ly +2:B2)
-+ 2Fi(F, 173 B)
) _2F1(%+K71+K;Y+K’l3)_ 15
et, K= 2F1(%,1;}’;ﬁ) ;o K=1,2.
E(X)=¢(1)
E(X)= ﬁAl
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and

Var(X) = ¢ (1)+¢'(1)—[¢' (1))
_aa 2o ol o al o,
_ﬁ(3+1)7ﬁ A2+B Ay ﬁyAl}
Var(X) = S B+ 5B+ 1) e — 5 BAd)

Family of Distributions by Jewell and Sundt

Sundt and Jewell (1981) and Willmot (1988) have created the sundt and jewell family of
distributions which is a modified form of the Katz family. Their recurrence relationship
for the probability is given by;

Proposition 5.3

Piy1  a+b+an

= ; =0,1,2,... 5.40
P, 1+n " (5.40)
= (14+n)Pyy1 =(a+b+an)P, (5.41)
Proof
Solving (5.41) iteratively, we have;
When n=0; Equation (5.41) becomes;
P (a+b)P0
SPr=(a+D)Py (5.42)

When n=1;
Equation (5.41) becomes;

2P, = (2a+Db)P, (5.43)
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Substituting (5.42) in equation (5.43), we have;

2P, = (261 + b) (a + b)Po

=P = (a+b)1(§a+b)P()
2
P (a+b)( a—l—b)PO‘
2!
When n=2;
Equation (5.41) becomes;
b)(2a+b
3P3 = (3a—|—b) (a+ )1(2(1"’ )P()
2
P (a+b)( a+b)(3a+b)PO
1.2.3
P (a+b)(2a;b)(3a+b)Po.

Suppose, we let;

(a+b):A1, (261—|—b):/\27

A
Then, P1 == 1—'1P0,
AiA
P, = X P,
A A A3
Py = 3 P,
By Mathematical Induction, we have;
B A1A2A3A4P
4 — 41 0,
A1 A2 A3A4 A5
P5 = = 10
5!
AMAA3.. A, A
p, = AA2As- L1

n!

(3a+b) = As,

(5.44)

..(na+0b) =A,.

(5.45)
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Therefore, from (5.45) we have;

A1AoA3 ApAns

P, = Py.

Pot1 _ MAoAs. A1 AnAnt n!

P, (l’l—l—l).l’l! 'A1A2A3...An_1/\n
. Pn—H _ An—H
" P, n+1

P,y1 a+b+an )
" = , asrequired.

P, n+1

Multiplying (5.41) by s" and sum the results over n to obtain;

[ee] (oo}

Z(n—l— )P1s" = Z(a+b+an)Pns
n=0 n=0
I;/ —aZPs +bZPs +asZnPns" !
W (s) = ay(s) + by(s) +asy (s)
= (1—as)y' (s) = (a+b)(s)
L dw(s)
(1-a) ) — (@ ppys)
dy(s) [ a+b i
/l[/(s) B 1—asd
Iny(s) = aj—ab In(1—as)+1Inc

a+b

Iny(s) =Incln(1 —as) —«

a+b

y(s) = ci(l —as)

Putting s=1;
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Therefore;

1—as\ 4"
Ill(s)z(l—cz)
1—a\ 4
- (i)
: at+b 1—a\“"
ll/(s)_l—as(l—as)
u()_a—i—b a—l—b(l—a)(“zb) (a—i—b)a(l—a)(“zb)
Vo s Tas\1—as (1—as)>\1—as
E(X)=y (1)
a+b
LEX) =1

Var(X) =y (1) +v (1) = [y (1)
_rla+b)? ala+b)] a+b (a+Db)?
T l(1-a)? (1—a)2] l—a (1—a)?
_ (a+b)*+ala+b)(a+b)(1—a)—(a+b)?

(I—a)?
B a’?+ab+a—a*+b—ab
a (1—a)?
a+b
s Var(X) = i—a)?

Using Feller’s method, we sum (5.41) over n to obtain;

[} [}

Z(n—i— )Py = Z(a—HH—an)Pn

n=0 n=0

M, :aiPn—i—biPn—l—ainPn
n=0 n=0 n=0

M| =a+b+aM,
(1—a)M; = (a+b)

b

:>A41::a_F
1—a

E(X) =M,
b

E(x) =t
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5.5

Next, we multiply (5.41) by n and sum to obtain;

(o]

Z (n+1)nPyy = Z n(a+b-+an)P,

n=0 n=0
Z(n—kl)(n—kl—l)PnH:a nPn+bZnPn—|—aZ+a n*P,
n=0 n=0 n=0 n=0 n=0
Z(1+n)2Pn+1—Z(1+H)Pn+1:aM1+bM1+aM2
n=0 n=0
M2—M1:aM1+bM1—|—aM2
(l—a)Mzz(a—l—b+l)M1
...Mzz(a—l—b)(a—l—b—i—l)
(1-a)?
Var(X) = My — {M;}*
_(a+b)(a+b+1) {a+b}2
B (1—a)? l—a
_a2+ab+ab—|—b2—|—a+b—a2—2ab—b2
B (1—a)?
a+b
sVar(X) = )
ar(X) (1=ap

Irwin (1963) Recursive Model

From equation (**) in section 5.3 above, when B =1 and y > 1, it belongs to Katz class
family and has been presented by Irwin (1963) as;
Proposition 5.4

Pot1 _n+a
P, n+vy
(n+7)P1 = (n+a)b, (5.46)

Proof

Solving (5.46) iteratively, we have;
When n=0;

Equation (5.46) becomes;
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YP = oPy
(04
=P =—F
Y
(04
c.Pp=—PF. (5.47)
14
When n=1;
Equation (5.46) becomes;
(y+1)P,=(a+1)P (5.48)

Substituting (5.47) in equation (5.48), we have;

(y+1)P, = (a+1)%P0

a(a+1)
=P = P
T+
o(o+1)
B = P. (5.49)
O
When n=2;
Equation (5.46) becomes;
(rY+2)Ps = (¢ +2)P, (5.50)

Substituting (5.49) in equation (5.50), we have;

B o(a+1)

(Y+2)Ps = (o +2) ) Py
o(a+1)(a+2)

TEE g
o(o+1)(a+2)

B ey
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—

Ap=9H A3=22  A, =94

Suppose we let A| = A

Then;

o
77

—

P =AP,
P, =AM\ P,
P; = A A A3P,.

Therefore, by Mathematical Induction, we have;

Py =AM A3 APy,
Ps = A A A3 A4As Py,

P, = A AoA3. ANy (AP (5.51)
But,

Po+PPy+P+...— 1
= Po4+ AP+ At AaPy + A A APy + o 4 A AgAs.. Ay 1 APy = 1
Po{l FAL+AA +A1A2A3+...+A1A2A3...An_1An} —1
1
{1 FAL+AA AL AA + } '
1
{1 FAL+AA }

Py =

P = A1A2A3...An.

From (5.51), we have;

Pur1 = MAA3. ANy Po.
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Therefore,

Pn+1 1
= At AoAs AA L
P, PRS- BBt L A A A Ay 1A,
P
. ntl :An—H

n
. Pn—|—1 o o+n

, asrequired.

Using the probability generating function techniques, we multiply (5.46) by s" and sum
the results over n to obtain;

[} (o)

Z(Y+n) 18" = Z((X-l—n)Pnsn

n=0 n=0
yl i Pnﬂs’“rl + Z nb, 15" =a i P,s"+s i nP,s" !

Sn:O n=0 n=0 n=0

)+ Y l(n+1) = 1)Py1s" = ay(s) + sy (s)

n=0
%/‘V(S) + i (n+1)Ppy1s" — : i Pop1s™ = ay(s) +sy ()
n=0

D) 49/ (5) L w(s) = aw(s) 45 (s
YW (s) + sy (s) — w(s) = say(s) + 52y (s)
s(1—5)y'(s) = <y+ as+s)y(s)
s(1-98 — (g p sty

/dylf(i)) :/(Y;E]aj;gs)ds

Y o 1
lIllI/(S>:/mds+/md5+/(l_s)ds
) = (=8 (1 =) (1)



175

Its probability generating function in hypergeometric terms is given by;

_ 2Fi (e, 15752)
2Fi(a,1;71)
’ . o.1 2F1(O£—{-1,2;’}/—}—1;Z)
) Yy 2F(o,1571)
(P”(Z) - (X(a+1).1(2) 2F1(OC—|—2,3;’}/—|—2;Z)
y(y+1) = 2FR(a,1;y1)
_ 20(a+1) 2Fi(0+2,3:7+2:2)
yiy+1)  oFi(a,1;751)
Let, AK:2F1(OC+K,1+K;Y+K;1); k=12
2Fi (o, 15751)
E(X)=¢ (1)
o
E(X)—;Al
Var(X)=¢ (1)+¢ (1)—[¢ (1))?
2a(oc+1) a a,
= T A+ ZA - [SA
o ety A

.'.Var(X)=%A1+g{2(a+l) o %}

Y

—— Ay —

(y+1) ¥

5.6 Yousry and Srivastava (1987) Recursive Model

The hyper-negative binomial distribution of Yousry and Srivastava (1987) belongs to the

extended Katz family. The ratio of successive probabilities is;
Proposition 5.5

Pn+1 _ (r+n)q
P, 0+n

= (0+n)P,1 = (r+n)qP,

, O<g<l1l, r>0, 6>0

Proof

Solving (5.52) iteratively, we have;
When n=0;

Equation (5.52) becomes;



176

9P1:rqP0
—~p="p
1 — 0 0

14
H:g%

When n=1;
Equation (5.52) becomes;

(0+1)P, = (r+1)gP;

Substituting (5.53) in equation (5.54), we have;

O+ 1)P, = (r+1)gLpy

6
r(r+ g’
p="LT4
REER TSR
L, rr+ g
2T e(0+1)

When n=2;
Equation (5.52) becomes;

(9 +2)P3 = (r+2)qP2

Substituting (5.55) in equation (5.56), we have;

r(r+ g’
0+2)P; = 2)qg———"""PF
(OF2)ps = rt2asg gy P
Suppose we let, II} = %
(r+1) (r+2)
Th I, = I3 =
T ety T (e+2)

(5.53)
(5.54)
(5.55)
(5.56)
(r+n—1)
(6+n—1)
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Therefore,
P] - quP07

P, = H1H2q2P0,
Py =L ILILG Ry,

By Mathematical Induction, we have;

Py = I T, 1T:T14q Ry,
Ps = I LI 11,1154 Py,

Pn = H1H2H3 ...anlnnano.

From (5.57), we have;

Pop1 =L IL,IL,. 14" Ry,
Pn+1 1

= H1H2H3...H,1Hn+1q.q”

P, 'H1H2H3...ann
Pn—H

: =qll,41.

. P, ZARVES|

Pt (rt+n)g .

) = , asrequired.
P, (6+n)

(5.57)

Its probability generating function in terms of hyper-geometric function is given by;

_ 2F1(1,1;6;4z)

Z) = .
o) 2Fi(1,7;6;9)
/ rl Fi(14+1,r+1;0+1;qz
§(0)= g2 Lt 16+ 1ige)
0 2F1<1,7',9,C])
_r 2R(2,r+ 1,0+ 13q2)
97 2F1(1,7,0:q)
" 2r(r+1) 2F1(2—|—1,r—|—2,9+2,(]2)
¢ (2)= 7.

9(9+1) 2F1(l,r;9;q)
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Let,

2R (l+Kxr+K0+Kq)

£ 2F1(1,r;0;9) = e
E(X)=¢ (1)
E(X)= %AI.

Var(X) = ¢ (1)+¢ (1) —[¢'(1)]?
_2r(r+1)¢? rq q, 12
BCICES TR

2
s Var(X) = %Al + %{2((9”_—:11))A2 - %A%}






6.1

6.2

CROW-BARDWELL RECURSIVE MODEL AND ITS
EXTENSION IN BIRTH AND DEATH PROCESSES
AT EQUILIBRIUM

Introduction

Let P, be the distribution of population size n, A, and L, is the birth (death) rate of the
population.
The Pearson’s differential equation given by;

Pn+1 _ P(l’l)
P QOn)

where P(n) and Q(n) are polynomials.

The Bardwell-Crow Recursive relations is given by;

Puyi _ a
P, Y+n

; n=0,1,2,...

Bardwell-Crow (1964) Model

To obtain the hyper-Poisson Distribution of Bardwell and Crow (1964) and Crow and
Bardwell (1965), we let B — oo, in equation (**) in section 5.3.

Hence, we have;

Proposition 6.1

P
mil % 0.1,2,3.4,.
P, n+vy

= (n+7)B1 = ab, (6.1)

Proof
Solving (6.1) iteratively, we have;
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When n=0;
Equation (6.1) becomes;

vPr = aby
o
=P =—F
Y
o
P ==R
Y
When n=2;
Equation (6.1) becomes;
(}/—f— I)Pz =ab

Substituting (6.2) in equation (6.3), we get;

(ry+1)P = %Po

2

N o
2 = 0
Y(y+1)
P < _p
2 = 0-
Y(y+1)
When n=3;
Equation (6.1) becomes;
(Y+2)Ps = ob,
Substituting (6.4) in equation (6.5), we have;
3
o
(Y+2)P; = R
Y(r+1)
3
',P3 — a

Dy

(6.2)

(6.3)

(6.4)

(6.5)
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Suppose we let % =®,.

Then,
o o (04 o
>r=—, P3=—-, Py=—— ... ,=———.
y+1 y+2 y+3 y+n—1
Therefore,
P =® R,
P, =91 DR,

P; = 019, P3F,.
By Mathematical Induction, we have;

Py = PP P3P4 Ry,
Ps = O 1Py D3P, Ps P,

P, =®9,95..9,,_D,F. (6.6)

But,

n=0
S Pyt P AP+ Pyt =1
Po+ @1 Py + DDy Py + DDy D3Py + ... — |
Po{l 4 D) 4+ D Dy + DDy Dy +} —1
|
{1 + @, +c1>1q>2+c1>1q>2q>3+...}'
|
{1 D+ DDy + D DyD;3 +}

P =

P =DP,P5...0, D,.
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From (6.6), we get;

Pur1 = 01Dy P3..9,D;, 11 P

P 1
ARG 0 50 ST 0 S P —
Py PP P3... D,
. Pn—H _
. Pn n+1-
P, (04
Seien ——, asrequired.
By n+vy

Multiplying (6.1) by s" and sum the results over n, we have;

(o)

Z (y+n)Pr1s" = Z P,s"

n=0 n=0

}/Z Piis"+ Z nP, 15" = ay(s)
n=0 n=0

)+ Y (11— D)Prs” = ay(s)
n=0

[e) (o]

YW (s)+ Y (n4+1)Poy1s" = Y Por1s” = ay(s)
n=0 n=0

YW (s) + ¥ (s) — w(s) = ay(s)

v (s)=(ax—y+1)y(s)
dy (s
YO (@ y e 1wty
dy(s
/ l/lf((s)) :/(Oz—}/+1)ds
lnl//(s):/ads+/ds—/yds
Iny(s)=as+s—ys+c
w(s) — e(strsfys.ec
Putting s=1; w(1)=1=e%"177 ¢
=c1=e (o+1=7)
e(a‘i’l*’)/)?
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From Kummer’s confluent hypergeometric series, we have;

N 11+ e 1(1+1)(1+2)0’
(L7« )—1+_1_+ y(y+1) 2! (y+1)(7+2)3_
11+ D)(1+2)..(1+n—-1) «a

Z. (y+D)(y+2)...(y+n—1) n!
i (I+n—1)(14+n—=2)..(1+2)(1+1)1T(1) I'(y) a”
=L

(y+n—1)(y+n=2)...(y+2)(y+ 1)yL(y) T(1) n!
1+n ) I'(y) o

n) T(1) n!

Normalizing, we get;

Thus,

The probability generating function is given by;

— Z Pnzn
1

I(1+n) 7’) (az)"
ZZ L(y+n) T(1)" n! 1F(Lyo)

n=0n=

_ 1F1(1,Y,06Z)
F(Lya)

<-

—~
a2\l

~—

(04
—; n=0,1,2,... y>0, a>0.
n.
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This implies that;

) 1 d
¢ (z)= md—z{lﬂ(l,%az)}
1 o
=— 1 F(1+Ly+ L
1F(Ly o) y! i Y )
:g1F1(2;}’+1;ocz)
Yy 1A(Lya)
" 1 (04 d
= —— —1h2y+ 1
¢ (2) Ry 7 dz{l 1257+ Laz)}
1 o 20
= —. 112+ 1;7v+2 00
FLre) y yr1 i@ irrze)
. 202 1F1(3;’}/—|—2;OCZ)
Y(y+1) 1F(Lya)
Let, A= fUFRYFRE)
1ALy a)
EX)=¢ (1)
a
SE(X) = —A;.
(X) A
Var(X)=¢ (1)+¢ (1)—[¢ (1))?
202 o a,
— T At oA—[2A
ety A
'Var(X)—gA +a—2{iA —lAz}
a Sy oy Ly

6.3 Special Cases and Properties

Casel: When o =0 and y=r

Staff (1964, 1967) defined the displaced Poisson distribution as a left-truncated Poisson
distribution that has been "displaced" which corresponds to the displaced distribution;

9n+r+1 { o OCj

Prob(N = l’l) = m

m
J:r+] .] .

~1
} , n=0,1,2,...
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Using recurrence relation, Staff also obtained the distribution;

Prob[N =n+1] =

r+n

where r is a positive integer.

Suppose we let the partial sum be given by;

o+ 1 0 r+2 0 r+3

S S TR P T e TR

oo 9n+r+1
= (n+r+1)!
oo 9n+r+l

Sl=)
ngb(rH—r—l—l)!z

gntr+l
o f(n) = - forn=0,1,2,---:0 >0
(n4r+ 1)!):,1:0%
9n+r+l
f(n) - oo n+r+1
(n+r+ )T oy
9n+r+l 1
oo 9ﬂ+r+1
Cn+r)y= )
0" 1

Ln+r) Eo oy

0" 1

Llntr) Yo orres

0" 1
=) I"(1 n
F(n + r) Zn:0 F((nj;’:; %
0" 1
I'(14n) gn
n!

C T(n+r) Yo, e

6" I(n) 1

L(ntr) I(r) y= 11:8:3 %%
0"I'(r) 1

[(n+r) 1Fi(1;r;0)
I'(r) 1 0"
[(n+r) 1Fi(1;r;0) n!

=n!

Prob[N=n|, n=1,2,..

(6.8)
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I'(1+n)(r) 1 0"

s f(n) = —forn=0,1,2,---;0 >0

I'(r+n) (1) 1F1(1;r;0) n!

Its probability generating function in hypergeometric terms is given by;

2 = 1F1(1;7;6z)
O R(Lr0)°
/ 1 d

¢ (z) = md—z{lﬂ(l;r;@z)}

1F
1

0
= 2 FR(+1;r+1;62)

1F1(1;r,0) r1
0 1F1(2;r+ 1;9Z)
7 1F1(1;r;9)
" 1 06 d

¢ = —F———~——aF(2ir+1;02)

1Fi(1;r;0) rdz
1 6 26

1F1(1;r;9)7r—|—1
202 |F1(3;r+2:62)
r(r+1) 1F(1;r;0)

= .1F1(2+l;r—|—2;9z)

=1,2.

1F1<1-|—K;I’-|—K;9)
Let, A= ;
o O WF(1;r0) 7
E(X)=¢'(1)
0
and
Var(X) = ¢ (1)+¢ (1) —[¢ (1)]?
262 ] ]
= Ay +—Ay —[=A?
r(r+1) 2+r ! [r 1
] 0% 2 1

Case ll: When ax =60 and y= 1

3

(6.9)

(6.10)

In this case the "displaced Poisson" becomes a special case of the general hyper-Poisson

distribution.
Then, the probability generating function becomes;
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6.4

_ 1F1(1;14:6z)
(Z)_—lFl(l;),;O) . (6.11)
where A is non-negative real.
’ 1 d
¢ (2) = md—z{lﬂ(l,lﬂz)}
1 0
_—lFl(l;l;e)IlFl(l—F1,7[«4-1,92)
_ 61F(2;4+1;02)
B A 1F1(1;l;9)
" 1 0 d
1 0 20
— 1F1(l;),;6)17t+1‘1Fl(2+LA’+2’9Z>
207 |R(3:A+2;67)
CAA+1) 1Fi(1;256)
A+ A+ K:6) B
Let, = F(13A:0) ; =1,2.
E(X)=¢'(1)
2]
E(X) _IAI'
and
Var(X) = ¢"(1)+¢'(1) = [¢" (1))
262 6 0.
VRSP
2

0 62 1,
- Var(X) = I/\IJFT{/lJrlAz—IAI}.

