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Abstract
In chapter 1, the preliminaries and definitions are introduced. The notion on mani

folds, differentiable manifolds, tensor and vector fields, connections and complex manifolds 
and curvature tensors are introduced. The spaces to be studied namely, Sasakian, Para- 
Sasakian, LP-Sasakian and 77—Einstein Sasakian are defined. The literature review is also 
included in this chapter.

In Chapter 2, properties and representations of the W3 and W3 curvature tensor are 
studied in a Sasakian Manifold. The results obtained include the representation of the W5 

curvature tensor in a W5—symmetric Sasakian manifold . It is also proved that IT3—fiat 
Sasakian manifold is and 77—Einstein Manifold and the representation of the Riemann 
curvature tensor in such a manifold is obtained. Expressions of the Ricci tensor and the 
Riemann curvature tensor in a W5 flat sasakian manifold are derived. It is further shown 
that a W5—flat Einstein Sasakian manifold is a flat manifold.

In Chapter 3, properties and representations of the W3 and W3 curvature tensor are 
studied in a Para-Sasakian Manifold. Characterisations of the W5 and the W3 curvature 
tensors under various conditions are derived. It is shown that W3—flat P-Sasakian manifold 
is 77—Einstein and an expression of the Riemann curvature tensor is obtained. It is shown 
that VP5—flat P-Sasakian manifold is an Einstein manifold and a corresponding expression 
of the Riemann curvature tensor is obtained. The Ricci tensor is also considered in a P- 
Sasakian manifold satisfying W3 ■ S =  0. An expression for the W5 curvature tensor in 
a P-Sasakian manifold satisfying W3 (£, A ) ■ W5 =  0 is derived and it is further proved 
that such a manifold is Ricci flat. It is also shown that a P - Sasakian manifold satisfying 
W5 (£, X ) ■ S =  0 or W5 (£, X ) ■ R =  0 is an 77—Einstein Manifold.

In chapter 4, we study Lorentzian Para Sasakian manifolds that are cf> — W3 flat, <56 — W3 

flat, W3—flat and W3—flat. It is shown that LP-Sasakian manifolds that are <f> — W3 flat, 
cj) — W$ flat or W3—flat are 77—Einstein. An expression for the Riemann curvature tensor 
and the Ricci tensor in a IP5—flat LP-Sasakian manifold is derived and further more, it is 
proved that such a manifold is a manifold of negative constant scalar curvature

In chapter 5, properties of the W3 curvature tensors along with its symmetric and skew 
symmetric parts are studied in an 77—Einstein Sasakian manifold. An expression for the 
W3 curvature tensor and its symmetric and skew symmetric part in a W3—symmetric 
77—Einstein Sasakian manifold is derived. It is shown that a W3—flat 77—Einstein Sasakian 
manifold is an Einstein Manifold . It is further shown that such a manifold is isometric to 
the unit sphere and is a manifold of negative contant scalar curvature.

IV



Contents

Declaration and Approval i

Dedication ii

Acknowledgement iii

Abstract iv

1  Preliminaries and Definitions 1

1.1 Introduction................................................................................................................ 1
1.1.1 Differentiable manifolds ........................................................................  1
1.1.2 Tangent Vectors and Vector F ie ld s ........................................................  2
1.1.3 Tensors .........................................................................................................  3
1.1.4 Connections ...............................................................................................  4
1.1.5 Riemannian manifold ............................................................................... 4
1.1.6 Lie B rackett................................................................................................... 5
1.1.7 Riemannian Connections............................................................................ 5
1.1.8 Curvature tensor of a connexion ...........................................................  5

1.2 Complex Manifolds..................................................................................................  8
1.2.1 Almost Sasakian and Sasakian Manifolds ...........................................  9
1.2.2 Lorentzian Para-Sasakian m a n ifo ld .........................................................  10
1.2.3 ^-Einstein Sasakian M anifolds.................................................................. 11

1.3 Literature R eview ..................................................................................................... 12
1.3.1 On Sasakian M anifolds............................................................................... 12
1.3.2 On P —Sasakian M anifolds........................................................................  14
1.3.3 On L P —Sasakian M anifolds..................................................................... 14
1.3.4 On 77—Einstein Sasakian M a n ifo ld s .......................................................  15

v



2 A Study of Sasakian Manifolds* 1 17
2.1 Introduction................................................................................................................ 17
2.2 W5 —Symmetric Sasakian manifold........................................................................  20
2.3 A Sasakian manifold Satisfying W3 =  0 ............................................................... 23
2.4 Sasakian Manifold with W$ =  0............................................................................... 25

3 Para Sasakian Manifolds Satisfying Certain Conditions1 28

3.1 Introduction................................................................................................................ 28
3.2 P-Sasakian m anifolds...............................................................................................  30
3.3 W3—flat P —Sasakian m an ifo ld s ............................................................................ 32
3.4 W5 —flat P-Sasakian m anifolds............................................................................... 33
3.5 P-Sasakian manifold satisfying W5 ■ S =  0 ........................................................  34
3.6 P — Sasakian Manifolds Satisfying Ws(£, X).Ws =  0 ........................................ 36
3.7 P — Sasakian Manifold Satisfying W5(£, X ).S  =  0 ...........................................  39
3.8 P —Sasakian manifolds satisfying W5(£, U) ■ R =  0 ...........................................  39

4 Lorentzian Para-Sasakian Manifolds2 43
4.1 Introduction................................................................................................................ 43
4.2 Main resu lts................................................................................................................ 45

4.2.1 The (p — W3 flat L P —Sasakian M anifold ..............................................  45
4.2.2 The (j> — W5 flat LP—Sasakian M anifold ..............................................  47
4.2.3 The W3—Flat L P —Sasakian M anifo lds.................................................  48
4.2.4 The IT5—Phit L P —Sasakian M an ifo lds.................................................  49

5 Curvature Tensors in 77—Einstein Sasakian Manifolds3 51
5.1 Introduction................................................................................................................ 51
5.2 Main Results ............................................................................................................  53
5.3 W3 Symmetric rj — Einstein Sasakian M anifold .................................................  57
5.4 W3  Flat rj—Einstein Sasakian manifolds............................................................... 60

xThis chapter has been submitted to Kyungpook Mathematics Journal
1 This chapter has been submitted to the balkan journal of geometry
2This chapter has been submitted to Quastiones Mathematicae
3 This chapter has been submitted to Differential geometry-Dynamical Systems

vi



Chapter 1

Preliminaries and Definitions

1.1 Introduction

In this study, we investigate curvature tensors in Sasakian manifolds, P —Sasakian mani
folds, LP-Sasakian and 77-Einstein Sasakian manifolds. Some of the preliminaries and basic 
concepts are discussed in this chapter.

1.1.1 Differentiable manifolds

A non empty paracompact Hausdorf space M  is said to be an n-dimensional topological 
manifold, if every point x € M  has an open neigbourhood U in M, that is homeomorphic 
to an open subspace of the n-dimensional euclidean space 3?".

Definition 1.1.1 A chart“of1 M  is an embedding <j> : U —* of an open subspace U of
M into 3?”  such that 4>(U) is an open subspace of 3?".

Let Pi(ti,t2 ,...tn) — tfit € 3ft", then for every chart 0 : U —> 3?” , the composition 
0; =  Pi 0 f> '■ U —* 3? is called the ith coordinate of the point x € U with respect to f. 
The chart f  : U —> 3ftn is called the local coordinate system in U Vx G U and the n real 
numbers ...,tn) =  (4>1 (x), f 2(x )> ■■■■> 4>n{x )) are s&id to be the coordinates of the point
x with respect to 0 .

A function /  : W  —> 3?, defined on a non empty space W  of $Rn, is said to be of class:
i) C° iff it is continous.
ii) Ck, k — 1, 2,.. iff it has continous partial derivatives of all orders r < k.
iii) C°° or smooth if it is of class Ck for every positive integer k.
iv) Cu if it is an analytic function.
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Definition 1.1.2 An atlas of class Ck is a collection a of charts on M, such that the 
domains of all the charts in a cover the n-manifold M ; that is U Domfcp) — M and for

<j>Eot
any two charts </> : U —> 5?71 and ip : W  —* 3?” with U fi W  not empty, the function

f(M)(t) =  V>(0-1(*))is °f class ck.
The function /(</,,̂ ) is called the connecting function of the two charts cp and ip and 

Vx G U fl W, we have f(^){<p(x)) =  tp(x). Hence f(<p,tp) is called the transformation for 
the change of local coordinate system from cp to ip.

Let Ck(M ) be the set of all atlases on M  of class Ck. If k ^  0, this set Ck(M ) may be 
empty. The relation ~  on M, defined by a ~  /? iff a U (3 is an atlas in Ck(M) for any two 
atlases a and /3 in Ck(M ), is an equivalence relation in Ck(M ) partitioning it into disjoint 
equivalence classes. Each of these equivalence classes is called a differentiable structure. 
Two atlases are said to be compatible if their union is an atlas.

Definition 1.1.3 An n-manifold M together with a given differentiable structure a of class 
Ck on M, is called a differentiable n-manifold.

Let X  and Y  be diferentiable m and n manifolds respectively of class Ck with differen
tiable structures (  and r/, where k =  0 ,1, ...oo . An arbitrary function /  : X  —> Y  is said to 
be differentiable of class Ch, h < k, if for every chart <p : U —> 3?m in the maximal atlas of 
C and every chart ip : W  —> with A =  U n / _1(H/ ) ^  0, the function f ^ )  : <p(A) —*• 3ft” 
defined by ,/'(̂ ,-0)(t) =  ip(f (<p~l (t))Vf € 4>{A), where (p{A) is an open subspace of 3?m, is of 
class Ch.

A differentiable curve of class Ck in M  is a differentiable mapping of class Ck of a closed
/S’*

interval [a, b] of 3? into M , which is essentially the restriction of a differentiable function 
of class Ck of an open interval containing [a, b] into M .

1.1.2 Tangent Vectors and Vector Fields

Let x(t) be a curve of class C 1, a < b < c such that x (f0) =  p■ The vector tangent to 
the curve x(t) at p is a projection /  : 9f(p) —> defined by X ( f )  =  df̂ |t  ̂|tp or X f  is
the derivative of /  in the direction of the curve x(t) at t =  t0. The vector X  satisfies the 
following properties:

(i) X ( a f  +  bg) =  a X f  +  bXg)
(ii) X( f g )  =  (Xf)g(p)  +  f(p)(Xg).
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This set of functions X  of A(p) into 3? form a real vector space of dimension n. The 
set of tangent vectors at p E M  is denoted by TP(M) and is called the tangent space of M  
at p.

Definition 1.1.4 A vector field X  on a manifold M  is an assignment of a vector X p to 
each point p of M  defined by Xf (p )  =  X pf.

A vector field is called differentiable, if X f  is differentiable for every differentiable 
function / .

1.1.3 Tensors

Let M  be an n dimensional smooth manifold. A tensor of type (r, s) at p is an (r +  s) 
linear valued function on (Tp)r (8> (Tp)s and the vector space of this product is denoted by
rpr
Vs'

Let V be a fixed vector space over a field F,then Tr =  V ® V ® . . . ® V  ( r  times 
tensor product) is called the contravariant tensor space of degree r . Similarly Ts =  
V* <8> V* <8> ... <8> V* ( s times tensor product) is called the covariant tensor space of degree 
s. By convention T 1 =  V,T\ — V* and T° =  To =  F.

A mixed tensor space of type (r, s) or a tensor space of contravariant degree r and 
covariant degree s is the tensor product Tr <g> Ts — V ® V  ® ... <g> V  0  V* ® V* ® ... ® V*. 
An element of Tf is called a tensor of type (r, s) or tensor of contravariant degree r and 
covariant degree s.

Let TP(M)  be the tangent space to a manifold M  at p and TJ(p) a tensor space of type 
(r, s) at over Tp. A tensor-field of type (r, s) on a subset N  of M,  is an assignment of a 
tensor K x E Trs(x ) to each point x of N.

Definition 1.1.5 A tensor Q of type (r, 0) is said to be
i) symmetric in the hth and kth places if Sth,k)(Q) =  Q and
ii) skew symmetric in the hth and kth places if S(h,k){Q) =  ~Q,
where (1 < h < k < r) and S(h,k) a linear mapping which interchanges the indices 
at the hth and kth places. A tensor of type (r, 0) is said to be skew symmetric if (i) 
holds for all pairs of indices h, k and skew symetric if (ii) holds for all pairs of indices 
h, k, (1 <  h < k <  r).

Definition 1.1.6 The linear mapping C  : Tsr —> T fll defined by C(vi <E> ... <E) vr ® ®
... ® v*) = <  Vi, v* > (vi (E>... <S> i <g> vi+i ® .. ® vr (g) Uj (g)... <g> v* _ 1 ® v*+ 1  ® .. ® v* , where 
v\,...vr E V and v\, E V*, is called a contraction.
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A contraction map lowers both contravariant and covariant degree by one . If the 
initial degrees are equal, successive contractions define a map down to T° =  M but not 
uniquely. Indeed if both the covariant and contravariant degree equal k, there are k\ 
different contractions depending on how we pair the indices. By considering a basis for V, 
contraction can also be defined in terms of coordinates.

1.1.4 Connections

Let M  be a C°° manifold. A connection, infinitesimal connection or covariant differentia
tion on M  is an operator V  that assigns to each pair of C°° vector fields X , Y  with domain 
A a C°° field V XY  with domain A. If Z is a C°° field on A while /  is a C°° real valued 
function on A, then V  satisfies the following properties:

Let a be a curve in M  with tangent field T. A C°° vector field Y  on a is said to be 
parallel along a if X TY =  0, on a. The curve a is a geodesic if V tT =  0. Thus, a curve 
is a geodesic if it’s tangent field is a parallel field along the curve.

The existence of many manifolds with connections has been illustrated by naturally 
induced hypersurfaces of Rn.

“V

1.1.5 Riemannian manifold

Let Tp be the tangent space at the point p of a differentiable manifold M. If we single out 
a real valued bilinear, symmetric and positive definite function g on the ordered pairs of 
tangent vectors at each point p in M, then M  is called a Riemannian manifold and g is 
called the metric tensor of M. Thus, for two vectors X , Y  in Tp, we have

V X(Y +  Z) =  X x Y +  X x Z 

V x + r (^ ) =  X x Z +  V YZ 
V fx(Y)  =  f X x Y 

V x ( fY)  =  ( X f ) Y  +  f V x Y

( 1.1)

( 1.2)

(1.3)

(1.4)

i). g { X , Y ) e X

ii) g ( X , Y ) = g ( X , X )

iii) g{aX +  bY, Z) =  ag{X , Z) +  bg(Y, Z)
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iv) g(X, X )  >  0

v) If X  and Y  are C°° fields with domain A, then g(X, Y ) is a C°° function on A.

