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Abstract

The objective of this project is to study discrete probability distributions and their
recursive patterns.

In Chapter I, we state the importance of expressing probability distributions in terms of
recursive relations. This is because in some certain probability distributions it is often
easier to deal with the recursive relations rather than the distributions themselves in
obtaining the moments.

In Chapter II, we reviewed the various methods for determining discrete probability
distributions. Some of these methods include both the binomial and exponential
expansions, the Jacobian transformation (Change of Variable technique) .We also applied
the expectation and convolution approaches to sums of iid random variables to obtain the
resulting compound distributions.

In Chapter Ill, we have derived the recursive ratios and recursive relations for the various
probability distributions that have been identified in Chapter Il. Using the recursive
relations, we have obtained the means and variances, based on the pgf technique (where
possible) and Feller’s method.

In Chapter 1V, we reviewed a number of patterns of recursive relations; the main ones
being the Panjer (1981) and Willmot (1988) patterns .With these patterns, we have been
able to identify the corresponding probability distributions.

In Chapter V, we have reviewed some maximum likelihood estimation procedures. We
have applied Sprott’s procedure for deriving maximum likelihood equations.

Chapter VI contains the conclusions of this project and recommendations for further
research.
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Chapter 1
GENERAL INTRODUCTION

1.1 Problem Statement

One major study in statistics is Probability Distributions which can be dis-
crete,continuous or mixed in nature.

In developng these distributions,some are not easily expressible can be
expressed in easily expressible forms but their Probability Generating Func-

tions and Recurrence Relations are.
Parameters of Probability Distributions and Recurrence Relations need

to be estimated if not known.
Thus a number of issues arise in studying probability distributions.

1.2 Objectives

The main objectives of this project are:
» To review discrete probability mass functions

* To obtain recursive relations for these probability mass functions

To study patterns of recursive relations

* To estimate parameters by Maximum Likelihood

Specific objectives are:

* To review Standard Discrete Distributions,Distributions based on Con-
volutions and Compound Distributions.
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» To obtain the ratio where p* = Prob(X = k) hence to derive E(X)

and Var(X) using pgf technique anci Feller’s method on the recursive
relations obtained.

» To review patterns of recursive relations that have been developed;and
identify probability mass functions corresponding to each pattern.

* To estimate the parameters of a convolution by Maximum Likelihood;
to estimate the parameters of Compound distributions;
to determine discrete distribution estimators from the recurrence equa-
tions for probabilities.

1.3 Application
The theories developed here can be applied in :
» Acturial Science for Insurance claims.
» Group-screening Designs for Identification and Estimation problems.

» Demography when studying waiting time birth-interval distributions in
Human Reproductive Processes.

1.4 Literature Review

Let
X —N+\4... 4Y)y

denote the aggregate (total) claims amount where X = 0 if N = 0.
It is assumed that the severities VTV/™- ee axe mutually independent and dis-
tributed on the non-negative integers with common probability function

Sy = Prob(Yi =y) ;y=0,1,2,...

It is further assumed that N is stochastically independent of VTVA,... with
probability function

pn= Prob(N=n) ;n=20,1,2,...



9 = Prob(X = x)
then,Feller (1968,Vol [,p286-287) has shown that

00

9 = A~ Phm" (1.1)
n=0

where f*n denotes the n-th convolution of f.
Using the pgf technique,
G(s) = P[F(s)] 1.2

where F(s),P(s) and G(s) are pgfs of F,,N and X respectively.

Formula (1.1) may be difficult to use because of the high order of convo-
lution. The computational complication of the convolutions prompted people
to look for other alternative methods.

Panjer(1981) derived his famous recursive formula for the case where'
counting probabilities pn satisfy the recursive relation

pn = (a+-r?pn_i n=1,2,... (1.3)

Under these assumptions,

<AX) = ]T (a + ~)Pig{x - i)

i=i X
Hess et al (2002) extended (1.3) to
Pn+i = (a+n—_|~:)an for n>Kk (1.4)
where
pn—0 for n<k —1 (15)

which is called Panjer distribution of order k;with parameters a,b 6 4?and k

€N
Sundt and Jewel(1981) have shown a distribution that satisfies (1.3)(i.e.

Panjer class of order 0) is



(i) Binomial ifa< 0
(i) Poisson ifa= 0
(iii) Negative Binomial ifa > 0

Willmotf 1988)and Hess et al(2(KJ2) have identified all distributions of the
Panjer class of order k with arbitrary k

Recursions for a different extension of the class (1.3) can be found in
Schroter(1990) and Sundt(1992).

Schroter(1990) extended Panjers original recursion to

: b. c
Pn = {a+ F_)pn-i +ﬁPn-2 n=1,2,... (1.6)
with p-1 =0
which is further generalized by Sundt(1992)
* b
P, = .. 0 Y(aj+ n=12,...(17
J=i

with pn = 0 for n <0 In the same paper,Sundt(1992) extended (1.7) to

Pn = yg‘iaj +:—)pn_i n=a+la +2,... (1.8)
31

However,the model fitting the class (1.8) in practical applications and the
computational aspects are not discussed in Sundt(1992).Thus Panjer and
Wang (1995) addressed these concerns.They stated that,
() since it is desirable to try and fit a claim frequency model with relatively
fair (2 or 3)parameters,the recursive relation (1.8) is useful only where k and
y are small.
(1i) a probability function can satisfy many different recursions.

In applications,among various recursive schemes,it would be good to know
which one is preferable based on the following criteria
-stability
-simplicity
-computing effort.

There are many well known counting distributionswhich can fit into (1.8)
with k <2and u > 1.

The Delaporte distribution (Ruohonen,1988;Willmot and Sundt, 1989)which
is in the class of Schroter(1990) satisfies (1.8) with k = 2 and u = O.The
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Polya-Aepli distribution (Johnson et al 1992,p329-330),which is not in tin*
classes of Panjer(1981) or Schroter(1990).satisfies (1.8) with k= 2 and u; = 0.

Other interesting examples for the general class of (1.8) can be found
among the mixed Poisson distributions in Willmot(1993).

The Poisson-Pareto probability function satisfies (1.8) with k - 2 and
j = 2.

The Poisson-Truncated normal satisfies (1.8) with k =2 and 4y = 0.

Sundt(1992,p70-71) presents a nice argument on convolution of the mem-
bers of the class of (1.7).He proves that the convolution of rdistributions can
be evaluated recursively as

p* = (1-9)
J=
under certain conditions.

Panjer and Willmot(1982) went on to consider the class of counting dis-
tributions which satify a recursion

_ B=0 .
Ph = = —Pn-I 1,2,... 1.10
= e (110

for some k and derived recursions for the compound distribution when k = 1
and k = 2.These recursions were further developed by Willmot and Pan-
jer(1987).

In the case of arbitrary Kk,it is not possible to give a complete characteri-
zation of the class (1.10).

Ord(1967) characterizes those distributions which satisfy a difference equa-
tion analogous to Pearson’s differential equation,and also derives a recursive
relation for the factorial moments.Also Guldberg(1931) considered recursive
calculation of moments for certain members of the class (1.10).

Hesselager(1994) considers the class (1.10) and derives the following new
recursive formula:

k k
Pn22 Mt Pn17™  at7lt
t=o t=0
k
pn-i 22ct(n - 1)
t=0



Thus

k k
p,~6,n" = p,-,"c*(n-1) (MDD
<0 t=0
where
k
c>=Y,($ai (112)
H

Using (1.10),(1.11) and (1.12) Hesselager(1994) finds the parameters at,bt
and ct,t = 1,2,...,A for Waring (Beta-Geometric) distribution;the Polya-
EggenbergerfNegative Hypergeometric) distribution;the hypergeometric dis-
tribution and the generalized Waring(Beta-Negative-Binomial) distribution.

Wang and Sobrero(1994) extended the recursive algorithm of Hesselager(1994)
to a more general class of counting distributions,which includes Sundt’s(1992)
class as well as all the mixed Poisson distributions discussed by Willmot(1993).

The claim frequency N has a probability function satisfying

k a k
(™~ 6,n>n = (1.13)
»=0 j=1 i=0

forn = c,c+ 1,... where c is a positive integer and pn= 0 for n <0.
Putting k = s = ¢ = 2 in (1.13),Wang(1994) identified the matrix A

bo 6, b2
A= o an «i2
axd) @1 «22

for

(i) the Sichel distribution which is obtained by mixing the Poisson mean
over the Generalized Inverse Gaussian;

(ii) the Poisson-Beta distribution which is obtained by mixing the Poisson
mean over the Beta distribution;

(iii) the Poisson Generalized Pareto which is obtained by mixing the Poisson
mean over the Generalized Pareto;



(iv) the Poisson Inverse Gamma which is obtained by mixing the Poisson
mean over the Inverse Gamma.

It is noted that Sundt’s(1992) class is a particular cast? of (1.13) when

1.5 Methodology

The methods used in this project are the pgf technique and Feller’s method

to obtain the moments (means and variances) of the distributions using the
recursive relations.

For pgf techique we define

G(s) = "2pkSk=jTpk-isk 1

k=0 k=1
G'(s)= — =£>* /- =~{k -1
k=I k=2
2y @ (04]
G"M = N = E (* - W* - 2)»_,**_*
=2 13
£E(*) =G(I)

Kar(X) = G"(I) + G '(1)-[C'(1)]2

For Filler’s method

Ml =E(X) =Y kpk
k=1

0
M2= £(X2) = ~ fc 2k
o

Far(X) = A2- M?

10



Chapter 2

METHODS FOR
DETERMINING DISCRETE
PROBABILITY
DISTRIBUTIONS

2.1 Introduction

Let X be a random variable taking the values 0,1,2,3,....
If pk = pi'ob(X = k) implying that 0 < Pk < 1
and YIkPk = 1 ~hen pk is a probability mass function(pinf).

For a continuous random variable, a function f(x) is a probabilty density
function (pdf) if
f(x) >0and j f(x)dx = 1.

The aim of this chapter is to construct probability mass functions and
probabilty density functions based on various methods.In particular,we shall
deal with distributions based on exponential and binomial expansions,change
of variable technique,sums of a fixed number of independent random vari-
ables and conditional probabilities given sums of two independent random
variables.

We shall also construct compound distributions based on varying param-
eters of known probability distributions.Soine of the parameters that become
random variables will be of continuous form,namely,exponential,gamma and
beta density functions.



Other compound distributions are based on the sum of a random num-
ber of independent random variables. It will be noticed that some compound
distributions are easily expressed in terms of pgfs.However,their explicit prob-
abilities are not easily obtained.

2.2 Distributions based on Exponential Ex-

pansion.
A_ . ,A R A
r A2 (2.1
oo \k
= Z1
ko K
Therefore
P-k\k
R Qo I=Y e
k=0
Thus
Pk = kb for k=0,1,2,... (2.2
which is the Poisson probability distribution with parameter A
From equation (2.1)
A, A R Xk
n 2 k\
m A
N\
k=1 '
Therefore
\k
T (eA- Dfel
Thus
A
Pk = (ex-1)-'~ sfc= 1,2,3,... (2.3)



which is called a zero-truncated Poisson distribution.
Equation (2.1) can also be expressed as

Therefore

Therefore

e

R

and pk =0 for k <j —1
which is called the Extended Poisson distribution.

e-E\\k »\ = /\J + { eee (24)

2.3 Distributions based on Binomial Expan-
sions.

Consider (a + b)n.
When n is a positive integer,then

(@ +b)n

k=0

Putting b=pand a= 1—p then

=QfcV-*



Therefore

Pk = (%)P*(1-/>)"™* for *= (,1,2,...,n (2.6)

which is a Binomial distribution with parameters n and p,denoted by b(n,p)
When n=l, and b= pand a= 1- p then

Pk = pk(1- p)I~k for k=0,1 2.7

which is a Bernoulli distribution with parameter p.
When n is a negative integer,let n = -r where ris a positive integer.Then

(@a+p—*
k=0
Putting a= land b= —s,we have
(I-s)'r = E (-)*"(~K 29
k=0
(00]
= ectyv
k=0
Putting s = 7,we have
(00}
(i-«r = E CTV (2.9)
*=0
Therefore
1 = E(T)9 “(I-?2)r (2.10)
k=0
= E (rT 9?2V ;p=(i-?
fG:0( ) p=(i-?)
Thus
At = (r+dr)<IV Jor ~=0,12,... (2.11)

14



which is a Negative Binomial Distribution where the random variable? X = k
is the number of failures before the rth success.

From (2.10)

i.e.separating k = 0 from k > 1
Therefore we have

1-pr=ECThV
k=\

00

|

Thus
Pk = (r+ibDgAlk = 1,2,3,...and r = 1,2,3,... (2.12)

which is a zero-TYuncated Negative Binomial Distribution.
Let X = the total number of trials required to achieve r successes
If

X=x—k+r
then
K=X—r
and (2.9) becomes

(i-?r E (r+(::?-D<rr
=0

X—F=

E C:i)ol'r

X—F=0

=*FE

x—=0

15



Thus

K = (I-Df Pri™ X=T1 1+l r+2,..

219

which is a Negative Binomial Distribution with the random variable X X

being the total number of trials required to achieve r successes.
Again from (2.9)

0 -« r=E (T V =E (-a'(1)(-?)

-1 00

= E4TIH )&+ E(T)H ?2)"

a-«r-E C)-)=E @

that is

m-1

(-?r- ECTV=E CTV

k=0 k=m

Therefore
. SL GYV
(i-?)-r-E ™~ 'rrv

Thus

p* = = X=m,m+ 1,
a-?)r-Er,'r rv

and pk = 0fork <m —1
which is called the Extended Negative Binomial Distribution.
When s —qg and r = 1 formula (2.8) becomes

n*
=0
[0 0]
i E < ‘p
k=0

16
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Therefore

Pk = qgkp for k=0,1,2,... (2.16)

which is a Geometric distribution with parameter p - 1- g and where the
random variable X = As the number of failures before a success.

Let X =x=k+ 1=>k=x—1
Then (2.15) becomes

(i-?2)_,= 1t 2.
x—3=0
(0]
1=
Therefore
1=1 -
Xl y P
Thus
Px = oxlpfork= 1,2,3,... (2.17)

which is a Geometric distribution with the random variable X = j- being the
total number of trials required to achieve a success.
For truncated geometric distribution,we can re-arrange (2.15) as follows:

(00)
@- gd=1+g+R+... +gm+" q k
k=m
I _ nm 00
= |—g + E**
1 k=m
| 1_nm °°
- —
— | —o0 -E «*
k=m

17



Therefore

nm 003
k—m
ocC 1 7
> -
>z F
*=m ?
@

-’ét!qk "p jp- 1- 4
Thus

At = gk Tp for k=m,m+ 1m+ 2,... (2.18)
which is m-truncated Geometric distribution.
Equation (2.15) can also be re-arranged as
00 m—1

(I-</) 1-r>2(k="20qgk+ gk f0 ~1<a<1
k=0 k—0 k=m

Therefore

m-1 00

d- )-*-vy. = E 9*
fc=0 fc=m
1= nk=m 7k
Thus
p*x = ;A= mm + 1. (2.19)
@a-7n->- 7*

and 2 =0fork <m —1
which is called the Extended Geometric distribution.
Again from (2.15)

=1+qg+02+ 43-|-...
1- q g+q |

[ m~i=f[l+q +92+q3+...]dq

18



-iog(\-q) (2.20)

I
o
+
NS
+
>
+
I
th
>

3 o kK
Therefore
=X Rk
Thus
P = Klog{\ - q) for' k = 1,2,3,. 221

which is a Logarithmic distribution with parameter q.
The logarithmic series is given by

j-1 3 jm1 \1J

Extend”- to forj >m

Thus
@

em G e G

i.e.
EMV=EL£ MV
j=m k=m
(11 O lm
>= £
*»£mU <@
Therefore
= erv /o7 p=m,m+ 1,... (2.22)
2N.CO0"V

which is the Extended Logarithmic distribution

19



2.4  Distributions based on Change of Vari-
able Technique

2.4.1 Exponential Distribution
Let, X be a continuous uniform distribution over the interval [0,1]. Thus
fx) =1, 0<x<1

and zero elsewhere.

If
V=-InXi ,A>0
then
Inx* = —y
=>X* = e~V
=*X =e~¥

=dx = -Ae~Xydy
Therefore the pdf of y is

gy) =f{x) |J |
-l
=| -\e~Xy |
aly) = Pe X (2.23)

fory >0
which is an exponential distribution with parameter A

2.4.2 Gamma Density Function

A gamma function of a > 0 is defined by

r«= x° le Xdx
xa le x
1= dx
ra

20



Therefore

xa le~x

/'m s (2.24)

forx >0
is a gamma density function with one parameter a.

Let
X
V=-P
==>X=py
and
dx = pdy
The pdf of Y is given by
a(y) =f(x) [J |
_ XQ-le~x dx
Ta 1dy 1
= ~e-"{0y)a-10
Thus
Hy) = ~rVa le Ov (2.25)
fory >0

is a gamma density function with two parameters a and /2.
Now let

z = fix

and

21



Therefore the pdf of Z is

h(z) = f(x) [J |

ro p

Thus

(2.26)

for2>0
This is another gamma density function with two parameters a and p.

