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Physical gquantities thought to be pertinent to the
development of loads in cylindrical silos filled with
granular materials were identified. The principles of
similitude and dimensional analysis were used to formulate,
organize, and analyze data from experiments in order to

arrive at prediction equations for loads in silos.

Dimensionless Il-terms were used for the prediction
equation. Experiments were carried out to investigate the
validity of Janssen’s constant, k, the ratio of the
horizontal to the vertical pressure in granular materials
en-masse. It was concluded that k is not an independent

material property.

The study revealed that particle size (A), height-to-

diameter ratio (H/D), relaxation medulus (E({(t))



and grain depth (z) are pertinent to the development of
pressures in grain filled silos. Inertial effects were
found to be unimportant to the development of pressures in
silos. The phenomenon of dynamic overpressure in emptying

silos was observed.
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INTRODUCTION

The irregularity of harvest yields, and the unequal
distribution of cereals throughout the world, has resulted
in unequal consumption of cereals (54). This has led to
building up of stocks in order to assure more uniform
supply. The recent tragic famines in Africa, and other
parts of the third world, have led to urgent efforts to
increase food production -- especially grains. These
efforts will be futile if good storage is not provided for
the increased harvest. According to the Kenya government,
"Sessional Paper No. 4 on National Food Policy," (1981)
about 30% of all grain harvested in Kenya is lost through
bad storage practices (18).

The.obvious choice for grain storage on the large scale
necessary for modern expanded agricultural production, is
the silo, which, according to Reimbert and Reimbert (54),
.."does away with the burdensome use of sacks and reduces
labor costs." Containers for the storage of bulk solids
are called bins, bunkers, silos, and tanks (15). The terms
"bin," "silos"™ and "bunkers" have different meanings in

different parts of the world and may vary from author to

1



2
author (43). 1In the United States the term "bin" generally
includes both silos and bunkers, silos being deep bins and
bunkers shallow bins (41). The word "silo" originated in
the Greek language as "siros" meaning a pit to store grain
and over the centuries has managed to retain this
particular emphasis (65). Today, the complete reference is
more general, including below and above ground storage of a
variety of materials and objects (48). The silo is ideally
suited for storage of bulk material like grains, as it acts
as a storage device, provides protection to and from the
environment, and allows for a relatively problem free
unloading system using a rather inexpensive motive force,
gravity (65).

The physical properties of materials stored in silos
and bunkers influence the flowability of the material and
the forces that the material applies to the silo walls and
bottom (58). The major problem in structural design of
silos is to predict, with reasonable accuracy, the loads
that these structures will be required to withstand during
their service life. The mechanics of granular materials,
even for reasonably homogeneous and noncohesive materials,
are little understood (65). At present, the
state-of-the-art of grain bin design utilizes a less than
satisfactory approach to the determination of horizontal
and vertical sidewall pressures (69). 1Indeed, a recent

survey in Sweden found that about 25% of concrete bins have



vertical cracks (11). It is believed that some of the
structural failures in bins have been caused by the
increased stresses and strains developed in the bin wall
when the bin contents are being removed from the lower part
of the bin. This phenomenon is known as dynamié
overpressure in grain bins (63). Literature on the subject
contains a great deal of experimental evidence that
internal lateral grain pressures on bin walls during
emptying of granular material from the bin bottom can be
much greater than the static lateral pressure (63). There
is controversy as to the pertinent physical quantities of
granular materials that influence lateral and vertical
pressures in silos. This has resulted in the development
of different silo design codes in various countries. There
is little agreement among the various codes of practice as
to the magnitudes and distributions of pressures,
especially dynamic pressures.

The identification of a complete set of physical
quantities, affecting magnitude and distribution of
pressures in silos, would greatly aid the development of
prediction equations for silo loads. The use of the
principles of dimensional analysis in the design and
operation of model tests and the interpretation of model

test results would further illuminate this area of study.



OBJECTIVES

The need for the identification of a complete set of

pertinent physical quantities affecting grain silo

pressures, and the use of similitude theory in experimental

design in the development of adequate mathematical models

for silo pressures is outlined in the introduction above.

The principal objectives of this study are:

(1)

(2)

(3)

(4)

To identify the physical quantities influencing
pressures (loads) in grain silos.

Using dimensional analysis, to arrive at the
qualitative form of prediction equations for loads
in grain silos.

Using similitude theory and experimental data
obtained from tests on model bins to develop
prediction equations for loads in grain silos.

To investigate the validity of "k", the ratio of
the horizontal to vertical pressure as used in the
Janssen's equation for predicting loads in grain

silos.



2. LITERATURE REVIEW

Early silo designers, not recognizing the importance of
vertical friction between stored material and the silo
wall, assumed that lateral pressures vary hydrostatically
(58) . Experiments by Roberts (17) on models and full-sized
silos showed that this is incorrect because some of the
weight of the stored material is transferred to the wall by
friction. Janssen confirmed this conclusion and in 1895
published a theory that accounts for wall friction (74).
Airy proposed another method of computing wall pressures
(17). A considerable amount of work by various
experimenters followed, and Ketchum summarized the state of
art in a book published in 1909 (15). These methods, which
take ingo account wall friction, provide means for
comput ing

(i) Pressure of stored material against vertical
walls, sloping surfaces, and flat bottoms;
(ii) Friction forces and wall compressive forces; and

(iii) Vertical pressures at various depths in the

stored material itself.



Some of these methods give static pressure only (58).
Design pressures are usually estimated by modifying the
Eomputed static pressures to account for material movement,
eccentric discharge, and ovher pressure affecting
conditions, or by the use of analytical methods intended to

give design pressures directly.

2.1 Methods of Computing Static Pressures
Static, or more appropriately, initial pressure
theories can be categorized into three distinct methods
(65) .
(i) The method of sliding wedges of material,
developed b& Coulomb (1776) but applied to silos
by Airy (1897)
(ii) The method of differential slices as proposed by
Janssen (1895) and used to some degree by
Reimbert (1955).

(iii) Characteristic or numerical methods in the
solution of the equilibrium equations obtained
from differentiél volumes, used by Sokolovski
(1954) but applied to two-dimensional bins by
Horne and Nedderman (1976).

These methods are based on equilibrium of the stored
material in a static condition (56). Elastic interaction
with the bin structure is not considered, nor is strain

energy in either the stored material or the structure.
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These analytical methods agree with test measurements with
varying degrees of accuracy. A sample of the methods

described above is discussed below.

2.1.1 The Method of Sliding Wedges

This method, developed by Coulomb in (1776) appeared to
have appealed to Airy only (1897). Airy's analysis
resulted in the questionable prediction that horizontal
pressures reach a maximum at some intermediate level and
then begin to decrease. This was because Airy neglected
the contribution of one of the walls in his force balance.
Hancock (65) and Nedderman (1974) (65) corrected Airy's
method and have shown it to be a viable technique, although
the relative complexity of the solution renders it
unsuitable for design purposes. The wedge method remains
best suited for analyzing shallow bins and retaining walls

(see Figures 2.1.1 and 2.1.2).

For bunker

Lateral pressure at depth Y:

P =

(2.1)

17 2 1 ?
il 5 :
2

\/ pprp )+ 1o

where @ = tan ¢, ¢ = angle of internal friction



Surface of
C grain E D

7
/s

,“~Plane of

/I rupture

A o J B
| —

Figure 2.la. Dimensions for use in Airy's equation for
bunker (Safarian and Harris, 1985)

C| Surfoce of grain P D
Plare ofy AE
MP rupture l/
P <
P ,//
¢ R 7
4y
s
\0(3 Q7
J
p: kg
,/
A B
D

~
-~

Figure 2.1b. Dimensions for use in Airy's equation for
silos (Safarian and Harris, 1985)



H' = material-bin coefficient of static friction

Vertical pressure at depth Y:

g = P/k (2.2)

ratio of horizontal to vertical pressure
For silos

Lateral pressure at depth Y:

2
P = _'YD 1 - 2 - u (2.3)
bt B Sha) +1 -

Vertical pressure at depth Y:

g = P/k

2.1.2 Janssen's Method
H.A. Janssen (1895) developed equations for computing
lateral and vertical pressures of granular materials in
deep silos. In deriving the equation, he made the
following assumptions:
(i) Vertical pressures are uniform throughout
horizontal planes.
(ii) Horizontal pressures are uniform over the
perimeter of a cross section.
(iii) The ratio of the horizontal to the vertical
pressure, k, is uniform.
Janssen's method is based on static equilibrium of a thin

horizontal layer of stored material, as shown in Figure 2.
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Top of fiil
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"and stored materigl, gssumed
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#P =Friction force per unit oreo of
woll in contact with lamina

Upward ond downward pressures are

assumed uniform over entire area.

Figure 2.2. Horizontal lamina for derivation of
Janssen's equation (Safarian and Harris,
1985)
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Equating the summation of vertical forces to zero gives

d
gA + YAdy = Alg + dyg%] + Q'p(Udy)

in which

static vertical pressure at depth Y

A = area of horizontal cross section through the silo

(@
]

perimeter of cross section

pressure of stored material against walls at depth

§o)
]

Y below surface of stored material

Y = unit weight of stored material

H'= coefficient of friction between wall and material.
Substituting kP for p, and "hydraulic radius" R for A/U and
rearranging, the differential equation of equilibrium

becomes

'k
da/dy =y-+=q

The solution of this equation is the Janssen formula for

vertical pressure at depth Y:

q = -ﬁ-[l - exp(H'ky/R)] (2.4)

Rk
Koenen (1896) improved Janssen's method by introducing the

term
_ (1 - sin¢)
(1 + sing)

k

where ¢= internal angle of friction of the material or
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simply

k = tan?(45° - ¢/2)
which is the Rankine coefficient for active earth pressure
- the ratio of horizontal to vertical pressure. Thus

Janssen's equation for horizontal pressure is:

p = g${1 - exp(-H'kY/R)] (2.5)
The vertical wall friction force is Hp per unit area of
wall at depth Y. Vertical friction forces at the
wall-grain interface cause vertical internal force in the
wall: compression if the wall is supported from below,
tension if supported from above. Integrating from the top
of the stored material to depth Y, the vertical force in

the wall (per unit of wall perimeters) at depth Y is:

R
vV =u' I pdY = YR[Y - — (1 - exp(-UkY/R))] (2.6)
y L'k
The above equation makes no assumption as to shape of silo

cross section. If the cross section is circular, then the

hydraulic radius is:

R = area/perimeter = (mD?/4)/(®D) = D/4
in which D is the inside diameter.
For a square silo of side length a, R = area/perimeter
= a/4. For regular polygonal silos a slightly conservative

approximation is R = De/4 where De is the diameter of a
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circle whose area equals that of the polygon.
A rectangular silo with side lengths a and b will
have different pressures on short and long sides. A common
procedure is to let R = a/4 when computing pressure on the

short side, and for the long side to assume R = a'/4 where:

at = (2.7)

An alternate a' suggested by Reimbert is to use

2
b .

The silo designer needs to know the total vertical force
applied to the wall by friction from the stored material.
This vertical force from above at any depth Y, is equal to
the weight of those materials minus the upward.force from
vertical pressure g. Per unit length of wall, the friction

force from above is

V = R(YY - q) (2.9)
A state of controversy surrounds the k value, the
horizontal to vertical pressure ratio. A discussion of

this is included in Section 2.4.

2.1.3 TIhe Reimbert Method
Marcel and André Reimbert (25) presented a method for
computing static pressure due to stored material in 1953

and 1954. Their method recognizes that at large depth Y,
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vertical axis (26). This can be shown by noting that for
large Y-values, the first derivative dP/dY, approaches zero

(25, 26). At that depth the lateral pressure reaches a

maximum, shown as p,, in Figure 2.3a. A lamina of material

at this depth shows in Figure 2.3b. It has equal vertical
pressure above and below. Consequently, the lamina weight

is exactly balanced by wall friction, or:

YAdy = W' Pp,,Udy
where U = perimeter

Thus:

Ppax = YR/H' " (2.10)
in which R 1is the hydraulic radius A/U. Vertical

pressure at this location is

Qpax = Poax/k = YR/ (H'k) (2.11)

Allowing for a cone of material at the top of the silo, the

total weight of material above depth Y is,

YAY + YAh/3
Curve I, Figure 2.4 represents the total weight
graphically. If there were no frictional force it would
exactly equal the resultant vertical pressure on the top of
a lamina at depth Y. Curve III is a representation of the
total friction force on the walls above depth Y, and curve

II the total vertical force on top of the lamina.