1.1.6 Lie Brackets

Vector fields can be thought of as derivations on functions. For two vector fields X  and Y 
it may not always be true that X ( Y ( f ) )  =  Y ( X( f ) )  for all / .  This leads to the definition 
of the Lie brackets or commutators of two vector fields.

Definition 1.1.7 The Lie bracket or commutator of two vector fields X  and Y  on a dif
ferentiable manifold M is the unique vector field, denoted by [X, Y], defined by [X , Y]( f )  =  
X{Y( f ) )  — Y X { f ) ,  where f  : M  —* M is a smooth function.

The Lie bracket is also a derivation and is a vector field. The lie bracket of two vector 
fields is in some way a measure of the failure of the two vector fields to commute. Two 
vectors X  and Y  are said to commute in a region, if their lie bracket vanishes in the region. 
A set of vector fields is said to commute if every pair in the set commutes.

1.1.7 Riemannian Connections

Definition 1.1.8 A connection V  is said to be Riemannian if,
i) V  is symmetric or torsion free that is X x Y  — V YX  — [X, Y]
ii) g is covariant constant with respect to V  or V.yg =  0.

Definition 1.1.9 The torsibn tensor of a connexion V  is a vector valued bilinear function 
T which assigns to each pair of C°° fields X, Y , with domain A, a C°° vector field T(X,  Y) 
with domain A defined by,

T(X,Y) =  Xx Y - X yX - [ X , Y } .  ( 1.5)

If T(X, Y)  =  0, then the connexion V  is said to be torsion free or symmetric.

1.1.8 Curvature tensor of a connexion

Let V be a Riemannian connexion. The curvature tensor R of the connexion V  is a linear 
transformation valued function that assigns to each pair of vectors X  and Y  at a point 
p of M  a linear transformation R(X, Y)  of the tangent space Mp at p into itself. It is
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called the Riemann Curvature tensor. We define R(X,  Y, Z) by embedding X, Y  and Z 
into smooth fields about M  and setting

R(X,  Y, Z) =  V x V y Z  -  V r V x Z -  V Z[X, Y], (1.6)

The curvature tensor is linear over the ring of smooth functions as coefficients on the right 
and it is skew symmetric in the first and second slot, that is R(X,  Y, Z) — —R(Y, X, Z) 
and if /  is a smooth function R( fX,  Y, Z) — fR(X,  Y, Z). The Riemann curvature tensor 
satisfies the identities:

R{X,  Y, Z)  +  R(Y, Z, X ) +  R(Z, X , Y) =  0 (cyclic property) (1.7)

(y XR)(Y., Z, W ) +  (V yR) {Z, X , W)  +  ( y z R)(X,  Y, W)  =  0. (1.8)

These are Known as Bianchi’s first identity and second identity respectively.
The Riemann curvature tensor can be viewed as a measure of the failure of a manifold 

that admits a connection to have locally flat geometry in an affine space.

D efinition 1.1.10 Consider a smooth manifold M and let V  and V  be two connections 
on a manifold M . For two fields X  and Y on M, we define the difference tensor B by

B( X , Y)  =  V x Y - V x Y .  (1.9)

D efinition 1.1.11 Two connexions V  and V  in a smooth manifold M  are said to be 
projectively related if

" V yY =  V * Y  +  n(X)Y +  y(Y)X,  (1.10)

where y is a 1- form and X  and Y  are vector fields in M.

Let us define
R( X,Y , Z, W)  =  g{R{X,Y,Z) ,W) .  (1.11)

It is known that R satisfies the following properties:

i) R is skew symmetric in the first 2 slots as well as the last two slots.

ii) R satisfies Bianchi’s first and second identities.

The Ricci transformation at a point p with respect to a pair of vectors I ,  Y e  TPM,  is 
the linear map Q x y  '■ TpM  —> TpM  such that W  —> R(W, X, Y).
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D efinition 1.1.12 The Ricci tensor S(X,Y)  is a symmetric contraction of the Riemann 
curvature tensor.

The Ricci tensor of a manifold M  at a point p can also be regarded as a bilinear map 
S : TpM  x TpM  —► Q defined by S(X,Y)  —> trQx ,y , where trQx ,y is the trace of the 
Ricci transformation Qxy-

The Ricci curvature is given by S(X, X)  and it gives a measure of how curved a manifold 
is in each of the planes containing X  and is therefore a some kind of "curvature along X ” .

D efinition 1.1.13 A manifold is said to be an Einstein manifold if S(X,Y)  =  kg(X,Y),  
where k is the Einstein constant.

D efinition 1.1.14 A Riemannian manifold is said to be flat, if the Riemman curvature 
tensor vanishes for arbitrary vector fields X, Y, Z and W ; that is R(X,  Y, Z, W)  =  0.

The Weyl projective curvature tensor W,  the confomal curvature tensor V,  the concir- 
cular curvature tensor C and the conharmonic curvature tensor L are defined respectively 
by:

W( X,Y , Z)  =  

V(X,Y,Z)  =

C(X,Y,Z)  =  

L(X, Y, Z) =

R{X,  Y, Z) -  ~ ^ { S ( X ,  Y)Z -  S(Y, Z ) X }  (1.12)

{R(X,  Y, Z) -  — l— S(Y, Z )X  -  S(X, Z)Y -  g(X, Z)QY  
n — Z

+g(Y, Z)QX  +  (- r -1)r( n _ 2) [g(r, Z)x -  g(X, Z)Y}}  (1.13)

Z) -  ~ ^ — ^{g(Y,  Z ) X  -  g(X, Z ) Y j  (1.14)

R( X , Y , Z )

Z X̂  -  S(X ’ Z )y  +  9(X ’ Z ^ Y  +  v(y ’ Z)QX} , (  1.15)

where Q is the symmetric endomorphism of a tangent vector to the Ricci tensor.
Based on the Weyl projective curvature tensor Pokhariyal and Mishra [23] and 

Pokhariyal [41] defined some new curvature tensors to study their geometric and phys-
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ical properties. These tensors are listed below.

Wi(X,  Y, Z, T) =  

W2 (X,Y,Z,T)  =  

W3 {X,Y,Z,T)  =  

W4 (X,Y,Z,T)  =  

W5 (X,Y,Z,T)  =  

W6 (X, Y, Z, T) =  

W7 (X,Y,Z,T)  =  

W8 (X,Y,Z,T)  =  

W9 (X,Y,Z,T)  =

R(X, Y, Z, T ) +  ~ { 9 {X, T)S(Y, Z) -  g(Y, T)S(X,  Z) }  (1.16)

R(X, y , z ,  t ) +  z )s (y , t ) -  9 (y , z )s (x , t )}  (1.17)

R(X,  y, z,  t ) +  ^ { g ( Y ,  z ) S ( x ,  t ) -  9 (y , t )S(x , z ) (1.18) 

R(X,  y, z ,  T ) ^ { g ( X ,  Z)S(Y , T) -  g(X, Y)S(Z, T) }  (1.19)

R(X,  y, Z, T) +  g (X , y )5 (Z ,  T) -  5 (X , T )5 (y , Z ) }  (1.20) 

i?(X , y, Z, T) +  ^ { < ? ( X ,  T)5-(Z, y) -  g(X, Z)S(Y, T )}  (1.21) 

Z?(X, y, Z, T) +  ^ { ( / ( y ,  Z )S (X , T) -  g(X, T)S(Y, Z) }  (1.22) 

R{X,  y, z ,  T) +  ™ { < ? ( Z ,  r ) s ( x ,  y )  -  s (x ,  t )s (y , z )}  (1.23) 

R(X, Y, Z, T ) +  ^ { 5(Z, T)S(X,  Y)  -  g(Y, Z)S{X,  T )}.( 1.24)

Some properties of these tensors have been studied in different manifolds. In this study 
the W3 and the W$ curvature tensors are investigated in different manifolds.

1.2 Complex Manifolds

Definition 1.2.1 A complex structure on a real vector space V is a linear endormorphism 
J of V such that J* — —1, where 1 stands for the identity transformation ofV.

A real vector space V  with a complex structure J can be turned into a complex vector 
space by defining scalar multiplication by complex numbers as follows:

(o +  ib)X — aX  +  hJX, (1.25)

for X  6 V, a, b & 5R. The real dimension m of V  must be even say 2n and n will then be 
the complex dimension of V. The complex space Cn can be identified with the real vector 
space K2ra. The cannonical complex structure of 3?2n, in terms of the natural basis for 3?2n 
is given by the matrix

Jo — (1.26)
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where I  is the n x n identity matrix.

D efinition 1.2.2 An almost complex structure on a manifold M is a tensor field J which 
is at every point x € M an endomorphism of the tangent space TXM, such that J2 =  
— 1, where 1 denotes the identity transformation of TXM . A manifold with a fixed almost 
complex structure is called an almost complex manifold.

1.2.1 Almost Sasakian and Sasakian Manifolds

Let us consider an n dimensional real differentiable manifold M  of differentiability class 
Cr + 1  endowed with a vector valued linear function (f>, a 1—form 77 and a vector field £ 
satisfying

4>2X  + X  =  ry(A)£, (1.27)

for an arbitrary vector field X . Then the system (£>, £, 77) is said to give an almost contact 
structure to M  and M  is called an almost contact manifold. From (1.27), we have

«/>v II O (1.28)

V (<t>X) =  0 (1.29)

v { 0  =  l- (1.30)

If there exists a metric tensor g in M  satisfying

g(<i>X,<t>Y) =  g(X,Y) -r i (X)r i (Y) . (1.31)

Then M  is an almost Grayan manifold. From (1.28)and (1.29) , we have

g ( X , 0  =  v(X). (1.32)

If we put
<p(X,Y) =  g(<f>X,Y), (1.33)

then from (1.27), (1.28) , (1.29) and (1.30), we have

ip{<l>X,<l>Y) =  -g(<l>X,Y) =  'p(X,Y) (1.34)

<p(X,Y) +  p(Y,X)  =  0 (1.35)

p (X , Y)  =  (XxV)(T ) -  (Xyv)X  =  (dV) (X,Y) , (1.36)
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where V  is a Riemannian connexion, then M  is an almost Sasakian manifold and d is the 
operator of the exterior derivative. In a Sasakian manifold, tp is closed:

( y x tp)(Y,Z) +  (VY<p)(Z,X) +  (Vz<p)(X,Y) =  0. (1.37)

An almost Sasakian manifold is said to be Sasakian, if £ is a killing vector, that is

(Vx tj) (Y)  +  (VyV)(X)  =  0. (1.38)

Therefore, in a Sasakian manifold, we have (Sasaki, 1965)

<p(X,Y) =  (Vx r])Y. (1.39)

An almost Sasakian manifold on which £ is a Killing vector and (\/xv){Y) =  0, is called a 
^-contact Riemannian manifold. If on a 7-contact Riemannian manifold

(VZip)(X, Y) =  v(X)g(Y , Z)  -  g(Y)g(X,  Z ) ^  (V Zip)X =  rj{X)Z -  g(X,  Z)£. (1.40)

holds, then the manifold is Sasakian.

1.2.2 Lorentzian Para-Sasakian manifold

In 1989, K. Matsumoto introduced the notion of LP-Sasakian manifold [33]. Then I. Mihai 
and R. Rosea introduced the same notion independently and they obtained several results 
on this manifold. _

An n-dimensional differentiable manifold M  is said to be a Lorentzian Para-Sasakian 
(LP-Sasakian) manifold, if it admits a (1,1) tensor field <f>, a C°° vector field £ a (7°° 1-form 
??, and a Lorentzian metric g , which satisfy:

=  -1 (1.41)

4>{x) =  X  +  J?(AT)£ (1.42)

g{<t>x, 4>Y) =  g(X,Y)  +  v (X)v (Y) (1.43)

g(x ,  £) =  g { x ) , y x 4> =  (i>x (1.44)

Wx<p)(Y) =  {g(X,  Y) +  v(X)V(Y)}ti +  { X  +  r?(X )£ }77(F ) (1.45)
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In an LP-sasakian manifold with with structure (c/>,€,ri,g) it can be seen that

=  0,T]((f)X) =  0 (1-46)

rank(^) =  n — 1 (1-47)

1.2.3 77-Einstein Sasakian Manifolds

An n =  (2m +  1) Sasakian Manifold M  is called an rj-Einstein Sasakian manifold if the 
Ricci tensor satisfies

S(X,Y)  =  ag(X,Y)  +  (3r1(X)ri(Y) (1.48)

for some scalars a and /3. This metric was introduced by Okumura (1962) and named by 
Sasaki(1965). Okumura assumed that a and f3 are functions but later on proved that they 
are constants when the manifold has dimension greater than 1. In particular a +  /3 =  
n — 1 =  (2m) and every 77—Einstein Sasakian manifold is a manifold of constant scalar 
curvature r =  2n(l +  a). When /3 =  0 this reduces to an Einstein Sasakian manifold.
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1.3 Literature Review

Differential geometry builds on the following disciplines as its prerequisites: the analytic 
geometry of Descartes and Calculus (Leibniz 1646-1716, Newton (1645-1727)

The first isolated results on curves and surfaces date from the eighteenth century. 
Gauss (1777-1785) transformed the theory of sufaces into its modern systematic mould. A 
foundation of intrinsic geometry independent of embedding was given by Riemann(1826- 
1866). Riemann also dropped the restriction to 3 dimensions.

Around the 20t/l century the tensor calculus was developed as a powerful tool for dif
ferential geometry by Ricci and Levi Civita together with the general relativity of Einstein 
(1879-1955) .This signalled the development of other geometric structures in differentiable 
manifolds.

Calculus of variatons is closely linked to differential geometry. In 1918, Finsler [3] wrote 
his dissertation in which this connection was used to construct a new metric differential 
geometry that has since developed considerably.

Investigations of problems that are at least in part of differential geometric interest by 
coordinate free methods not based on any analytic assumptions were pioneered by [3] A. 
D. Alesandrov(1955) and H. Bussemann (1958).

The chief aim of tensor calculus has been the investigation of relations which remain 
valid when we change from one coordinate system to another. This makes tensor calculus 
desirable as a mathematical tool for developing physical laws. Tensors also allow com
plex expressions to be represented in a compact way and thus simplifies the mechanics of 
development of theory.

