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Abstract

Drugs and substance misuse has been recognized to have a significant impact on
the spread of HIV/AIDS epidemic. We formulate a deterministic model to assess
the contribution of drug and substance abuse to the spread of HIV/AIDS disease
among adults in Turkana County, Kenya. The basic reproduction number of the
model is determined and stability of equilibria analyzed. The disease free equilibrium
point is shown to be globally asymptotically stable when its corresponding basic
reproduction number is less than unity. The Lyapunov theorem is used to show that
the endemic equilibrium point is Globally asymptotically stable when its corresponding
reproduction number is greater than unity.
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Introduction

1.0.1 HIV/AIDS

HIV is an abbreviation that stands for Human Immuno-deficiency Virus while AIDS stand
for Acquired Immune Deficiency Syndrome which is the higher level or the phase of
HIV. Human Immunodeficiency Virus attacks the immune system of the human being
and weakens the body to attack by other infections. HIV/AIDS is spread from infected
individual during sexual intercourse, blood transfusion, through sharp objects such as
injectible needles, from mother to child during gestation period and breast suckling that
are principal means of its transmission (Fact HIV/AIDS, 2015). There is no medication to
treat people if the person currently has HIV status. Nevertheless, identification and active
handling of the infected persons in the phase with ARV therapy will prolong time for the
infected people to progress to the phase. HIV/AIDS has continued to be an health issue
and has so far claimed more than 32 million lives up to now but with increasing access to
care, identification, treatment and prevention of opportunistic infections, the effects of the

chronic health condition can be minimized. Towards end of 2018, 37 million people were
living with HIV/AIDS (WHO.,2019).

1.0.2 Substance and Drug abuse

A drug is any substance that alters the body functioning (Galvez, 2006). Drug abuse is
the wrong use of a substance that interferes with both psychological and physical func-
tioning of the body and can disrupt societal order and patterns of behavior (WHO.,2003).
Medications that have influence on human mind can include both legal and illegal drugs
(NACADA., 2012). Commonly abused drugs are, and not limited to Alcohol, Heroin,
Cocaine, 'Marijuana’, Tobacco etc. In Kenya 1.5 million people out of which 18,327
injection material consumers were HIV positive in 2016. Currently, HIV/AIDS prevalence
in injection substance users who inject drugs stands at 18.3 percent.

1.0.3 Relationship between Alcohol, other drugs and HIV/AIDS

HIV stigma can lead to drug abuse and the converse is also true. The health of the drug
user is compromised negatively influenced. This behavior exposes the drug abuser to
offense and infectious diseases including HIV/AIDS (CDC.,2000). Drug and alcohol misuse
can alter people's judgment and they may take risks that might expose them to the disease
which would otherwise not be the case. The risk of HIV/AIDS transmission can also be
related to non-injection drug. A case in point is Cocaine and amphetamine-type stimulants



(ATS) that can easily lead to higher risk of irresponsible sexual behavior which consequently
lead to contraction of the illness. Methamphetamine, for example was linked to increased
irresponsible behavior among the LGBT and heterosexuals. (Manserg., 2005). At the
same time cocaine use may promote multiple sexual partners thus increasing likelihood of
contracting HIV/AIDS (Edlin et al., 1994).

1.0.4 Statement of the problem

HIV/AIDS is a global pandemic and Kenya is ranked one of the high-burden countries.
Kenya together with countries like Mozambique and Uganda are among those with the
joint third-largest epidemic in the World, (AVERT.,2019). According to research by WHO
report through the MOH in 2019 HIV/AIDS infection in the country indicate positive
progress but new infections are still a challenge. Turkana is high incidence cluster-9 of the
47 Counties that contribute 57 percent of all new infections in Kenya(County HIV profile
Report, 2014). Building on the previous deterministic models and focusing on subsequent
infections, this mathematical model aims at understanding the dynamics of heterosexual
transmission of HIV/AIDS in relation to alcohol and substance abuse based on age of
young adults in Turkana county, Kenya. We try to answer the question; “Does alcohol
and drug use bear an effect on HIV/AIDS transmission among young adults in Kenya?"

1.0.5 Research Objectives

General Objective

To develop a mathematical model that describes heterosexual transmission of HIV/AIDS
in presence of drugs among the adults in Turkana county.

Specific Objectives

To formulate a model on transmission of HIV/AIDS among adults drug abusers

To deduce ordinary differential equations from the model.

e To determine DFE and EE points

e To compute the basic reproduction number.

o To investigate the local and global stabilities of DFE and EE points

e To Simulate the model



1.0.6 Justification of the Study

The study of co-infections has become an important aspect of social epidemic given
its alarming rate especially those a rising from opportunistic diseases among HIV/AIDS
infected individuals. Against this backdrop we endeavor to model how substance abuse is
a major contributor to non-adherence to HIV/AIDS therapy. In this research we present a
non-linear model on effect of drugs and substance abuse on HIV/AIDS transmission in
Turkana county. We also focus on abuse of alcohol and other drugs then apply the model
to secondary data of persons seeking treatment services for HIV/AIDS at Lodwar Referral
Hospital in Turkana County. This study will sensitize policy makers in Kenya to focus
on integration of drug therapy into HIV/AIDS prevention, care and treatment strategies
as they develop mechanism where patients exhibiting substance abuse behaviors can be

referred to rehabilitation treatment programs where available to mitigate the adverse
effects HIV/AIDS pandemic.

METHODOLOGY

We develop a compartmental model using epidemiological approach and carry out analysis
of the model by quantitatively fitting secondary data from Turkana County and infer the
model parameters. This basically involves proof of positivity and boundedness of the model
solutions, computing disease-free and endemic equilibrium point and their stability analysis,
basic reproduction number and carry out simulation using MATLAB ode inbuilt solvers.



Literature Review

According to Omondi et al. (2018), Mathematical models are intended to help comprehend
how HIV /AIDS spreads in various groups of people around the world. The model explores
the degree of treatment, testing and transmission among the population in Kenya. The
model accounts for the mix of HIV/AIDS intervention approaches like PrEP HTC and
ART therapy. The research did not not consider entry of people who ha the infection
to the susceptible and also never considered other transmission means routes like in
those who inject drugs. This notwithstanding, their outcomes are relevant in formulating
time-dependent intervention approaches in curbinng HIV/AIDS transmission.