16
Therefore,
Vertical force (Curve 1II) =
Weight (Curve 1) - Total friction (Curve 1I1I)
M. and A. Reimbert showed experimentally that the shape of
Curve III is closely expressed by the form
ale + azY + a,

zZ = (2.12)
bly + bz

Using the five boundary conditions in Figure 2.4, they
evaluated five constants in (2.12) above. The Reimbert
equation thus derived, comes from experimental data unlike
the purely theoretical Janssen's equation.

The Reimbert equations for static pressure are listed
below (20):

Vertical pressure at depth Y bélow stored material

surface:
v -2
c 3

Lateral static pressure at depth Y:
-2

y
p=p, |1- (Z+l) (2.14)

For circular silos the term p and ¢ (characteristic

max

abscissa) in the above equation are:
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abscissa) in the above equation are:

Ppax = @/D(41") (2.15)
C = P__2 (2.16)
4k 3

2.1.4 (Characteristic or Numerijcal Methods

This approach encompasses a number of methods that
formulate the equilibrium equation using a differential
volume rather than a cross-sectional slice and therefore
the solutions are labeled "exact"™ (32). This is a very
subjective description because often the initial
assumptions, such as the adoption of particular failure
criteria, are more important than the method of solution
(32).

Figure 2.5 shows the standard elemental volume for
plane strain conditions. The resulting equilibrium

equations are

ao at &,X dTZX
—lt —ﬁ:‘y ——t—— = (2.17)
dz 9x Jox 0z

The equation was numerically solved by Sokolovski (1954)
for a retained soil mass using the method of
characteristics. Being statically indeterminate,
Sokolovskii adopted Mohr-Coulomb failure criteria, in

solving the problem:
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o, = p(1 + sinB cos2y) (2.18a)
O, = p(l - sinB cos2y) (2.18b)
T,, = -T, = P sinB cos2y (2.18c)

where p is the average of the principal stresses and VY

is the angle of rotation of the principa; plane.

This criterion assumes that throughout the mass, the
material is in a state of incipient active failure. Given
appropriate boundary conditions such as surcharge at the
material's surface and the frictional relationship at the
bin walls (or a line of symmetry at the bin center line), a
numerical soution can proceed along a mesh of

characteristics that intersect one another at the angle

r/2 - ¢ (32).

Horne and Nedderman found that the solution followed a
modified-Janssen solution (32) that tended to similar
values with increasing depth. At shallow depths, however,
and depending on the amount of surcharge, this "exact"
solution yielded distinct variation in the rate of change
of material pressures that forced the pressure curve to
oscillate about the modified-Janssen solution. A
characteristic, propagated from an upper corner (where the
boundary conditions are discontinuous), will cause a

discontinuity in the stress derivatives where it intersects
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Figure 2.6. Average values of stress on a material
element (axisymmetry) (Smith, 1983)
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the far walls. Lvin (1970) suggested that vertical
pressures are not uniform over a horizontal cross-section
and he sought to remedy this by equilibrating vertical
forces on a differential ring element (as opposed to
Janssen's disc-shaped element). He therefore formulated
his equilibrium equations on what essentially is the free
body in Figure 2.6. The equilibrium equations are:

aoz o1 T

+ + . a

+ =0 (2.19b)

The complete solution describes a family of curves, of
which Janssen's solution is one in which p is uniform at
a special depth. The upper bound of this family provides
for a variation in lateral pressure over a cross-section,
and therefore has the potential to more accurately describe
these pressures. Lvin made one questionable assumption in
arriving at a solution for this upper bound curve (32).

For vertical equilibrium in Equation 2.1%a he used

T, = W'ko, (2.20)

This gave
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oo 0

(¢] (o]
z z
oz or r

Zap'kl— + —| = v (2.21)

In fact the equation (2.20) only holds true at the wall.
At the center line of a bin, vertical shear becomes zero as
required by symmetry.

Lvin's solution is unique in that it consists of two
regions, the upper region of a cylinder exhibiting a
parabolic increase in pressure that becomes a tangent to
the usual maximum lateral pressure common to the lower
region, where it remains constant. The parabolic increase

is described by

P(z) = ykaf1 - EZ (2.22)
yA = yA - .
4R
The region of constant pressure begins at
D
z, = ——
2k

Substituting z, for z in the lateral pressure formula,

D 1

P(z) = B2 () = & (2.23)
2u'k 2 T

which again is the maximum expected value for horizontal

pressure.

2.2 Dynamic Pressures
During the filling or emptying of silos, i.e., during
dynamic conditions, observed pressures far exceed those for

static conditions. S.A. Tachtamishev (1938, 1939) is
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credited with being the first person to conduct accurate:
experiments on full-size industrial silos, revealing the
type of flow occurring during withdrawal and its effect on
pressure (21). Working in Baku (U.S.S.R.), he reported
that during emptying of the silos, the lateral pressure was
two to three times as large as that calculated by Janssen's
method. Flow within silos is generally classified into two
distinct and limiting patterns: mass flow and funnel flow.
Mass flow occurs when the flow channel boundary coincides
with the storage vessel's walls. Funnel flow occurs when
the flow channel boundary is within the contained material.
There is disagreement about the magnitude and location of
the dynamic overpressures during emptying (18). The
results of numerous research reports vary conéiderably as
do the recommendations expressed in several design codes.
Dynamic overpressures ranging from 1.3 to 4.0 times the
static pressures have been reported. There has been little
work doﬂe to guantitatively describe the two flows, i.e.,
mass and funnel. Jenike et al. (1973) are among the very
few researchers to have presented an analytical technique
that rationally attempts to predict levels of overpressure
in a mass flow situation and which has been corroborated by
experimental findings. A review of methods for calculating
dynamic overpressures is given below, after a review of

flow patterns in silos.
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2.2.1 Flow Patterns
As pointed out above, flow of stored material from
éilos takes place in two distinct patterns. Because loads
and stresses are related t-> flow patterns, the flow pattern

should be considered in silo design.

2.2.1.1 Mass-Flow Silos

In mass flow the hopper is sufficiently steep and
smooth to cause flow of all solids during emptying. Mass
flow will occur if three conditions are met:

1. The outlet must be large enough for the material to

flow without arching.

2. The flow-control device must permit material to flow

through the entire opening area.

3. The hopper must be smooth enough and steep enough to

allow the material to slide, thus expanding the flow
channel upward until it meets the vertical walls of

the silo.

2.2.1.2 Ennngl:Elnn_Sile.

Funnel flow occurs when the hopper is not sufficiently
steep and smooth to force material to slide along the
walls, or when the outlet of a mass-flow bin is not fully
effective. 1In a funnel flow silo, solids flow towards the
outlet through a channel that forms within stagnant

material. In funnel flow, with non-free flowing solids,
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the flow channel expands upward from the outlet to a
diameter that approximates the largest dimension of the
effective outlet. Figure 2.8 below shows charts by Jenike
that may be used to predict whether mass flow or funnel

flow will occur.

2.2.1.3 Othexr Types of Flow

Expanded flow is an intermediate type of flow besides
the main two above. Expanded flow is a combination of mass
flow and funnel flow. 1In this kind of flow, the lower part
of the hopper operates in mass flow and the upper portion
(nearer the cylindrical walls) operates in mass flow.

Eccentricity in filling and discharge cause
unsymmetrical loading and hence provided added problems to
bin design. Jenike (58) has discussed harmful flow
irregularities such as arching, pulsation and shock.
Pulsation occurs when the slope of the hopper wall (or of a
part of the hopper wall) is in the "uncer£ain" region (see
Figure 2.8). Pulsation results from repetitive formation
and collapse of an obstruction to flow. The frequency of
pulsation is directly proportional to rate of outflow,
while the amplitude tends to be higher at low flow rates
than at higher rates. Pulsation ceases with low enough
heads of material. Pulsation occurs only when coarse
materials are present; fine materials tend to inhibit

pulsation. According to Jenike, pulsation is generated at



27

40°

30° \ Funnel - [tiow
— \

Mass {flow

N
10°) \ N~
30° 4

10° 200

(o]
(-]
3
”
[}
"

«0° \ Funnel - |ticw
N

20° aN

\
0° Moss - Iflow \
N

o°*

=

10° 20° koo 40° 30° 60"
Slaotted opening 6
(o)

Figure 2.8. Mass flow funnel flow bounds (Safarian and
Harris, 1985)



Figure 2.9.

28

ingtontaneous

[———nex! foilure plone

free surfaoce of the arch

void

velocity profile

Suggested mechanism of pulsation by Jenike
(safarian and Harris, 1985)



29

a transition or an effective transition in cylinder

diameter. High pressures, due to head h_, compact the

solid flowing down the cylinder into a firm plug. A large
part of pressure due to the head is transferred fo the
abuttments during transition. The highly consolidated
material there is capable of forming a stable arch of some
span. The arch does not break up and flow until that span
has been exposed through outflow of material from beneath
the arch. Figure 2.9 shows the velocity profile of a solid
flowing in the converging part of a channel. Material
flows fastest at the center where it forms a void and
exposes a stable arch. The void and the span of the arch
increase, gradually increasing the stresses in the arch.
When the strength of the material is exceeded; the arch
collapses, and the plug slips and fills the void. The

process is then repeated. Pulsation can be reduced by

reducing h_. This may be accomplished by a low H/D (height
c

to diameter) ratio, rough cylinder walls, convergent
cylinder, silo construction containing a variety of
convergent, divergent and rough ledges, and the use of a
circumferential shelf. According to Jenike (58), periodic
shocks are experienced in funnel flow bins containing
solids with less fines. These shocks can be destructive in
large silos. Shocks appear to be caused by recurring

instability of stagnant material around the flow channel.
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The stagnant material slides inward into the channel,
forming a secondary channel. This consolidates the
material in the flow channel, which re-forms with higher
wall pressures, capable of stabilizing the materiél around
it. As material discharées, it dilates, wall pressures
decrease, and a new collapse occurs. Shocks can be
eliminated or at least minimized by expanding the flow

channel to a base diameter of some eight feet.

2.3 Methods of Computing Total Pressures

Generally, there are two approaches to determining
total pressures -- static plus overpressures. One is to
modify the computed static pressure using overpressure
factors; the second is to compute total pressures directly.

A review of some of these methods follows.

2.3.1 Jenike's Method
For computing pressures, Jenike divides the silos into
the following three zones (see Figure 2.10):
1. Top zone -- from top to distance D (diameter) below
the top.
2. Lower zone -- balance of the cylindrical silo below
the top zone.
3. Hopper
In the top zone he suggests lateral pressure be com-

puted as 1.5 times the Janssen static pressure, but using
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-
i

(1 -~ sing)/ (1 + sind)
or
k = 0.4
whichever is larger. For the lower portion of the silo
cylinder, the pressure is computed using the principle of

minimum energy. Jenike presented figures for the values of

H/D, U'k and PYD.

For the mass-flow hopper itself, pressure normal to the

hopper wall depends on "effective head," h_, of stored

material acting at the transition from cylinder to cone.

This effective head is computed
R '
he = — (; - ™) (2.24)
Rk
Total pressure normal to the walls of the hopper qg@,des,

which is solved by Jenike through adapting Janssen equation

to a converging channel. The resulting equation is:

n

h -Y1 h ho-Yl
qo, des = Yk|——— + h - — (2.25)
n-1 ¢  n-1 h,
in which n = (1 + m)[k(1 + u'/tanec) - 1]; m is a constant

and is 1.0 for axi-symmetric flow (as in a conical hopper),

and 0.0 for "plane flow" (as in a wedge-shaped hopper); and
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h, = height of hopper from vertex to base (different values

for the main hopper and the transition ring).

2.3.2 Reimbert Method for Operatjonal Pressures in Silos
Marcel and André Reimbert (1980) introduced a method
for calculating design or operational pressures. This
method, which includes the effect of eccentric withdrawal,
was developed by using experimentally determined numerical

factors as multipliers to either Reimbert or the Janssen

static pressures. 1In this method, dynamic factor K4 is

used for emptying conditions only (see Figure 2.12).
Overpressure factor K, is multiplied by factor Ky for

simultaneous filling and emptying. The forces were

determined using fine sand as the stored material. To

determine proper values of Ky and K, for materials other
than fine sand, these factors are multiplied by Ka, for

emptying and Ka, for simultaneous filling and emptying.
These factors are based on the arrangement of discharge
points and on silo slenderness, e; where e; = H/a for

square and polygonal silos and

a = length of side
e = H/1-12D for circular silos.

The Reimbert method is limited because values of Ka are
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provided for only a limited variety of materials; use of
these factors is further limited because they are valid for

noncohesive materials only.