A great deal of work hS&been done on tensors. Mishra and Pokhariyal(1970) studied 
various geometric and physical properties of the curvature tensors. They defined a new 
tensor W2 based on the Weyl projetive curvature tensor and investigated its relativistic 
significance. Based on the same Weyl Projective curvature tensor, Pokhariyal (1971) has 
defined other tensors W3, W4, W5, W7, W%, Wq . Some of the physical and geometric
properties of these and other tensors in different manifolds have been studied. The results 
obtained in these manifolds are reviewed in the following sections.

1.3.1 On Sasakian Manifolds

Mishra (1969) Studied some properties of the Riemann curvature tensors as well as the 
the Weyl projective curvature tensor and the conharmonic curvature tensors in Sasakian 
manifolds. He showed that a concircular symmetric Sasakian manifold is a manifold of
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constant curvature and that the concircular and Riemann curvature tensors do not vanish 
in a Sasakian manifold.

Pokhariyal (1971) studied the properties of the Bochner curvature tensor in the Kahler 
Manifold, in particular the relationship between conharmonic recurrence, Bochner recur
rence and Ricci reccurence in the Kahler manifold. Jakubowicz (1973) studied the classi
fication of four dimensional Riemannian and Einstein spaces with different signatures.

B. Sinha and J. P. Sinha (1975) studied the properties of a Sasakian manifold with 
constant F-holomorphic sectional curvature in connection with Ricci tensor and a parallel 
field of null planes.

Sinha and Sharma (1979) have studied the structure induced on the hypersurface of 
a Sasakian manifold and subsequently its ifinitesimal variations in various modes and 
remarked that the discussions could be used to study infinitesimal deformations of the 
universe (with unified field structure) as a hypersuface of a five dimensional Sasakian 
manifold.

01szak(1979) studied conditions under which nearly Sasakian non-Sasakian manifolds 
are 5-dimensional and showed that such manifolds are Einstenian.

Matsumoto (1980) investigated curvature preserving transformations of P-Sadakian 
manifolds. He showed that each curvature preserving infinitesimal transformation is nec
essarily an infinitesimal automorphism.

Khan(2006) studied Einstein Projective Sasakian Manifold. He showed that a pro- 
jectively flat Sasakian manifold is an Einstein Manifold and is a manifold of constant 
curvature. He also showed that if an Einstein Sasakian Manifold is projectively flat, then 
it is locally Isometric with the unit sphere S'n(l).

Tripathi and Dwivedi (2&08) studied the structure of some classes of K-contact Man
ifolds. They showed that a (2m +  1) dimensional Sasakian Manifold is quasiprojectively 
flat if and only if it is locally isometric to the unit sphere S'2n+1(l).

De, Jun and Gazi(2008) studied Sasakian Manifolds with quasi-conformal curvature 
tensor. It is proved that a Quasi-conformally flat Sasakian manifold is an 77—Einstein 
Manifold and is necessarily locally isomorhpic to the unit sphere. They also showed that a 
compact orientable quasi-conformally flat Sasakian manifold can not admit a non isometric 
conformal transformation. They also proved that an n—dimensional Sasakian Manifold 
(n > 3) is quasiconformally flat if and only if it is Quasi conformally semi-symmetric.
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1.3.2 On P —  Sasakian Manifolds

T.Adati and T. Miyazawa(1979) defined and studied P-Sasakian manifolds considered as 
special cases of an almost para-contact manifold. They investigated P-Sasakian manifolds 
which are Ricci recurrent, projectively recurrent and conformally recurrent. They showed 
that a Ricci symmetric P-Sasakian manifold is an Einstein manifold and give the Ricci 
tensor for this case. They also showed that a P-Sasakian manifold cannot be a Ricci- 
recurrent manifold.

Sato and Matsumoto(1979) studied P-Sasakian manifolds in which the Riemannian 
curvature tensor or the Ricci tensor with respect to the associated Riemannian metric 
satisfy certain conditions. They considered P-Sasakian manifolds whose Ricci tensor is 
recurrent and also showed that such a manifold does not exist and in general that a 
recurrent P-Sasakian manifold does not exist. They also proved that a Ricci parallel P — 
Sasakian manifold is Einstenian and that a symmetric P-Sasakian manifold is a manifold 
of constant curvature.

Pokhariyal (1983) studied properties of the W3 tensor in a Sasakian manifold. Bucki 
(1985) studied almost r-paracontact structures of P-Sasakian type and proved that an 
almost r-paracontact manifold of paracontact type cannot be compact.

Ozgur (2005) investigated a Weyl Pseudo- symmetric P-sasakian Manifolds. He showed 
that every n —dimensional P-Sasakian manifold (n >  4) is a Weyl pseudo-symmetric man
ifold. He also studied some characterizations of the Ricci Tensor in P  -Sasakian Manifolds 
satisfying various conditions.

Ozgur and Tripathi (2007) investigated the Concircular curvature tensor on P —Sasakian 
Manifolds. They showed tha^an n dimensional P-Sasakian manifold M  satisfies Z(£, X ) • 
R =  0 if and only if either M  is isometric to the hyperbolic space Hn(—1) or M  has a 
constant scalar curvature r — n(n — 1). They also showed that an n—dimensional P- 
Sasakian manifold M  satisfies Z(£, X)  ■ S =  0 if and only if either M  has scalar curvature 
r =  n (l — n) or M  is an Einstein manifold with scalar curvature r =  n (l — n), where 
Z is the concircular curvature tensor and S is the Ricci operator, and R is the Riemann 
curvature tensor.

1.3.3 On L P — Sasakian Manifolds

Matsumoto and Mihai(1988) studied some properties of a transformation in a LP-Sasakian 
manifold and came up with some new results. Ki and Kim (1990) Studied Sasakian man
ifolds whose C-Bodmer curvature tensor vanishes. They showed that such a manifold has
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constant scalar curvature and at most three constant Ricci curvatures provided that the 
square of the length of the Ricci tensor is constant.

Gebarowski (1991) has studied conformal collineations in a LP-Sasakian manifold and 
showed that any conformal collineation of an LP-  Sasakian manifold is necessarily a con
formal motion.

Pokhariyal (1996) Studied the symmetric and skew symmetric properties of the W\ ten
sor in LP-Sasakian manifolds and showed tha a W\ symmetric LP-Sasakian manifold is not 
W\ flat. These tensors have been used to explain some Physical and geometric behaviours 
of the four dimensional space time, Kahler, Sasakian and other complex manifolds.

Tarafdar and Bhatacharya (2000) studied LP-Sasakian manifolds with conformally flat 
and quasiconformally flat curvature tensor. They showed in both cases that the man
ifold is isometric to the unit sphere S"(l).O zgur (2003) considered tp—conformally flat, 
ip—conharmonically flat and ip—projectively flat L P —Sasakian manifolds. He showed that 
a tp—conformally flat L P —Sasakian manifold is an 77—Einstein manifold and further, that a 
(p—conharmonically flat L P —Sasakian manifold is an 77—Einstein manifold with zero scalar 
curvature and that a ip—projectively flat LP —Sasakian manifold is an Einstein manifold 
with constant scalar curvature.

Murathan et al (2006) studied certain classifications of the LP Sasakian Manifold which 
satisfy the conditions P.C =  0, P.Z — Z.P =  0, and P.Z +  Z.P =  0, where P  is the 
v—Weyl projective curvature tensor, Z is the concircular curvature tensor, and C  is the 
Weyl conformal curvature tensor. They constructed some chararacterisations of the Ricci 
Tensor with P.C — 0. They also showed that for an n—dimensional L P —Sasakian manifold 
[n >  3) M, P.Z — Z.P — 0, if and only if M  is an 77—Einstein Manifold, P.Z +  Z.P =  0 
if and only if M  is an Einstein Manifold.

Venkatesh and Bagewadi (2008) studied concircular ip—recurrent L P —Sasakian man
ifold and showed that such a manifold is an Einstein manifold. They also showed that a 
79—recurrent LP —Sasakian manifold having nonzero constant sectional curvature is locally 
concircular 79—symmetric.

1.3.4 On 77—Einstein Sasakian Manifolds

Pokhariyal(2001) investigated the properties of the W2 tensor along with its associated 
symmetric and skew symmetric tensors in 77-Einstein Sasakian manifolds.

Zhang (2009) considered compact Sasakian Manifolds with constant scalar curvature. 
Under some positive curvature assumption, it was shown that such Sasakian metrics must
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be ?/—Einstein.
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Chapter 2

A Study of Sasakian Manifolds1

In this chapter, we study some properties of the W3 and W5 curvature tensors in a Sasakian 
manifold. In particular, we consider characterisations of a W5—symmetric, a W3—flat and 
a W5—flat Sasakian manifold. We consider the representation of the Riemman curvature 
tensor and the Ricci Tensor in W3 flat Sasakian Manifolds. It is also Shown that a W3 

flat Einstein Sasakian manifold is locally isometric to the unit sphere and is a manifold of 
constant curvature.

2.1 Introduction

Let Mn be an n (=  2m +  1) dimensional real differential manifold. Let there exist a vector 

valued linear function <p, a smooth vector field £ and a smooth 1 form rj satisfying

l ( 0  =  1 (2-1)
</>2(X ) +  X  =  ^rj(X), for an arbitrary vector field X  (2.2)

<H0 =  0 (2.3)
r}(<fr(X)) =  0, for an arbitrary vector field X  (2.4)

rank(?7) =  1. (2.5)

Then the manifold is said to have an almost contact structure (<^,£,77).
Let the contact manifold be endowed with a nonsingular metric tensor g. Let us define

________________________________ <P(X, Y) =  g (4>(X),Y). (2.6)

1 This chapter has been submitted to Kyungpook Mathematics Journal
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The manifold is then called an almost contact metric manifold or an almost grayan manifold 
if the following conditions hold[16], [24], [31]

<p{X,Y) +  <p{y,X) =  0 (2.7)

9 & X )  =  V(0 (2.8)

g{<t>{X),<i>{Y)) =  g ( X , Y ) - V(X)V(Y). (2.9)

In an almost contact metric manifold, let

2<p(X,Y) =  (Vx v){Y)  -  (VYV)(X)  (2.10)

and
( v x v)  (y , z )  +  (Vnp) (z, x )  +  ( yzp )  ( x ,  y ) =  o, (2.11)

where V  is the Riemann connection. The manifold is then called an almost Sasakian 
manifold. If in an Almost Sasakian manifold rj is a killing vector field:

(Vxv)  (Y) +  y YV) (X) =  0, (2.12)

the manifold is then called a Sasakian manifold or a A^-contact manifold.
In a Sasakian manifold the following relations hold [15],[22]

9 & X )  =  r)(X) (2.13)

S ( X , 0  =  ( n - l ) V(X)  (2.14)

R{Z}1t,Y ,Q  =  g ( X , Y ) - V(X)r,(Y)  (2.15)

R & X , 0  =  - X  +  V(X)£ (2.16)

R(Z,X,Y)  =  g ( X , Y ) - r j ( Y ) X  (2.17)

R(X,Y,Z,  0  =  r1 (X)g(Y, Z) -  rj(Y)g(X, Z). (2.18)

Pokhariyal and Mishra[23] defined new curvature tensors W3 and W5 to study their prop
erties in various manifolds and their relativistic significance. These tensors are given
by

W6 (X, Y, Z, U) =  R(X,  Y, Z, U) +  — ! _  { g(X, Z)S(Y, U) -  g(Y, U)S(X , Z)}  (2.19)
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W3 (X, Y.Z.U) =  R(X, Y, Z, U) +  ^ { < ? ( U ,  Z)S(X,  U) -  g(Y, U)S(X, Z)}.  (2.20)

In this chapter we study the characterisitics and properties of the W3 and W5 curvature 
tensors in Sasakian manifolds.

Theorem 2.1.1 In a Sasakian manifold, the W$ curvature tensor satisfies the following 
properties:

w 5 (x , y , z , o =  v(X)g(Y, Z) -  - ^ r , ( Y ) S ( X ,  Z) (2.21)

W5 ( f , Y , Z , 0 =  g ( Y , Z ) - y ( Y ) V(Z) (2.22)

W6 (£,Y,Z,U) =  y(U)g(Y, Z) -  2g(Y, U)y(Z) +  - L - V(Z)S(Y, U). (2.23)

Proof. Setting U — £ in (2.19), we have

w6(x, y, z, 0  = R(x, y, z, o  +  ~ ~  {9{x, z)s(y, o  -  g(y, qs {x , z)} .

Using (2.8), (2.14) and (2.18), we get

W5 (X, Y, Z, 0  =  y(X)g(Y, Z ) - V(Y)g(X,  Z ) + - ^  {g(X, Z)(n -  1 )r,(Y) -  y(Y)S(X,  Z)}

Simplifying and putting like terms together we get (2.21) . Setting X  =  £ in (2.21) ,  we 
have

Ws(£, Y, Z, 0  =  R(f, Y, Z, 0  +  y  {g(Z, Z)S(Y, £) -  g(Y, £)S{£, Z) }  .

Using (2.8,) (2.14) and (2.1&), we get (2.22). Setting X  — £ in (2.19), we have

W5(£, Y, Z, U) =  R(£, Y, Z,U) + ^ —i {g(f, Z)S(Y, U) -  g(Y, U)S& Z)}  .

Using (2.8), (2.14) and (2.17), we get (2.23). ■

Corollary 2 .1 .2  In a Sasakian manifold the W5 curvature tensor satisfies the following 
properties

Wh{ f i X , Y , fZ , 0 =  0 (2.24)

W5 (f,fY,cf>Z,0 =  g(X,Z)-r , (Y) f ] (Z) (2.25)

W5 (f,Y,fiZ,(fU) =  0. (2.26)
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P roof. Applying <j> to X  and Y  in (2.21) and using (2.4), we get

W6 (</>X, Y, <f>Z, o  =  r/(<f>X)g(Y, Z) -  - L ^ t,(</>Y)S(X, Z) =  0.

Applying 0 to Y  and Z in (2.22) and using (2.4) and (2.9), we get

W6 (Z, fY, fZ , 0  =  g((pY, fZ )  -  ij((j)Y)rf((f>Z) =  g(Y, Z) -  r,(Y)r,(Z). 

