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Abstract

In this research paper we do an introduction to Hilbert space frames. We also discuss various
frames in the Hilbert space. A frame is a generalization of a basis. It is useful, for example, in
signal processing. It also allows us to expand Hilbert space vectors in terms of a set of other
vectors that satisfy a certain condition. This condition guarantees that any vector in the Hilbert
space can be reconstructed in a numerically stable way from its frame coefficients. Our focus
will be on frames in finite dimensional spaces.
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1.0 Introduction
1.1 Hilbert Space

We introduce some basic definitions and facts about Hilbert space.

Definition 1. A Hilbert space is a complete, normed vector space H over the complex numbers
C, whose norm is induced by an inner product. The inner product is a function

(.,.):H X H - C,that satisfies:

(a) Linearity in the second argument: Va, b € Cand VX, y, z €H,
(x,ay + bz) = a{x,y) +(x, z).
(b) Conjugate symmetry: VX, yeH,
(x,y) = (y,x)
where the overbar denotes complex conjugation.
(c) Positivity: Vx # 0€H,
(x,x)>0.

The norm of H is induced by its inner product: ¥x € H, ||x||> = (x, x). The Hilbert space is
required to be complete, which means that every sequence that is Cauchy with respect to this
norm converges to a point in H.

The most common Hilbert spaces, and the only ones we shall be concerned with in this article,
are the Euclidean spaces and the square-integrable function spaces.
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Example 1. The Euclidean space C" is a Hilbert space with an inner product defined by
((x, y))* = Xiy %y

The norm induced by this inner product is the standard Euclidean distance; for example, in C?
we have

lx|l=/x2 + x2.

We can generalize these Euclidean spaces to infinite dimensions. Our vectors are then functions
instead of n-tuples of numbers, and we must introduce the additional requirement that the
functions be square-integrable to ensure that the inner product is well defined.

Example 2. For a measure space M and a measure p, define L?(M, M) to be the set of
measurable functions f: M— C such that [ [f|°d p < co. This is a Hilbert space with the inner
product

(f,g)= [ fodu.

We shall take p to be the Lebesgue measure when M is R or an interval on R, and counting
measure when M =N or M = Z.

In the first case, we use the notation L2([a, b]), and the Hilbert space consists of square-
integrable functions. In the second case, we use a lowercase | and write 1?(N). Recall that
integration with respect to counting measure is just summation, so the inner product on I? is

(X, y) = Zfil xi:)_]iv
and I? is the space of square-summable sequences.

Hilbert spaces are “nicer” than general Banach spaces because of the additional structure
induced by the inner product. The inner product allows us to define “angles” between vectors,
and in particular, leads to the concept of orthogonality:

Definition 2. Two vectors x and y in a Hilbert space H are said to be orthogonal if
(x,y)=0.
A set of vectors {xi} is said to be orthogonal if {(x;, x;) = 0 for i # j.

In the Euclidean spaces, the inner product is the standard dot product, and two vectors are
orthogonal if their dot product is zero.

1.2 Linear Operators on Hilbert Space

Operator here means a linear map between two Hilbert spaces. We introduce some basic
terminologies regarding operators.

Definition 3. For Hilbert spaces H: and Hz, mapping T: Hi—Ho, is called a linear operator if,
for every x, y €H1 and for every c1,c2 €C, we have

T(Cix+cay) = C1Tx+c2 Ty.
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A linear operator is bounded if there exists a constant k > 0 such that ||T x|| < k ||x|[for all
nonzero X€Hi. If T is a bounded operator, then we define the operator norm to be the norm
induced by the two Hilbert space norms in the following way:

|IT]| = inf{k:||Tx]|| <k ||x||for all x # 0}.
Every linear operator has an adjoint, which is the unique operator T* satisfying
(Tx,y)= (x,T*y), forallx,y€Hi.

An linear operator is an injection if T x =T y = x =y (that is, if T maps distinct elements in
H: to distinct elements in Hy). A linear operator is a surjection if range(T) = H2. An operator
that is both surjective and injective is called a bijection.