Kok, (2015) formulated a dynamic version of HIV/AIDS therapy continuation of therapy in
Vancouver Canada. He constructed a four sub-population, among them men who have sex
with men (MSM), intraveneous drug users, female sex workers and the general populace.
Their work based on primary activities that focus on treatment adherence and retention
among the four risky groups. Their outcome never linked optimal resource allocation to
ARV therapy adherence. In conclusion they advocated for more resource allocation to
testing in high prevalence settings to obtain good data .

Mathematical model developed by Mardhiyah et al., (2012) was on how HIV/AIDS may
spread among a community of injecting drug users. They used the basic reproduction
number to analyse stability of the model and found out that the probability of HIV/AIDS
transmission among those who inject drugs was such that when the reproduction number
is greater than one, or otherwise, the disorder may not exist.

Comiskey et al.,(2007) developed a simple compartmental model with non-linear ordinary
differential equations to mathematically represent and ascertain the role played treatment
and also the recurrence in the dynamics of alcoholism. The analysis was driven by the
simple fact that when the possibility of being a user of drugs exceeds the sum of quitting
drug use, leading to increase in prevalence. Sensitivity analysis identified that being a drug
user was a good parameter that should be targeted for reproduction number (RO) since
to prevent drug use was better than curing it. They also recommended that, increasing
prevention modalities should be done frequently other than emphasizing on relying on
statistics of those individuals registered on treatment.

Chersich et al., (2007), in a paper on "Heavy Episodic Drinking among Kenyan Female sex
workers in Mombasa"” adduced that, about a third (1/3) of sex workers were HIV/AIDS
infected. The study further revealed temporal linkages between use of alcohol and unsafe



sex. These two links might have been as a result of influence of alcohol on their correct
use, negotiation on whether to use a condom and their incorrect use.

Ma et al., (2015) studied a lively alcohol intake model incorporating awareness and time
delay, in which they desired to understand how this awareness was restraining the alcohol
problems. They assumed the susceptible inhabitants avoided being in contact with each
other because awareness programs execution resulted minimal drinking. The researchers
argued that most of the alcoholism studies were Ordinary Differential Equation-oriented
and did not incorporate the acts of time delay. In comparison to previous research, an
integral novelty of their model was on introduction of delay in describing the time needed
for an individual to become infectious. They discovered that embracing these programs
was the main measure in controlling the alcohol problems by raising the value of time delay
though bifurcation might appear.

Blower et al.,(1991)developed a design based on data to evaluate the effects of gender,
injecting drug users and perinatal transmission. Though this study had thirty-four non-
linear Ordinary Differential Equations, they analyzed and clarified the link between these
modes of transmission and also provided great insights into the HIV /AIDS outbreak in New
York City. The confidence intervals on the forecast estimates of accumulated estimates in
the future of HIV /AIDS cases were broad. However, only a couple of variables are vital
in contributing to the forecasting suggesting that to reduce estimation uncertainties in
the biological-behavioral transmission parameters will probably have a much bearing on
elevating the forecasting of adult HIV/AIDS instances than estimating sub-group sizes.

Mukandavire et al.,(2009) devised a compartmental design on the transmission dynamics
of HIV/AIDS and malaria in a given community and rigorously evaluated it. The model
considered the epidemiological synergy between malaria and sexually transmitted diseases.
The study consisted of twelve non-linear Ordinary Differential Equations and they examined
three components i.e malaria sub-model,HIV/AIDS sub-model and Malaria-HIV/AIDS
sub-model. The results of the full HIV-malaria model revealed that the two infections
co-existed so long as the reproduction number of each exceeded one another irrespective of
their number sizes, as well as the number of new cases of malaria at steady state appears to
always exceed that of HIV/AIDS. They also recommended for more research that considers
the possible repercussions of HIV-Malaria co-infection in spread of HIV/AIDS

Thomas and Lungu., (2010) formulated a gender-based model on understanding these
sexes, with varying heavy use of alcohol tendencies give rise to the HIV/AIDS spread
differently. They used a system of twelve non-linear Ordinary Differential Equations. The
duo concluded that binge drinking was a major force for HIV /AIDS among heavy drinking
infected people.



P. Small et al., (1993) in their analysis on exogenous re-infection and drug resistance
among the HIV infected people, concluded that immunity to anti-TB drugs could result
not just in the virus that gave rise to that the original infection, but also in a new breed
that could arise due to re-infection using a nother breed of M.TB which is resistant to
drugs. Even Though the analysis was completed in the USA, the results are authentic
worldwide (Barberis et al, .2017),



3.1

Model Formulation and Analysis

Model Formulation

We design a model which entails use of drugs in the population in aiding transmission
of HIV/AIDS. We also carry out estimation of parameters and threshold values that will
assist in describing the disease transmission dynamics and prediction of future trends and
will help in suggesting how use of illicit drugs can be reduced to minimize HIV/AIDS
transmission.

The population is divided into seven compartments. These compartments consist of suscep-
tibles (S), infected (I) and individuals under treatments (T). Further we have susceptible
individuals (S), individuals with drugs and substance use habits only (Ip) and individuals
infected with HIV/AIDS only(Igr). Similarly we have dually infected individuals with
HIV/AIDS and also drug users (Igp) in addition we have HIV/AIDS positive individuals
under treatment (T'gr)and Drug users under treatment (Tp). Finally there are dually
infected individuals (both with HIV/AIDS and on drugs)under treatment (Tgp). It's
assumed that AIDS patients are left out because they are not sexually active due to their
health status. Therefore, the expression for the population at anytime (t) is

Nt)=S+Ig+Ip+Iap+Ta+Tp+Tup

The assumption here is that susceptible are recruited at a constant rate A by natural birth.
Those under treatment for drug use (Tp) relapse and become susceptible (at the rate Yaq).
Susceptible acquire HIV/AIDS status following contact with individuals with HIV/AIDS(at
a rate (81).This class may also increase by an assumption that youth under treatment
for dual infection can become infected with HIV/AIDS after interacting effectively with
HIV/AIDS positive youths (at the rate «14). In addition, susceptibles acquire drug use
condition majorly through effective interaction with other drug users. These can as a result
of drinking friends, peer pressure, family members who also use drugs etc (at a rate B2 ).
Although typically there could be asymptomatic period, in this model we do not consider
that and instead we assume that people gain infectiousness upon infection with drug abuse
habits. Further natural death occurs in all human sub-populations (at a rate p). The
force of infection of HIV/AIDS infection is,