Applying cf> to Y  and Z in (2.23) and using (2.4), we get

W5(e, Y, 4>Z, <j>U) =  v((f>U)g(Y, <pZ) -  2g(Y, W ^ Z )  +  -L^ri(<j>Z)S(Y, </>U) =  0, 

as desired. ■

2.2 W$—Symmetric Sasakian manifold

Definition 2 .2 .1  A Sasakian manifold is said to be W$ -symmetric if

(VYW 5 ) (Z,U,V) =  0. 

Condition (2.27) is equivalent to

(2.27)

R{x,  Y, w 5 (z, u , V ) , 0 - W 5(R(X, y , Z), u , v, € ) - w s(z,  R { X , y, u), v, t ) - w 6 (z, u, r (x , y , v), o  =  t

Setting X  — £ in (2.28) ,we*get
(2.28)

R(Z, Y, w 5 (z,  u, V U ) - W 5(R(Z, y  Z ), u, v, o - w 5 (z,  R &  y , u),  v, 0 - w 5 (z,  u, R(f, y , v ), 0  =  o.
(2.29)

Expanding each term individually, we have

R(S, Y, WS(Z, U, V ) , 0  =  v(f)g(W 5(Z, U, V), Y )  -  v(Y )W 5(Z, u , V ,0-

Using (2.1) and (2.21), we have

R(Z, y, W5(Z, U, V U )  =  m ( Z ,  U, V, Y )  -  g(Y)g(Z)g(U , V ) +  — { V(Y )rj(U )S (Z , V )}  .
n — 1
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W5 m ,  Y, Z), U, V, 0  -  Y, Z))g(U, V ) -  - ± ^ V( U) S( R^  Y, Z), V).

Using (2.17), we get

lU5(i?(C, Y, Z), U, V, 0  =  {g{Y, Z ) -  v(Y)v(Z)}  g(U, V ) - ~ g { U ) S  {g(Y, Z)£ -  g(Z)Y, V}  .

Using Linearity of the Ricci tensor, we have

Wi(R(£,Y,Z),U,V,S)  =  { g ( Y , Z) - g ( Y ) g ( Z) } g ( U, V)

{ 9 {Y, Z)S(V, 0  -  V(Z)S(Y, V) }  .

Using (2.14) this simplifies to

W5 m , Y , Z ) , U , V , 0  =  g ( Y , Z ) g ( U , V ) - V(Y)V(Z)g(U,V)

- v(U)V(V)g(Y, Z) +  ~ V(U)V(Z)S(Y, V). 
n — 1

Using (2.14) and (2.21), we have

Ws(Z,R(S,Y,U),V,Q =  V( Z ) R ( ^ Y U , V ) - ~ V(R(^Y,U))S(Z,V)

=  v(Z)rj(V)g(Y, U) -  r,(Z)r,(U)g(Y, V )

- ~ g ( Y ,  U)S(Z, V) + ~^—~g(Y)g(U)S(Z, V).
To 1 77, 1

Using (2.21) the second term becomes
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Using (2.8), (2.14) and (2.21) and linearity of the Ricci tensor yields

W5(Z,U, R(£, Y, U), £) = V(Z)R(£, Y, V, U) -  - L _ V(U)S(Z, R(£, Y, V)) 

V(Z) { g ( U ) g ( Y , V ) - V(V)g(Y,U)}

Z - 9(Y, UK -  V(V)Y}  

v(Z)rf(U)g(Y, V )  -  V(Z)V(V)g(Y, U)

{g(Y, V)S(Z,  0  -  r,(V)S(Y, Z) }  

v(Z)g(U)g(Y, V) -  r/(Z)r/(V)g(Y, U)

{ g(Y, V)(n -  1 )tj(Z) -  y(V)S(Y, Z) j

- V(Z)V(V)g(Y, U) +  ~^— V(U)V(V)S(Y, Z). 
n — 1

Substituting all these terms back into (2.29) and puting like terms together yields

0 =  W5 (Z, u, V, Y) -  g(Y, Z)g(U, U) +  V(U)V(V)g(Y, Z)

+  rj(Z)g(U)g(Y, V ) -  - * — {r,(U)r,(Z)S(Y, V) 
n — 1

-  g(Y, U)S(Z, V ) +  r](U)g(V)S(Y, Z)}.

On rearrangement, we have

W5(z, U, U, Y) =  g(Y, Z)g(U, V) -  g(U)V(V)g(Y, Z)

v(Z)v(U)g(Y, V ) +  - J — { v (U)r,(Z)S(Y, V ) 
n — 1

-  5(U, t /)5 (Z , U) +  V(U)V(V)S(Y, Z)}.

Thus, we have proved the following theorem.

Theorem  2.2.2 In a symmetric Sasakian manifold, the IU5 curvature tensor is given 
by

W5(Z, U, U, Y) =  g(Y, Z)g(U, V) -  V(U)V(V)g(Y, Z)

-  v (Z)r](U)g(Y, U) + - ± - { v (U)V(Z)S(Y, V )

-  g(Y, U)S(Z, U) + 77(UK(U)5(y, Z)}.
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2.3 A  Sasakian manifold Satisfying W3 =  0

Definition 2.3.1 A Sasakian manifold is said to be W3—flat if W3 (X,Y, Z,U)=0, for 

arbitrary vector fields X, Y, Z, U.

Definition 2.3.2 A sasakian manifold is said to be an Einstein manifold if R (X,Y)  =  
kg(X, Y) where k is a scalar field.

The W;i curvature tensor is given by

W3 (x ,  Y, Z, U) =  R(X,  y, Z, U) +  Z)S(X,  U) -  g(Y, U)S(X, Z)}.  (2.30)

Theorem 2.3.3 A W3 — flat Sasakian manifold is ij—Einstein.

Proof. Let Mn be a W3—fiat sasakian manifold then we have W3 (X, Y, Z,U) =  0 or

R(X,  Y, Z, U) =  Z)S(X,  U) -  g(Y, U)S(X, Z)}.  (2.31)

Setting U =  f  and using (2.14) and (2.18)yields

V( X ) g ( Y , Z ) - V(Y)g(X,Z)  =  -^— {g(Y, Z)(n -  l)r?(X) -  V(X)S{X,  Z)}.1 — n

Putting like terms together, we have

2v(XJg(Y, Z) -  rrj(Y)g(X, Z) =  — n{Y)S{X,  Z).

Setting Y  =   ̂ and using (2.1) and (2.13), we get

2 rj(X)g(Z) -  g(X, Z) =  - ± - S ( X ,  Z). (2.32)
n — 1

Rearranging the terms, we get

S(x, Z) =  - ( n  -  1 )g(X, Z) +  2(n -  1 )r,(X)r,(Z). (2.33)

Hence a IP3—fiat Sasakian manifold is 77—Einstein as desired. ■

Corollary 2.3.4 Let Mn be a W3—flat Sasakian manifold. Then the curvature tensor is
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given by

R(X, Y, Z, U) =  g(Y, Z){g(X,  U) -  2v(X)rj(U)} -  g(Y, U)g(X, Z)  +  g(Y, U)g{X)g{Z).
(2.34)

Proof. Substituting (2.33) back into (2.31), we get (2.34). ■

Theorem 2.3.5 In a W3—flat Einstein Sasakian manifold the Ricci tensor is given by

S(X,Y)  =  ( l - n ) g ( X , Y ) .  (2.35)

Proof. Consider a W3—flat Einstein Sasakian manifold. Then we have by definition

S(X, Y) =  kg(X, Y),  (2.36)

where A: is a scalar field. Since W3 =  0 , we have

R(X,  Y, Z) =  - ~ - { Y S ( X , Z ) - g ( Y , Z ) Q X } .  (2.37)
n — 1

Using (2.36) we have

R(x ,  y, Z) =  kg{X , Z)Y  -  g(Y, Z)kX) .

Transvecting with U, we get

R{x ,  y, Z, U} =  ~ { g ( X ,  Z)g(Y, U) -  g(Y, Z)g (X, U)}. 
n — 1

Setting X  =  U =  f  and using (2.4) and (2.18) yields

g ( Y , Z ) - V(Y)r,(Z) =  - ± - { v (Y)r,(Z) -  g(Y,Z)}.
n — 1

Putting like terms together, we get

( i  -  i h l )  {9{y ; z )  “ =  o-

which implies k =  1 — n, since g(Y, Z) ^  rj(Y)r](Z).Hence the theorem is proved. ■

Corollary 2.3.6 A W3—flat Einstein Sasakian manifold is locally isometric to the unit
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sphere Sn(l).

Proof. Substituting(2.36)into (2.37) and transvecting with U yields

1
R(X, Y, Z, U) =  Y - ^ { g ( Y , Z ) ( l - n ) g ( X , U ) - g ( Y , U ) ( l - n ) g ( X , Z ) }  

=  g(Y,Z)g (X,U) -g (Y,U)g (X,Z) .

Hence a W3 —flat Einstein Sasakian manifold is locally isometric to the unit sphere Sn(l).

Corollary 2.3.7 A W^—flat Einstein Sasakian manifold is a manifold of constant curva
ture.

Proof. Contracting (2.37) we get

r =  n( 1 — n).

Hence the scalar curvature of a VH3—flat Einstein Sasakian manifold is constant. ■

2.4 Sasakian Manifold with = 0 .

Definition 2.4.1 A Sasakian manifold is said to be W$—flat if W&(X,Y, Z,U) =  0, for
arbitrary vector fields X , Y, Z and U.

“v

Theorem 2.4.2 In a W$ — Flat Sasakian manifold the Ricci tensor is given by

S(X,Y)  =  ( n - l ) V(X)V(Y). (2.38)

Proof. The W5 curvature tensor is given by

W5 (X, Y, Z, U) =  R(X, Y, Z, U) +  {g(X, Z)S(Y, U) -  g(Y, U)S{X, Z) }  . (2.39)

Let the Sasakian manifold be W5 —flat. Setting W^(X, Y, Z,U) =  0 in (2.39), we have

- R ( X ,  Y, Z, U) =  ~  {g(X,  Z)S(Y, U) -  g(Y, U)S(X, Z) }  . (2.40)
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Setting U — £ and using (2.13), (2.14) and (2.18), we get

-  { V(X)g(Y, Z ) -  V(Y)g(X, Z) }  =  {g(X, Z)(n -  1 )V(Y) -  r,(Y)S(X, Z) j  .

Setting Y =  f  and using (2.1) and (2.13) yields

-  M X ) v ( Z )  -  g (X , , Z)}  =  g(X, Z) -  ~ S { X ,  Z).
n — 1

On simplification, we get
S(X,Z)  =  ( n - l ) r , ( X ) V(Z),

as desired. ■

C orollary 2.4.3 In A W5 — Flat Sasakian manifold the curvature tensor is given by

R(X,  Y, Z, U) -  g(X, U)rt(X)r,(Z) -  g(X, Z)r,(Y)rj(U). (2.41)

Proof. Substituting(2.38) into(2.40), we have

- R ( X ,  Y, Z, U) =  { g (X , Z)(n -  1 )r/(Y)r,(U) -  g(Y, U)(n -  l )V(X)V(Z)}  .

Putting like terms together and simplifying yields (2.41). ■

Theorem  2.4.4 A W^—flat Einstein-Sasakian manifold is aflat manifold.

Proof. Let Mn be a W5—Ĵ at Einstein-Sasakian manifold. Then the ricci tensor is by 
definition

S(X,Y)  =  kg(X,Y ), (2.42)

where k is a scalar. But W5 — 0, therefore we have

- R ( X ,  Y, Z, U) =  ~  {g(X, Z)S(Y, U) -  g(Y, U)S(X , Z)}  .

Using (2.42) we get

- R ( X ,  Y, Z, U) =  ~  {g(X,  Z)kg(Y, U) -  g(Y, U)k(g(X, Z))}  -  0. 

which implies
R(X,  Y, Z, U) =  0.
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Hence, a W5—flat Einstein Sasakian manifold is a flat manifold and by extension is Ricci 
flat. ■
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Chapter 3

Para Sasakian Manifolds Satisfying 
Certain Conditions1

In this Chapter we study some properties of the W3 and W5 curvature tensors in a Para 
Sasakian manifold. We consider characterisations of the curvature tensor and the Ricci 
tensor in a W3 —flat and a W5 —flat Para Sasakian Manifold. We also consider a Para 
Sasakian Manifold satisfying various conditions and derive their consequences. It is shown 
that a W3 flat Para Sasakian manifold is 77—Einstein and W5 —flat Para Sasakian manifold 
in an Einstein manifold.

3.1 Introduction
~v

Let M  be an n-dimensional contact manifold with contact form 77, i.e, 77 A (dr])n ^  0. A 
contact manifold admits a vector field £, called the characteristic vector field such that 
77 (^) =  1 and drj(£,X) =  0, for every X  £ y (M ) .  Moreover, M  admits a Riemanian 
metric g and a tensor field <f> of type (1, 1) such that

4? =  I - V & Z ,  (3-1)

g(x,0 = v(x), (3.2)

g{X,cj>Y) =  drj(X,Y).  (3.3)

We say that (0, £, 77, g) is a contact metric structure. A contact metric manifold is said 

^ h is  chapter has been submitted to the balkan journal of geometry
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to be Sasakian if,
(V x <l>)Y =  g(X ,Y )Z -T ,(Y )X , (3.4)

in which case,

V *£  -  -4>X, (3.5)

R ( X , Y , 0  =  v (Y)X -  v(X)Y.  (3.6)

We now define a structure similar to Sasakian Structure but with no contact. An 
n—dimensional differentiable manifold M  is said to admit and almost paracontact Rie- 
mannian structure (</>, £, g, g) , if <j> is a (1, 1) tensor field, £ is a vector field , rj is a 1—form 
and g is a Riemanian metric on M  such that,

=  0 (3.7)

ij<f> — 0 (3.8)

V ( 0  =  1 (3-9)

9 & X )  =  rj(X)  (3.10)

ft2 X  =  X - ^ X ) i  (3.11)

9 <j>Y) =  g ( X , Y ) - V(X)V(Y),  (3.12)

for all vector fields X , Y  E M. The vector field £ is the metric dual of g. If (<fi, £, 77, g) 
satisfy the equations,

“V dr] =  0 (3.13)

V x f  =  <t>X (3.14)

(X x <t>)Y =  - g ( X , Y )  +  g(X)V(Y),  (3.15)

then M  is called a Para—Sasakian manifold or briefly a P-sasakian manifold [2],
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In a P —Sasakian manifold, the following relations hold[7], [8]

S ( X , 0  =  (1 - n ) r j ( X )  (3.16)

t){R{X,Y,  Z)) =  g(X, Z)t](Y) — g(Y, Z)rj(X) (3.17)

R ( X , Y , 0  =  g (X)Y — rj(Y)X (3.18)

R(S,X,Y)  =  rj(Y)X -  g(X,Y)a  (3.19)

R ( £ , X , 0  =  X - V(X)Z (3.20)

=  ( l - n ) e  (3.21)

v(R(X,Y,Z) =  0 (3.22)

V m , X , Y ) )  =  r,(X)r,(Y) -  g(X,Y) ,  (3.23)

for any vector fields X,Y,  Z £ x  (XI) .
The P —Sasakian manifold is said to be 77—Einstein if

S(X,Y)  =  ag{X,Y)  +  ^ ( X ) r ](Y),  (3.24)

where S is the Ricci tensor and a and /3 are smooth functions on M.
Pokhariyal and Mishra [23] defined new curvature tensors

W3 (X, Y, Z ) =  R(X, Y, Z) +  ~  {g(Y, Z)QX -  Y S ( X , Z)}  (3.25)

and
W6 (X, Y*Z) =  R(X,  Y, Z) +  ~  {g(X,  Y)QZ -  XRic(Y , Z )j , (3.26)

to study some physical and geometric properties of these tensors . In this study we 
consider IT's—flat and W5—flat P — Sasakian manifolds. We further study W3 and W5 

curvature tensors in P —Sasakian manifolds satisfying various conditions.