In the finite dimensional case, linear operators are just matrices; the linear operators from C"to
C™ are precisely the €™ *"matrices in C™". Infinite dimensional linear operators are the subject
of functional analysis, and are much more difficult to classify in general. We will be working
with a special type of linear operator called a “frame operator” whose norm is bounded above
and below by two nonzero constants.

2.0 I Representations of L2 Functions

A common task in applied mathematics is to represent a function f € L? in terms of some
sequence of coefficients in I2. For example, in signal processing applications we often represent
an analog signal (an L? function) in terms of a sequence of coefficients. In theoretical
considerations we may take these coefficients to be in I, but in practice we can only store
finitely many coefficients. We hope to be able to choose a finite set of coefficients that capture
most of the “information” in the original signal, in the sense that we can use the coefficients to
reconstruct the original signal with a small L? error.

The most common way to accomplish this task is to find a set of basis vectors {vq} for L2, and
use the inner products (v,, f ) as the I coefficients representing a function f €L2,

Example 3. Consider the Hilbert space L?(0,1). The functions
{ezmnx, n EZ}

form an orthonormal basis for this space, and we can represent any function f € L? uniquely as
a sequence in 1%(Z) defined by

Cn=(e?™™¥ f)n€e Z

These ¢, are the “Fourier coefficients” of f. A function can be reconstructed from its Fourier
coefficients using the inversion formula

f = ZnEZ CneZn'inx

The map F that takes f to its sequence of Fourier coefficients ¢ is unitary. This means that the
problem of forming c given f and the inverse problem of forming f given c are both numerically
stable, which is especially important in computational applications where we may only have
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an approximation to f or c. The fact that the operator F is bounded above and below, guarantees
that, given a sufficiently good approximation for f, we can form an approximation of c.

It turns out that requiring the set {vn} to be a basis is overly restrictive for some applications.
It is possible to form “stable representations” of arbitrary elements of H in terms of sets of
vectors that are not necessarily linearly independent. The most general set of vectors that allows
us to form stable representations of arbitrary vectors is called a “frame.”

3.0 Hilbert Space Frames
A frame is a subset {¢;j} of H that satisfies two very useful conditions:
() Every other vector in H can be written as a linear combination of the ;.

(ii) Every f in H can be represented as a sequence of “frame coefficients” in 12, and each f can
be reconstructed in a numerically stable way from its frame coefficients.

The frame coefficients of a function f are determined by applying the “frame operator” to f.
Reconstruction of f from its frame coefficients is performed with a pseudoinverse.

Definition 4. Let {¢;} be a subset of H such that there existec, 8 > 0 with
o« [IfII” < X(e;fH* < BIfII

for all fe H. Then {o;} is called a frame of H. The supremum of all « and the infimum of all
B that satisfy the above inequality are called the frame bounds.

The frame operator is the function F: H—I? defined by
(FfIn=Aon, f)-
By definition, the frame operator satisfies
o« IFIZ < IFFIZ < B IFI
If < =B, then {@;} is called a tight frame.
Some basic facts follow immediately from this definition.

(i) A frame must span the Hilbert space. Otherwise, F would have a non-trivial nullspace and
there would be some f 0 such that ||[Ff|?= 0 < o ||f]|?.

(i1) The frame operator is an injection onto its range. If F f = F g, then by linearity
F(f—g)=0and
«|If —gl? <0<BIf —gl*= lf —gll=0=f=g

(iii) A frame does not have to be orthogonal, or even linearly independent.

1 0
Example 4. Let H = C?, and let F = (0 1). The columns of F* = (é (1) }) are a frame of
1 1

Cn, and F: €C? — C® is the associated frame operator. Its range in C* is the span of its columns,
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a

i.e., all vectors of the form < b ) and F is a bijection from €2 to this two-dimensional
a+b
subspace of C3. Its frame bounds will be the squares of the singular values of F, which are the

2 1 _ _
1 2)Thus, x=1and g =3.

The obvious question is how a vector x € C? can be reconstructed from its “frame coefficients”
in C3. It turns out that there is another set of vectors in C 2, called the dual frame, that is used
to reconstruct X from its coefficients.

square roots of the eigenvalues of FF = (

Before defining the dual frame, we compute the adjoint of the frame operator.