Note that, the distribution was termed sub-Poisson for A < 1 and super-Poisson for A > 1
by Bardwell and Crow (1964).

Hyper-Poisson as a Special Case of Bhattacharya (1966) and Hall
(1956) Distribution

The hyper-Poisson distribution can be expressed as a special case of Bhattacharya (1966)
and Hall (1956) confluent hypergeometric distribution give by;
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oo, b6 bb+1) 6% DbO+1)(b+2) 6°
lFl(b’l’e)_HI_U(xH)i AA+1)(A+2) 3!
= bO+1)(b+2)---(b+n—1) 0"
“L7

AA+1DA+2)--(A+n—1)n!

_°° b+n—1)b+n-=2)---b+2)(b+1)p T(b) T(1)6"
_Z( ( !

t(A+n—1)
& Th+n) (1) 6"
_,;Or(un)mﬁ

For normalizing, we have;

=) (A +n) T(b) 1Fi(b;1;0) n!

3
Il
o

Therefore,
P(n)=Prob(N=n)

—Z Lb+m)T(A) 1 6"
T2 +n) T() 1F1(0:A:0) n!”

for n=0,1,2,---; b>0,

Its pgf. is given by;

& Th+n) T(A) (82" 1
Z /'L—|—l’l () n! 1Fl(b;)~;0)
i 1F1(b,)«,92)
)= FGiA6)

A+n—2)-(A+2)(A+DHATA) T() n

(6.12)

A>0 6>0

(6.13)

(6.14)
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This implies that;

, 1 d
1 b
AN 0.4F(b+1;A+1;0z)
o _b_OlFl(b+1,/l+1;9z)

& =TT R
noy 1 b6 (b+1)6
¢ (=)= 1Fi(;A:0) A A 41

YTAA+D) R(iA0)
1F1(b—|—1€;l+1(;9).

1F1 (I? 7[, 92)

.1F1(|9+2;A +2;QZ)

et Ae=""p a0y - KT L*
EX)=¢(1)
,',E(X):%b/\l
and
Var(X):q)”(l)—Hb/( )—[(b/(l)]z
PRICE VN 0
Tt <l)
_ ob 62b b+1 b
s Var(X) = TAH—T()H_lAz 7 )

6.5 Hyper-Poisson Distribution in an Extended Form

Gurland and Tripathi (1975) and Tripathi and Gurland (1977, 1979) gave an extended form
of the hyper-Poisson distribution as;
Proposition 6.2

Pn—H _ (X(fl—l—p) .
Py (I+4n)(n+7y)

= (14+n)(y+n)Pr1 = o(p+n)p, (6.16)

n=0,1,2,--- (6.15)

Proof
Solving (6.16) iteratively, we have;
When n=0;
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Equation (6.16) becomes;

YPL=ophy
ap

=P =—PF
Y

p=2Pp
Y

When n=1;
Equation (6.16) becomes;

2('}’—}— 1>P2 = (X(p + 1)P1

Substituting (6.17) in equation (6.18), we have;

27+ P =a(p+ 1P

When n=2;
Equation (6.16) becomes;

3('}’+ 2)P3 = OC(p +2>P2

Substituting (6.19) in equation (6.20), we have;

P

- plp+1) a
3(y+2)Ps=a(p+2) Yy i1) 12
plp+1)(p+2) o
= h= y(y+1)(y+2) 3.2.1
plp+1)(p+2) o
)

(6.17)

(6.18)

(6.19)

(6.20)
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By Mathematical Induction;

_plp+1)(p+2)---(p+n—=2)(p+n—1)a" ,
oy D)y +2) - (vHn=2)(y+n—1) n!

(6.21)

But;
P, =1
n=0
ap  o?p(p+1) oplp+1)(p+2)
P14+ 42 +— b=
al y 20 y(r+1) 3 v+ D) (r+2) j
1
= (2 geb wopie T
v 20 y(r+l) 3 y(r1)(r+2)
pip+)(p+2)---(p+n-2)(p+tn—1)a"
vy ) (r+2) - (YAn=2)(y+n—1) n!
1
X

ap | a2pp+l) | ad3p(p+D)(p+2) |’
{1+ Y T2 y(y+1) T3 Y(y+1)(r+2) }

From (6.21), we have;

P = PPN+ (ptn=1)(p+n) a't! R

v+ D(r+2) - (y+n=1)(y+n) (n+1)!

Pt _p(p+1)(p+2)---(p+n—1)(p+n) a'a" yy+1)(y+2)---(y+n-2)(y+n—1) n!
Po vy +D)(y+2)(y+n=1)(r+n) (n+Dn!'plp+1)(p+2)---(p+n—2)(p+n—1)a"

. Pn+1 _ OC(p-|—n)
C B (n+1)(v+n)

, asrequired.

Multiplying (6.16) by s” and sum the results over n, we get;

[e5) (o]

Y (n+1)(y+n)Pis" =) (ap + an)Pys”
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Thus;

[}

yz (n+1)Pyqs" + Z n(n+1)P15" = ap Z Ps"+a Z nP,s"

n=0 n=0 n=0 n=0

YW (5)+ V¥ (s) — W (s) = apy(s) + asy (s)
(

—pIn(y—as)+Inc
s)=1In(y—as) P +1Inc
y(s)=ci(y—as)™P

—_
=]

<

—~

~—
I

Putting s=1;

TS ey
c1=(y—a)’

Y— o \P

V)= (7 =gs)

From Kummer’s confluent hypergeometric series, we have;

plp+1)a® plp+1)(p+2)a’
Filpsna) = +__+ EHI))T ((7+1))((7+2)>§
ip(p+1)(p+2) (p+tn-1a
= yy+D)(r+2) - (y+n—1) a!
_ i (p+n—1)(p+n—-2)---(p+2)(p+1)p I'(p) [(y) a"
n=o (v+n=1)(y+n=2)---(v+2)(y+ 1)y I'(y) [(p) n!
:i I(p+n) I'(y) "

L(y+n) T(p) n!
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For normalizing, we have;

o i Tp+n)T(y) 1 o

Therefore,
P(n)=Prob(N=n)

o L(p+n) I(y) I o
= I(y+n)T(p) 1Fi(p:7:a) n!”

for n=0,1,2,---; p>0, y>0, a>0

n

Its pgf. is given by;

0(c) = iomn)z"

_ if(p +n) I(y) (az)" 1
= T(y+n)T(p) n! 1Fi(p;y;)

_ _1F(psysoz)
"9 = 1Fi(ps1sa)
0'( l i-11‘71(13;}’;0%)

9= 1Fi(p;v;a)dz

p

=——aFilp+ 17+ 1,

1Fi(p;ysa) y Filp Ly )

sy PaiR(p+ Lyt az)
' Y 1Fi(p:7: )

"(o) = 1 pa(p+la

1F(psvso) v o y+1
" plp+1)o2 1Fi(p+2;7+2;02)

o9 (2)= Yy+1) 1Fi(p; 7o) '

1F (p +2;7+2; (XZ)
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Let,

_ Fp+xy+a)

A Kk=1,2.
K 1Fi(p; 7 @)
E(X)=¢(1)
op
LEX)=—A;.
(X) M
and

/

Var(X) =¢"(1)+¢ (1)~ [¢'(1)]?

1 2
_ Pt )A2+%A1—(%>
Y

Y(y+1) Y
2
1
“Var(x) = LA+ P (P ).







7 PANJER’S RECURSIVE MODEL AND ITS
EXTENSION IN BIRTH-AND-DEATH PROCESSES

AT EQUILIBRIUM

7.1 Introduction

In this chapter, a recursive evaluation of the distribution of total claims is developed for
a family of claim number distributions and arbitrary claim amount distribution. For a
discrete claim amount, the recursive definition is used to compute the distribution of total
amount.

The family of claim number distributions satisfies the Pearson’s differential equations as

a ratio of polynomials given as;

where Q(n) and P(n) are polynomials in n.

7.2 Panjer’s (1981) Recursive Model

Consider the family of claim number distribution satisfying the recursion;

P, A
P :(§+;), n=1,2,3,--- (7.1)
and
Py>0
=nP,=En—1)B1+(E+A)P—1; n=1,23 - (7.2)
Proof
Solving (7.2) iteratively, we have;
When n=0;

Equation (7.2) becomes;
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P=(E+A)R

When n=1;
Equation (7.2) becomes;

2P =E,P+(E+A)P

Substituting (7.3) in equation (7.4), we have;

2P, =E(E+ AP+ (E+A)(E+ AP

= 2P = (E+{E+(E+A)}Py

(E+A)(E+(E+4))

.'.P2: X

Py.

When n=2;
Equation (7.2) becomes;

33 =28P+(E+A)P

Substituting (7.5) in equation (7.6), we have;

sy =g ETAUELETA oy E+DEHE+ A}
Ll CEMEFEIA) e s

2
(E+A)(E+(E+AM)2E+ (S +4)))

coPy = 3

Py.

Py

(7.3)

(7.4)

(7.5)

(7.6)
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By Mathematical Induction, we have;

(E+A{S+(E+AVRE+(S+A)BS+(E+A))}

Py = P(),
41
Py — (5+7L)(5+(§+7L))(25+(~§+7L))(3§+(5+1))(45+(§+7L))PO
5! ’
P (5+7L)(5+(5+7L))(25+(§+7L))"'((n—2)5+(€+7L))((n—1)~’§+(§+1))P0
" n! '
(7.7)
But,
n=0
=Ph+P+P+P+---=1
e ayp s EEDEHE A, | EHEHETICE LGN
p(10 CFA) EHEHERD) | E+AELETRELED), ),
1
Py = (1+ G CIEE )
Lp = EHMEH(EHA))26+(6+A)) - ((1=2)5+ (5 +M))((n=DE+ (5 +4))

n!
1

<1+(§1+!7L>+(é+l)(52!+(é+l))+,,.>

X

From (7.7), we have;

E+A)E+(E+A)2E+(E+A)) - (n=3)6+(§+A))(n=2)6 + (S +4))
(n—1)!

P = P
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Therefore,

B (EHAMEH(E+A)2C+(E+A))---(n=2)6+(E+A))(n—1)6 +(E+4))

P n.(n—1)!
(n—1)!
TEAMETEF)REFE A (n—3)E+ E+AN(1—2)E +(E+2))
. = ne+24 as required
B n ' .

Multiplying (7.2) by s" and sum the results over n to obtain;

i nP,;s" =& i(n— P15+ (E+A) i P,_s"
n=1 n=1 n=1

de(s) =& i (n—1)P15" 2+ (€ +A)s i s
n=1

n=1

21— ) ey () 9)

7.3 Special Cases of Panjer’s Recursive Model
7.3.1 Case (i) When =0and A =0

Equation (7.8) becomes;

dy(s)
ds =0
= y(s)=c
=y(l)=1=c

Hence, w(1)=1

1, ifn=0
P, =

{0, if n>1

7.3.2 Case (ii) When { =0and A #0
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1. Poisson Distribution

Equation (7.8) becomes;

dy(s) _
& v
L dy(s) _
ys) ds
9 logu(s) = 4
=logy(s)=As+c
Thus, W(s) =ce™
=y(l)=1=c
= = e_’1
y(s) =)

Which is the pgf. for Poisson distribution with parameter A.
Its pgf. in hypergeometric terms is given as;

_ 1F1(bshsAz)
Y& = TR wA
/ b, 1Fi(b+1;b+1;Az)

¢ (2) = b 1F1(b;b; A
¢//( )_b(b-l-l) 21F1(b+2;|7+2;7LZ)
EARTCY) (Fi(bi0iA
. 1Fl(b—|— K;b—l—K;),Z) .
Let, Ax= F oA , k=1,2.
E(X)=y (1)
Ab

Var(X) = ¢”(1) +¢/(1) - {‘P/(l)}z

B A% +1) Ab Ab 5
= WAZ + TAI - {TAI}

Ab A% b+1 b
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Recursion and Moments
Given that;

—lln
Po="-7— for n=0123: A>0.
n!
and
PO = e_l.
Then,
—A 3 n—1
e A
P, =1’ for n=1,2,3,
Proposition 7.2
P, A
= — 7.9
P n (7.9)
=nP,=AP,_;, for n=1,273,--- (7.10)
Proof
Solving (7.10) iteratively, we have;
When n=1;
Equation (7.10) becomes;
P =AR
S PL=AR,. (7.11)

When n=2;
Equation (7.10) becomes;

2P = AP (7.12)
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Substituting (7.11) in equation (7.12), we have;

2P, = A*PRy
2
=P =P
27127
AZ
SPh=—Ph.
2 X 0
When n=3;
Equation (7.10) becomes;
3P, = AP

Substituting (7.13) in equation (7.14), we have;

13
3P, = —PR
ST 127
7L3
—P=__"_P
3712370
2’3
P3 — §P0
By Mathematical Induction;
7L4
Py = ZP07
7LS
Ps = apo,
An
Pn = 10

(7.13)

(7.14)

(7.15)
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But;
Y =1
n=0
AL Ar A3
BN (TR .
1
SR = Al 22 A3 ’
(1+d+4+5+)
A" 1
.'.Pn:m- le 2{2 13 .
BEEX SR NP
From (7.15);
ln—l
P=—.
T = 1)!

P, AATL (n—1)!
P,y n(n—1)" An-l

= —, asrequired.
n

Using the pgf. we multiply equation (7.10) by s” and sum the results over n to get;

i nP,s" = A i P,_1s"
n=0 n=0

s Z nP,s" ' = As Z P, s}
n=0 n=0

Sdl/;gs) = Asy(s) (7.16)
where, y(s) = Z P,s" = Z P, s !
n=0 n=0
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Therefore, from equation (7.16), we have;

Integrating both sides with respect to s, we get;

/dl/lj,((s? =7L/ds

= logy(s) =As+c
y(s) = et
Putting s=1, w(1)=e".e
=e=c = et
- y(s) = 2010
V' (s) = Ae M0
Y (s) =A% A0
E() = (1)
L E(X)=A.
Var(X) =y (1)+y (1) = [y (D]
=A%+ 2 —A?
Var(X) = 1.
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Next, we multiply equation (7.10) by n” and sum it over n to obtain;

(o)

i P, =1 Z nP,_4
n=1

s

M, =A (n—l—l—l)Pn,l
n=1

M, =A Z (n— 1)Pn,1 +A Z P,
n=1 n=1

My =AM+ A

=A%+ A, since M;=A.
Var(X) = My — (M)?
=A2+1-A2
S Var(X) = A.

Remark 7.1
The recursion for the compound Poisson distribution with discrete claim amount distribu-

tion was originally given by Adelson (1966) in an inventory problem by using generating

functions to obtain the results.

2. Zero-truncated Poisson distribution

For the zero-truncated Poisson distribution;

Let,
;Ln
Po=(e*—1)'2 n=1,2,3,-
n!
and
P A
I et —1
Proposition 7.3
P A
2= (7.17)
Py, n

=nP,=AP,_1; n=2734,.-- (7.18)
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Proof

Solving (7.18) iteratively, we have;

When n=1;

Equation (7.18) becomes;

When n=2;

Equation (7.18) becomes;

When n=3;

Equation (7.18) becomes;

P = AP
7Ll
P = i 0
2P, = AP,
212
P2 — 7P0
)LZ
P2 — jp()
3 =P
7L3
=Py=-——PR
3712370
7(,3
Pi="-PR
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By Mathematical Induction, we have;

14
Iﬁ‘_'Zle7

)LS
I%::'ngba

)Ln
Pn = FP()
An—l

:>Pn,1 - WPO

B, AAL (n—1)!
Pt n(n—1)" An-1
P, A

Sp T s required.
n—1 n

Using the pgf. technique, we multiply equation (7.18) by s” and sum the results over n to
obtain;

i nP,s" = A i P,_s"
n=2 n=2

s Z nP,s" ! = As? Z P, s}
n=2 n=2

S(dl//_(s) —P|> = Aszdy/_(s)
ds

d et —1
Let ! T
et, =
er—1
dy(s) A
Then, (1—24 = —.
en, (1-25)E =2 @
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Integrating both side of (a) above with respect to s, we have;

/dl// _n/l—ls

—In(1—As)

y(s) = —,  t¢
Putting s=1;
y(l)=1= w%—cl
=c=1-— w
w(s) = —ln(lﬂ— As) N —ln(jlr—k) +1
’ - dl//(S) - A
V) = T 0w
" o dl/fl(S) o 12
14 (S) - ds - (1 _/’LS)ZR-
E(X)=v (1)
A
(x) = (1-2)
Var(X) = ' (1) + v (1) — [y (1)]?
A2 A A
_ + — ]
(1-A)2m (1-A)r (1-A)rm
2 A A

T(-AMIm (- (1-2)2x2
A am(1-2A)—1
B (1—2)2x2
 Am4Am—Alm—1
(1—2)2x2
Am—1
(1—A)2m2’

s Var(X) =
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Using Feller’s Method, we sum equation (7.18) over n to obtain;

[

Y nP=2 ipn_l

n=2 n=2
M —P=A
=M =A+P
E(X) =M,
E(X)—7L+ A
B et —1
A
E(Xﬁ ::l-+;;
E(X) = Alm+1)
T

Next, we multiply (7.18) by n and sum the results over n to obtain;

i P, = A i nP,_

n=2 n=2

Y n?P =2 Z(n—l—l— P
n=2

M, — P = A 2: n——l n—1— 2:1% 1

M, — P :7LM1—|—7L
=AM +A+P

A2 A
:>A{22212—F-—'%-l-+-—

Var(X) =M, — [Ml]

2 2
:7Lz+/1—+7t+&—12 ;Lz
T T
A2 A /'L2
:—+l+———2
/4
A A A?

7.3.3 Case (iii) When { #0and A =0
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From equation (7.18), we have;

(1-£9) T _ )

ds
I dy(s) ¢
y(s) ds 1—E&s
j%logw(@:l_&gs

Taking the integral on both sides, we have;

/logl/f(S) = 15_0125

O

logy(s) = —loge(1 —&ys)

C1

:>ll/(s): l_és
Putting s=1;
C1
=y(l)=1= -
.'.01:1—5.
1-¢
W) = =
Suppose we let & = p, then we have;
1-p
= y(s) = Ty

Which is a pgf. of a geometric distribution with parameter 1 —&.
From (7.19), we have;

(7.19)
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The probability generating function in hypergeometric term is given by;

1F(1;1:8z)
@ ="TFR5e)
oy LEFI(252:82)
¢ = 1 1F(1;1;8)
"(2) = 282 1F1(3;3;62)
2 R((11;8)
_1F1(1—}—K;1+K‘;§) _
Let, Ax= Fi(L1:E) , kK=1,2.
E(X)=¢'(1)
E(X)Z(SAl
Var(X)=¢ +¢ (1) —[¢ (1)
= &M+ &AM —EPAT
S Var(X) = EAL+E2{Ay — AT}
Therefore,
Pnzgn(l_g)’ n:07152737"'
ie. P,=p"q; n=0,1,2,3,--
were, g=1—p.

3. Geometric Distribution
Geometric distribution is given as;

Pn:pnq’ n:O,l,Z,---;
and
P():q.

Then,

Pnflzpn_l% n:172737"'

g=1-p.
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Proposition 7.4

Proof
Solving (7.21) iteratively, we have;

When n=1;
Equation (7.21) becomes;

Py = ph
P = ph.
When n=2;
Equation (7.21) becomes;
P, = pP
=P =p.ph
P2 = p2P().
When n=3;
Equation (7.21) becomes;
Py = pP,
= Py =p.p*Py
.'.P3 = pSPQ.
P4 — p4P(),
PS - PSPO;

SR =p"R.