2.4.3 Beta Density Function
Definition

A beta function of a and P is defined by
(2.27)

for0<x<1
When we put

then
X =1—yand (x= —dy
Therefore

B(P,a) (2.28)

22



Next,put

sin2#
2sin #eos#r/#

X
1]

dx

Therefore

B(a,/3)= Jf (sin#)20 2(cosO)20 22sin# cos #itt
0

= 2J/"(sin#)2“’< 1(cos#)2* 1d0 (2.29)
0
Relationship between Beta and Gamma functions.

roc poc

[/ x<tle~xdx]{ / yO~le~vdy]

Jo" Jo-x-v-'e-"dydx

Let x =s2andy = t2=> dx = 2sds and dy = 2tdt
Therefore

Tar/?

ror/?:J[ Jf $2a~22/3 - 2e~f@+2)2sds2tdt
0 0

=4 f } s2a-'t2/3 - le~i,1+ll)dsdt
Jo Jo

Next let S = rsin# and t = rcos#.
ds dt

J=%® &

dr dr
i.e. Jis the determinant of the matrix

rcos# —rsin#
sin# cos#

= rcos2# --rsin20 = r

23



Thus

Therefore

VaYp =4 [ ” f (rsin0)2a \rcos0)2i le~r*\J \drdff
Jo Jo

=2 e-n2 [ 2(sin0)2a~1 (cos0)Z3-11t) 2042032y gy
0

= JIo 2e~r* B(a, W r
Putu=r2 »du = 2rdr
Therefore
Tar/? = B(ct,O)J[O r2(@+0-% -r,2rdr
= B(a,0)(@a+0-"e-udu
Jo
= B(a,p)T(a +p)
Thus
B(a.P TotTP
@)= @ +p)
But
B(a, xa *1 —x)fi~ldx
(a,p)= Jg 1 —x)
. ; x 1(1 —1>§r)’\ _1d
~Jo B{a P)
' r(lg 477 s?)xa- (1 -x ) 0-"dx
Therefore

Ir(a+/?) . _ )i
) = g 17

for0<x <1
is a Beta pdf with parameters a and p.

24
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2.0 Probability distributions based on sums
of fixed number of iid random variables

Let
SV =X\ + X2'Fe.. + Xff

where the X's are iid random variables and N is fixed.

We wish to find the pgf of SNusing the Expectation Approach and the Con-
volution Approach and then apply it to the sum of standard discrete distri-
butions.

2.5.1 Expectation Approach

Let
CM = E(sx9

the probability generating function (pgf) of Xt and
H{s) = E(ss")

the probability generating function (pgf) of Sw

=* H(s) =E (sSn)
E{sXi+X2+ +Xn)
= E(sx").E(sX2)...E(sx")
—Gi (s).G2(s) ... Gn(s)

N

=n

Since the X's are identically distributed,then Gi(s) = G(s) Vi = 1.2,..., N.
Thus

N
HS)=n cm
»5

=[G (s)]w
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2.5.2 Convolution Approach

Consider three sequences: {a*}, {bk} and {c*}.
If

Qc = aldbe+ (libk-i + (12bk-2 + ...+ CLrbkr + = .+ llkbo
k

/ "Qrblc—
r=0

then we say {c*} is a convolution of {ak} and {bk} i.e.
M = {a*} * {bk}
Theorem

If the generating functions of {ak}, {/;*} and {c*} are:

(09)
Ms) =" a ksk
k=0
B{s) = 7 : bksk
k=0
and
c(s) =y, cksk
k=0

respectively, then
C(8) = >I(s)tf(s)

proof:

md(s)Z2(s) —(a0 4 flis 4-a2s24"«s )(6bT  'h62524"...)
= alb0 4- (uoNi 4- ai60).s 4 {alb2 4- fi\b\ 4* Pho)s2 4-...

= @+ CS4 cxs24-...
oo

k=0
=C(s)



Let X and Y be two independent random variables. If

pt = Prob(X = i)
and

Q@ = Prob(Y =j)
then

Prob(X —i,Y =j) = Prob(X = 1)Prob(Y =j) = piQ
Now let
Z =X +r

Then

rk = Prob(Z = k)
= Prob(X + Y =k)
= Prob(X = 0,Y = k) + Prob{X =1Y =k- 1)+ ... + Prob(X = k,Y =0)
= Prob(X = ())Pro6(Y = *) + Pro6(X = I)/Vo/>(Y = A- 1)+ ... + Prob(X = k)Prd
= POA+ PIN-1 + P2(fr-2 + eee+ FQD
which implies that

K} = {pk} * {ak}
i.e. {rk} is a convolution of {pk} and {gk}
If Gx(s),Gy(s) and Gz(s) are pgfs of {pk},{gk} and {r*} respectively,then
from the theorem
Gz(s) = Gx(s)Gy(s)
Thus,the pgf of the sum of two independently distributed random variables
is the product of two pgfs.

then
W} = {pk} * {Pk}
that is {r*} is a two-fold convolution of {p/tjwith itself denoted by

M= {p*P
If X and Y are independently and identically distributed with common

pgf G(s),then
G,(a)= (C(9)]2

Generalizing to an arbitrary number of random variables,we have tin4
following theorem
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Theorem 2.1

respectively. The probability distribution of the sum
Zfj = X\ + X2+ ... + Xu
which we denote by {rk} is the convolution of {pm M p*2},... {/?*.*} ie.

W1 = {PkI} * {Pk2} * ... * {PlRAT}
The pgf of ZN is the product of G\(s),G2(s),... ,GN(s)\i.e.

Gzn(«) = G\ (s)G2(s) ... Gn(s)

Corollary 2.1

If Xi,X2,... Ajv are independent and identically distributed (iid) random
variables with a common probability distribution {pk} and the same pgf
G(s),then the probability distribution of the sum

2.5.3 Application
2.5.3.1 The sum of Bernoulli variables

Given
pk = Prob(X =k) =pk{l- p)I'k ;k=10,1

then

g=1“P
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Hence
H(s) = [G(s)]n
= R+ PV

which is the pgf of a Binomial distribution with parameters N and p.
I hus the distribution of the sum of Bernoulli independent and identically
distributed random variables is Binomial.

2.5.3.2 The sum of Binomial variables

Given
Pk = Prob(X =k) = (")//(1 - p)m~k ;k=0,1,2,...., m
then
m n
G(s)= £ Pksk=£ X)(pS)V '* 9= 1-P
co o
= (& + ps)m
Hence
"W = (G «f
= [(@+ ps)m\N
= (g+psrN

which is the pgf of a binomial distribution with parameters Nm and p.
Thus the distribution of the sum of Binomial independent and identically
distributed random variables is Binomial.

2.5.3.3 The sum of Geometric variables

Type I:
Let X be the number of failures before the first success.
Then
pk = Prob(X = k) =qgkp ;k=0,1,2,... ;q- 1-p

29



and

G(s) = "ftsl= Y~ (qs)kp
k=0 k=0

(00]
~ p JE(<75V
k=0
= P
1—aqs
Hence
H(s) = [G(S)W
=[_p_I*

Il1-gs1
which is the pgf of a Negative Binomial distribution with parameters N
and p.
Type II;
Let X be the number of total number of trials required to achieve the first
success.

Then
pk= Prob(X =k) =gk~Ippk = 1,2,3,... \g-\-p
and
)= EF>*FF* = £/ V p
k=1 k—+
fc=
ps
| —qs
Hence

1(s) = [G(s)In
=r_Pf_|N
Il -<7.sJ
which is also the pgf of a Negative Binomial distribution with parameters N
and p.
Thus the distribution of the sum of Geometric independent and identically
distributed random variables is Negative Binomial.
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2.5.3.4 The sum of Negative Binomial variables

Type I
Let X be the number of failures before the rth success.
Then
Wk = Prob(X =fc) = (-1)*(-n(l - p)V ;k&=10,1,2,...
= (r+t~")?2VvV. ?2=1-p
and
g(s)=" p*s*=E (-i)(-))?*)V
o k—0
=prE (7)(-?*)*
p E, (7) (-?7%)
= Pr
A -gs)r
Hence

l(«) = [G(9)]"

which is the pgf of a Negative Binomial distribution with parameters Nr and

P-
Type II:
Let X be the number of total number of trials required to achieve the rth

success.
Then

pk = Prob(xi = k) = C:J)(1 -P)k~rPr sfc=r,r+ l,r + 2,...
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and

1
<

G (s) pksk =Y (E£!)«*"V «* ;<L=1-p

fc=r ik=r

(PQr~ (r2\)(QS)k' r
k=r

(p*)X:[) + L-I)(gs) + C\)(<isf+...

(ps)r(l + r(gs) + #~-~"r-(qsf + ...

(psY{N + {")(-as)+{")(-gsf + ...

(P»Y z(_]r (M)(-9%)*

= (PYr
(1 -<7s)r

Hence

#(«) = [G(9]™

which is the pgf of a Negative Binomial distribution with parameters Nr and
P-

1 hus the distribution of the sum of Negative Binomial independent and iden-
tically distributed random variables is Negative Binomial.

2.5.3.5 The sum of Poisson variables

Given

Pk = Prob(X =k) =¢e£ - :k 0,1,2,...
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then

_A{1+ .(L T+ *AZSr2+

e~x.eXa
- e-A(l-«)

Thus

l(s) = [G(s)]"
[e-M1L-)]7

_ 9-NA(l-a)

which is the pgf of a Poisson distribution with parameter NA
Thus the distribution of the sum of Poisson independent and identically
distributed random variables is Poisson.

2.5.3.6 The sum of Uniform variables

Given
Pk = Prob(X = k) = 2 'k =1,2,...,a
then
G(s) = Y.PkSk = b'
) = | k=1
1 k
= £ *

= -fs+ s2+ s3+ ... +sC

= [l +s+s2+ ...+
a

a 1—s
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Thus

H(s) = [G(8)]n

tStl - sar

a 1—s

al\l ~
l-s

\ 1Mi(Li is a pgf, but not of uniform distribution.

2.5.3.7 The sum of Logarithmic variables

Given

Pk = Prob(X =k) = — 1*
( )= klog(1- p) 12
then

cw -fv -g;
AL r{ klog(l-p)

(p»y
E - Tkiog(1-p)

Sk
.og(.-p)fA

ps+M 1, W1,
Iog(\—p‘y 2

log(1-p) log(1- ps)

log(i -ps)
log(l -p)

Thus

m = [G\N

=Jog(i -ps)IN
log(l -p)

wliirh is a pgf, but not of a logarithmic distribution.
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2.6 Conditional probability distributions given
the sum of two independent random vari-
ables.

We can use sums of iid random variables to obtain conditional distribution
functions.

2.6.1 Conditional probability distribution given sum
of two Binomial random variables.

Let, X and Y be two independent random variables from a binomial distri-
bution that is X ~ B(m,p) and Y ~ B(n,p).Then

Prob(X =x,X +Y =x +Y)
Prob(X + Y = x +y)
ProbjX = x)Prob(Y =vy)
Prob(X + Y = x + )
Qp“-p)mxQp,*-p)ny
(m+n)(x +y)pet{l- p)(m+n)-(z+)

Prob(X =x/X +Y =x+y) =

x=0,1,2,..., m
Let r = X + y,then
Prob(X = x/X +Y =) x=0,1,2,..., » (232

wherer <m+n
which is a Hyper-geometric distribution.
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2*6.2 Conditional probability distribution given sum
of two Poisson random variables.

Lot X and V be two independent random variables from a Poison distribution
that is X ~ Poisson(A) and Y ~ Poisson(/i). Then

Prob(X =x,X +Y =x +Y)
Prob(X +Y =x +vy)
Prob(X = x)Prob(Y = vy)
Prot)(X +Y —x )
\*'~x tive-"

x! o y\
(A + M)x+Ve~(A)(x -f y)\
AXCY (X + y)\
XI2NM(A + [)*+»

Prof,(X =x/X +Y =x+y)=

Letx +y=nandx =Kk
Thus
\ ky n~k (n)\

Prob(X = x/X +Y =x+y) = .
K\(n.-it)! (A + /)»

which is a binomial distribution witli parameters nand ;e

2.6.3 Conditional probability distribution given sum
of two Geometric random variables.

Let, X and Y be two independent random variables from a Geometric distri-
bution that is X ~ Geometric(p) and Y ~ Geometric(p).Then

Prob(X = x, X +Y = £ + ?)
Prob(X +Y =x +Yy)
Prob(X = x)Prob(Y =vy)
Prob(X +Y = x+Yy)

Prob(X = x/X +Y =x+y) =

due of independence.
Letx -y =n=—>y=n —X
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Therefore

Prob(X = W /X + et TP)plr-p)UX)
(@ )(i-p)V
1
1
ne1 = 0L2e.n (2.34)

which is the Uniform distribution.

2.7 Compound distributions based on vary-
ing parameters of probability mass func-
tions.

2.7.1 Compound distributions from Binomial Distri-
bution

Let
Pk = Prob(X = k) = (1)pk(*~k k=0,1,2,...,N. whereq= 1-p
which is Binomial with parameters N and p.

2.7.1.1 Beta-Binomial Distribution

Let p ~ Beta(a,/?) i.e. the parameter p is from the Beta distribution which
is a continous probability distribution; i.e.,

Prob(P =p) = r(r'p f p°~'(i - p)fl_;0<p<1
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Pk =1 Prob(X=k/P = =p)dp
=® "n”~FBQ+k'n+P -k)
Thus
n r(o+/)r(+ +n-t
Pk ' (0 + [ r(o+ Aty ) 0,1,2,...,n (2.35)

u' ran? r(a+/?+n)

Ifa =/?= lthen

* _wiicH)r(n-fcH)

T(n + 2)

1

1 k=0,1,2,...,n (2.36)

which is the Uniform distribution.

2.7.1.2 Binomial-Binomial Distribution

Let N Binomial(M,q) i.e.

Pn = Prob(N = n) = (*"0”(1 n=20,1,2.... M
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Therefore

M
Wk = Prob(X = k)="2 Prob(X=k/N =
" n=0
=E Opt(t- pn()r(l - <
M
:En:%*)(n)p*ﬂ" (i-pr*(i-tf)" -n
M
= («?)*E0 ) - p)*-*(i - »)WB
M

= (Op)ch:OO (n)wi-p)r“(i-®)w-n

Al
|

SS «(» - ®)I »(M - n)
. ! IM
= (PR (0 —k\(M —iprP (=PI (1)

Y B VIR ol
M
@P(VE (1-OMI- P
n=0

(A)("P)*[(I-«)+e(l-p)IM*

Thus
P = (M™)Op) (I-flp)M* *=0,1,2,.-.,.M

which is a binomial distribution with parameters Op and M.
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Using the pgf technique i.e.

M
G(s) = Y | pksk
(5) = rip

M M
_— * _ 1 _
=E E 070 -pB P
MM
k=0 n=0
M M
juy - O r -
k=0 n=0
M
« M . M-
- (M - [ -0)

N M
c M\(M - k)\ %W/l  mA/n
HAPYE k) m-~r(m-nyrwi -2 -0y
" (/R WY
BIRVAEKGRRR) “E (- k\(M - n\P (i-p)r=(i-*)

:ké (t)(CPS)K]:E'\: (T*>O - p)r;t(i - «)Mn
M

—

=51 @+ -p)1 "
k=0 P

=+ OFKMIi - h"*
k=0
= (@~ op) + Qo

Hence
G(s) = [@ (2.38)

which is the pgf of a binomial distribution with parameters Cp and M.
Thus the Binomial-Binomial Distribution is Binomial.
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2.7.1.3 Poisson-Binomial Distribution

Let N ry Poisson(A) i.e.

e-AAn
pn = Prob{N =n) = n=0,1,2,...

Therefore

00

pk = Prob(X = k) = y” Prob(X = k/N =n)Prob(N = n)

n=0

,n-kE—AAn
= E (> \Y yill
n=0
An
—e-VE ©9"'n
n=0
n=0
00 , I\ _\n—A
n=0' fc!\gn —A)! n!

e~\\v)k (A<))"~d
A - (n- A)
e-xM k,Xa
k\
e~AAp)fcxg-P

fc!

Thus

Xp(Xp)k

Pk = ft=0,1,2,...

~K\

wliich is the Poisson distribution with parameter Ap.

41
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Using the pgf technique i.e.

(00]
G(s) = A, PkSk
k=0
_f £ © AMESK
k=0 n=0 Til
(00) 00)

e'AX > )£ (F)«n™*Ar

Ar=0 n=0
00 00
1 K\ K
= e-AV(Ap.sfY - - &

U (,-*)! nl

& *I £S (»-*)I
e~xeXpeXq

— g-A(I-(I-p)-pa)

— e-Ap(l-s)

Thus
G(s) = e-Al-9d

which is the pgf of a Poisson distribution with parameter Ap.
Thus the Poisson-Binomial Distribution is Poisson.

2.7.1.4 Logarithmic-Binomial Distribution

Let N ~ Logarithmic(a) i.e.

pn = Prob(N = n) = —e oo r n=12,..

“Filo#(l —q)

LOt C= -loi(l-a) thel*
t
Prob(N = n) = 9%—”

42
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Therefore

pk

09]
= Prob(X=k) =Y~ BX = =

n=I

E©p*(i -P)n-k o
= *(i -P)n-
n=1 p 1

:C(l—ppr® hp)]w

c( P \k n! [a@ - p)\n
1—p k\(n —fe)l n

oE—WV" (0-1)8 TA]-—pln

1—p A —A)

_cj P >iy’ (»-N! [«(1 —p))"
"tl-p" *- DY(n - A) n

= Y'c"-i\M 1~ p)"
_ Q I\ U~ll

k K n

=1(rz/1(i=i)W1l~ril*+ SptH+em

=N r N QM ~p), [1+ QA - rtl + - p)]2+ -

E(@) [t + (F)[«0 -P)I + (“}FIW 1 -P)]2+ eee

rMm < (‘T )W i-p)]r
r=0

~Map)*E(-1), (M)wi-p)r

r=0
| (“P)tfi -« (i -p)]°k
c cp*
Al —a(l —)IE

S (op it
& 1—a(l —p)
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Lot

Hence

Pk = kt3 ~ - q) t=1°2’

But

*=1
Po T c[—ae(l -/7)] = !