Proposition 1. Let {¢;} < H be a frame and let F be the associated frame operator. Then the
adjoint of F is the operator F*: 1> — H given by

Fc= 2 Cip;.
Proof. By definition, the adjoint satisfies

(Ff,c)=X(@; e

Using the conjugate symmetry and linearity of the inner product, this is
= (fJZ Cj(pj) = (le*C)
The result follows.

So, the adjoint of the frame operator takes a sequence c in I? to a linear combination of the
frame vectors weighted by the coefficients c;.

3.1 The Dual Frame
Definition 5. Dual Frames
Let {¢;} be a frame in H. Then there is another frame {¢ j}<H, called the dual frame,
given by:

@i = (FF) "o;
It is instructive to look at the equivalent expression

@i = FF .

F @j is the I sequence of “frame coefficients” of @jin terms of the original frame; say

F @; = ¢. The adjoint F*, when applied to this sequence of coefficients, gives

Fe=Xcp; =g
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So, we have written each of the original frame vectors @;jas a linear combination of the other
¢i, and the coefficients of this expansion are the inner products of the ¢i with the dual frame
vector @j.

We will see below that we can expand any vector f €H as a linear combination of the ¢j, and
the coefficients of this expansion will be given by the inner products of f with the dual frame
vectors @;j. On the other hand, we can write any vector f as a linear combination of the @;, and
then the coefficients will be given by the inner products of f with the original frame. This is
where the terminology “dual frame” comes from; reconstructing a vector from its frame
coefficients and writing a vector as linear combination of frame vectors are in fact dual aspects
of the same problem.

Proposition 2. If F is a frame operator (with frame bounds « and ), then F*F is invertible;
thus, the dual frame is well-defined.

Proof.

(i) Let f €H with f #0. Then
(F = Ff), fi=(Ff,Ff)= IFfI? 2AlIf|I>> 0.
It follows that FxFf 0, so F*F is injective.
(i)~ The range of F*F is closed. Suppose gn is some Cauchy sequence in the range of
F+F. That is,
llgn — gmll— 0 as n, m—oo

and there is a sequence f such that F*Ff = gn v¥n. For any n, m,

(F'F (fo = fi) (= ) = IF (o = fnll?=llgn — gmll2 2 allfy — fll®

since F is a frame with lower bound « > 0. That means

fo = full® < 2 lgn — gmll,

SO I, — fmll>? = 0 asn, m — oo and fy is a Cauchy sequence as well. Every Hilbert space is
complete by definition, so fn converges to some f €H. F*F is a bounded linear map: the norm
of an operator and its adjoint are the same, so ||F = F || < ||F||? = 8. It follows that F*F is
continuous, and

FFfn=gn—FFf =g € range(F*F).

That is, any Cauchy sequence gn in range (F*F) converges to some element g in range(F*F),
and range(F*F) is closed.

(iii). FF is a surjection, since
range(F * F)=range(F*F)=N((F*F)*)L= N(F*F)+ = {0} L= H,
where we have used the fact that F+F is self-adjoint.

Thus, F*F is a bijection from H to itself and for every g €H, there is a unique f €H such that
F*Ff = g. The inverse is the unique operator satisfying (F*F) g = f.

We are now in a position to show that the dual frame is indeed a frame of H, and compute its
frame operator and frame bounds.
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Theorem 3. Suppose {oj} is a frame of a Hilbert space H, with associated frame operator F
and frame bounds 0 < a < f < oo. Then the set {@; = (F*F) 1o;} is another frame of H, with
frame operator

F =F(FF),
satisfying
S IFIP<IF I <2 IfIP
The set {@;} is called the dual frame associated with the original frame.
Proof.
If {@]} is to be a frame, then its frame operator is some F satisfying :

(Ff) = (@j, fy = (FF)*@;, f. (FF)™ is the bounded inverse of a bounded self-adjoint
operator, so it is self-adjoint, and

(F )i ={p;(F*F)~ f).

By definition of the frame operator F, this is the j'" component of F (F*F)™%. Thus, the dual
frame operator is given by

F =F(FF)™.

To compute the frame bounds, we note that the inverse of a bounded self-adjoint operator is
also self adjoint, so F*= (F*F)'F*, and

|F £I[2= (F*Ff, f)= ((F*F)"* F*F(F*F)™' £, f)
=((F*F)™ £, f).