2.3.3 MWalker's Method for Total Pressure

This method considers equilibrium of a thin lamina of
powdery material, shear strength of material under its
actual history of compression in the bin, and a Mohr's
circle representation of stresses in the flowing material
(28) . The Walker's egquation for horizontal pressure on the

wall of a vertical cylinder is:
P = £[1 - exp(—4BFy/D] (2.26)
Y 4BF
Average vertical pressure at depth Y is:

- Yl1 - exp(-4BF /D)
q, = E[ y ] (2.27)

where,
F = distribution factor for vertical pressure, equal to
1.0 when the vertical pressure is uniform over the

entire horizontal cross section
B = a function of the "effective internal friction, ¢,"
and wall coefficient of friction MU'

¢ = the slope of the effective yield locus, it is

determined from the Mohr's circle plot of a series

of direct shear tests of the material to be stored
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(see Figure 2.13).

B = sing sin¢/(1 - (cos&/sing))

in which

€ =m + sin"!(sinl'/sind)

the term sin™! being for an angle larger than 90°.

According to Walker (28), for all but rougher walls the

product BF is practically equal to H'k, and the

distribution factor is approximately 1.0. For rougher

walls, BF is slightly larger than H'k; thus this equation

shows lower average vertical pressures and higher wall
pressures when rough walls are used. In Walker's method
the normal static pressure on an inclined wall of a hopper
is:

sin20 cosp

vV = qy (2.28)
sin(p + 20) + sinp

when

sing < sin(f + 20)sin¢, otherwise
Design emptying pressures are:
(1 + sind cosg) ges

g, des = (2.29)
o 1 - sin¢ cos (20 + €)

and
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Kp
Yh,Y, - ™, h
q des =—1—h—+ 9y i (-h_) (2.30)
-— K_
K -Dh X b
0 = hopper half apex angle
C, = 0 for conical or pyramidal hopper
C, = 1 for conical or pyramidal hopper
Y, = distance above apex
des = design
o = subscript for pressure on sloping surface
h, = hopper height, apex to top
(1+C,) sin® sin (26+€)
K =
h + on © (1-sin® cos (20+¢€)
gy, = vertical pressure at top of hopper.

2.3.4 Theimer's Approach

This method proposes a solution for determining
pressures on walls of grain and wheat flour silos (58).
Lateral pressure on silo walls are calculated with
allowances for withdrawal overpressures, temperature
stesses, material bridging and so on; the pressures are
calculated thus (see Figure 2.14):

For exterior silos:
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P des = Y (4D *+ ¥) (2.31)

o' (2D + Y)©

For interior silos

_ 3DY (4D + Y) 2.32)

P des 5
8U' (2D + Y)

where
D = inside diameter of circular silos or clear span, a,

of a square or polygonal silo

For rectangular silos with sides b and ¢ an imaginary

span is computed as:
bc
2 (b+c)

Theimer recommends using the following properties in the

above equations:
For grain y = 0.8 MPa/m’
¢ = 30% angle of repose

H'= tan 0.75¢

= 0.414

Coefficient of friction against concrete wall
o= 0.6 MPa/m3

¢ = 25°
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H'= tan (2/3¢)
= 0.299
Figure (2.14) shows variation due to emptying based on

Theimer's approach.

2.3.5 Safarian's Approach (58)
This procedure involves the determination of either

Janssen's or Reimbert's method, and then multiplying them

by an overpressure factor, c,, to obtain design pressures.

Safarian recommends that the effect of eccentric discharge

be considered by adding a correction, P to the lateral

ecc’

design pressure, P,

2.4 Discussion

Of the methods described in the preceeding sections,
the ones most frequently used for determination of static
pressure in silos are the methods of Janssen (18395) and
Reimbert (1976). However the application of these methods
in design has resulted in failure of numerous grain storage
facilities (Tyson 1880).

Sundaram and Cowin (19739) questioned Janssen's
assumption that the full frictional force at the walls is
mobilized for if not, Janssen's solution would be a lower

bound to the actual material pressures. They suggest that
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Janssen's formula be modified to an inequality, which
obviously is not suitable for design purposes. Walker
(1966), on the other hand, describes how full mobilization
of wall friction is accomplished by the compression of
loaded material below churging material. The greatest
controversy about the use of Janssen's equation stems from
his assumption that vertical and horizontal pressures are
uniform throughout a horizontal cross-section. This leads
to a constant ratio of lateral to vertical pressure, k,
commonly called the pressure ratio. If k is to be
considered a material property, then it should be
unaffected by external factors. If it is not a constant
then it should only vary with the material. There are
conflicting reports from researchers on this factor.
Clower et al. (1973) and Moysey and Brown (197%) concluded
that the pressure ratio was constant with depth. Ketchum
and Lenczner (1963), and Kramer (1944) as quoted by Britton
(11), all found that k increased with the depth. Jaky
(1948) and Reimbert and Reimbert (1976) found k to be
variable but following no simple pattern with increasing
depth.

If k varies randomly within the material then this
implies that k is not a material property. Alternatively
the researchers may not have been measuring the pressure
ratio but rather, a value which is influenced by external

factors. There is therefore urgent need to verify the



43
validity of k. If it exists then a method for determining
it accurately is needed. Otherwise its use in load
calculations should be avoided.

It is generally accepted that the maximum lateral
pressures occur in silos during emptying, but there is
disagreement as to the location and magnitude of these
maximum pressures. This is reflected by the wide range of
design pressures suggested by.various codes such as the
American Concrete Standard ACI 313-77 (1977), the German
code DIN 1055 (1964), and the Soviet code CH-302-65 (1965).
Suggested dynamic overpressures range from 1.3 to 4.0 timeé
the lateral pressure predicted from the static condition.
The various theories and equations, discussed in previous
sections, developed for the prediction of both static and
dynamic pressures have yet to be adequately defined.

There is need for the development of prediction
equations which take into account the physical properties
of granular materials and bins which influence pressures.
These properties include fill particle size, discharge
rate, height to diameter ratio, bin wall mechanical
properties, hopper design, discharge eccentricity, and
material characterization. The next two sections are
devoted to discussing material characterization and

experimental design.



3. MATERIAL CHARACTERIZATION

The solution to grain storage structure design
problems, such as the evaluation of the interaction between
the loads imposed on thin walled storage structures by
grains and deformation of the storage structure wall or the
evaluation of loads imposed on confining structures by
particulate media during flow, would be enhanced by
description of the load-deformation behaviour of biological
particulate media en-masse (34). However there is
controversy as to whether such materials are elastic,
viscoelastic, elastoplastic or elastoviscoplastic.

The two modes of deformation which control the
mechanical behaviour of particular media en-masse are (34):
(i) reorientation of individual particles from one

. more or less dense configuratioﬁ to another, and

(ii) deformation of individual particles due to contact

type loads.

The actual mode of deformation is a complex combination
of the aforementioned mechanisms. Narayan and Bilanski
(34) suggested, however, that for wheat en-masse particle
reorientation is the predominant deformation at low loads,

whereas at high loads particle deformation is the

44
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predominant mechanism. Analytical evaluation of the
deformation of biological media en-masse is complicated by
irregular shape, non-uniform size, and inelastic nature of
individual particles (34). According to Manbeck and Nelson
(35) the problem of predicting pressures in biological
particulate media en-masse is very similar to the problems
encountered with granular non-cohesive soils, the major
differences being particle sizes, shapes and deformation
properties. Some soil mechanicians have taken the stand
that the study of the load-deformation behavior of granular
materials might better be approached experimentally rather.
than theoretically. For example Ko and Scott (34),
commenting upon the direction taken by soil mechanists with
regard to establishment of valid earth presure theory, have
noted:

..The analytical solutions which have been employed
represent situations which are extremely idealized
versions of real life counterparts. The solutions
referred to are those for various simple stress
distributions of linearly elastic isotropic
homogeneous media on the one hand, and certain results
derived from the upper bound methods of ideally
plastic analysis on the other hand. It seems to
the authors [Ko and Scott] that this situation has
inhibited the study of the real stress-strain
behavior, or constitutive relations of soils, and
that work has consequently tended to concentrate
on the stress conditions at failure.
Studies of the responses of cereal grains to mechanical
stresses have progressed from analyses based on simple

Hookian models to viscoelastic models using generalized

Kelvin and Maxwell models, used singly or jointly (20).
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More recently elastoplastic models have been used (78).
Upon repeated uniaxial loading, Shapolyanskaya (1952) found
that the load-deformation behavior of wheat kernels
approached that of an elastic body. Thus, applying the
Hertz theory of contact stresses, he evaluated a modulus of
elasticity for wheat kernels. In his study of core samples
of wheat kernels, Zoerb (1960) noted the same strain
hardening tendencies but concluded that plastic rather than
elastic behavior characterized the mechaﬁical properties of
wheat. Shelef and Mohsenin (1967) supported Zoerb's
observations, as did Arnold and Roberts (1969) by means of
a variety of parallel-plate and indenter uniaxial
compression tests.

Manbeck and Nelson (34, 35), Schott and Britton (60),
Mohsenin (38) and Herum (20) are among the researchers who
categorized various grains as being viscoelastic. 2Zhang et
al. (79, 80) categorize wheat as being elastoplastic.
Bishara (B) categorizes grains as being non-time dependent
in behavior. While some earlier researchers treated the
materials as elastic, the author believes that the
materials are very complex and may be defined as being
elastic-viscoplastic. The various models of material

characterization are discussed below.



47
3.1 Viscoelasticity
Mechanical behavior of agricultural products, being
time dependent, must logically be studied applying the
principles of rheology and viscoelasticity in which both
viscous and elastic responses are taken into consideration
(39). Viscoelasticity is the behavior of materials in
which the materials behave both as an elastic solid and a
viscous fluid. The time-dependent behavior of viscoelastic
materials must be expressed by constitutive equations which
include time as a variable in addition to the stress and
strain variables.
There are some basic phenomena which are common to many
viscoelastic materials (16). These are (see Figure 3.1):
(i) Instantaneous elasticity
(ii) Creep under constant stress
(iii) Stress relaxation under constaint strain
(iv) Instantaneous recovery
(v) Delayed recovery

(vi) Permanent set

In general there are two alternative forms used to
represent stress-strain-time relations of viscoelastic
materials. They are called the differential operator
method and the integral representation (16). The
differential operator method requires fairly simple

mathematical processes of analysis and has therefore been
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widely used. The integral representation is able to
describe the time dependence more generally, but sometimes

leads to difficult mathematics in stress analysis (16).

3.1.1 Creep

Creep is a slow continuous deformation of a material
under constant stress (16). Generally creep can be
described in terms of three different stages (see Figure
3.2):

(1) Primary creep -- the first stage at which creep

occurs at a decreasing rate |

(ii) Secondary stage ——- proceeds at a nearly constant
rate

(iii) Third or tertiary stage occurs at ah increasing

rate and may terminate in failure.

Total strain € at any instant of time t in creep of

a linear material (see 3.2) is represented as the sum of

the instantaneous elastic strain €° and the creep strain €°
e=¢g° + €° (3.1)
The strain rate € is found by differentiating (3.1),

noting that €° is a constant:

de de°©
dt dt

(3.2)
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Figure 3.2. Three stages of creep (Findley, 1976)
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3.1.2 Recovery
If the load is removed, a reverse elastic strain
followed by recovery of a portion of the creep will occur

at a continuously decreasing rate.

3.1.3 Relaxation
Viscoelastic materials subjected to a constant strain
will relax under constant strain so that stress gradually

decreases (16) (see Figure 3.3).

3.1.4 Linearity

The material is said to be linearly viscoelastic if
stress is proportional to strain at a given time, and the
linear superposition principle holds. These linear

requirements can be stated mathematically in two equations

(16) :

€lco(t)] = cel[o(t)] (3.3)

E[Gl(t) + cz(t—tl)] = E[Gl(t)] + e[cl(t-tl)] (3.4)
in which

€ = strain output

(]

stress input

(o] constant

Equation (3.3) states that the strain-time output due
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Figure 3.3. Illustration of behavior of a linear model
(Findley,

1976)
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to a stress input cO(t) equals the scalar c times the

strain output due to a stress input ©G(t). The second

requirement is the Boltzmann superposition principle which

states that strain output due to two arbitrary but

different stress inputs applied at different times, e[ol(t)
+ °2(t't1)] eguals the sum of the strain outputs from ol(t)

and oz(t—tl) each acting separately.

3.1.5 Viscoelastic Models

All linear viscoelastic models are made up of linear
elastic springs and linear viscous dashpots (16). Inertia
effects are neglected in such models.

In the linear spring shown in Figure 3.4 (a)

G = RE (3.5)
where

R = linear épring constant or Young's modulus.

The spring element exhibits instantaneous elas;icity
and instantaneous recovery as shown in Figure 3.4 (b).

Figure 3.4 (c) shows a linear dashpot, where

de ®
C = ﬂE€'= ne (3.6)

where
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Figure 3.4. Behavior of linear spring and linear
dashpot (Findley, 1976)
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N = coefficient of viscosity.