_ B1(Ig+mIgp + 72T + 73THD)
B N

AH (1)



where B is the contact rate for HIV/AIDS transmission Further, the parameters 1 > 1,
7o and 3 <1 (i.e w1 > w2 > m3) account for the relative infectiousness of infected
persons in the I'gp class, Ty and Ty p compartments respectively compared to those in
the Ig class. That is, persons in the Igp class are more infectious than those in the
Iy group because of their higher viral load level, similarly, HIV/AIDS infected persons
(T and THp) are less infectious than Iy class because being under therapy significantly
reduces their viral load.

drug users acquire these habits at a rate;

_ B2(Ip+ (1 —m1)Igp+74Tp+ (1 —73)THD)

A
b N

(2)

where B2 determines the “influence” of Igp, Tp and Tgp on S. (1 —m2), (1 —m3)
and 74 are modification parameters forT'pTg pwhich account for the increased likelihood
of IHDyID-

Individuals using illicit drugs get HIV/AIDS at a rate wa. Those in Ip class move to I'gp
on being HIV/AIDS positive at the rate wa (w2>>0). These individuals can as well undergo
treatment for drug use without acquiring HIV /AIDS at the rate 2. Furthermore, individuals
infected with HIV /AIDS can acquire illicit drug use habits at a rate wy. HIV/AIDS infected
individuals can also undergo treatment theraphy without necessarilly being illicit drug users
at the rate &;.

Finally, dually infected individuals can either receive treatment separately for each infection
i.e T for HIV/AIDS or Tp for illicit drug use at the rate v and va respectively or be
treated for both conditions at the rate 7. Moreover exit through death due to the severity
of AIDS has been included hence AIDS class is left out because we assume that they are
not sexually active to be pertinent in the ifnfection process.

Individuals undergoing treatment singly for each infection may as well receive treatment
for the subsequent infection at the rates ax; and g respectively. Further individuals in
the Iy (HIV/AIDS infected) class, active Ip (those infected with drug abuse habits),
I'rp (dinfection-induced deaths at the rates 8,04 and 4 respectively.



3.2

Model equations

‘;f — A+ 724Tp — A ST — ApSIp — puS

ddIf =AaSIg +v14Tap — (B +6n+ &1 +wi)ln

dczIf =ApSIp — (w2+&2+p+dq)Ip

dIdIiD =wilg +w2lp — (v1+v2+ p+6ha)Iup 3)
dd]zq =vilagp+& I — (a1 +p+6n)TH

ddl;f’ =wvolgp +&2Ip — (aa+p+ 084 +v24)Th

dIC;IzD =o1Tyg +a2Tp — (v1d +0na + 1) TuD

And with the initial conditions as;
5(0),1x(0),Ip(0),Irp(0),TH(0),Tp(0),TrHp(0)

=(S)o.(Im)o,(Ip)o,(Iup)o,(Tu)o,(Tp)o,(Tup)o
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A
M
e 5
| A
I Ip
p+Bp W w? l u+8y
v
& I
[TE
Yzd
E,) Vi, vz EJ
Tu To
B o0y a2 +8y
LA Tup

l P8

Figure 1(a). flow of individuals into different compartments
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Description of variables and parameter used in the model

VARIABLE | DESCRIPTION

S Susceptible population

Iy HIV/AIDS Infected individuals

Ip Infected Drug users

Iup Infectives with HIV/AIDS and use Drug

Ty Individuals with HIV/AIDS under treatment
Tp Drug users under treatment

Tup HIV/AIDS and Drug users under treatment

Table 1. Description of model variables
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3.3

PARAMETER | DESCRIPTION

A\ Recruitment rate for individuals by age

B1 HIV/AIDS transmission rate

B2 Drugs transmission rate

g Force of infection for HIV/AIDS

AD Force of infection for drug abuse

w1 Rate at which HIV infected individuals become dually infected
w2 Rate at which drug users become dually infected

2 Per capita treatment rate for HIV/AIDS

Vs Per capita treatment rate for Drug use

aq Rate at which T individuals receive treatment for dual infection
a2 Rate at which Tp individuals receive for dual dual infection

& Rate at which HIV/AIDS infected receive treatment for HIV/AIDS
& Rate at which infected drug users receive treament for Drug use
Y1d Rate at which dually infected on treatment quit

Y2d Relapse rate for drug abusers

u Natural death rate

A4 Drug abuse induced death rate

on HIV/AIDS induced death rate

Onhd Death rate due to dual disease infection

Table 2. Description of model parameters

Model Analysis

3.3.1 Positivity of solutions

Theorem 3.3.1. Given (S(O),IH(O),ID(O),IHD(O),TH(O),TD(O),THD(O)), the

set

{S@),Ip(t),Iu(t), Irp(t), Tu(t), Tp(t), Tun(t)}

of model(3) is positively invariant for all t > 0.
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Proof

The parameters here are non-negative and hence the system of equations in the mosel are
well posed i.e For initial values (S, Ir, Ip, Irrp,Tr,Tp,Typ) in RZL, the solutions
exist, are unigiue and remain in the region for all ¢ > 0.

when there is no infection,the total population is given by N = A — uIN. Here, N(t)
VAN

approaches a carrying capacity — for any non-zero initial population size. we set
)

_ B1iIu+mlIup+ 7T + 73TuD)

A
H N

and
_ B2(Ip+ (1 —m1)Iap +m4Tp+ (1 —73)TuD)

N
such that the equations of model (3) take the form

AD

B1(Ig+miIgp+ 72Ty +73THuD)

S = N~+~v24Tp — N SIg—

B2(Ip+ (1 —m1)Igp+m4Tp+ (1 —73)TuD)

SIp — S
N

Ig= ﬁ1(IH+7T1IHD-]trﬂ'2TH+7T3THD) STy +~v1dTap—

(u+90n+& +wi)lu
. B2(Ip+ (1 —m1)Igp +74Tp+ (1 —73)TuD)
Ip = N SIp

(4)
—(w2+&+pu+d9)Ip

Igp= wilg+w2Ip— (v1+ve+p+6ra)lap
Ty = wvilgp+&Ig— (a1 +p+6,)TH
Tp= volgp+E&aIp— (az+ pu+845+24)Th

Tep = oaTg+ axTp — (v1d+ 0ha + 1) TaD




The feasible region is
= {(S’IHaID’IHD,THaTD’THD)6%3_ : S S N,O S IH S N’O S ID S N’

OSIHDSNaOSTHSNa()STDSNaOSTHDSNaNZO}

where 8?1 denotes its non-negative cone including it's lower dimensional forces. Clearly, '
is positively invariant with respect to model (3) and we denote the boundary of I" by oT"

and its interior by T’

3.3.2 Boundedness

Theorem 3.3.2. The model (1) solutions are uniformly bounded in a set
L={S,In,Ip,Iup,Ta,Ta, Tap} € R} ;(N(0) < N(t) < 1)

dN<dS dlg dID+dIHD+dTH+dTD+dTHD

<= 5
dt — dt T dt T dt dt dTp dt dt (%)
dN
gﬁ/\—#N—(éh-l—(sd-l-éhd) (6)

When there is no infection in the population,there is no death due to the infection and
hence 6h:6d:5hd:0-

therefore, the RHS of (6) reduces to

dN
T A — pIN and solving for N, (7)
= dN = (A—pN)dt (8)
or
dN
=t (9)
N —puN

by separation of variables.