Let g = (F*F)"1f, so that

~ 2
IF £II” =<9, F*Fg) = IIF gl>
Since F is a frame operator with bounds a and g3,

allgl* < IIFgll*> < B IIFgli*.

Inserting g = (F*F)"!f back into this inequality gives
AllCFFHII2 < NIFI? < IIEEF)THIIZ,
and rearranging, we have
S IFI2 < NGB TAIP < Z I

It follows that

S < 1P < SR,
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Thus, {@;} is indeed a frame, with bounds 0 < % < % < 0.

Example 5. Let us return to Example 4, and compute the dual frame. We have a frame

{((1)) ) ((1)) , (1)} of C2. The frame operator is

1 0
FZ(O 1)
1 1

and the frame boundsarea =1, § = 3.

The dual frame operator is

2 _1
3 3\

F=FFRl=|—= = |
11 /
3 3

213\ (TY3\ (Y
so the dual frame is 13 , 3 , 3 "The bounds for the dual frame are 4 =~ ==
- / 2 / 1 / g 3
3 3 3

and B ===1.

Consider the vector x = G) Applying the operator F to it gives

~()

These are the coefficients of the expansion of x in terms of the dual frame vectors; that is,
1 %/ IRAWNEE
X = (2) —1, )72 2 1
/3 /3 /3

If we instead apply the dual frame operator to x, we find

()

These are the coefficients of the expansion of x in terms of the original frame vectors:

(1 _ /1 0 1
x=(3)=0(p) 1 () +1 ;)
In general, the frame operator is not invertible, since it might not be surjective. However, in

the example above, we were able to recover a vector x from its frame coefficients by writing it
as a linear combination of the dual frame vectors; specifically,

FFx =x
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for any x, so the frame operator has a left inverse £+ that inverts F on its range. This turns out
to be true in general, and an analogous result allows us to recover a vector from its dual frame
coefficients.

Theorem 4. Pseudo-Inverse of the Frame Operator

If F is a frame operator in a Hilbert space H and F is the associated dual frame operator, then
FF=FF =1,

where | is the identity operator on H. That is, F* and F* are left inverses for F and F
respectively.

Proof. The dual frame operator is given by
F =F(FF)™

F*F is a bounded, self-adjoint operator, so it is invertible and its inverse is self adjoint. Thus,
Fr=(FF)'F-.

It follows that
FF =(FF) Y(FF)=I.

Also,

F*F = F*F(F*F) ! = I. Thus, for any frame {¢;} and its associated dual frame
{®; }, we have for each f €H

f=29;1) 8; = X0,./) 9,

When a frame is redundant (that is, F is not a surjection, or equivalently, the frame vectors are
linearly dependent), F* is not a unique left inverse. We can add any arbitrary operator A that is
zero on range(F) and still get a left inverse; if A: I> —H is a linear operator satisfying A (F f)
=0 forall f € H, then clearly (F* + A)F f = FxF f = f for any f €H. The pseudo-inverse F
is chosen because it is zero on range(F)+, and so it is “optimal” in the sense that is the left
inverse with the smallest possible norm.

Theorem 5. “Optimality” of the Psuedo-Inverse

If F is a frame operator on H and F is the dual frame operator, then F~ is the left-inverse of F
with minimum induced norm. That is, if £* F = TF = |, then

17 1 <0l

Proof. First we show that range(F) is closed. Let cn = Ff, be a Cauchy sequence in range(F);
that is,

lfy = fmll?— 0asn, m—oo.

From the frame inequality it follows that

IF (fo = full® = llen — cmll® Z allfn = finll?
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SO ||fn — fmll? —0 as n, m—oo. Thus, f, is a Cauchy sequence and it converges to some f €
H. F is bounded, so it is continuous, and F f, = chn — F f = ¢ for some ¢ € range(F), and range(F)
is closed.

Since range(F) is closed, we have
I2 = range(F) @ (range(F))*.