(7.20)

(7.21)
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Therefore,

P =p" 'R
P ) n—1
- n _ p-p
Pnfl pnil
Py .
=p, asrequired.
Pnfl

Multiplying both sides of equation (7.21) by s" and sum the results over n, we have;

i Ps"=p i P, s"
n=1 n=1

= Y(s) — Py = psy(s)

= (1-ps)y(s) =P =q
q
LY(s) = s
/ dy(s) qp
Vis)= ds  (1—ps)?
" dy'(s)  2qp?
Vs = ds  (1—ps)3
E(X)=vy(1)
_qp
(1-p)?
_qp
P
E(X)zg. Since g=1-p
z 29p*
v (1) (- p)
_2p
e
Var(X) =y (1) +y (1) — [y (1)
2 2 2
Foi
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Using Feller’s Method, we sum equation (7.21) over n to get;

,i

L b
in—l Py 1+ZPn 1)

My =pM+p
(1=p)M=p
gM, =p

3
Il
—_
3
Il
—_

My=pY [(n—1)*+2(n—1)+1]P,
n=1
My=pY (n—=1P_1+2pY Pioi+p Y P
n=1 n=1 n=1
My =2pM,+p
But, M;=2
q
:>(1—P)M2=2P§+P
2 2
My — 2P +qp
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Therefore,

Var(X) = My — [M,)?

_2p7+aqp P?
7 7
_ 20 +qp—p°
7
2
_Ptap
7
_plp+9)
7
S Var(X) = % Since p+qg=1
q
Support we assume that;
Po=p""'¢g n=123; q=1-p
and
P1 =(.

Then, Pnfl :pn_zq; n—= 2’3,...
P . n—2

Thus, L= pp_z q
P,y p'iq

= By =pP1, for n=23,-

:p.

(7.22)

Using the pgf. technique, we multiply equation (7.22) by s and sum the results over n to
obtain;

i Ps"=p i P, 5"
n=2 n=2

i P,s" = ps i P, s}
n=2 n=2

V(s) —Pis— Py = ps(y(s) — P)
But, PP=qg and Py=0



217

Since 1—p=g.

Using Feller’s Method, we multiply equation (7.22) by n and sum the results over n to
obtain;

ok
S
<

I
]
™M
S
-

3
I
—_
i
—_

ol
S
<O
I
<
Ms i
0
_|_
|
T

3
I
—_
3
I
—_
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n=1
My =pM;+p

(1-p)My=p
p

M = ——

1 1__p
:>M1=£
q
E(X) =M,
p
Ex)="2.
q

Next, we multiply (7.22) by n? and sum the results over n to obtain;

i nan =p i n2PH_1
n=1

8 |

Mzsz(n—1+l)2Pn_1

n=1

= [Z n—l

n=1

8

8

P_1+2 Z(n— I)Pn—l + ZPn_1i|
n=1 n=1

M, =p Z(n— 1)?P,_1+2p Z(n— DP,—1+p Z P,
n=1 n=1

n=1

M> = pM> +2pM + p

But, M, =7
q
2 2
=>(1—P)M2=%+
2 2
M, = P tap
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Var(X) = M, — [M)?

_2p7+qp P*
q* q*
_2p7+qp-p°
q2
_Ptap
q2
_r(p+9)
q2
s Var(X) = % Since p+q=1

4. Truncated Geometric Distribution

For a truncated geometric distribution;

n=Tt

Po=p~q n=t,7+1,74+2,---; g=1—p
Pr=gq.
Thus, P =p" V% n=t1+1,7+2,--
Therefore, pfil :p(f::)r_qfqu (7.23)
=P, =pP,—1; n=714+1,74+2,--- (7.24)

Using probability generating function technique, we multiply both sides of equation (7.24)
by s and sum the results over n to obtain;

i Bs"=p Z P,_s"

n=1+1 n=1+1
Z P,s" = ps Z P,_s" !
n=1+1 n=1t+1

Y(s) = Pes” = psy(s)
But, Pr=g¢q
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Therefore;

Using Feller’s Method, we multiply equation (7.24) by n and sum the results over n to

obtain;

T

_ 45
1—ps

1 T

oy dy(s)  tgst qps
Vis)= ds (1—ps)+(1—ps)2

v dy(s)  t(t—1gsT! 2gprstt 2qpPtsT

V= T T e (p? (s

Tq qp
(i—p)  (1-p)

v T(t—1)qg = 2qpt 2qp*t
VO = T T

g=1-p
Var(X) =y (1) +y (1) — [y (1)?
2pT 2p?
—te— )+ D o P By
g q q q
2pT 2p? 2T p?
e T LA Y Y Y L
qg q q g q
2p2+p P’
¢  q 4
PPty
="
_plp+9q)
=
. P . -
~.Var(X)=-. Since p+g=1
q
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2: nI} = 2: nf%_l

n=t+1 n=1t+1
Y nPi= Y [(n—1)+1]P,
n=t+1 n=t+1
Mi—tPr=p Y (n—=DP1+p Y P
n=1+1 n=t+1
Pr=pM;+p
But, Pr=gq

= M) —19=pM+p
(1-p)Mi=p+1q

gM; =p+1q
T
My = P
q
E(X) =M,
EX)=1+72
q

Next, we multiply equation (7.24) by n?> and sum the results over n to obtain;

i nan:p i n’P,_

n=1+1 n=1+1
Z n’P,=p Z [(n—1) 1]2Pn,1
n=1+1 n=1+1

My —t*P,=p Z [(n—1)?42(n—1)+1]P,_,

n=1+1
A42_‘T Pr = p 2: ’1_‘1 n41‘+'2p 2: 01_‘1)[%71‘%l’ 2: P
n=1+1 n=1+1 n=1t+1

My — TPy = pMy +2pM; + p
But, P,=¢g and M1=‘C+B
q

2 2
Mz—fqupMz—i—Zp‘C—f—%“FP

2 2
(1—=p)M, = Tq+27p+%+p
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= 2+_p+2_];2+£_ 227
) q q q q
.
q q
P> +pq
7
_plp+4)
e
Var(X)zﬁ. Since p+qg=1

7.3.4 Case (iv) When & #0and A #0

From equation (7.8), we have;

dy(s)

(1298 — (¢ - apyis)
Assuming that & +4+A > 0;
Then,
1 dy(s) &+A
v(s) ds  1—Es
[doewts) = E+2) [ 25
logy(s) = é_—;l loge(1—E&ys)
logy(s) = —aloge(l —E&s)
where, o = é%l
= y(s)=ci(1-8s)"*
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Putting s=1, we have;

If o is a positive integer;

Then;
w(s)=(1-8)%1-&)"
=<1—5>“i0 ) ey
—-gey | Y e
n=0 n
<1—&>“io(°‘+:1 gy
Therefore;
P, = aJrnl)é”(le)“ for 0<&<1,
Let, £E=p
=P, = OH_nl)p"(lp)a for 0<p<l,

Which is a Negative Binomial Distribution.

)

o>0

>0, n=0,1,2,

(7.25)

Its probability generating function in hypergeometric terms is given by;

_oFi(a,h;0;82)
0@ = F(ammné)
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This implies that;

oy @ 2Fi(at b+ 15h+1582)

¢ (z) = T&. NACATE

(= U@ IPOED) 2020+ 20 +2:89
b(b+1) AR

2Fi(a+K,b+1h+K:Ez)

Let, Ax= (o) k=12
E(X)=¢'(1)
E(X) = %A,
Var(X) = 9" (1) +9'(1) {0/ (1)}*
- VarlX) = afbm * af%{ (a?bll(?; Une- 23},

Note that;

n

a+n—1
P”( " )Pn(l—p)a; for n=0,1,2,---

5. Negative Binomial Distribution

Case I

Suppose n is the number of failures before wth success;
Then;
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n+n—1 -
n— P q; n:071727"’; qzl_p
T—1
Py=4q".
n—1)+m—-1
:>Pn—l: ( ) pn—lqﬂ:; n:071527“'
T—1
Hence;
Proposition 7.5
P, 14
= T—1)=
P, (n+ )n
=nP,=pn+n—1)P,_;; n=1,23,--- (7.26)
Proof
Solving (7.26) iteratively, we have;
When n=1;
Equation (7.26) becomes;
Py = pnh
P =pnh.

When n=2;
Equation (7.26) becomes;

2P, = p(ﬂ?—|— I)Pl
=2P = p(ﬂ?—|— 1)p7EPO

n(m+1)p?
.'.PZI—( 2 )p P.

When n=3;
Equation (7.26) becomes;
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3P3 = p(ﬂ? + 2)P2

n(m+1)p?
=3P; = p(ﬂ'—f—z).%f’o
r(n+1)(r+2)p
p =™ )3(' )y

By Mathematical Induction, we have;

B = n(mw+ 1)(%:!2)(71—%3)1941)0,
ps— w(m+ 1)(7r+2)5(!7r+3)(7r+4)p5P07

n(n+1)(n+2)---(x+n—-2)(m+n—1)p"

P, = . P.
P - 7r(7r+1)(7r+2)---Enj:z)'—S)(n+n—2)p"IPO.
P, m(r+1)(m+2)-(w+n-2)(w+n—1)p.p"! (n—1)!
Py n.(n—1)! A+ V(T +2) (T tn_2)pT
by

=(T+n— I)B,as required.
n

Using the pgf. technique, we multiply equation (7.26) by s” and sum the results over n to

obtain;

ZnPns”:pi [T+ (n—1)]P,_1s"

n=1
Z nP,s" = pm Z B, 1s"+p Z (n
n=1 n=1 n=1

I)Pnflsn

sinPns”_lzpﬂsiPn,lsn_l—l—p i n—1)P,_1s" -2
n=1

n=1 n=1
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Thus;
dy(s) »dy(s)
s—qp = Prsy(s) +psT—o
dy(s
= (1) ¥ pry(s)
1 pT
= s
O AR

Taking the integral, we have;

dy(s) [ prds
/ w(s) / (1—ps)
Iny(s) = —xIn(1 — ps)+1Inc
= y(s)=ci(l—ps)”

T

Putting s=1;

v =1=ci(1-p)"

= C] :qﬂ.
= y(s)=q¢"(1—ps)™ "
) _ q T
S W) = <1—ps> '
' prg”
N (P
2 T
" - p ﬂ(ﬂ—f—l)q
y S) o (1 _ps)m—z
B pznzqn —|—p27l'q7r
(L= ps)™2
E(X)=y (1)
_ prq”
qﬂ?—i-l
p
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and,

2.2 T 2 T
" pmeqT + pTrq
14 (1): qn:+2
B pzﬂz_i_pzﬂ
s
Var(X) =y (1) +y (1) — [y (1)]?

22 2
prn+pm pn PR,
=P (T

q q q
P24+ p?n pn Al
= 4=
q q q
_p’n pm
¢ q
- p27t+qp7r
7
_ rr(p+q)
e
T
s Var(X) = p_z Since p+g=1

q

Using Feller’s method, we sum equation (7.26) over n, to get;

Y nPi=p) (n+m—1)P_,
n=1 n=1
Y nPi=pY [(n—1)+7]P,
n=1 n=1
Mi=pY (n—=1)P_1+pr) P
n=1 n=1
M, = pM, + prm
(1—p)M1 = pT
T
M1:p— Since 1—p=gq
q
E(X)=M
T
Ex)="2"
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Next, we multiply equation (7.26) by n and sum the results over n to get;

s
:l\-)
v
1
~

s

nn+mx—1)P,_;

3
I
—_
3
I
—_

s
=l\-)
-

1

~

gk

[(n=1)+1][(n=1) + 7] Py

3
|
—_
3
Il

S

I
<
s

(n=12P+pr Y (n—=DP1+p Y (n—1)P1+pr Y Py
n=1 n=1 n=1

i

My = pM> + prtM + pM, + p1t

T T
(1-p)M, =pﬂ~% +p.p7 +pm

Y/
qu—p——i—p?-i—pﬂ:
2.2 2

n+pwt+qgpw
:>M2:p p2 qp
q

Var(X) = My — [,
- p27r2+p27r+qp7r p27r2
7 q*

o p27r+pq7r

P
pr(p+q)

7
s Var(X) = 121_7; Since p+g=1

Case lI:

Suppose n is the number of trials required to achieve the & th success;
Then,

n—m_T

P, = prq, n=nn+1l,x+2,---; g=1—p

(n—1)—m _=m

P = p g, n=mw+1,m+2,--.
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Thus,
Proposition 7.6

= m—n)P,=pn—1)P_;; n=nm+1,w+2,---

Proof

Solving (7.28) iteratively, we have;
When n=m+1;

Equation (7.28) becomes;

Pry1 = prPy
S Pry1 = prPr.

When n=m+2;
Equation (7.28) becomes;

2Ppi0 = p(m+1)Priy
= 2Pri2=p(n+1).pnPy

n(m+1)p?
s HEEOP,

When n=m+3;
Equation (7.28) becomes;

3Pri3=p(T+2)Pry2

w(m+1)p?
:>3Pn+3:p(7r+2)%Pﬂ
T(r+ 1) (m+2)p3
Py = ( )( )P P,

3!

(7.27)

(7.28)
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By Mathematical Induction, we have;

P = m(m+ 1)(7r:!2)(7r+ 3)p4pm
Prs— n(m+ 1)(7Z'+2)5(!7T+3)(7T+4)pspm
Pn:n(n+1)(n+2)...(7;'+n—2)(n+n—1)pnpn_
;‘Pn—lzWH1)(n+2)mEij)!_s)(nJrn_z)pn_an-
By _m(r+1)(x+2)--(x+n-2)(m+n—1)p.p"" (n—1)!
Pnp;l L n.(n—1)! T+ ) (m+2) - (T+n—2)pr]

= . ired
P P asrequire

Using the probability generating function technique, we multiply equation (7.28) by s"
and sum the results over n to obtain;

i nP,s" —m i Ps"=p i (n—1)P,—ys"

n=n+1 n=n+1 n=n-+1
s Z nPs" ' —x Z P,s" = ps® Z (n— l)Pn,ls"_2

n=n+1 n=n+1 n=n+1

But, Pr=4g"

d d
T
Therefore,
dy(s)
1— =T
51 ps) ) = ()
1 tds
< =
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Integrating both sides with respect to s, we have;

/(t[/WTES)) - ﬂ/s(l(isps)

Iny(s) =rwlns—mln(1— ps) +1nc

T
Iny(s) ﬂ:ln[l—ps] +Inc

Hence,
Ky T
yls) =ci [1 —ps}
Putting s=1;
Ky T
v =1=a; _p}
=c=(1-p)"=q".
T N
vis) =a" ;=]
) _ [ 495 1"
REN
/ dy (s ng®s™ ! prg”st
()= ) IO
ds (1—ps) (1—ps)
" (s) = n(r—1)g"s™ % 2pn?q"s™ ! p*m(m+1)g"s"
VT gt T U T T (1 )i
Putting s=1;
/ nq" prq”
1) =
L M (e
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Therefore,

Sy ()= T Since g+p=1
q

EX)=w (1)

T
E(X)=—.
(X) .
/ n(mr—1)q" 2p7r2q7r pz7t(7r+1)q7r
Vl(l):: qﬂ qn+1 qn+2

2 2
aao1)4 27 PRl

q q
Var(X) =y (1) + vy (1) — [y (1)]2

2pn?  p’r(x+1) m @

=n(r—1)+ + +——=
q q° q ¢
¢’ — g+ 2pgn® + p*n’ + pPr+ g — w?
= 2
q
B n*(q+p)? —rg* +np* +np—n?
= 2
q
_ 7tp2+7rp—7tq2
7
T
Var(X) :—5.
q

Using Feller’s method, we sum equation (7.28) over n to obtain;

i nP,—m i P,=p i (n—1)P,_1

n=m+1 n=n+1 n=n+1
< M| —nPr=pM|+7— 7Py
But, Pr=4q"
M, —rqg" = pMy + 1 — ng"
(l1—pM=m

T
=M;=—. Since 1l—p=gq
q
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Therefore,

Multiplying equation (7.28) by n and sum the results over n, we get;

Y n’P-n Z nP,=p Z [(n—=1)+1](n—1)P,_4
n=n+1 n=n+1 n=mn+1

(o)

My — 1Py — [aM, — 7Py = p Z (n—172P+p Y, (n—1)Py

n=m+1 n=n-+1
My — My = pM> + pM,
But M, =~
= (1-p)M, = —2+%
4mp
M, = 7 Since 1—-p=g¢
Var(X) = My — M,
m’t+ap w
q* q*
Var(X) = %

6. Truncated Negative Binomial Distribution
For a truncated Negative Binomial Distribution;
Let,

T n+mr—1
b= . T pnqﬂ:; l’l=1,2,3,"'; qzl—p
l—q T—1

q" (l’l—l)—FTL'—l
1—q" n—1

p(nil)qﬂ; 1’121,2,3,"'
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Proposition 7.7

P,  (n+m—1)p

P, n

=nP,=pn+n—1)B_;; n=273--

Proof

Solving (7.30) iteratively, we have;
When n=1;

Equation (7.30) becomes;

Py = pnhy
P = p7'L'P().

When n=2;
Equation (7.30) becomes;

2P, = p(ﬂ?+ 1)P1
= 2P, = p(7l'—|— l)pTCPO

n(m+1)p?
.'.PQI—( X )p B.

When n=3;
Equation (7.30) becomes;

3P = p(ﬂ' + 2)P2

n(m+1)p?
3= e T
1 2)p3
g EEE D@

3!

(7.29)

(7.30)
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By Mathematical Induction, we have;

4
P — m(m+ 1)(%1—!2)(7r+3)p A,
ps— m(m+ 1)(7Z'+2)5(!7T+3)(7'L'+4)p5P0,

r(r+1)(r+2)--(n+n—-2)(T+n—1)p"

P, = — B.
P 7r(7t—|—1)(7r—|—(2)!‘1()7‘f—|—n—2)p”_'PO.
P, w(m+1)(m+2)-(w+n—2)(m+n—1)p.p""! (n—1)!
P1 n.(n—1)! ‘75(77:—'—1)(7T+2)'-~(7T—l—n—2)p"*1

B T+n—1
L= :p( T ) as required

Using the probability generating function technique, we multiply equation (7.30) by s"
and sum the results over n to obtain;

o) o)

Z nb;s" =p Z (n—|—717— l)Pn_ls"
=2

n=
sY nPys" ' =p Y [(n—1)+x]B,_1s"
n=2

(o)

(n—1)P_ 15"+ pm Z P,_1s"
n=2 n=2

n=2
)3
n=2
)3

(o]
s Z nPs" ' =p
n=2
(]

s Z nP,s" ! = ps? Z (n— 1)Pn_1s"_1 + psm Z P, 5"
n=2 n=2 n=2

dy(s) _2dy(s)
S[T —P1:| = ps T +p7TS[lI/(S) —P():|
But, Py=0
T
and P = Prq
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Therefore,

dy(s)  pmq™1 _  ody(s) B
g ds 1—g~l ps ds +prs [W(S) PO]
o dy(s) prq”
s(1—ps) & pry(s)+ - (7.31)

Note that, equation (7.31) cannot be solved explicitly.