Equation 3.6 states that the strain rate € is
proportional to the stress, i.e., the dashpot will deform
continuously at a constant rate when it is subjected to a
step constant stress as in Figure 3.4(d). However, when a
step input of constant strain is applied to the dashpot the
stress will have an infinite value at the instant of strain
application and will then diminish rapidly with time at
t = ot and will remain zero as shown in Figure 3.4 (e).

This behavior is expressed mathematically using the Dirac

delta function OG(t), where

o(t) 0 fort =0

S (t) o fort =20

Thus the stress resulting from applying a step charge in
strain E, is

o(t) = Mg, (3.7)

An infinite stress 1is impossible in reality. It is
therefore impossible to impose instantaneously any finite

deformation on the dashpot.

3.1.5.1 Maxwell Model

The Maxwell model is a two-element model consisting of



- [ E 4
6]
O, Eo
E2 E t, - !
- E * (O |
£, ‘_L
O=R,t
O ‘_‘J / o-“/R \
(0) . L
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a linear spring element and linear viscous dashpot element
connected in series as shown in Figure 3.5. Since both

elements are in series

€E=¢E +E

therefore

€ =& + (3.8)
and using (3.5) and (3.6)
¢=2 + & (3.9)
R 1 .

For a constant stress O, at time t = 0, integrating 3.9

and applying these initial conditions

c 00
e(t) = =2 + —¢ (3.10)
R n

From (3.9); if the stress is removed from the Maxwell model

at time t;, the elastic strain 6,/R in the spring returns

to zero instantaneously, while (00/1])1:1 represents a

permanent strain which does not disappear.

For a constant strain g, at t = 0 Equation (3.9) yields

Rt
n -Rz /N

= RE €

G(t) = O o

(3.11)
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where €, is the initial strain at t = 0+, 0+ being the time
just after application of the strain. Equation (3.11)
describes the stress relaxation phenomenon for a Maxwell

model under constant strain. Figure 3.6(c) refers to this

phenomenon. The rate of change of stress is,

-Rt/M

6=(00R/n) (3.12)

Thus the initial rate of change of stress at t = 0+ is

6 = OOR/n. If the stress were to decrease continously at:

this initial rate, the relaxation equation would have the

following form
o=-(0,Rt/M) + O, (3.13)

From (3.13), the stress would reach zero at t = ty which is

called the relaxation time of the Maxwell model. The
relaxation time characterizes one of the viscoelastic

properties of the material.

Most of the relaxation stress occurs before time ta

(10), since the variable factor
~t/ty

in (3.11) converges towards zero very rapidly for t < t;.

For t = t;, O(t) = 0.37 o, Thus only 37% of the initial
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stress remains at t = tr-

The constitutive equation for the generalized Maxwell
model, see Figure (3.6), is

N N
1 1
E=0/)—+0), — (3.14)
R

1=1""1 i=1TIi

Equation (3.14) is equivalent to Equation (3.9),
consequently a chain of elements of springs and dashpot is
equivalent to a Maxwell model as in Figure (3.6).
Maxwell models in parallel represent instantaneous
elasticity, delayed elasticity with various retardation
times, stress relaxation with various relaxation times and
also viscous flow.

From Figure (3.7), the strain contribution of the first

element is

DG c
1, 1
m

DEg = —= 3.1
R (3.15)

where D is the differential operator with respect to time,
d

D = —
dt

Therefore,

D
o_—_—e
1 D 1
R q
1 nl

The i-th element yields
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D
. = —————7=¢ (316)
1 D 1
—_— e —
R, n,
The sum of both sides of (3.16) is

a
a D
o= ZO‘i = ZD ) £ (3.17)
i=1

By multiplying both sides by

E‘l[(%"'nil)) , Where Ia-[

i=1

denotes the product of a-terms, the time operator D can be
removed from the denominator of the equation. The open

form of this process is

D 1 D 1
—_— t — —_— =
Rl Tll (R2 nz) c
D P 2.
_ e = .1 D 1 1
- R, m R, m =" R £
1 2 Rn R,m

(3.18)

3.1.6 Creep compliance

For a creep test a step of constant stress 0’=0’°H(t) is

applied and the time-dependent strain €(t) is measured.

For linear material,
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Figure 3.7.

Generalizeqd Maxwell model in parallel
(Findley, 1976)
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E(t) = 0,J(t) (3.19)

or, J(t) = e(t)/oo (3.20)

where
J(t) = creep compliance which is the creep strain
per unit of applied stress

H(t) = Heaviside unit function

J(t) is a material property, for example, for a Maxwell

model,

J(t) = (%""#)

3.1.7 Relaxation Modulus

In a relaxation test a step of constant strain

€ = EH(L) is applied and stress O(t) is measured. The

material behavior is represented by

c(t) = q@(t) . (3.21)
or
E(t) = o(t)
e0
where

E(t) = relaxation modulus, which is the stress per unit
applied strain
E(t) is a material property and E(t) = ReRT/M, for

example, for a Maxwell material.
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Creep and stress relaxation phenomena are two aspects
of the same viscoelastic behavior of materials, therefore
they should be related.

Applying Laplace transform to (3.19) and (3.21),

e} [
€E(S) = SJ(S)O(S) (3.22)
/(\!(S) = s'ﬁ(s)e(S) (3.23)
Therefore
”~
C(s) A 1 '
~ =sE(s) = x (3.24)
£(s) sJ(s)
or Tis)B(s) = 1/82 (3.25).

Applying the inverse Laplace transform,
t

J-J(t - DE(DdT = ¢ 1 (3.26)
0

or
t

JE(t -DJd(hdt =t (3.27)
0

By using the initial and the final value theorems, we get,
E(0)J(0) =1 (3.28)
or, E(w)J(wi =1 (3.29)
where
E(0), J(0) = initial (time-dependent or glassy)
relaxation modulus and creep
compliance respectively

E(o),J(e) = long-time (or rubbery) relaxation
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modulus and creep compliance

respectively.

3.1.8 Three dimensional representation of
, lastic behavi

In the most general case the integral representation

may take the form (16),

€ (t) = J.Cijn(t-t)on(T) dt (3.30)

where,

o = creep functions which in general have 21

13x1
constants for anisotropic linear wviscoelastic
materials, for isotropic material the number is
reduced to 2.

It may be more convenient to separate the stress and strain

tensors into deviatoric and dilatational components (16),

therefore
) 3,
sij(t) = ZJG(t - 1)=———=dT (3.31)
ot
0
F de,, (1)
G, (t) = ZJK(t - 1)———od1 (3.32)
. ot
where

G(t) = stress relaxation modulus in shear, which is
time-dependent

K(t) = hydrostatic or bulk stress relaxation modulus.
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3.2 Elastoplasticity

Elastoplastic behavior of materials is characterized by
the presence of both elastic (recoverable) and plastic
(permanent) strains when the material is stressed. Figure
3.8 is an illustration of elastoplastic behavior in a
triaxial test. Both elastic and plastic strains occur from
the beginning of loading. The plastic strains are
initially smaller than the elastic strains, but at higher
stress levels the plastic strains dominate the elastic

strains. 1If,

{deﬁ} = total strain increment

{deP;y} = plastic component of deij

{dgue} = elastic component of dgu

Then,
(e} = (dey,) + {cg],) (3.33)

Lade (30) proposed a modification to (3.33), which has
been experimentally verified for wheat by Zhang et al (78),
the form of which is

@ c
{de, )} = {dej )} + {de,} + {d€],) (3.34)

where

{dz—::'j} = plastic collapse component of {deij}

{dgfj} = plastic expansive component of {de,,}



STRESS DIFFERENCE, 0=03

Figure

67

3.8.

AXIAL STRAIN, €

Illustration of elastic and plastic strain
components in triaxial compression test
(Coon, 1971)
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The nature of the strains described in Figure 3.9 are

discussed below.

3.2.1 Elastic Strains

The elastic strain increments, which are recoverable
upon loading, are calculated by Hooke's Law, using the
unloading-reloading modulus defined by Duncan and Chang

(30) .

(o)
E =K -p (_3) (3.35)
ur ur a p
\ .

where

K, = modulus number (dimensionless)

n = dimensionless exponent

G, = confining pressure

P, = atmospheric pressure.

K n, 0, and P, are determined using triaxial compression

ur’

tests.

3.2.2 Plastic strains

In most plasticity theories, the constitutive equations
consist of some form of (62):
1) Yield criterion which determines the onset of

permanent deformation.
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2) A rule which relates the rate of plastic
deformation to stress and other variables.
3) Hardening or softening law which describes rate at
which the material hardens or softens while

undergoing plastic deformation.

3.2.2.1 XYield criteria

Yield criteria define the limit of elasticity under
given stressing situations. The yield surface is a law
defining the limit of elasticity under any combination of
stresses. It has been determined experimentally that
hydrostatic pressure does not affect yielding, except for
very high pressures (37).

The Coulomb-Mohr failure criterion is the ideally plas-
tic yield conditions and can be represented in the form

proposed by Drucker and Prager (1952) as (see Figure 3.10),
f = 1/J2 -k +o0aJ =0 (3.36)

where
J, = the first invariant of stress deviator tensor
J, = the second invariant of stress deviator tensor
0 = a coefficient which depends on angle of internal
friction
k = a constant proportional to the cohesion

f = plastic potential
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The above model has the following shortcomings:

1) The amount of dilatancy (plastic rate increase
under shear loading) predicted is much greater than
observed experimentally.

2) Tests indicate a considerable hysteris in a
hydrostatic loading-unloading path which cannot be
predicted using the same elastic bulk modulus of

loading and uinloading and a yield surface which

does not cross the hydrostatic (J,) axis.

3) At high pressure levels, as the material passes to
a fluid state, shear strength should not vary with

hydrostatic pressure, i.e., the yield condition

should be essentially independent of J, for large

J,.
Roscoe and his co-workers at Cambridge University
(1969) formulated a cohesionless two-dimensional yield

model for soils (granular material) which, when generalized

as shown in Figure 3.11. The discontinuous slope at the

intersection with the J, axis predicts behavior that does

not seem to be supported by experiments. There are also
mathematical doubts about uniqueness of the model.
A group at the Massachusetts Institute of Technology

(Christian, 1966, Tang and Hoeg, 1968) has suggested a
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Figure 3.10.

Drucker-Prager yield model (Coon, 1971).
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Figure 3.12. MIT model (Coon, 1971)
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related model, shown in Figure 3.12 where the yield curves
are ellipses of constant eccentricity, and used it in a

diagram to study a step footing.

3.2.2.2 HWork Hardeping

The work done per unit volume on an element during

straining is

e
dWw = O ,de . = O (dE, + de‘i:.)
=dW* + dw? , (3.37)
where
dW = work done per unit volume

e = refers to elastic component
p = refer to plastic component
Now,

dWCEcijdej is recoverable elastic energy.

3

de Ecijdeij is unrecoverable due to the irreversible

plastic straining. This is the plastic work per unit
volume.

Now

aw’ = o, .de°, = S, .de

137719 137719 (3.38)

where

SU = deviatoric stress tensor

In terms of principal stresses,
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P _ P P P
dw = S de; + S,de; + S,de; (3.39)

Generally, there are two hypotheses used to measure
work hardening (37). The first one is the "equivalence of
plastic work" hypothesis, where the amount of work-
hardening is thought to aepend only on the total plastic
work and to be independent of strain path. The implication
is that resistance to further yielding de- pends only on
the amount of work done on the material. This amount of

work is measured by the yield criterion. Therefore,

F(CU) = K (3.40)

where

|
i

yield criterion
K = is a function of plastic work done per unit volume;

it changes as the material work hardens assuming

isotropic hardening, i.e., F(GU) remains the same.

We can write,

F(0,,) = £(W) (3.41)

where,

- P
W = o, el (3.42)

In the second hypothesis, the equivalent plastic

strain, dep, is used as a measure of work hardening. If

dsp = equivalent plastic strain
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21&
P P, 2 p p p P
(dEx-dEy) + (dey—dsz) + d£z—dex)
= (3.43)
p,2 p 2 p 2
+6(d£xy) + 6(dexy) + (dezx)

“[5)

then,
€ = Jde (3.44)
p P

= plastic strain
The yield function is assumed to be a function of the

equivalent plastic strain, and,

F(0,,) = H(E) (3.45)
If,
1 1/2
2 2 2 2 2 2
Ge = —ﬁ[ (Gx-Gy) + (Gy—O'z) + (Gz—ox) +6 (Txy+'tyz+12x) ]
= equivalent stress (3.46)
then
Ge = H(Ep) (3.47)

Assuming von Mises yield criterion (see Appendix A) and

isotropic hardening, the above hypotheses are equivalent,

P _ P _
W = J.oijdeij = Joedep (3.48)

Hence
6, =1f¢ (Joedep)
= H(qg (3.49)

Generally, (3.46) and (3.47) need not be the same because
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of anisotropy and Baushinger effect.