Therefore

Po= 1T clog(1- ft)
_ %(1 -/?)
lo</(l - a)
But

ap

1. 0- 1. l1—a +ap
1- al
l—a + ap

Therefore

1Q

_ M i:ar+ap
log(1- a)
2001 - @) - 2o,
log(1- a)
fog(i-rc)r£S;
log(1- a)
l-a +ap
log(1—a)



Therefore
[ *=°

WB; for k=123

Using pgf technique,we have

Gw = EC)w ‘d-pr‘—
*=0 n=I U

= E£[(i-ri+trt”
n="n

_cy* Ml ~p)+oHn
n=1
—c[-/o</(l - a(1- p) —ops)]
o™l - a(1—p) —aps]
log(1- a)
_ lop[l - a(1- p)II -
lop(l - a)

_ 1°9(1- Q+ap) +/ory(l - jz"s)

log(\ - a)
_log{1-a Tap)

/log(l-0) £-"Mog(l - a)

which is a pgf.
Therefore

PA: — \ ( “E— jfc

‘Efg) /- ‘=23..

(2.41)

(2.42)

2.7.2 Compound distributions from Poisson Distribu-

tion

The Poisson distribution is an example of a discrete probability distribution

with

ok = Prob(X = k) = " f£=01.2,..

A'is the only parameter.
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2.7.2.1 Exponential-Poisson Distribution

Let A~ Exponential i.e.

P\ = Prob(A= A =-e-* A>0
P

fProb{X = k/A=\)Prob(A = AdA

Pk =
fe-A 1 4.
=/ e”"dA
70 A N
= -I[\% J[o A ke~(Lr )xdX
Let
I/=(~")A
("5
A= 2
and
_ P
i+ 1Y
Therefore
Pk —= - V]* Ao d
.é\{#* 1 i
Nfopo led
ke~
mp a1 g YW
1
= Dl A + )
Arop o jicHl
pp+V
. A=0,12,...
which is the Geometric distribution where p = and = 1—
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Using the pgf technique we have

G{s) =
=0

roo

0 1
=57 4 *ke=(‘3-pi\sk
2 -
00

=Ei(r7T )+ r(Mi)«’

(*v
A o KAT

(f*)* *

i*fc!

L

JS <"+ » ‘41
m+ 1f- V + 1

= p5Z(9«V
k=0
P
1- gs

which is the pgf of a Geometric distribution with k being the number of
failures before a success.

Thus the Exponential-Poisson Distribution is Geometric.

2.7.2.2 Gamma-Poisson Distribution

Let A Gammafa,/?) i.e.

px = Prob(A = A) = Llf‘éAa- le-OX AX)
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Pk —) Prob(X = kIA= = )<1\

go roc
o /
kWa JO
Let
V=(0+ 1A
X — \
0+1
and
ax= B
0+1
Therefore
0oC .
; Hete-xL
" amalo "d+ 1T ° p+i
P* roc
Arlrdle+1r i . <
00
felTa (9 + 1)eer @ T A)
(a+ &-1)1, 1 0
k\(a-1)! (ete) ( of 1
0
- < * YW fe >« *.1.2.. (@4

which is the Negative Binomial distribution with parameters a and O&r
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Using the pgf technique we have

G(s) =
)

)
- E ['e"AA* AN e fiW
= A Ta
00
feo
00

-Em iyfrH JE )-.

kot ”
00

() -E (- T (r) (57 ) -

w(g\ich is the pgf of a Negative Binomial distribution with parameters a and

0+
Thus the Gamma-Poisson Distribution is Negative Binomial.

2.7.2.3 Logarithmic-Poisson Distribution

Let A r§ Logarithmic(p) i.e.

px = Prob(A= A = —\Iogi\ -p) A=1,2,..

Pk =Y I Prob(X =k/A = A)Pro6(A = A

A=1
g e~xXk
K\ Alog(l - p) A=0"1-2"-
which cannot be expressed explicitly.
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Using the pgf technique,we have

Gs) = P&
k=0

® A e xXk pT

. —\lI —
titlfd nn(t

fd -~os(i-p)

1 e~xpx A (As)*
mogd —p) T, A ., M

i —A X
T B R
_ L e
TN Y A

1 e ap e ap e-3"
Jog(l-p) T 1 Rt gt
_ 1 .e~"~"p  (e~M~"p)2 (e“(1-8*p)3
og{\ —p) 1 > + 3 °

= -Zo9(l -p) X-;°9[1-pe’'0*™"1
[o#[l —pe- (1-s)]
*00(1 -p)
2.7.2.4 Poisson-Poisson Distribution
Let A Poisson(p) i.e.

e-flnx
px = Prob(A = A = mA—
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Pk=1]T Prob(X= k/= A).Prob(A = A

A
k=0,1,2,..

)’I'I'Iﬁ

which cannot bo expressed explicitly.
Using the pgf technique,we have

G(s) =Y PkS*
k=0
“° Me-AA*e'V
k\ A
Ae-Ve'-A (AV
:£S * h fc!
_y-e<A>V A
A0 A
X_p- AptAA
E
A0 A

e-A (I-«<)"A
=£'S .
=e,gle-(-«V]

A0 A

= fc=0,1,2,... (2.45)

It is not easy to express p*,the coefficient of sk in G(s).
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2.7.3 Compound distributions from Geometric Distri-
bution

The Geometric distribution is an example of a discrete probability distribu-
tion with
Case 1
Let X be the number of failures before the first success,then from equation
(2.16)
P*= Prob(X - k) = gkp k=0,1,2,...

where q=1—p
p is the only parameter.

Case 2

Let X be the total number of trials required to achieve the first suc-
cess,then from equation (2.17)

Pk —Prol)(X = k) =gk Ip k=1,2,...

where q=1—p
p is the only parameter.

2.7.3.1 Beta-Geometric Distribution

Type |
Let p ~ Beta(a,/?) i.e. the parameter p is from the Beta distribution
which is a continous probability distribution.

pp = Prob(P =p) = ' <P<1
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where g= 1—p

Pk = \] Prob(x = k/P = p)Prob(P = p)dp

LR
Tar? JE) pagii-dp
_r(a+P)
YaYp Ba+lp+A

Y(a+p)r(a+ 1)T(U? + k)
rar™ r(Q sep Kk -tml)

ar(a+p)Y{P +Kk)

rpY(a+p+k+ 1) (2.46)

which is a probability mass function.
Type Il

Let p ~ Beta(a,/?) i.e. the parameter p is from the Beta distribution
which is a continous probability distribution.

=Prob(P=p)= > */ Y »pa
pp rob( p) faYp y
where q —1—p

pk = ” Prob(x = k/P = p)Prob(P = pr7p

*i £(a+”)  J-
-jC far/? dp

r(a +0)/ p(»+1)-ym -1)-1dp
Tor/? Y0

r(a + A7)

yayp @ L AD

Y@a+P)r(o+ )YP+k- 1
far/? Ta+ P+ A
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which is a probability mass function.

2.7.4 Compound distributions from Negative Binomial
Distribution
2.7.4.1 Beta-Negative Binomial Distribution

Type |

Let X be the number of failures before the rth success,then from equation
(2.11)

Pk = Prob(X = k)= C+-)9y k=0,1,2,...

where g = 1—p,p and r are parameters.
Let p ~ Beta(a,/?) i.e. the parameter p is from the Beta distribution which
is a continous probability distribution.

where q= 1—p

Thus

=r+t-Mr(q + A r(Q+ Nr(/7+ A

k=0,1,2,... (2.48)
Vk ' k ' Tay(3 f(q+0+k+r)

which is a probability mass function.
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Type Il

Let X be the total number of trials required to achieve the rth success,then
from equation (2.13)

Pk = Prob(X = k) = (k_1)gk~rpr = (*’Pgk~rpr k=rr+1r+2,..

where q = 1—p,p and r are parameters.
Let p ~ Beta(a,/?) i.e. the parameter p is from the Beta distribution which
is a continous probability distribution.

£(047) i,
= Prob(P = 1
pp = Prob(P = p) = tafl? v J

where g = 1—

pk = f Prob(x = k/P = p)Prob(P = p)dp
:f Ur?) % "fafy ¥ %t
/*-1\ + ft) q
" rar™® y0p 9 P
(r-i)~rQr4 g(Q+r,/?2+ fc-r)
Thus
r@+ /2 r(0+r)r+k-r)
U Vavo  r(a+0 +k) (249)

fork=r,r+1,r +2,...
which is a probability mass function.

2.8 Compound distributions based on the sum
of a random number of independent and
identically distributed random variables.

Let Sn = X\ T X2+ ... + Xu where the X[s are iid random variables.N is
also a random variable independent of the X[s.Let
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G(s) = E(sx) the pgf of X
F(s) = E(sN) the pgf of N
H{s) = E(ssv) the pgf of Sn

Therefore
H{s) = E[sSn\
= EE\sSn/N\
= EE[sXi+X2+-+Xn]
= E[E(***) + e (8*) +... + e (5)]
Thus

H(s) = FwGx (5)] (2.50)

which is a compound distribution.

2.8.1 Compound Distributions for Standard Discrete
Distributions

2.8.1.1 Compound Binomial Distribution
From H(s) = C/V[G*(s)],when N is Binomial (m,p) then
Fy(s) = [a+ps]m

where q= 1—p
Thus

H(s) = [g+pGx(s))m (2.51)
When X is Bernoulli with parameter 7r,then
H(s) = {g+pGx(s)r
= [g+p(I-TT + 7Ts)jm
=[-p+p- I'M+nps]m
= [1- pn + pnsY"
H(s) — [ - pn) + pns]m (2.52)

which is the pgf of a Binomial distribution with parameters m and jm.
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2.8.1.2 Compound Poisson Distribution
Prom H(s) = /r/v[Gx(s)],.when N is Poisson (A) then
F..(5) = e-Mi->

Thus
H(s) = e~X(I~G«(@))
When X is Bernoulli with parameter +r,then

H{s) = e~ALGx(*)
— 9-A (IH{1—t+ us))
_ O—A(—1+7T—7r)

_ g-A(TT-jra)
Thus
H(s) = e“An(LJ)

which is the pgf of a Poisson distribution with parameter 7tA
When X is Logarithmic with parameter p,then

ox(s) (- ps)

log(l -p)
Therefore
H(s) = e-Mi-Cx(«))
= e yj{OQ(ijé);)(-I/_“g)n-p»)l]
i.e.

H(s) — el9%p} n

57

(2.53)

(2.54)

(2.55)



H(s) = erlogh-p»)

Thus

0 ~P)ir
11(s) 2.56
t-ps) (250)
which is the pgf of the Negative Binomial distribution with parameters r and
1-P).
2.8.1.3 Compound Geometric Distribution

From
H(a) = Fn[Gx (8)]

Type I:When N is the number of failures before the first success

P
Fn(s) 1_qs
where q= 1—p
Thus
H(s v 2,57
(®) i-qGx(s) (257)
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When X is Bernoulli with parameter r,then

H =
()= 1 qex()
P
\ —q(l —n +ns)
P
1—@ —p)(I —7 + ns)
P
1- -n +ns—p+jm- pns)
P
n—ns + p- jm+ pns)
P
p+n—pn- (1—p)ns)
P
@-p)7r - (1 —p)ns)
- p+(l-p)n
1 _ (Lzelzl.c
p+(I-p)7r'S
Let
Q= P
P+ (1- p)uc
Then
1-0=1- p (1 'p)n
P+ (@ —p)n  p+ (1- p)n
Therefore
H = a 2.58
) = . (1 —o)s (258)

which is the pgf of a Geometric Distribution with parameter a.
Type I1:When N is the total number of trials required to achieve the first si

_ bs
Fn(s) = 1—gs
where q= 1—p
Thus
ps
H(s) = 2.59
() 1-qGX(s) (2.59)
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When X is Bernoulli with parameter r,then

H(s) = Pe
(s) = 1- qGx(s)
ps
1—</(I —7+ ns)
ps
1. (1 ~p)(| —m  7TS)
ps
1—(1-7T+7TS —p pn - pns)
ps
n —ns +p —jm + pns)
ps
p+n- pn—(1—p)ns)
ps
p+ (L-p)n - (1 p)ns)
P+(-pye
1_ izl e
p+(I-p)7T
Let b
TP pu
Then )
p (1 —p)n
l—a=1—
p+(l-p)n  p+(\-p)n
Therefore
as
H(s) = 1- (1 —a)s (2.6(3

which is the pgf of a Geometric Distribution with parameter a.

2.8.1.4 Compound Negative Binomial Distribution

From
H(s) = Fn[Gx(s)]

Type I:Wlien N is the number of failures before the r"‘ success%

Fn(s)= -1Z—E15|

60



where g = 1—p
Thus

H@) = - ko sV (260

When X is Bernoulli with parameter #,then
*<e> -

v
1—7(1 —m+ 7Ts)J

1 i r
- (T-p)( - mFT7T9

E
Ll‘m 7T + 7IS—p +pn - p7I9)

[r===1s+ 5 Expii IV}

[pT - Jm E—(1 - p)ns)Ir

[ E
p+ (- p)m- (- p)ns)

p+(I-p)n
irE)” ¢

1 il
—pr(-p)7re

Let

Q= P+ @1-p)TT

Then
p (I-p)TT

P+@Q-prm p+ (@1-prT

Therefore
a

HE) = 1 s (2-62)

which is the pgf of a Negative Binomial Distribution with parameters a and

r.
Type I1:When N is the total number of trials required to achieve 1 successe

61



where g = 1—p
Thus

_ ps
H(s) = [-1~q Gx (a) (2.63)

When X is Bernoulli with parameter #,then

H(s) =
ps
1—q{\- 7T+ 773N
— El 1
1- (1L- /»)(1 - T+ T7I8)
j PE
1-(1—%+ 75 —p + pn - jms)
[W—ns Fp—jm ¥ pns)r
[---------- El r
p+ 7T- jm - (1 - p)ns)
I El r
P+ (@-p)~ - (L- p)=s)
f P+(l-p)v
%P ?
Let
q:
p+ (- p)n
Then
1-q=1- p (1 —p)n
p+(\—p)n  p+(l-p)n
Therefore
as
H(s) = 2.04

which is the pgf of a Negative Binomial Distribution with parameters a and
r.
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2.8.1.5 Compound Uniform Distribution
From H(s) = /rd[Gx(s)] when N is Uniform(a),then

F = -[i—
n(s) = Jli—
Thus
Gx(s)I-(G x(s))°
H(s
(s) 1_G\(s) (2.65)
When X is Bernoulli with parameter 7r,then
1—%+ns) 1—(1 —&+ ns)“
e 5) 1—( s)
a 1—(1 —* 4 ns)
1—n47s).1—( —n + ns)a
a 1—1+n —ns
I—n+7rs).1- (1 —n + 7rs)a.
a n —ns
(1—n+ns) 1—(@ —n 4 7rs)a
a (1 —s)n
Let
Zz=1—n4ns
= 1—mM1—s)
=>1—7= M1—s)
Thus
2,1 - 2-.
H(s ’ 2.00
(s) 01—z (2.00

which is a pgf of a Uniform distribution.
2.8.1.6 Compound Logarithmic Distribution
From H(s) = FN[Gx{s)] when N is Logarithmic(q),then

log(\ - Qs)

Fn{s) = Im[l CD
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Thus

H(s) logjl -gGxjs))
log(1- q)
When X is Bernoulli with parameter 7T,then

| 1 — [l 7TS
H(S) og{ a ( + )

log(1- q)

1°g(1- g+ an —qns)
log(1- ()

which is a pgf but not of a Logarithmic distribution.
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Chapter 3

MOMENTS BASED ON
RECURSIVE RELATIONS

3.1 Introduction

Let
pk = Prob(X = k) for k=0,1,2,...

This implies that
Pk-i = Prob(X =k - 1) fat' k= 1,2,3,...

For zero-truncated distributions, pk holds for k = 1,2,3,... and pk-\ is for
A= 2,3,4,...

The aim of this chapter is to determine the ratio pk/pk i for each proba-
bility mass function under consideration.From this ratio we get the recursive

relation by expressing pk in terms of pk-\.
Using this recursive relation we can obtain means and variances using the

pgf techique,where possible,or by what we call Feller’s method.
For pgf techique we define

09) (09
G{s) =£ > [ =
A=0 K\
ric = (00]
G\s) = — = kpksk~l = ~(A; - Dp*_is*~2
k=1 k=2
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f12rx 00 00
G”(s) = H (- D - 2)p*-s*

£(X) = G'(D)
Var(X) =G"(I) + <7(1) —[(7(1)]2
For Feller’s method

00

My = E(X) = Y ,kpk

k=1

M2=E(X2) =J 2 k2P*
k=1

Var(X) = M2- M2

We are going to apply the above mentioned methods for the following
standard discrete distributions along with some truncated distributions that

have been identified in Chapter 2.
» Poisson Distribution
» Zero-truncated Poisson Distribution
» Geometric Distribution:Type I and I
» Zero-truncated Geometric Distribution
» Logarithmic Distribution
e Binomial Distribution:Type I and 1l
» Negative Binomial Distribution
» Zero-truncated Negative Binomial Distribution

e Hypergeometric Distribution

Also in Chapter 2,the following distinct compound discrete distributions

have been derived.