Integrating both sides of (9) we get

[ <

1
= ——In |IAN—uN|<t+C; (11)
m



or
In |IN—pN| < —pt+ Cs, where Ca = —uCy (12)

taking exponential on both sides of (12) we get

e i IA—nN| < el1.e (13)
or
AN—pN < C e M (14)
A—Ce H
>=N< ——— (15)
u
A—Ce ™
Nt)< ———— (16)
o
as t — oo,
AN
N(t) < — (17)
7}

hence the total population is bounded and is in the feasible
N(0) SN <4,
Therefore,

L={(S,Ia,Ip,1ap,Ta,Tp,Tup) € RL|0 < S+ Ig+Ip+Iup+Tu+Tp
N
+Tup 2 OaN S *}
I

and it is clear that L is positively invariant with respect to model (3). We denote the
boundary and the interior of L by &L and L respectively.

3.3.3 Existence and Stability of Equillibria
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3.3.4 Infection-drug free equilibrium Point,Egp

This is the point at which there is no infection or drug use present in the population and
its obtained by taking

Ig=Ip=Igyp=Tyg=Tp=Tgp =20

hence ; Exp = (S°,0,0,0,0,0,0,)

AN
EHD == (;’070307070’0)

3.3.5 Reproduction Number

This is defined as the average number of secondary infections produced when one infected
individual is introduced into a host population where everyone is susceptible.

Ry = p(FV_l) and 1 < j < m for the infected compartments only. pFV =1 is the
spectral radius of a matrix A. F and V are m X m matrices, where m is the number
of infected classes.We use the linearized infected subsystem of model (3) to compute
the reproduction number since it is similar to that of the original system Diekmann and
Heesterbeek.,(2000). We consider the sub-system below

dlg
3 AaSIg +v1dTap — Ailg (18)
dIp
E = ApSIp— AsIp (19)
dl

CZD =wilg +welp — Aszlgp (20)
dTy
o vilup +§11g — AsTH (21)
dTp
2 = volgp +§2Ip — AsTp (22)
dTup

rrae o1 T+ oa2Tp — A¢TaD (23)

where
Ay =p+0p+&1+wr
Az =wa+ &2+ 04+ 1,

Az =v1+vs+0pa+ 1,



Ay =oq1+6p+p,
As = az+ g+ 724+ 1,
Ag =714+ O0ha+ 1

We decompose the RHS of the infected subsystem into two parts F and V

8Fi(wo)

where F=| 5
Lj

]

and

OV, (xo)

Y=
[ 8:13j

]

the matrix of the new infection

S
N(BI(ID +milgp + 72Ty + 7T3THD)

;(52(ID +(1—m)IgD+74Tp+ (1 —73)THD))
F = o
o
o
o

We obtain the Jacobian of JF with respect to
Ig,Ip,Igp, Ty, Tp,Trp and at Disease free equilibrium,
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B1 O p1m1 B2 0 p17s
0 B2 B2(l—m1) 0 PB2(l—my) B2(1—ms)
Fe 0 O 0 0 0 0
0 o 0 0 0 0
0 0 0 0 0
0 0 0 0 0 0
and transfer of infection
i —v1dTup + A1l ]
A2Ip

—wilyg —w2lp+ Aslgp
—vilgp — 611+ AsTy
—volpgp —&2Ip + AsTp

| —a1Tyg —a2Tp+ A¢TapD |

We obtain the Jacobian of V with respect to

Ig,Ip,Igp,TH,Tp,Trp and at Disease free equilibrium,

Ay
0
e
—&1
0
0

0 0 0 0 —74
A 0 0 0 0
—wgy Ags 0 0 0

o -1 As 0 0
—&2 —uo 0 Asg 0

0 0 —a1 —as Ag
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Where

A =p+dop+&1+wr

Ax =vi4+ve+ p+6hd
Az =a1+p+9dp

Ay =v1d+0ha+ 1

As =wi +wa+pn+6dq4
Ag = a2+ p+ 04+ 724

[ Y1 Ys Ys Yy Yo &‘
Y2 Ya Ye Ys Yio Y12

Y13 Yis5 Yi7v Yi9 Y21 Y23
Y14 Yie Y18 Y20 Y22 Y24

Fv—! =

c o o O
©c o o O
c © o O
c © o O
©c © o O
©c o o O

where

y1 _ B1(A3A5(AgAex1 + Agm1 + m300)€1
Y2 A3A5(A1A1A6 — 1714€1)

Y3 _ (B1(2€2(A1A3A4T3(A4(A17T +714(A3(As+T161)))))
Y4 (A2A3A5(A1A4A6 — a1714€1)

ys _ B1(A1(As(Aems +m300)v1 + Ag(AsAgmy + T30012))
Ye A3A5 (A1A4A6 — ald) — ’yld(A50£1V1 — A4a2u2)w1

yr _ P1(A3A5(A1(Aem1 + m301) + 0171d) + m1714(As01 — a2v2)wi)
Ys A3A5(A1A4A6 — a171461)

Yo  a2B1(A1A3A47m3 +714(A3(As+m1€1) + 71 (As+v1)wi))
Y10 A3As5(—A1A4A6 + @171461)

y11 _ AsP1(A1A3A4m — 3 +71a(A3(Ag+ m1&1) + m1(Ag +v1)wi))
Y12 A3A5(A1A4A6 — o1 v14é1)
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Y13 _ B2(A243(—1+m3)ondi + (As(—1+m3)arvs + Ay(AsAg(—1+m1)
Y14 A3As(—A1A4A6 + 01714€1) — 11d(Asaivt + Agazrz)wy