Generally, there are three modes of hardening:

(i) Isotropic Hardening -- in this case the yield
surface is allowed to expand concentrally from the initial

yield surface without a change in shape, the yield

condition is expressed mathematically as:
f(SU) -q = 0

(3.51)
where,

Sij = stress tensor

q; = history of deformation parameters

f = history dependent function.

(ii) Kinematic Hardening -- here Baushinger effect is
allowed for by letting the yield surface move in space
without changing its shape or size therefore,

f(Sij - aij) -q, =0 (3.52)
where
q, = a constant
and for Prager Linear Kinematic Hardening (62)
o, = CE (3.53)

Eisenberg (1968,62) proved that for nonlinear kinematic
hardening,

oﬁj = qzeij (3.54)
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where

q, = constant (3.55)

Behavior incorporating isotropic and kinematic

hardening can be made by letting q,; above be a variable

(iii) Anisotropic Hardening -- Here the yield surface

expands, rotates, distorts and is translated in space.

3.2.2.3 Pplastic Stress Strain Relatjons

Drucker (1950,1952,37) has presented a general
derivation of plastic stress strain relations for a given
state of stress, if an external agency applies an
additional set of stresses and then slowly removes them.
Work hardening implies that for all such added sets of
stresses the material will remain in equilibrium, and

l) Positive work is done by the external agency

during the application of the set of stresses
2) The net work performed by it over the cycle of

application and removal is zero or positive

Mathematically, suppose that to a state of stress Gtﬁ and

strain €, , some external agency applies small surface forces

3

so that the stress at each point is changed by an amount

dcij and strain by an amount d€,, (see Figure 3.13). Part of

i3
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Figure 3.13. Stress path produced by external agency
(Mendelson, 1968)
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dcij is elastic and part may be plastic, i.e.,

de.. = de., + de-

ij ij ij

Now suppose these added forces are removed, thus releasing

the elastic strain increments, de:j. It then follows from

implication (1) above that for work hardening

doij deij >0 (3.56)

and, from (2),

do,. . (de,, - de°.) 20
ij ij ij

or

do. . (de°

P
19 (€ deU) >0

P
d()'ijdeij 20 | (3.57)

Equation (3.57) is the mathematical definition of work

hardening.

In the derivation of a relation for plastic stress and
strain, two further assumptions are made:

1) A loading function exists. At each stage of the

plastic deformation there exists a function f(oiﬁ

so that further deformation takes place only for

f(oiﬁ > k. Both f and k may depend on the exist-

ing state of stress and on the history of strain.
2) The relation between infinitesimals of stress and

plastic strain is linear, i.e.,
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plastic strain is linear, i.e.,

P _
d£ij = Cijkldokl (3.58)
Equation (3.58) seems reasonable but has no theoretical

justification, it is merely an assumption (37)

c = tensors which may be a function of stress,

i3kl

strain and history of loading; (3.58) implies that they are

independent of dcmﬁ

From (1) above, it follows that,

df(oij) >0 (3.59)
or

2L 45, > 0 (3.60)

00, |

From (2) above, it follows that superposition principle

may be applied to stress and strain increments, i.e., if

doij and do:j are two stress increments producing strain

increments, d(—:}i)j and dE};_j , then an increment do'ij = d()“ij

p“
14 + deiy

+ doig, will produce an increment, déﬂ

Now assume that for a state of stress om! an increment

of stress dcm_producing plastic flow is imposed. The
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Decomposition of stress increment vector
.(Mendelson, 1968)
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increment dO'kl can be decomposed into two parts dokl and

dckl such that d(S;(l produces flow and do;;l is proportional

to the gradient of f(cij), see Figure 3.23.

Since do’kl produces flow,

of Jf

_—-G a—

6 S (dckl * dokl) > 0 (3.61)
k1

But dc;(l produces no plastic flow, therefore

of '
—_— dokl =0 (3.62)
aokl

Also, do';l has been taken proportional to the

gradient of f; therefore

n of
del = g— (3.63)
°
k1l
where a = scalar > 0
from (3.61), (3.62) and (3.63)
of of » of
a—dokl - a_do” = aaklaF >0 (3.64)
Cy1 Cy1 ac,,
Hence,
af/aokl
(3.65)

a =
(oF /aom) (OF /aom)



Equation (3.65)

the above

d£g = h, .a
ij ij
or
of
dE?j = gijao do, ,

where g;4 = stress, strain, and history of loading

dependent.

From the second of conditions of (3.113),

P _ ' " P
dcrijcltaij = (dcrij + dcsij)deij 20

But doi; produces no flow, hence
do' cet d —aid =0
okl id c&lgijao O =
k1l
But
afd 0
k1
aokl
Hence
doijgij = 0

Hence, comparing with (3.66)
of

ging

3,

where,
G = scalar which may depend on stress, strain

and history.

proves the proposed decomposition.

84

From

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)
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Therefore,

aef, = G—E—h-‘c— of do (3.71)

ij &5 ac k1l

ij k1
or

of
dej; = G—df (3.72)
13

(3.72) is the general stress—-strain relation consistent
with the above assumptions.

For the specific case of the von Mises yield function
(describ3ed in Appendix A), let

-7 =X 2 4 (6 -6 2+ (6 -G )2
£=J, = 6[(<31—<52)+(<52 o) + (5,0 )]

of
—_—= 2[01 ~ -%(02+03)]

o0 3
1
therefore,
de’ = -2-d7L[0' —-l-(o+c)] (3.73)
1 3 1 2V2 3 :
where
dA = Gdf (3.74)

(3.74) is called the Prandtl-Reuss equations.
For the Tresca yield condition (see Appendix A),
1
f = 3%01—09

f | ot It

acl 2

’

802

Then
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1
de® = =dA
2

p—
de, = 0

1
P
ae, = E?dl (3.75)

From the above, it is noted that Tresca and von Mises

yield criteria have different associated flow rules, i.e.,

stress-strain relations associated with each criterion.

3.3 QDiscussion

As discussed earlier in this section, the mechanical
behaviors of biological grains are complex. They exhibit
elastic, plastic and time dependent properties. It may
therefore seem that some of them at least are
elastoviscoplastic in behavior. Any constitutive relations
developed for such materials must therefore incorporate
parameters which account for the totality of mechanical
behavior, otherwise the constitutive equation may have

limitations in predicting loads in silos.



4. MATERIAL PROPERTIES AND EXPERIMENTAL DESIGN

As already discussed the complex nature of grain-bin
interaction especially during dynamic conditions makes
governing equations and their theoretical solutions too
complex. Even if an adequate quantitative theory could be
worked out, experiments are still necessary to verify it
because theories are invariably based on certain
assumptions which may or may not be precisely satisfied in
practice. Dimensional analysis combined with experiments
is therefore a powerful tool in development of governing*

eguations.

4.1. Similitude Concepts

Murphy (43) has defined a scale model as a device which
is so related to a physical system that observations on the
model may be used to predict accurately the performance of
the physical system in the desired respect. The physical

system for which the predictions are made is called the

*A glossary of similitude theory terms is included in
the Appendix.
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prototype. The experimenter uses similitude principles in
the selection of experiments capable of yielding
information significant to the study, and to avoid
redundant experiments. The results of tests performed
under one set of conditions can be applied to another set
of conditions. This procedure is made possible and
justifiable by the laws of similarity.

The principles of similitude can also be used to get a
prediction equation for a particular system. According to
Murphy (43) all physical systems can be described by a
dimensionally homogeneous relationship among physical

quantities of the form*
Co =0, -0 0 .covn.. 0, (4.1)

where

Q
]

0 dimensionless coefficient
Q;'s are governing quantities for the system, and

q;'s are dimensionless exponents.

According to the Buckingham-Pi theorem,* for
relationships of the form in Equation (4.1), "The number of
dimensionless and independent groups that can be formed

from the Q's is (i-r) where i is the number of governing

*Proof is included in the Appendix.
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quantities, and r is the rank of the dimensional matrix of

the Q's."

4.1.1 The Prediction Equation

The concept of component equations is used to obtain a
prediction equation. A component equation is one obtained
by finding a mathematical expression that fits the data

from a set of experiments in which all but one of the

independent Il-terms is held constant.

For example, if

I, = £(IL, 1)

one can obtain a component equation relating IE and IE by
varying IB through some selected range of values. I]lis

measured for each value of TB, while controlling Ig so that

its value does not change. From this experiment one can

obtain

H, = £,d0,1I1)

where Tg means TE is held constant.

Similarly, a component equation relating Ig_andﬂﬂﬁ can

be found:
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If the data for IEJ = f(rg), from each component experiment

plot as a straight line on log-log coordinates, then each
component equation has the form

0
IE = AHi (4.2a)

and the prediction equation for the system is

m2 m3 mi—r
I, = ¢-I, - I 11

3 tereereens i-r

(4.2)

where all the II's are dimensionless and independent
products that can be formed from the given Q's and ¢ can be

a function of the independent Il terms.

There may be experiments for which the data does not
plot as straight line on log-log coordinates. For these
experiments one can use other proposed chosen mathematical
functions for the data.

Equation (4.2) above can be rewritten in the more

general form

I = ¢IL-I ...... o ...... I (4.3)

1

where

—
"

£(I1,)
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Here, f(IE) is an appropriate function which may be
non-linear when Il is plotted as a function of II, on

log-log coordinates. For each observation of TH as a

function of one independent II-term, ¢ can be evaluated from

0= 1

and the mean value of ¢ calculated.

The precision of the prediction equation can be

evaluated by first plotting Ih observed (Il;,) versus Ih

calculated (Il;,.), where Th i.e., II.. observed is

io

experimentally measured Ih'for each experiment, and Thc is
the value computed by applying the prediction equation and

then calculating the correlation coefficient, JI, versus

io

nic :

4.2 Selection of Fundamental Physical Quantities
The initjal step in the development of a prediction
equation is to identify the nonredundant independent and

complete set of physical quantities pertinent to the
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Figure 4.1. Identification of quantities in grain-bin
system
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desired system. Figure 4.1 is a representation of the

physical quantities in a grain bin.

4.2.1 Static System
4.2.1.1 Gravity (G

Gravity field forces are responsible for weight of the
grain on the bin floor or hopper. If there were no gravity
the material would not exert any force on the bin wall or
bottom and would not flow when the outlet is opened. Hence
gravity is a pertinent physical quantity to the system.

4.2.1.2 Bin diameter (D), wall height (H), and place

of occurrence (Z)

Reimbert and Reimbert (54), Safarian (28) and many
other authors discuss the variations in wall pressure due
to different grain heights and silo diameters. The author
assumes that critical values of the bin loads will occur
for the case of the bin being filled to the top. 2 is the
distance from the top to where the wall pfessure is

measured.

4.2.1.3 Grain Particle Density (p)

Versavel (77) as well as many researchers have written

on the importance of grain density to (p) grain pressures
in silos. Grain particle density is therefore considered

as a pertinent physical quantity.
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4.2.1.4 Characteristic length of f£ill particles (A)

Singh (63) has discussed the importance of the

characteristic particle length (A). This quantity is

considered to be pertinent.

4.2.1.5 BAngle of ipnternal friction of the fill

el i . 1iti 0
Gaylord and Gaylord (10), Reimbert and Reimbert (25),

Moysey (20), and Schwedes (30) as well as many others have

documented the influence of the angle of internal friction

of the ensiled material on silo loads. The above quantity,

¢, is therefore considered to be pertinent.

4.2.1.6 Wall friction between f£ill and the inside
surface of the silo
Schwedes (61), Briassou (7), and Mohsehin (39) have all

contributed to the vast pool of literature on the effect of

the material-wall friction (M) and silo loads. It seems

obvious that some of the weight of the ensiled material is

- carried by the wall due to friction.

4.2.1.7 Bin wall modulus of elasticity (E )

Tyson and Manbeck (74) have discussed the interaction
between bin wall stiffness and emptying pressures. Singh
(63) has also discussed the same factor in similar

circumstances. The author believes that even in the static
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conditions this factor affects silo loads, as it relates

wall deformations to grain loads.

4.2.1.8 silo wall thickness (t )_and Poisson's

ratjo (V)
Silo wall thickness is obviously important to the

ability of the silo wall to withstand loads. The thicker

the wall the more load it can withstand and vice versa.

Poisson's ratio VvV 1is obviously important because of the

multi-dimensionality of the applied load.
4.2.1.9 Horizontal (Py) and Vertical Pressures (Py)

The horizontal (Pp) and vertical (P,) wall pressure are

the quantities to be predicted.