* Beta-Geometric Distribution
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* Beta-Binomial Distribution

» Beta-Negative Binomial Distribution

It is noted that a number of compound distributions have reverted back
to standard discrete distributions.We have shown that
Binomial-Binomial is Binomial
Poisson-Binomial is Poisson
Exponential-Poisson is Geometric
Gamma-Poisson is Negative Binomial

3.2 Recursions and moments of Standard Dis-
crete Distributions

3.2.1 Poisson Distribution

Given

c Xk

Pk = — for k=0,1,2,...
Po = e~x

then

e~xXk~I

Pk-i = (frz ~ f°r k= 1.253,...
Therefore
P - (3.1a)

Pk-i
kpk Xpk-i for k= 1,2,3,... (3.16)

To obtain M\ sum (3.1b) over k to get

2 _jkPk = X AP Kk-I
k=l k=1
<=> Al = Al
Thus
E(X) = A,=A
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Multiply (3.1b) by k and sum the result over k

= a5Z kp*-1
*=1 ifc=1
ie.,
M2 = AN[(A: - 1) + llpffci
A
= a ~ +a Pl
=1 A-=|
Therefore
M2—AAj + A
= AA+A
=A+A
Thus

VarfAf) = A2 - {A/j}2

=A+A- A
=A
For pgf, multiply (3.1b) by sk and then sum the results over k
1)) 00}
Y. = a
Al =1
04]
«—p» S 1
k= k=1
ie.
= AsG(s)
where

G(s) = AL,Pksk = AP k-isk 1
AQ A
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) 96 Y
)

r = = %51*P*a = =
Therefore
f dG f
J~G=XJ ds
=> logG(s) = As + A
= eA+*
=>G(I)=eV
=*e 1=¢eV
=>ek=C=¢eA
Hence
G(s) = e-A(*-'>
SO
G'(s) = Ae-A"-*>>
and
G"(s) = A%e-A-%)
Therefore

E(X) =G'(I) = A

Var(X) = G"(I) + G'(I) —[G'()]2
R+ A- R
A

3.2.2 ZeroTruncated Poisson Distribution

Given
pk = {e~x- I ) A=1,2.3,...
Pl= ey 1
then
-- *l
Pk-i = (e A- 1) 'kA_ 11 k=2,3,4,..
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Therefore

K A
Pk-i K (3.22)

kpk = Apk-i for k=2,3,4,... (3.26)

l

To obtain A/j sum (3.2b) over k to get

22kPk= AP k-1

k—2 k-2
i.e.

Al - p\ =A

oo M:A4'p\

Thus
E(Xx) = Mi = A+
(e*A- 1)

Multiply (3.2b) by k and sum the results over k

A kpk= AT

fc=2 it=2

0o

A/2 —Pi = AA "[(A— 1) + I]pfc-i

k=2
00) 00)
- Aok — Dpk-i + A pk- 1
k=2 k=1
i.e.
Ao —pi —AAj A
£ A = AAj £ Afpi
Therefore

A

M= A2+ A+ +
(e-A- 1) (e~x- 1)
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var(X) = A2- {Al}

I
Ko
+
>
+

|

after simplification.
Therefore

Var(X) = A+ 1- A-
e A-1 e~A- 1

To obtain the pgf X, multiply (3.2b) by sk then sum the results over k

y kpksk = A - I)pk-isk
k=2 k=2
sh2 W 1= As2 - l)pit-ist 2
k=2 fA
fd dG
=~s[® _pl=ASY)
i.e.
i\ \dG A
Thus
f ig=—"— -
Fio St A
In(l - As)
= = - + k
> G@) e~x- 1
Putting s = 1 the pgf becomes
G(h)= N + k
e A—1
Therefore
GW = — + I-Ai +1

e~A—1 e-A—1
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SO

G'(s)= — =
ds (1 - As)(e-A—1)
and
G"(s) = =G'(s) = =
ds (1- AS)ZE~A- D)
Hence
=G =
E{X) (1) - Ao - 1
G (D) = A

1 - A2e~A- 1)

Variance(X) = G"(1 -fG'(\) - (G"(1)]2

= | A , >
1— \)2e~x- 1) (1- A)e~A- 1)
Ae-A- A- R
“ (1 —A)2(e-A—I)2
after simplification.
Therefore
Ae“A- A- A2

Var(X) = ae-a- 12

3.2.3 Binomial Distribution

Given

Pk = (I)pkg(n-K) A=0.1,2..... n ;9=1

=<
then
Pk-1 = (K1) /~ Y n"(*~1) k=12.. n

Therefore

Pk _ n-k+1p 33

Pk-i kK g (3:39)

kpk = (n—k + I)—ka—i k=1,2,..., n (3.3b)
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Using Feller’s method
To obtain M\ sum (3.3b) over k which results to

N KkPK - ~ k4 1)-pk-i
n
Ml = Dlp*-i
1k=1
n n
= ~in"2Pk-l ~ [)Pk~I\
« k=1 A

=“M1“P)- (M -rcpn)]

Therefore
<=>qmi =p[h- M]
=> Ai=np
Thus
exx) =Mi=np

Multiply (3.3b) by k and sum the results over k
n n

2 k*Pk = k(n ~ k + *)~p*-i
{:l /czl( )’\p

M2= A “« ®) 4 iN- (K~ DJPIci

= “« APl 7 A2 (K~ )Pkl + nATpk-i - IT(fc - I)p*-
N A (o= f(FF %’Gﬂ

/\[n(MJ - npn) - (MZ' na),,)‘l'rC(l - Pn)' (M - npn)l
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But Mi = np hence

hh —ji/ p[n2- M2+ n —np]

*=* qM2= p[n2- A2+ n - np]
=> M2=np2+np- np2
Therefore
Var(X) = M2- {Mi}2
N2p2+ np - np2- (np)*
np - np2
np<

To obtain the pgf X
Multiply (3.3b) by sk and sum the results over k

9 "2 kpi,sk=p"2\n —(A& —I)jp*-is*
k=1 k=
(00 09) [0
=p[n~rpfist- *{k - Ipk-isk
k:]. A=l fG:|

< l=nps™pit-i/ 1- ps2f£ (k - I)pk—ié“z
A1 A k=1

d
— — G - ’_
r/s as nps {S) ps as

{q + ps)~r~ = npG(s)

pels
f8§-°1 (@+ps)
InG(s) = niIn(g + ps) + Ink

Therefore
G(s) = k(g + ps)n
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Puts=1
(7(1) = k(g + p)n

=>k=\
Thus
G(s) = (@+ps)n
Implying that
G'(s) npiq +ps)™-'
and
G"(s) = —G'(s) = n(n - 1p2(q + ps)n~-2

Hence

E(X) =G(1) =np
and

G"(1) = n2p2 —np2
Therefore

Kor(X) = G"(I) + G'(l) - [C'(]2

2 2 2 9 9
=n'p - np 4 p—np

= np —np2
= «P(1 ~ P)
= npq

3.2.4 Geometric Distribution

Type I; Let X be the number of failures before the first success

Given
Pk=qgkp k=0,1,2,... \g=1-p

Po = P

then
Pk-i = Prob(X = k- ) =qgk~lp k=12,3,...

— = q (3.4a)
pt = 9P*i A= 12— (3.46)
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Using Feller’s method
Multiply (3.4b) by k and sum the results over k

0 (00]
=q”*2kpk.i
k=l k=
- 1) +
k=1
(09] ®
= “ IPfc-1+ "Pk-1.
k-1 k=1

Mi = gMi + ¢
= Mi- (Mi =g

= > M = -
P
Thus
E{X) = Mi = -
P

Multiply (3.4b) by A2 and sum the results over k

00 00

K2Pk = qJ 2 k2pk~I
k=1

k=1

00

AR = q'~[(k —1) + 1)2PA1

k=1
(00)]
=q —1)2+ 2(fc-1) +1jp=—2
‘© ® ®
= “vyVi+t2 ~ "p*-1+
fc=l A-l Ar=1

=> A2 =q[A2T 2Mi + 1]
= gA2 4 20AI\ 4 4
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But M\lz 6

MZ1-q) = 5% q
v

m 2
p2 p

Var(X) =mM2- {Mi}2

—-0.+1 _(#)2
PR*pP P
a(g + p)

P2
0_
p2

sinceqg+p=1
To obtain the pgf of X
Multiply (3.4b) by sk and sum the results over k

0] (00]
$><* = (A IPk-\Sk
k=l k=l

<=G(s) - po= qsG(s)
=> (1-9s5)G(s) = PO=p

Thus
p
1- /S
implying that )
<G PQ

€)= ds  (1-qsY
and

, , 2p2
Hence

£(X)=G'()=~ 5

=g
P
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since | —g=p

2pg2
1-qf
V

P2

G"(1) = (

Therefore
Var(X) —G"(l) +G'(1) - |G'(1)]2
or 0 0 =% + g1 gr
_ 0,9
P2 P
= R+ qgp
p2
= A<T + p)
P2

P2
Type Il: Let X be the total number of trials required to achieve the first sue

Given
Pk = gk~lp k= 1,2,... ;9=1-—p

then
p*-i = gfc-2p fc= 2,3,...

Therefore
-Eh- = q (3.5a)

Pfc-i

pt elPfci k=2,3,... (3.56)

Using Feller’s method
Multiply (3.5b) by k and sum the results over k

y: lt-pt=<7  kph—+
k=2 k=2
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00

W\ - pi]=q - 1)+ ilpit-i
k=2
= - Opt-i+’\P*—i)
k—2 k=2

Mi - p\ = gM\ +q
but pi = p
<=> Mi —p = A1 +7
=> Mi - qMi =q+p
pMi = 1
sinceq+p=1
Thus
E(X) = A, = -
P

Multiplying (3.5b) by f©2 and summing the results over k

A2 k2Pk = qr2 TEP+-1
k=2 k=2

00

qr2[™ 7 %)+ gPk-1
k=2

[M2 —pi]

_ D2+ 2(fc- 1) + l]pfc2

k—2
0 (00 m

=9 E (fc* )Pfei + 2~ (fc- lp/t-i + Ap*-i]
A2 =2 =2

=> [M2—pi] = ¥("2 + 2Mi + ]
But pi = pand M\ =~

M2~ P — QM2 Hlie &

=> M2(l —@)=“ AT +P
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But\ —g=pandg+p=1

Therefore
2q 1

P2 P

M2

Hence

Var(X) = M2- {Al,}2
b rp-ip2

p2

To obtain the pgf of X
Multiply (3.5b) by  and sum the results over k

"PkSk=q"2pk-isk
k—2 k—2

G{s) - Pls-po =gs[G(s) -
ButPi =pand p0=0
=p» (1- gs)G{s) =p\s =ps

Therefore
ps
A9 = 1 g
implying that -
ey P 1gs
Gis)= ds - qg9) ¥ 1 - os)2
and

r(*\ - - 20 4
( :jrer? §~ (\~ 33)2 (12_]%255)3

tfF)) =T ~» +  »
(1-9) (1% 9):

| + «

p+q
\
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Thus
E(X) =<7(1) = -
P

G" ()= 11298 " 1P
=29 V
P P2
Hence
Var(X)=G"(1) + G'(I) - [C'(Dj2

=HR+V +1_(ip
P pr P P
20p+292+p- \

p2
2r/(I =) -TXR2Hhp— -hp)

p2

P2

3.2.5 Truncated Geometric Distribution

Given
pk=gk~-mp k=mm+ Lra+2,... ;9d=1-—p
Pm =P
then
pk- =gfc)mp £=m+ 1171+ 2,...
Therefore
= (3.6a)
Pfc-i Q
pk = <pci k=m+ Lra+2,.. (3.66)

Using Feller’s method
Multiply (3.6b) by k and sum the results over k

00 00
kpic = q y"y kpk-1

k=m+1 lc=m+1
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[M, - mpm]=qg~[(* - 1)+
k=2
@ o

= QiY,(k - Dplc-l + Pit-1]
k=2 k=2

Mi - mpTh= gMx+ g

but pm= p
<=> M\ - mp =gM\ -fq
=> M\ - gM\ = g+ mp
=>pM]=q+ mp
Thus m
E)y =mi XM 4
P \Y

Multiplying (3.6b) by k2 and summing the results over k

J K LY e

(00]
IM2- mam]=q Y [(£-!) + ]V i

fc=m+1

q V (" D)2+ Afc- 1) + Npk-i

k—m+1

al Y (k - DPrc +2"(A - DpEi + YFk

k—m+1

=» [M2- rapm] = <A2+ 2Mi + ]]
Butpm=pand Mi =m + J

M2- m2p =qM2+ 2q(m+|-:) +q

202 2
=> Al —q)=2qm+—g F7+mP
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Butl—=p

Therefore
2gm 202 2
m2= --9---- h —q7T H-q-Ym
P P P
Hence

Var(X) = M2- {Mx}*

2gm 292

= o+ - +m2- {m+ -}2

p2

To obtain the pgf of X
Multiply (3.6b) by s* and sum the results over k

@ @
N - q
fe=mH feemH

<=> G(s) - PmS71= qsG(s)

But Pm=p
(1 - gs)G{s) = pmsm=psr
Therefore
Gs) =7 <s
implying that

dc  mps™*  pgs
NN ds (1-09s) + (- gs)2
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and
n»t \ _ dn'( - mdan-~ 2 . 1 2pg2sm
S ds S (1-tfs) 1 —gs)2 (l-<ys)3

Hence
m =-12-+-5 -

mp  op

P P2

m kY

P

Thus
E(X) =G'() :Pm +

Ny y N m(m-D)p , 2pgm i 2pq2
G(1,_ (1-9) (1-9)2 (1-9)3
m(m - \)p ( 2pgm. ( 2pr/2
P P2 P3

Hence

Var(X)=G"(l) +G'(1)-{G'()}2
_ X, 2am - 2pg2 A2
= m(m —1) H—P— h —A-—-|m il

m2—m + zm 27% +m+ -Q—m2—2m" - N
p Jr p P
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3.2.6 Negative Binomial Distribution

Type I: Let X be the number of failures before the rth success

Given
szC?:?')gV k=0,1,2,P. g=1-

Po = pr
then
Pk-i = ~N=1,2,3,...
Pk kAr—l (3-72)
Pfc-i fc
kpk = <A+r- Dpti A=1,2,3, (3-76)

Using Feller’s method
To obtaim Mi sum (3.7b) over k i.e;

kpk = g™ (fc +r -
f =

0o

m, =9~ [(fe- i) + rW-i

Jk=I

© (00)
= Q"2(k - MPfc-i
fc=I
Mi = gM\ 4qr
AlLl- )= &
Thus ar

E(X) = Mi = —

Multiply (3.7b) by k sum the results over k

A2 =qh2k(k+r-

fe=1 k=\
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00

m2= gB[(fc - 1)+ i][(fe-1) + Avk-\

k=1
00 0 o

=& - V-1 +(r+ 1)$J3(* - DPfc-i + r Z~Pe-"1
jt=i *-e 1=1

§M2 + g(r + DMi + gr
But Mi= E

=t M(l - Q= (<pf+ <N+
(qr)2+ g2r + qr
V

Var(X) = Mi- {A/}2
_@2+gzr+qgr_ " j2

ar
p2
To obtain the pgf
Multiplying (3.7b) by stand sum the results over k

00

y > Pis* = 9 D -+(fc-i)]p*-is
fc fo
= qr*"Pk-\Sk + —MPk~is
k=1
X> -« p-1s52
fcd A

AG
qSQG = grsG{s) +gs dg

@_ gs)iJ = gqrG{s)
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Thus

Therefore

Puts=1

since G(l) = 1 Thus

implying that

and

Thus

Therefore

I1§-1 o

ING(s) = -rIn(\ - gs) +Ink
G(s) = fc(l -qs)'r

G{l) = fe(i - q~T=fP'r
=>k = pr

G(s)=Pr(i-gSr =i~ r

qupr
GW=

<?Mr + 1)Pr
C @) (-

qQrv + @%r
— (1-gs)™2

B(X) = (7(1) = 7

—+2
G"(I) = g2r(r + Dpr(l - I
N2+ r2r
p2

Var(X) = G"(1) + <7(1) - [<7Q)"
g2+ <4 A _ <NV

p2 + P P2
qr

~ P2
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Type Il: Let X be the number of trials required to achieve the ; SUCCESS
Given

Pk= C_D9*V f=rr+Ilr+2,... \q-I-p

Pr ~ PV

then
vkd = (K L\'Da{K D~rpr fc=r + I,r + 2,

o k=l (3.8a)

Pk—t A
(k —r)pk = (A& —Dpit-i c=r+1I,r + 2,...