Using Feller’s method, we sum equation (7.30) over n to obtain;

[

ZnPn:pZ(n—Hr—l)Pn,l

n= n=2

i nP,=p i [(n—1)+n]P—

n=2 n=2

Mi—Pi=pY (n—1)P_i+pm y Pi_i
n=2 n=2

[\8]

M, — P, = pM + pm

But, P = P*0
1—4g"
pr  prq”
R
E(X) =M,
_ pr(l1—q") +png”
q(1-q")
_ pr[l—q" +4"]
 q(1—g)
E(x)=—"~
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Also, multiplying equation (7.30) by n and sum the results over n, we get;

Z n’B,=p Z nn+mx—1)P,_;
n=2 n=2

Y w2P=pY (- 1)+ 1[(n—1) + 7B,
n=2 n=2

My—Pi=pY (n=1Pi+pr ) (n=1)Pi+pY (n—1)P1+prY Py
n=2 n=2 n=2 n=2

M, — P, = pM;, + pnMy + pM; + pT

T

pm prq
(1-p)My = (pr— p)——— +pr+
q(1—q") 1—g"
. prg” P
Since P = , and M;=——"—.
1—g" q(1—q")
2.2 2 T
p°m p°m pmq
:>qkb:: + +pr+
q(1—q*) q(1—q") 1—g"
o P . P pm pg®
2= 79 1—g~® 2(1 — g™ 1—g~®
*(1—-q") ¢*(1—q") q q(1—4")
_ p*r*+p*n+prg— prg® + prg™t!
g*(1—4g™)
_ P’ +pa(p+q)+prgt(—1+4q)
7*(1—4q™)
_ p*nt+prn—prq”
7*(1—4™)
2.2 2 T
T T T T
IR tpimtpn pqn
q q(1—q")
Var(X) =My — {M,}*
_ PRt ptntpn  prg” Ty
q q(1—4¢") “q(1—g")
2.2 T
pr pemiq
S Var(X) = - :
?(1—q") ¢*(1—q7)?
From Equation (*) above, we have;
1-§\@
Wis) = <l—§s>
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If  is a negative integer;
Let @ = —w where, @ is a positive integer,
Then,

O 0}
=(1-&)7°Y), (—&s)"
n=0 n
o[ @) (=Es)"
= Y(s) =
L, u-ee
_i o (—&s)"
=0\ n (1=&)(1-&)en
) ) _é n 1 o-n
_n);o . (1—5) (1—5) >
-
L - >
et, p -
Thus,
3
l—p=14+—"-—
p +1_§
1
_1—5
O w
.'.l//(s)zz pr(1—p)°s" £E<0
n=0 n
Therefore,
Q]
Pn( p'(1—=p)®°" for n=0,1,2,
n
Which is a Binomial distribution.
Q]
Let, Pn< p'(1—p)°", for n=0,1,2,
n
w
:>Pn1< P A=p)? D for n=1,2,--
n—1
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Hence,
Proposition 7.8

P,  (0o—n+1)

Pn—l nq

< nkP, = (a)—n+1)£Pn_1; for n=1,2,3,---,0
q

Proof

Solving (7.32) iteratively, we have;
When n=1;

Equation (7.32) becomes;

PL=—PFR
q
w
P ==Lp,
q
When n=2;
Equation (7.32) becomes;
2P2 = (CO— 1)£P]
q
w
=2P, = ((D— 1)£—pP0
q 49
2
o(o—1) <§>
P = X Py
When n=3;
Equation (7.32) becomes;
3P = (0 —2)2P,
q
2
p@l@—1) <£>
=3P=(w-2)- P
v=(0=2)0 1.2 0

(7.32)
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Therefore, by Mathematical Induction, we have;

4
o(@—1)(0-2)@-3)(}
P4: 4\ PO?
' 4
o(0—1)(@-2)(w-3)(2)
P4: 4\ P07
. 5
a)(a)—l)(a)—z)(a)—3)(a)_4)<§)
h= 51 Fo,
Pn:a)(a)—1)(60—2)...(a);n+2)(w—n+1)<5> n
n—1
;sPn_l:w(w_l)(w_z)m(w_"ﬂ)(E) R.
(n—1)!
1 n—1
P, _co(a)—1)(0)—2)...(w—n+2)(w—n+1)<§) (5)
Pt n.(n—1)!
N (n—1)!

a)(&)—1)(w—2)...(w_n+2)<§>n—1

P, (o—n+1)(]) -
P | - n . asrequire
-
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Its pgf. in hypergeometric terms is given by;

_oF (o, 15 1;827)

= R@ng)
(Dl(Z) _ 1.065 2F1(OC+1,2;2;§Z)
1 oF(o, 11;8)
5 (2) = 12)a(a+1)E2 2 Fy (o +2,3:3;E2)
1(2) 2Fi(a,1;1;8)
Fi(a+x,1+K1+K;E)

Let, Ax= NACABH . k=12

E(X)=9¢'(1)
S E(X) = adA.

and,

Var(X)=¢"(1)+¢ (1)~ [¢'(1)]?
= a(a+1)E A+ abA| — [aEA]?
s Var(X) = ag A+ a8 {(a+1)Ay — aAj}.

Using the probability generating function technique, we multiply equation (7.32) by 5"
and sum the results over n to obtain;

[0 [0
anPns":pZ —(n—1)|P,—15"
n=1 n=1

qSZnPn—ls = ZPn 1 _pz By 15"

n=1
qu:nPn_ls"*1 :a)psZPn_ls — Z (n—1)P,—1s" =2
n=1 n=1 n=1
dy(s) _ 2dy(s)
s =g = OpsY(s) —ps =
1
dy(s) = P4

v (s) g+ps
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Integrating both sides with respect to s, we have;

dy(s) B pds
[56 )@
Therefore,

¥(s) = ci(g+ps)®
Putting s=1;

v(l)=1=ci(qg+p)°
=c1=1.

Sy(s) = (g+ps)®.

=y (s) = l’(ﬁs) = op(g+ps)®!
V(s dyils(S) = w(o—1)p*(g+ps)®”
E(X) =y (1)
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Using Feller’s method, we sum equation (7.32) over n to obtain;

((1)—n—|— l)gpnl

Me
S

I
Me

n=1 n=1
w p w
Y nPi==) [0—(n—1)]P
n=1 qnzl
w 0]
p p
M ==w Z P,_1—= Z (n— 1)Pn_1
q n=1 n=1
p p
M) = =[0(1 — Py)] — =[M| — 0P|
q q
Therefore,
M =Lo-Lum,
q q
<= gM|+ pM; = 0p
(q+p)M; = op
o.My =wp. Since g+p=1
E(X)=M,
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7.4

7.5

Again, multiplying equation (7.32) by n and sum the results over n, we get;

Me
:l\)
v

I

Me

n(w—n+ l)BPn,l
q

n=1 n=1
© p [0)
Z n’P, =% Z [(n—=1)+1][@— (n—1)]P—
n=1 q4,=1
DI [0) ) ) ) )
M ==|m Z(n— 1)Pn_1 - Z(I’l— 1) P_1+w ZPn_l - Z(n— I)Pn_l]
gt »= n=1 n=1 n=1
M, = g 0(M; — ©Py) — (Ms — 0*Pay) + o(1 — Py) — (M, — a)Pw)]
M, = E _C()Ml —Mz—’r(O—Ml}
gl
But, M;=owp
:>M2:B-a)2p—M2+a)—a)p}
gl

> qM> = 0p* — pM> + 0p — Op°
= (q+p)Mr = 0*p* + ©p — wp’
SoMy = w2p2 +op— a)pz.
Var(X) =My — {M}*
— 02p* + op— op? — P
= wp(1-p)
s Var(X) = opg.

Sundt - Jewell (1981) Class

Remark 7.2
Sundt, B. and Jewell, W.S.(1981) have shown that: Poisson, Binomial, Negative Binomial
and Geometric distributions are the only members of the family of claim number distribu-

tions.

Panjer’s Class of order k

Sundt and Jewell (1981) generalized Panjer’s (1981) recursive algorithm to the class of
counting distributions with discrete density {P,}:_ satisfying the recursion;
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A
Pn:(é—f_;)Pnfl; n=n+1,n+2,-- (7.33)

7.6 Special Cases of Panjer’s Class of Order k

7.6.1 When 1 =0, we obtain Panjer’s Class

Pn:(&"’%)Pn—l; n=1,273,---
nb, = (én'i'l)Pnfl
=[En—1+1)+A]P
cnPy=En— 1P+ (E+A)P1; n=123,-

Proposition 7.9

nP, = (En+A)P,_4 (7.34)
Proof
Solving (7.34) iteratively, we have;
When n=1;
Equation (7.34) becomes;
P =(E+A)P
= P = (5 + l)P()
A
P — (5; ) A,

When n=2;
Equation (7.34) becomes;
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2P, = (E+A)2E+A)Ry

Lo EERCE)
py o ENCE A,

When n=3;
Equation (7.34) becomes;

3P =(3E+A)P,

Lap = (36 +2)8 ”)lgé”)po
Py= (E+A)(28 ;l)@é +7L)PO_
By Mathematical Induction, we have;
o= EXRCELVEELAAELD)
po_ (EFA)2E+A)(BE+A)(AE+A)(56+4)
5= 51 0

(E+A)2E+A)BS+A)--((n=1)S+A)(nE +4)

P, = n! .
A
P, :(§+l)(25§+l)---((n—1)§+7t)(n§+/l) (n—1)!
Py n.(n—1)! (E+A)28+2A)3BE+A) - (n—1)E+2)
" . = (n +A). as required
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Multiplying equation (7.34) by s” and summing over n, we obtain;

ZnPs —52 (n—1)P_1s"+(E+A) Z 18"

S :§s22(n—l)Pn_1s”_ +(& —|—l)sZPn_1s"_l
n=1 n=1

W) _ e V) e ayy(s)

ds ds
(10 (e 4y 735

When & #£0, A=0and (§+1)>0
Then,

(10— (e 4y = p

When ({ +1) =0, then & #0
Thus,

ds
dW(S) P
ds 1—-Es
= y(s) 1Pidgs
—E&ds
EJ 1-Es



249

Putting s=1;

(1) =1="Tlog(1-&) ¢

. S
= écllog(l -&)
s m
Therefore,
0= e

Which is the probability generating function for a logarithmic distribution with parameter

3

gn
Pp=——"—=; f =1,23,---; 0 1.
" “nlog(1—&) or n <é<
Suppose we let p = &;
pn
=P, = ; for n=1,2,3,---; g=1—p.
—nlogq
and PIZL
logg
Thus,
~1
p}’l
PLi=———; f =2,3,4,--
T - Dlogg” "
P, —1
N _(n=1p
P, n
< nP,=pn—1)P,_;; n=234,--- (7.36)

Solving (7.36) iteratively, we have;
When n=1;
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Equation (7.36) becomes;

P=P
P1 = P().

When n=2;
Equation (7.36) becomes;

2P, = pPy
=2P = pP()

P2 = EP().

When n=3;
Equation (7.36) becomes;

Therefore, by Mathematical Induction, we have;

_3p
41
4p4

Ps = ?P()a

P,

n!

(n—1)!

(n—1)p™!
= 10

(n—2)p" 2
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Therefore,

P, (n—2).(n—Dp.p" % (n—1)!

P, n(n—1)! ‘(n—2)p"2
P, —1
e = pln ) as required
P, n

Using the probability generating function technique, we multiply equation (7.36) by s"
and sum the results over n to obtain;

n=2 n=2
sY nP,s" ! = ps* Y (n— )P, 15" 2
n=2 n=2
dy(s) _ »dy(s)
S[ ds —P1]—p ds
dy(s)  —p , —p
1 - : =2
(1—ps) s TJogg’ Since P, oz g
Therefore,
1 —pds
dy(s) = ——
/ v(s) loggJ 1—ps
Thus,
log(1 — ps)
(s) = o
g4
/ —p
s) =
V)= (T ps)toga
vy dyi(s)  =p?
V)= ds  (1—ps)logg
EX)=wy (1)
_ P
(1—p)logg
—pP
X)= .
) glogg
2
" —p
1) =
v (1—p)*logg
_p2
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and,

"

Var(X) =y (1) + v (1) = [v (1)]2

e ey R
q*logq  qlogg q*(logg)?
2
—plogg—p
sVar(X) = ————.
q*(logq)
Using Feller’s method, we sum equation (7.36) over n to obtain;
Y nPi=p) (n=1)P
n=2 n=2
=M —P = le
= (1—p)M, =P,
But, P = e
logg
_—p
Therefore, (1—p)M; =——
logg
. ___P ; —
SoMy = . Since 1—-p=gq
qlogg
E(X) =M,
4
E(X)= .
qlogq

Multiplying equation (7.36) by n and sum the results over n, we get;

Z n’P,=p Z nin—1)P,_
n=2 n=2

M,—P =p Z[(l’l— 1)+1](n— I)Pn—l
n=2

[e )

M, — P, :p[Z(n— I)ZPn_l + i(l’l— 1)Pn—l]

n=2 n=2
M, — Py = p[M> — M|
= (1 —pS)M2 =P —I—le
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But,

M, = —P and P = 7
qlogq logg
_ 2
= (1—ps)M, = S
logg ~ glogg
_ _ 2
My = p +— P~
qlogg ~ q-logq
Var(X) =Mz — {M1}*
I N _{ —p }2
qlogg = g*logg lqlogq
2
—plogg—p
SVar(X) = ————.
%) q*(logg)?
Remark (7.3)
7.6.2 When © = 1, we obtain a Willmot (1988) Class
From equation (7.33), we have;
l * %
Pn:(€+;)Pn—]’ n:2737"’ ( )

Remark (7.4)
Schroter (1990) generalized Panjer’s recursive algorithm to the class of counting distribu-
tions satisfying the class;

A c
b= (§+;)Pn71+zpn—2; n=1,2,3,.--

with P_; = 0 for some constants £,A and c.

Casel:Leté =pand A =—p
From (**), we have;
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o= (p+ =L )Py
n

p(n—1)

=P, = P,

<>nP,=pn—1)P_1; n=234,.- (7.37)

Which is the same as equation (7.36) and it will generate the probability generating func-
tion for a logarithmic distribution whose properties have been discussed.

Casell: LetE =pand A =0

Then,

Proposition 7.10

P,=pP, ; for n=273,-- (7.38)
and Pi=g¢q
Proof
Solving (7.38) iteratively, we have;
When n=1;
Equation (7.38) becomes;
Py = phy
P = ph.
When n=2;
Equation (7.38) becomes;
P, = pP
= P, =p.ph
-.Py=Dp*R.

When n=3;
Equation (7.38) becomes;
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Py = ph
=P = p.p2P0
S.Py=pR,.
=Py =p'R,
Ps=p’Py,
B, =p"'R.
= P11 =p" 'R
P pp!
Py pt!
P

=p. asrequired

Which is the probability generating function for Geometric Distribution Type II.

Multiplying equation (7.38) by s” and sum the results over n to obtain;

n=2 n=2
y(s) —P1 = psy(s)
= (1—ps)y(s) =P
But, P =g¢q
v(s) = _qps.
/ dy(s) Pq




256

Therefore,

EX)=w (1)
_rq
(1-p)?
g
N
_p
E(X)—q.

"

Var(X) =y (1) +y (1) = [y (1)]?

_ 2% ,p P
(1-p)3 q ¢
_2p°+pg—p?
q2
2
_ P +pg
q2
_plp+q)
=7
p
s Var(X) = .
q2

Its probability generation function in hypergeometric term is given by;

1Fi(1; 15 p2)
(@) =—FFr"r~-
1Fi(1;1;p)
: 1F1(2;2; pz)
) =p————
o) =r 1Fi(1;1;p)
" ]F] 3;3;172
0 (z) = 2¥
1Fi(1:1;p)
Fi(1 01 ;
Let’ K.:l 1( +K’ +K’p>, K= 1,2'
1Fi(1;15p)
E(X)=¢ (1)
S E(X) = pAy.

Var(X)=¢"(1)+¢ (1)~ {¢'(1)}?
= p*As+ pA; — pPA?
=~ Var(X) = pA1 + p*{Ay — A},
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7.7 Panjer’s - Willmot (1982) Class

Consider the counting distributions whose discrete density {P,}*_, satisfying a class in

the form;
k
Z<€l+ )9 n:172737"' (7.39)
1=1
with P, =0 for n < 0.
Therefore,
Proposition 7.11
k
=Y (n&+ )P, (7.40)

1=1

=P, Z {él(n—l—kl)—f-?tl}

1=1

k k
cnP=P Y E(n—1)+P 1Y (& +A); n=1,23,-- (7.41)
1=1 1
Proof
Solving (7.40) iteratively, we have;
When n=1;

Equation (7.40) becomes;

When n=2;
Equation (7.40) becomes;
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k

1=1

= 2P, = i(Zﬁl +7Lz)—2];_1(€11 +AL)P0
1=1
P = lec:l(gl +gl')(2€l +7Ll)PO_
When n=3;
Equation (7.40) becomes;
k
3P = 2(3& +A)Ps
1=1
~3p = i(3§l _|_)Ll)211(=1<§t +1112)(251 +AI)P0
1=1 :
py = G MRS ANGE A
By Mathematical Induction, we have;
oy Dhy (B M) Q6+ A6+ A)(EE A ,
+= 41 0
p - Lt (G A28+ ) (B8 +A) @8+ M) (58 +4)
5 — 51 0,
P — Y (& 2)28+A) - (n—1)& + L) (né —HLL)P
" n! 0
ey Bl ACE R ()
B _ L&+ A)2E+4) (= 1)& +4) (n& +A) (n—1)!
P n.(n—1)! T (& A) Qe+ M) (n—1)& + A)
. P, . k (nél‘f—ll) .
BT l; . . asrequired
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7.8

Multiplying equation (7.41) by s” and sum the results over n, we obtain;

bl

sZnPns" 1 Zi_‘,ls Z (n—1)P,_1s" Z(ﬁﬁ—ll sZPn 18"

n=1 =1 =1 n=1

k = k

:Z Z n—an,1S Z(ﬁﬁ-%SZPn 18"
1=1 n= 1=1
k k

= Z Z E+r)y
1=1 1=1

Therefore,
dl[/ k
1_5251 =Y &+ (7.42)

=1

—

Special Cases of Panjer’s - Willmot (1982) Class and their
Properties

7.8.1 When k=1, we obtain Panjer’s Class

Equation (7.39) becomes Panjer’s Class;
A
<§+ ) n—1s n:1a2737"'

and equation (7.42) becomes;

(1-8)0 - e 42w

Which is as discussed in section (7.2) - Panjer’s (1981) class.

7.8.2 When k=2, we obtain the pgf. which does not satisfy existing probability
distributions
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:i(él ) 1, n=1,2,3,---

A A
O RN( 2)}1)11—1; n=123,--

Which does not satisfy existing probability distributions.

7.8.3 When k=4, we obtain the pgf. for Hyper-Geometric distribution

Equation (7.42) becomes;

4 4
where, 0 =) & and® =) (& +4)

1=1 1=1

Therefore;

1 dy(s) @
v(s) ds  1—os

Integrating both sides, we have;

Pds
/dlnl[/ /1—(ps
Iny(s) = —Inc (1 — @s)

Y(s)=1— Py
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Putting s=1;

=>6‘1=1—(p
: _1-9
"W(s)_l_(ps'

Which is the probability generating function for a hypergeometric distribution with pa-
rameter 1 — @.

The pgf. in hypergeometric term is given by;

1A (115 92)
) ————.
1Fi(1;1;0)
' :1~_(P1F1(2;2;(PZ)
1 Al 1Le)
” . 2(p2 1F1 (3;3;([)2)

0 &= RLe)
F(l+Kx14+x0)
Let, A= . k=12
o oK Fi(1:19)
E(X)=¢ (1)
.'.E(X)ZQDAl.

Var(X)=¢" +¢'(1)—[¢ (1))
= @™ As+ QA; — 9*AT
s Var(X) = oA + ‘PZ{AZ —A%}-






8.1

8.2

KAPUR’S RECURSIVE MODEL IN BIRTH AND
DEATH PROCESSES AT EQUILIBRIUM

Introduction

In this chapter, we study the generalized cases of birth and death processes in its steady
state using difference differential equations.

Expression for the probability distributions, probability generating function, and moments
in terms of hypergeometric functions are derived.

The relations between hypergeometric functions will be used to give their interpretation
in terms of probability of extintions for these generalized birth and death processes.