4.2.1.10 The Ratio of the Horizontal to the Vertical

Pressure (k)

The lateral to vertical grain pressure ratio, or
pressure ratio as it is commonly termed, is an assumed
coefficient relating lateral and vertical pressures at any
point in a grain mass (9). Janssen (1895) first proposed
the use of this coefficient (which he assumed to be

constant) in silo pressure calculations. Koenen improved

Janssen's method by introducing the term k = (1 - sin¢)/(1

+ sind), or simply k = tan? (45° - ¢/2). 1If the pressure



96
ratio is to be considered an independent material property
then it should be unaffected by external factors. If it is
not a constant then it should only vary within the
material. Clower et al. (1973) and Moysey and Brown (1979)
concluded that the pressure ratio was constant with depth
(i.e., pressure) (90). However several investigations
found that k was not constant but varied with depth.
Ketchum and Williams (1919), Lenczner (1963), and Kramer
(1944) all found that k increased with depth of grain.
Pleissner (Ketchum 1919) and Caughey et al. (1951) found
that k decreased with depth. Jaky (1948) and Reimbert
and Reimbert (1976) found k to be variable but following
no simple pattern with increasing depth.

The work of the last group of investigators would
indicate that k may not be a valid property.
Alternatively investigators may not be measuring the
pressure ratio but a value which has been influenced by
external factors.

The different methods of determining k by various
investigators may also influence the values they obtained.
Loewer et al (31) used a method described by Clower et al
(1973); this method involved measuring frictional
resistance caused by drawing two blades, one oriented
horizontally and the other vertically, through the confined
granular mass. The enclosure for the granular material was

0.457 m by 0.457 m by 0.076 m high. Britton and Versavel
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(11) used the method developed by Jofriet and Negi (1983),
which involved the use of a 0.203 m diameter by 0.40 m high
model silo. They then used the differential form of the

Janssen's formula to evaluate the product of k and the

grain-wall coefficient of static friction, Mk, from data
obtained by applying different vertical loads to the
grain-filled model. Load measurements were made with a
load cell. This method presupposes the validity of the
Janssen's formula and the existence of an independent k,
both of which are still subject to controversy. Thompson
(68) used a 0.15 m by 0.3 m by 0.3 m high grain container,
with flexible diaphragms on two walls to evaluate k.

Other researchers have used split models mounted with
strain gages or load cells to evaluate k. The size of the
model used for evaluating k is oBviously important.
Safarian and Harris (68) have discussed pressure variations
due to depth and width of silos. To diminish these effects
it is, obviously, necessary to diminish the size of the
experimental specimen holder (model bin). The property k
is thought to be a material property occurring at specific
points within the grain mass. It is therefore necessary to
simulate conditions at a point by using models which are as
small as possible in the evaluation; otherwise some average
property would be evaluated.

A method of experimentally investigating the validity
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of k is described in Section 4.3.

4.2.1.11 Relaxation Modulus (E(t))

The relaxation modulus of the material is thought to be
an adequate index of the viscoelastic properties of the
material. Although it applies to linearly viscoelastic
material, it may also provide an approximation of the
behavior of non—-linearly viscoelastic materials. It was

therefore included in the study.

4.2.1.12 Xyield Constant (M)

As discussed in Section 3, plasticity is also an
important characteristic in the behavior of the biological

grains. Manbeck and Nelson (35) included an index stress

level G_ to account for the yielding and subsequent plastic

behavior of wheat en masse. Zhang et al. (78) have

evaluated the yield constant (M,) for wheat en masse using

criteria developed by Lade (29). The yield constant n, is
dimensionless and can be evaluated by plotting (I,3/I, - 27)
versus I,/P, on log-log space.

I. = the first and third invariants of stress

Il’ 3

P, = atmospheric pressure
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at failure

£ =M,

where f = plastic expansive loading function,

dimensionless.

The yield constant is considered to be an index of the
plasticity of the material as it is derived in terms of the
stress invariants which are important to plasticity as

discussed in Section 3. The plastic strains involved are

small, just above yielding, hence M represents yield and

subsequent immediate plastic deformation.

4.2.1.13 1Ipitial Voidage of Fill Material (e

Manbeck and Nelson (35) described (e,) as a pertinent

quantity to the development of pressure in wheat.

. . . i ! i i i
4.2.1.14 Poisson's Ratio of Fill Material (Vg)

The Poisson's ratio of a material is an important
property of the material load deformation characteristics

during elastic loading. As most fill materials exhibit, in

part, elasticity A is a pertinent quantity to the

development of loads.



100
4.2.2 Dynamic Conditions (During Emptying)
In addition to the above physical guantities, others

are pertinent to the system under dynamic conditions.

4.2.2.1 Newton's Second Law Inertjal Coefficient (Ne)

Due to material aceleration inertial forces may be
developed in the system. Hence Ne (Newton's Second Law
Inertial Coefficient) is thought to be a pertinent

quantity.

4.2.2.2 Elapsed Time of Discharge (%)

The process of emptying is a time dependent phenomenon

(31). Hence 1T 1is considered a pertinent quantity. This

factor is also important to the viscoelasticity of the

material.
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4.3 Investigation of the Validity of Janssen's

The objective of the experimental procedure described
below is to ascertain whether or not the proposed quantity
"k'", the ratio of the horizontal to the vertical pressure
at a specified point in the grain mass, is pertinent to the
development of grain pressures, is independent, and can be
evaluated as a property of a system of a grain filled bin.
An experimental procedure for measuring both the vertical
and horizontal pressure was devised. Figure 4.2 is a
schematic representation of the experimental apparatus. 2a
lucite cylinder 5.08 cm in diameter by 5.08 cm high with a
wall thickness of 0.158 cm was filled with various granular
materials. The cylinder was made as small as possible in
order to eliminate variations due to location within the
grain mass, as "k" is thought to exist at all specific
points within the grain mass. An Instron testing machine
was used to apply surcharge pressure to the granular
material at increasing intensities as to model increases in
pressure with depth in a granular mass.

A Hewlett Packard data acquisition unit 3497A and a

micro-computer HP9836A were used for control, measurement
and storage of data. The vertical pressures, P, were

measured directly from the Instron machine by the data
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Figure 4.2. Cell used for verifying the validity
of ‘'K



Figure 4.3. Forces in a

thin cylinder

103
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acquisition unit. The horizontal pressures, Py, were

calculated from strain gage measurements. Two SR-4
electrical strain gages were bonded to the outside surface
of the lucite cylinder for measuring strains. The lucite
cylinder acted as a thin shell, hence the horizontal

pressures were evaluated as follows (52),

o = (E. — VE) (4.4)
(1-vy * o
o = (e +ve) (4.5)
o (1_\,2) 6
where
G = vertical (axial) stress in the cylinder wall

Gb = circumferential stress in the wall

€ = vertical (axial) stress in the cylinder wall

td
I

modulus of elasticity of the wall material

\Y Poisson's ratio of the wall material

Figure 4.3 is a representation of the forces in a thin

cylinder with internal pressure. The hoop tensile stress:
PhD

T = =— .6
> (4.6)

where

P, = normal pressure in the cylinder

D = internal diameter of cylinder
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T = hoop tensile stress
Hence
G_P,P 1 (4.7)
6 2
where

h = thickness of the cylinder
Using (4.6) and (4.7) jointly we get,
2Eh

P = ———— (£ —VE ) (4.8)
p(1-vY) °® x

Having calculated the horizontal pressure, then

Janssen's constant

P

h
k = — 4.9
P ( )

v

P, was measured directly by the data acquisition system

described above.
For the system shown in Figure 4.2, a list of pertinent
physical quantities can be drawn (Table 4.1).

The rank of the dimensional matrix, Table 4.2, is 5.

Hence 19 independent Il terms are needed to completely

describe the system. Table 4.3 is a list of such a set.

The prediction equation is therefore
P

K = £(——, = ) Ao e, v, v, 2
pGK' DI uwl ’ nll utl ubl Dl ’ o’ ’ gl DI
E h E(t
—*_, aar, =, 28 (4.10a)
pGD H B

or
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Table 4.1 Pertinent Physical Quantities for Evaluating "k"

No. Symbol Description Units Dimensions
Independent
Quantities:
(1) P, Applied vertical (surcharge)

pressure N/m? FL™?
(2) H Cell height m L
(3) D Cell diameter m L
(4) 1 Elapsed time s T
(5) B Loading rate of P, N/ (m?s) FL™?T"!
(6) p Particle mass density of Kg/m3 ML"3

fill material

(7) K Wall-grain static _ —_
w
coefficient of friction

(8) ¢ Granular material angle - -~
of internal friction

(9) G Gravity field strength N/Kg FM1

(10) E Elastic modulus of N/m? FL-?
wall material

(11) E(t) Relaxation modulus N/m? FL™2
of fill material

(12) A Geometric mean diameter m L
of fill material
(characteristic length)

(13) n, Yield constant —_— -
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Table 4.1, cont.

No. Symbol Description Units Dimensions

(14) W, Granular materials-top - -
shaft coefficient of
static friction

(15) H, Granular material-bottom - -
shaft coefficient of
static friction

(16) h Cell wall thickness m L

(17) n Number of loading cycles - -

(18) e, Initial void ratio - -

(19) v Poisson's ratio for bin - -
wall material

(20) vg Poisson's ratio - -
of granular material

(21) Am Change in moisture content - -

(22) AT Change in temperature K 0

-1

(23) o Temperature coefficients m/ (mK) 0
of £ill material

Dependent

Quantity:

(24) P Horizontal pressure N/m? FL™2

h
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Dimensional Matrix for Verifying

Janssen's Constant

Table 4.2

o

o

12.

n

13.
14.

He

Hy

15.
16.
17.
18.
19.
20.
21.

22.

23.

24,
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Table 4.3 Il Terms for Evaluating "k"

Dimensionless

No. I1 term

Physical Significance

Dependent texm:
I, k
Independent terms:
I1, P,/pGA
I1, H/D

I, H,

I1, ¢

I-Ie L}

IT, M,

IT, K,

I, -A/D

II n

10

11

Janssen's Constant ratio of P, to P,

Index of the ratio of applied
surcharge pressure to gravity forces

Height to diameter ratio of
cylindrical container

Fill particle to cell wall friction

Measure of the stability of fill

material

Index of yield of fill material and
subsequent plastic behavior

Grain-plunger coefficient of friction

Grain-bottom platform coefficient of
friction

Ratio of the fill particle mean diameter
to cylinder diameter

Number of loading cycles

Initial voidage
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Table 4.3, cont.

Dimensionless

No. IT term Physical Significance

I'I12 \Y Poisson's ratio of wall material

IE3 v, Poisson's ratio of fill material

Hﬁq AM Change in grain moisture content

Iaﬁ h/D Ratio of cell wall thickness to diameter
I, E,/pPGD Index of the ratio of elastic to gravity

forces
17

I1 AT Index of thermo-mechanical properties of
£ill material '

IL, h/H Determines structural stability of the
cell
I, E(t) /Pt Defines loading rate and time dependent

properties




Thesis m.‘55i,,,6

P4, Ut
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Table 4.4 Values of Physical Properties of Material used
in Evaluating 'k’

Physical

Property Sand Wheat Corn Soy

1. P, varied varied varied varied

2. H 5.08x107%m 5.08x10"2m  5.08x10%m  5.08x1072m

3.D 5.08x107%m 5.08x1072m  5.08x107%2m  5.08x107?m

4.7 0-90s 0-90s 0-90s 0-90s

5. B 353 N/ (m®s) 353 N/(m®s) 353 N/(m?s) 353 N/ (m?s)

6. p 1.6x103 1.29x103 1.19x103 1.18x103
kg/m? kg/m3 kg/m? kg/m3

7.¢ 34 deg 31 deg 33 deg 36 deg

8. 9.81 N/kg 9.81 N/kg 9.81 N/kg 9.81 N/kg

9. E, 3.1x10° 3.1x10° 3.1x10° 3.1x10°
N/m? N/m? N/m? N/m?

10. A 4.9%107'm 3.1x1073m 1.6x107%m 5.8x107%m

1.m 28 9.91 9.91 9.91

12. | 0.50 0.36 0.33 0.31

13. |1, 0.30 0.52 0.68 0.47

14. B, 0.30 0.52 0.68 0.47

15. h 1.6x1073m 1.6x1073m 1.6x1073m 1.6x1073m

16. n 1 -5 1 -5 1 -5 1-5
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Physical
Property Sand Wheat Corn Soy
17. e, 0.358 0.401 0.400 0.361
18. v0.350.35 0.35 0.35
19.vg 0.25 0.32 0.32 0.33
20. A 0 0 0 0

m
21.At 0 0 0 0
22. @ 1.7x107¢ 2.4x107° 2.3x107¢ 2.3x107¢
23. P varied varied varied varied
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Table 4.5 Values of Non-Varied II* Terms for Evaluating "k"