Using Feller’s method

Multiply (3.8b) by k and sum the results over k

00 @ ~

Y kkk=qY "Nk~ +r Y

k=r+1 fo=r+l fe=r-f

Mi —rpr = gMi+ r(I —pr)

Mi(l-<?) = r
But1—q=P
Therefore
£(X) = =N
Multiplying (3.8b) by kZ2and sum the results over k
){ k2Pk=,A* yp- ) +ip - +r Z ok
fC:._r:I fc_:r+l fe=rl
ma- rpr=0{T (k- DVi+£ - ek [+ rvt PP
fe=r+l fc=r+1

M2+ <A + r™i _ r2Pr
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But

Thus
M1 ) = gr+ r2
VT b
r+r2
M2 = a
P2
since 1l—q=0p
Var(X) = M2 - [A/i]2
FP+72 M2
p2 PJ
= <r
p2

To obtain the pgf
Multiply(3.8b) by  and sum the results over k

00 00 00

y : kpksk- r "2 Pksk = Y (k~ D)6 I6'A
k=r+I1 k=r+1 k=r+l

00 00 00
S vy2 APfcM1-r n = 0952 v ( k~ \)pk-1Sk 2
k=r+1 fc=r+l A;=r+1

=> A - rpV - G- pV =

le’ s(l - «s) = rls)
fdG. f o

ds ~1J s(l -qa)
Applying the partial fractions technique,

fdG , fds f qds
JTs=af) T+

=> [InG{s) = r[Ins - In(1- gs)] + Ink
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InG(s) = rIn[-— —) + Ink

Thus
G(s) = k\i’_‘—qs
Puts=1
gld=My~"r
=>k=(1- =Pr
since G(lI) = 1land p=1—q
Therefore
G(s)-Pr[i_ o
r PS ir
1-0s
implying that
PIng dG rp’lﬁfé“r_1 grprsr
G'(s)_ ds ~ (1 - ev+ (L- <M+l
d
an rfr-1wW 2 2

G"(s) =\ 4 N + (N r T + (1- Qr
Puts=1

CO= ™o 1 Vo%m
rpT  qrf_
pr + pr+l
r
\Y
Therefore
E{X) = G'(l) = -
r(r —pr <?r{r + l)pr
G"(1)_ (I—qaY + (l-«)r (1-9)r+2
r(r - Dpr gar(r + lpr
pr pr+l P

tar2 axzr(r+ 1



3.2.7

Given

then

var{X) = G"{l) + G'{D)-[G'(1)]2

_ r(r I 2qr2Jr q_2r %r +1) T rr_l22
P V P P
rp2—rp2+ 2qrp fq22+ q2r + rp —r2
f
qr
P2

Truncated Negative Binomial Distribution

Pk=jr-{kz79)«V k- 1,2,3,...; ?=1

arp

A= or

Pk = rin ((*>rD9",prfc= i-2'3.---

2% =gkt —1 (3.92)
] K
kok = @&+ r- p*-i A= 234, — (3.96)

Using Feller’s method
Summing (3.9b) over Kk results to

N2 kpk =« y > +r“ PAH
k=2 k=2

(o]}

M,-pl=9~((fc-1)+"-]1p/t-i

k=2
oo 00
= gr™ Pfcl + g5l(fc - I)Pfc-l
fe2 a2

Mi - pi = qr + ttMi
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=» (1- QA/i =qgr +hi

But Pl = fI~r
Therefore

I/
P(1-r)
Multiply (3.9b) by k and sum the results over k

Kok =g~k (K +r1- 1)pk-i

k=2
M2- Pi=qg~™[(fe - 1)+ I\[(k- 1)+ r]pk-1
‘% ® ~
=g[™(fc- D2P*"+ (r + 1) - AP*-1+ r X .Fo
k=2 fc=2 A;-2
= gM2+ (gr+ g)Mi + qgr
=> m2(i- g)=(9gr)2+ ?22r+ 9r + pi
0 qrr/
= (gr)2+ g2r+
since pi = and p=1—g

(qr)2+ g2r + gr qrf
Me ' A \)
p p(l-pr
Var(X) = M2-{Mi}2
(qn2 T g2r + qr qrpr foar
p@-pﬂ B'li=pr)

q2r2pr
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To obtain the pgf,
Multiply (3.9b) by sk and sum the results over k

e8] a0

y  kpkSk= g~ (/c + r —I)pk-iSk

k=2 fc2

(08}

9N I(fc~ 1) + r]Pt-is”

‘@ ®

=g~ {k - l)pk-isk+ grr2pk-\Sk
fc=2 fc=2

09) W o _
s"MkpkSk~l = gs2”2 {k —I)pk-isk~2 + qrs) pk-is
k:2 k:2 *=2

=*m g p,l = 982/5\3.8 + «W[G(«) - ft]

But p0= 0 and p\ =

Therefore
N N 5= gs2n + TrsG(9)
ds~ 1- pr ds
i.e.;
d& v qrp

51 _,s) T$ = qrsG[s) +
which cannot be solved explicitly.

3.2.8 Logarithmic Distribution

Given
P k=1,2,...;. dW=1-p
Pk = -klogq
. -P
P = logq
then foi
P k=23,

Pfc-i = _{k _ 1)|qu
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Pk k -\
1 - PR
>hpk = p{k- \)pk-i k=2,3,...

Using Feller's method
Summing (3.10b) over K results to

0° (o4)
N fep*=p - Dpfc-i
=2 =2

<=> Mi - pi = pMi

But p
Pl logq
Therefore p
Mi(l-p) = logg
E(x) = Mi |~P
glogq
since 1—p =
Multiply (3.10b) by k and sum the results over k
09) 0]
N kepk=P7"2 k{k- I)Pk-1
J2 fc=2

Me - pi = PAZIfk ~ 1) +

k=2
150 oon
=p[T(f- 1)2p*-i + _
kS ‘=2
= p[Me + Mi]

=> Me- B = pMe + pMi

But M, =~ and Pi ="
Therefore N2
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But 1—p =g

-p + -p2
glogqg  gHogq
Var(X) [Mi]2

=-ZE + =£__(-~-V
qlogg  q2ogq  qlogq
-plogg ~ p2
q2(loga)2
To obtain the pgf
Multiply (3.10b) by  and sum the results over k

03] (00
72 kpksk=p "~ (k - I)pk-isk
k=2 fo=2
s™2 kpksk~l = ps2 - \)pk-isk~2
k=2 k=2
A S8 pit= p€9°
i.e. dc _ -p
fs  logq
since -p
W logg
Therefore
[dG=TL f -~
J loggJ 1-ps
Thus
i j7(1
ris)  (oj Iggqps)
implying that
G~ ~ (1 —ps)logq
and

G (s)_S G(s)_ (1-psflogq
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-P
(1 -p)logq
~P
glogq

£(X) =£'(1) =

G,1) (
-P2
g2logq

Therefore

var(X) =G"(I) + C'(l) - [G()]2

_ ~P2 ~P ~P2
~q2ogq (1 - p)logg  g2{logg)2
_ -plofM ~ P2

q2{logg)2

3.2.9 Hypergeometric Distribution

Given
pk= Prob(X = k)= K=0.1.2,..
\n)
(V)
then
AT BT Y I I
pkl = Prob(X =k - 3 = ~—Kk- b2, " .d

p E—k \){n—kc+ 1)
pkx ~ Kk(N-d-n +K
K(N-d- n+kpk = (d- h+1)(n- k+\)pki k=12, 0 G116

(3.11a)
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Using Feller’s method,
Summing (3.11b) over K results to

d d
N k{N —d —n + Kk)pk = —k + I)(n —k 4* I)p/r-i
it=i fc=
d d d
(N-d-n*kpt +Y ,kH<= - (- DUt (< - DIPU-i
fc=1 fc=1 k=1
d d 4
*=>(N-d- n)M\ + M2=dn”Pk-i- (d+*0 ~ 1Mt L+ " 1)2pfc-1
*=j fco *—j
= dn[l —pd] —(d + n)[M\ —dpd] + [A/2—d Fd]
=> NMi = dn
Therefore dn
E(X) :M, = -

Multiply (3.11b) by k and sum the results over k

d d
yy k2(N - d- n+K)pk =~ k(d—k + I)(n - k + I)Pfc-i
k=1 el
(AT- d- n)yy k2pk+  fcVie = y~"[(fe—1) + NIn _ 1
fc fA k=l
This is equivalent to
d d
(N—d—7P?A2 A3 = {dn~d t)B * - lpfc—2- (d+n- Hy~(fc 1) Pfc-i
fa fcl
d (
+ —1)3A—2+dnT Pkl

i.e.

{N —d —n)A/2 T A3 dn[Mi - dpd] - (d+ n)[M2- d2Pd] + [A/3- d3pd]+ d»[l - A
—d + N)[A/i —dpd] + [A2—d pd]
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M2(N —1) = dn + (dn - d —n)M\

But Mi = f
Hence
Nrfn + dn(dn —d —n)
M2 = YV (N- 1)~
Therefore

Var(X) = M2 - [Ali]2
Ndn +dn(dn —d -n) (tin|2

= N(N 1) v
P+ - d2N - dn2N
N2{N - 1)
dn(N —n)(N —d)
AR(Ar - 1)

To obtain the pgf
Multiply (3.11b) by sh and sum the results over k

N K(N —d - n+KpicSk=]1T(d - D(n -+ I)Pfc-i«*
fc=l fcl
(Ar-d -n)~2 kpksk+ £ fcW = - (k- D))n- (k- Dlpkisk
A =1
d d
= nd™pk-isk~ (n+ d) — Dp*:-is
f o=
fA
which is equivalent to
i d d
{N-d-n)sY"*kpksk-" +jrk2vksk = ndsJ”*p.-is?-in +**k-D p.-id
k=1 A4 f

+ A (fo- i) 2Pkt
o
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=>[{N—d- n)s + (n+d- l)*2]g hs2(l - S)a_slr = ndsG(s) + (PpdS*1' 1

which cannot be solved explicitly.

3.3 Recursions and moments for Compound
Distributions

3.3.1 Beta - Geometric Distribution

Type I: When X is the number of failures before the first success
Given

r(a +i)r(a + /?)ro3 + f)
ri?r(o + 7+ A+ 1)
r(a + 1)
LD (a+o

+r(a +P)MP + {k- 1)
rpr{a +p+{k- 1)+ 1)

then

Pk- i {a+p+Kk
=>(a+P+kpk = (P4k- \)pk-i k=1.2,.. (3.126)

Using Feller’s method
Multiplying (3.12b) by k and sum the results over k

Ak (a +P+Kpk="2 k{P+k - 1)pk-i
k=i k=1

0o

@a+012 Kokt Y, koPk=  “ 0+ 1P +(* DK-i
k=
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®
(@a+(3)M,+M2 = JIA(A-Dpt-,+ £ (A --1)V i+~ Wt-i+5j*-1)w -i
k=1 k= k=) k=

=*e(<*+)Mi + M? = OMN+ M2+ 0+ MI
0

E(X) = =
(X) 4 —1
Multiplying (3.12b) by A2 and sum the results over k

00

Y Aa+ 7+ K)pk - Y k2(P + k 1P+
k=l k=

@ () (o4}
@+ /Y, kPk+Y k'Pk= 7D+
f A4 fd
@ @ @

(a+/?)M2+M3 = (0+2)
it=i fc= .
(a+ 0)M2+ A3=(0+ 2M2+ (20+ DMi + 0 + A3
But Al = At

Thus
202+ a/3

M2=@- I)(a-2)

Var(X) = A2—[Ali]2
2/?2 + al? 0
(a- H(a- 2 a-1
q0(gq + 0 —1
(a—Nh2(a —2)

To obtain the pgf
Multiply (3.12b) by sk and sum the results over k

yr(q +0+ KpkSk=Y P +k - \)pk-isk
k=i k=
()] @ on -X

+ N SIEA € *
(oL O)f\((;' ST MR PRIs  1PCL
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(@+0)"PkSk4 s kpksk | =Ps”"2pk-iSk 14-s2™ (k - \)pk-isk'2
k=\ k= k=1 A
(a 4 P)\G{s) - R0 4 = 0sG{s) 4 s2 ds
But. po = (a+0)
Therefore

s(l - 5)%? = (0s —a —(3)G{s) 4 T(a 4 1

which cannot be solved explicitly.
Type I1:When X is the total number of trials required to achieve the first_su

Given

r(a+i)r(a+<?)r(/?+fc-i)

Pk rpr(a +0+ k)
_ r(a+ 1)
Pi= (a+0)
Then
r(o + i)r(o + 0)T(0O + (fc- - 1)

Pica YOT{a +0+ (k- 1))

P* = A4 fe~2 (3.133)
pk- 1 a4 (34 k—1

=$>(a+ (34 k—Npk = {B4 k—2)pk\  k=2,3,... (3.136)

Using Feller’s method
Multiply (3.13b) by k and sum the results over k

0 oon
A Kk(@+0-1 +kpk=~ k{04 k- I)pk-\
=2 k=2

Q+0-i)Y kpk+Y. =D <f- Nl 4 (fe-
B2 2 k=
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{a + P—D[Mi —pi] + [A2—Pi] [(/?- pk-i+y > ~ N2p*-i
fc=2 *=D

00 00
+(/?- 1j7pit-i +5 jfe- )pt-i
A2 f

=> (a+ P—1)[A1- pi] + [A2- Pi]= (P~ DAJi + Az + (7- 1)+ Al

Butp, = *
Therefore this simplifies to

Alijoc—1)=(@a+P)pi T{P- 1]
_r(a+!t) + (/?-1)
(a - 1)
Therefore Fa + 1) + (7 —)
E(X) = Mi =
(a - 1)

Multiply (3.13b) by k2 and sum the results over k

m N
y k2@+p- 1+Kkpk= ~ 1+ 12KAM~ D + (= D)IPfc-i
k=2 k=2
0 00 00
{a+13-1)53 kpk+ 53 ftPL=53(c_ )+ - 1)+ (K" D m
k=2 k=2 k=2

a+P—1)[M2—pi] + [A3—pPi] — [(/?2-D)+ 2JE(*-1)V -i
( ) pil + [ £

00 %
+2(/?- 1) + ]

+(/3-1)53~-"
( )k—2

=> (a+/7—1)[NMo—Pi] + [Ms—Pi] = (» +1)A2+ (/- Lui +ms+{P 1
<=> M2{g- 2) = (@a+ Pi+ @2~ ) i+ (2% 1)
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Substituting p, = and M, =

A2(a- 2) = (a+ @+ P o) " T!E‘af (f‘.)— Dr(a +T

=T+ p+@0—" " ) P4 (0-D

r(a+ 1)+ (20- 1)reb HAE + - 1)
M2
(a-2)

r(a+ 1)+ (/?-1) + 1)+ /72— 1)
(a-1) + (a- N(a- 2
Therefore

Var(X) = M2- [M,]2

r(a+ 1)+ (/2-1)  2/2(r(a+ 1) +/2-1)

T(a+ D+ @B- )
(a-1) + (a—N(u—2)

(a-1)
To obtain the pgf
Multiply (3.13b) by sk and sum the results over k
00 00
N(a +0-1 +Kk)pkSk = + Kk ~ )Pk-is*
k=2 k=2
(04] ® ) eon
(@a+07”7- D" "Tpksk+ " JfgfeSc= (P- N Pk-1Sk+ “ 1PA-1
fc=2 fc2 fc2 =2
[0 () 00 ,
= (/?-)6~pfc_i/Ts22MA-)pTeis
fc2 *=2 fc2
. aG . 2dG
=t* (a + - 1)[G(s) - po- Pis] + -Pi\ = (0~ +s —

But pn =0 and pi

therefore this simplifies to

s@

SR Ha+ 1)+ \(0- 1)s-(a +0- N]G(s)

which cannot be solved explicitly.
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3.3.2 Beta - Binomial Distribution

Given
r{a+m » +m O0+n-k) ... n
/= \k)r/?rar(o + 0+ n)
then
_ r(g + m a + kK-I»rQ? + n-(k - 1)) fc-
Pl = TOTaV(a + 0 +n)
Vk (n- fc+ Nh(a + £ —1) (3.14a)
Pk-1 A(TL—k 41?)
k(n - k + 0)fk (n —A+ I)(a + A—I)p*r-i A= 1,2,3,... N (314/,)

Using Feller’s method
Summing (3.14b) over Kk results to

y; An—k+P)pk="1n~ ~DHa+ (&- D]Pfc-i
k=1 k=1
(N4 V' = naVpit-i + (n—a) ~ DFc+_ N Pfe 1
fa *=] =l

(n4-/7)Mi = na 4 (n- a)[Mi - npn\- [M2- n2p,]

which simplifies to
(a4 P)M\ = not

Therefore nQ
EW = M>= ("~ j

Multiply (3.14b) by k and sum the results over k
jw(n - k+0)pk = -0 +ill"- (t_ M® + kK~ 1" pk-1

k=1 k=1
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n n
(N4 M~ Mpjtd  k'pk = na[*2{k - Dp/t-i + ~Pfc-i]

k=1 k=1 (o= *—
n n
+(n—a) [N A—l)2pfe-i + _ Dpfc—H
fca *=
- JP(A; - 1)3Pfc-i - ~(A: - 1)2Pk-i
it=i *=j

(n+/YM2+M3= na[Mi-npn]+(n-a)[M 2-n2,,]-[A/3-nPn]+riQ+(n-a)[Ali-np,,]-[A/2
which simplifies to
an(an 4 n) 4 afin
(a+?+\)M2=
_an(an 4 n) 4 otpn
°% @am)asras
Therefore

Var(X) = A2 —[Mi]2

an(an 4 n) 4 a/7n _ p

(@ad/?)(<4/?4 ) (a+ PY
a(3n(a 4/3 4 u)

(a 4 324 24 1)