3.2 P-Sasakian manifolds

Theorem  3.2.1 In a P-Sasakian Manifold, we have

WS(X,Y,  0  =  77( X ) Y - g ( X , Y ) Z  (3.27)

W6 ( t ,Y,Z)  =  g ( Z ) Y - g ( Y , Z ) ^  +  ^ - - i {r1 ( Y ) Q Z - f , S ( Y , Z ) } .  (3.28)
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Proof. Setting Z  =  £ in (3.26) and using (3.10), (3.16) and (3.18) , we get

W5 ( X , Y , 0  =  R(X,Y,Q +  :̂ - [ { g ( X , Y ) Q t - X S ( Y , 0 }

=  V(X)Y -  rj(Y)X +  —  {g(X, Y)(  1 -  n)£ -  X(1 -  n)V(Y)}

=  r / ( X ) r - ( , ( X , y ) f .  (3.29)

Setting Z  =  £ in (3.28) and using (3.10), (3.16) and (3.19), we get

W5 ( t Y , Z )  =  R ^ Y , Z )  +  ^ —i {g ^ 1 Y ) Q Z - ^ S { X )Z)}

=  rj{Z)Y -  g(Y , Z)£ +  ^  {r,(Y)QZ -  S(Y , Z )£ } . (3.30)

as desired. ■

Theorem 3.2.2 /n a P-Sasakian Manifold, we have

W3 ( X , Y , 0  =  2V( X) Y -  r,(Y)X +  ^ - ^ V(Y)QX  (3.31)

W3 (£,Y,Z) =  2 y ( Z ) Y -2 g ( Y , Z ) (  (3.32)

Proof. Setting Z =  £ in (3.25), we get

w3(x, y , o  = f?(x, y, o  + {<?(y, OQ* -  ra (x , 0 }  ■

Using (3.10), (3.16) and (3ri£>), we get

W3 (X, Y, 0  =  V(X)Y -  y (Y)X  +  ^  { y (Y)QX -  Y(  1 -  n )^ (X )} .

Putting like terms together and simplifying yields (3.31). Setting X  — £ in (3.25), we get 

fU3(£, y, Z) =  R(£, y, Z ) +  {g(Y, Z)Qi  -  Y S &  Z ) }  .

Using (3.10), (3.16) and (3.19) we get

W3(£, y, Z) =  g(Z)Y -  g(Y, Z)£ +  ~ ~  {g(Y, Z ) ( l  -  n)£ -  Y (1 -  n)y(Z)}  . 

Putting like terms together and simplifying, we get (3.32). ■
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3.3 W%—flat P —Sasakian manifolds

Definition 3.3.1 The P —Sasakian manifold is said to be W^—flat if it satisfies,

WS{X,Y,Z,  U) =  0,

for arbitrary vector fields X, Y, Z and U.

Theorem 3.3.2 The W3 - flat P Sasakian manifold is g— Einstein.

Proof. Putting W3 =  0 implies that

R(X, Y, Z, U) =  ~  {g(Y, Z)S(X,  U) -  g(Y, U)S(X, Z) }  . (3.33)

Setting U — f  in (3.33) and using (3.10) and (3.16)yields

g{X, Z)rj(Y) -  g(Y, Z)iflX) =  - - -  {g(Y, Z)(  1 -  n)rj(X) -  tj(Y)S(X,  Z) }  .1 — n

Setting Y  =  £ and using (3.9) and (3.10)yields

g(x, z) -  v(z)v(x) = v(z)v(x) -  z )-

Putting like terms together and simplifying, we get

S(X,Z)  =  (n -  1 )g(X, Z) -  2(n -  l )V(X)g(Z).  (3.34)

Hence, a HVflat P —Sasakian manifold is g—Einstein. ■

Corollary 3.3.3 In the W3 - flat P Sasakian manifold the Riemann curvature tensor is 
given by

R(X, Y, Z, U) =  g(Y, U)g(X, Z ) - g ( Y , Z)g(X , U)+ 2 {g(Y, Z)g(X)g(U)  -  g(Y, U)g(X)g(Z)}  .
(3.35)

Proof. Substituting (3.34) back into (3.33) yields

R(X,Y,Z,U ) =  ~ ^ - { g ( Y , Z ) ( n - l ) { g { X , U ) - 2 g{X)g{U)}  n — 1
-g{Y,  U){n -  1) {g(X,  Z) -  g(X)g(Z) } } .
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On simplifying and rearranging, we get (3.35). ■

3.4 W$—flat P-Sasakian manifolds

D efinition 3.4.1 A P —Sasakian manifold is said to be W^—flat, if it satisfies

W5 (X,Y,Z,  U ) =  0.

Theorem 3-4-2 A W5 — flat P-Sasakian manifold is an Einstein manifold. 

P roof. Wr, =  0 implies that

R(x, Y, Z ) =  {g(X,  Y)QZ -  XS(Y , Z)}  .

Setting X  =  £ and using (3.10) and (3.17), we have

V(Z)Y -  g(Y, Z)i  =  {g(Y)QZ -  £S(Y, Z ) }  .1 — n

Transvecting with £ and using (3.9), (3.10) and (3.16) yields

v(Z)v(Y)  -  5(y, Z)  =  ^  {r?(y )(l -  n ^ Z )  -  5(y, Z ) }  .

Putting like terms together and simplifying, we get

~V <7(y ,Z )  =  ~^— S(Y,Z)
1  — n

S(Y,Z) =  (1 - n )g (Y , Z)

as desired. ■

C orollary 3.4.3 In a W$ — flat P-Sasakian manifold the Riemann curvature 

given by
R(X,  Y, Z, U) =  g(X, Y)g(Z , U) -  g(X, U)g(Y, Z).

Proof. Substituting equation (3.37) into (3.36), we get

R(X,Y,Z)  =  - ^ — { g ( X , Y ) ( l - n ) Z - X ( l - n ) g ( Y , Z ) }1 — n
= g { X , Y ) Z - X g ( Y , Z ) .

(3.36)

(3.37)

tensor is 

(3.38)
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Tranvecting with U, we get (3.38). ■

3.5 P-Sasakian manifold satisfying W5 • S =  0

T heorem  3.5.1 In a P —Sasakian manifold satisfying W$ ■ S =  0, we have S2 (Y,Z) =  
(1 -  n)2 r/(Y)r](Z).

P roof. Suppose W5 ■ S =  0, then

S(W6 (U, X , Y), Z) +  S(Y, W5 (U, X,  Z)) =  0.

Setting U =  f  and expanding each term individually, we get

S(Ws(Z,X,Y) ,Z)  =  7n( Y )S ( X , Z ) - g ( X , Y ) S (S , Z )

+ ^ I  z ) -  ■

Using (3.16), we have

S(W5 ( t , X , Y ) ,Z )  =  g ( Y ) S ( X , Z ) - g ( X , Y ) ( l - n ) r 1 (Z)

+ {h(X)S\Y, Z ) -  S(X, Y)(  1 -  n)r,(Z)}

=  77(Y)S(X,  Z) -  g(X, Y)(  1 -  n)rj(Z) +  S(X, Y)g(Z)

+S(X,  Y)rj(Z) +  ~^— V(X)S 2 (Y, Z) (3.39)
n — 1

S(Y,W 5 ( t , X , Z )  =  77 ( Z ) S ( X , Y ) -g ( X , Z ) S ( Z , Y )

{ v W S i Q Z ,  Y) -  S(X, Z)S(f,  Y ) }  .

Again, using (3.16) yields

S(Y,W5 ^ , X , Z )  =  V( Z ) S ( X , Y ) - g ( X , Z ) ( l - n M Y )

+S(X,  Z)r/(Y) +  ^ - S 2(y, Z ). (3.40)
n — 1

Setting X  — £ and using (3.9), (3.10) , (3.16) and (3.30), equations (3.39) and (3.40)
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respectively become

S(Ws&Z,Y),Z) =  ri(Y)S(Z,Z)-9(Z,Y)(l-n)Ti(Z)

+S(t,Y)V{Z) +  ^ V(Z)S2(Y,Z)

= ri(Y)(l -n)ri(Z) -rj(Y)(l -  n)rj{Z)

+(1 -  n)r,(Y )V(Z) + - L - S 2(Y, Z ) 
n — 1

= (1 -n)ri(Y)V(Z) +  ^ S 2(Y,Z) (3.41)

and

S(Y,W6(Z,Z,Z) =  Tf(Z)S(Z, Y) -  g(£, Z )(l  -  n)rj(Y)

+S(t,Z)r/(Y) +  ^ S 2(Y,Z)

=  v(Z)(l -n )r)(Y ) -  (1 -  n)rj{Y)r](Z)

+(1 -  n)V(Y)r,(Z) + - 1—  S2(Y, Z).
n — 1

(3.42)

Adding (3.41) and (3.42), we get

2 { (1 -  n )V(Y )V(Z) + j-S,2(Y, Z) }> = 0

which simplifies to
S2(Y, Z ) — (1 — n )2r/(Y)r](Z) (3.43)

as desired.

P'Vp/pr^
*!Tv m
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3.6 P —  Sasakian Manifolds Satisfying X).W$ =  0

T heorem  3.6.1 In a P-Sasakian manifold satisfying W$(f, X ). W$ =  0 , the W$ curvature 
tensor is given by

W5 (X,Y,U) =  - g ( X , Y ) U - V(X)g(Y,U^ +  ^ V( U M X ) Q Y

+g(U, X ) Y  -  ——T Ric(U, X)  +  - 2 — t,(u )S(X, Y)£n — 1  n — 1

X WY)Z  +  V(U)V(X) Y -  g(U, Y)rj(X)£ 

- ^ v ( U ) v ( X ) Q Y  +  - ± - t r l(X)S(U,Y).

P roof. Suppose a P- Sasakian manifold satisfies Ws(£, X) .W 5 =  0, then we have

0 =  [W6(£, U), W5 (X, Y)] e -  W5 (W5 (£, U, X)  , Y , 0 ~  VP5 (X , Ws(£, U, Y) ,£), 

Expanding the lie brackets yields

0 =  W5 (f, U, W5 (X, Y, 0 ) - W 5 (X, Y, W&(Z, U, Q -W liW t  (£, u, X ) , Y, 0 - W 5 (X , W & , U, Y ) , 0 -
(3.44)

Expanding each term in (3.44) individually and using (3.29) and (3.30), we get 

Ws{£,U,W5 ( X , Y , 0 )  =  rj(W6 (X,Y,£)U -  g(W6 (X,Y,£),U)£

i < u )Qw ^  Y>0  -  w s(x,  Y> 01
l ( X M Y )  -  g(X, Y ) } U -  M X) g (Y ,  U) -  g(X, Y)rj(U)} £

M X )QY -  y )QS}
- f { S ( U , V( X ) Y - g ( X , Y ) £ } }

=  V(X)V(Y)U -  g(X, Y)U -  ri(X)g(Y, U)£ -  g(X, Y)g{U)f

H-----—r {rl(U) M X ) Q Y  -  g(X, Y) ( l  -  n)£}n — 1
-v(X)S(U,  Y)Z +  g (X, Y)  (1 -  n)v (U)£}

=  V(X)V(Y)U -  g(X, Y)U -  rj(X)g(Y, U)£ -  g(X, Y)g{U)f  

+  ” T M U ) v(X)QY  -  g(X)S(U, Y)Z}  . (3.45)
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W5 ( X,Y ,Wb(Z,U,0 =  W5 (X,Y,U -  rj(U)0

=  W5 ( X , Y, U) - r j (U) W 5 ( X , Y , 0  

=  W5 ( X , Y , U ) - V(U) { V( X ) Y - g ( X , Y ) Z }

=  W5 (X,  y, U) -  v(U)v(X)Y  +  g(X, Y)rj(U)£. (3.46)

Ws{W6 (£,U,X),Y,  0  =  v(W5 ( ^ U , X ) Y - g ( W 5 (^U,X) ,Y)^

=  ^ ( X H Y )  -  g(U, X ) V(Y) +  { V(U)( 1 -  n)ry(X) -  ifcc(l7, X ) }|  F

{v(U)Ric(X, Y) -  rjrj(Y)Ric(U, X ) }  R  

-  -g(U, X ) Y  +  - ^ Y R i c ( U ,  X )  -  V(X)g(U, Y)£ +  g(U, X ) V(YR

- ^ ^ v ( U ) R i c ( X , Y ) Z  +  :̂ r i ( Y ) R i c { U , X ) .  (3.47)

W6 ( X , W 6 ( S,U,Y) ,0  =  ti(X)W 6 { Z , U , Y ) - W 6 &U,Y,X)Z

=  V(X)  | V(Y)U -  g(U, Y)£ +  ^  {v(U )QY -  SS(U, Y ) } }  

- { r , ( Y ) g ( U , X ) } - g ( U , Y ) V(X)

+ ~  {rj(U)Ric(X, Y) -  V(X)S(U, y )}}

=  v ( X M Y ) U - g ( U , Y ) Z  +  ~ r i ( U ) Q Y
~v n - 1

-  -  v(Y)g(U, X)Z +  g(U, Y )V(X)^

-ZTZTV(U)S(X , Y)S + - ± ~ n (X )S (U ,  y)£. (3.48)
77 X 72 X

Substituting all these back into (3.44) and putting like terms together yields

0 =  —W5(X, y, U) — g(X, Y)U — rj(X)g(Y, U)£

+  ̂ - lv(U M X )Q Y  +  g(U, X ) Y  -  ^ Y S ( U ,  X )

+ ~ ^ 7 V(U)Ric(X,  yR -  ~ S ( U ,  X)r,(Y)Z +  V(U)V(X)Y
77/ X 77 X

r77(t/)Qy +  - ^ r £ S ( U ,  Y). (3.49)n — 1 n — 1
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Making W$ the subject yields,

W5 (X,Y,U)  =  - g ( X , Y ) U - V(X)g{Y,U^ +  ^ v ( U ) V(X)QY  

+g{u, x ) Y  -  ~ y s ( u ,  x )  + - ^ — n{u)S{x, y )s 

X H Y ) £  + rj(U)r}(X)Y -  g(U, Y)r,(X)S 

V(U)V(X)QY  +  -L ^£r,{X )S (U , Y),

as desired. ■

Corollary 3.6.2 A P-Sasakian manifold satisfying W^{fl,X).Wr, — 0 is Ricci flat. 