No. P-term Values

Sand Wheat Corn Soy
I'I3 H/D 1 1 1 1
I, H, 0.5 0.36 0.33 0.31
I'I5 ¢ 34 deg 31 deg 33 deg 36 deg
H6 n, 28 9.91 9.91 9.91
l'I7 H, 0.30 0.52 0.68 0.47
l'Ie K, 0.30 0.52 0.68 0.47
I, A/D 9.6x107% 6.1x1072  3.1x10"! 1.1x10°
nu e, 0.358 0.401 0.400 0.361
le A\ 0.35 0.35 0.35 0.35
l'Il3 A 0.25 0.32 0.32 0.33
H“ Am 0 0 0 0
Hls h/D 0.031 0.031 0.031 0.031
HlG E,/pGD 3.9x10°% 4.8x10° 5.2x10° 5.3x10°
H17 QAT 0 0 0 0
II h/H 0.031 0.031 0.031 0.031

oy
[+ ]

*along columns
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I, - £ L1, T, T, T, 1L, 10,

H9’ I-110’ Hll’ H12’ H13’ I-‘[14’ HIS’

m,, 0,01, (4.10b)

16> ~°17

The objective of the study was to verify whether the
ratio of the horizontal to the vertical pressure, k, is a
pertinent quantity to the development of pressures in

ensiled granular materials. Component experimental

procedures relating Il (k) and II, (P,/pGA) the term

containing the secondary quantity (P ) the vertical

pressure were performed since the influence of kX on

vertical pressure was being investigated, i.e., H2 was

varied and corresponding variations of I“I1 recorded as the

rest of the Il terms were held constant, that is:

11, = £dL,I5, 11, 11 T IL, T,

I-19'1-‘[ I-IlllI-‘[121II I-114)1115

100 131

H16)1-117 )HIS)

or
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I = ¢Il" (4.11b)

The bar denotes the Il terms which were held constant,

see Table 4.6. The value of Tkj could not be held

precisely constant as the value of E(t) (see Table 4.5.1)
varied during the test. The distortions due to this were
held to a minimum by conducting the tests for relatively
short periods of time (Table 4.5). The influence of the
loading rate was also minimized by carrying out the
experiment at loading rates of below 645 kPa/s which
according to Manbeck and Nelson (35) results in

quasi-static loading.

The values of e, and p used for the experiments were

0

obtained from the "Agricultural Engineering Standards"

(1986) . The values of U, Vg, ¢, B, K, and W were

obtained from "Physical Properties of plant and Animal

Materials"™ by Mohsenin (1986). £, of sand was obtained

from "Flow through Porous Media" by R. DeWeist. The

values of M, were obtained from Zhang et al (79); this

constant has not been evaluated for corn and soybeans,

hence the values used were assumed to be the same as for
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wheat. The experiments were held in a room maintained at
24°C and 50% RH. The mecisture contents for wheat, corn,

soybeans and sand were 12.5, 12.5, 10.0, 2.0 wet basis

respectively. The values of U and WU for sand were ob-~

tained from "Principles of Farm Machinery" by Kepner et al.
The relaxation moduli (E(t)'s) for the material were
evaluated by applying sudden strains to the granular
materials confined in a rigid cylindrical aluminum cell of
5.08 cm diameter by 5.08 cm high. The values of time and
stress were obtained by the data acquisition system and the
load cell as described above (see Figures 4.7*** and Tables

4.5.1 and 4.7).

The vertical pressure, P, was applied over a period of

90 seconds in ten increasing steps to a maximum value. The

loads were then removed (i.e., the pressure, P was

v
reduced to zero) and the loading process repeated. The
cyclic loading pattern, cycle, was repeated five times for
each material.

The equations of the fitted curves of the results

(Tables 4.6 and Figure 4.3* to 4.6 and B-4.3 to 84.6**)

*For all the plots the term "Linear-plot"” means that
the axes are linear, i.e., arithmetic.

**Figures prefixed "8" are in Appendix C.

***This shorthand means Figures 4.7.1, 4.7.2, etc.,
throughout the text.
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Plate 1: The Lucite cylinder used for the evaluation
Of llkll

‘ r-..
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were fitted using the model in equation (4.116 for the
log-log model, and using the model in equation (4.12) below

for the semi-log model.

II = a, + a;logIL," + az(logl'lz)2 + .... + a (logll)"

(4.12)
The properties of the materials used are described in

Table 4.4.
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Table 4.5.1 Relaxation Moduli of the Materials

Material Relaxation Modulus

Sand E(t) = (1.271x107)e("t/1600) 4+ (3 ,030x105)e(-t/36.1)
* (2.961x105)ef("t/2.99
Wheat E(t) = (1.953x106)e("t/3446

+ (3.825x10%)e("t/16.70)

(4.815x106)e("t/467M 4+ (3,920x105)e(-t/28.8)

Soybeans E(t)

* (6.352x105)e(-t/2.453)

Corn E(t) (4.742x106) (-t/3092) 4 (2 976x105) e (~t/71.25)

+ (6.292x105)e(-t/6.98)
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Component Experiment Results for Sand for
llk"

Evaluation of

Experiment 1

Experiment 2

Experiment 3

Il I, I, I I, IT,

Cycle x104 x104 x104
1 0.389 0.307* 0.414 0.301 0.399 0.312
0.396 0.313 0.447 0.495 0.393 0.326
0.526 0.642 0.458 0.699 0.461 0.600
0.514 1.023 0.486 0.910 0.500 1.100
0.541 1.312 0.533 1.700 0.543 1.418
0.544 1.695 0.541 1.980 0.547 1.770
0.552 2.001 0.550 2.228 0.551 1.896
0.547 2.384 0.564 2.316 0.559 2.434
0.552 2.675 0.569 2.861 0.565 2.745
0.542 2.970 0.578 3.100 0.581 2.900
2 0.344 0.700 0.360 0.698* 0.341 0.691
0.362 0.812 0.376 0.087 0.378 0.989
0.377 1.100 0.406 1.053 0.408 1.300
0.401 1.300 0.421 1.346 0.433 1.587
0.428 1.479 0.436 1.723 0.455 1.923
0.435 2.016 0.453 2.246 0.475 2.246
0.444 2.500 0.461 2.690 0.483 2.519
0.454 2.916 0.472 3.038 0.484 3.100
0.461 2.999 0.472 3.129 0.488 2.134
0.466 3.100 0.473 3.177 0.489 3.233
3 0.291 0.370* 0.300 0.380 0.289 0.368
0.361 0.781 0.321 0.700 0.348 0.802
0.385 1.022 0.343 1.300 0.386 1.111
0.396 1.321 0.371 1.636 0.394 1.299
0.414 1.677 0.420 1.977 0.400 1.678
0.424 2.013 0.431 2.344 0.411 2.133
0.432 2.367 0.445 2.516 0.431 2.467
0.444 2.665 0.452 2.756 0.438 2.721
0.460 2.900 0.452 2.889
0.465 2.954



Table 4.6.1,

cont.
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Experiment 1

Experiment 2

Experiment 3

IT, I, I, I I, I
Cycle x104 x10° x104
4 0.398 0.399% 0.409 0.400 0.406 0.438*
0.409 0.607 0.414 0.512 0.417 0.427
0.419 0.889 0.429 0.696 0.420 0.766
0.431 1.113 0.440 0.998 0.433 1.416
0.441 1.721 0.451 1.614 0.442 1.995
0.443 2.001 0.463 2.133 0.455 2.326
0.443 2.714 0.471 2.666 0.462 2.663
0.458 2.971 0.472 2.914 0.470 3.103
0.470 3.104 0.479 3.103 0.474 3.326
0.488 3.331 0.481 3.200 0.476 3.297
5 0.310 0.332 0.352 0.372* 0.300 0.301
0.333 0.412 0.340 0.385 0.377 0.367
0.351 0.593 0.328 0.663 0.343 0.488
0.368 0.919 0.361 1.070 0.359 1.012
0.380 1.299 0.372 1.350 0.376 1.333
0.391 1.714 0.388 1.631 0.393 1.858
0.395 1.967 0.399 2.038 0.401 1.983
0.400 2.421 0.407 2.331 0.401 2.208
0.409 2.816 0.415 2.700 0.421 2.699
0.413 3.095 0.422 2.982 0.431 2.964

*experiment used for analysis



Table 4.6.2

Component Experiment Results for Wheat,
for Evaluation of

"k 1 1]
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Experiment 1

Experiment 2

Experiment 3

I, I, I, 1, I, m,
Cycle x103 x103 x104
1 0.224 0.403* 0.224 0.419 0.241 0.463
0.221 0.429 0.289 0.416 0.268 0.707
0.317 1.121 0.3100 1.213 0.3035 1.010
0.347 1.757 0.361 1.689 0.357 1.609
0.386 2.318 0.406 2.471 0.416 2.514
0.425 2.911 0.444 2.999 0.448 3.111.
0.459 3.482 0.479 3.571 0.477 3.721
0.4985 4.114 0.496 4.300 0.490 4.001
0.524 4.704 0.6528 4.912 0.514 4.680
0.538 5.252 0.545 5.517 0.557 - 5.800
2 0.346 0.674% 0.341 0.699 0.339 0.700
0.33 0.640 0.378 1.014 0.387 1.101
0.398 1.157 0.408 1.366 0.411 1.320
0.426 1.707 0.455 1.919 0.465 1.922
0.490 2.298 0.75 2.264 0.481 2.198
0.527 2.820 0.525 3.111 0.500 2.814
0.537 3.607 0.565 0.409 0.539 3.455
0.570 4,133 0.577 4.331 0.589 4.616
0.593 4.781 0.589 4.612 0.608 5.203
0.605 5.367 0.610 5.213 0.620 5.501
3 0.415 0.700 0.411 0.699 0.384 0.559%
0.449 1.001 0.445 1.111 0.389 0.557
0.476 1.310 0.477 1.321 0.474 1.127
0.499 1.601 0.499 1.644 0.518 1.647
0.551 2.714 0.577 2.517 0.562 2.230
0.565 2.816 0.590 3.100 0.579 2.861
0.600 3.457 0.596 3.717 0.596 3.447
0.611 4,113 0.632 3.604 0.593 4.103
0.630 4.719 0.648 5.212 0.627 4.728
0.642 5.300 0.656 5.500 0.638 5.106



Table 4.6.2, cont.
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Experiment 1

Experiment 2

Experiment 3

I I, I I IT, Il
Cycle x103 x103 x103
4 0.500 0.707* 0.253 0.388* 0.503 0.681
0.520 1.090 0.526 0.707 0.513 0.991
0.546 1.311 0.432 1.125 0.529 1.121
0.555 1.688 0.532 1.696 0.544 1.599
0.570 2.512 0.577 2.348 0.572 2.361
0.574 2.888 0.579 2.968 0.582 2.971
0.578 3.122 0.598 3.497 0.600 3.512
0.599 4,000 0.606 4.061 0.600 4.000
0.609 4.777 0.612 4,714 0.604 4,721
0.612 5.840 0.615 5.354 0.605 5.400
5 0.384 0.655 0.391 0.700 0.383 0.636%
0.516 1.212 0.517 1.301 0.512 1.267
0.518 1.313 0.519 1.642 0.571 2.194
0.587 2.800 0.525 1.919 0.593 2.820
0.592 3.106 0.575 2.507 0.593 3.507
0.599 4.346 0.601 2.444 0.603 4.342
0.610 5.240 0.611 4.914 0.606 5.233
0.611 5.311 0.613 5.406 0.615 5.854
0.615 5.500 0.616 5.800 0.621 5.847
0.624 5.889 0.622 6.119 0.618 5.939

*experiment used

for analysis



Table 4.6.3
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Component Experiment Results for Soybeans,
for Evaluation of "k"