Kapur’s generalized birth and death processes

Kapur’s generalized birth and death processes can be expressed as a ratio of polynomials
P, and P,_1 in t, such that the equilibrium solution is given by;

Pl )Llfl
— , 0 8.1
P m Uy # (8.1)

which can be re-written as;

P, (it+ai—1)(1+ar—1)---(14+ap—1)p
= . (82)
Pi (+bi—D)(i+ba—1)(1+bg—1)

Hence, the pgf. in hypergeometric terms is expressed as;

0(2) = priFg(Lar, - ap;by,- - J?q;pz).
p+1FQ(17a17." 7ap;b17'” 7bq’p)

Letay,---,ap =a; for 1=123,---,p and by,---,b; = b; for 7=1,23,---q.
Therefore;

_ p+1Fq(17al;br;PZ>

(P(Z) p+1Fq(1aal;bT;p) '
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This implies that;

/ 1 d
'@ p+11~11(1,al;bf;p)dz{”*1 o1 aibrip2)}
1 ap

— pi1Fy(La;be;p) by p+1Fy(Lar+ 1500+ 15 p2)

arp py1Fy(2,a0+ 1;b7 + 15 p2)
br p+1Fq(17al;br§P)

" 1 d
1 a(a, +1)p?

pr1Fy(Laisbesp) be(br+1) {p+1Fg(2+ Lai+2:bc +2:p2)}

~a(ay+1)p? pr1Fy(3,a,+2;br +2:p2)
br(br+1) p—i—qu(l)al;bT;p)
(I +Ka+ Kb+ K5p)

Let, A ;o k=12
. p+1Fq(1,a13b75p)
EX)=¢ (1)
a
E(X)=,=pA;
T
and
Var(X)=¢ (1)+¢ (1)—[¢ (1)]?
a,(a, +1)p? a @ 5.0
belbrt 1) 2T p PN TP
2
a alp al+1 a, 2
Var(X) = ——A — A7
- Var(X) ™M T 1M T M

Moments generating function

The moment generating function is given by;

P
(p(e) — Z Plele
1=0

_ pleq(l,al;bf;pee)
p=1Fy(Lai;be;p)

RIC)

Which, on replacing ¢® by z, yields the probability generating function ¢(Inz).
The factorial moment of order & is given by;
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(“1)6p5 p+1Fy(14+8,a,+0;b:+ 8;p)
.(bT)S . p+1Fq(laatébr§P)

8.3 Special Cases of Kapur (1978 a) generalized birth and death
processes

8.3.1 Case 1: 4, = (ta1 +by) , 4y = (1c1 +dy)

For A, = (1a;+b1), W = (1c; +dy), the basic difference differential equations at equi-

librium are:

0= (C1 +d1)P1 —b1P

and

0= ((1+1)ec1+d)Py1+ (1 —Dar +b1)P_1 —{(ta1 +b1) + (tcr +di)}P; 1>1

Hence,
Proposition 8.1

P, (l—l)al—i-bl_

P lcy +dy

v

Proof
Equation (8.3) can be expressed as;

5 12172737"‘;19; T:172737"'7q'
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(Cl +d, )Pl =b1P

Solving (8.4) iteratively, we have;
When 1=1;
Equation (8.4) becomes;

0= (2C1 —l—d])Pz— {(a1 —l—b]) —l—(C] +d1)}P1 + b1 Py

Substituting (8.6) in equation (8.7), we have;

b
0= (2c1+d)P,—{(a1+b1)+ (c1 —I—dl)}.c1 n

0= (2c1+d1)p2_%
0= (201+d1)P2_%P0
s (2c1+d))P, = %PO
bi(a1 +b
whe (c1 +lc§1a)l(2c114)r )
P = by(ay +by) P

(C] +d1)(2c1 —|—d1)

When 1=2;
Equation (8.4) becomes;

0= (3c1+d)Ps—{(2a1 +b1+2c1+dy) }Po+ (a1 +by) Py

Py—b1Py+b1 Py

(8.6)

(8.7)

(8.8)

(8.9)
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Substituting (8.6) and (8.8) in equation (8.9), we have;

bl(al+b1)
0=(3 di)P3—14(2 b1 +2 dy)t.
et {@ar e G v
by
b1). P,
+(a1—|— 1) c1+d; 0
b1(01+b1)(2a1+b1) bl(al+b1) b1(611+b1)
0= (3c1+d|)P; — — — P,
Ber+d)bs == i e td) (et T o)
bl(a1+b1)(2a1+b1)
0= (3c;+d)P; —
Ber+d)b == @ +dn
bi(a1+b1)(2a; +by)
< (3c1+d)P; =
Bert+d)bs = = e 1dn)
P = bl(a1+b1)(2a1—|—b1)
(c1 +d1)(2c1+d1)(3c1 +dy)
Py = b1<611+b1)(2a1+b1)
o (C1+d1)(261+d1)(361+d1)'
Hence, by Mathematical Induction, we have;
:bl(a1+b1)(2a1—|—b1)(3a1—|—b1)(4a1—|—b1)
(c1+di)(2c1+d1)(3cr +di)(4er +di)
PSZb1(611+b1)(2611+b1)(3a1+b1)(4a1+b1)(5611+b1)
(C1+d1)(261+d1)(3C1+d1)(4€1+d1)(5€1+d1) ’
o) c((1—2
P = bl(al-l-bl)( a1+b1) ((l )a1+b1)(la1+b1)P0. 1> 1 (8.10)

(Cl +d1)(2C1 +d1)---((l —2)C1 +d1)(lcl —I—d1)
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But,
ZPL - 1
1=0
P+P+P+P+---= 1
by by(a; +by)
P {1 + + } —1
0 c1+d; (Cl+d1)(2C1+d1)
1
SRy = .
by(ai1+b1)
{1 + c1+d1 + (C1+d1)(26‘1+d1) + }
is the probability of ultimate extinction.
Therefore,
P — b1<a1 +b1)(2a1 +b1) cee ((l — 2)611 +b1)((l — 1)611 +b1) 1
=

di) (2 d)---((1=2 d d bi(ai+b1)
(C1+ 1)( cr+ 1) ((l )C1+ 1)(1C1+ 1) 1+61+d1+(61+1d1)1(2C11+d1)+

From (8.10);

bi(ar+b1)(2a1+by)---((1—2)a; +by)
(c1+d1)(2c1+d1)---((1—=1)c1 +dy)
P, _bl(a1+b1)(2a1+b1) ((l )a1+b1)(la1+b1) (Cl+d1)(2C1—I—dl)-"((l—l)cl—f—dl)
P - (c1+dy)(2c1+dy) - (1 —=2)c; +dy)(1c) +dy) 'bl(a1+b1)(2a1+b1)---((l—2)a1+b1)
) P, _(l—l)a1+b1
TP B lc; +d; )

Py.

P =

as required
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(8.10) can be rewritten as;

P (N 1—0 (")
where, ((Xl)l = 061(061 + 1)(061 —}—2)---(061 +1— 1), 1>1; (051)0 =1,
B ['og+1)
N I'oy
and
Mhi=nn+Hn+2)--(m+1-1), 125 (Mho=1,
_(n+1)
I'ym
by d
a=— "N =—+1
C1 C1

Its probability generating function is given by;

:2F1(1,061;Y1;pz)
2R (1,00375p)
/ 1 d
= —F1 (1, 0051,
¢ 2F1(1,061;Y1;p)dz{2 (1 asm; pa)}
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Therefore,
' 1 aip
Z) = 2Fi(1+1, 04+ 1;n+1;pz
¢ () 2Fi(Lavp) 1 2F1 ! n p2)
_up 2F1(2,00 + 1571+ 1;p2)
N A (Lasysp)
" 1 aip d
= —1FR2,q+1Ln+1;
¢ 2Fi(Lasnip) n dz{2 12,; n P2}
1 op oy+1)p
= . Fi2+1,00+2:71 +2:pz
2Fi(Loasyse) n (n+1) LFil RES L
_ 20u(a +1)p? 2Fi (3,00 + 2571 +2:p2)
nn+1) = oF(Lasnip)
Let, AK:2F1(1+K,061+K;71+K;P). K=1,2.
2Fi (L am;:p)
E(X)=¢ (1)
CEX)=HPA,
N

and

Var(X)=¢ (1) +¢ (1) —[¢'(1)]?
_ 2a1(a1+1)p2A o p ﬂ/\%

+2EA -
nn+)
(le (lez 2(X1+1 (04] 2
=P A+ As— Z1A2).
pidl ! N (Y1+1 2 N 1>

Moment’s generating function
The moment generating function is given by;

P
(P(Q) — Z Plee
1=0

(9):21’1(17051;}’1;[)69)
2K (1,asm5p)

The factorial moment of order 9§ is given by;

(ot1)s s2F1(14+6,01+6:71+6:p)
(n)s 21 (1, a1315p) '

Hg = 8!
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8.3.2 Case2: A = (ta1+Dby), 1 = (tc1 +di)(1c2+da)

For A, = (ta; +by) , i, = (1c1 +d1)(1c2 +dy), the basic difference differential equations
at equilibrium are:

0= (C] —|—d1)(6‘2 —i—dz)P] —bP (8.11)
0= {((l + 1)01 —l—dl)((l + 1)C2—|—d2)}PH_1 + ((l — 1)(11 +b1)P1—1
—{(ta1 +b1)+ (tc1 +di) (12 +da) }P; 1>1 (8.12)

Hence,
Proposition 8.2

P, ((t—1)a; +by)
= ;o 1>1 (8.13)
P (lC1 +d1)(lC2 +d2)
Proof
Equation (8.11) can be expressed as;
(c1+d1)(c2+dr)PL =b1Py
by
=P = R
YTt d) (et dy)
b1
SoP = Py. 8.14
= e td) @) ! ®.14)

Solving (8.12) iteratively, we have;
When 1 =1;
Equation (8.12) becomes;

0= —{(611 +b1) + (Cl +d1)(C2 +d2)}P1 + (26‘1 +d1)(2C2 -l-dz)Pz +b1Py (8.15)

Substituting (8.14) in equation (8.15), we have;

by
(Cl —|—d1)(62 +d2)

0=—{(a1+b1)+ (c1+di)(c2+d2)}.

Py+ (261 + dl)(262 + dz)Pz +b1Py
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Therefore;

(a1 +b1)by
= dy) (2 dr)) P — Py—b1Py+ b1 P,
0= 2c14+d1)(2c2+dr)P, (1 +di)(crt o) 0 —b1Py+b1Py
(a1+b1)b1
0=(2 dy)(2co+dr) P, —
(2e1+d1)(2e2 )Py (c1+d)(ca+dy) °
(a1 +by)by
< (2c1+d1)(2co+dr) P, =
(2e1+d1) (2 + )P, (c1+d)(crtda)
(a1 +b1)by
=P = P
2 (C1—|—d1)(€2—|—d2)(261—|—d1)(2C2—|—d2) 0
(a1+b1)b1
SoP = Py. (8.16)
2T cit+d)(ca+d)2ci+d) e+ do)
Thus, by Mathematical Induction, we have;
P — bl(al—i—bl)(Zal—i-bl) P
3= 0,
(c14+d1)(ca+d2)(2c1 +d1)(2ca+da)(3c1 +di)(3cr+da)
. bl(al—i—bl)(Zal—f—bl)---((l—1)a1+b1) P
= 0. (8.17)
(Cl—l—dl)(CZ—l—dz)(ZCl+d1)(2€2—|—d2)~-~(l€1—|—d1)(ng—|—d2)
But;
Zpl :1
1=0
by (ay+b1)by
pO{ ) (td) (@) td)Co+d)Gatd) T
1
SRy =

b (a1+b1)by
I+ (6‘1+d1)&€2+d2) + (c1+d1)(ca+da)(2c1+d1) (2c2+d2) T
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which is the probability of ultimate extinction.

bi(a1+b1)(2a;+by)---((t—1)a; +by)
(c1+dy)(c2+d2)(2c1 +d1)(2cr+dp) -+ (1c1 +dy) (1 + dp)
1

b + (a1+b1)by
ci+di)(eatdy) ' (c1+dr)(c2+d2)(2c1+d1)(2¢2+do)

Pl =

X

From (8.17);

bi(a1+b1)(2a1+by)---((1 —2)a; +by) P
(ci+d)(c2+d)2ci+d)2crtda) (1= Der+d) (1 — Dea+ da)
P, (1= ay +by)

P1—1:

.‘.Plil = (o1 +d)(tr+ )’ as required
Let,
(al)l
P=——"PF.
)
where, (a1); = (o +1)(ag+2)---(og+1—1), 1>1; (oq)o=1,
- I(ag+1)
- 'y )
and
Mh=rnn+Hn+2)--n+1-1), 121 (no=1,
_Tn+y
F’}’l ’
_(p+1)
(72)1 = F'}’Z .
b d d
(Xl:_l, YI:_1+17 72:—2+1
C1 C1 Cc

The pgf. in hypergeometric term is given by;

_2F (10037313 P2)

0@) = 2R (L asn:p)
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This implies that;

¢/(Z) - 2F1(1,a11;y1;j/2;p) ;172-21:1(1 +lLou+Lin+Lyn+1;pz2)
_apoF (2, + L+ L+ 1ipz)
T ne 2F1 (1, 00511375 0)
0" (z) = 1 ap 2(q+1)p
Fi(laypp)ne (n+D(rp+1)
B 20y (o) + 1)p2 2R (3,1 +27 4257+ 2;p2)
Crn+Dp(p+l) 2Fi(1,00571575P)
2R (l+x,00 K57+ KB +Kp2)

2F124+ 1,00 +27+20+2;pz)

Let’ - s K:1,2.
. 2Fi(1,0057157%:P)
E(X)=¢ (1)
SEX)=YP)
ny
and
Var(x) = ¢ (1)+¢ (1) —[¢' (1)]?
204 (0 +1)p? aLp alp ., o
= +—EA - [—EA
nn+Dprp+rl) - np [7172 1
2
o p o p 2(a1+1) o s
S Var(X) = A+ Ay — AT ¢,
) np 7172{(71+1)(72+1) T np 1}

Moments generating function
The moment generating function is given by;

p
®(0) = Z Plee
1=0

(6) = 2F1(1,061;Y1;}’2;P69)
2K (Lo 757:0)

The factorial moment of order § is given by;

(a1)s _s2Fi(1+8,04+6;71+8;n+3d;p)
ns(1)s 2Fi (1, 00371503 p)

1
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8.3.3 Case3: A = (ta1+by), 1 = (1c1 +dp)

For A, = (ta; +b1) , 4, = (1c1 +d,), the basic difference differential equations at equilib-

rium are:
0=—b1Py+(c1+d))P (8.18)
0=—{(ta; +b1)+1(tc;+d)}P+ 1+ D){(t+ Dey +d1 }P1+ (L= Day +b1)P—y; 1>1
(8.19)
Hence,
P, b
L (Wartb o> 1 (8.20)
Py 1(tey+dy)
Proof
Equation (8.31) can be expressed as;
(c1+d1)Pr=b1Py
by
P =—2"1_p
! (C1—|—d1) 0
P = by P (8.21)
o 1_(6‘1—|—d1) 0 '

Solving (8.19) iteratively, we have;
When 1 =1;
Equation (8.19) becomes;

0= 2{2C1 +d,; }PZ — {(a1 +b1) + (Cl —|—d1)}P1 +b1 Py (8.22)
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Substituting (8.21) in equation (8.22), we have;

b
0= —{(a1 +b]) + (C] —I—d])}‘—lP()—f—Z(ZC] —|—d1)P2—|—b1P()

(c1+dy)
bila;+b
0=2(2c,+d))P,— ﬁ% —b1Py+ b1 Py
bi(a;+by)
0=2(2¢; +dy)P, — RILT21)
(2c1+d1)P (c1 1)) 0
bl(a1+b1)
2(2 di)pp=——_"P,
< 2(2c1+d)P, (1 +dy) 0
bl(al+b1)
— P =
T (1 +d1)2Qci+dy)
p bi(a; +by)
SoP = 0-
(c1+d1)2(2¢c) +dy)
. p bl(a1+b1)(2a1—|—b1)

— P,
37 (e1+d1)2(2c1 +d)3(3cr +dy)

B bl(a1+b1)(2a1+b1)---((l—1)a1+b1) )
f)l - PO, 13 Z 1
(Cl+d1)2(2C1+d1)---l(l€1+d1)

But,

Fre
1=0
=P+P+P---=1

by bi(a; +by)
P {1+ + } —1
0 (Cl +d1) (Cl +d1)2(2C1 +d1)

(8.23)

1
SR = 1+ b bi(artby)
(C1+d]) (c1+d1)2(2c1+d1)
which is the probability of ultimate extinction.
. p _bl(al—i—bl)(Zal—l—b])---((l—l)al—l—bl) 1
oI = .
c1+d)2Q2ci+dy) - 1(tc; +d by bi(a+b) .
(c1+d1)2(2er ) (ter +d1) I+ (c1+dy) T (c1+d1)2(2c1+d1)
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From (8.23), we have;

bl(al +b1)(2a1 —|—b1)---((l —2)611 +b1)
(c1+d)2Q2ci+dy) - (1—D(1—Der+dy) °
P, (l—l)a1+b1

Pl—l_

S . ired
B e+ dy) as require
Its pgf. is given by;
0(2) = 1F1(061;Y1;pz).
1Fi(asnsp)
/ 1 d
=~ oulilonsy;
¢ () 11"1(061;)/1;l))dz{1 (03 %1:p2)}
1 oip
= aFi(og;nspz
Facnip) n (013 71:p2)
_apiFi(a+1:n+1:p2)
% VFilasysp)
" 1 (le d
= —uF(oa+Ln+1;
¢ 1Fi(asysp) n dZ{1 1o ntLpa)}
1 oup (o +2)p
= . AFi(an;
Filasyp) v (n+2) 1043 715p2)
_ o (o +1)p? 1Fi(aq +2;7 +2;p2)
nn+1) Filogsynsp)
Let, K:1F1(061+K;71+K;pz), k1.2
1Fi(asysp)
EX)=9¢ (1)
ExX)=YPy,
h
and
Var(X) = ¢"(1)+¢'(1) - [¢ ]
ot Pt PPy
nn+1) N N
2
o p aproq+1 o,
S Var(X) = —A1+ A — —A7).
%0 no 71<1+12711>

Moments generating function
The moment generating function is given by;
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p
@(6) = ZPlee
1=0

0 :1F1(061;71;P69)
o VFilasynsp)

The factorial moment of order § is given by;

' (a1)s s2Fi(a1+6:71+68:p)
_ 5!
Hs (Yl)ép 2Fi(annsp)

83.4 Case4: A, = (1a;+b1)(tax+by), uy =1(1c; +dp)

For A, = (ta; +b1)(1ax +b3) , i, = 1(1c1 +d,), the basic difference differential equations

at equilibrium are:

0=—(b1by)Py+ (c1+d))P, (8.24)
0=—{(ta1 +b1)(taz+br)+1(tc1+d1) P+ 1+ D){(t+ 1)c; +d1 } Py
+{((t=Da;+b))((1—Daz+b2)}P—1; 1>1 (8.25)
Hence,
Proposition 8.4
P, —1 —1
L ((1 Jai +b1)((1 )az—l-bz); 1> 1 (8.26)
P 1(te1+di)
Proof
Equation (8.24) can be expressed as;
(C1 —|—d1)P1 = (b1b2>P()
b1b;
=P = P
! c1+d; 0
b1b,
coP = P (8.27)

a c1+d; 0-
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Solving (8.25) iteratively, we have;
When 1=1;
Equation (8.25) becomes;

0= 2(201 —l—dl)Pz — {(a1 +b1)(a2 —I—bz) + (C] —|—d1)}P1 + b1y Py (8.28)

Substituting (8.27) in equation (8.28), we have;

b1b
0=22c;1+d)P,—{(a1 +b1)(az+b2) + (c1 +di)}. 171 Py+b1byPy

c1+d;
b1b2(01+b1)(a2+b2) b1by b1by
0=22c;+d)P, — Py— P
(Cl 1) 2 (Cl+d1) 0 (C1+d1 0 (C1—|—d1 0
biby(a; +by)(az+ by)
0=22c;+d|) P —
(2c1+di)P, CE) 0
blbz(al—}-bl)(az—f—bz)
<~ 2(2c1+d)P, = P,
(2c1+d1)P, (1 +dy) 0
P blbz(al +b1)(a2+b2)
(c1+d1)2(2¢c) +dy)
P biby(a; +by)(az+ by)

(c1+d1)2(2¢c) +dy)
_ blbz(al +b1)(a2 +b2)(2a1 +b1)(2a2 +b2)

= P ,
. (c1 +d1)2(2c1 +d1)3(3ct +dy) 0

P — blbz(al —|—b1)(a2+b2) cee ((l — 1)611 —i—bl)((l — 1)a2+b2)P
! (c1+d1)2Q2ci +dy) - 1(ic) +di) 0

(8.29)
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But,

Y=

1=0
b1b; biby(ay +by)(az+by) ) =1
c1+d (c1+d1)2(2¢1+dy)

Py =

:>P()<1+
1

1b2(a1 +b1)(a2+b2)

which is the probability of ultimate extinction.

From (8.29);

biby(ay+by)(ar+Dby)---((1—2)a; +by)((1 —2)az + by)
(Cl +d1)2(2C1 +d1)'--(l — 1)((1 — 1)01 —|—d1)
P, . ((l — 1)611 —l—bl)((l - l)az—l—bz).

