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Abstract

The goal of this project is to study some properties of η-Ricci soliton on LP-Sasakian

manifolds.

In this work, η-Ricci solitons on LP-Sasakian manifolds which satisfy the semi-symmetric

conditions R(X ,Y ) ·R(Z,U) = 0[28],also given by U.C. De [34] are considered.

Particularly, we based our study on

R(ξ ,X).W3(Y,Z) = 0 and R(ξ ,X).W5(Y,Z) = 0
The study is motivated by the results that are obtained in η-Ricci solitons on Para-kenmotsu

manifolds. This led us to study or simply to investigate the η-Ricci solitons on W3 and

W5 semi-symmetric LP-Sasakian manifolds satisfying the same conditions and see if a

similar results are obtained.In addition, we prove that W3 and W5 semi-symmetric LP-

Sasakian manifolds satisfying the semi-symmetric conditions R(ξ ,X).W3(Y,Z) = 0 and

R(ξ ,X).W5(Y,Z) = 0, and having the η-Ricci soliton structure are Einstein according to

the value of λ and a further conditions

W3(ξ ,X) ·R(Y,Z) = 0 and W5(ξ ,X) ·R(Y,Z) = 0
where dot denote the derivative of algebra at every point of a tangent space,say Tp(U).
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1 Introduction

Di�erential Geometry has gone through a series of development especially in the 19th

century. Many branches emerged in this field trying to address many abstract concepts
in mathematics and bringing them into appreciable practical order. As a branch, Rieman-
nian Geometry then studied Riemannian manifolds as well as smooth manifolds with
Riemannian metric.
Since the emergence of Riemannian Geometry, the study of geometry of surfaces, geome-
try of curves as well the behavior of geodesic on those surfaces has been made possible.
Riemannian Geometry made the development of algebraic and di�erential topology much
easier, actually, the idea of smooth manifolds admi�ing Riemannian metric helped solve
the problems of di�erential topology. An understanding of Einstein’s general relativity
theory also was made possible, even generating results on group theory became clear.
It was also in this century, 19th, that the concept of metric tensors was clearly understood
by people like Tullio Levi-Civita and Gregorio Ricci-Curbastro. Ricci-flow is an evolution
equation for metric on a Riemannian manifold. It defines a kind of non-linear di�usion
equation similar to that of heat equation for metric under Ricci-flow.
The Ricci-flow equation is given by

∂g
∂ t

=−2S (1.1)

on a compact Riemannian manifold M with metric g.
Ricci-soliton is a similar solution to the Ricci-flow, but only if it moves by a one parameter
family of di�eomorphism and scaling. The Ricci-soliton has its equation given by

Lvg+2S+2λg = 0

Where , Lv is Lie derivative in the V direction, S is Ricci curvature tensor , g is a Riemannian
metric , V is a vector field and λ is a scalar.
η-Ricci soliton is a more general notion of the Ricci-flow. This idea was put forward by J.J
Cho and Makoto Kimura[08], and they gave its equation by

Lξ g+2S =−2λg−2µη⊗η (1.2)

λ and µ are constants.

1.0.1 Notations and Definitions
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De�nition 1.0.1. Consider an n-dimensional manifold M. if we let ρ be a point on the
manifold, then Vρ is the set of all vector �eld de�ned at ρ

Therefore, Vρ is also an n-dimensional vector space.

De�nition 1.0.2. A 1-form vector~r de�ned at ρ is a linear scalar operator acting on a vector
space Vρ to real numbers ℜ. This then means,
(1)~r : Vρ −→ℜ;
(2) For any u

¯
v
¯
∈Vρ and

if a ,b ∈ℜ

⇒~r(au
¯
+bv

¯
) = a~r(u

¯
)+b~r(v

¯
).

The set of all 1-forms de�ned at ρ is called a co-vector or a dual space of Vρ , and it is denoted
by V ∗ρ . This is also an n-dimensional vector space.

De�nition 1.0.3. For any vector u
¯
∈Vρ can be associated with a linear scalar operator acting

on 1-form u
¯
∈Vρ to ℜ

i.e. u
¯
~r 6=~ru

¯
: V ∗ρ −→ℜ.

We note that, tensors therefore are a generalization of vectors and 1-forms (co-vectors).

De�nition 1.0.4. Let M be a smooth manifold, a tangent vector at a point ρ ∈M is a map
Xρ : C∞(M)−→ℜ which satis�es

1. Xρ( f +g) = Xρ( f )+Xρ(g)

2. Xρ = 0 (for constant map)

3. Xρ( f g) = f (ρ)Xg +g(ρ)Xρ f

∀ f ,g ∈C∞(M) on their common domain.
The set of all tangent vectors to an n-dimensional manifold M at a point P ∈M forms an
n-dimensional vector space which is called the tangent space, denoted by TρM.

De�nition 1.0.5. Let M be a smooth manifold, then by a Riemannian metric tensor g on M,
we have a smooth assignments of an inner product to each tangent space of M.
This then means, for each ρ ∈M, gρ : TρM×TρM −→ℜ, is symmetric, positive de�nite and
bi-linear map. That is, for any smooth vector �elds X and Y on M,
P 7−→ gρ(Xρ ,Yρ) is a smooth function.

It is

 2

0

 -tensor, g ∈ T 2
0 (M)

In a coordinate system, we may write
g = gi jdX i⊗dX j

Then the pair (M,g) will be called Riemannian manifold.
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De�nition 1.0.6. By S and R, where S denote Ricci Tensor and R, Riemannian curvature
tensor of an n-dimensional Riemannian manifold (M,g), then S can be de�ned as

S(X ,Y ) =
n

∑
i=1

g
(
R(ei,X)Y,ei

)
Where {e1,e2...en} are orthonormal basis vector �elds in TM, and
X,Y,Z ∈ TM.

De�nition 1.0.7. Let M be a smooth manifold, an A�ne connection (Levi-Civita) ∇ on M is
a di�erential operator, sending smooth vector �elds X and Y to a smooth vector �eld ∇XY ,
which then satis�es the following conditions

1. ∇X+Y Z = ∇X Z +∇Y Z

2. ∇(Y +Z) = ∇XY +∇X Z

3. ∇ f XY = f ∇XY

4. ∇X( fY ) = X( f )Y + f (∇XY ).

∀ vector �elds X,Y and Z, and real valued function f on M.
The vector �eld ∇XY is known as the covariant derivative of the vector �eld Y along X with
respect to ∇

De�nition 1.0.8. A curve γ(s)is a geodesic if its tangent vector γ̇(s) at each point are parallel.

De�nition 1.0.9. A homeomorphism f : X −→ Y is continuous bijection whose inverse
f−1 : Y −→ X is also continuous.

De�nition 1.0.10. Let M be an n-dimensional contact manifold with contact form η , that is,
ηΛ(dλ )n 6= 0, then, a contact manifold admits a vector �eld ξ called characteristic vector
such that η(ξ ) = 1 for any �eld X ∈ χ(M).
Furthermore, if M admits a Riemannian metric g, and a tensor �led φ of type (1,1), such that,
φ 2X = X−η(X)ξ

g(X ,ξ ) = η(X)

g(X ,φY ) = dη(X ,Y )
Then we say that (φ ,η ,ξ ,g) is a contact metric structure.

De�nition 1.0.11. A contact metric manifold is said to be sasakian if
(∇X φ)Y = g(X ,Y )ξ −η(Y )X .

where,
∇X ξ =−φX
R(X ,Y )ξ = η(Y )X−η(X)Y
For all vector �elds X,Y ∈M.
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De�nition 1.0.12. An n-dimensional di�erentible manifold M is said to admit an almost
para-contact Riemannian structure (φ ,η ,ξ ,g) such that
φ 2X = X−η(X)ξ

φξ = 0 , η(ξ ) = 1 , η(φX) = 0,
g(X ,ξ ) = η(X),
g(φX ,φY ) = g(X ,Y )−η(X)η(Y )
∀ vector �elds X,T on M.
If (φ ,η ,ξ ,g) satisfy the equation
dη = 0, ∇X ξ = φX
(∇X φ) =−g(X ,Y )ξ −η(Y )X +2η(X)η(Y )ξ
Then M is called Para-sasakian manifold.
If M admits 1-form η , such that
(∇xη)Y =−g(X ,Y )+η(X)η(Y ), for all X,Y ∈M,
Then para-sasakian manifold is said to be a special manifold.

De�nition 1.0.13. An n-dimensional di�erentiable manifoldMn is Lorentzian Para-Sasakian
manifold if it admits a (1,1)-tensor �eld φ , vector �eld ξ , 1-form η and a Lorentzian metric g
which satis�es
φ 2X = X +η(X)ξ

φξ = 0 , η(ξ ) =−1 , η(φX) = 0,
g(X ,ξ ) = η(X),
g(φX ,φY ) = g(X ,Y )+η(X)η(Y )
(∇xφ)Y = g(X ,Y )ξ +η(Y )X +2η(X)η(Y )ξ ,
∇X ξ = φX
Where X and Y are arbitrary vector �elds, ∇X denote covariant di�erentiation in the direction
of X with respect to g.
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2 Preliminaries

In this chapter, We will be discussing in summery some concepts that we will extensively
employ in this dissertation. Specifically, we are going to define tensors, we will discuss
manifolds, connections, Sasakian manifolds, solitons and eta-Ricci-solitons and conditions
satisfied by these metrics.

2.1 Terminologies and Definitions

2.1.1 Tensor defined

Ricci-flow is an evolution equation of heat or wave-type equation of the metric on Rie-
mannian manifold, which is defined by

∂

∂ t
gi j = 2Si j (2.1)

2.1.2 Vector and 1-Form

De�nition 2.1.1. An

k

l

 -type tensor de�ned at point p is a linear scalar operator with

l slots for 1-forms from V ∗p and k slots from Vp. Such tensor can also be called as as l-times
contravariant and k-times covariant. The total number of slots, r = l+ k, is called the rank of
the tensor.
Thus,

1. Any vector is a

1

0

-type tensor

2. Any 1-form is a

0

1

-type tensor

Remark 1. Tensors thus are a generalization of vectors and 1-forms.
A tensor of type (k, l) at p is a multi-linear map which takes k vectors and l covectors and
gives a real number.
A tensor T of type (k, l) is denoted with k superscripts and l subscripts (T k

l )and is said to be of
rank k+ l.
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De�nition 2.1.2. The number of position of indices of tensor components reveal all the
general information about tensors as operators. For example, if a tensor T has components
T ik

jl .
This then tells us that

1. T is a 4thrank tensor

2. T is

2

2

-type tensor

3. Its 1st and 3rd slots are for 1-form whereas the 2nd and 4th slots are for vectors.

2.1.3 Manifolds

A (real) n-dimensional manifold is a topological space M for which every point X ∈M has
a neighborhood homeomorphism to Euclidean space Rn.