To obtain the pgf
Multiply (3.14b) by sk and sum the results over k

\ k(n - k+ 0)PkSk= £ > - (*- DH«+ (*“

k=1 =l
n+M)Nfep*s'er fcW =" “E P “-‘sk+(n- £ (fc_1)P*-ISt™ |t (fc" 1)2pk'i S
(n+7)2Tep L El ( Q)fc_l(_) |t (fc” 1)2p
<=>

n n k 9

C o« nasYpk-~+in -~Y ~-1r-"00

(n+0)s?((:I kP A *I;|1 \ K ol

- Mk - 1) 2Pfe-ie
k=i
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=> (n+0)s"-s20  —s " =0Qs[G(s)-p.sn}+(n-a)si2i— V"] =3 »J7
which simplifies to
[M+0o - D+@-n+1)S]™ -s(\v-s)-2 =naG(s) - n2,s"
which cannot be solved explicitly.
3.3.3 Beta - Negative Binomial Distribution
Type I; When X is the number of failures before the r#_success Civen

r(k+nrT(@40)r(a +r)T(0 +K)
Pk= r(k4 Drrral7?r(a +04k+r)

then F((fc - 1) 4 r)r(a 4 0)T(« + 1)T(0 4 {k - 1))
Pk~l = r((ife- 1) + i)rvrar/?r(a + 0+ (fc- 1)+ D
Pk (k+r—D{o+k—1J (3.15a)
Pk- 1 A@+ R”4A4r —1
) (/7 + fc- DPfci (3.155)
lea: <12+ 4-v —\)pk (fc+r-0Q? + )Pfc
for c= 1,2,3,...
Using Feller’s method
Summing (3.15b) over K results to
S'"kfa+0+h+r- p*="t"k+r~ 1K'I+ k ~
=1
@+P+r- DE to +£ +dl?+ (fc* DP-
S fcl *=
(o0} 00 n
=0?+r) - DPfc-i+ D fem}r +4~ A
k— k—\

=>(a+0+r-1)Mi+M2= (0 +r)MIl+ M2 +Jr
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which simplifies to

viz O
'T a1
Therefore -
E(X) = Mi = _dr
(X) = Mi = 5y
Multiply (3.15b) by k and sum the results over k
Y 0]
Y k2fa+0+k+r- Ipt=Y +re XN+ k-
fc=1
(o]0} (I) . ) )
(Ck+ 12+ r_]_) AN PKT AN AN B~ A[(ij-l) + |][(A:-|)+r][’\+ (A:-l)b]b-|
k=1 fc=lI Jk=I
i-e.;
(@+0+r- 1) Y koPk+ Y Kk (?+7r) ~ 1) 2Pfe-i + ~3PRc 1
k=i =i k=1 *—|
© ®
-f(fir+ 2+ ) ~ I)Pfc-i + 7 1)2PE
ft=i *=j
+Prhpk-i

f
=>(a +@+r- )m2+M3=FP+r- [)Mi + M3+ (/3r + 0 + r)Mt + ;ir

which simplifies to

Qrjfir+ ?+r+ (a- 1)

Therefore

Var(X) = M2 —[Mi]2

or(pr +0+r+ (a- 1)
a(a- 1 1

2r +r20 /7 t?r2

o(a-1) + o a(a-1)2
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To obtain the pgf
Multiply (3.15b) by sk and sum the results over k

(00] [00]
A Kot + p k4 —l)pksk= A AK 1 —\)(P+ k —\)pk-isk
k=1 k=1

(@4p+r- )~ kpksk4~ kPkSk= AT[{k - 1) + ]2 4 (K- Dlpa-isa

fo=| f=1 A
09) o
= (P4r)~A:- Dp*_is* 4Prr2pk-isk
k=1 e
0)
+£(fc-1)V is*
*=1
@+ P2+1- 1)sAAplsk 1+AA D™ = (24-1)s27 (A - Dpit-is#<?
fo=I fo=I *=j
+/?2rs” p*_isAl 4 y™MA: - 1)2Pa-i<A
fca =]
v xdG 2cPG dG ,0 , 2dGta n( . 3(PG 2dG
(a+/?+r-I )s— +s lj+ STs= {0+r)S
=* [(a+0 +r)- (0+r-1 )s}nh+s
which cannot be solved explicitly.
Type Il: When X is the number of trials required to achieve the r'" success
Given

r(Adr(a+ P)T{g+ nNF(p + k —r)
Pk~ TA+r4 DIYrar/?r(a + 34 A)

then
TA - Dr(a 4p)r{fadnVip+(k-1)-r1
Pk~l ~ F((k- D 4r+ DTrrar/?r(a +p + (k- if)
o (k=D(k+p—r—1) 3.168)
PK-i A-nN@4dpsA- ]
(k- nN(a+p+k- )pk k- \)Nk+p-r - Dpk-i (3.166)
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fork=r421r+2r+3,...
Using Feller’s method
Multiply (3.16b) by k and sum the results over k

00

53 —r)(@a+/?+"~—i)pk = 53 - D) (E+ @—r - i)p*~t
*=r+]| Jk=r+1
(@+ @3- r- )[53 kppk~r 53 ~*1+ 53 APk = (2“r+1) 53 ~ ~Pfc-i
fc=r+1 fc=r+1 *=r+ | fC:r-H
00 00
+ 53 ~ + 53
it=r+1 fer+l

~(P~r) Yi (** 1)P*i

fe=r+l

=>e (a+/2—r —)Afi + MB—(a+2?—D)Mi —rM2 = ()3—r)M\ — M2+ M$

which simplifies to

1?-1
mi = @700
(*-1)
Therefore
2.1
E(X) = Ah = r(a+/?-1)
(a- 1
Multiply (3.16b) by k2 and sum the results over k
@ @
53 -rnNa+@+h- pk= "3 "Ak- DA+ P- r- \)pk-\
fc=r+l K—r+\

wrp o D[98 e 53 4 5398 = (/2r+i) 53 (@M

c=r+l fc=r+l fc=r+ fc=r+
00 @
+ 53 _ Bwvfci+(0-r) 53 ~1n -1
fc=r+l A:=r-H

=» (a+(3—r —I)M2+M3+(ra+rP—) = (p—)M2+ M3+ (/?-r)Mi + M2
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which simplifies to

m2= L(r;j+ '« +3)(0+.j-n
(@a- D(o- 2

Therefore
Var(X) = M2 ~ [M\]2

rjjjj+ ra + 1?)(a+ ?- 1)

a1)(o - 2) I (0—1 |
rap 2r2+rp2
= 12+ DQ_2)+r«"» +r,Hr + 1)(,, Irio

To obtain the pgf
Multiply (3.16b) by st and sum the results over k

oc 0
(k- r)(a+p+k- Dhpksk=~r{k- \)k+2-1r I, V
A-r+1l fe=r+l

(@+p-r —1) ~ fopfcSA+ A2 koPkk- r(ai 3 -1) ~ TP

k—r+1 k=r+1 Aol
a @
(P~r1) 22 (k- DPk-isk+ 22 (k- \)V is*
fe=r+l A=r+1

which is equivalent to

(04] ()]
@+P—r—1)s 22 kpk$k I+ ~2 ~r@@a*~n lu"
fe=r+1 le=r+l
03]
(/?-r)S2 £(fc-1)p, £
k=r-+\ k=r+1
This implies that
ds L2dC i<PGIG

Atr)s d7, rf?
[(0-f1240Y's et + 3y + G g (9 1

which cannot be solved explicitly.
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Chapter 4

PATTERNS OF RECURSIVE

RELATIONS AND THEIR
CHARACTERIZATIONS

4.1 Introduction

Our interest in this chapter is to identify patterns of recursive relations that

were derived in chapter 3.
For each pattern,examples of probability distributions satisfying it are

given.
An attempt has also been made to study some properties of particular

patterns.
Research questions to be addressed are:

1) Given a recursive pattern,can one identify probability distributions sat -
isfying it?

2) Can we find the pgf,mean and variance of the recursive relation with
that particular pattern?

3) What are the estimators of the parameters of the recurrence equation
with that particular pattern?



4.2 Patterns of Recursive Relations

4.2.1 Panjer’s Pattern (1981)

Pn= (a+h)Pn-\ n=1.2,..

Examples of distributions satisfying this recursive pattern are:
i) Poisson Distribution

Pn:th—l n=1,2,...

»a=0and 6= A
ii) Binomial Distribution

—n + |
'n:(m : )an_l n= 1,2,...,m

gn

= [—5 +
9 gn
=>a =-£ and 6=
i'i'i)Neg%tive Binortial Distribution Type |

When n is the number of failures before the r'" success
Pn= <1:-+—r’1>— Pn-I n=1,2,3,...
where q=1—p
[QF-l-f-'-(E 91 OfBn-1

=> a=qand b=gq(r—12

4.2.2 Willmot’s pattern (1988)
P”:(a+h)P”_i n-= 2,3
Examples of distributions satisfying this recursive pattern are

i)Logarithmic Distribution
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in- 1
Pn = E)__-h.---)~Pn-I n=23,...

—\p H- p1PI-l

=> a=pand b=—p

ii)Geoinetric Distribution Type Il

When n is the total number of trials required to achieve the
first success

Pn =gPn-1 n=2,3,..

>a=pand b=0
iii) Zero-Truncated Poisson Distribution

Pn = th—l n=2,3,4,...

>a=0and b= A
iv) Zero-Truncated Negative Binomial Distribution

P” :q" - — Pn-1 n= 2,3,4,...
where 4= 1—p
=>e a = gand b= q(r —1)

4.2.3 Schroter(1990)
Pn= (0+ -BPn-I + ~Pi-2 n=1,2,.. .
7 71

No examples of probability distributions satisfying this pattern
were found.
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4.2.4 Sundt(1992)

Pn —~ "(flj 4—~)Pn-1 n=u; 4 l,u;4-2,...
ﬁ__i 71
Special cases
NDWhen A= 1and u =0 we have

4.2.4.1 Panjer’s Pattern
Pn—(a-\—n)Pn-i n—1,2,..
which is the Panjer(1981) pattern.

ii)When k= 1and u = 1we have

4.2.4.2 The zero-truncated pattern

Pn —(fl H—)Pn-1 7n—23, ...
71
iii)When k =2 and u = 0 we have

2 6

Sno= (N2, e

o
=]
1

j=

Pn=[@4 "+ 2'F-)IP-1 in 2,
71 71
No examples of probability distributions satisfying this case woie

found.
iv)When k =4 and u = 0 we have
i)Hyper-Geometric Distribution

(d-y+1)(x-y +1)p V=12
nadv- d- x+y) v Y

(y—d—x—2 (@x4d-f£4Di ~
(V- d- x4-1) YiV-d- x44¢ vy
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k=4 and
fll (W-d-x+y) 0,2 ~ (N-d-x+y) (i ~ (N-d-x+y) (I* = (N-d-x+y)
. (N-d-x+y)n _ (N-d-x+y) ™3 — (N-d-x+y) ~ = (N-d-x+y)
ii)Beta-Binomial Distribution
_(m-w +1)(q+n-1
nim- n+ /?) 71

(m-a-——n+2) (mn+a—m- 1

n=1,2,....m

+ -
M- n+f) n(m —n f15 1P
A= 4 and
n, — in -a _ -nn ___ 2
(m—+/3) 2 (m—+0) 3 (m—+0) ~ (m-n+0)
h - -™ u _ a U _ mg i -1
(m—n+0) 2 (m-n+0) 3 (m—+0) ~ (m-n+0)

iii)Beta-Negative Binomial Distribution
Casel:When n is the number of failures before the rth success

(n+r- H{I/?+n-—1

n= 12,3,
~n(a+@+n+r—1 1
?+n+r-2) - r-R+1
(@+RB+n+r- 1) +n(o+P+n+r-1) "1
k =4 and
n _ (. o r . n _ N2
* (a+0+n+r—1) 2 (a+0+n+r—1) 3 (a+0+n+r-1) * (a+0+n+r-I)
i —0 i —F i r/? 1 1

1~ (a+0+n+r—1) 2~ (a+0+n+r—) 3  (a+0+n+r-) *  (g+/2+n+r-I)

4.2.5 Panjer and Willmot(1982)

p _ Eto " "n n=2,3,.,Pg=0
Et=obtn*
No examples of probability distributions satisfying this pattern
were found.

4.2.6 Panjer and Sundt(1982)

p =A+A(w-1) +ft(n-1)<2+ ...
Qo+ a\Tl + Q2H(2) + ..
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where nW = n(n —2)(n —2)... (n —k + 1)
Examples of distributions satisfying this recursive pattern are:
i)Poisson Distribution

Ax = th-l n=1,2,...

=> k=1%=AMM=0Q=0Q =1
ii)Binomial Distribution

M n+HPp  n=
gn

— i \Pn-1
9 Q
=> =1p0=mpPi=-p @=0Qi =q
iii)Negative Binomial Distribution
Casel:When n is the number of failures before the r1l success

G-t Ik n=123
n

where q=1—p
g(r- 1

= + n ]Pn-i

=> A= lpo=qrpl=qQ@=0Qi=1
iv)Beta-Geometric Distribution
Casel:Wheri ITis the number of failures before the first success

_0+(n-1
(a+/)+n

fc=1/?20="A =1 00=0+pa\l=1

n=1.2,..

4.3 Characterization of Recursive Patterns

4.3.1 Original Panjer’s Pattern

Let
pn = (a+-r?Pn-l n=172,...
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and P0O>0

Therefore
nPn = (an + 6)Pn_i
= [a(n —1+ 1) + b]Pn-\
=a(n- DHP,_i +@+6)Pni ;n=1,2,...
Thus
N nPnsn= a - DP,-iSn+ (a+ 6~ Pn-iSu
n=1 n=I n=I
cG _ % _
s— =as2”™(n - )Pn-isn 2+ (a+ 6)s”™ Pn-isr 1
n=1 n=I
Thus dG de
s— h(a+ b)G(s
— (a+ b)G(s)
Therefore
1 —as)gg = (a-\-b)G(s) (4.1)
Solving (4.1)

Case (i):a=06=0

QG: 0=>G(s) =c=» 1= (7(1)) = ¢

ds
i.e.
G(s)=1
Therefore
p rl /or n=0
wn 10 /or n>0
Case (ii):a=06"0
dG_ 1,.dG K
e bG() (3 r -

a-logG(s) = 6 =$> logG(s) = 6s -fc
S

Thus
G(s) =ciels=> 1=C(1) =c,e’
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implyng that
c\—e h

Therefore
G(s) = e"60™*

which is tlie pgf of a Poisson distribution with parameter b i.e.
Pn=—n-.7- for n=10,12,... 6>0)
Case (iii):a~06=0

1 —a S)a/; = aG(s)

1 cG a
G(s) ds l—as » d s ~ 1—as

logG(s) = -------— ds = —logc( 1 —as)
i 1- as
Therefore q |
C
= =*1=G (1) = —
GE) 1—as (1) 1—as
=>ci=1- a
Thus
GW =
1—as

which is the pgf of a Geometric distribution with probability 1-a
i.e.
P, =a"(l —a) n=0,1,2,...

Case (iv):a ™ 0,b™ 0%

(1 - as) ds —(a+b)G(s)

a~ o0/;”™ 0,a+b=0 we go back to case(i)
ar06”70a+b>0

Therefore
1 dG _ a+b

G(s) ds 1- as
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__d _ ds @+b [ -a
=> 3s!096() =@+ J[ e G P
Thus
= A 1-
logG(s) 2 ogc( as)
= —m/o<tc(l - as)
where m = implying that
G(s) = ci(l - as)~m
1=G(l) =c,(l - a)~m
=*d=(l-a)m
Hence

If m is a positive integer,then

G(s) = @ —a)m(l - as)~m

=(l-a)m
n=0
=(l-ar™~(-)" (T )aVv
n=0
00 )

=(i-«rkE ass
n=0

Therefore
Pn= (m¥"Dfin(l - aym/or 0<a<Im >0
If m is a negative integer,let m = -a where a is a positive integer.

G(s) = (l-a)-Ql-as)®
=(i—«rE_g:)W "
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that is

<*)«
Viey o (
n=0
Let
a
P= 1- a
then
I = 1+ 4 - !
PE T TS
Therefore a
GW =EM)P"(1-P)“"nSn ;a<0
E(n)P"(1-P)
implying that

Pn= (“)pn(l - p)a " for n=10,1,2,...,a

Thus we have the following theorem:
Theorem:
The recursive relation

Ph=(a+ h)Pn—l n=1,2,..
and P0O> 0

satisfies
@- as)as- = (a+ b)G(s)

which gives

()
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i\ for n=10,1,2,... b>0and a=o

(in)
Pn—a"(l —a) n —0,1,2,... 0O<a<land 6=0

(iv)

v)

So given

we have found that when

a<0,Pnis a Binomial distribution

a =0,Pnis a Poisson distribution

a>0,Pnis a Negative Binomial distribution

4.3.1.1 Applying the PGF technique on the original Panjer pattern

L
Pn = {a+ h)Pn-i for n=1,2,... (4.2)

a) Special cases of a and b.
Let us consider equation(l) for
Case I:'When a=0and 6" 0

=> nPn = bPn-\

Multiplying by snand summing up over n results to

y; nPnsn= 6y pn~i”®

n=1 n=1
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@ ®
<=> s"2 nPnsn~l = bs™ Pn_|5n1...(*)

n=1 n=I
R I:
eca @ o
G(s)=~P,s" ="~P, .|S"-°
n=0 =

G{S) = 0 =YY" nPnSn~l = YA (U~ I)Pn-l SU~2

n=1 n=I

Therefore equation (*) becomes

¢ = bsG(s)

=S =GB

[#=>/*m
i.e/r?[G(s)] = 6s+ C
=> G(S) = e6+c = elsec = fB*

Thus

When s = |, then

G(l) = feet
< . l: Gk'
Hence
C(s) = e-‘e*
cw &9 4.3)

which is the pgf of a Poisson distribution with parameter b i.e.

e~bh
n!