= : 1>1. asrequired
P 1(te1+dy) q

Its pgf. is given by;

(0) = 2F1(b13b2s 115 p2)
2F1(b1sbosvisp)

/ 1 d
= — L F(byibo v
¢ 2F1(|71;b2;}’1;p)dz{2 101:b2:11:p2)}
1 blbzp

2Fl(b1;b2;’y1;p) T 2 1(1 2 " P)

_ ibap P (01 £ i+ 1in + 15p2)
Y1 2F1(b1sbasyisp) '

" 1 d
= — A b1+ b+ Ly + 1,
¢ 2F1(|71;b2;}’1;P)dZ{2 101 2 n Pa)}

_ 1 bibap (01 +1)(b2+1)p

CoFR0sbave) n T (n+1)

B bl(bl—f—l)bz(bz-f- 1)p2 2F1(b1 +2;004+2sm +2;pz)

N nn+1) 2F1(01302:715P) '

Let, Ae— 2F1(|71+K;b2+K;}’1+K;PZ); k12,
2F1(b1302:71:0)

b1b; b .
+ c1+d,; + (C|+d])2(2C|+d1)

2F1 (b1 +2;004+2;71 +2;p2)
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Therefore,

E(X)=¢ (1)
, _ bibop
LEX) = ” Aj.
and

Var(X) = ¢ (1)+¢ (1) —[¢ (1)]?
b1 (b1 +1)b2(b2+1)P2A N blbszl B [blbszl]z

 nn+D) 2Ty m
2
Var(x) = J02P 5 2102P {wl #1002t 1) ) iba sy
yl 71 }’l-l—l ’}/1

Moments generating function
The moment generating function is given by;

p
QD(G) - Z Plee
1=0

Fi(b1:b2: 715 p€%)
) =2 .
¢(6) 2F1(b13b2;:715P)

The factorial moment of order d is given by;

(bl)a(bz)apazFl(b1 + 8248371+ 85p)

s = 5!
Hs (n)s 2F1(b13b2;7150)

8.3.5 Case5: A, = (ta;+by)(tax+b2), W = (tc1 +dy)(1cr+ds)
For A, = (ta; +b1)(tax + b2) , W = (1c1 +di)(1c2 + da), the basic difference differential

equations at equilibrium are:

0=—b1byPy+ (c1+dy)(c2+dr)Py (8.30)
0= —{((l - 1)a1 +b1)((l — 1)a2 +b2)}Pl_1 — {(la1 —|—b1)(la2 —|—b2) + (lC1 +d1)(l€2 —f—dz)}Pl
H{((t+Der+d)((t+1)ea+d2)}Piyy; 121 (8.31)
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Hence,
Proposition 8.5

P ((t=Dai+b1)((t—1)ar+b2)

= ;o 1>1 (8.32)
P_ (tcy +di)(1er +da)
Proof
Equation (8.30) can be expressed as;
(c1+d1)(c2+dr)PL =b1byPy
bib;
=P =
et d) (e td)
SoP = bib P. (8.33)

(Cl —|—d1)(62 +d2)

Solving (8.31) iteratively, we have;
When 1=1;
Equation (8.31) becomes;

0= —b1byPy—{(a1+b1)(az+Dby)+ (c1+dy)(ca+do) }Pr+{(2¢c1 +dy)(2ca+ da) } P>
(8.34)

Substituting (8.33) in equation (8.34), we have;

b1by

0==bib2R—{{ar+bi){@+b2) +(c1 +d)le2+ o)y e s P

+{(2c1 +d1)(2c2+da) } P
biby(ay+b1)(az + by)
(Cl —|—d1)(C2—|—d2)
blbz(al +b1)(a2—|—b2)
(c1+di)(c2+d2)

0= (201 —|—d1)(26‘2 —l—dz)Pz —

Py—b1brPy+b1br Py

0= (2C1 +d1)(26‘2 —|—d2)P2 —

0
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Therefore,
s (20 +dy) (200 4 do)Py = b1b2(01+bl)(az+b2)PO
(c1+d1)(c2+da)
B biby(ay+by)(az +bo)
= P2 = 0
(C1 +d1)(C2 + dz)(zcl +d1)(2C2 +d2)
P biby(a1 +b1)(az+b2)
o (c1+d1)(c2+dr)(2c1 +d1)(2c2+ dp) ’
P = blbz(al +b1)(a2 —|—b2)(2a1 +b1)(2a2 —l—bz) )
(C1 + dl)(02 + dz)(ZCl —l—dl)(2C2 + dz)(?)cl -+ dl)(3C2 —l—d2)
P — blbz(al +b1)(a2 —|—b2) cee ((l — 1)a1 +b1)((l — l)az —I—b2)
! (Cl+d1)(62+d2)---(lcl—|—d1)(l02—|—d2)
(8.35)
But,
yr-
1=0
b1by blbz(al +b1)(a2 —|—b2)
=P 1+ + ) =1
0( (c1+d)(ca+dy) ' (c1+d1)(cr+dr)(2ci +d1)(2cr +db) )
1
S Py=
bib b1by(a1+b1)(ax+b2)
1+ (C1+d13(62'2+d2) + (c1+d1)(ca+da)(2c1+dy) (2c2+d2) T
which is the probability of ultimate extinction.

Therefore,

B b1b2(a1 —I—b1)(d2—|—b2)~-~((l — 1)a1 —l—bl)((l — 1)a2+b2)

P =
! (C1+d1)(C2—|—d2)-~(lcl—I—dl)(lCz—l—dz)
1
* biby biba(a1+b1)(aa+bs)

I+ (c1+di)(cat+da) T (c1+dr)(cat+da)(2c1+d1)(2e2+d2) L
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From (8.35), we have;

biby(ay+Dby)(az+b2) - ((1—=2)a; +b1)((1 —2)a + b»)
(c1+di)(c2+d2)--- (L= Der+di)((1— e+ da)
ko (=Dar+b1)((t —1)as +b)

P B (lcl+d1)(lC2+d2)

Py =

; 1>1. asrequired

Its pgf. is given as;

_2F(1,b1302: 11313 p2)

#) = 2Fi(Lb1sbosyisyasp)
/ 1 d
= 2R (L1027 s
¢ 2F1(1,b1;|72;71;}’2;p)dz{2 1101523713103 P2) )
1 blbzp
= oF(1+1,01+ 100+ 11 + 1
(L biboi i pip) 1y i : 21N+ 15p7)
_hibap (201 + i+ L+ L+ 1; Pz)
Ny 21 (1, bl,bz 71:72:P)
" 1
F; 2|7 + L+ +1p+1;
¢ (Z) 2F](1 bl,bZ VP p) {2 1( 1 2 )| 423 pZ)}
1 ib2p 2(b1+1)(b2+1)p
= ) 2F1 (3,01 +2;:00+2:7 + 2+ 2;
F(Lbisboyip) ny (n+D)(p+l) 13:0 2+ 2N+ 2%+ 2p2)
_ D11+ 1)ha (b2 + D)p22F1(3,01+ 200+ 2:1 +2; %+ 2;p2)
nn+nr(rn+1) 2F1(1,b1:02: 713723 p) ‘
Let, AK:2F1(1+K,b1+K;|72+K;71+K;}/2+1<;pz); k12,
2F1(b1sb2s1isp)
Therefore,
E(X)=¢'(1)
E(X) = blbsz
nr
and

Var(X)=¢" (1)+¢'(1)—[¢'(1))?

_ 2b1(b1 + 1)b2(b2—|— 1)p2 bibap bibap
= Ay A=
nn+pn(r+1) Ny Ny
bibap blbzpz (b1+1)(b2+1) b1by 2

A1+ Ay — ATL.
ne o np {( n+)p+0)"" np

A1]?

s Var(X) =
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Moments generating function
The moment generating function is given by;

P
¢(0) = ZPLee
1=0

_ 2F1(1»|71;b2;71;72;pe9)
0(6) = T
2F1(1,|71,b2,’}/1,’)/2,p)

The factorial moment of order § is given by;

(bl)s(b2)5p52F1(1,b1 +8:02+ 81 +8:1n+8:p)
(n)s(r)s 2F1(1,b13b2s 115723 P)

Hg = 8!

8.3.6 Case6: A, = (ta;+by)(tary+b2),  =1(1c; +dy)(1ca+do)

For A, = (ta; +b1)(1tax +by) , iy = 1(1c +dy)(1c2 +dz), the basic difference differential
equations are:

0= (c1+d1)(ca+dr)Pr —b1b2Py (8.36)
0= (l + 1){((1 + 1)c1 —|—d1)((l + 1)C2 —|—d2)}Pl+1 — {(la1 —’rbl)(laz +b2) + l(lcl +d1)(lC2 —{—dz)}Pl
+1

(t=Dai+b1) (1= Daz+b2)(1 = D[((1 = Der +di)((1 = Dea+da)[}P-1; 121
(8.37)

Hence,
Proposition 8.6

1>1 (8.38)

P, (t=1ar+b1)((1—1)ax+by)
P, t(tcy +dy)i(icr +dy) =

Proof
Equation (8.36) can be expressed as;
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(c1+d1)(cr+dr)PL =b1byPy

— P = biby P
" et dy)(ei+dp)
b1by
P = Py. 8.39
L et d) (g da) ? (8.39)

Solving (8.37) iteratively, we have;
Whent1 =1;
Equation (8.37) becomes;

0= 2{(2C1 —|—d1)(2€2 +d2)}P2 - {(Cl +d1)(C2 —l—d2) + (a1 +b1)(a2 —|—b2)}P1 +b1by2Py

(8.40)
Substituting (8.39) in equation (8.40), we have;
0= 2{(2C1 +d1)(2€2 —|—d2)}P2
b1by
— d d b by)}. P
{(cit+di)(c2tdr)+ (a1 +D1)(ax+b2)} Gt ra)
+b1brPy
(a2 —|—b2)b2b1(a1 +b1)
0=2{(2 dy)(2 dr) Py — P
{Qc1+d1)(2c2+dr) } P (ctd)(ctd)
—b1brPy+b1byPy
(az +b2)b2b1(a1 +b1)
< 2{(2c1+d1)(2cr+dr) } P, =
{@ertd) et do) P = = T
P (a2 +b2)bybi(a; + by) Ay
(Cz +d2)(cl +d1)2(2c1 —I—d1)2(262 —|-d2)
Py = (a2 +b2)babi (a1 +b1) P
a (c2+do)(c1 +d1)2(2c1 +d1)2(2cs +da)
P — blbz(al +b1)(a2+b2)---((l — 1)a1+b1)((l — 1)a2—|—b2)P0
l —_— .

(Cl +d1)2(2C2 —|—d2) cee l(lCl —I—dl)l(lCz +d2)

P — _
L (L= Dar +b1)((1 1)CZZ—H)Z); 1> 1. asrequire
P_ t(te; +dy)i(ter +da)
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Its pgf. is given by;

2B (b13b25 815 823 p2)
o) = 2B (b1302;81:803p)
/ 1 d
¢@)= 2F2(b1;|72;C1;C2;P)d_z{ze(bl;bz;Cl;Cz;pZ)}
_ L 1b2p 1l 11
= B Gitep) GG RO TGl e
b 201+ Lo+ ;8 + 15 + 15 p2)
ee 2B (b1502; 615803 p) '
vy 1 bl(bl—i-l)bz(bz—{—l)pz _ _ ) )
O = b tilip) GG GG ) 20T Rt Ra 26+ 2p3)
_bibr 4 Dba(ba+1)p2 2P (01 +2:02 +2: 81 +2: & + 25 p2)
GG+ DG(G+T) 2B (01302: 813623 p) '
oBbi+h+ el +h+p)
et Ax= IR SHON)) k=12
E(X)=¢'(1)
R
LEX) = Clngl.
and
Var(X) = ¢ (1)+¢ (1) —[¢ (1))
it Doala+ 1)p®  bibap  bibap )2
TG naGrn T ™ (clcz n)
) _blbzp b1b2p2 (b1+1)(b2+1) B b1bo 2
Varl¥) = Zem e (e aat)

Moments generating function
The moment generating function is given by;

P
0(0) = ZPLee
1=0

0(0) = 2F1 (013525 813 63 pe®)
2P (01302: 813 Gip)
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The factorial moment of order 9§ is given by;

(b1)5(b2)s p5 2Fi(b1+ 85004+ 6:8+8;5+8;p)

Hs :3!(C1)5(C2)6 2F1(b1302; 81560 p)

83.7 Case7: A, = (1a;+by)(1tax+by)(ta3+b3) , W, =1(1cy +dp)(1cr +da)
For A, = (1a1 +by)(1ax + by) (ta3 +b3) , w, = 1(1c; +dy)(1ca + dz), the basic difference

differential equations are:

0= (C] —|—d])(C2 +d2)P1 —b1byb3 Py (8.41)
0= (l + 1){((1 + 1)6‘1 —I—d1)((l + 1)C2—|—d2)}PH_1 — {(la1 +b1)(la2+b2)(la3 —I—b3) + l(lcl —i—dl)(lCz—i—dz)}Pl
+{((l — 1)611 +b1)((l — 1)a2+b2)((l — 1)a3 +b3)(l — 1)[((1 — 1)01 +d1)((l — 1)C2—|—d2)]}Pl_1; 1>1

(8.42)
Hence,
Proposition 8.7
P —1 - -
L ((1 Yai+b1)((1—1)ax +by)((1 1)a3+b3); 1> 1 (8.43)
P 1(tc; +di)i(ter + do)
Proof
Equation (8.41) can be expressed as;
(c1+d1)(c2+d2)P1 = b1b2b3 Py
b1bybs
=P = Vi
' (v do)(er+dy)
b1by
k= Py. 8.44
' et d) (et d) ®49

Solving (8.42) iteratively, we have;
When 1 =1;
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Equation (8.42) becomes;

0= 2{(2C1 —|—d1)(2€2 +d2)}P2 — {(Cl +d1)(€2 —l—d2) -+ (a1 +b1)(a2 —|—b2)}P1 +b1br2Py
(8.45)

Substituting (8.44) in equation (8.45), we have;

0= 2{(2C1 +d1)(2€2 —|—d2)}P2

— {(Cl +dy)(co+dy)+ (a1 +b1)(ar+by)(as +b3)}
b1babs
et d)(er+dr)

0= 2{(2C1 +d1)(2C2 +d2)}P2 —

Py+b1bab3 Py

(a3 + b3)(a2 + bz)b3b2b1 (a1 + bl)PO
(Cz +d2)(C1 —|-d1)

—b1byb3Py+ b1byb3 Py
(a3 +b3)(az + b2)bsbaby (ar +by)
(02 +d2)(c1 + d1)

<~ 2{(201 +d1)(2C2 —l—dz)}Pz = Py

P (a3 +b3)(az+by)bsbybi (a1 +by) ,
(62+d2)(C1 +d1) (2C1 —|—d1) (262 —I—d2)
Py (a3 +b3)(d2+b2)b3b2b1(01 +b1) 3
o (Cz—’rdz)(cl +d1) (2C1 —|—d1) (202 —|—d2)
P bibybs(a; +by)(az+b2)---((1—1)ay+b2)((1 — 1)a3 —|—b3)PO
l _— .

(Cl +d1)2(2C2 —|—d2) ‘.- l(lCl +d1)l(lC2 —I—dz)

P, _ ((l — 1)611 —l—bl)((l — l)az—l—bz)((l — 1)a3 +b3); 1> 1. as require
P l(lc1 +d1)l(l€2—|—d2)
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Its pgf. is given by;

0(2) = 2F2(|71;b2;|73;C1;C2;Pz)‘
25 (b13b23b35 813 Gaip)
0 (z) = 2F2(|71;b2;b13;C1;C2;P) diz{ze(bl;bz;b%ClQC%PZ)}
- 1 b1b2b3p
T aB(b1sbashsi G Gsp) Gl
_ bibab3p 2P (b1 + Liby + Iibs + 1: 8 + 158 4 15p2)
b 2B (b13b2:03: 813 8o p) '
(P”(Z) _ 1 bl(bl+1)b2(b2+1)b3(b3+1)p2
2B (b13023b35 813 85 p) GG +1)0(6+1)
2F (b1 42500 4+ 2303 + 2303 +2: 61 +2; 6 425 p2)
b4+ D)ba(ba 4+ 1)b3(b3+ 1)p? 2Fa (b1 + 2300+ 2503+ 2581 + 25 8 + 25 p2)
N Ci(C1+1)6(6+1) 2F5(b1302:03: 813 623 p) '
oBbi+h b+l O+ Kp)

201+ b+ b3+ 1,85+ 1,5+ 1;p2)

Let, = =1,2.
O 2By (b13h2:03: C1: Caip) :
E(X)=¢'(1)
b1bsb
E(X)= lglz—ép/\l.
and

Var(X)=¢ (1) +¢ (1) —[¢ (1))

_bl(bl+1)b2(b2+1)b3(b3+1)p2 b1bab3p B b1bab3p 2

= aaain Mtan M (e ™)
) _b1b2b3p b1b2b3p2 (b1+1)(b2+1)(b3+1) _|71|72b3 )
Va0 =g (e e M)

Moments generating function
The moment generating function is given by;

P
¢(0) = Zplee
1=0

0(6) = 2F1(b13b2503: 613 G2 pe®)
2F1 (013025035815 05 p) )
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The factorial moment of order § is given by;

i = 3,(bl)ﬁ(bZ)B(b3)6p52Fl(bl+5§b2+52b3+52C1 +8;6+65p)
ST (G)s(&)s 2F1(b13b2503; 813 805 p) '






9.1

9.2

KEMP’S FAMILIES OF RECURSIVE MODEL IN
BIRTH AND DEATH PROCESSES AT EQUILIBRIUM

Introduction

The family of distributions by Kemp can be interpreted in terms of birth-and-death pro-
cesses. Suppose that R]T:' is the ratio of polynomials in n with real roots,
Then;

Pt _ (ar+m)(ay-+n)---(ap+n)2
P, (b1+”)(b2+n)"'(bq+l+n).

where, the coefficients of the highest powers of n in these polynomials can be assumed to
be unity without loss of generality concerning the form of the resultant distribution.

A Ratio of a General Linear Recursive Model

Kemp’s (1968) family of distributions is the family of generalized hypergeometric proba-
bility distributions have many useful properties.

The ratio of two polynomials is given by;

Proposition 9.1

Pipi _ (a1 +n)(ar+n)---(ap+n)A
Po  (bi+n)(br+n)- - (bgi1+n)
= (b1 +n)(by+n)--- (bgs1 +n)Poy1 = (a1 +n)(ay+n)---(ap +n)AP,
= (b +n)Pyy1 = (a, +n)AP, 9.2)
where, 1=1,2,---.p; t=1,2,---,g+1

(9.1)

Proof

Solving (9.2) iteratively, we have;
When n=0;

Equation (9.2) becomes;
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bTPI — lalP()
=P = ﬂ7LP()
br
a
P = —AP,
1 b, 0

When n=1;

Equation (9.2) becomes;
Substituting (9.3) in equation (9.4), we have;

(be+1)P, = (a; + 1)A Z—%PO
T

( ) 42
=P = AP,
T bbb+ 1)
al(al-i‘l) 2
Py = A2P
2T b(be+ 1) 0

When n=2;

Equation (9.2) becomes;

Substituting (9.5) in equation (9.6), we have;

B a(a;+1) ,,
ai(a+1)(ai+2) 3

P = AP

T T bt D(beg2) 0
ai(a+1)(ai+2) 3

SoPy = A°Py.

T b+ D(br+2)"

(9.3)

(9.4)

(9.5)

(9.6)
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By Mathematical Induction, we have that;

a(a;+1)(a; +2)(a; +3)

( 4
Py = 2R,
T bebet D(bet2)(be+3)
P — ai(a; +1)(a; +2)(a,+3)(a; +4) 15p
> be(be+ 1)(be+2)(be +3) (b +4)"
a(a;+1)(a,+2)---(a;+n—1)
P, = A"Py. .
belbe+ 1)(be+2) - (betn—1)" "0 ©-7)
But;
P+P+P+P+---=1
a(a;+1) ., al(al—i—l)(al+2) 3
P—I— lP—l——lP—F AP+ =1
YT b b 1) be(ber (e +2)
a(ai+1),,  ala+1)(a+2),;
Py(1 A A3 ) =1
<+bf +b(bf+1) belbet )(bet2) " T )
. P 1
)= .
a, 1(a+1) ay(a;+1)(a+2)
(1+b_17t+b (be +1)’12+bf(bT+1)(bT+2))LS+"'>
p_ al(al+1)(al+2)---(al+n—1))Ln 1
O b (be+ 1) (be+2) -+ (b -1 a (ai+1) a(a+1)(a+2) :
wbet Dbet2) - (bern—1) <1+E)L+b(b +1)12+bf(br+1)(bf+2)ls+"'>

From (9.7), we have;

Py — a(a;+1)(a,+2)---(a, +n—1)(a, +n) 2B,
be(be+1)(br+2)---(br+n—1)(br+n)

P (i +n)A

"B (bg+n)’

as required. (9.8)
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Multiplying (9.2) by s" and sum the results over n to obtain;

[ (o)

Z (be+n)Pyy1s" = Z (a; +n)AB,s"

n=0 n=0
b; Z Pyis"+ Z (n+1=1)P 15" =a;A Z P,s" 4+ A Z (n+1—-1)P,s"
n=0 n=0 n=0 n=0
by (s) Z (n+1)Puy1s —ZP,MS = a Ay(s) + A (s) — Ay (s)
— n=0
ey (s)+ W (s) — w(s) = a dy(s) + Ay (s) — Ly(s)

(1- >w’<s> w A+1—bo)y(s)
-0 — @221 boyis)

dl//()_ (@d —At1-bo)
/l[/(s) _/ (1—1) d

Iny(s) / 1)+ 1(1 = bg)ds
Iny(s) = l)L(/l+1)/( —1)(1—bg)ds

Iny(s)=—(a,—1)(1—bg)s+c
III(S) = e(al_l)(bt—l)s‘ec

Putting s=1;

y(1)=1=cpel@ D)
= ¢ = ¢ Ha=1)(=1)}
plai—1)(be—1)s
V)= e
But, prifgri(l a1, ap;by,- ,bgy13A) =pr1 Fyyp1(1,a13b051)
for, 1=1,2,---,p; 7=1,2,---,q+1
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Therefore,
ag A 1(1+1ag (a; +1) A2 (1+n—1)(a; +n—1) A"
F,o1(l,a;;bA) =1 Z o4 i
prifr(Lachad) =145+ be(br+1) 2! (be+n—1) n!
_ial at+1)-(a+n=DI(1+1)---(1+n-1)A"
B be(be+1)---(be+n—1) n!