De�nition 2.1.3. Let M be a topological space and U ⊆ M an open set.
Let V ⊆ Rn be open. A homeomorphism φ : U−→ V,
φ(u) = (x1(u), ...xn(u)) is called a coordinate system on U, and the function x1...xn the
coordinate function.
The pair (U,φ ) is called a chart on M.
Also the inverse map φ−1 is a parametization of U.

De�nition 2.1.4. An atlas on M is a collection of charts (Uα ,φα ) such that Uα covers M.
The homeomorphism φβ φ−1

α : φα(Uα

⋂
Uβ ) −→ φβ (Uα

⋂
Uβ ) are the transition maps or

coordinate transformation.

De�nition 2.1.5. A second countable, Hausdor� topological space M is an n-dimensional
topological manifold if it admits an atlas
{Uα ,φβ}, φα : Uα −→ Rn, n ∈ N
It is a smooth manifold if all transition maps are C∞ di�eomorphism, that is, all partial
derivatives exists and are continuous.

De�nition 2.1.6. We de�ne an n-dimensional manifold with boundary M as in (de�nition
1.1.1), however, here we allow the image of each chart to be open subset of Euclidean space Rn,
or open subset of the upper half-space Rn

+ = {(x1, ...,xn)|xn ≥ 0}.
The pre-image of points (x1,x2, ...xn−1,0) ∈ Rn

+ are the boundary... is the interior of M.
A manifold with boundary is smooth if the transition maps are smooth. For an arbitrary subset
X ⊆ Rm, a function f:X−→ Rn is called smooth if every point in X has some neighborhood
where f can be extended to a smooth function.
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2.1.4 Di�erentiable Manifolds

De�nition 2.1.7. An n-dimensional topological manifold M together with a complete atlas
is called n-dimensional C∞ or smooth di�erentiable manifold.

2.1.5 Sub-Manifolds

De�nition 2.1.8. A sub-manifold of a manifold M is a subset S which itself has the structure
of a manifold, and for which the inclusion map S−→M satis�es certain properties such as
connection properties.

2.1.6 Connection

The connections are some notions developed from parallelism, for instance, from vector
method from where it is extended to Calculus.
Let M be a C∞-Manifold, a connection, infinitely small connection, or a covariant di�eren-
tiation on M is an operator Dy that assigns to each pair of C∞ vector X and Y with domain
A, a C∞ fixed Dx Y with domain A.
If Z is a C∞ vector field on A, and f is a C∞ real valued function on A, then

Dx +y Z = DxZ +DyZ

D f xY = f DxY

Dx(Y +Z) = DxY +DxZ

Dx( fY ) = (X f )Y + f DxY

Where the first two relations shows linearity properties and the last two shows parallelism
property.

2.1.7 Riemannian Manifolds

A manifold on which one has singled out a specific symmetric and positively defined
2-covariant referred to as Riemannian manifold. Metric tensor allows one to define length,
angles and distances. Let M be a Riemannian manifold with metric tensor <,>. Let X and
Y be in M. Now we can define the length of X as

|X |=
√
< X ,X >

The angle θ between the two points X, Y in M can then be obtained by

< X ,Y >= |X ||Y |.
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To obtain the length of a curve, we integrate the length of its tangent vector field.
For instance,let θ from a to b, denoted by
|θ |ba is defined by

|θ |ba =
∫ b

a

√
< T (t),T (t)>dt (2.2)

Since the integral is continuous, then it exist.

2.1.8 Riemannian Connection

A connection D on a Riemannian manifold M is called Riemannian connection on M if it
satisfies the following properties

1. DxY −DyX = [X ,Y ]
2. Z < X ,Y >=< DzX ,Y >+< X ,DzY >

For any field X,Y and Z with common domain.

3. D f xY = f DxY
4. Dx( fY ) = (X f )Y + f Dx

2.1.9 An A�ine Connection

De�nition 2.1.9. Let M be a smooth manifold. An a�ne connection ∇ on M is a di�erential
operator, sending smooth vector �elds X and Y to a smooth vector �eld ∇XY , which satisfy
the following conditions:

∇X+Y Z = ∇X Z +∇Y Z, ∇X(Y +Z) = ∇XY +∇X Z,
∇ f XY = f ∇XY , ∇X( fY ) = X( f )Y + f (∇XY.

for all smooth vector �elds X,Y and Z and real valued functions f on M. A vector �eld ∇XY is
known as the covariant derivative of the vector �eld Y along X with respect
to a�ne connection ∇

2.1.10 Lie bracket

De�nition 2.1.10. Let X and Y be vector �elds on space M. We de�ne the Lie bracket (at
times known as The Jacobi-Lie bracket, or commutator)[X,Y] to be operator
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[X,Y]=XY-YX.

As it turns out, the bracket of two vector �elds is again a vector �eld, meaning it is a �rst
order di�erential operator. In components,
letting

X = X i ∂

∂xi and Y = Y j ∂

∂x j

[X ,Y ] =X i ∂Y j

∂xi
∂

∂x j −Y i ∂X j

∂xi
∂

∂x j

=X(Y j)
∂

∂x j −Y (X j)
∂

∂x j

=XY −Y X

Thus [X,Y] is is the vector �eld.

2.1.11 A Contact Metric Manifold

De�nition 2.1.11. Let (M,φ ,ξ ,η ,g) be an n = (2m+1)-dimensional almost contact metric
manifold consisting of a (1,1) tensor φ , a vector �eld ξ , a 1-form η and a Riemannian metric
g.
Let χ(M) be the lie algebra of vector in M. Then consider X, Y, Z, V, W ∈(M). If Mn is a
k-contact Riemannian manifold, then

∇xξ = -αφX +β (X−η(X)ξ ), ∇xξ = -φX
(∇xη)Y = -g(φX ,Y )
S(X ,ξ )= (n−1)η(X)

η(R(X ,Y )Z)= g(Y,Z)η(X)−g(X ,Z)η(Y )

2.1.12 A Sasakian Manifold

De�nition 2.1.12. Let (M,φ ,ξ ,η ,g) be an n = (2m+1)-dimensional almost contact metric
manifold consisting of a (1,1) tensor φ , a vector �eld ξ , a 1-form η and a Riemannian metric
g.
Let κ(M) be the lie algebra of vector in M. Now considering X, Y, Z, V, W ∈(M), we have

φ 2= −1+η(X)ξ , η(ξ ) = 1 ,η ◦φ = 0 ,φξ = 0
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g(X ,ξ )= g(X ,Y )−η(X)η(Y ),
g(X ,ξ ) = η(X)

(Xφ)Y= g(X ,Y )ξ −η(Y )X ,
(xξ )Y = −φX

Thus, M is Sasakian Manifold.
Also,

R(X ,Y )Z = g(Y,Z)X−g(X ,Z)Y
R(X ,Y )ξ = η(Y )X−η(X)Y
R(ξ ,X)Y = g(X ,Y )ξ −η(Y )X
R(,)ξ = η(X)ξ −X
S(X ,ξ ) = (n−1)η(X)

φξ = (n−1)ξ



11

2.2 Statement of the problem

This project aims at studying the W3 and W5 Semi symmetric LP-Sasakian structures. This
study is motivated by P.G Pokhariyal’s and Blaga’s findings about the semi-symmetric
conditions of these tensors. we generate some new ideas and emphasize on new geometric
results.

2.3 Objectives

The project aims to give a detailed study of the η-Ricci solitons for the given LP-Sasakian
manifolds satisfying the semi-symmetric conditions The study then focus on generating
some new ideas to produce new geometric results with physical meaning.
Also we investigate the basic principles of Riemannian and LP-sasakian spaces and finally
investigate the results obtained and use them to put forward some new ideas.
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3 Literature Review

Pokhariyal and Mishra [18] and also, Pokhariyal (1979), defined Weyl tensor to define the
relativistic significance of curvature tensor.
The Weyl’s projective curvature tensor was then defined on the basis of geodesic corre-
spondence due to a particular type of distribution of vector field found in it.
This tensor was then given by the equation,

W (X ,Y,X ,T ) = R
(
X ,Y,Z,T

)
+

1
n−1

[
g(X ,Y )Ric(Y,T )−g(X ,T )Ric(Y,Z)

]
(3.1)

The relativistic significance of Weyl’s projective curvature tensor was also studied by
Singh et al, (1965). On τ-Curvature tensor in k-contact and Sasakian manifolds by Mukut
Mani, Tripath and Gupta (2011),studied properties of quasi-τ-flat, ξ −τ-flat and Sasakian
manifolds.These authors gave necessary and su�icient conditions for the contact manifold
to be ϕ− τ-flat under same algebraic conditions. They also proved that a compact ξ − τ-
flat k-contact manifold with regular contact vector field, under the algebraic condition
is a principal S1 bundle over an almost Kaehler space of constant holomorphic section
curvature.
De and Bismas,(2006) also studied the ξ -conformally flat contact metric manifold with ξ

∈ N(k), they too, proved that k-contact metric manifold with ξ ∈ N(k) is ξ -conformally
flat if and only if it is in η-Einstein Manifold. Dwivedi and Kim(2010), did prove that a
Sasakian Manifold is ξ -conharmonically flat i� it is in η-Einstein Manifold.
A semi-Riemannian manifold M is said to be semi-symmetric by Szabo[28],if it satisfy the
semi-symmetric condition R(X ,Y ) ·R = 0, where R(X ,Y ) acts as a derivative on R.
A semi-Riemannian manifold is said to be recurrent by Walker [02],if it satisfy the tensor
recurrent condition OR = α(X)R, where α is a 1-Form.In 1972, Takagi[03] , gave an ex-
ample of Riemannian manifold satisfying R(X ,Y ) ·R = 0 ,but not5R = 0. Several other
authors have also studied symmetric manifolds, the like of: K.Sekigawa [10], Sekigawa
and Tanno[06] etc. These authores, among others, also proved that a projectively semi-
symmetric k-contact mani fold is Sasakian.
In 1970, Pokhariyal and Mishra defined some of the tensors which included

W1(X ,Y,Z,T ) = R
(
X ,Y,Z,T

)
+

1
n−1

[
g(X ,T )Ric(Y,Z)−g(Y,T )Ric(X ,Z)

]
(3.2)

W2(X ,Y,Z,T ) = R
(
X ,Y,Z,T

)
+

1
n−1

[
g(X ,Z)Ric(Y,T )−g(Y,Z)Ric(X ,T )

]
(3.3)

W3(X ,Y,Z,T ) = R
(
X ,Y,Z,T

)
+

1
n−1

[
g(Y,Z)Ric(X ,T )−g(Y,T )Ric(X ,Z)