" for n - 0,1,2,... (4.4)

Case 2:When a™ 0and b= 0
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Pn= aPn-i forn=1.2,.
=> TIPn = anPn-1

Multiplying by sn and summing up over n results to

0° (09]
AATIPNSn = ay*TIPn-iSn
n=1I n=1

s”™ nPnsn 1= fIMN[(n - 1) +

n=1 n=1
(o0} @
=al[E(n - DP,,-is" + Y, P">s"
n=1 n=l
OO
= as2”™ (n —1)Pn-\Sn 2+ Pn-\8
n=1 n=1
s— = asQ— + asG(s)
ds

s(l _aS)Fs = asG(s)

i.e.(1—as)-— = aG(5)

Therefore r dG ads

J ~G~\] (I-a«)

ING(s) = -/n(l -as) + /nfc

=> G(s) = (1- as)
k
G(D = (1. g
k=1-a
since G(I) = 1
Therefore
1- a
G(s) 1 - as)
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which is a probability generating function of Geometric Type |
disribution.

Case 3:When a”~0and 670

pn= (a+$)Pn-i n=1=1,2,...,

AL EV,

nPH= (an + 6)Pn_!

Multiplying by s and summing up over n results to

5~MPns" = A (an + 6)Pn_jSn

n=I n=1
00 00 00
s*nP,s"-1=a*nP,-,s" +6"P,,-is"
n=1 n=1 n=1
(00) (0]
=ajll(n - )+ 1]P,,.s" +6 " Pn-IS"
n=1I n=I
=a[E(n - DP,,_,sn+ £ p,-,sn+6]T P,,.s"
n=l n=I n=I
@
= as2]T(n - DP,,_,s"-2+as”™~Pn_,sn-l+6s™ Pn,s"-1
n=1 n=I n=1
— dG ;96
=> % - a2 (@ +B)sG
s — F@a+D)sG(s)
"

s(l —as);5 = (a+ b)sG(s)

i.e.(1- as)’{:‘s~ = (a+ 6)G(s)

Therefore
[dG [, » ds
AW "+6)(T ™)
InG(s) = — . ——1In(1—as) + % = _ —as) + Ink

. (af6)
=> G(s) = A(l- as)- -

124



When s = |,then
G(\) = A(1- a)'"

=> A= (1—a) -
Thus substituting this value of k,
G(s)=(1-a « (1- as)
Leta+b=aand a=(3
G(s) = (1-/2)3(1 -0s)?

There are now two subcases to be considered.
Sub-Case 1: When 0< (3< 1
Let g = r and |—(3 —p.Then equation(4.5) becomes

G = f(l-qas)r=(j")r

where g=1—p =3
This is the pgf of a Negative Binomial distribution.
Note:

G(s) = pr(1- 9«)'r
®

=prE (;nN(-«*)"
k=0

=PrE (-i)n(;% *)"
o

=prE rrV «n

k=0
Since
(-irr;) =m
Therefore

P, = rr*)9Vv "=0,1,2,...
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Sub-Case 2: When 0 <0
Let ~ = v where v > O.Then equation(4.5) becomes

G(B)=(1-/?P (1-0s)"

= (p+9g9)"

where p = and q=1—p=~"
Therefore G(s) is the pgf of a binomial distribution with parame-
ters p and v i.e.

P, = (>V Jorn=0,1.2.. Vv (4.9

4.3.1.2 Applying the Pearson Difference (lteration) technique on
the original Panjer pattern

Let in general,
f{x+ 1) _ P(x)
(z) Qix)
where
f(.) is a discrete probability distribution;
P(x) and Q(x) are polynomials.
In particular,suppose
P(x) =a +fix and Q(x) = x+ 1

Th
en f(x+ 1) _ a+ Ox
f(x) X+ 1
where
f(x) = Prob(X=x)>0 (4.11)
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and

£E/(*) =1 (4.12)
x=0
Equation(4.9) implies
[(x) = °-+ -)-(*(*-!)/(x-l) x=1,2,3,... (4.13)

Note

Equation(4.12) is similar to the recursive pattern according to
Panjer (1981) i.e.

Pn= {a+ h)Pn-i ;n=1,2,3,...

an+b

wna
n
b+a(n—1+ 1)

N Pn-1
ci + 6)+fii(n —1
( )+ii( )pn_1

n
a + (3{n- 1)Pn-

|
n

where a = a+ band 3=a

Let us now consider equation(4.12) for /3=0 and (370
Case 1: When (3=0

f(x) = ~I(x-1) ;x=1,2,3,... (4.14)

Therefore

x=1=> /(1) = y/(0)

x=2=*/(2) = |/(1) = ~/(0)

x =3=9./(3) = |/(2) = ~1(0)
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In general,
/(X) = —r/(0);x= 1,2,3—
X!

/(i) = -r/(0) ;i =0,1,2,... (4.15)

~NEI(x) =1(0)f; 5 =/0)e"

z=0 x=0
Therefore
1= /(0)e“
/(0) = e- (4.16)
Thus
/I(x) = i for x=0,1,2,... 4.17)

which is a Poisson mass function with parameter a.

Case 22 When 27”0
Then equation(4.12) can be re-written as

I(x)=SL+~zi)/(,_ ")
=g a+”"(x-1)] t)
X fj

for x = 1,2, 3,...
Next

*=1 => /(i) = f|]/(0)

I[2 + i]/(a =" (|+ D()/(0)

I
N
I
*
3
I

I +2)(1 + hH(1)/(0)

@
n
w
I
v
N
«
I

+ 2]/(2)
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J)=F O+ -+ 2mi2xitim

=A 4+ x- D(r x-2)- {0+2){i +1# )

Therefore

[y =1 _(+i_1)("+i_2)---(i +2)(i +1)“")— r(i )/(0)

=N r X- 1" +x-2)---fh 22(h m h 2)m

Nop (2 + i D(i + i~ 1)/(0)

Aor(8+ x)/(0);i = 1,2,3,...
Xin go

f(x) = X'!lrflr((’)‘+X)/(0);x= 1,2,3, (4.18)

E™-®fonSe>

i=f E |~ +X)
0 x=0

ri =/0)[ri +ir(?+15+5 r(? +2)+¥ r(i +3)+

= m [r-& I K [+7-0+
=?2/(0),1+ 3£ + 7~ + 1?2 + N +2) (D)~ ]
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Therefore

1= J(0)[L + /»(») + [22(*31) + [B(™+2) + ...

=1(0)f*+ )
i :/(()X:o

[Using the identity (r+d ") = (-1)*(“n)]

T iEm Y ) -

Thus

Hence
100 = ('-/»)»

Therefore

I(x) = jif|r™ +x)(i-/2)*:x = i,2,3,...

There are now two sub-cases to be considered.
Sub-Case 1: When 0</?< 1
Let ~=r and ?=p.

Then equation(lO) becomes

I*) =&, 41-p )r
r(r + x) )
xITr px(i-p)r

_(r+ x- D)(r + 2)...(r+ DrrrAn

12.. .aTr

rr K (1-rtf;°<P<1®=0,1,2,...

(4.19)

(4.20)

f(x) = (r+*-)p*(1-p) rix = 0,821
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which is the Negative Binomial distribution.

If r is a positive integer then equation(ll) gives the probability
that x successes precede the rth failure in an infinite sequence of
Bernoulli trials with probability of success in each trial equal to p.

Sub-Case 2: When ft< 0

Let %= —v and 3 = where u>0and 0<p< 1
Then equation(lO) becomes

x! r-~ 1 p-r

xlr-v p-1 p-1
r(-i/+x) p _p-i-p._
Xir-i. > -r 1 p- i

xir - i/ p-i p-i
r( V+x). xy
=r(M+x)CD.pl ("L )+
Il —if 1—p
=r(~"-|j_)(-ir(-ir+y (i-pr
Xr =71
= r(-7+1)(_D— -p)*-1
xir - »

= r(~ly~-M(-i)*p1(l _ py-*

Therefore
—D(—v+ x—2)1. o—v + x —X)I ( _pY~x
f{x) = (-1) i2..Xr- v
Aoy +x- DEI+FX-2) . (-Wr(-~)riL r)-.
= (-1) i2...xr-i/
AN-D ITVd-pr
= (>*(i-pr~

[Using the identity (tr) —(—I( k )]
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Hence

/(*) = c)p*@-pr *far x=012...v (4.22)

which is a binomial distribution with parameters t/ and p.
We can summarize the above discussion as
Theorem 1
Assume that

_a+bn , 00
Pn — n Pn—1 jTI 1,2,0,...

holds.Then we have one of the three cases.

e aon

n\ (a>0)

Pn

p- = rrv (i-rir 0<P<i
pn = ("Mpn(l - pY~n O<p<landv>0

4.3.2 Willmot Pattern
Let n
Pn ~ ifl P _)Pn— 1~ 2,3, ...
n
and pi > 0,po=0=>
npn={a+ bn)pn-\ ;n=2,3,...

[a(n —1+ 1) + b\pn-1
a(n —pn-i + bpn-i

Therefore
(0] 0] 00)
= a”(n —1)P*n+ (a+bh)
n=2 n=2 n=2
00 00]
s A2 nPnSn~l = as2 ~ 1Pn”ISN 2 + (a + A)Sy"pn-is'
n=2 n=2 n=2
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® 09)
A2ripnsn 1= as”~ (n - Dpnl5n2+ (a+6)~ p,,-isni
n=2 n=2 n=2
- 5 = asi( + (a+ &)[E(5) - PO
But ppo=20

Therefore

56 pi = as98 + (a+ B)G(SS

(1-as) Bé----(a +6)G(s) = pi (4.23)

Solving this differential equation in pgf ,we consider the follow-
ing cases

Case (i):Whena=0and 6=0

Then (4.23) becomes

d—G=Pi=> G(s) = pis+c¢

Therefore
G(0) =c
But GO) =ppo=0=»C=0
G(s) =pis=>G(l) =pi=1
G(s) =s
Thus

__r when n=lI
Vn \o when n”I

Case (ii):Whena=0and 670

THen 2G . B s) = pi
0s

I = IntegratingFactoi' = e "W = ¢
Therefore
3G _
ds be~tsG[s) = Ple-19
S
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N e-b,G(s)} = Ple-b

BG(s) = vJ pie~bds=-je~b +¢c
Therefore
= -N = = -N. = =N
G{0) b+C >0b +C0>C
and
e~bG(l) = ~T-e~b+y
i.e.
1=j(eb~1
Hence
Pl = eb—1
Therefore
e~beG(s) = c- ye'6
__Pi Pl —6s
(13 6 6
=y[l-e-6
Thus
GW = f [e6"- 1
em- 1
eb—1
= 7R Ml )
Therefore
1
GW =2~n(E -7
n=l
Hence
Pn = n=123,... Po=0
nl(eb—1)
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which is the Zero-truncated Poisson distribution with parameter
b.

Case (iii):Whena”~0and 6=0

Then
1-a s -aG{s) =p\
n
=> (1 - as)G(s)] = pi=> (1 - as
G(@) =C,jie0O=C
Therefore
PiS _ _ Pi
) 1 _ag) =G(Q) = @ -a) Pi=1- a
Hence a )
- a)s
Cl9) (@ - as)

which implies that
pn=an *(1- a ;n=12,... po=0

Case (iv):a”~0and 6=0and (a+6) >0
Then

c)C
@a- as)-éé----(a + 6)G(s) = p\
When a+ 6= 0,thena”™ 0

(- as’Sj@: Pl
Therefore )
dG pi
ds 1—as

which implies that

<*>'U « ds+C

ds + C
aJ 1- as

= —/ap(l - as) + C
2 p( )
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1=G(l) = ’\élog(l- a+C= -aC,Iog(l- as)

=C= biog(1- a)
Thus loa( 1
G(s) = og(1l- as)
/00(l ~ a)

which is the pgfofa logarithmic distribution with probability a i.e.

= in=123,..,0<ax<1
P _alog(\ —a)

When a+b>0,then a™ 0

dG a+b i
G(s) = Pi

ds (1- as) (1- as)

Therefore
s oedp( gL o [--25ds | iEx*2/09(1-aa),

i.e.

/[ =@Q-0s)2 =(1- as)’
where m =
Therefore

1 - as)m%@--ma(l - as)"L 1G(s) =Pi(l - as) ™

m-(1- as)raG(s) = pi(l - os)m 1
as

=s> (1 —as)mG(s) = Pi |(1 - os)m ‘rfs+ C
Let
u= (1- as) du = -ads
Hence

/ u_rn—_lda+ G

am
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Therefore
0= G(0) = —+C
(0) am
=>Cc = -N
ma
«-cW =
am ma
i.e.
GW = ='1- U
Pi
= — [u"m-I
p—y [u ]
= fnal @
Therefore
1=6G() = Fa[(l' a)'m- 1
ma = pi[(l - a) m- ]
ma
NPl~@1-a)m-1
Hence
OR

1—(@ - as)~m
G(s) 1—(1-0)-m
Note that in can be
a positive integer
a negative integer
a fraction
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When in is a positive integer,then

au) = i-s”™rr) (-«*)n
i - EL,, (T)(-®)*
Er- (T)(-°«r
e I, (t )(—=)"
ES.I(-1)"(T)«""«"
Er=,(-i)"(T)“n
el ,rr v«©"
el ,r rv

Therefore

(m+n-1)Qi
Pn = . ;= 1,2,... po=20
irrVv
When m is a negative integer,let r=-mwhich is a positive integer.
Therefore

G@=1- (i-«)r_EL.O©(-«)"
i- (i-Ur EUO(-)*
implying that
Pn = 1.2, a<o

T EIQR*

We can summarize the above discussion as

Theorem
Let
Pn—(fl4“n)Pn—liH 2.3.... Pl >0
Then
a)
(l-as)"-(a +b)G(s) =p
0s

and
b)
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(i)

(i)

(iii)

(iv)

(V)

4.3.3
Let

where

This pattern is said to be Panjer distribution with parameters a,b

_ r when n=I a=0,t=0
/ fl 10 when n*lI
/nl(eif?f n=12.3,... a=0,fr/0
vn — {o' n=0
gan_ 1(I n=1.2,... A0,b=0
Pniﬁ(on‘(_a) nn:O )
_ -ntog(\-a) ;n~1'2'3'- a50’6/\0
Pn —O0 n=0
(m+n-l)an
m =i£+£2€N,a/0,6#0,a+fc>0
En=10"°( " Jan
Pn = {
an(r) —_ 24650
gin-r mt n=12..r FENayK) 67,

Panjer Distribution of order k

. _ L -
<In+ (a+ " 1)9n for n> k

gn = 0/orn< A-1

e Band k € N;or simply Panjer distribution of order k.

We now wish to characterize this distribution by a differential

equation for its probability generating function.

This result will be used to to identify all distributions of the Panjer

class of order k.

Define



Then

G.n>(0
Q = ?1\() (4.27)
where
(4.28)
From (4.26)
dG ~ o
ds - Y_ ngnsn 1= Y_ n9's” 1
n=0 n=I
=Y An- I)n(InSn~2 = 1T (n - 1)ngnsn~2
n=l n=2
Q*G oo
2-=Y(n - 2)(n- Yngnsn=3=Y (n - 2)(n - 1W,s"-
s6 =2 h=3
Therefore
A7 =A(n - 1+ 1)...(n- Dngni™™
n=I
1dG V(- Ir e -1+ 2) mmn- ng,s'”
T\U ~%;; 1 2 /
(00
= £ tf)**g"-"
n=I
But gn —0 for n <k —\
Therefore
(4.29a)

diG = E (T )~
’ n=k

{OAKSKk *+ ~  (M9n«n
refcH
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Thus

1d'G *

(4.296)
N\ ds*

n=k+I
Equation(4.24)implies that
o e on for n—1>k
Substitute this in (4.29b)

1¢6 ]
ndst 0®TTTE 2 ()@

Putn=j+1=>] —n—1

Therefore
00 00 /,
+1-1
I= N=o|
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1d'G

/! ds’ 9*(7)**" - :£ ))(T\J//;T(lb++6ﬁ 7-I_I_(\/b."" 1
V., (+uj! V-, g Utitlis 1)jrm<!-/,
=
»-/1

+ L Efe T3 \yij —¢ — 1t

=EEfo g7 TrR (V"1 +6E [H -)s<1

= + 1
=k =k

=asEigj(iv 1+9j@ _f+1)(i)sj 'i+yEfeG-i)» i
@ (e0] . I 30

=«*E *(i)s’4+QE Yo i (i) 4+yEAG-iR
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1(1"C ® 00

26 [y dedettr_ ) _ i-1+1
nd7-~ "*(i)yx*"'= - +0§'=* G-/1+DIU- D - N
(00
+7TE*Gi,y-(-)
0y
- - : r-/+i
= as_l—:|* />G)sJ™ + aH 9]76_ [+ 1)( - 1)10 - /)
jk
T8 w0 g go(i-D)ILF o+ Dia+t +
Jfc N=
= asL «j(I)sW+ OH9j((i-i))*> (") + 71Z *(i-i)si'""
Lei (@) HI((E=)*> (") + 717 *(i-1)
= 1] + @+ i)™2ji(v-i))si
% j—k
Thus
1d'G , . o .
“-?*CI< = + (a+y)™9j((iD)s,*<'(4.29)
j:* J:*
Using (4.29a),then (4.29b) becomes
1d'G asd'G 1 rf-'G
nds 2N = gy O ds'-
Therefore
1-asdG (a+))dI~IG N e,
Nodsi~ (I- Drdsl~I Q&
Thus
(1 -as)G”(s) = (la+b)GV-I){s) + gk(k)sk-1 (4.30)
Put | =Ic+ 1 equation (4.30) becomes
(1- as)G(+l)(s) = [(fc+ Do + 6|C(“>(s) (4.31)
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Putting s = 0 then (4.31) becomes
G<+1>(0) = [(il + 1)a + 6]C,)(0)
Assuming that k —n
=*e G<ntl)(0) = [(n+ I)a + 6]G(n,(0)

Therefore oy
G (n+1)(0) n}{0)
(n+ D! [+ Da+ b](n + 1!