=0
i (a+n—1)- (al+1)al(1+n—1)1E
b1+n— 1) (br+1)b¢ n!

=0
o L(1+n)I(ai+n) T'(by) A"
Z T(bz+n)  T(a)T(1) n!

S

=

S

Normalizing, we have;

1 i I'(1+n)(a,+n) T(br) 1 A"
=0 [(be+n) L(a)T(1) pr1Fye1(l,ai3b54) n!

Thus, P,=Prob (N=n)

i (1+n)(a,+n) TI'(be) 1 A"
L(be+n)  T(a)T(1) pr1Fpe(1,a5b551) n!

n=0

Hence, the pgf. is given by;

_ Y R
n=0
_ir(1+n)1“(al+n) [(b:) (A2)" 1
- C(be+n)  T(@)T(1) n! pyiFepi(LabgsA)

n=0
pr1Fg1(1,a3b3Az)
S0(2) = , 1=1,2,---,p; =1,2,---.qg+1; A>0. (9.9
¢( ) p+1Fq+1<1»al;br;l) P 1
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Thus;

/ 1 d
Z)= — 1 Fy 1,a b ;AZ
¢ ( ) p+1Fq+1(1aal§br;)v> dz pritet ( ©Ue )
1 a;
= —A oy F(1+1,a, +1;b:+1; A2
p+1Fq+1(lval§br§l)br i q+1( ' ! )
! . Aa, p+1Fq+1(2yal+1§br+1§AZ)
by p+1Fq+l(laal;br;)~)
" 1 2a,(a —|—1
¢ (2)= —— a4 1)
p+1Fq+1(17al’bTaA’) bT(bT+1)
¢)H(Z) _ 2al(al—|—1) 2p+1Fq+1(3,al—|—2;b1+2;lz)
br(br+1) p—l—qu-ﬁ-l(laal;bT;l)

For(l+Kx,a,+ Kb +K34)

A2 i1 Fp1 (24 La +2;b0 +2;12)

Let, Ag=2" . k=1,2.
© : p+1Fq+1(1;al§br;l)
EX)=9¢(1)
E(X) = 2,
be
Var(X)=¢ (1)+¢ (1)—[¢ (1)]?
2A%a,(a, + 1) Aa, Aa;
= A A —|—A
b1y 2T, Ml A
Aa, A2a; 12(a; +1) a, o
: X)= A — —A7|.
s Var(X) b, 1+ be L (ot 1) 2= M

9.3 Special Cases and Properties
9.3.1 Whenb, | =1

Suppose that in equation (9.2), one of the denominator parameter is equal to unity, say,
bq+l =1

Then, we have;

Proposition 9.2

Pt _ (@) (aytn)h
P, (bi+n)---(bg+n)(n+1)
= (bi+n)---(bg+n)(n+1)Pyy = (a1 +n)---(ap+n)AP,

= (br+n)(n+1)Py1 = (a, +n)AP, (9.10)
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Proof

Solving (9.10) iteratively, we have;
When n=0;

Equation (9.10) becomes;

bTPI - al)‘PO
—pP=22p
br
a;
P =—APR.
1= A

When n=1;
Equation (9.10) becomes;

(bT -+ 1)2P2 = (al + I)API
Substituting (9.11) in equation (9.12), we have;

(be+1)2P, = (a, + 1)/12‘—1/11)0
T

ai(a, +1) A?

=P = 2 p

2T b+ 1127
a,(a; +1) A?

.'.Pz— 0
be(be 1 1) 2!

When n=2;
Equation (9.10) becomes;

(b»; + 2)3P3 = (al + Z)QLP2

(9.11)

(9.12)

(9.13)

(9.14)
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Substituting (9.13) in equation (9.14), we have;

=P =

.'.P3

By Mathematical Induction, we have;

a;(a;+1)
be(br+1)
a+1)(a+2) A3
be(br+1)(br+2)
( )(
( )

/*LZ
(ar+2)A o

N

P

a(a,+1)(a, +2)
be(br+1)(br+2)

12
A3
3o

P = a(a;+1)(a; +2)(a,+3) A M
be(br+1)(be+2)(be+3) 41"
b ay(a, + 1)(a, +2)(a; +3)(a; +4) ;L—SP
T belbet D)(be+2)(be+3)(be+4) 51
a(a;+1)(a;+2)--(a;+n—-2)(a,+n—1) A"
Py = br(br+1)(br+2)~-(b1+n—2)(br+n_1)EP0- (9.15)
From (9.15), we have;
P ay(a; +1)(a,+2) - (a; +n—1)(a, +n) A" .
T e be t )b +2) (et n—)(bgtn) (nt DI ¥
Pi1 ay(a+1D(a+2)---(a,+n—1)(a,+n) A"A!
Py bo(br+ 1)(br+2)-(by+n—1)(bg+n) (n+1).n!
be(br+1)(br+2)---(be+n—2)(br+n—1)n
xal(al+1)(al+z)...(al+n_2)(al fn—1) M
L (@ -n)A as required
" P (bz+n)(n+1)’ '
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The probability generating function in hypergeometric terms is given by;

qu(lval;bT;}LZ)

)= =12, .p; T=12.q; A>O0.
/ 1 d
7) = — o F,(1,a1;be; Az
(P() qu(l,al;bﬂ;;l)dZP ‘I( YT )
1 a

1
— “ALF,(14+1,a,+ ;b + 1z
PF(I(Lal;bT;)L)bT b q( l ’ )

1oy Aag pFy(2,a0+ b+ 15 A2)

by qu(Lal;br;}L)

" 1 2a (a +1)

0 () = T arbik S
plig\1,a1507; ) ’L'( t+ )

v 2a(a+ 1)/12171:61(37“1 +2;b:+2;A2)

A2 pF,(2+ 1,4, +2;br +2;A2)

Z =
¢ () be(br+1) oFy(1,a1;b51)
Let, AKZPFQ(1+K’al+K;bT+K;;L), K=1,2.
oFy(1,a;0051)
EX)=9¢(1)
E(X) = 24,
br

Var(X)=¢"(1)+¢ (1) = {9'(1)}2

2
_ 21 al(al+1)A2+la1A] —{ﬂ/\l}z

bT(bT—i—l) b; b;
Aa, Ala; (2(a; +1) a5
- Var(X) = 28 { Ap—Sp }
ar(X) bs 1+ be Ulo D) 2 b, M
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10.1

10.2

CONFLUENT HYPERGEOMETRIC
DISTRIBUTIONS AND THEIR GENERALIZATIONS

Introduction

In this chapter, a confluent hypergeometric series distribution has been constructed using
Kummer's series.

Its generalization is based on a compound distribution; i.e.,a distribution of a random sum
of independent and identically distributed random variables.

An integral representation of Kummer's series has been used to construct a confluent
hypergeometric continuous distribution.

Its generalization is based on a confluent hypergeometric series with two variables.Some
properties and special cases of theses distributions have also been discussed.

The results in this chapter will help us in solving difference-differential equations of birth
and death processes at equilibrium.

Bhattacharya’s Confluent Hypergeometric Series Distribution
10.2.1 Construction and Properties

Kummer‘s confluent hypergeometric series is given by:

1F1(V l T[): +

vy viv+D) n® vv+D)(v+2) n’
A1 AA+D 2 AR E )12y 3
viv+D)(v+2)---(v+x—1) 7*
AA+1)(A+2)-(A+x—1) x!

>
_é (v+x—1)(v+x=2)---(v+2)(v+1)v I'(v) T(4) n*
>

| =

tA+x—DA+x—2)--(A+2)A+ DA (A) T(v) x!

b (10.1)
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Therefore,
f(x) = Prob(X =x)
I'(v+x) T'(4) 1 n*
= - —0.1.2....-
Z (A+x) T(v) (F(v;A;n) x! forx=0,1,2,---; v>0, A>0, n>0
(10.2)

This result is due to Bhattacharya (1966).The probability generating function (pgf) is given
by:

ZZf(X)S"
_Z I'(v+x) T(A) (ns)* 1
(A+x) T'(v) x!' (Fi(v;A;m)
1F1( s A5Ms)
— AR ) 10.3
1Fi(viA;m) (10.3)
F(s) = s S GR(ViAS)
. s _1F1(v;7t;n) dsll ALTS
1 %
_mzn*lﬂ(v—i—l,l—l—l,ns)
and
ne s 1 v v+1 _ )
F (s)_lFl(V;l;n) A1]>|<)L+1>x<r,>x<1F1(v+2,7L+2,17s)
2
B n v(v+1) ' _
= IFI(V;)L;TI) A(ﬂ‘)—i-l *1F1(V+2,A +2,nS)
Let
R+ jEA+N). o
Aj= F(viAm) s for j=1,2. (10.4)
nv 1F(v+LA+1;1)
LEX)=F'(1)=—
(X) (1= A
—%Al (10.5)
and
Var(X) =F"(1)+F'(1) - [F'(1)]?
_av(v+l) nv v, \?
=Myt M (Fa)
2
_nhv nvivtl, Voo
= A e Al (10.6)
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10.2.2 Special Cases

(i) Poisson Distribution

S B
1 F(a;a;0) x!
INa+x) I'(a) 1 0*

= (@) 1Fi (@a:0) Fforx:O,l,Z,m ;0>0 (10.7)

s f(x)

r
" I(a+x) T

Thus,v=A =aand n =0 in (10.2)
The pgf is;

F(s) = — (10.8)

) =0 (10.9)

and
Var(X) = OA; + 6% (Ay — AY)
—0+6°A,— 6
—0+6>-6°
=0 (10.10)

(ii) Displaced Poisson Distribution
From the expansion of e, let us have a partial sum;

er—i-l 9r+2 9r+3

RS TR TR
oo 9x+r+1

S=

:x:O (x+r+1)!
o0 9x+r+1
=Y
= E+r+1)ts
9x+r+1
S flx) = forx=0,1,2,---;0 >0 (10.11)

o gx+r+l
(c+r+ D0 o
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and r= positive integer.

Which is called Displaced Poisson distribution introduced by Staff (1964).

6x+r+1

f(X) = 9x+r+1

(et r+ D0 Gy

9x+r+1 1

S T(x+r) Zf:o%
G 1

RS r(fjrr)

G 1

[(x+r) Yoo % F(;—J'rr)

e 1

o) £ T

e 1

Px+rys, ?8:3 &

6* I'(r) 1

T () D) g NESIOT

_0'T(r) 1

C T(x+r) 1F(1;7,0)
I'(r) 1 0*
C(x+7) 1Fi(1;r:0) x!
CT+x)T() 1 6
- I(r+x)T

:x'

(1) 1F1(1 r, 9) x!

and r=postive integer.

This is f(x) given in (10.2) where v=1,1 = 1, a positive integerand 1 =6 >0

Fi(1;r;0s
F(s):%
E(X)ngl
and
Var(X) = §A1+9—2[LA2——A]
where
A= 1F(1+jir+j:0) for j=1,2

1Fi(1;7r;0)

(iii) Hyper-Poisson Distribution
In the displaced Poisson distribution,we have A = r is a positive integer.

— forx=0,1,2,---;0 >0

(10.12)

(10.13)

(10.14)

(10.15)

(10.16)
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For any A > 0, we have a hyper Poisson distribution.
Bardwell and Crow (1964) termed the distribution Sub-Poisson for A < 1, Super-Poisson

for A > 1.
Thus,the hyper-Poisson distribution is given by;

(1 +x) T(A) 16

flx)= T(A ) T(D) 15(1;1;9)5 forx=0,1,2,---;A >0, 6>0 (10.17)
‘ 1A (1545 05)
"F(S)_—lFl(l;JL;G) (10.18)
E(X)= %m (10.19)
and
6 6> 2 1
Var(X) = IA1+7[)L——|—1A2_IA%] (10.20)
where

1Fi(1+j;A+;6)
1F1(1;1;0)

Aj= forj=1,2 (10.21)

Remark (10.1) Barton (1966) point out that, a hyper-Poisson distribution can be obtained
by considering a truncated Pearson type Il mixture of Poisson distribution as shown
below:

We shall first construct the truncated Pearson type Ill as a mixing distribution.

The Pearson differential equation is given by;

ldy — —(a+x)

y dx " coFeix+eax?

Where y = f(x), is the pdf of a random variable X and a,cp,cy,c, are parameters.

Pearson type Il corresponds to the case of ¢; = 0.
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ydx cix+co c1 x+f
1 a—
= o[ a)
1 x—i—a
1 (e=3)
- c1 c1x+co
_ 1 q-a
- c1 c1x+co
d 1 d-a
co—logy=——+—"1—-
dx & c1 c1x+co

% _

1 a
“logy= [{-—+-L"}d
o8y { Cl +cl)c-i-co} o

1 2-a

-t A log(c1x+co) + logk
C1 C1 C1

S logk(cix+co)*
C1

where
Qg
o=

1

sy=e tkeix+ep)® ¢ £0

If c; >0, thencix+cp>0=x> —g—‘l).
If c;1 <0, let ¢ = —% where % >0
Then,

c1x+cog>0

X
= —— >0
9+C0
=-Z>—¢c
0 0

:>x<
— < ¢
0 0

s <0=<0¢
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Which is the case we wish to consider.

X
.-.y:eBXk(CO_E)OC
Oco—x
6x 0 a
— O (02
(T
k
e weex(l —X)a, 0 <x< 1
where O¢cy =1
Buty=1
[ rwar= 5 [ v
S X x-ea A e x)%dx
i.e
ko1,
12@/0 (1 — x)%dx

0% ! 1-1 2—1-1_6
S — = / X - (1 —x)a+ T e xdx
0

k
lxlfl(l _x)oc+2717189x
=B(1 1 d
(La+ )/0 B, a+1) *
:B(l,a+l)1Fl(l;a+2;9)
k 1
0% B(l,a+1) Fi(l;00+2;0)
Ox o
1—
S fx) = e (1-x) 0<x<1

B(l,a+1)1F(1;00+2;0)
Leta+2=B=>a=-2
eex(l—x)ﬁ*2

S flx) = B(1,B—1) F(1;8:6)

as given by Johnson et al (2005 page 370).As a mixing distribution,we shall use the notations;

eez(l _ t))sz

sO=gaa—n.nane o 0

which is the truncated Pearson type IIl.
The mixture is given by

O<x<l1l; B>0
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1
= e-‘”(i? (o)
o al 9t e (1 —1)*2
/ A—l) lFl(l;;L;G)

_/1 0~ tx t)le s
x'Bl)L—l)lFl(lﬂ, )

dt

1 1 lx 1-1
x! BOLA-1) 1F1(1;7L;9)/o ACaU
_ & ! ! B(x+1,A—-1)
x! B(1,A—1) 1Fi(1;1;0) ’
_6f T(A) 1 C(x4+1)C(A—1)
~ x T(D(A—1) (F(1;4;0) Atx

F1+x) T(A) 1 6

)= T(A+x) T(1) 1F(1;1;0) x!

Which is the hyper-Poisson distribution.
Remark (10.2)

The truncated Pearson type Il distribution can also be derived from a gamma distribution

truncated from above as follows:
A two-parameter gamma distribution is given by;

eb
h(y) = —e 97yP1 0; 6,b>0.

Consider the integral;

P
I:/ efeyybfldy
0

d
Let9y—x:>y—ganddy— Ox

_/'6[7 Xbld.x
0

Op
eh/ e—x b— ldx
0

1
or (b,6p)
) —0y b1 4y, — Yo,0p
../0 e vy y ob

—Gy b—ldy — 1

/"1’ 7(b,0p)
=) o

forx=0,1,2,---

; 0>0
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op be
gy—/ }/ P) el 0<y<p; p>0; 6>0; b>0

Y(a,x) = %eﬂ(lm(nﬁ 1;%))

gbe—Ovyb1
g(y) =
Or" Fi(1;b+1;6p)e0P
Putp=1
be—nyb—l
~80) = Fi(1;b+1,0)e
Let,
d
y=l-1=2—|-1=1

dt
b -0(1 t)(l t)b—l
TR (16+1;0)e
be -0 et( t)b 1
1F1(1 b+1; 9)6’ 6
be® (1 —1)P~1
1F1(1;b+1;9)
e(—)t(l_t)b—l
B(],b)lF](l;b+1;9)
Let, b+1=A=b=A—1
eez 1—¢ A=2
B(1,A—1)F (1;1;0)

0<t<1; A>0

Which is a truncated Pearson type Il distribution.
Extended Confluent Hypergeometric Series (ECHS) Distribution
10.3.1 Compound Distribution

Let Sy =X1+Xo+ -+ Xy

Where the Xy are iid random variables.