]
(3.4)
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W4(X ,Y,Z,T ) = R
(
X ,Y,Z,T

)
+

1
n−1

[
g(X ,Z)Ric(Y,T )−g(X ,Y )Ric(Z,T )

]
(3.5)

W5(X ,Y,Z,T ) = R
(
X ,Y,Z,T

)
+

1
n−1

[
g(X ,Z)Ric(Y,T )−g(Y,T )Ric(X ,Z)

]
(3.6)

W6(X ,Y )Z = R(X ,Y )Z +
1

n−1

[
g(X ,Z)Y −S(Y,Z)X

]
(3.7)

Later, Pokhariyal G.P [20] defined a new tensor field W* on a Riemannian manifold as

W ∗(X ,Y,Z,U) =′ R
(
X ,Y,Z,U

)
− 1

2(n−1)

[
S(Y,Z)g(X ,U)−S(X ,Z)g(Y,U)

]
(3.8)

Where,
W ∗(X ,Y,Z,U) = g

(
W ∗(X ,Y )Z,U

)
and

′R(X ,Y,Z,U) = g
(′R(X ,Y )Z,U

)
Such a tensor field W* is known as m-projective curvature tensor.
In the same year(1982), Pokhariyal also gave the definition of W5 Curvature Tensor, where
he gave its equation as,

W5(X ,Y )Z = R(X ,Y )Z +
1

n−1

[
g(X ,Z)φY −S(X ,Z)Y

]
(3.9)

Which came from earlier definition, see (eqn 2.6)
W7 ,W8 and W9 he also did define during the same period, [21]. Their definitions he gave
as

W7(X ,Y,Z,T ) = R
(
X ,Y,Z,T

)
+

1
n−1

[
g(Y,Z)Ric(X ,T )−g(X ,T )Ric(Y,Z)

]
(3.10)

and,

W8(X ,Y )Z = R(X ,Y )Z +
1

n−1

[
S(X ,Y )Z−S(Y,Z)X

]
(3.11)

Where

S(X ,Y ) =g(QX ,Y ) = (n−1)g(X ,Y )

=R(X ,Y ),

and Q is the Ricci operator , i.e. the linear endomorphism of a tangent space at each of its
points,
or equivalently,

W
′
(X ,Y,Z,U) = R

′(
X ,Y,Z,U

)
− 1

(n−1)

[
R(X ,Y )g(Z,U)−R(Y,Z)g(X ,U)

]
(3.12)
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W9(X ,Y,Z,T ) = R
(
X ,Y,Z,T

)
+

1
n−1

[
g(Z,Y )Ric(X ,Y )−g(Y,Z)Ric(X ,T )

]
(3.13)

In 2016, Prakasha D,G.,Vasant C and Kakasab established that a φ −W5-flat generalized
Sasakian Space-form as comformally flat and is φ −W5-flat semi-symmetric⇔ it is W5-
flat.
W5-Curveture tensor has been a field of interest for many authors, and a rich results for
application in geometric modeling have been obtained.
In 1992, Deszcz [24] introduced the notion of pseudosymmetric manifolds. Sometimes later,
in 1986, Ojha [16],studies the properties of m-projective curvature tensor in Sasakian and
Kähler manifolds. He argued that this tensors act as a bridge between conharmonic cur-
vature tensor, conformal curvature tensors, concircular curvature tensors on one side, and
the H-projective curvature tensors on another side.The idea of Lorentzian para-Sasakian
was however introduced later in 1988 by Matsumoto K. [12],and later (1992), Mihai I.
and Rosca R defined LP-Sasakian and obtained several results. Other authors have also
studied LP-Sasakian manifolds, the like of U.C.De,(1999) and Shaikh A.A.,(2004)
Ahmet Yildiz and U.C.De,[31], Bagewadi C.S, and Kumar K.T, (2011) studied tensor fields
respectively in Kenmotsu and LP-Sasakian manifolds.
Pokhariyal,[22] studied W2-curvature tensor and its associated symmetric and skew-
symmetric tensors in an Einstein Sasakian manifolds. U.C.De and Sarkar A.(2009),made
a detailed study on Para-Sasakian admi�ing W2-symmetric tensor and established that
W2-symmetric para-Sasakian manifold is of constant curvature,hence it is an LP-Sasakian
Manifold, just as with W2 recurrent P-Sasakian.
Moindi S.K, Pokhariyal P.G and Njori P.W., [14],also gave their contributions on W2-
Curveture Tensor and E-Curveture tensor and proved the theorem on W2 recurrent P-
Sasakian manifold.[12]
Mohit Kumar Dwivedi,[12] also made their contribution on Lorentzian α-sasakian mani-
folds satisfying certain conditions on the W2-Curveture tensor.

3.0.1 Ricci-Flow

R.Hamilton, in (1982) introduced the concept of Ricci-flow which explain the di�iculties of
geometry of manifolds,for instance, if there exist singular points, they can be minimized
under Ricci-flow.
Ricci-solitons then moved under Ricci-flow simply by di�eomorphism of the initial met-
ric,that is, they are stationary points of the Ricci-flow. Hamilton then gave the Ricci-flow
equation as

∂g
∂ t

=−2Ric(g) (3.14)
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Where Ric≡ S
In the space of metric on M.

3.0.2 Ricci Soliton

De�nition 3.0.1. Hamilton [28],then de�ned Ricci-Soliton as follows:
A Ricci-Soliton (g,V,λ ) on a Riemannian manifold M is given by,

Lvg+2S+2λg = 0 (3.15)

Where S-is Ricci tensor, Lv is Lie derivative operator on M in V direction and λ is a scalar.

The equation for Ricci-Soliton (2.11) is said to be either shrinking (when λ <0),steady
(when λ =0) or Expanding (when λ>0).
Here,the metric g(t) is the pull-back of the initial metric g(0) by a one parameter family of
di�eomorphism which is generated by vector field V on a Manifold M. Hamilton noted
that a compact Ricci-solitons are the points of the Ricci-flow

∂g
∂ t

=−Ric(g)

which is projected from the space of metric onto its its quotient modulo, di�eomorphism
snd scallings, which o�en arise as blow-up limit for the Ricci-flow on compact manifold.
In 1923, Einstein proved that if a positive definite Riemannian manifold (M,g) admits
a second order parallel symmetric covariant tensor other than a constant multiple of
the metric tensor, then the manifold is reducible. Levi [07], obtained the necessary and
su�icient condition for the existence of such tensors. Later,[17],[16], [15], Sharma then
generalized Levi’s results by showing that a second order parallel,(not necessarily sym-
metric and non-singular) tensor on an n-dimensional (n>0) space of a constant curvature,
is a constant multiple of the metric tensor.
He did prove also that, in a Sasakian manifold, there is a non-zero parallel 2-form. Sharma
found out while studying Ricci-solitons on k-contact manifolds, that,where the structure
field ξ is a killing vector[15], a congition in which the first real derivative vanishes, this
condition distorts the condition of Ricci solitons. Sharma also proved that a complete
k-contact gradient solution is compact Einstein and Sasakian.

Ricci solitons have been studied and discussed on di�erent manifolds such as Kähler
manifolds[13], on para-sasakian manifolds [25], on Kenmotsu and f-Kenmotsu manifolds
and many more others by di�erent authors.
Kimura M. and J.T. Cho [08], introduced a general notion of η-Ricci solitons, which have



16

been studied on Hopf-hyper-surfaces in complex spaces by C.C’alin [06]
We also noted that, Blaga [01] obtained some results on Ricci-solitons satisfying the
conditions(ξ , .)s.R = 0 and (ξ , .)R.S = 0 on the same manifold.
This then became the motivation for us to have interest in studying η-Ricci Solitons on
LP-Sasakian manifolds.
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4 η- Ricci Soliton on W3 Semi-Symmetric LP Sasakian
Manifolfds

4.1 introduction

In this chapter, we discuss the η -Ricci soliton defined by use of W3 curvature tensor.

preliminaries

A Sasakian manifold is a k-contact, but the converse is only true if the dimension (n) = 3
However, a contact metric tensor is Sasakian if and only if

R(X ,Y )T = g(Y )X−g(X)Y (4.1)

In a Sasakian manifold (M,φ ,η ,ξ ,λ ,g), we can easily see,

R(T,X)Y = g(X ,Y )T −g(Y )X (4.2)

Generally, in n = (2m−1)-dimensional Sasakian Manifold with the structure (φ ,η ,ξ ,g),
we have

R
′
(X ,Y,Z,U) =g

(
R(X ,Y )Z,U

)
=g
({

g(Y,Z)X−g(X ,Z)Y
})

=g(Y,Z)g(X ,U)−g(X ,Z)g(Y,U) (4.3)

Where R is the Riemannian curvature tensor of rank(r) = n−1

Moreover, the data (g,ξ ,λ ,µ), If it satisfy equation (0.2), then it is called a η-Ricci soliton
on the manifold M[02].
More particularly, if µ = 0, then (g,ξ ,λ ) is a Ricci soliton , from R.S Hamilton[28]. And
therefore,the equation (0.2) it is then said to be is Shrinking, steady or expanding according
to the value of λ [02], i.e; (λ < 0,λ = 0 and λ > 0 respectively).
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4.2 Generalised Lorentzian Para-Sasakian Manifolds

In this chapter, we discuss the η -Ricci soliton defined by use of W3 curvature tensor.

Let M be an n-dimensional smooth manifold, ϕ a tensor field of (1,1)-type, ξ a vector field,
η a one form and g a Lorentzian metric on M,

De�nition 4.2.1. We say that, (ϕ,ξ ,η ,g) is a Lorentzian Para-Sasakian structure of M [12]
if:

i ϕξ = 0, η ◦ϕ = 0

ii η(ξ ) =−1, ϕ2 = 1+η⊗ξ

iii g(ϕ ·,ϕ ·) = g+η⊗η

iv (∇XY ) = g(X ,Y )ξ +2η(X)η(Y )+η(Y )X

for any X,Y ∈ X(M),

From the definition, it follows that η is the g-dual of ξ , that is,
η(X) = g(X ,ξ ), for any X ∈ X(M),
ξ then satisfies

g(ξ ,ξ ) =−1 (4.4)

Here, ϕ is a g-symmetric operator, i.e;
g(ϕX ,Y ) = g(X ,ϕY )
for any X,Y ∈ X(M),
These structures, (from equation i-iv) have their properties given below.