Proof. Setting U — £ in (3.50) and using (3.10)and (3.16) yields,

r i ( X ) Y - g ( X , Y ) t  =  - g ( X ,  Y)£ -  v (X)V(Y)^ +  rj(X)Y +  V(X)Y

-V(Y)V(X)£  +  V(X)QY -  Y(  1 -  n)V(X)  

+ 2 5 (X , T)£ -  (1 -  n)V(X)V(Y)H -  V(X)QY  

+£(1 -  n)v(Y)ri(X)}.

Transvecting with £ and using (3.9), (3.10) and rearranging, we get

V(X)V( Y ) - g ( X , Y )  =  - g ( X , Y ) - r , ( X ) V( Y )+ r , ( X ) V(Y)

+ri(Xfll(Y) -  v i X H Y )  -  y (X)V(Y)

+v(X)ri(Y) +  rj {X)rj(Y) +  g{X)r]{Y)

- y ( X ) V(Y) +  ^ — S(X,Y) .  
n — 1

This simplifies to,
- ^ — S(X, Y)  =  0 =» S(X, Y) =  0. 
n — 1

Thus, the theorem is proved. ■

(3.50)
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3.7 P — Sasakian Manifold Satisfying W s(£,X).S  =  0

In a P —Sasakian manifold, W s ^ X ) .#  =  0 implies that

S(W5(^ X , Y ) , 0  +  S(Y., W6 (Y, W5( t  X,  £) =  0. (3.51)

Expanding each term individually and using (3.16), we get

S(W5 (Z,X,Y),Z) =  (1 - n ) g ( W 5 ( f ,X ,Y) )

=  (1 -  n M Y ) v ( X )  -  g(X, Y) +  {g (X) ( l  -  n)g{Y) -  S(X,  T ) }  .

Putting like terms together and simplifying, we get

S W f o  x ,  Y ) , 0  =  (n — 1 )g(X, Y) +  Ric(X, Y)  (3.52)

S(Y,W 6 (y ,W 5 (S,X,Q =  S ( Y , X - r , ( X ) 0

=  S ( Y , X ) - ( l - n ) g ( X ) g ( Y ) .  (3.53)

Substituting (3.52) and (3.53) back into (3.51) and simplifying, we get

2 S(X,Y)  =  - ( « - l ) j ( I , l ' ) + ( l - » ) , ( I ) , ( Y )

S(X,Y)  =  P ^ P g ( X , Y ) + {- ^ ^ ^ X M Y ) .

Thus, we have proved tEfe following theorem

Theorem 3.7.1 A P-Sasakian manifold satisfying the condition X) .S  =  0 is g—Einstein.

3.8 P —Sasakian manifolds satisfying Ws(f, U) ■ R —  0

Theorem 3.8.1 A P-Sasakian manifold satisfying W5(£, U).R — 0 is g—Einstein.

Proof. VP5(£, U) ■ R =  0 implies that

[Ws(£, U), R(X,  Y)] V -  R(Wb(S, U, X ), Y, V ) -  R(X,  W5(£, U, Y), V ) -  0. (3.54)
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Expanding the lie brackets, we get

W5(£, U, R(X , Y, V ))-R (X , Y, W5(£, U, V )-R (W &{Z, U, X ),Y , V )-R {X , W5(S, U, Y), V) = 0
(3.55)

Expanding each term in (3.55) individually, we get

W & ,U ,R (X ,Y ,V )) =  r}(R(X,Y,V))U -  R(X,Y,V,U)Z

M U)Q(R(X ’ y >y )) -  ZS(R(X ’ Y> v), u)}
= g(X, V)V(Y)U -  g(Y, V)V(X )U  -  R(X , Y, V, U)£

+ ^ V ( U ) Q ( R ( X , Y , V ) ) - ^ 1 ^S(R(X,Y,V) ,U)  ■ (3-56)

R(X,Y,W 6 (£,U,V) =  R ^ X , Y , V( V ) U - g ( U , V ^  +  ^ ^ { r , ( U ) Q V - ^ S ( U , V ) } ^

=  v ( V ) R ( X , Y , U ) - g ( U , V ) R ( X , Y , 0

+  “ V !(U)R(X, Y, QV -  ~ S ( U ,  V)R(X,  Y, Q. n — 1 n — 1

Using (3.18) and simplifying, we get

R(X,Y, W 5 (Z,U,V)) =  rj(y)R(X, Y, U) — g(U,V)rj(X)Y — g(U, V)rj(Y)X

+  ̂ T I V(U)R(X, Y, QV) -  S(U, V)V(X)Y

+ ~ ^ S ( U ,  V)V(Y)X.  (3.57)•w* Ti — 1

R(W5 (Z,U,X) ,Y,V)  =  R ^ l( X ) U - g ( U , X ) Z + :̂ { r i ( U ) Q X - t S ( U , X ) } , Y , v ' )

=  V{X)R{U, Y, V) -  g(U, X ) R &  Y, V)  +  ^ - j V(U)R(QX, Y, V )

------ 1— S(U,X)R(^Y,V) .
n — 1

Using (3.19) and simplifying, we get

R(W5 (H,U,X),Y,V) =  r1( X ) R ( U , Y , V ) - g ( U , X ) V(V)Y +  g(U,X)g(Y,V^

+  “ T V(U)R(QX, Y, V ) -  ^ z jS (U , X ) t,(V)Y. (3.58)
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R(X,W 5 (Z,U,Y) ,V) =  R ^ X M Y W - m Y K  + ^ W U W Y - Z S M Y ) } ^

=  v(Y)R(X,  U, V ) -  g(U, Y)R(X,  e, V)  +  — R(X,  QY, V)r,(U)
n — 1

=  t](y )r (x , u , v ) +  5(t/, y )  { r , ( y )x  -  5(x ,  y )£ }

+ - ^ - i ? ( x ,  QY, V ) + Y) { V(V)X  -  g(x, y)e}
i l l .  71 L

=  v(Y)R(X,  U, V ) +  g(U, Y)V(V)X -  g(U, Y)g(X,  V)£

+ ^ r r R ^  ^ y ’ y ) +  ~ i v ( v ) s ( u ,  Y )x  ~  - ^ r 9 (X, V)S(U, y x  •f l i .  71 jl 71 x

Substituting all these back into equation (3.55), we get

0 =  g( X, V)V( Y ) U - g ( Y , V ) V( X ) U - R ( X , Y , V , U ) ^  +  - i— V(U)QR(X,Y,V)n — 1

~ ^ J ^ ( R ( R ( X ,  y, V), U) -  v(V)R(X,  Y, U) +  g(U, V)r, {X)Y + g(U, V)y (Y)X  

~ ~ ^ V ( U ) R ( X ,  Y, QV ) +  ~ S ( U ,  V)r]{X)Y  -  y{X)R{U , X  V) +  g(U, X)y {V)Y71 J. 71 1

- s ( ^  x)<?(y, f x  -  (u )r (q x , y , v )  +  ^ ^ s ( u ,  x )v(v )y

-  < Y )R (.X , U>y ) -  9(U, Y)v (V)X +  g(U, Y)g{X,  V)£

~ J R (X , QY, V)V(U) -  -± -n < y )R {u ,  y, x )  +  — i - ^ x ,  y )s ( t / ,  y ) e  (3.60)71 L 71 1 77- JL

Transvecting with £ and using (3.9), (3.10)and putting like terms together and on re
arrangement, we get

0 =  - { l  +  ^ ^ R ( X , Y , U , V ) - ^ V(Y)V(V)g(X,U) +  2g(U,V)V(X)r,(Y) 

- ~ r , S { X , V ) g { U ) g { Y )  + ~ ^ S { Y , V ) y ( U ) y { X )  +  - l - S ( U , V ) V(X)r,(Y)
i l l -  71 JL 71 X

- g ( U ,X ) g ( Y ,V ) +  ~ S I U ,  X ) V(V)V(Y)-  ^ Y s ( U ,  V) 

+ ^ v ( V W U ) g ( Y ,  X )  -  ~ V(VHX)S(17, V) +  —  ■ y )  (3,61)
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Setting X  =  U =  £ and using (3.9) ,(3.10) and (3.16) and on simplification, we get

i 1 -  z h )  +(' -+ ̂ i) 3 {y ’ V) -  ^ h S{Y^

which simplifies to

S(Y, V) =  ±(2 - n )  V(Y)rj(V) -  \ng(Y, 1/).

Hence, the manifold is 77—Einstein as stated. ■

(3.62)
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Chapter 4

Lorentzian Para-Sasakian Manifolds1

In this chapter, we study characterisations of <j) — W3 flat, </> — W 5 flat, W3 flat and W5 
flat Lorentzian Para-Sasakian Manifolds. It is shown that if a Lorentzian Para Sasakian 
manifold is ^ — IV3 flat, W3 flat or 4> — IP5 Hat , then it is ij-Einstein. It is also shown that 
a W3 flat Lorentzian Para Sasakian manifold is a manifold of negative constant curvature.

4.1 Introduction

Let. Mn be an n-dimensional differentiable manifold equipped with a triple (</>, £, r\) where 
£ is a vector filed, <p is a (1,1) tensor field, rj is a 1-form on Mn such that,

v(0 =  -1,

-V  <t>2X  =  X  +  ri{X)£.

(4.1)

(4.2)

This implies that [40]

r/ o (j> =  0,

^  =  0
rank(cp) =  n — 1.

(4.3)

(4.4)

(4.5)

Then Mn admits a Lorentzian metric g, such that

g{4>X,<t>Y) =  g{X,Y)  +  r1 {X)rl{Y) (4.6)

Mhis chapter has been submitted to Quastiones Mathematicae
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and Mn is said to admit a Lorentzian almost Para Contact structure ((/>,£, rj, g). Let
tp(X, Y) =  g (X , <f>Y), then, we have

g ( x , o  =  v { x )  (4.7)

<p(X,Y)d̂  g(X,<t>Y) =  g(</>X,Y) =  <p(y,X) (4.8)

and
(Vx<p){Y, Z ) = 5(y, (Vx¥>)y) = (Vx<p)(Z, Y), (4.9)

where V  is covariant differentiation with respect to g. The manifold Mn equiped with 
a Lorentzian almost Para Contact structure (<̂>, £, 77, 3) is said to be a Lorentzian almost 
paracontact manifold.

The Lorentzian almost paracontact manifold equiped with the structure (<p,£,g,g) is 
called a Lorentzian paracontact manifold if,

<P(X, Y ) =  \((VxV)Y + (VYV)X).  (4.10)

The Lorentzian almost paracontact manifold Mn equiped with the structure g,g) 
is called a Lorentzian Para-Sasakian (LP—Sasakian ) manifold if,

(Sx<t>)Y =  g(cpX, <t>Y)$ +  g(Y)<p2 X.  (4.11)

In an L P —Sasakian manifold the 1-form g is closed. Further on an L P —Sasakian manifold 
Mn with the structure (4>,£,,g,g) the following relations hold[6],[9]

"V

R & Y , Z ) = g ( y , Z ) £ - T i ( Z ) Y  (4.12)

R ( X , Y , 0  =  v ( Y ) X - r j ( X ) Y  (4.13)

5 ( I , 0  =  ( n - l M l )  (4.14)

S(<px, <t>Y) =  S(X, Y)  +  (n -  1 )g(X)g(Y),  (4.15)

for any X, Y, Z in the lie algebra x (M n) of vector fields in Mn.

D efinition 4.1.1 An L P —Sasakian manifold is said to be g—Einstein if its Ricci tensor 
satisfies

S(X,Y)  =  ag(X,Y)  +  (3g(X)g(Y),  (4.16)

for any vector fields X ,Y  in Mn, where a and f3 are scalar fields on Mn.
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Pokhariyal and Mishra[23] defined the W3 and curvature tensors to study some of 
their properties in various manifolds. The W3 and W5 tensors are defined by

W3 (X, Y, Z, U) = R { X , Y, Z, U) +  - - -  {g(Y, Z)Ric{X , U) -  g(Y, U)Ric(X, Z)}  (4.17) 

W5 (X,  y, z, u) =  p (x , y, z, p ) +  ^  {<?(*, z)S(y, p ) -  9(y, u)S(x , z)} . (4.is)

4.2 Main results

In this section we study various properties of W3 curvature and W5 curvature tensors in 
LP —Sasakian manifolds..

4.2.1 The <f> — W3 flat LP— Sasakian Manifold

We now consider <p — W3 flat L P —Sasakian manifolds.
The tangent space at each point p <E Mn denoted by Tp(Mn) can be decomposed into 

the direct sum
Tp(Mn) =  <f>(Tp(Mn)) © L(£ ), where L(£ ) is a 1-dimensional linear subspace of TP(M „) 
generated by £ We have the following map:

W3 : (f>{Tp{Mn) x Tp(Mn) x Tp(Mn) - f  f (Tp(Mn)) 0  L(£p).

It may be natural to consider the following special cases.