Y15 (B2(A1(A3A4(As5A6 + (A6 — ApTa + a2 — m302)§2)
yie A3As5(A1A4A6 — a171461) — M1d(Asaivr + Agoave)wy

T {(—Ba(A1(As(—1 + w3)arvs + Ag(AsAg(—1+ 1) + (A — 6(—1 + my)

Y18
+(—14m3)a2)v2))}/{A3A5(A1A4A6 — 1v1d€1) — T1d(Asoivr + Agaers)}

Yo 01P2(A143A5(—1+m3) +71a(As(—1+m1) + (=14 my)w2)wy
Y20 A2A3A5(A1A4A6 — a1v1d€1) — M1d(Asaivy + Agazvr)wy

Y21 B2(A1A3A4(—Ae(—1+ 1) — (—1+73)2)
y22  A3As5(A1A4A6 — a171461) — M1d(Asaivy + Agaave)wy

Y23 PB2A4(A1A3A5(—1+4m3) +71a(As(—1+m1) + (=14 m4)v2)w)
Y24 A3As5(A1A4A6 — a171461) — T1d(Asarvy + Agoave)wr

Eigenvalues of FV 1 are

A1 =0
A2=0
A3 =0
A=0

_ —\/A%S% —2A1 Axéowr + A3w? +4A1 Agviwa + Aréy + Agw;
2A1A2A3A5(A1A4A6 — a1714€1) — T1d(Asarvy + Agaavs)ws

e — -l-\/A%E% —2A1 Asxéowr + A3w? +4A1 Agviwa + Aréy + Aswr
¢ 2A1A2A3A5(A1A4A6 — c1v1d461) — T1d(Asarvy + Agoavs)wr

A5

The dominant eigenvalue is Ag which is the basic reproduction number and hence Ryp=

+\/A%5% —2A1 Axbawr + Ajw? +4A1 Agriwa + Aré€1 + Aswn
2A1A2A3A5(A1A4A6 — a1v1461) — T1d(Asarv + Agaavz)wy

3.3.6 Local stability of the Exp

We establish Egrp point i,e when there is no infection, the system has a constant solution,
AN
Egp= (7,0,0,0,0,0,0).

Theorem 3.3.3. The infection-drug free equilibrium , Egrp is locally asymptomatically
stable if Rpp < 0.
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proof

To establish this stability, we compute the Jacobian of the system at Egp. The stability
of Exp is determined by the signs of the eigenvalues of the Jacobian matrix.

w0 0 0 0 g O
0o —-A; 0 0 0 0 Y1d
0 0 —A» 0 0 0 0
JE)=1]0 w1 wa —Az 0 0
0 &1 0 vy, —Ay 0
0 0 & wva 0 —A5 0

(0 0 0 0 a1 ax —Ag

—pn—X 0 0 0 0 Y2d 0
0 A —X 0 0 0 0 Y1d
0 0 A — X 0 0 0 0
J = 0 w1 w2 Az — X 0 0 0
0 &1 0 v Ay — X 0 0
0 0 &2 V2 0 A5 —X 0
0 0 0 0 o s %) Ag— X

The characteristic polynomial of Jg, is
(X —p) (=X = A2)[(X?+ A1 X + A3 X + A1 A3) (=X — A5) (=X — Ag) +714(—(—X — As)

a1 (X &+ Azé +riwr) + oz (X powy + Agvawy)]

Notice that from column (1), (—p — X)) can be factored straight away, and also X2 =
— Ao. The other four remaining eigenvalues are obtained by solving the reduced polynomial
below:

(X2 +A1X + A3 X + A1 A43) (=X — A5) (=X — Ag) +714(— (=X — A5))]
(24)
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and using the Routh-Hurwitz criterion, the other roots are obtained

Lemma 3.3.4. The infection-drug free equilibrium point (Egp) is stable iff all the
elements appearing in column one are all positive otherwise unstable (Routh’s.,1874).

Proof

By constructing the Routh-Hurwitz array for equation (24) and examining the elements of
the column one,being negative, the system is considered unstable.

3.3.7 Global stability analysis of Exp
The Global stability of infection-drug free equilibrium point (Egrp) is investigated using

the Lyapunov function for some positive parameters, p;,
where 1=1,2,3,4,5 and 6.

S
V(SaIH’IDaIHDaTHaTHaTHD) = <S —S?—-S8°n <SO>>

Iy Ip
+p1 (IH —If — Ifn <I°>> + p2 (ID —I7 —IZin (I"))

H D
I T
+p3 <IHD — 1%, — 1% ln ( fD>> + py (TH — T —TYIn (f))
IHD TH
+ PsTp + PsTHp. (25)

satisfying the following conditions

LV (S 18,10, I s Th T Tirp) = 0

2'V(SaIH’IDaIHDvTH’TH3THD) >0

dL

O (5,14 1 Ty T3y Ty, Ty ) = 0
dl

4-£(SaIHaIDaIHDaTHaTHaTHD) <0

3.

Proof
Condition (1)

SO
V(S°. I T By T3 T Tigp) = (82— 50— 5t ()
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o

I 2
+p1 (II‘;, — I —I%In (Ifj)) +p2 (Ig — I3 —Igin (;))
H D

13 TS,
s (Igp — IS4y — IGpin | 22 ) ) +ps (TG — TG — THin | 2
Iip Ty

+PsTS + PsTS, =0

and hence the proof
Condition (2)
the derivative of V with respect to t is,

dV(SO7IJOLI’IODaI?JD?TI(}7T59TI%D) — (1 SO) dsS? +p1 (1 _ I?{) dII(ZI

dt Se /) dt I1¢,) dt
I9)\ dI¢ I? dI¢
o1 BY U () i
I3) dt 1% ) den
Tg\ dTg dTp dT'gp
1-— P, P, .
+P4< Tg,) dt + Ps dt + Fe di

A
since Iy =19, = I¢p, =TF =TH = Tgp)=0 and S°=—, the time derivative of the

Lyapuov function V at infection-drug free equilibrium point reduces to

dV(SOvIIQJaI%9IgID?T1?I7TBaTI0{D) — <1 SO) dSo

dt ~So) dt

_ So ds,

and since 1-—=0, then ——=0
So dt
Hence
dv (S, 18,19, 145,15 TH T p) —0
dt N

Similarly,

dV(S,IH’ID’IHDaTHaTD’THD) _ (1 _ So) ds < Ig{) dIH

di s)a TP\, ) ar
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12\ dIp 1%\ dIgp T9\ dTy
+p2(1--2 ) —F+ps(1-H2 +pa(1-H2) ==
Iup Ty