Let ¢ €1? with ¢ # 0 and write ¢ = ¢1 + ¢, where ¢1 = F f € range(F) and ¢ € (range(F))*. Let
T be an arbitrary left inverse of F. Then T and Fx are equal on range(F), so

IE el _ IEcqll _ ITeall

llcll llcll llcll

Since ciLey, llcll?=llegll?+ ezl and |icll = llcll, so

F*c F*c Tc Tc Tc
lF*cll _ [IF*cll _ [ITcqll < [ITcql < ITcl|

= S SUup —-.
llell llell llell llell p llell

Thus,

1Fell _ Iirell _
< TI|.
sup T = g I

and the pseudo-inverse £~ is the left inverse of F with minimum sup norm.

We have shown that the pseudo-inverse is the left inverse of minimum norm. If we know the
= ||F*|| = 7z Having this bound on the

pseudo-inverse is important for computational reasons; if \/—E is not too large, then a vector can

be reconstructed from its frame coefficients in a numerically stable way. Say we have a vector
f € H whose frame coefficients are given by F f = c. In practice, we will not have the exact
frame coefficients, but some perturbed ¢ = ¢ + 6 where hopefully ||§]] < 1. Then the

reconstructed vector will be f= F*é= f + F*5, and||F — f||= < \/iz I8]]. Thus, small
perterbations to the frame coefficients result in small perturbations of the reconstructed vector,

1.
as long as =i not too large.

3.2 Tight Frames

We have seen that in order to reconstruct a vector from its frame coefficients, we must have
knowledge of the dual frame as well. For a special class of frames, this is no trouble, because
the dual frame vectors are just constant multiples of the original frame vectors.

Theorem 6. The Dual Frame of a Tight Frame
A tight frame is a frame satisfying ||Ff||2 = a ||f]|? for some a > 0, and for every f € H.

Let {@j} be a frame of H. Then {¢;} is a tight frame with frame bound « if and only if the dual
frame is given by {@; = i 0j}-
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Proof.
Suppose {@;} is a tight frame. Then for any f €H,

IFFIZ=(F = Ff, )= allfII*=a (f,f),
and thus

FxF =Al

where | is the identity operator on H. It follows that (F*F) 1= %1, and so @j = % 0j-
Conversely, suppose we know that the dual frame satisfies @j = %(pj. Then the associated

frame operator satisfies (F f)j=(@j, f) = % (F ), so F = aF. It follows from

Theorem 4, then, that
FF =a F*F =al,
so for any f €H,
(F=Ff, Y= IFfII> = a(f, ) = all fII?
and {o;j} is a tight frame with frame bound a.
Example 6. Any orthonormal basis is a tight frame with a = § =1.

Example 7. In R?, any set of 3 vectors that are equally distributed on the unit circle (meaning
the angle between each of them is 120 degrees) will form a tight frame. For example, the set

(1) cos%ﬂ cos%ﬂ B (1) —1/2 _1/2
0/’ sin%ﬂ ’ sin%ﬂ 0/’ \/§/2 ' —\/§/2

is a tight frame. To see this explicitly, note that for any v = (;)in R 2 we have
2 2
V3 J3
,3l=1|(®n,v)|2:x2+<_§+ Ty) +<_§_ zy)

V3

2

V3

241 2.3 9 1 2.3 2
=X+ x2 +2y2 gy Zxl + 2% L 2y
X Ty y X TRy 2 y

3 2,3 2_3 2
=242 424y2=2
2x2+2y2 =3 y|2

3.3 Relationship between Frames and Bases

A frame is a generalization of a basis. Clearly, in finite dimensions a frame is a basis if and
only if it is linearly independent; that is, a frame in Cn is a basis if and only if it consists of
exactly n vectors.
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Definition 6. Normalized Frames

Define a normalized frame to be a frame {¢;j} of a Hilbert space H such that ||j|| =1 for all j .
That is, a normalized frame consists of unit vectors.

Theorem 7. Conditions for a Normalized Frame to be an Orthonormal Basis
A normalized frame is an orthonormal basis if and only if « = 8 = 1.

Proof. Suppose {vj}je; is an orthonormal basis of a Hilbert space H. Then for any u € H, we
have the basis expansion

u=2je/(vj, u) Vi
Since {v;} is an orthonormal basis, (v;, v;) = &jj for all i, j € J. Thus,

lull?= (u,u) = ¥je){vy, w) (u,v;) = T ¢ |(vj, W%

and vj is a normalized frame with « = 8 = 1.