In [03], and [12], di�erent authors have proved that, On a Lorentzian Para-Sasakian
manifold (M,ϕ,ξ ,η ,g),for any for any X,Y,Z ∈ X(M), the following relations holds:

1. ∇X ξ = ϕX

2. η(∇X = 0, ∇ξ ξ = 0
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3. R(X ,Y )ξ =−η(X)Y +η(Y )X

4. η(R(X ,Y )Z) = η(X)g(Y,Z)−η(Y )g(X ,Z), η(R(X ,Y )ξ ) = 0

5. (∇X)Y = (∇Y )X = g(ϕX ,Y ), ∇ξ η = 0

And
Lξ ϕ = 0, Lξ η = 0, Lξ g = 2g(ϕ ·,· )

Where R is the Riemannian Curveture tensor field, and ∇, the Levi Ci-vita associated to g.
The proofs of these properties are given by Adara [01]

4.3 η- Ricci Soliton on W3-Semi Symmetric LP Sasakian Manifolfds

De�nition 4.3.1. U.C De and N.Guha [34], gave the de�nition of Semi symmetric condition
as W3(X ,Y ) ·R(Z,U) = 0

De�nition 4.3.2. On the same line, we can also give the W3-semi symmetric condition as
R(X ,Y ) ·W3(Z,U) = 0

Theorem 4.3.3. If (ϕ ,ξ ,η ,g) is a Lorentzian Para-sasakian structure on the manifold Mn,
and if (g,ξ ,λ ,µ) is a η- Ricci soliton on Mn, and
R(ξ ,X).W3(Y,Z) = 0, then if λ = 1, then µ = n

Proof. The condition that must be satis�ed by W3 is

W3
(
R(ξ ,X)Y,Z

)
+W3

(
Y,R(ξ ,X)Z

)
= 0 (4.5)

Using the de�nition of

R(X ,Y )Z = g(Y,Z)X−g(X ,Z)Y (4.6)

in LP Sasakian,

η-Ricci Soliton equation is given by[01],

R(ξ ,X) =g(X ,Y )ξ −g(ξ ,Y )X

=g(X ,Y )ξ −η(Y )X (4.7)

and

R(ξ ,X)Z = g(X ,Z)ξ −η(Z)X
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Hence,

W3(X ,Y )Z = R(X ,Y )Z +
1

n−1

[
g(Y,Z)φX−Ric(X ,Z)Y

]
(4.8)

Where

φX = (n−1)X

Which then implies that,

S(X ,Y ) =g(φX ,Y )

=(n−1)g(X ,Y ) (4.9)

Now computing each term in equation (4.1) separately after taking twice inner product

with respect to U and T respectively,and using equation (1.1) and (4.5), we obtained

W3

(
R(ξ ,X)Y,Z,U,T

)
=R
(

R(ξ ,X)Y,Z,U,T
)
+

1
n−1

[
g(Z,U)Ric(R

(
ξ ,X)Y,T

)
−Ric

(
R(ξ ,X)Y,U

)
g(Z,T )

]
=g(Z,U)g

(
R(ξ ,X)Y,T

)
−g(Z,T )g

(
R(ξ ,X)Y,U

)
+

1
n−1

[
g(Z,U)Ric(R(ξ ,X)Y,T )−Ric

(
R(ξ ,X)Y,U

)
g(Z,T )

]
=g(Z,U)g

(
g(X ,Y )ξ −η(Y )X ,T

)
−g(Z,T )g

(
g(X ,Y )ξ −η(Y )X ,U

)
+

1
n−1

[
g(Z,U)Ric(R(ξ ,X)Y,T )−Ric

(
R(ξ ,X)Y,U

)
g(Z,T )

]
(4.10)
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Putting Z =U = T = ξ in equation (4.6) above, and using equation (1.1), we obtained,

W3

(
R(ξ ,X)Y,Z,U,T

)
=−

{
g(X ,Y )η(ξ )−η(X)η(Y )

}
−
{

g(X ,Y )η(ξ )−η(X)η(Y )
}
+

1
n−1

[
g(Z,U)Ric(R(ξ ,X)Y,T )−Ric

(
R(ξ ,X)Y,U

)
g(Z,T )

]
=+g(ϕX ,ϕY )−g(ϕX ,ϕY )+

1
n−1

[
g(Z,U)Ric(R(ξ ,X)Y,T )−Ric

(
R(ξ ,X)Y,U

)
g(Z,T )

]
=

1
n−1

[
−Ric

(
R(ξ ,X)Y,ξ

)
+Ric

(
R(ξ ,X)Y,ξ

)]
=0 (4.11)

Similarly,

W3

(
Y,R(ξ ,X)Z,U,T

)
=R
(

Y,R(ξ ,X)Z,U,T
)
+

1
n−1

[
g
(

R(ξ ,X)Z,U
)

Ric(Y,T )−g
(

R(ξ ,X)Z,T
)

Ric(Y,U)

]
=g(Y,T )g

(
R(ξ ,X)Z,U

)
−g(Y,U)g

(
Rξ ,X)Z,T

)
+

1
n−1

[
g
(

R(ξ ,X)Z,U
)

Ric(Y,T )−g
(

R(ξ ,X)Z,T
)

Ric(Y,U)

]
=g(Y,T )g

(
g(X ,Z)ξ −g(ξ ,Z)X ,U

)
−g(Y,U)g

(
g(X ,Z)ξ −g(ξ ,Z)X ,T

)
+

1
n−1

[
g
(

R(ξ ,X)Z,U
)

Ric(Y,T )−g
(

R(ξ ,X)Z,T
)

Ric(Y,U)

]
(4.12)

Now, putting the similar conditions of Z =U = T = ξ in equation (4.8) above, we have,

W3

(
Y,R(ξ ,X)Z,U,T

)
=η(Y )

(
−η(X)+η(Y )

)
−η(Y )

(
−η(X)+η(X)

)
+

1
n−1

[
g
{

η(X)ξ +X ,ξ
}

Ric(Y,ξ )−g
{

η(X)ξ +X ,ξ
}

Ric(Y,ξ )
]

=Ric(Y,ξ )+
1

n−1

[
−η(X)+η(X)−

(
−η(X)+η(X)

)]
(4.13)
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From equation (4.9),

⇒ Ric(Y,ξ )(0) = 0 (4.14)

But we know Ric(Y,ξ ) 6= 0
From LP-Sasakian manifold, we have

Ric(Y,ξ ) = (n−1)η(Y ) (4.15)

But in η-Ricci soliton in LP-Sasakian manifold, we have

Ric(X ,Y ) =S(X ,Y )

=g(ϕY,X)−λg(X ,Y )−µη(X)η(Y ) (4.16)

Putting X = ξ , we have

Ric(ξ ,Y ) =−λη(Y )+µη(Y )

=(µ−λ )η(Y ) (4.17)

Which when compared to the Ric(ξ ,Y ), equation(4.11),

We have

µ−λ = n−1
We observe that if µ = n, then λ = 1
Hence the theorem.

Corollary 4.3.4. If (ϕ,ξ ,η ,g) is a Lorentzian para-Sasakian structure on the Manifold
Mn, then (g,ξ ,λ ,µ) is a η-Ricci Soliton on Mn, and if R(ξ ,X).W3(Y,Z) = 0, then (Mn,g) is
Einstein Manifold.

Theorem 4.3.5. If (µ,ξ ,η ,g) is a Lorentzian para-Sasakian structure on the Manifold Mn,
(g,ξ ,λ ,µ) is a η-Ricci Soliton on Mn, and S(ξ ,X).W3(Y,Z) = 0, Then,
λ −µ = n−1

Proof. The condition that must be satis�ed by S is

S
(

X ,W3(Y,Z)U
)

ξ −S
(

ξ ,W3(Y,X)U
)

X +S(X ,Y )W3(ξ ,Z)U−S(ξ ,Y )W3(X ,Z)U

+S(X ,Z)W3(Y,ξ )U−S(ξ ,Z)W3(Y,X)U +S(X ,U)W3(Y,Z)ξ −S(ξ ,U)W3(Y,Z)X = 0
(4.18)
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For any X,Y,Z,U ∈ X(Mn) Taking the inner product with respect to ξ , the relation (12)

becomes

−S
(

X ,W3(Y,Z)U
)
−S
(

ξ ,W3(Y,Z)U
)

η(X)+S(X ,Y )η
(

W3(ξ ,Z)U
)
−S(ξ ,Y )η

(
W3(X ,Z)U

)
+S(X ,Z)η(W3(Y,ξ )U)−S(ξ ,Z)η(W3(Y,X)U)+S(X ,U)η(W3(Y,Z)ξ )−S(ξ ,U)η(W3(Y,Z)X)= 0.

(4.19)

Next, we replace the expression of S using

S(X ,Y ) =−g(ϕX ,Y )−λg(X ,Y )−µη(X)η(Y )

Which then implies

S(ξ ,ξ ) =0+λ −µ

=λ −µ.

We observe that the relation (13), there are 8 terms. Computing each of these terms

di�erently and subjecting them to equivalent condition gives,

S
(

X ,W3(Y,Z)U
)
=−g

(
ϕX ,W3(Y,Z)U

)
−λg

(
X ,W3(Y,Z)U

)
−µη(X)η

(
W3(Y,Z)U

)
(4.20)

But from the de�nition of W3, Pokhariyal,[18]

W3(Y,Z)U = R(Y,Z)U +
1

n−1

[
g(Z,U)φy−Ric(Y,U)Z

]
.