Ip) dt dt dt
+Ps dZD + Ps dI;I;ID .
replacing for
oo St AP TP P St and P we get

dv (S, Ig.Ip,1 T, Tp, T, S°
( sIHysLD>y I;tD? Hsy~L D> HD):<1_S> (/\+’72dTD_)\HSIH_}\DSID_MS)

o

T
+p1 (1 — IH> (AeSIg+v1dTap — A1lH)
H

o

I
+ p2 (1 — D) (ApSIp — AzIp)
Ip

o

I
+ ps3 (1 — HD) (wilg +w2Ip — A3lgp)
Igp

o

Th
4+ps|1—— | (vilgp+ &1y — AsTH)
Ty

+ Ps (velup +&21p — AsTp)
+ Ps (a1 Ty + a2Tp — AeTuD)

expanding and simplifying yields,

dV(Sa IHaIDaIHD9TH’TD7THD)

i =8°uS —S°AN+SA=8?u+(—S°+ S)Tpv24

+(8° — 8)SIpAD + S°SIgipg — STy
+SPiIgAg + PiTgpyid— a1Pilg — SIg Pilg
_ PTaplma

Iy
— I%SPz)\D + IDSP2)\D — IHDA3P3 + II‘}DA3P3
P3IHw1 I%DIDP?)WZ

+ P3lgwi —Igp———— + IpP3w2 —
Iup Igp

T IHDP4I/1
+ T APy — AyPyTgr + Igrp Pavi — e

Ty
TS PyIé
+ PyIpél — THT47HS1
Ty

— PsAsTp + PsoanTh + Psa2Tp — PsAeTuD

+ PLATY + I3 APy — IpA2Py

+ Psvolgp + Psé21p



25

At infecton-drug free equilibrium point,
If =1I§ = Igy, = T§ =Ty = Tgp) =0

reducing the equation to

dV(S’IH’ID9IHD5TH,TD7THD) .
dt
SOuUS — SOA+S A —82p+ (—8° + 8)Tpyaa+ (S° — S)SIpAD + S°SIuAy — S IyAn
S
+SPiIgAg — AsPyTy + TgpPavi + Pyl géi1+ Psvalgp + Ps&2Ip+1p — Ps AsTp

+Pso1Tgr + PsasTp — PsA¢TaD

N2 (8- ﬁ)TD’de
—2A——+
uS S
+ PiTapvida — A1Pilg —IpAsPo + IpSPeAp — IgA3Ps + P3lgwi + IpPsws — A4 PsyTFE

+ IgpPav1 + Pylgé1 + Psvalgp 4 Psé2lp — Ps AsTp + Psan T + PsooTp — PsAeTuD

N\ A\
+ (; — S)IpAp + ;IHAD + SIgAg+ SPiIgig

Grouping the non-linear terms on the RHS

dv (S, It Ip,Irp, T, T, T N2
( s1Hs4D,y I(:lItDa H>sLD, HD):2/\—S_SH+(P4_1)SIH>\H
u

+ (P2 —1)SIpAp + (Psw1 + Psé1 — A1P1) I
+ (P3wz + Psé2 — A2 P2)Ip

+ (Pav1+ Psva — A3 Ps)Igp+

(Psar — Ay Py) Ty

A
+ (Psax2 + 24 — ;TS’PYZd — P5As5)Tp

A N
+ (P1v1a — PsA¢)Tup + ;IHDAH + ;ID)\D

Equating the non-linear terms to zero we get,

P,=1, P2=1, Py=— — ———a1§1, P4 =

Az Y1d Ay Y1d

€2 wi1&1A446 w1&2 Ag



Since
2

AN
2A——"-85-5u<0
7
thus ,
dV(S’ IH7ID7IHD7TH’TD7THD) <

dt

0

hence the two conditions are satisfied for infection-free equilibrium point to be GAS
all parameters being non-positive, then V <0 for Ryp < 1
therefore,V is a Lyapunov function on L, and the largest compact invariant set in

{(S, Iy, Ip, Iyp, T, Tp,Typ) € L : V = 0} is the singleton {Egrp}. Therefore,
by LaSalle's Invariance Principle(LaSalle.,1976), every solution of model (1), with initial
conditions in L, approaches Egp as t — oo, whenever R, < 0. This completes the
proof.

3.3.8 Endemic Equillibrium Point, E*

This is usually when the infection is present in the human population. It's obtained when
atleast one of the infected components is not equal to zero. For model(1) they are given
by

E* = (8" Iy, I, Iy s Ty, T Ty p)

For E* to exist,

S§*> 0I5 >01I; >0I5,>0TH5>0T)H>0T5,>0

We set the RHS of system of differential equations (1) to zero and obtain

N+v24TH — AagS* Iy — ApS* I — nS* =0 (26)
AaS* Iy +vdTp — A1l =0 (27)
ApS*I;, — Az}, =0 (28)
wily +waly — Al =0 (29)
vilyp+&ily — ATy =0 (30)
volyp+ &I, — AsT =0 (31)
o1 Ty + o2Ty, — AeThp =0 (32)

solving for §*, Iy, Iy, It;p. Ty Th and Ty and using Mathematica software we
obtain

| NAs4;
 Ba2(As +maé2)

*
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A4(A4 N Br&1+ AT2B1€2 — K>)

I3=

261Ky
As(—72a+ K
—A2B1&1 N+ A AsB1E N — Ao 1€ N+ AsaBréi A+ Ks + Ky + 5( ’)}2{(1 5)
i 6
v &1
e TAPBLG N+ AASPIE N +AsTarE] + AsKT + As K
HD 2A1A4B1v1(Ag + m2€1)
T* _A4B1€1 A +7F2,81€IK9
" 2K 10
—v2d4K11
T*#=_ """ "=
P 2K,
az(—y2a+ K
AgBréaA+m2B1E2A+K 13— 2(—"72d 14))
2K5
« —ou( _—
THD = i
where

Kl:\/4NNA15%(—A1A42151 — A1 Aym2B1€1) + (ANA4B1€1 + A2 B161)2

Ky=A1A381 — A1 Agmapnéa,

K3 = A4\/515%(A4 +7281) (—4pA2 AL+ N2A4B1 + N22B1£1)