1. W3 : Tp(Mn) x Tp(M ^ x  Tp(Mn) —> L(£p), that is, the projection of the image of W3 
in 4>(TP(M )) is zero.

2. W3 : Tp(Mn) x Tp(Mn) x Tp(Mn) —> <f>(Tp(Mn)) that is, the projection of the image 
of W3 in L(£p) is zero.

3. W3 : (f>(TpMn)) x (p(Tp(Mn)) x <f(Tp(Mn)) —> L(£p), that is when W3 is restricted to 
(j>{Tp{Mn)) x </>(Tp(Mn)) x 0(Tp(Mn)), the projection of the image of W3 in cf>(Tp(Mn)) 
is zero. This condition is equivalent to [2]

</>2W3(0X , =  0. (4.19)

D efinition 4.2.1 4  differentiable manifold (Mn,g), n > 3, is said to be f  — W3 flat if 
tfW flfX , 4>Y)(fZ =  0.
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We now study some characteristics of a LP—Sasakian manifold satisfying condition 
(4.19).

Theorem 4.2.2 A </> — W% flat L P —Sasakian manifold is 77—Einstein.

Proof. Let (Mn,g) be a (f> — W3 flat . The condition (j)Y)<pZ =  0 is equivalent
to g f W ^ X ,  4>Y, 4>Z), <j)U) =  0 or <f>Y, <j)Z), cf>U) =  O.From (4.17)this means that

-R(<t>X, <f>Y, fZ ) ,  <f)U) = (f>(Z))S(4>X, <f>U) -  g(<f>Y, <f>U)Riccf)X, <j>Z). (4.20)

Let {ei, be a local orthonormal basis of vector fields in Mn, then
is also an orthonormal local basis. If we set X  =  U =  and summing over i , we get

n—1  ̂ n—1
-y^ff(-R(0e».(fty, <pZ), h i )  =  - — ~ y {̂g(<t>Y.<pZ)S(<pei, h i )  -  g((f>Y, h i)S {hi,(pZ).

(4.21)
It can be shown that [6],[9]

n—1
'Yjgi.Rifo-QY, 4Z), h i )  =  S(fY, <f>Z) +  g(<t>Y, <f>Z) 

1
(4.22a)

n—1
h i )  =  r +  n -  1 

1
(4.22b)

n—1
<t>Z)S{(t>Y, fo i) =  S((/)Y, <f>Z)

1 “V
(4.22c)

n—1
Y^g(,4>eh h i )  =  n + 1 

1
(4.22d)

n—1
^2g (h i ,  (t>Z)g{4>Y.(j)ei) =  g(4>Y, <pZ). (4.22e)

1

Using these equations in (4.21) , we have

- { S ^ Y ,  <j>Z) +  gtfY, <f>Z)} =  -̂—{g{cj)Y, fZ flr  +  n -  1) -  S(cf>Y, fZ) } .
n — 1

Putting like terms together, we get

1 n- _1_ 77 — 1
( ------ - -  1 )StfY, <f>Z) =  ( - -- -  ) g m  </>Z),n —1 n —1
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which simplifies to
f  T 4. 2r? — 2 \

S((f>Y,<f>Z) =  ^ ~ —— J g{(j)Y,4>Z).

Using (4.6) and (4.15), we have

f  t 2n  — 2\S(i.r) + (»-i),(iMy) = ( - t  _ n- j („(i,r) + ,m,(y)}
s (x , y )  =  {  L ± 2_n ~ 2 )  g { x , y ) -  | T +  2_ " ~  2 +  ( „  -  i)|  r t X M Y) .

On simplification, we get

S(X, r ) = { z ± ^ } 9(V, n +{ U } »(v),(y).

Hence, a cj)Ŵ —flat L P —Sasakian manifold is g—Einstein. ■

4.2.2 The (f — W$ flat LP—Sasakian Manifold

Definition 4.2.3 A differentiable manifold (Mn,g), n > 3, is said to be f  — W5 flat if

f 2 W5 ( fX,  (pY)fZ =  0. (4.23)

We now study the characteristics of LP—Sasakian manifolds satisfying condition (4.23).

Theorem 4.2.4 The <f — W5 flat L P —Sasakian manifold is g—Einstein
“v

Proof. Let (Mn, g) be a f  — Wf flat manifold . The condition

f 2 W5 (fX,<t>Y)fZ =  0,

is equivalent to
g(W5 (cf>X,fY,<j)Z) , fU)  =  0 

or
W-0 (<t>X.oY.oZ),6 U) =--().

For a (j> — W5 fiat LP-Sasakian Manifold, we have

W5 ( fX,  cfY, <f>Z, fU ) =  R(<f>X, cj)Y, <j>Z, f U ) + ^ ~ i [g(</>X, f Z ) S^Y ,  <j>U) -  g(<f>Y, cfU)S(fX, f Z) }
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This implies that

- R ^ X ,  cf>Y, fZ , </>U) =  — {g(<pX, fZ)S(cf>Y, <f>U) -  g{cf>Y: 4>U)S(<j>X, </>Z)} .

Let {ei, ...en_ lt^} be a local orthonormal basis of vector fields in Mn, then { fe i ,  ,..(j)en- i£ }  
is also an orthonormal local basis. If we set X  =  U — and summing over i, we get

n—1 ^  ( n— 1 n —  1 ' j

Y , - m e i A Y A Z ) A e i )  =  j- | ^ 0 ( 0 e*>0Z)S'(0y;</>ei) -  ^ g ^ Y ,  (peJSjfej, <pZ . 

Using equations (4.22a) and (4.22c) yields

-  {S(</>Y, 4>Z) +  gtfY, f Z ) }  =  {S(<j)Y, f Z )  -  StfY, <f>Z)}

Putting like terms together and on rearrangement, we have

S(<pY,<t>Z) =  —g{<j)Y,<j)Z).

Using (4.6) and (4.15), we get

S(X, Z) +  (n -  1 )v(Y)v(Z) =  - g(Y, Z) -  v(Y)g(Z).

Putting like terms together and rearranging yields

£ jy ,Z )  =  - g ( Y , Z ) - n V(Y)V(Z).

Hence, the <f> — W5 flat L P —Sasakian manifold is 77—Einstein. ■

4.2.3 The W3 —Flat L P —Sasakian Manifolds

D efinition 4.2.5 A manifold is said to be W^—flat if W3 (X,Y, Z,U)  =  0 for arbitrary 
vector fields X , Y, Z, U.

Theorem 4.2.6 The W^—Flat LP—Sasakian Manifold is 77—Einstein.

Proof. The W3 tensor is given by

W3 (X, Y, Z, U) =  R(X,  Y, Z, U) +  Z)S(X,  U) -  g(Y, U)S(X , Z)}.
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On an LP—Sasakian manifold for which W3 =  0, we have

R(X,  V, Z ) =  - ^ { Y S ( X ,  Z) -  g(Y, Z)QX} .

Setting Z — f  and using (4.7), (4.13) and (4.14), we have

V( Y ) X - V( X) Y =  ~ { Y S ( X , 0 - r , ( Y ) Q X  

V( Y ) X - V(X)Y =  — l)r](X) — rj(Y)QX.

Setting Y — £ and using (4.1), we have

- X  -  V(X) f  =  ^ { ( n  -  l)r,(X)t  +  Q X }. (4.24)

Making QX  the subject, we have

QX =  ( - X - 2 r ] ( X ) 0 { n - l ) .

Simplifying further, we get

QX =  ( 1 -  n)X  -  2(n -  l)r](X)£).

Hence, the manifold is r/—Einstein. ■

4.2.4 The W5 —Flat 7&P— Sasakian Manifolds

D efinition  4.2.7 A manifold is said to be W5 —flat, if W3 (X, Y, Z.U) =  0, for arbitrary 
vector fields X, Y, Z , U.

Theorem 4.2.8 In A W^—flat LP-Sasakian manifold the Ricci tensor is given by

S(Y,U) = - ( n  -  l )V(Y)r,(U)

Proof. If an L P — Sasakian manifold is W$—flat (4.18)reduces to

- R ( X ,  Y, Z) =  {g(X, Z)QY -  YS(Y, Z) }  . (4.25)
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Setting X  — f  yields

- R &  Y, z ) =  - 1—  {<?(£, z )q p  -  r s (£ ,  Z ) } .

Using (4.7), (4.12) and (4.14) and transvecting by U yields

-  {g(Y, Z)V(U) -  V(Z)g(Y, U)} =  ^  {v(Z)S(Y, U ) - ( n -  1 )g(Y, U)y(Z)}  . 

Putting like terms together yields

- g(Y,Z)v (U) =  -L -r ,(Z )S (Y ,U ).

Setting Z =  f  and using (4.1) and (4.7), we have

- 71 (Y)v (U) =  -± -rS (Y ,U ). 
n — 1

On rearranging, we get
S(Y,U) =  ~ { n - l ) g ( Y )g ( U) ,  (4.26)

as desired. ■

C orollary  4.2.9 The W$—flat LP-Sasakian manifold is a manifold of negative constant 
scalar curvature.

P roof. Contracting (4.26) yields
~v

r =  — (n — 1), (4.27)

as desired. ■

C orollary  4.2.10 In a W^—flat LP-Sasakian manifold the Riemann curvature tensor is 
given by

R(X,  Y, Z, U) =  - g ( X ,  Z)rj(Y)g(U) +  V(X)rj(Z)g(Y, U). (4.28)

P roof. Putting (4.26) into (4.25) and transvecting with U we get

R(X, Y, z, U) =  {g(X,  Z){n -  l )g{Y)V{U) -  (n -  1 )V(X) V(Z)g(Y, U)} .

On further simplification, we get(4.28). ■
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Chapter 5

Curvature Tensors in 77— Einstein 
Sasakian Manifolds1

In this chapter, we study some properties the W3 curvature tensor along with its sym
metric and skew symmetric parts in an 77—Einstein Sasakian manifold. We also consider a 
W3—symmetric and a W3—flat 77—Einstein Sasakian Manifold. We show that a W3—flat 
77—Einstein Sasakian Manifold is is an Einstein manifold and is isometric to the unit sphere.

5.1 Introduction

Let us consider an n—dimensional real differentiable manifold Mn. If there exists a vector 
valued linear function (f>, a 1-form q and a vector field £ satisfying

t f x  +  x  =  V{x) t , (5.1)

for any arbitrary vector field X , then Mn is called an almost contact manifold and the 
structure (0, £ ,77) is known as an almost contact structure. From (5.1) we have,

rank </> =  n — 1, n is odd and 0£ =  0. Also we have,

V( 0  =  1,
q(cPX) =  0.

(5.2)

(5.3)

1This chapter has been submitted to Differential geometry-Dynamical Systems
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If in addition Mn admits a metric tensor g satisfying,

<?(0PO, <KY)) =  <?(*, Y) ~ V(X)V(Y),  (5.4)

then Mn is called an almost grayan manifold. From (5.1) and (5.4) we have

g ( X , 0  =  v(X).  (5.5)

Setting Y ) — g{<fiX, Y),  we have

k<t>X, <t>Y) =  - g ( X ,  4>Y) =  g(<px, Y) =  k x ,  Y)  (5.6a)

k X , Y )  +  k Y , X )  =  0. (5.6b)

If in an almost Grayan manifold

k x ,  Y)  =  (.DxV) (Y) -  (DyV)(X)  =  (* ? ) (* ,  Y),  (5.7)

where D is a Riemannian conection, then Mn is called an almost Sasakian manifold. In 
a Sasakian manifold cj) is closed. An almost Sasakian manifold is said to be Sasakian if £ 
is a Killing vector. That is,

(Dx V)(Y) +  (Dyv) (X)  =  0. (5.8)

Thus, in a Sasakian manifold
- v  k X , Y )  =  (DxV)(Y)  (5.9)

and
(■Dx k ( Y , Z )  =  R ( X , Y , Z , Q , (5.10)

where R is the curvature tensor of type (0,4) on M„.In a Sasakian manifold the following 
properties hold [39] ,[52]

R(£, X, Y, £) =  s(^X , ^ y ) =  9(A, Y) -  v(X)v(Y)  (5.11)

R (A , y, z, £) =  ??(R (X , y, z ) )  =  7?(x)5(y, z) -  v(Y)g( x ,  z ) (5.12)

R(£, X, Y, Z ) =  rj(Z)g(X, Y) -  V(Y)g(X,  Z ) (5.13)

R ( £ , y , Z ) - ( 7( y , Z ) £ - r ?(Z )y  (5.14)

R (A , y, £) =  ry(y)A -  r?(X)y, (5.15)
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where R(X, Y, Z, U) =  g(R(X, Y, Z),U).  In a Sasakian manifold ,we also have

(5.16)

(5.17)

S(X, 0  =  g(r(X),£)  =  r,(r(X)) =  (n -  1 )g{X)

S(0X,Y)  + S ( X J Y )  =  0,

where S is the Ricci tensor.

D efinition 5.1.1 A sasakian manifold Mn is called an g—Einstein Sasakian Manifold if 
the Ricci tensor satisfies

S(X,Y)  =  ag(X,Y)  +  /3g(X)g(Y). (5.18)

Mishra and Pokhariyal [23] defined the following tensor

W3 (X, Y, Z, U) =  R(X, Y, Z, U) +  {g(Y, Z )S(X, U) -  g(Y, U)S(X, Z)} ,  (5.19)

to study its relativistic and geometric properties.

5.2 Main Results

We now break W3 into its symetric and skew symmetric parts in X  and Y. We start with 
the symetric part G.

G(X, Y, Z, U) =  \[W^X,  Y, Z, U) +  W3 (Y, X,  Z, U)}

=  \{R(X,  Y, z,  U) +  ^ { 5(y, Z)S(X,  U) -  9 (y , u )S(x , z )}

+  R(Y, X,  Z, U) +  Z)S(Y, U) -  g(X, U)S(Y, Z)}

=  2( ^ 1) {5 (y ’ Z)S{X ’ U) ~ 9(X’ U)S(X ' z )

+  g (X , Z)S(Y, U) -  g(X, U)S(Y, Z)}.  (5.20)
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Let H  be the skew symetric part of W3, then we have

H(X,  Y, Z , U ) = l- [W 3 (X, Y, Z, U) -  W3 (Y, X,  X, U)}

=  \{R(X,  Y, z ,  U) +  g(Y, Z)S(X,  U) -  g(Y, U)S(X, Z)  -  R(Y, X , Z, U)

-  [ 9 { x ’ Z ) S ( Y ; u ) + 9 { x ' u ) s ( y ’

=  ^  C/) +  ^  ~  ^  C/)S'(X > Z )

-  5 (X , z)s(y, U) +  5 (X , c/)5(y, z)} (5.21)

Theorem 5.2.1 In an g—Einstein Sasakian manifold, we have

W3 (X,Y,Z,Z)  =  2 V( X ) g ( Y , Z ) - V(y)g(X,Z)

+  Pv(X)ri(Y)ri(Z)} (5.22)

W3 (S,Y,Z,U) =  2 R(S,Y,Z,U)  (5.23)

W3(£ ,Y ,Z ,0  =  2 i? (e ,F ,Z ,0  =  2 {5 ( y , Z ) - r ?( y ) ??(Z )} . (5.24)

Proof. Using (5.19) and putting U — £, we have

w 3(x ,  y , z , 0  =  i? (x , Y, Z, 0  +  ^ { < i (y , z)s(x, o  -  9 (y , $ s {x , z )}.