Now suppose {9;}jes is a normalized frame with « = g = 1. Then for any f € H,
IFI1P=Xjes {0 ).

Then in particular, for any i, [lg;[1?=1 =1+ ¥ ;..|(p; + ®;)|? which implies [{p;, ;)| = 3i
so the frame vectors are orthonormal. To show that any vector can be expanded in terms of the
frame vectors, consider the difference

D=f-Xcf0; o

This difference must satisty
Id11= X ¢f [{p), d)|?
=Yg ([{ou fF = Zjesos Hop]|)?
=Yie([{oi Y= Zje (o) o 0)])>

Since the @j are orthonormal, this is equal to

Yie;Kou f)— @i fD*=0.
Thus, d=0and f = X.; ¢; (@}, f Y;. It follows that {@;} constitutes an orthonormal basis.

If a frame is not normalized, then the result of Theorem 20 does not hold. We can show this by
constructing a frame of C? consisting of 3 vectors that has bounds a = 8 =1.

Example 8. To construct a frame of C? consisting of 3 vectors that satisfies A = B = 1, we must
find a matrix in C**that has singular values 61 = 62 = 1. Such a matrix can be factored as USV
1 0
, where U eC*3and V € C*>*?are unitary and S = (0 1). For example, let
0 0
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cos(®) sin(2)

1
U= —sin(g) cos(g) 1 _0” 1 0”
1

0 0
and
_(1 0
V= 1)
This gives
1B
(%)
usv = _§ ol
i)
2

1 3
so the set \/—4 <1 ) < /2> is a tight frame of C? with « = 8 = 1. However, it is
3/5) \Y;

clearly not a basis. Theorem 7 is not violated because the frame vectors do not have unit length.

3.4 Frames in Finite Dimensions

We now consider frames in the finite dimensional Hilbert spaces C". We give first a sufficient
condition for a set of vectors to constitute a frame.

Lemma 8. Any finite, spanning set in C" constitutes a frame.
Proof. Suppose {(pj};nzl c C" and span({p;}) = C".

Define an operator F: C" — C™ by (FX);j = (¢}, x). F can be written as a matrix F €C™". This
matrix has rank n, since the span of its rows is all of C" by assumption; it follows that all the
singular values of F are nonzero. We denote the largest singular value by o1, and the smallest
by on. Then for any x €C",

o 2llxl1? < 1IFxll? of llx]I%

Thus, F is a frame operator, {(pj};ilis a frame of C", and the frame bounds are given by the

squares of the smallest and largest singular values of F (i.e., the absolute values of the
eigenvalues of F*F).

It is also possible to have an infinite frame in finite dimensions, as long as the length of the
frame vectors goes to zero sufficiently fast.

Lemma 9. A countable spanning set {(pj};:l in C"is a frame iff %72, [|;]|* < 0.

Proof. Let {(pj}j:l be a set that spans C".
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Suppose iff 3%, ||¢;]|?= B < oo. For any x €C", the Cauchy-Schwarz inequality gives

1FxI? = 52440 0" <= 11l S2lloyl|” =48 Il
so F is bounded above.
Since {¢j} spans C", we can choose a finite subset that also spans C", say {@?}",n where
o1 '€{pj}. By Lemma 17, this subset is a frame; say its lower frame bound is A. Then
112 = 224l 0| 2 = X[k 0" = A llxll,

and F is bounded below. It follows that F is a frame operator and the {;} are a frame of C".

4.0 Conclusions

We have introduced the concept of frames and gone through the basic definitions and important
theorems. The real work, being in construction of frames that can be used in applications.
References (1) and (2) provide constructions of wavelet frames and windowed Fourier frames,
which have found great use in signal processing applications. The results we have presented
about finite frames indicate that a normalized tight frame (FNTF) exhibits a great deal of
symmetry, and that these FNTFs can be fully classified. The infinite dimensional analogous
has not, | suppose, been fully explored; similar classification results for infinite dimensional
normalized tight frames could give some insight into the concept of symmetry and
“equidistribution” in the infinite dimensional setting.
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