K4= As \/515%(144 +721)(—4NpA2 AL+ N2A4B1 + A2 B1€1)

i 2 NpAgAs —A2A3 _ A2A27T4
Ks = \/72d 4 (/\ Bz(A5+ﬂ”4£2)) (gg(A;,erigz) ﬁz(A5—|—57'r4§2) ,

—_ _ AzAg _ A2A§7r4
Ke=2 ( £5(As+mala) 52(A5+ﬂ'4£2)>

K7 = \/515% (Ag+m281)(—ANpAZ AL+ N2A481 + AN2A4B1 + A2maB161)

Kg = \/515% (Ag+m2€1)(—ANPpA2 AL+ N2A4B1 + N2 81£7)

Ky = \/4NH5%A1(—A1AZﬂ1 — A1 AymaBi€s + (NALB1EL + AT B1€3)?
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K10 = A1A%B1 + A1 AgmafBréa,

_ NupAqzAsg Az A2 N A2A27y
Ku = (A /32(A5—|-7r4€2)> (&%(A5+7f4€2) 52(A5—|-57f4£2)

_(__ A2AZ _ AxAlmy
K12_< £5(As+mala)  E2(As+mala)

K13 = \JANpA1E3(— A1 Afr — A1 AgmaBrér) + (AALB1€L + AT2P1€3)2

Ki4=2 (AlAZﬁl + A1A471‘2ﬂ151),

_ N/,LAzA% —A2A _ A2A§7T4
K15 T 4 (Aﬂz(A5+7r4§2 )> <§%(A5—|—7r4£2) fz (A5+7T4£2)

—AzAg A2A§7T4 )

Kin — _
10 <§§(A5+7F4£2) €2(As + m482)

it is observed that the model has one endemic state and therefore a forward bifurcation
exists.

3.3.9 Global stability of drug endemic equilibrium

Theorem 3.3.5. If R, >1, then the infection-drug endemic equilibrium is globally
asymptotically stable.
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Proof

By considering a Lyapunov logarithmic function defined by;

S
L(S* T Ip, Iy ps Ty Tps Ty p) = (S — S Sn <S*>>
1
+ (IH—I;;, — Igln H))
Iy
1
+ <ID — I —TIhln <D>>
Ip
x * Iup
+\Iap —Igp —Igpln| - —
Ihp
T
+ <TH—TI’;—TI>;ln< H))
Th
« gy (ID
Tp
T
i (32)
Thap

computing the derivative of L along the solutions of the system of equations directly;

dL S\ dS* I\ dIf Ip\ dIy
(1= (1= -H H 4 (1_ =D D
dt S* ) dt I ) dt I;,) dt

N (1 B IHD> liip (1 TH> dTy,

Iyp) dt CTy) dt

Tp) dT Tup) dT},
+(1— 4D D (1_ HD HD

T} dt TYp) dt

substituting for

dS* dIy dI% dIYy, dTy dTy y dTp
an
dt’ dt’ dt’ dt ° dt’ dt dt
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1—— (/\—|—’)/2dTD—)\HS IH—)\DS ID—/JJS )

_|_

5

H X ek * *
1— *> (A S™ Iy +mdTgp — Ailg)

H

Ip

1-—

+

T ) (ApS*I}, — AqIy,)

D
Igp

1-—

_|_

> (wlI}'}—l—sz* A3I;ID)
IHD

(
(
(
(1= 1) aTiup + 05 - AsTy)
(
(

+
)—l

TH

Tp
1—
T

_|_

) (vaThy -+ E2T5, — ASTS)
D

Tup

—|— 1— ) (alTi—:[ —|— OLQTE — AGTITID)

THD

Expanding and simplifying,

dL . . S .S

—I—)\DIBS—I—[J,S—I—)\HS*IE —I—’yldTHD — AlI — )\HS Iy

Iy
—’71dTHD —I—AlIH—I—)\DS*I* —AzI* —)\DS ID AzID

Iy
Igp Igp
+w1IH—|—szD—A3IHD wlIH WZIBT‘FASIHD
HD Itp
« « TH « TH
+uilgp+&ily — ATy —vilyp— — 6l —
Ty Ty
Tp
+ &I — AsTh —alfyp ) — €21 " + AsTp + o T
TD Ty
. . « THD « THD
aTp — AeTyp) —onTy—— — axTy D s HD

HD HD

dL __
let 4L = M — N

where M are the positive values and N the negative values then, grouping negative and
positive terms gives,
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M = AN+~2dT* +Aa IS+ ApIn S+ S + @i AuaS* It + a1 v1dThp + a1 A I
+ @2ApS*I}, 4+ q3wilf; 4+ qswal]y + qsAsIup + qav I p + &1
+ @1 AsTH + qsva I+ qsé2 I, + g5 AsTp + geo1 Tyy + geo2 T + g6 Ae Ty p

N = —AgS*I;; — A\pS*Iy, — S—i/\— T*S— AT —qi g S*I
= H H D DM g+ Y2dLp q1 A1l — q1AH H

S*
H Iyp
- %dT;IDE — q2A2I, — q2ApS*Ip — q2A2Ip — q3 A3l — qzwilyy o
Igp H Ty Tp
- Q3w21,§IT — ATy — Q4V11§DF —qiéai Iy T a5 AsTp, — Q5V21}}DTf*
HD H H D
Tp Tup Tup
—gsé217, Te — a6 AeTyp) — q6041T}'}TT — g1, T
D HD HD

dL
if M<N, then — < 0.
dt

dL
- = O, if and onIy if §= S*,IH = I;I,ID = I}_k)aIHD = I;}DaTH = T;I,TD =

TB and THD = TI*{D‘

dL
The largest compact invariant set in {S, Irg, Ip,Igp,Ta,Tp,Tup E: o= 0}
is a singleton E*, where E* is endemic equilibrium point. Therefore, the endemic
equilibrium point is globally a symptomatically stable in the invariant L if M<N by
Lasalle.,(1976).

3.3.10 Sensitivity analysis

This is examining the effect of control parameters on the basic reproduction number. We
investigate using the Normalized forward sensitivity variable which is differentiable and
depends on the control parameters. The sensitivity index of a control parameter on basic
reproduction number is given by

OR, X @ (33)
8¢ R,

where

P (N, w1,w2,V2,V2,001,02,€1,82,V1ds Y2d> s Ohs 02d5 Ond, 81, B2)
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from analytical analysis, its evident that A, 81, B2, V2, Onds Y1ds Y2ds @1, 2 have no effect
on the basic reproduction number. The sensitivity indices for wy,wa,v1,&1,€2, 1y Op,04)
will be determined by numerical analysis.
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Numerical simulations

4.0.1 Parameter Estimation

Table 4.1, shows some parameter values from the literature and others assumed for the
purpose of illustration.