Now letting Z=U=ξ and substituting Z,U with ξ in the above relation,

we obtain,

W3(Y,ξ )ξ = R(Y,ξ )ξ +
1

n−1

[
η(ξ )φY −Ric(Y,ξ )ξ

]
(4.21)

Which now implies that

g
(

X ,W3(Y,ξ )ξ
)
=g
(

X ,Ric(Y,ξ )ξ
)
+

1
n−1

[
g(ξ ,ξ )Ric(X ,Y )−Ric(Y,ξ )g(X ,ξ )

]
=g(X ,η(ξ )Y −η(Y )ξ +

1
n−1

[
−Ric(X ,Y )−η(X)Ric(y,ξ )

]
=−g(X ,Y )−η(X)η(Y )− 1

n−1

[
Ric(X ,Y )+η(X)Ric(Y,ξ )

]
(4.22)

But,

η

(
W3(Y,ξ )ξ

)
=η(Ric(Y,ξ )ξ +

1
n−1

[
g(ξ ,ξ )Ric(Y,ξ )−Ric(Y,ξ )g(ξ ,ξ )

]
=η(g(ξ ,ξ )Y −η(Y )ξ

=−η(Y )+η(Y )

=0 (4.23)
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And also

Ric(ξ ,ξ ) =g(Y,ξ )−λg(ξ ,ξ )−µη(ξ )Y

=λ −µ

Since g(Y,ξ ) is vanishing. Then we obtain from our equation (4.15)

g
(

ϕX ,W3(Y,ξ )ξ
)
=g
(

ϕX ,Ric(Y,ξ )ξ
)
+

1
n−1

[
−g(ϕX ,Y )−Ric(Y,ξ )g(ϕX ,ξ )

]
=g
(

ϕX ,η(ξ )Y −η(Y )ξ
)
− 1

n−1
(ϕX ,Y )

=−g(ϕX ,Y )− g(ϕX ,Y )
n−1

=−g(ϕX ,Y )
[
1+

1
n−1

]
+g(ϕX ,Y )

[
1+

1
n−1

]
+

λg(X ,Y )+η(X)η(Y )+
1

n−1

[
Ric(X ,Y )+(λ −µ)η(X)

]
(4.24)

computing the second term in the equation (4.13) yield the following results

S
(

ξ ,W3(Y,Z)U
)
=−g

(
ϕξ ,W3(Y,Z)U

)
−λg

(
ξ ,W3(Y,Z)U

)
−µη(ξ )η

(
W3(Y,Z)U

)
=−λη

(
W3(Y,Z)U

)
+µη

(
W3(Y,Z)U

)
(4.25)

Here again, using the de�nition of W3,

and still following with the condition Z=U=ξ ,

we again obtain the results as before, i,e,

η

(
W3(Y,ξ )ξ

)
=η

(
R(Y,ξ )ξ

)
+

1
n−1

[
g(ξ ,ξ )Ric(Y,ξ )−Ric(Y,ξ )g(ξ ,ξ )

]
=0

Observe that this is what we have from relation (4.17).
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We now compute the third term from our equation (4.13).

g
(

ϕX ,W3(Y,ξ )ξ
)
=g
(

ϕX ,R(Y,ξ )ξ
)
+

1
n−1

[
−g(ϕX ,ϕY )−Ric(Y,ξ )η(ϕX)

]
=g
(

ϕX ,η(Y )ξ
)
−η(Y )ξ )− 1

n−1

[
Ric(ϕX ,Y )

]
=−g(ϕX ,Y )−η(Y )g(ϕX ,ξ )−Ric(ϕX ,Y )

=−g(ϕX ,Y )− 1
n−1

[
−g(ϕX ,Y )−λg(ϕX ,Y )−µη(ϕX)η(Y )

]
=−g(ϕX ,Y )+

1
n−1

[
g(ϕ2X ,Y )+λg(ϕX ,Y )

]
=−g(ϕX ,Y )+

1
n−1

[
g(X +η(X)ξ ,Y )+λg(ϕX ,Y )

]
=−g(ϕX ,Y )+

1
n−1

[
g(X ,Y )+η(X)η(Y )+λg(ϕX ,Y )

]
(4.26)

Next, we combine the expressions (4.18), (4.19) and (4.20),

From S(X ,W3(Y,ξ )ξ ),
We get,

S
(

X ,W3(Y,ξ )ξ
)
=

{
g(ϕX ,Y )+

1
n−1

[
g(X ,Y )+η(X)η(Y )+λg(ϕX ,Y )

]}
λ

[
−g(X ,Y )−η(X)η(Y )

]
+

1
n−1

[
−Ric(X ,Y )−Ric(Y,ξ )η(X)

]
−µη(X)

[ 1
n−1

(0)
]

=−g(ϕX ,Y )
[
1+

λ

n−1
]
+g(X ,Y )

[
λ − 1

n−1
]
+
[
λ − 1

n−1
]
η(X)η(Y )+

1
n−1

[
−g(ϕX ,Y )−λg(X ,Y )−µη(X)η(Y )η(X)

]
−
[

g(ϕY,ξ )+λg(Y,ξ )−µη(Y )
]

=−g(ϕX ,Y )
[
1+

λ

n−1
]
+g(X ,Y )

[
λ − 1

n−1
]
+
[
λ − 1

n−1
]
η(X)η(Y )+

1
n−1

[
−g(ϕX ,Y )−λg(X ,Y )−λη(X)η(Y )

]
=−g(ϕX ,Y )

[
1+

λ

n−1
]
+

[[
λ − 1

n−1
]
(g(X ,Y )+η(X)η(Y )

]
(4.27)

Here, observe that some terms in (4.19) cancels those in (4.20).

We again compute the fourth term in equation (4.13).

Applying the same condition as in the other terms, we obtain results as bellow

With Z=U=ξ ,
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η(W3(X ,Z)U)

become,

η(W3(X ,ξ )ξ ) =
2

n−1
(λ +µ)η(X)

Also,

S(ξ ,Y ) =Ric(ξ ,Y )

=−g(ϕξ ,Y )−λg(ξ ,Y )−µη(ξ )η(Y )

=−λη(Y )+µη(Y )

=(µ−λ )η(Y ) (4.28)

This then implies that,

S(ξ ,Y )η(W3(X ,ξ )ξ ) =
2

n−1
(λ +η)(µ−λ )η(X)η(Y ) (4.29)

Computing the �fth term in our equation (4.13), we obtain,

S(ξ ,Y ) =−g(ϕξ ,Y )−λg(ξ ,Y )−µη(ξ )η(Y )

=−λη(Y )+µη(Y )

=(µ−λ )η(X) (4.30)

And so, With U=ξ ,

η(W3(Y,ξ )U) become,

η

(
W3(Y,ξ )ξ

)
=

2
n−1

(λ +µ)η(X)

⇒ S(X ,ξ )η

(
W3(Y,ξ )ξ

)
=

2
n−1

(λ +η)(µ−λ )η(X)η(ξ ) (4.31)

Clearly, (4.22) cancels (4.25) as did (4.19) and (4.20).

We again compute the sixth term. The results obtained are as follows Setting Z=U=ξ ,

S(ξ ,Z)η(W3(Y,X)U) become,

S(ξ ,ξ ) =−g(ϕξ ,ξ )−λg(ξ ,ξ )−µη(ξ )η(ξ )

=λ −µ.

Again,

η

(
W3(Y,X)U

)
= η

(
R(Y,X)U

)
+

1
n−1

[
g(X ,U)Ric(Y,ξ )−Ric(Y,U)η(X)

]
(4.32)
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putting U=ξ , and substituting, we obtain

η

(
W3(Y,X)ξ

)
=η

(
R(Y,X)ξ

)
+

1
n−1

[
η(X)Ric(Y,ξ )−η(X)Ric(Y,ξ

]
=η

(
R(Y,X)ξ

)
=η

(
g(X ,ξ )Y −g(Y,ξ )X

)
=η(η(X)Y −η(Y )X)

=η(X)η(Y )−η(Y )η(X)

=0. (4.33)

⇒ S(ξ ,ξ )η(W3(Y,X)ξ ) = 0

Computing the seventh term, we get,

From S(X ,U)η(W3(Y,Z)ξ )
With U=ξ , we get

S(X ,ξ ) =−g(ϕX ,ξ )−λg(X ,ξ )−µη(X)η(ξ )

=−λη(X)+µη(X)

=(µ−λ )η(X) (4.34)

and also, we see that

η

(
W3(Y,Z)ξ

)
= η

(
R(Y,Z)ξ

)
+

1
n−1

[
g(Z,ξ )Ric(Y,ξ )Ric(Y,ξ )−Ric(Y,ξ )η(Z)

]
(4.35)

Putting Z=ξ in equation (29)

⇒ η

(
W3(Y,ξ )ξ

)
= η

(
R(Y,ξ )ξ

)
+

1
n−1

[
−Ric(Y,ξ )+Ric(Y,ξ )

]
(4.36)

Therefore

η(ξ ) =g(ξ ,ξ )

=−1



28

Hence

⇒ η

(
W3(Y,ξ )ξ

)
=η

(
R(Y,ξ )ξ

)
=η

(
g(ξ ,ξ )Y −g(Y,ξ )ξ

)
=η

(
−Y −η(Y )ξ

)
=−η(Y )−η(Y )η(ξ )

=0 (4.37)

Which therefore leads to the conclusion,

S(X ,ξ )η

(
W3(Y,ξ )ξ

)
= 0

Now, we compute the last term.

we consider,

S(ξ ,U)η(W3(Y,Z)X ,with Z=U=ξ ,

We get,

S(X ,ξ ) =−g(ϕX ,ξ )−λg(X ,ξ )−µη(X)η(ξ )

=(−λ +µ)η(X).

Next,

η

(
W3(Y,Z)X

)
= η

(
R(Y,Z)X

)
+

1
n−1

[
g(Z,X)Ric(Y,ξ )−Ric(Y,Z)g(Z,ξ )

]
Substituting Z=ξ , we have

η
(
W3(Y,ξ )X

)
=η
(
R(Y,ξ )X

)
+

1
n−1

[
η(X)Ric(Y,ξ )+Ric(Y,X)

]
=η(η(X)Y −g(X ,Y )ξ )+

1
n−1

[
η(X)Ric(Y,ξ )+Ric(Y,X)

]
(4.38)

Also,

g
(

X ,W3(Y,ξ
)

ξ ) =g
(

x,R(Y,ξ )ξ
)
+

1
n−1

[
η(ξ )Ric(Y,X)−Ric(Y,ξ )η(X)

]
=g
(

X ,η(ξ )Y −η(Y )ξ
)
+

1
n−1

[
−Ric(Y,X)−Ric(Y,ξ )η(X)

]
=−g(X ,Y )−η(X)η(Y )+

1
n−1

[
−Ric(Y,X)−Ric(Y,ξ )η(X)

]
(4.39)
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⇒ g
(

X ,W3(Y,ξ )ξ
)
=−η(Y )+η(Y )+

1
n−1

[
−Ric(ξ ,Y )Ric(Y,ξ )

]
It follows that,

g
(

ϕX ,W3(Y,ξ )ξ
)
= g(ϕX ,Ric(Y,ξ )ξ )+

1
n−1

[
η(ξ )g(ϕX ,ϕY )−Ric(Y,ξ )g(ϕX ,ξ )

]
(4.40)

putting X=Z=U=ξ ,

S(ξ ,U)η(W3(Y,Z)X) becomes,

S(ξ ,ξ )η(W3(Y,ξ )ξ ).
But

S(ξ ,ξ ) =−g(ϕξ ,ξ )−λg(ξ ,ξ )−µη(ξ )η(ξ )

=λ −µ

Since −g(ϕξ ,ξ ) = 0
And also S(Y,ξ ) = (n−1)η(Y )
But in LP-Sasakian,

λ −µ = n−1. Also, for

η

(
W3(Y,Z)X

)
= η

(
R(Y,Z)X

)
+

1
n−1

[
g(Z,X)g(ϕY,ξ )−Ric(Y,Z0g(Z,ξ )

]
Putting Z=U=X=ξ in the above equation,

We have

η

(
W3(Y,ξ )ξ

)
=η

(
R(Y,ξ )ξ

)
+

1
n−1

[
−Ric(Y,ξ )+Ric(Y,ξ )

]
=η(η(ξ )Y −η(Y )ξ ) = 0 (4.41)

⇒−S(ξ ,ξ ) ·0 = 0 (4.42)

but S(ξ ,ξ ) 6= 0

⇒ S(ξ ,ξ ) =−g(ϕξ ,ξ )−λg(ξ ,ξ )−µη(ξ )η(ξ )

=−λη(ξ )−µ

=λ −µ. (4.43)

Hence we conclude, from LP-Sasakian Manifold, we have

S(Y,ξ ) = (n−1)η(Y )
⇒ λ −µ =−(n−1)
⇒ λ −µ =−n+1
Now by letting λ = 1,

It is easy to see that µ = n
And that ends our proof of the Theorem.