Further,let Y also be a random variable independent of Xj.
If

H (s)=the probability generating function of Sy = E[S%]

F (s)=the probability generating function of ¥ = E[SY]
G(s)=the probability generating function of X; = E[SX]
hen;

—
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H(s) = E[S¥]
= EE[S /Y =)]
— E{E[SX1+X2+...+XY]}
= E{E(S*)E(S%)---E(5%)}

=E{G(s)}"
o H(s) =FG(s) (10.25)
Suppose
X;=1 with probability a = %
and

X; = m with probability 1 —a = %
Where Ny >0, 12 >0,n=n1+mn2and m=1,2,3,--- Then the pgf of X; is;

G(s) = Zg(xz')sx"

= Prob(X; = 1)s+ Prob(X; = 1)s™
G(s)=as+ (1 —o)s™ (10.26)

From (10.3)

1Fi(viA;ns)
Fls)= 1Fi(viA;n)
. H(s) = F[G(s)]
1F1(viA;nG(s))
1Fi(viA;n)
_th(viAsnas+ (1 — a)s™))
a 1F1(v;Asm)
1A (vidsnas+n(1 —a)s™)
1Fi(viA;m)
1Fi(viAsns + mas™)

SLH(s) = 10.27
(s) FviAin) (10.27)

We define a distribution with pgf (10.27) as the "Extended Confluent Hypergeometric
Series (ECHS)" distribution has five parameters namely:

v, A, M, M2, m
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/! 1 d m
H(S) 1F1(V;)~;TI) dsl I(V,)u,nls-i-rlzs )
1 v 1
= —————— (N1 +mns" Fi(v+ LA+ 1;n1s+ 8™
1F1(v;/l;n)?t(m m2s™ ") 1Fi( nis+12s™)
" _ 1 X . m—2 . . m
H (S)_—IFI(V;A;TI) )L{m(m 1)nas 1F1(v+ LA+ s+ n2s™)
m—1y2 V11 m
+(N1 +mmas™ ) P 1FL(v4+254 +2;m1s+m28™) }
Let
F(v+j;A+jm) .
.'.A-:1 , for =1,2 10.28
J IFI(V;)L;TI) J ( )
/ v 1FI(v+ LA+ L +12)
L ESy]=H (1) = 5 (m +mm) R
%
E[Sy] = I(m +mn2) A (10.29)

Var(Sy] = H"(1)+H'(1) — [H'(1)]?
1 v
T IR(viAm) I{m(m_l)’b 1R (v+ LA+ Ln+m)
, V1 FR(V+24+25m)
+(m +mno) 1 v }
2

v v
I(nl +mn)A; — ﬁ(m +mn,)*A3

A% v v+1
= Xm(m— DA+ (m +m772)2 1At 1A1

v v2
+ I(Th +mny) Ay — Po (M +mm2) AT

\% \% v+1 \%
- Var[Sy] = I[mz'flz —mmy+ M mmAL+ - (m +mn2)2[mA2 - IA%]
\% \% v+1
Var[Sy] = X(T’l +m2n2)A1 + z(nl +mn2)2(mA2 — %A%) (10.30)

10.3.2 Recursion in Extended Confluent Hypergeometric Series Distributions

(a) A recursive formula for probabilities
The random variable under consideration is Sy
Let

hj = Prob {Sy =j} = hj(V,)L)

Hence the pgf is:
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1Fi(viA;nis+mas™)
h
1Fi(vsAsm) Z

Differentiating (10.32) with respect to s, we have;

V LAV + LA+ s+ nas™)](m +mmas™ )
A 1Fi(vid:n) j:O

Replacingv=v+1, A =A+1in(10.32) we have;

FL(V+ 1A+ 1,8+ 1nps™)

=Y hj j
Fi(v+ LA+ L) Y hj(v+ 1,4 +1)s

j=0

Divide (10.33) by (10.34), we have;

v+ LA+1Ln) Yioli+ Dhji(v,A)s/

v
(M1 +mmps™ )

(10.31)

(10.32)

(10.33)

(10.34)

A iF(viAsm)  Xighi(v+1,A4 1))

Lot 1F1(1;j(i;i;2;;n) _ A |

o Bt

%Al{i MgV LA+ D)5+ Y mahy (v LA+ D8y = ¥ (4 Vg (v,A)s7

j=0 Jj=0 Jj=0

Comparing the coefficient of s” in (6.35) we have:
For the Right Hand Side,the coefficient=(r+ 1)h,1(v,A) by putting j =r

(10.35)
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For the Left Hand Side,put j = s for the first term to get;

\%
A
Put m+j—1=r= j=r—m+1 for the second term to get;

Aimh(v+1,A+1).

v
mHZIAlhr—m-i-l (V + 1,2, + 1)

Thus we have;

(r+1)hy1(v,A) = %Al{mhr(v + LA+ D) +mmh i (V+1L,A+1)} (10.36)

whenr>m
and
v
(r+1)hyy1(v, ) :IAmlhr(VJrl,?Lqu) (10.37)

when r < m.

(b) A recursive formula for factorial moments

Consider;
H(1+s)=Y hj(v,A)(1+s)/ (10.38)
j=0
i.e
IF (i1 +s)+m(1+9)™) &
=Y hi(v,A)(1+s)/
1F1(V;l;7]) JZO J( )( S)

Il
~
I
—
oyl
<
—~
u<
>
S
léM\'
. PN
S ~.
N———
>
N—
S
——

I
D1
3
Lrs
=
=
=
>
S~—
~
w
=

KH..
(@]

3
Il
o

Il
D13
— —
I agk
=

<

=

>
s [+
——

3
Il
=
~.
Il
=

I I
18 L8
=
S
=
>
G

(10.39)

i
[e]
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Differentiating (10.39) with respect to s, we get;

\% [1F1(V+1;/FL+1§T[1(1+S)+T]25m)](T]1+mn2(1+s)m_l) i‘u v s

A B (viA) = X m(v A
=Y 1 (v.2)
n=0
(10.40)
Replacing v=v+1, A =21+1in(10.39) we get;
lFl(V—Fl,A,—I—1,n1(1+s)+n2<1_|_s)m) oo e
= n I, 1)— .
VP (v+LA+1;7) EO“ (v+LA+1) (10.41)

Divide (10.40) by (10.41) to get;

ZZ":ounH(V’l)i—';
Yo ota(VH1LA+1)G

1%

/1/\1[171+m772(1+s)m_1] =

> Y > s"
: w1 (V)= = —A JVEL A=
: 'n:0“ +1(v )n! 1 1’1;)771# (V+LA+ )n!

\% > )
—A 1+5)" 1y, 1 1=
+ ln;)mrh( )" (VLA 1)

n

\% > K
— YA VLA
7 1)&)”1# (Vv+1,A+ )n!

) m—1 n
—f—%A]an{man;) (mj l)sjun(V—l—l,?L—l—l)%}
VALY My 1A+ 1)

A= n!
+ YA i{ m_l(m_l)f V+1,4 1sj+"}
D I N O R
(10.42)

Comparing the coefficient of s in (10.42) we have;
For the LHS put n = r to get,

“[H—l](v’l)

r!



317

For the RHS,put n = r for the first term to get,

Ay (v+ LA+

r!
Put j+n=r=n=r—jtoget;
% m_l (m—l),u[rj}(\H-l,/l—l-l)
—Aim } ;
2o ,ZO j (r=j!
VA v Vo N (Y (VLA )
L r! —AAml,u[r](v—i—l,l-l—1)+1A1mn2]§) . (r—j)!
% mlm—1
S M (V,A) = IAl{mu[r](VH,?Hlenz Zorf< j )N[r—ﬂ(VHJLH)}
J:
(10.43)
where /' =r(r—1)(r—2)---(r—j+1)
(b) Recursive formula for the rth moments
The characteristic function of Sy is;
Qs, (1) = E[e™]
_E[e(it)Sy]
= Hl[e"]
, R (viAs e + mpe™)
Qs (1) = RV (10.44)
And since H(s) =¥ ;(v,A)s’
Then,
H(e") = Z(V,)L)e’”
J
5 = (it j)
= L) X )
= Y ir)"
= ALY v ™
n=0 j=0 n!
H(e") =Y ph(v,2) (ét) (10.45)
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Therefore,

. it mlt 0 n
11”1(\’171;?1(3)L 4;71726 Z (v ) (10.46)
Differentiating (10.46) with respect to t,we get;
\4 . . it mit\[; it . mit =) . n—1
T 1AV LA+ e’ +me™)[ine” +minge™] , int
Fi(vidim) S Lm0 AT o
Replacingv=v+1, A =A+1in(10.46) we get;
IR (V+ LA+ Lne +me™) &, (it)"
1Fi(v+1LA+1;m) —’;).lln(v+l,7t+l) n! R
Next divide (10.47) by (10.48) to get;
mit Zn ]‘Lln(\/ A)( 2 )1
Y Alimie + mimse™] =
Zn olin(‘”rl A_‘_1) n!
o anO“n—i—l(v?A‘) (*;z”
Lo otn(v+1,A+1)5
Eooky 1 (V,2) Gy
Z:):O“rlt(v—i_l?A‘_'_ ) n!
Therefore,
nzoﬂnﬂ T 1 771 n!
n E) 1, z+1><n? )
VN o (i) (ir)"
> > (mit)* (it)"
Y Iy 1.2+ 1) Y 0,

n=0

T
o
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Therefore,
v e = (i)t
i o mk it k+n
+ Llmapiv+1.2+1) T 0
Y i (vi2) l), =—AIZZ{ (M1 + mnamt)E ( — )(it) 1 (1049)
n=0 (l’l . n=0 k= k!n!

Comparing the coefficient of (it)", we have;
From LHS by puttingn=r

uu;Jrl (V,l)

r!

Putting k+n =r,= n=r—k we have;

From RHS:
YA Y o (VLA T)
Therefore,
o (v.id) v o & o (V+1LA+T)
n AN Z(”1+m’72m T aT

v
Sl (VD) ——A1 Z ( ) (N +mnum)u’ _ (v+1,A+1)

o (V,A) ——A1 Z ( ) (M4mOl (v+1,4+1)

10.3.3 Probability mass function of the Extended Confluent Hypergeometric Se-
ries (ECHS) Distributions



320

Again, let

i.e
A (ViAimis+ms™) &
=Y h(v,A)s*
1F1(viA;m) xgb v.4)
i.e
1 S VVED(Vv42) - (vx—1) (ms+ms™) &
=) h(v,A)s*
1F1(v;l;n)xgbl(l+l)(7L+2)---(7L+x—1) Z (v.4)

1 o (V)x (Mis—+m2s™)*
=) h(v,A)s" (1051
1F1(v;)L;n)x§,(/l)x X! ;, (v,A4)s" (osn

|
X founry

Where (a)p =1 and (a), =a(a+1)(a+2)---(a+n—1) forn>1
We can rewrite (10.51) as;

- 1 - e (X sy mn
L s = e R 1 (o) e

X—N N X—N+mn
Ny s

& B 1 - v (V)
) (v, A)s" = A ) M) (x—n)n!

Comparing the coefficient of ",

Put x = r on the LHS to get h,(v,A)

Put x —n+mn =r on the RHS .

Therefore, x =r— (m—1)n.

THerefore,the coefficient of S on the RHS is;

1 i (v)r—(m—l)n Thr_mnnf
1F1("§)“§77) n=0 (A’)r—(m—l)n (r—mn)‘n'

1 i (v)r—(m—l)n nfﬁmnnf

T R(ViAN) 2 (M) (1) (r—mn)!n! (10.52)

10.4 Special Cases of ECHS (v,m, 1, 1,) Distribution

For each case,we determine the pgf,mean and the variance using formulae (10.27),(10.29)

and (10.30) respectively.
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10.4.1 When 1, =0

Then

1F1(viAsnys)

His)= 1Fi(vid;m)

Which is the pgf of Bhattacharya’s Confluent Hypergeometric Series distribution given
by (10.3)

v
E[SY]:InlAl
and
v+1 \%
Var[Sy] = /1771/\1+7Ln1()t+1/\ IA%)
FI(V‘|‘],A+J’771)
Where, A; = 1
ore A 1Fi(viAsm)

1042 Whenv=A,m=2;1;>0,17,>0=0

THen,

1FL (Vs Asnis +1ps?)
1Fi(vidim)

H(s) =

Which is the pgf of the Hermite distribution due to Kemp and Kemp (1965).

E[Sy] = (m +2m2)A
and
Var[Sy] = (m +4m2) A1 + (11 +21m2)* (A2 — A7)
1Fl(A+jsA+j;m)
1F1(A;A:m)

Where, A; =

Remark (10.3)

The pgf of a Hermite distribution is a Compound Poisson distribution obtained by consid-
ering
SN=Xi+Xo+---+Xy
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Where X7 are iid binomial random variables with parameters 2 and p.
N is poisson with parameter A.

 H(s) = MG = pAllatp?—1]

o H(s) = exp{A p’s -|—2qps—1]}
= exp{A 2+p —p*+ps*+2gps— 1]}

s

[ 2

= exp{A| )2+ p (s> — 1) +2gps— 1]}
[
[
[

(g+p
= exp{A[(g+p)* —2qp+p*(s°— 1) +2qps — 1]}
= exp{A[1 —2qp+ p*(s* —1)+2qps—1]}

= exp{A2qp(s— 1)+ p*(s* = 1)]}
S H(s) = oM2aps—2qp+p*s—p?]
_ M@aps+p*s?)—(2qp+p?)]
— o(2AqpstAp’s®) ,~A(2qp+p?)
o2haps+Ap*s®

T (S) e2Aqp+Ap?

From section (10.2.2),we found tha;

ef = Fi(a;a;0)
1Fi (a;a;2Aqps + A p*s?)

1Fi(a;a;2Aqp+ A p?)
1A (A;A:2Agps+ Aps?)
1R (A A22gp+ Ap?)
AR (A A s+ mos?)
CRAAm+m)

1FL (A3 45m18 + 1as?)
1F1(A;A5m)

H(s) =

Where, 1 =2Agp, M =Ap* N=mm-+M, V=14, m=2

Remark (10.4)
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A Hermite distribution is a discrete Poisson mixture as shown below:

Let, hj=Prob{Sy =/}
= ZProb{SN = j,N=n}
n

= Z Prob{Sy = j/N = n}Prob{N = n}
=Y Prob{X; +X;+---+X, = j}Prob{N = n}

= Z{fj}n* P

Where {f;}"* is an n-th fold convolution X;
In terms of pgf;

Where G(s) is the pgf of X;s
If X; ~ Bin(2,p) and N ~ Poiss(1)
THen,

e A"

1) = Y+ p S

n=0
i q+pS]

n=0
_ eflel(q+ps)2

= exp{—A +Aq* +2Apgs+ Ap*s*}

= exp{—A +Aq* +2Apgs+ Ap*s* — Ap> + Ap?}
=exp{—1 +Ag* 4+ 2Apgs+ Ap* (s> — 1)}

= exp{—A+2Apgs+A(p*+q") +Ap°(s"— 1)}

o H(s) = exp{—A 4+ 2Apgs + A(p* + ¢* +2pq — 2pq) + A p*(s* — 1)}
= exp{—A +2Apgs+Al(p+q)°* —2pq) + Ap* (s — 1)}
=exp{—A+2Apgs+ A —2Apg+Ap*(s* — 1)}

H(s)=exp{2Apg(s — 1)+ Ap*(s* — 1)}
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Which is a pgf of a Hermite distribution that can be written as;

H(S) _ e2/’Lpqs—Zqu—O—lpzsz—/'Lp2

eZ?qus+7Lp2s2

- 2 pg+Ap?
H(s) = 1F1 (A3 4524 pgs + A p?s?)
h 1R (A 424 pg+ A p?)

Remark (10. 5)

Kemp and Kemp (1966) found that if mixing is treated purely as a formal process with the
Poisson parameter 8 taking negative values,then a Hermite distribution can be derived
as a Poisson-Normal mixture as follows:
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_(0-p)?

® —0(1-s — 2
H(s):/ e =) o 2 do

_1)\2
\/_/ exp{—0(1— )—%}d@
—29(1—s)62—(6—/.1)2

= oz e o7 Jao
:\/2;_6/“’exp{—ze(l—s)c22—6[§)2—2u9+u2]}d9

M p{——[zc 2(1—5)0+6%—2u0 +u?|}do

W / expl 5507~ 2{1t —02(1 ~5)}0 + 7]}
W/ expl—5 5 [{0 1+ 02 (1~ )Y — {1~ 0%(1—5)} + #]}d0
=exp{—ﬁ[ —{u—cz(l—s)}z]}.l

= exp{—5 ! —2u—0?(1-9)][0*(1-9)]}
:exp{_i[zu—a (I—9)](1—s)}
:exp{_%[zu(l—s)—oz(l—s)z]}
:exp{_%[z‘u(]—s)—62(1—2S+S2_1+1)]}
:exp{_%[zu(l_s)—62(2—2s+s2—1)]}
:exp{—%[Qu(l—s)—262(1—s)—02(52_1)]}

— exp{—1 (1~ 0?)(1 )~ 02(s2 — 1)}

2
H(S) = expl (=) (s — 1)+ 5 (= 1)}

Which is a pgf of a Hermite distribution.

1043 Whenv=A, m>0;, n>0, 1m>0

Then,

1F1(A;A;m1s 4+ 128™)
1F1(A;4;m)

H(s) =
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which is the pgf of the generalized Hermite distribution due to Gupta and Jain (1974).

E[Sy] = (m +mm2)Ay

Var[Sy] = (M +m*m2)Aq + (M1 +mma)(Ag — A7)

where

Remark(10.6)

_ 1R+ jiA+ i)

=12
1Fi(AsA51m) /

In constructing a generalized Hermite distribution,Gupta and Jain (1974) considered the

variable x given by;
X =X +mX;

Where X| +mX, are independent Poisson random variable with parameter 117 and 1, respectively.

The pgf of Xis;

10.44 Whenv =1,

a positive integer,
Then

SH(s) =

H(s) = E[sX1TmX]

= E(S")E(S™®)

— o M(1=s) ,=m(1=5s")

— o MtMms—M+ms™

— MsTMs" =M
eMs+nis™
MM
1R (A A s+ 1ms™)
R )
1Fi(A A m s+ mas™)

1F1(A;A4;5m)

m=2 and A=A

1B (A5 A5 m1s 4 1ms?)
H(s) =
(5) 1Fi(A;A;m)

which is the pgf of the extended displaced Poisson distribution of type | with parame-
tersA, m >0 and My >0
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1
E[Sy] = I(rll +2m2) A

and
Vi [S]—l( +4m)A +l( +2 )Z(LA —lAZ)
a”Y—)Lrll 7121&771 n2 )L_i_llll
where Aj:1F1(1+];)L+J;n) =1,2

WFi(LA;n)

1045 Whenv=1 A=rand m>?2

where r is a positive integer,
Then

1Fi1(L;m s+ mas™)
H —
(s) 1Fi(1;rm)

which is the pgf of the extended displaced Poisson distribution of type Il with parame-
tersA, m, M >0 and M >0

1
E[Sy] = ;(771 +mn2) Ay

and
Var{Sy) = (M +mm2) A+~ (1 +mma) (——Aa — 2 A2)
ar|Sy| = — m - m —Ay——
Y rm n2)/\ rm N2 erl2 P
Fi(1+j; ; )
where Ajzl ]( tirty n), j=12
1Fi(L;rm)

10.4.6 Whenm=2

Then

1FL (Vi A n1s +1ps?)
H P—
(s) 1Fi(viA;m)

which is the pgf of the extended Bardwell and Crow family of distributions of type IlI
with parameters v>0, A >0, 1, >0 and 1m,>0
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%
E[Sy] = I(Tll +2m)A
and
1% [S]—X( +4mp)A +X( +2 )Z(V—HA Y 5
a’”Y—;Lﬂl N2)/\1 )Lm 2 A1 27 M
F(v+jA+jm)
here A;= . L =12
where j IFI(V,A,,T])
10.4.7 Whenv=1
Then
H(s) = 1F(1;A5m18 +12s?)

1Fi(LA5m)

which is the pgf of the extended Crow-Bardwell family of distributions of type Il with
parametersm >0, A >0, n>0 and 1 >0

1
E[Sy] = I("l +mmna) A
and
1 ) 1 , 2 1,
Var(Sy] = I(Th +m M)Ay +I(771 +mmny) (mAz— IAI)
where Aj= (Lt A+ jim) =1,2

F(LAm)

10.4.8 Whenv=1, m=2
Then

_ 1F1(1;7L;n1s+n2s2)

H(s) 1Fi(1;451m)

which is the pgf of the extended Crow-Bardwell family of distributions of type | with
parameters A >0, 11 >0 and 1, >0
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1

E[Sy| = I(rll +2m2) A
and
Var(Sy] = (1 +4m) A + o (11 + 21 (= Ag — L A2)
a”Y—)Lrll Mn2)\1 )Lm n2 A1 27 M
where Aj:1F1(1+];7L+J;n) =1,2

WFi(LA;n)
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11.1

11.2

CONCLUSIONS AND RECOMMENDATIONS

Conclusion

Stochastic processes specifically Birth and Death processes at equilibrium can be studied
based on recursive models of P, | as a function of P, and P,_1. Queues are birth and
death processes at equilibrium where the process is characterised by the property that
whenever a transition occurs from one state to another, then this transition can be to
a neighboring state only.With an arrival there is a transition from the state n > 0 to
the state (n+ 1), and with a service completion there is a transition from state m to the
state (m—1)(m > 0), the state denoting the number in the system.

Birth and Death processes at equilibrium are generated using Pearson’s differential equa-
tions based on Statistical and Actuarial literature. Using Pearson’s difference equation;

Pn+1 _ &
P On

where P is the pmf; P, and Q, are polynomials.

Some special cases and properties of some recursive models are determined and their
pgf‘s in terms of hypergeometric function derived. The hypergeometric series distribution
is used as a tool for constructing the pgf for birth and death process at equilibrium.
Generalized birth and death processes at equilibrium as ratios of polynomials are derived
using Kapur (198a) general case in its steady state and study of its special cases, their
properties are also determined.

In all these cases studied, it demonstrated that the hypergeometric distribution is useful
in statistics; specifically in stochastic processes-birth and death processes at equilibrium.

Recommendation

In this study the basic difference differential equation in general is not easy to solve in
most cases, but can be solved at steady state; solving difference equation for birth and
death processes as t — oo.

In all these cases studied, it demonstrated that the hyper-geometric function is useful in
Mathematical Statistics; specifically in stochastic processes-birth and death processes at
equilibrium.
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11.3 Future Research

Determine birth-and-death processes at equilibrium in terms of other special functions
other than hypergeometric function.
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