In 2015, Turkana county population was estimated at 1045579, comprising of 542,658
males (52 percent) and 502,921 females (48 percent)[KNBS, 2015]. Children below 15
years constituted 43 percent of the population, while youth aged 15-24 years constituted
24 percent of the population (2015 KNBS Population Projections).

We used the Kenyan demographic data to compute the death rates, HIV parameter values
were obtained from the National AIDS Control Council (NACC) report of 2015, and the
Kenya National Bureau of Statistics (KNBS) report of 2014 The initial values for some state
variables were obtained from the Kenyan demographic data, Kenya-HIV-County-profiles
2016, NACADA 2017 and the NACC 2015 report although lack of documented data
on drug and substance a buse in Turkana contributed to assumed values of some state
variables and parameters on drugs

Female life expectancy in Kenya is 65.8 years and 61.1 years for male [WHO, 2015].

Therefore natural mortality rates, /,Lf:% = 0.01519757 and ,umzﬁl—l_l = 0.01636661
respectively. We then calculate the natural mortality rate as the average of the two giving
approximately ;=0.0158 per year.

We used the following variables;

S = 50,000(assumed), Iy = 20396
Ip = 30,000(estimated), Irnp = 10,000(estimated)
TH = 4684 Tp = 500(assumed)

T p = 5200(assumed).
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PARAMETER | VALUE | SOURCE

N 0.0397 | World Bank 2017
B1 0.04 Kenya HIV estimates(2015)
B2 0.06 NACADA(2017)
AH 0.0039 | Computed

AD 0.0116 | Computed

w1 0.1700 | Computed

w2 0.8333 | Computed

2 0.0390 | Computed

Vs 0.0042 | Computed

%1 0.9008 Estimated

s %) 0.0962 Estimated

&1 0.2297 Computed

& 0.0050 | Assumed

Y1d 0.0199 | Estimated

Yad 0.0005 Literature

u 0.0200 WHO 2015

04 0.015 Estimated

on 0.0308 Computed

Onhd 0.0229 | Estimated

4.0.2 Numerical results

Susceptible

The figure below shows what happens in the susceptible population in the system with time.
Since this happenings take a lot of time to be realised, the period of the simulation is taken
as five years. The susceptible population decreases steadily with time and this explains why
the graph in fig.2 increases as time goes on since increase in infected individuals decreases

the susceptible.

Table 3. parameter values
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100

80T

Populations
(2]
o
T

40t

0 i i i i i
0 1 2 3 4 5

Time t (in years)

Figure 1. Population of susceptible

HIV infected individuals
The rate at which susceptible individuals in fig.2 are getting infected with HIV increases
steadily hence decreasing the susceptible population.

x 10°

Populations

0 i i i i i
0 1 2 3 4 5

Time t (in years)

Figure 2. HIV infected individuals
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Infected drug users

The population of drug users in fig.3 increases for a short while and gradually decreases.
This can be viewed in the context that, the the rate at which individuals interact with
those who use substances i.e susceptible drug users is lower compared to the rate of HIV
infection.

x10*
351

Populations

Time t (in years)

Figure 3. Infected drug users, Igy

Dually infected individuals

Populations
(6]

0.5F

0 1 1
0 1 2 3 4 5

Time t (in years)

Figure 4. Dually infected individuals, I p
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Number of dually infected individuals in fig.4 above increases as the number of those
infected singly with HIV and drug abuse habits increases too.

HIV infectives under treatment

x 10*
147

121

10

Populations

0 i i i i j
0 1 2 3 4 5

Time t (in years)

Figure 5. HIV infectives under treatment, I'yp

Demand for HIV therapy treatment increases with increase in HIV infection in fig.2. This
steady increase may be as a result of awareness information on importance of Antiretroviral

therapy in suppressing the viral load leading to prolonged lifespan of HIV positive individuals.

Infected drug users on treatment

Figure(6) shows the rate at which drug abusers are seeking rehabilitation services or
gradually getting informed on drug use dangers is increasing. Fig.3 explains this happenings
since at a point in time, the number of those who use drugs reduces gradually. Decrease
in the number of drug users corresponds to an increase in the number of people seeking
drug abuse rehabilitation services or just avoiding the use of drugs.
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Figure 6. Infected drug users on treatment,Tp
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Dually infected individuals under treatment

The population seeking treatment for both HIV infection and drug abuse habits is increasing
as the number of those dually infected also increases in fig.4. This could be attributed
to the fact that, managing drug abuse habits helps in avoiding drug abuse consequences
related to sexual health including decision making on use of condoms, having multiple sexual
partners etc that can lead to getting sexually transmitted diseases including HIV /AID.

x10°
3,

Populations

Time t (in years)

Figure 7. Dually infected individuals under treatment, T p
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Figure 8. Iy (red) and Ip(black) Populations

From figure (8) above, as the number of HIV infectives increases, the population with
drug abuse habits decreases showing that drug and substance abuse will have little impact
on the spread of HIV/AIDS in Turkana County in the next five years.
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Discussion and Conclusion

We designed a mathematical model on the transmission dynamics of HIV/AIDS in the
context of drug and substance abuse is and investigated its mathematical properties
for assessing the impact of drug abuse on the transmission of HIV/AIDS in Turkana
County. The disease-free equilibrium is shown to be globally asymptotically stable when the
corresponding reproduction number is less than unity. Furthermore, a sensitivity analysis
of the reproduction number to the level of drug and substance abuse is carried and it
showed that drug misuse has the potential to increase disease transmission through the
basic reproduction number.
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Appendix

Expressions for the parameters in table 4.1 are,

Ag = B1 (IH+7TlIHD‘]t;T2TH+7T3THD)

Ar — B2(Ip+(A—m1)Ipgp+7aTp+(1—73)THD)
D — N

— Iu — Ip_ — Iup — Iap
w1 =T1,p0° wz_II:-I{D’ vy = %H s UV —TTD ’
_ Ty _ Tp _ Ty Ty
M= Typ @2 T Ty 81T 4 827 I

Tup Tp

Y1id = Tg+TH’ Y2d = S °

(34)
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