@, + 1)fl|fcG (0) b

=> </nHl = [ (n + 1)| (n)\ _[ﬂ + n+1 h

Qn+i — [a+ — fl<?n (4-32)

For equation (4.31),when A= 0 we get

(1 —as)GI(s) = [a+ b]G(s)

(l-as)™~”™-(a +b)G(s) =0
0s

which is the differential equation for the original Panjer’s pattern.
When k = 1 equation(4.31) becomes

,d2G{s) ,0 , L5G(a)
(1-" )-aP™"™ = (2B+6)_ar

Put

d dG{s) d2G{s) _ dG(s)
dg 1 = (! _as) ds2 ds
Therefore

ésg.(.i . *3)(3 s)], fah )T m.ZGES?% 6,)9  M3G(3)

d,,. 3G(s), , ,LdAG(s)_n
=>Fs[{l- as)* r ]' {a+)~d " -
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JL[(i-aS)~ M -(a + 6)G (i)]=0

1l-o0 asS - (@+b)G(s) = ¢

For s = O,we have

- 9" o —a+ bye) —c
But
Pk Gj(o) K\pk = G(K)(0)
pi =G (0) = d?j(:) Uo
and po = G(0)

Butpn=0forn<k—1=>n<0
Therefore p0= 0 and pi =c¢ Thus

1 - as)d(;is) - fa+b)G(s) = p\

which is equation (4.23).

4.3.4 Compound Distributions

In Chapter 2 we have discussed compound distributions based on
the sums of a random number of iid random variables.We let

Sv=Aj+ X2+ ...+ Xn

where the X's are independent and identically distributed (iid)
random variables and N is also a random variable independent of

the X's.

If G(s),F(s) and H(s) are the pgf’s of X,N and SN respectively,then

H(s) = FEN[Gx ()]

which is a compound distribution.

Further if Xi is Bernoulli with parameter 7r,then

G{s) = Gx(s) = (1 - T+ %s)
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Therefore
H(t) —F(1- 7+ 7rs)

For Compound Poisson Distribution,let N be Poisson with pa-
rameter A.Then

H(s) =
= LERE)

where j3=\n
For Compound Binomial Distribution,let N be Binomial with
parameters m and p.Then

H(s) = [1 —7rp(l —s)Im
= FIp(l-s)}
where 3= np

For Compound Negative Binomial Distribution,let N be Nega-
tive Binomial with parameters p and r.Then

H(s) '
= F[0(I-s)]

where 3= — 5
Thus compound distributions of the form

H(s) = F\O(1- 9)}

come from Poisson,Binomial and Negative Binomial Distributions.
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Chapter 5

MAXIMUM LIKELIHOOD
ESTIMATION

5.1 Sprott Approach

Sprott(1958,1965,1983) developed a method for estimating param-
eters in recursive relations and difference-differential equations.
We wish to review some of these papers to grasp the concept.

5.1.1 Estimating parameters of a convolution by Max-
imum Likelihood

Let
Z=X+K
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and

Pk = Prob(Z = k)
Prob(X + Y = k)

k
=Y ,pr<>(X=1,Y =k-i)
i=0
k
=N Prob(X= i)Prob(Y =
i=0
k
= ri9fc-i
i=0
it
- A-
* IV-i
B«-"gjFr7jTO **("-«
Thus
IV-i
. 'E ifnjio fc-*) 1)
Therefore
k o e
(k k')ok\' iflyti-*)"
t=0 ( - |)
N-«
= -pkt+e-9£ (fev _ijj (> ‘<1-
t=0
Thus
dpk o (5.2)
iw = ~Pt+Pk-
Therefore
1 dpk _ _1 Pfe-i
Pk 90 Pk
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d
—logpk 5.3a
Do'09P o (5.33)

Hi(k) - 1 (5.35)
where

Hi = —
Pit
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Next

Qt-e Z TirglyrGd"d-")
=¢e'9E 7rr7u()['°' 11 - - (V- 07 (L - *)"-*-
fof (-0
ekr o
= e-9E - Q)AL Il - 0) - (IV -
k Ok~
=e~°E JFT7Te( ™ ) Y(1-~m™ T- W
° i=0 ZE I\t( ( -
k
=e’E JjrztfOr'v - ~ JTHYP *1~
k  ni— it t\N—i k  ok—i
-eoV — a tk- k)(Nv [ . _ _
NAET)I( H o(\i-o) * |Zo Grel@ o(1-0)
Meoy™ 1 worti - oyr
*(i-0) h 1
k K _
1 fo .esr ex A k»k |
0 - *y 1:O(k—i)\{ i=0( - »)!
N<f)
o(1- 0)~
k Qk-i
1 «V I
0(1-0)' =0 (K —i—
Therefore
n 1  r_ge- «y- NCSE (Fy (L 0)Ft-t+
d@) 0( ) AMfe-i-1)!
0(1 0 [[Op™_i + kpk - N(frpk\
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Thus

dpk 1 .
4> 0(1-0) \(k- Nk - 0p*_i] (5.3)

This implies that

1dpk _ 1
K #0  0(1-0)

1
- o(1.9) [ NE- OF)

[(k- N -0 P:k'i

h|0’n =w A - N*-9QHxn G4

Now multiply (5.3b) and (5.4) by frequency ak and sum the
result over k:

For (5.3b)
d
Y ,a"MI°9Pk = ~
= Y™akHi{k) - y "ak
k k

=" a kHi(k) - n

where
(Ik
Let d
So = 2 ak-"°9Pk

Therefore

SO = ~ akH\(k) —n (5.9)
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For (5.4)

d 1
E “*melom - §TTHE “@®-"* « | (N

= iE “* i (*»
= E a*">(*>i
Thus
a — .. ..0 Y, aHK\ (5.6)
where d
sP= E a*ario0P*
V *
k = kaic = E(k) = £(2Z)
and
n="2ak
k

From (5.5) we have

akHi(k) —So +n

Substitute this in (5.6)and we get

1 .
50 — 0(1-0) [1A- Ni(f) - 0(So + n)] (5.7)

The Maximum Likelihood equations are So =0 and S$ 0.
Thus (5.7) becomes

1
0= o - 0) [nk - Nn(f) —n0Q]

=*» 0= A- M- 9
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Therefore

k = N4+6 (5.8)

which is the first moment equation.

This can be used to eliminate one of the parameters,say <£.Then
So of (5.5) can be written as a function of 6 only,and hence the ML
estimate can be found by iterating on So.

Applying this method to Panjer(1981) Recursive pattern i.e.

k +
= @O o for k=12,
We have
dpk d ak+b (ak+b)d
aT = Pk-'d*"{~ r )+ — > TaPk-'
. (ak + b) d K\
=Pl gt
. d
= Pkl + 5 0a
and
dpk d ak+b (ak +b) d
~b = Pk-"¥b{- r ]+ k dbPk~1
(ak+b) d
= ka k db
pk
— l(Pk -\ H -~ BPk\
Thus
1dpk  Pk-i A L d
AR T TR TECTag !
d Pk-i d
d—alogpk -ii[Jr Elogpk i
and



do k pk db

Therefore
- = T*-logpk-1 5.9
aa ogpk ok + 0a ogp (5.9)
and
o — N 1
%BI 9Pk 'll('i—pk + OE))gpkl (5.10)

Now multiply (5.9) and (5.10) by frequency fk and sum the
result over k:

For (5.9)
E fdeG'n:E +E IKVborr. 1
Let
¢ d
S3= I_k h dda°m
Then
(5.11)
For (5.10)
k k k
Let q
s‘-=Yk,fiw,Iom
Then



The Maximum Likelihood equations are Sa 0 and St 0 i.e.

which cannot be simplified further. This shows that this method
does not work when applied to the Panjer pattern.

5.1.2 Estimation based on Compound Distributions (Pois-
son Binomial Distribution)

The Poisson Binomial distribution is

t=0

where n is a known integer and g= 1—p.
Then p%obeys the Recursion formula

Let
=> Pk =c¢ aS\(k)
Hence
S\(k) = egpk
Let
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Substitute t = it in S2{k) i.e.

D (nt- k +k)a* 1
««(*) = E:O n(H) (JP 9
7/, .\ (i

/c;a Int\,,k,,nt-k

L

@1 A NI B, V ke (MU VAR

“Ofti(t!) (fc+ DI(nt —@& + )! i Nt K
k+1E" al~I 0P oL ! rtf — fo
{ E — EJrJTrti)P 9 9 +kX , LI\J/I}%’CQi
" ' 10
</(fc+DSi(fc + 1) : fcSi(fc)
np a n a
Note:
(nt)\ .
H *K?) - (" A)ft(n(_ fop  Jelnt- - (D e+ pare - k- 1) ~ (¢
Therefore
N (5.13)
s209 = nap na
But
S\(k) = eapk
>Si(k + 1) = e>feH
Substitute in S2(k) then
SZ(k) _ (jI'(A+ l) Si(A+ 1) A (A) (5_14)

np n a
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Further let

¢ L\ _ dSI(k) _ 0 al(rd\ k ntl
sh - A - - T PAO

E ACtW -'<r-k-pl(nt- K)(i- pre-:>]

<0 r*
ot ot nt-k—-
=Z - E Jo-- *)(t)A
<=0
w * 00)
=*E Nav-v E*-(fc+1)E74 (n At

E " a (fFe+DETE ()~ 'w

@D - © -f

‘m'EyrOVvV" *--(a+ D E]|O

= ) p-(a <r-o| 1
Si(k +1

o (k+1)

Therefore
A4 1
kS,(fc)—— S,(fc + 1) (5.15)
P P
OR
E<e pk K+ 1eapk+i (5.16)
p P
Now since

P* = ¢ abi(A)

logpk = —a + S\(k)

dalogpuz -1 gé&(k)

1, S2(k)

SiM

N5 i(fe+ 1)+ A5IW
1+ 5, A

<A+ D5IA+ )N A
nap S\(k) na
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But

Sifk4 1) _
Si{k) pk
Therefore
-z-logpk J o Qlk+ 1Pk K (5.17)
oa nap pk na
t1°m = -1 +1 SI(k)
S3(k)
S\(k)
1)
Si(k)
k k4 1%8i{k4 1)
P P Sif)
d & k4 1PkH
Dogpk = ke - (5.18)
dp T P T

Multiply equation(5.17) and (5.18) by ak and sum over Kk,
ofk -f ) pk-n E k

E dd:akgk:“‘E a.t'l'E a nap  pk akna

Pk+\ _ 1Ylk kak
= A 4
—A 4 nap ak{k 4 1)

a n
Pk+\
= - —_— N H—
anapy ak{k 4 1)Pk a
N+ 1HcH
Y aksploavk=2"% - 27ak p pk

K K k

fBE A i:,Ek(fc+1)a‘vF,<1

—nfc—-—--" Nfcd ad
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Let
Sa= "(ik-quIogpk
Then
= . -H - P — - 5.19
Sa = -n+ A‘épY,(k+|)al s ta (5.19)
Let
d
s”=Y ,a*fy)low k
Then
k 1 i+1i
Sp = 98- i + !)«.P£I I (5.20)
vV VvV p*

The Maximum Likelihood equations are Sa= 0 and Sp O i.e.

> = —nH——vMk + f—=0 5.21
7 napy' ( Pk a .21)
nk 1
sp = —--£(*: +ha*r— =° (5.22)
I Pk

where a* is the observed frequency of k and n = ~™a”the total
number of observations.
From equation(5.22),

0Sp=nk — (k + 1)akohd = o
ANk + Dfljb~- = nk -
{ )fljb2
Substituting this value in equation(5.21) one gets

Sa=~n+ — [nk- pSp]+- =0
a=-n+ — k- pspl+
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-n H_neﬁmk- pSp] + 2 0

but Sv= 0 then

k = nap (5.23)

where a and p are the inaximuni likelihood estimates of a and p
respectively.

Again from equation(5.22),

nk— Pa+l - 0
Pk

nk = 'A{k 4-l)ajfc -
k pk

k:—/\](k'l' Pa+i

Pa

Substituting this value of k in equation(5.21) one gets

= - * [1X3 e N
S, napn +£ (* + 1pk +1 E (fc+ 1) P+
1 PA+1
_ AN AN _ *\q*
= ond nap ko(fcr ) ST na£ >+ A Pa
= A Heeeee ’\(A;+ I)a* Pfc+i
nap Pa

= - -n H-ee_ + 19*N\____
Sa=V] ak'(lj'glogpk nH nan lja .
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Therefore

where

and

N a kMN-logpk = — +1)a*n- -
13 da

nap pit

L) = ~ akF(k) - n
k

LP) ="r2a" o9k
k

F(k) = (fc+% +I
nappk
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Chapter 6

CONCLUSION AND
RECOMMENDATIONS

6.1 ODbjectives

The objectives of this project are:-

a) To construct discrete probability distributions.
Specifically to construct
-Standard discrete distributions
-Compound discrete distributions

b) To express pmfs in terms of recursive relations specifically
expressing pk in terms of pk-\ where pk = Prob(X = k)

c) To study the recursive relations by
(i) ldentifying patterns and corresponding distributions.
(ii) Deriving estimation procedures for recursive relations

6.2 What has been achieved

From Chapter 2,we have the following:-

e From the exponential expansion we obtained;

-Poisson Distribution
-Zero-truncated Poisson Distribution
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e From the Binomial expansion we obtained;
-Binomial Distribution
-Bernoulli Distribution
-Negative Binomial Distribution-2cases
-Geometric Distribution-2cases
-Logarithmic Distribution

* Using Change of Variable(Jacobian Transformation) technique
we obtained;
-Exponential Distribution
-Gamma Distribution with two parameters
-Beta density function.

* Using the Expectation and Convolution Approaches to the
sums of identically independent distributed (iid) random vari-
ables we proved that:

-the distribution of the sum of Bernoulli iid random variables
is a Binomial distribution.

-the distribution of the sum of Binomial iid random variables
is a Binomial distribution.

-the distribution of the sum of Geometric iid random variables
is a Negative Binomial distribution.

-the distribution of the sum of Negative Binomial iid random
variables is another Negative Binomial distribution.

-the distribution of the sum of Poisson iid random variables
is another Poisson distribution.

From Chapter 3: we have derived recursive ratios and recur-
sive relations for various probability distributions that have been
identified in Chapter 2.

Using the recursive relations we have derived means and vari-
ances,based on pgftechnique(where possible) and Feller’'s method.

From Chapter 4: we have a number of patterns of recursive rela-
tions;the basic one being the Panjer pattern of 1981 which is in the
form pn= 24N i;n = 1,2,.. .With this pattern we have been able
to get the corresponding probability distributions,namely;Poisson,Binomial
and Negative Binomial distributions.

The probability distributions corresponding to the Willmot (1988)
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pattern which is in the form

Pn={a+ h)pn—l nN=2.3,...

are:Zero-Truncated Poisson,Zero-Truncated Geometric and Loga-
rithmic distributions.

For estimation,we have applied Sprott’s procedure for deriving
ML equations [which have to be in a recursive form].

McGilchrist(1969) derived an estimation procedure from the re-
currence relationship between probabilities in a discrete distribu-
tion.It is limited to cases in which only one parameter occurs in
the recurrence relationship.

If the recurrence relation is of the form

Po(x,a)px + Pi(x,a)px-i =0
where pOand P\ are fuctions of x and the unknown parameter a,then

the estimator is obtained from the set of equations

b

y~ujx[Po{x,a)fx + /?i(s,a)/x-i] =0

i=i
where a is an estimator of a,/x is the frequency of occurrence of
X in n independent observations and ux are arbitrary weights.but
McGilchrist(1969) proposed a suitable criterion for the choice of
optimum weights. Examples have been given for Poisson Distribu-
tion,Truncated Negative Binomial Distribution and Logarithmic
Series Distribution.

6.3 Application

This work is applicable in three areas of research:

- In insurance we can apply the work for claims of premiums.

- In group testing problems we can apply the work in estimation
problems.

- In demography we can study Birth Interval Analysis using
this work.
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6.4

a)

b)

Recommendations

Other methods for constructing probability distributions need
to be looked at and their parameters estimated.

For example we have estimation of mixtures of discrete dis-
tributions.

Let {/,} and {7} be two probability distributions,o > 0,/ >
0,g+/?= 1.Then {a/, + /?</} is again a probability distribution.

{fi} and {< could be mixed Poisson distributions with pa-
rameters Al > A2;mixed truncated Poisson distributions with
parameters Ai > A2; and mixed Poisson with parameter A and
Binomial parameters n and p.

The problem is to estimate 0,/? = 1- a and the parameters of
each distribution in the mixture.

Further study is required for distributions whose pgfs can be
achieved but whose explicit probabilities and hence recursive
relations are not simple.

We have also cases of differential equations in pgfs which are
not easily solvable.Numerical methods or other methods need
to be studied.

(i))For Panjer’s pattern,we identified the corresponding distri-
butions,namely,Poisson,Binomial and Negative Binomial Dis-
tribution using both pgf and iteration technique.

It will be interesting to identify probability distributions for

other patterns.
(ii)Sprott(1958) obtained ML equations for Poisson-Binomial

distribution,written in the form
Y (K + D*EH = Nk
k Pk

and
Nap = k

where ak is the observed frequency of k,d,p are ML estimates
of parameters a and p;A' is the sample mean and N the sample
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size. The are calculated recursively. It will be interesting
to find out ML equations for other distributions.
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