Using (5.12), (5.16) ,(5.5) and (5.18) and putting the like terms together yields (5.22).
“VUsing (5.19), we have

W3(£, y, z , U) =  R ( t  Y, Z, U) +  ~ { g ( , Y ,  Z)S{£, U) -  g(Y, U)S(£, Z)j.

Using X  — £ in (5.13), (5.16) and putting the like terms together yields (5.23). Setting 
U =  £ in (5.23) and using (5.11), we get (5.24). ■

Theorem 5.2.2 In an g— Einstein Sasakian manifold, we have

G(X, Y, Z , 0  =  \ ( l -  {v(X)g(Y, Z) +  g(Y)g(X,  Z ) }  -  - ^ - ) g{X)g{Y)g{Z) .

(5.25)

G(£, Y, Z,U) =  \ ( l  -  {g(Y, Z)r,(U) -  g(Z)g(Y, U)}  . (5.26)
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G(Z, Y, Z, 0  =  ± ( l -  {g(Y, Z ) -  g(Y)V(Z) }  . (5.27)

Proof. Putting U =  £ in (5.20) ,we have

G(X, Y, Z, 0  =  — ^  {g(Y, Z)S(X,  0  -  g(Y, £)S(X, Z) +  g(X, Z)S(Y, £) -  <?(X, £)S(y, Z ) }  .

Using (5.5), (5.12), (5.18) and simplifying, we get (5.25).
Putting X  — £ in (5.20) and using (5.5) , (5.16) and (5.18) we get

G(t ,Y,Z,U) =  ^ { g ( Y , Z H U ) - g ( Y , U H Z ) }  +  ^ - ^ { g ( Z ) [ a g ( Y : U) +  PV(YHU) }  

- V(U)[ag(Y,Z) +  Pr1 (Y)r](Z)}}.

Putting the like terms together yields (5.26) .Setting U =  £ in (5.26) and using (5.2) and 
(5.5) we get (5.27) ■

Theorem 5.2.3 For the g—Einstein Sasakian manifold, we have

H { X , Y , Z , 0  =  \ U  +  ^ r f X \ { < l ( X ) g ( Y , Z ) - ^ Y ) g ( X , Z ) }  (5.28)

m , Y , Z , U )  =  \ { i + ~ f X j { _ 7i ( U ) g ( Y , Z ) - v(5.29)

H(( ,Y , Z, ( )  =  \ ( 3 + ~ Y j { ! , ( Y Z ) - v (Y(5.30) 

Proof. Using (5.21) and seeing U =  £, we have

H(X,Y,Z,  0  =  R(X,Y,Z,  0

+ 2 ^ h i ) {9{y ’ z )s { X j 0  ~  9{y ’ e ) 5 ( x ’ z )
- 5 ( x , z ) s ( y , 0  +  s ( * , 0 S ( y , z ) } .

Using (5.5) , (5.12) and (5.16), we get

H ( X , Y , Z , 0  =  g ( X ) g (Y , Z ) - g (Y )g ( X , Z )

+ ^ T M n - l ) g ( Y , Z ) V( X ) - V(Y)S(X,Z)

- g (X ,  Z)(n -  1 )g(Y)  +  g(X)S(Y, Z)} .
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Using (5.18), we get

H ( X , Y , Z , 0  =  v( X ) g ( Y , Z ) - V(Y)g(X,Z)  +  ^ ~ T { ( n - l ) g ( Y , Z ) r ](X)

~V(Y) (ag(X, Z) +  (3g(X)g(Z)) -  g(X, Z)(n -  1 )g(Y)

+g(X)  (ag(Y,Z) +  /3g(Y)g(Z))}.

Putting like terms together and simplifying, we get (5.28). Similarly using (5.21) and 
setting X  =  £, we have

H(Z,Y,Z,U) =  R(£,Y,Z,U)

+  2( ^ T ) {5 (y ’ Z)S (e’ U) ~ 9{Y’ U)S(e’ Z ) +  Z )5 (y ’ U) ~ U)S(Y’ 2 )>'

Using (5.5), (5.13), (5.16) , (5.18) and simplifying yields (5.29). Setting U — £ in (5.29) 
and using (5.1) and (5.5) yields (5.30). ■

T h eorem  5.2.4 For the g—Einstein Sasakian manifold, we have

W3 (<f>X,</>Y,Z,0 =  0 (5.31)

W3 (X,<pY,<pZ,0 =  2 g (X)g(Y,Z)  (5.32)

W3 ( ^Y , fZ ,  4>U) =  0 (5.33)

W3 ^,(pY,(/)Z,U) =  2{g{U)g{Y,Z) -g(U)g(Y)g{Z) } .  (5.34)

P roof. Aplying <j> to X  ajid Y  in (5.22) and using (5.3), we get (5.31). Applying <fi 
on Y  and Z in (5.22) and using (5.3) yields (5.32). Applying (j) on Z and U in (5.23) and 
using (5.3) yields (5.33). Applying <f> to Y  and Z in (5.23) and using (5.3) and (5.4), 
we get (5.34). ■

T h eorem  5.2.5 For the g—Einstein Sasakian manifold, we have

H(<f>X, <f>Y, Z, £) =  0 (5.35)

H(£, Y, </>Z, </>U) =  0 (5.36)

H((,4.Y, <t>Z,0  =  ( |  -  ŴT)),9<X ' Y) ~  . (5.37)

P roof. Aplying cj) to X  and Y  in (5.28) and using (5.3), we get (5.35). Applying </> 
to U and Z in (5.29) and using (5.3), we get (5.36). Lastly, applying <f> to Y  and Z in
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T heorem  5.2.6 In an g—Einstein Sasakian manifold, we have

G(<f>X,</>Y,Z,£) =  0 (5.38)

G(X, <f>Y, 4>Z, 0  =  V(X)g(Y, </>Z) (5.39)

G(f,<fiY,cf>Z,0 = I | l -  {g (Y,Z) -  v(Y)r,(Z)}. (5.40)

Proof. Aplying <fi to X  andY in (5.25) and using (5.3), we get (5.38). Applying f

(5.30) and using (5.3) and (5.4), we get (5.37). ■

on Y and Z in (5.25) and using (5.3) yields (5.39). Aplying f  to Y  and Z in (5.27) and 
using (5.3) and (5.4), we get (5.40). ■

5.3 Ws Symmetric 77 — Einstein Sasakian Manifold

An rj—Einstein Sasakian manifold is said to be W3 symmetric if

DYW3 (Z, U, V) =  0. (5.41)

This implies that

R(X, Y, W3 (Z, U, V ) ) - W 3 (R(X, Y, Z), U, V ) - W 3 (Z, R(X,  Y, U), V ) - W 3 (Z, U, R(X,  Y, V)) =  0.
(5.42)

Setting X  — £ yields

R(z, Y, w3(z, u, V ) , 0  -  W3 (R(Z, y , z ), u , v , o  

-W3 (Z, R(Z, Y, U), V, 0  -  W3 (Z, U, R(Z, Y, V ) ,Q =  0. (5.43)

Expanding each term individually yields

R(Z,Y,W3( Z ,U ,V U )  =  W3(Z,U,V,Y) - v(Y)v(W3(Z,U,V))

= W3(z, U, V, Y) -  2r1(Y)r1 (Z)g(U, V )

+ 1 +
a

7 i — l

pv(U)v(Y)g(Z,V) + ^ - ^ v i Y M U H Z H V ) .

Using (5.11), (5.13) , (5.14) and (5.22)and simplifying we get the following
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equations

W3(R&Y,Z),U,V,0 = 2ri(R{£,Y,Z))g(U,V)-rl(U)g(R(Z,Y,Z),V)

~~zr\ {<*v(U)gm,  y , Z) ,V)~ f3r,(R(Z, Y, Z))r,(U)V(V)} 
=  2g(Y,Z)g(U,V) - 2 V(Y)V(Z)g(U,V)

~ (i + M U ) V(V)g(Y, Z) -  V(U)V(Z)g(Y, V)}

Z M Y M V )  -  v(Y)r,(ZHU)ri(V)}.

W3(Z, R(£, Y, U), V, £) =  27i(Z)g(R(t,Y,U),V)-Ti(R(Z,Y,U))g(Z,V)

r ’ U^9(Z, V) + Pv(Z)Vm ,  Y, U))77(F)} 
=  M Z ) V(V)g(Y, U) -  2g(U)g{Z)g{Y, V)

-  ( i  + WY, U)g{Z, V) -  77(l-)77(C/)^(^, 1/)}

+ - ^ - tV(Y)V(U)V(z)V(V).
f t  L Tl 1

W3(Z,U,R(t,Y,V),0  =  2V(Z)g(U,R(Z,Y,V))-Ti(y)g{R(t,Y,V),Z)

{cxv(U)9m ,  Y, V),Z) +  0t,(R(£, Y, V))V(U)V(Z)} 
=  ̂ 2v(Z)V(U)g(Y, V ) -  2V(Z)rj(V)g(Y, U)

-  ( i  + ~ )  V) -  g(U)r](V)g(Y, Z)}

- - ^ T  g(Y,V)v(U)V(Z) + -J L r , (Y )V(U)V(Z) g(V).
II .L Tl 1

Substituting these back into the equation (5.43) and putting like terms together and
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rearranging yields

W3(Z,U,V,Y) =  2g(Y,Z)g{U,V)~ ( l  + g(Y, U) g( Z, V)

+ ~ZT\- {MUHY)v(Z)V(V) -  riU)V(V)g(Y,Z)  

-y{U)y{Z)g{Y,  V) -  y(Z)y(V)g(Y, U)}.

Thus, we have proved the following result.

Theorem 5.3.1 In a W3—symmetric y—Einstein Sasakian manifold, the W3 curvature 
tensor is given by

W3( z , U, V, Y ) =  2g(Y, Z)g(JJ, V)  -  ( l  +  g(Y, U)g(Z, V)

+ ~ ^ { M U H Y ) V(Z)V(V) -  y(U)y(V)g(Y, Z)

- y(U)y{Z)g{Y,, V ) -  y(Z)y(V)g(Y, U)}.

Corollary 5.3.2 In a G symmetric y —Einstein Sasakian Manifold G is given by

G(X, Y, Z, U) =  ^ { ( l  - ^ - ^ { g { X , U ) g ( X , Z ) - g ( Y , U ) g ( X , Z ) }

+ ^ 4 n(X)y(Y)y(Z)y(U)  -  2y(Y)y(Z)g(X,  U)

^ - 2 y(X)y(Y)g(Z,  U) -  2y{X)y(Z)g(Y, U)}.  (5.44)

Proof.

G(X, Y, Z,U) =  ± { W3(X, Y, Z, U) +  W3(Y, X , Z, U)}

Using linearity of covariant differentiation and Theorem (5.3.2), we get (5.44) as desired.

Corollary 5.3.3 In a H symmetric y —Einstein Sasakian Manifold H is given by

H ( X , Y, Z,U) =  \(s +  {g {X, U)g(Y, Z)  +  g(Y, U)g(X , Z)}  . (5.45)
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Proof.
H(X,  Y, Z, U) =  ~{W3(X, Y, Z, U) -  W3(Y, X , Z, U)}

Using linearity of covariant differentiation and Theorem (5.3.1) and after some simplifica
tion we get (5.45) ■

5.4 W3 Flat 77—Einstein Sasakian manifolds

D efinition 5.4.1 A manifold is said to be W3—flat i fW3(X,Y, Z,U) — 0 satisfied on the 
manifold.

Theorem 5.4.2 The W3—flat g—Einstein Sasakian Manifold is an Einstien manifold.

Proof. We have

W3(X, Y, Z, U) =  R(X, Y, Z, U) +  ~  {g(Y, Z )S(X , U) -  g(Y, U)S(X, Z) }  .

But W3 =  0. Hence, we have

- R ( X ,  Y, Z, U) =  { g{Y, Z)S(X,  U) -  g(Y, U)S(X, Z) }  . (5.46)

Using (5.18), we get

- R ( X ,  Y, Z, U) =  {g(Y, Z) [ag(X, U) +  fig{X)g{U)] -  r,(Y) [ag(X, Z) -  /3g(X)V(Z)}} .

Setting U =  £ and using (5.2) and (5.5), we get

~v{X)g(Y, Z)+rj(Y)g(X, Z) =  {g(X, Z) [ag(X)  +  firj(X)\ -  g(Y) [ag(X, Z) -  fig(X)g(Z)}} .

Setting X  =  £ yields

-g(Y,  z ) +  V(Y)V(Z) =  {g(Y, Z) [a +  f i ] -  V(Y)V(Z) [a -  /?]} . (5.47)

Comparing coefficients of like terms, we get a +  ft =  — (n — 1), and a — /? =  — (n — 1).
Solving for a and /3 ,we get a — — (n — 1) and =  0. Substituting these into (5.18) yields

R(X,Y)  =  - ( n - l ) g ( X , Y ) .  (5.48)
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The theorem is thus proved. ■

C orollary  5.4.3 A W^—flat rj—Einstein Sasakian manifold is isometric to the unit sphere. 

P roof. Substituting (5.48) into (5.46) yields

R(X, Y, Z, U) =  {g(Y, Z){n -  1 )g(X, U) -  g(Y, U){n -  l)g(X, Z) }  .

On simplification, we get

R(X, Y, Z, U) =  g(Y, Z)g(X , U) -  g(Y, U)g(X, Z).

Hence, the manifold is isometric to the unit sphere. ■

C orollary  5.4.4 A W^—flat g—Einstein Sasakian manifold is a manifold of negative con
stant scalar curvature r =  —n(n — 1)

P roo f. Contracting (5.48) we have r =  —n(n — 1). Hence, it is a manifold of negative 
constant scalar curvature. ■

“V
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