30

Corollary 4.3.6. If (ϕ,ξ ,η ,g) is a Lorentzian para-Sasakian structure on the Manifold Mn,
(g,ξ ,λ ,µ) is a η-Ricci Soliton on Mn, and if S(ξ ,X).W3(y,Z) = 0, then (Mn,g) is Einstein
Manifold.



31

5 A Study of η- Ricci Soliton on W5 Semi-Symmetric
LP Sasakian Manifolds

5.1 introduction

In this chapter, we discuss the η -Ricci soliton defined by use of W5 curvature tensor.

preliminaries

A Sasakian manifold is a k-contact, but the converse is only true if the dimension (n) = 3
However, a contact metric tensor is Sasakian if and only if

R(X ,Y )T = g(Y )X−g(X)Y (5.1)

In a Sasakian manifold (M,φ ,η ,ξ ,λ ,g), we can easily see,

R(T,X)Y = g(X ,Y )T −g(Y )X (5.2)

Generally, in n = (2m−1)-dimensional Sasakian Manifold with the structure (φ ,η ,ξ ,g),
we have

R
′
(X ,Y,Z,U) =g

(
R(X ,Y )Z,U

)
=g
({

g(Y,Z)X−g(X ,Z)Y
})

=g(Y,Z)g(X ,U)−g(X ,Z)g(Y,U) (5.3)

Where R is the Riemannian curvature tensor of rank(r) = n−1

We also observe that the data (g,ξ ,λ ,µ), If it su�iciently satisfy equation (0.2), then it is
said to be a η-Ricci soliton on the manifold M[02].
More particularly, if we let µ = 0, then (g,ξ ,λ ) i.e, a Ricci soliton according to R.S
Hamilton[28]. And thus,the equation (0.2) it is said to be is Shrinking, steady or expanding
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according to the value of λ [02]

Generalised Lorentzian Para-Sasakian Manifolds

Let M be an n-dimensional smooth manifold, ϕ a tensor field of (1,1)-type, ξ a vector field,
η a one form and g a Lorentzian metric on M,

De�nition 5.1.1. We say that, (ϕ,ξ ,η ,g) is a Lorentzian Para-Sasakian structure of M,[12]
if:

i. ϕξ = 0, η ◦ϕ = 0

ii. η(ξ ) =−1, ϕ2 = 1+η⊗ξ

iii. g(ϕ ·,ϕ ·) = g+η⊗η

iv. (∇XY ) = g(X ,Y )ξ +2η(X)η(Y )+η(Y )X

for any X,Y ∈ X(M),

From the definition, it follows that η is the g-dual of ξ , that is,
η(X) = g(X ,ξ ), for any X ∈ X(M),
ξ then satisfies

g(ξ ,ξ ) =−1 (5.4)

Here, ϕ is a g-symmetric operator, i.e;
g(ϕX ,Y ) = g(X ,ϕY )
for any X,Y ∈ X(M),
These structures, (from equation i-iv) have their properties given in the following remark.

Remark 5.1.2. In [03], and [08], di�erent authors have proved that, On a Lorentzian Para-
Sasakian manifold (M,ϕ,ξ ,η ,g),for any for any X,Y,Z ∈X(M), the following relations holds:

(i). ∇X ξ = ϕX

(ii). η(∇X = 0, ∇ξ ξ = 0
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(iii). R(X ,Y )ξ =−η(X)Y +η(Y )X

(iv). η(R(X ,Y )Z) = η(X)g(Y,Z)−η(Y )g(X ,Z), η(R(X ,Y )ξ ) = 0

(v). (∇X)Y = (∇Y )X = g(ϕX ,Y ), ∇ξ η = 0
And

Lξ ϕ = 0, Lξ η = 0, Lξ g = 2g(ϕ ·,· )

Where R is the Riemannian Curveture tensor field, and ∇, the Levi Ci-vita associated to g.
The proofs of these properties are given by Adara[01]

5.2 η- Ricci Soliton on W5-Semi Symmetric LP Sasakian Manifolfds

De�nition 5.2.1. U.C De and N.Guha[34], gave the de�nition of Semi symmetric condition
as R(X ,Y ) ·R(Z,U) = 0

De�nition 5.2.2. On the same line, we can also give the W5-semi symmetric condition as
R(X ,Y ) ·W5(Z,U) = 0

Theorem 5.2.3. If (ϕ ,ξ ,η ,g) is a Lorentzian Para-sasakian structure on the manifold Mn,and
if (g,ξ ,λ ,µ) is a η- Ricci soliton on Mn, and
R(ξ ,X).W5 = 0, then λ = 1, and µ = n

Proof. The condition that must be satis�ed by W5 is

W5(R(ξ ,X)Y,Z)+W5(Y,R(ξ ,X)Z) = 0 (5.5)

For any X,Y,Z,U ∈ X(M).

Pokhariyal and Mishra[19], gave the de�nition of W5 as

W5(X ,Y,Z,U) = R(X ,Y,Z,U)+
1

n−1

[
g(X ,Z)Ric(Y,U)−g(Y,U)Ric(X ,Z)

]
(5.6)
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Now we compute the two terms on the L.H.S of the equation (5.1) as follows:

The �rst term,

W5

(
R(ξ ,X)Y,Z,U,ξ

)
= R

(
R(ξ ,X)Y,Z,U,ξ

)
+

1
n−1

[
g(R(ξ ,X)Y,U)Ric(Z,ξ )−g(R(Z,ξ )Ric(R(ξ ,X)Y,U)

]
. (5.7)

Upon expanding the three terms on the R.H.S of equation (5.3), we obtain,

From the �rst,

R
(

R(ξ ,X)Y,Z,U,ξ

)
=R
(

g(X ,Y )ξ −η(Y )X ,Z,U,ξ

)
=g(X ,Y )R(ξ ,Z,U,ξ )−η(Y )R(X ,Z,U,ξ )

=g(X ,Y )
{

g(ξ ,ξ )g(X ,U)−g(Z,ξ )g(ξ ,U)

}
−

η(Y )
{

g(X ,ξ )g(Z,U)−g(Z,ξ )g(X ,U)

}
.

=−g(X ,Y )g(ϕZ,ϕU)−η(Y )
{

η(X)g(Z,U)−η(Z)g(X ,U)

}
=0 (5.8)

when we put X = Y =U = ξ .

Then the second term,

g
(

R(ξ ,X)Y,U
)

Ric(Z,ξ ) =g
(

g(X ,Y )ξ −g(ξ ,Y )X ,U
)

Ric(Z,ξ )

=g(X ,Y )g(ξ ,U)Ric(Z,ξ )−g(ξ ,Y )g(X ,U)Ric(Z,ξ )

=η(U)g(X ,Y )Ric(Z,ξ )−η(Y )g(X ,U)Ric(Z,ξ )

=Ric(Z,ξ )
{

η(U)g(X ,Y )−η(Y )g(X ,U)
}

=0 (5.9)

For the same conditions X = Y =U = ξ .

And also, the third term vanishes with those same conditions as shown.

g(Z,ξ )Ric
(

R(ξ ,X)Y,U
)
=η(Z)Ric

(
g(X ,Y )ξ −g(ξ ,Y )X ,U

)
=η(Z)g(X ,Y )Ric(ξ ,U)−η(Y )η(Z)Ric(X ,U)

=0 (5.10)
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Computing the second term of the equation (5.1) also led to the following results

W5

(
Y,R(ξ ,X)Z,U,ξ

)
= R

(
Y,R(ξ ,X)Z,U,ξ

)
+

1
n−1

[
g(Y,U)Ric

(
R(ξ ,X)Z,ξ

)
−g
(

R(ξ ,X)Z,ξ
)

Ric(Y,U)

]
(5.11)

Again we observed that, equation (5.7) has three terms.

Next, we expand these terms independently and obtain,

From the �rst term, with the conditions that, U= Z = ξ .

R
(

Y,R(ξ ,X)Z,U,ξ

)
=g(Y,ξ )g

(
R(ξ ,X)Z,U

)
−g
(

R(ξ ,X)Z,ξ
)

g(Y,U)

=η(Y )g(g(X ,Z)ξ −η(Z)X ,U)−g(Y,U)g
(

g(X ,Z)ξ −η(Y )Z,ξ
)

=η(Y )
{

g(X ,Z)η(U)−η(Z)g(X ,U)

}
−g(Y,U)

{
−g(X ,Z)+η(X)η(Z)

}
=η(Y )

{
g(X ,Z)η(U)−η(Z)g(X ,U)

}
+g(Y,U)

{
g(X ,Z)+η(X)η(Z)

}
=0 (5.12)

Expanding the second term,

g(Y,U)Ric(ξ ,X)Z,ξ ) =g(Y,U)Ric(g(X ,Z)ξ −η(Z)X ,ξ )

=g(Y,U)

{
g(X ,Z)Ric(ξ ,ξ )−η(Z)Ric(X ,ξ )

}
=g(Y,U)

{
−(n−1)g(X ,Z)− (n−1)η(X)η(Z)

}
=− (n−1)g(Y,U)

{
g(X ,Z)+η(X)η(Z)

}
=0 (5.13)

when we put U= Z = ξ .

Lastly, we expand the third term and obtain,

−Ric(Y,U)g
(

R(ξ ,X)Z,ξ
)
=−Ric(Y,U)

{
g(g(X ,Z)ξ −η(Z)X ,ξ )

}
=−Ric(Y,U)

{
g(ξ ,ξ )g(X ,Z)−η(Z)η(X)

}
=Ric(Y,U)

{
g(X ,Z)+η(X)η(Z)

}
(5.14)

We clearly see that our expansions with the necessary conditions, leave only equation

(5.10) not vanishing. With simpli�cation and substitution into equation (5.1), and noting
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that,

if we put X =Y = ξ into equation (5.10)

We have,

Ric(ξ ,U)
{

η(Z)−η(Z)
}

⇒ Ric(ξ ,U) 6= 0
But in LP-Sasakian,

Ric(ξ ,U) = (n−1)η(U) (5.15)

We also have from η-Ricci soliton,

S(X ,Y ) =Ric(X ,Y )

=g(ϕX ,Y )−λg(X ,Y )−µη(X)η(Y ) (5.16)

Setting Y =U and X = ξ

Ric(ξ ,U) =−0−λη(U)+µη(U)

=(−λ +µ)η(U) (5.17)

But from equation (5.11)

Ric(ξ ,U) = (n−1)η(U)

⇒ µ−λ = n−1

Again, if µ = n, then λ = 1
Hence the Proof.

Corollary 5.2.4. If (ϕ,ξ ,η ,g) is a Lorentzian para-Sasakian structure on the Manifold
Mn, then (g,ξ ,λ ,µ) is a η-Ricci Soliton on Mn, and if R(ξ ,X).W5(Y,Z) = 0, then (Mn,g) is
Einstein Manifold.

Theorem 5.2.5. If (ϕ ,ξ ,η ,g) is a Lorentzian Para-sasakian structure on the manifold Mn,and
if (g,ξ ,λ ,µ) is a η- Ricci soliton on Mn, and
W5(ξ ,X).R = 0, then λ = 1, and µ = n

Proof. The condition that W5 must satisfy is given by the equation

W5

(
X(R(Y,Z)U

)
ξ−W5

(
ξ ,R(Y,Z)U

)
X+W5(X ,Y )R(ξ ,Z)U−W5(ξ ,Y )R(X ,Z)U+W5(X ,Z)R(Y,ξ )U−

W5(ξ ,Z)R(Y,X)U +W5(X ,U)R(Y,X)ξ −W5(ξ ,U)R(Y,Z)X = 0 (5.18)

Observe that equation (5.14) has eight terms.

On expanding each of the terms independently, and taking inner product with respect to
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ξ , we have, from the �rst term,

W5

(
X ,R(X ,Z)U,ξ ,T

)
=R
(

X ,R(Y,Z)U,ξ ,T
)
+

1
n−1

[
g(X ,ξ )Ric

(
R(Y,Z)U,T

)
−g
(

R(Y,Z)U,T
)

Ric(X ,ξ )

]
=g(X ,T )g

(
R(X ,Z)U,ξ

)
−g
(

R(Y,Z)U,T
)

g(X ,ξ )+

1
n−1

[
g(X ,ξ )Ric

(
R(Y,Z)U,T

)
−g
(

R(Y,Z)U,T
)

Ric(X ,ξ )

]
=g(X ,T )g

(
g(Z,U)X−g(X ,U)Z,T

)
−η(X)g

(
g(Z,U)Y −g(Y,U)Z,T

)
+

1
n−1

[
g(X ,ξ )Ric

(
R(Y,Z)U,T

)
−g
(

R(Y,Z)U,T
)

Ric(X ,ξ )

]
=g(X ,T )

{
g(Z,U)g(Y,T )−g(Y,U)g(Z,T )

}
−

η(X)

[
g(Z,U)g(Y,T )−g(Y,U)g(Z,T )

]
+

1
n−1

[
g(X ,ξ )Ric

(
R(Y,Z)U,T

)
−g
(

R(Y,Z)U,T
)

Ric(X ,ξ )

]
(5.19)

Now substituting Y = ξ

W5

(
X ,R(Y,Z)U,ξ ,ξ

)
=η(X)

{
g(Z,U)η(Y )−η(Z)g(Y,U)

}
−

η(X)

{
g(Z,U)η(Y )−g(Y,U)η(Z)

}
+

1
n−1

[
η(X)Ric(R(Y,Z)U,ξ )−g(R(Y,Z)U,ξ )Ric(X ,ξ )

]
=

n−1
n−1

[
η(X)η(Y,Z)U)−η(X)η(R(Y,Z)U)

]
=0 (5.20)
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Also, computing the second term,

W5

(
ξ (R(Y,Z)U,X ,T

)
=R
(

ξ ,R(Y,Z)U,X ,T
)
+

1
n−1

[
g(ξ ,X)Ric(R(Y,Z)U,T )−g(R(Y,Z)U,T )Ric(ξ ,X)

]
=g(ξ ,T )g(R(Y,Z)U,X)−g(R(Y,Z)U,T )g(ξ ,X)+

1
n−1

[
g(ξ ,X)Ric(R(Y,Z)U,T )−g(R(Y,Z)U,T )Ric(ξ ,X)

]
=η(T )

{
g
(
g(Z,U)Y −g(Y,U)Z,X

)}
−η(X)

{
g
(
g(Z,U)Y −g(Y,U)Z,T

)}
+

1
n−1

[
g(ξ ,X)Ric(R(Y,Z)U,T )−g(R(Y,Z)U,T )Ric(ξ ,X)

]
=η(T )

{
g(Z,U)g(Y,X)−g(Y,U)g(X ,Z)

}
−

η(X)

{
g(Z,U)g(Y,T )−g(Y,U)g(Z,T )

}
+

1
n−1

[
g(ξ ,X)Ric(R(Y,Z)U,T )−g(R(Y,Z)U,T )Ric(ξ ,X)

]
(5.21)

Now, putting X = Y = T = ξ , and substituting into equation (5.17), we see that,

W5

(
ξ ,R(ξ ,Z)U,ξ ,ξ

)
=

{
−
(
−g(Z,U)−η(U)η(Z)

)
+

(
−g(Z,U)−η(U)η(Z)

)}
+

1
n−1

[
− (n−1)g

(
R(ξ ,Z)U,ξ

)
+(n−1)g

(
R(ξ ,Z)U,ξ

)]
=0 (5.22)

⇒W5
(
ξ ,R(ξ ,Z)U,X ,ξ

)
= 0

Computing the third term

W5

(
X ,Y,R(ξ ,Z)U,T

)
=R
(

X ,Y,R(ξ ,Z)U,T
)
+

1
n−1

[
g(X ,T )Ric(R(ξ ,Z)U,Y )−g(R(ξ ,Z)U,Y )Ric(X ,T )

]
=g(X ,T )g

(
Y,R(ξ ,Z)U

)
−g(Y,T )g

(
X ,R(ξ ,Z)U

)
+

1
n−1

[
g(X ,T )Ric(R(ξ ,Z)U,Y )−g(R(ξ ,Z)U,Y )Ric(X ,T )

]
(5.23)
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putting X = Y = T = ξ , and substituting into equation (5.19), we obtain

W5

(
ξ ,ξ ,R(ξ ,Z)U,ξ

)
=

{
−
(

g(ξ ,g(Z,U)ξ −g(U,ξ )Z
)
+

(
g(ξ ,g(Z,U)ξ −g(ξ ,U)Z

)}
+

1
n−1

[
− (n−1)g

(
R(ξ ,Z)U,ξ

)
+(n−1)g

(
R(ξ ,Z)U,ξ

)]
=0 (5.24)

Computing the fourth term

W5

(
ξ ,Y,R(X ,Z)U,T

)
=R
(

ξ ,Y,R(X ,Z)U,T
)
+

1
n−1

[
g
(
ξ ,R(X ,Z)U

)
Ric(Y,T )−g(Y,T )Ric

(
ξ ,R(X ,Z)U

)]
=η(T )g

(
R(X ,Z)U,Y

)
−g(Y,T )g

(
ξ ,R(X ,Z)U

)
+

1
n−1

[
g
(
ξ ,R(X ,Z)U

)
Ric(Y,T )−g(Y,T )Ric

(
ξ ,R(X ,Z)U

)]
=η(T )

[
g
(

g(Z,U)X−g(X ,U)Z,Y
)]
−g(Y,T )

[
g
(

ξ ,g(Z,U)X−g(X ,U)Z
)]

1
n−1

[
g
(
ξ ,R(X ,Z)U

)
Ric(Y,T )−g(Y,T )Ric

(
ξ ,R(X ,Z)U

)]
=η(T )

(
g(Z,U)g(X ,Y )−g(X ,U)g(Z,Y )

)
−

g(Y,T )
(

g(Z,U)η(X)−g(X ,U)η(Z)
)
+

1
n−1

[
g
(
ξ ,R(X ,Z)U

)
Ric(Y,T )−g(Y,T )Ric

(
ξ ,R(X ,Z)U

)]
(5.25)

again, putting X = Y = T = ξ , and substituting into equation (5.21), the computations

yield,

⇒W5

(
ξ ,ξ ,R(ξ ,Z)U,ξ

)
=−

(
−g(Z,U)−η(U)η(Z)

)
+

(
−g(Z,U)−η(U)η(Z)

)
1

n−1

[
g
(
ξ ,R(X ,Z)U

)
Ric(Y,T )−g(Y,T )Ric

(
ξ ,R(X ,Z)U

)]
=0− 1

n−1

[
− (n−1)η

(
R(ξ ,Z)U

)
+(n−1)η

(
R(ξ ,Z)U

)]
=0. (5.26)
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Computation of the �fth term also gave the following results,

W5

(
X ,Y,R(Y,ξ )U,T

)
=R
(

X ,Z,R(Y,ξ )U,T )+

1
n−1

[
g
(

X ,R(Y,ξ )U
)

Ric(Z,T )−g(Z,T )Ric
(

X ,R(Y,ξ )U
)]

=g(X ,T )g
(

Z,R(Y,ξ )U
)
−g(Z,T )g

(
X ,R(Y,ξ )U

)
+

1
n−1

[
g
(

X ,R(Y,ξ )U
)

Ric(Z,T )−g(Z,T )Ric
(

X ,R(Y,ξ )U
)]

=g(X ,T )
{

g
(

Z,g(ξ ,U)Y −g(Y,U)ξ

)}
−

g(X ,T )
{

g
(

X ,g(ξ ,U)Y −g(Y,U)ξ

)}
+

1
n−1

[
g
(

X ,R(Y,ξ )U
)

Ric(Z,T )−g(Z,T )Ric
(

X ,R(Y,ξ )U
)]

=g(X ,T )
(

η(U)g(Z,Y )−η(Z)g(Y,U)

)
−

g(Z,T )
(

η(U)g(X ,Y )−η(X)g(Y,U)

)
+

1
n−1

[
g
(

X ,R(Y,ξ )U
)

Ric(Z,T )−g(Z,T )Ric
(

X ,R(Y,ξ )U
)]

(5.27)

putting X = Y = T = ξ , and substituting into equation (5.23)

W5
(
X ,Z,R(Y,ξ )U,T ) =−

(
η(U)η(Z)−η(Z)η(U)

)
−η(Z)

(
−η(U)+η(U)

)
+

1
n−1

[
g
(

X ,R(Y,ξ )U
)

Ric(Z,T )−g(Z,T )Ric
(

X ,R(Y,ξ )U
)]

=
1

n−1

[
(n−1)η(Z)η

(
R(ξ ,ξ )U

)
+(n−1)η(Z)η

(
R(ξ ,ξ )U

)]
+

1
n−1

[
g
(

X ,R(Y,ξ )U
)

Ric(Z,T )−g(Z,T )Ric
(

X ,R(Y,ξ )U
)]

=2η(Z)η
(

R(ξ ,ξ )U
)

(5.28)

but we know, from the de�nition of Ricci curvature tensor,

R(Y,ξ )U = η(U)Y −g(Y,U)ξ (5.29)
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Now, putting Y = ξ

⇒ R(ξ ,ξ )U =
(
η(U)ξ −η(U)ξ

)
=0 (5.30)

We proceed to the Computation of the sixth term and obtain,

W5

(
ξ ,Y,R(Y,X)U,T

)
=R
(

ξ ,Z,R(Y,X)U,T
)
+

1
n−1

[
g
(

ξ ,R(Y,X)U
)

Ric(Z,T )−g(Z,T )Ric
(

ξ ,R(Y,X)U
)]

=g(ξ ,T )g
(

Z,R(Y,X)U
)
−g(Z,T )g

(
ξ ,R(Y,X)U

)
+

1
n−1

[
g
(

ξ ,R(Y,X)U
)

Ric(Z,T )−g(Z,T )Ric
(

ξ ,R(Y,X)U
)]

=g(ξ ,T )
{

g
(

Z,g(X ,U)Y −g(Y,U)X
)}
−g(ξ ,T )

{
g
(

ξ ,g(X ,U)Y −g(Y,U)X
)}

+

1
n−1

[
g
(

ξ ,R(Y,X)U
)

Ric(Z,T )−g(Z,T )Ric
(

ξ ,R(Y,X)U
)]

=g(ξ ,T )
(

η(U)g(Z,Y )−η(Z)g(Y,U)

)
−g(Z,T )

(
η(U)g(ξ ,Y )−η(ξ )g(Y,U)

)
+

1
n−1

[
g
(

ξ ,R(Y,X)U
)

Ric(Z,T )−g(Z,T )Ric
(

ξ ,R(Y,X)U
)]

(5.31)

putting X = Y = T = ξ , and substituting into equation (5.27)

W5
(
ξ ,Z,R(Y,ξ )U,T ) =−

(
η(U)η(Z)−η(Z)η(U)

)
−η(Z)

(
−η(U)+η(U)

)
+

1
n−1

[
g
(

ξ ,R(Y,ξ )U
)

Ric(Z,T )−g(Z,T )Ric
(

ξ ,R(Y,ξ )U
)]

=
1

n−1

[
(n−1)η(Z)η

(
R(ξ ,ξ )U

)
+(n−1)η(Z)η

(
R(ξ ,ξ )U

)]
+

1
n−1

[
g
(

ξ ,R(Y,ξ )U
)

Ric(Z,T )−g(Z,T )Ric
(

ξ ,R(Y,ξ )U
)]

=2η(Z)η
(

R(ξ ,ξ )U
)

(5.32)

but we know, from the de�nition of Ricci curvature tensor,

R(Y,ξ )U = η(U)Y −g(Y,U)ξ (5.33)



42

Now, putting Y = ξ

⇒ R(ξ ,ξ )U =
(
η(U)ξ −η(U)ξ

)
=0 (5.34)

Hence we can easily conclude that, even

W5
(
ξ ,Z,R(Y,ξ )U,T ) = 0

Computing the seventh term,

W5

(
X ,U,R(Y,Z)ξ ,T

)
=R
(

X ,U,R(Y,Z)ξ ,T
)
+

1
n−1

[
g
(

X ,R(Y,Z)ξ
)

Ric(U,T )−g(U,T )Ric
(

X ,R(Y,Z)ξ
)]

=g(X ,T )g
(
U,R(Y,X)ξ

)
−g(U,T )g

(
X ,R(Y,Z)ξ

)
+

1
n−1

[
g
(

X ,R(Y,Z)ξ
)

Ric(U,T )−g(U,T )Ric
(

X ,R(Y,Z)ξ
)]

=g(X ,T )
(

g
(
U,η(Z)Y −η(Y )Z

))
−g(U,T )

(
g
(
X ,η(Z)Y −η(Y )Z

))
+

1
n−1

[
g
(

X ,R(Y,Z)ξ
)

Ric(U,T )−g(U,T )Ric
(

X ,R(Y,Z)ξ
)]

=g(X ,T )
(

η(Z)g(U,Y )−η(Y )g(U,Z)
)
−g(U,T )

(
η(Z)g(X ,Y )−η(Y )g(X ,Z)

)
+

1
n−1

[
g
(

X ,R(Y,Z)ξ
)

Ric(U,T )−g(U,T )Ric
(

X ,R(Y,Z)ξ
)]

(5.35)

Now put X = Y = T = ξ , in equation (5.31),

W5

(
X ,U,R(Y,Z)ξ ,T

)
=−

(
η(Z)η(U)+g(U,Z)−η(U)

(
−η(Z)+η(Z)

)
+

1
n−1

[
η
(
R(ξ ,Z)ξ

)
(n−1)η(U)−η(U)(n−1)η

(
R(ξ ,Z)ξ

)]
=−g(U,Z)+η(U)η(Z) (5.36)
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Computing the last term of this equation (5.14) we obtain,

W5

(
ξ ,U,R(Y,Z)X ,T

)
=R
(

ξ ,U,R(Y,Z)X ,T
)
+

1
n−1

[
g
(

ξ ,R(Y,Z)X
)

Ric(U,T )−g(U,T )Ric
(

ξ ,R(Y,Z)X
)]

=g(ξ ,T )g
(

U,R(Y,Z)X
)
−g(U,T )g

(
ξ ,R(Y,Z)X

)
+

1
n−1

[
g
(

ξ ,R(Y,Z)X
)

Ric(U,T )−g(U,T )Ric
(

ξ ,R(Y,Z)X
)]

=η(T )
{

g
(

U,g(Z,X)Y −g(Y,X)Z
)}
−

g(U,T )
{

g
(

ξ ,g(Z,X)Y −g(Y,X)Z
)}

+

1
n−1

[
g
(

ξ ,R(Y,Z)X
)

Ric(U,T )−g(U,T )Ric
(

ξ ,R(Y,Z)X
)]

=η(T )
(

g(Z,X)g(U,Y )−g(Y,X)g(U,Z)
)
−

g(U,T )
(

η(Y )g(Z,X)−η(Z)g(Y,X)

)
+

1
n−1

[
g
(

ξ ,R(Y,Z)X
)

Ric(U,T )−g(U,T )Ric
(

ξ ,R(Y,Z)X
)]

=−
(

η(Z)η(U)+g(U,Z)
)
−η(U)

(
−η(Z)+η(Z)

)
+

1
n−1

(5.37)

Now,we see that only the 7th
and the 8th

terms don’t vanish.Summing them up and putting,

X =U = T = ξ ,

− 1
n−1

[
(n−1)η(U)g

(
ξ ,R(Y,Z)X

)
−η(U)Ric

(
ξ ,R(Y,Z)X

)]
= 0 (5.38)

Since η(U) = η(T ) = η(ξ ) = 1
as we already know that, η(ξ ) =−1
Then,

− (n−1)g
(

ξ ,R(Y,Z)X
)
+Ric

(
ξ ,R(Y,Z)X

)
= 0 (5.39)

⇒ Ric
(

ξ ,R(Y,Z)X
)
= (n−1)g

(
ξ ,R(Y,Z)X

)
Or as from the de�nition of Ricci-soliton,

Ric(ξ ,U) = (n−1)g(ξ ,U) (5.40)
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But η-Ricci soliton in LP-Sasakian is given by, (as in equation 5.12)

S(X ,Y ) =Ric(X ,Y )

=−g(ϕX ,Y )−λg(X ,Y )−µη(X)η(Y )

Putting X = ξ

S(ξ ,Y ) =−λη(Y )+µη(Y )

=(λ −µ)η(Y ) (5.41)

Solving (5.40) and(5.41) simultaneously

⇒ λ −µ = n−1

Therefore,

if λ = 1, then, µ = n
Hence the Theorem.

Corollary 5.2.6. If (ϕ,ξ ,η ,g) is a Lorentzian Para-Sasakian structure on the Manifold Mn,
(g,ξ ,λ ,µ) is a η-Ricci Soliton on Mn, and if W5(ξ ,X).R(Y,Z) = 0, then (Mn,g) is Einstein
Manifold.
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6 Discussions, Conclusion and Way-forward

In chapter 4 and chapter 5, we were able to achieve same results when using W3 and W5

on η-Ricci soliton on LP-Sasakian manifolds.
That means, the linear combination of W3 and W5 will yield the same results for a new
tensor, say,

τ(X ,Y )Z =C1W3 +C2W5

where C1 and C2 are arbitrary constants.
Now, we may think of W3 and W5 as the compatible tensors in the sense that we can use
either of them to describe the same phenomenon in LP-Sasakian manifold.
The same results could be li�ed to other manifolds to study η-Ricci soliton in Sasakian man-
ifolds, in Para-contact manifolds, in Para-kemontsu manifolds and in almost-Kenmotsu
manifolds.
The same tensor can be used by physicist to study the pseudo-metrics of the η-Ricci
metrics, i.e, physical aspects of W3 and W5 curvature tensors. Note that for us we dealt
with the geometrical aspects in general theory of relativity.
From the general symmetry of W3 and W5, we can study

W3(ξ ,X) ·W5(Y,Z)U = 0

and
W5(ξ ,X) ·W3(Y,Z)U = 0

Where X,Y,Z,U ∈ X(M).
to achieve the same results for Ricci solitons with the given LP structure.

6.1 Way Forward

Many Authors have actually studied W2 η-Ricci soliton in LP-Sasakian, others in......
So, even our study can also be extended to Sasakian, almost Sasakian, with the exemption
of k-contact manifolds due to the Lie-Derivative vanishing, i.e, becomes zero, [Lξ g = 0].
This destroys the condition for the η-Ricci soliton. ξ being the killing vector.

6.2 Future Research

The aim of this dissertation was to give a detailed study of the η-Ricci solitons for the
given LP-structure on the given LP-Sasakian manifolds satisfying the semi-symmetric
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conditions. We then focused on W3 and W5 models and applied the semi-symmetric
conditions and compared the results obtained. In future, we may wish to extend this
work to W8 and even W9 with higher dimensions and see if those models will yield equally,
geometrically similar results even in those higher dimensions. Say dimensions > 3.
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