Experiment 1

Experiment 2

Experiment 3

I, I, I, I, IT, I,
Cycle x10? x10? x102
1 0.254 1.104~* 0.241 1.004 0.240 1.100
0.234 1.125 0.296 1.113 0.293 2.231
0.290 2.348 0.331 2.216 0.329 3.299
0.286 3.558 0.361 3.333 0.358 4,389
0.432 4,789 0.379 4,445 0.382 4.577
0.422 6.346 0.407 6.496 0.402 6.444
0.413 7.460 0.427 7.321 0.221 7.621
0.431 8.972 0.445 8.800 0.437 8.811
0.435 9.958 0.453 9.900 0.452 9.901
0.464 11.118 0.466 12.100 0.465 11.1198
2 0.184 1.100 0.203 1.042* 0.191 1.052
0.186 1.103 0.206 1.027 0.196 1.139
0.248 2.300 0.193 2.380 0.252 2.229
0.335 4.399 0.309 4.421 0.336 4.379
0.369 5.514 0.370 5.878 0.370 5.601
0.436 7.673 0.428 7.303 0.439% 7.711
0.452 8.808 0.472 8.613 0.454 8.514
0.475 9.919 0.519 9.993 0.481 9.621
0.497 11.032 0.533 10.960 0.499 10.55
0.516 12.222 0.541 12.000 0.521 12.21
3 0.260 1.100 0.308 2.201 0.291 1.810*
0.343 3.333 0.334 2.817 0.307 1.821
0.354 4.441 0.343 3.310 0.348 3.693
0.384 6.061 0.354 4.561 0.391 4,923
0.397 0.777 0.371 5.755 0.405 6.503
0.408 0.871 0.408 8.880 0.417 8.257
0.411 9.901 0.410 9.000 0.421 9.245
0.417 10.56 0.418 9.861 0.430 11.10
0.430 11.01 0.426 11.01 0.438 12.21
0.435 12.00 0.435 12.11 0.432 12.24



Table 4.6.3,

cont
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Experiment 1

Experiment 2

Experiment 3

Hl HZ Hl HZ nl HZ
Cycle x102 x10? x102
4 0.471 1.414% 0.470 1.390* 0.474 1.390
0.461 1.612 0.447 1.436 0.474 1.426
0.455 2.500 0.454 2.460 0.461 2.396
0.458 3.667 0.457 3.150 0.455 3.013
0.453 5.218 0.445 5.046 0.459 5.406
0.445 6.497 0.438 6.391 0.455 6.931
0.439 7.555 0.433 7.586 0.449 7.856
0.433 9.139 0.436 8.865 0.450 8.719
0.445 10.050 0.430 10.150 0.444 11.001
0.445 11.111 0.440 11.220 0.442 11.414
5 0.437 1.569* 0.429 1.616 0.438 1.579
0.424 1.591 0.429 1.728 0.436 1.622
0.425 2.509 0.400 2.109 0.433 2.613
0.375 3.829 0.399 4.999 0.409 3.998
0.365 4.958 0.379 5.873 0.409 5.001
0.373 6.144 0.392 6.244 0.401 6.061
0.387 7.621 0.392 7.591 0.399 7.497
0.404 8.777 0.407 8.849 0.400 8.719
0.413 9.956 0.412 9.538 0.400 10.666
0.426 11.150 0.426 12.000 0.441 11.213

*experiment used for analysis
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Component Experiment Results for Corn,
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Experiment 1

Experiment 2

Experiment 3

Hl HZ Hl HZ Hl HZ
Cycle x102 x10? x102
1 0.779 2.389* 0.786 2.516* 0.783 2.490
0.607 3.757 0.609 3.710 0.614 3.671
0.478 4.846 0.511 4.907 0.515 4.921
0.436 6.492 0.431 0.102 0.427 6.553
0.431 7.534 0.429 7.321 0.432 7.543
0.382 8.835 0.371 8.511 0.377 8.794
0.349 9.876 0.341 9.781 0.343 9.621
0.319 11.47 0.325 11.00 0.313 11.473
2 0.799 2.431 0.819 2.444 0.808 2.429*
0.598 3.661 0.674 3.409 0.618 3.561
0.567 4,898 0.533 4.714 0.512 4.954
0.453 6.384 0.482 6.412 0.461 6.371
0.401 7.888 0.417 7.534 0.415 7.530
0.361 9.127 0.358 9.211 0.369 9.024
0.352 9.833 0.333 10.001  0.340 9.946
0.326 11.009 0.298 11.31 0.315 10.94
3 0.593 2.500 0.637 2.449* 0.601 2.510
0.437 3.701 0.439 3.833 0.433 3.722
0.351 4.991 0.326 5.027 0.347 5.006
0.296 6.111 0.270 6.265 0.293 6.127
0.257 7.314 0.240 7.449 0.241 7.366
0.229 8.503 0.223 8.528 0.225 8.517
0.206 9.786 0.208 9.813 0.210 9.711
0.188 10.900 0.194 10.890 0.185 10.908
0.174 12.13 0.188 12.03 0.169 12.21
4 0.471 2.490 0.378 3.473* 0.462 2.530
0.343 3.712 0.384 3.392 0.348 3.723
0.350 5.107 0.306 4.310 0.351 5.107
0.291 6.119 0.233 5.837 0.296 6.139
0.237 7.349 0.195 7.684 0.229 7.381
0.200 8.533 0.177 9.342 0.206 8.524
0.193 9.726 0.171 10.63 0.188 9.712
0.178 10.95 0.149 11.91 0.188 9.712
0.167 12.03 0.149 12.20 0.174 10.95
0.164 12.31 0.151 12.46 0.164 12.31



Table 4.6.4,

cont
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Experiment 1

Experiment 2

Experiment 3

I, I, I, I, I, I,
Cycle x10? x107? x107?
5 0.868 1.478%* 0.487 1.300 0.483 1.333
0.779 1.947 0.607 2.516 0.597 2.569
0.459 3.520 0.439 3.718 0.441 3.724
0.364 4.848 0.383 4,923 0.392 4,908
0.318 6.001 0.329 6.144 0.318 6.199
0.279 7.526 0.292 7.309 0.288 7.339
0.264 B.566 0.263 8.511 0.255 8.523
0.247 9.674 0.240 9.742 0.241 9.742
0.232 10.78 0.221 10.91 0.229 10.91
0.214 11.94 0.206 12.11 0.201 12.18

*experiment used for analysis
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Table 4.7.1 Experimental Results for Relaxation

Tests for Sand eo = 0.019

Experiment 1* Experiment 2 Experiment 3
Time Stress Time Stress Time Stress
(Sec) (N/m?) (Sec) (N/m?) (Sec) (N/m?)
x10° x10° x10°

0 2.523 0 2.546 0 2.543

1 2.497 1 2.488 1 2.515

2 2.480 2 2.466 2 2.506

3 2.4717 3 2.461 3 2.503

4 2.476 4 2.448 4 2.498

5 2.467 5 2.447 5 2.495

6 2.468 6 2.437 6 2.493

7 2.460 7 2.438 7 2.490

8 2.461 8 2.430 12 2.490
13 2.449 9 2.431 22 2.475
23 2.423 14 2.428 32 2.477
33 2.423 24 2.405 42 2.477
43 2.407 34 2.398 52 2.463
53 2.403 44 2.391 62 2.466
63 2.411 54 2.398 72 2.459
73 2.402 64 2.393 82 2.467
83 2.403 74 2.388 92 2.464
113 2.400 84 2.375 112 2.456
133 2.385 94 2.369 132 2.459
153 2.384 114 2.371 152 2.447
173 2.376 134 2.367 172 2.447
193 2.373 154 2.368 192 2.444
233 2.370 174 2.356 232 2.442
273 2.364 194 2.353 272 2.449
313 2.370 234 2.348 312 2.440

214 2.349
314 2.348

*experiment used for analysis
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Table 4.7.2 Experimental Results for Relaxation
Tests for Wheat €y = 0.134

Experiment 1 Expcriment 2 Experiment 3
Time Stress* Time Stress Time Stress
(Sec) (N/m?) (Sec) (N/m?) (Sec) (N/m?)

x10° x10° x10°

0 2.564%* 0 2.305 0 2.564

1 7.452 1 2.374 1 2.452

2 2.412 2 2.237 2 2.412

3 2.374 3 2.177 3 2.374

4 2.352 4 2.131 4 2.352

5 2.325 5 2.105 5 2.725

6 2.311 6 2.075 6 2.311

7 2.290 7 2.061 7 2.290

8 2.281 8 2.038 8 2.281

13 2.223 9 2.028 13 2.223

23 2.126 14 1.982 23 2.126

33 2.103 24 1.911 33 2.103

43 2.076 34 1.883 43 2.076

53 2.069 44 1.853 53 2.069

63 2.045 54 1.834 63 2.045

73 2.034 64 1.825 73 2.034

83 2.024 74 1.801 83 2.024
103 2.005 84 1.800 103 2.005
123 2.000 94 1.779 123 2.000
143 1.984 114 1.762 143 1.984
163 1.965 134 1.752 ‘163 1.965
183 1.963 154 1.747 183 1.963
223 1.947 174 1.727 223 1.947
263 1.935 194 1.728 263 1.935
303 1.912 234 1.711 303 1.912

314 1.689

*experiment used for analysis
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Table 4.7.3 Experimental Results for Relaxation

Tests for Soybeans €y = 0.035
Experiment 1 Experiment 2 Experiment 3
Time Stress Time Stress Time Stress
(Sec) (N/m) (Sec) (N/m?) (Sec) (N/m?)
x105 x105 xloS
0 2.344% 0 2.571 0 2.532
1 2.462 1 2.437 1 2.484
2 2.416 2 2.388 2 2.459
3 2.383 3 2.366 3 2.436
4 2.368 4 2.342 4 2.423
5 2.348 5 2.332 5 2.406
6 2.341 6 2.314 6 2.399
7 2.325 7 2.308 7 2.385
8 2.322 8 2.295 8 2.380
9 2.309 9 2.291 13 2.345
14 2.287 14 2.263 23 2.327
24 2.243 24 2.231 33 2.298
34 2.224 34 2.195 43 2.275
44 2.203 44 2.177 53 2.254
54 2.202 54 2.171 63 2.251
64 2.178 64 2.153 73 2.233
74 2.176 74 2.153 83 2.226
84 2.163 B4 2.137 93 2.214
94 2.164 94 2.125 113 2.212
114 2.145 114 2.117 133 2.186
134 2.141 134 2.104 153 2.174
154 2.133 154 2.103 173 2.175
174 2.112 174 2.081 193 2.156
194 2.117 194 2.073 233 2.146
234 2.085 234 2.061 273 2.138
274 2.071 274 2.049 313 2.122
314 314 2.038

*experiment used for analysis



Table 4.7.4 Experimental Results for Relaxation

Tests for Corn

€y = 0.65
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Experiment 1 Experiment 2% Experiment 3

Time Stress Time Stress Time Stress
(Sec) (N/m) (sec) (N/m?) (Sec) (N/m?)
x10% x10° x10%

0 2.463 0 2.540 0] 2.412

1 2.412 1 2.496 1 2.458

2 2.374 2 2.424 2 2.387

3 2.343 3 2.389 3 2.346

4 2.326 4 2.360 4 2.363

5 2.314 5 2.344 5 2.302

6 2.297 6 2.324 6 2.288

7 2.290 7 2.315 7 2.274

8 2.277 8 2.299 8 2.263
13 2.242 9 2.293 9 2.209
33 2.210 14 2.249 14 2.177
43 2.171 24 2.203 24 2.137
53 2.162 34 2.180 34 2.127
63 2.143 44 2.156 44 2.112
73 2.126 54 2.146 54 2.099
83 2.114 64 2.136 64 2.082
93 2.100 74 2.127 74 2.076
113 2.099 84 2.110 84 2.068
133 2.075 94 2.108 94 2.043
153 2.073 114 2.080 114 2.032
173 2.062 134 2.068 134 2.025
193 2.042 154 2.068 154 2.020
233 2.041 174 2.049 174 2.012
273 2.034 194 2.047 194 2.012
313 2.030 234 2.025 234 1.988
274 2.018 274 1.987

314 2.006 314 1.965

*experiment used for analysis
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Table 4.8.1 Component Equations for II, versus II,
Log-Log Model

Coefficient of

Material Cycle Component Equation Determination (r?)
Sand 1 I, = 0.131 I1,0-244 0.799
2 Hl = 0.090 1’[20.161 0.974
3 I, = 0.057 rkOJOB 0.966
4 I, = 0.069 II,0-%6¢ 0.929
5 I, = 0.142 IL0-10¢ 0.837
Wheat 1 II, = 0.028 II,0-34 0.994
2 I, = 0.051 I1,0.29% 0.998
3 I, = 0.097 IT,0.222 0.978
4 l'I1 = 0.019 II°-267 0.722
5 I'I1 = 0.929 I1.0-184 0.863
Corn 1 I, = 15.35 II,-0.548 0.980
2 IH = 21.58 rg-mso 0.994
3 l'I1 = 43,75 H2‘°-779 0.984
4 I'I1 = 24.32 II,0.718 0.988
5 l'I1 = 26.49 [II,-0.684 0.992
Soybean 1 TH = 0.062 Tg°289 0.896
2 l'I1 = 0.024 II,°-433 0.913
3 I'I1 = 0.103 II,0.200 0.962
4 l'I1 = 0.527 H2'°-°29 0.711
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Table 4.8.2 Component Equations for Ih versus Tk,
Semi-Log Model

Coefficient of
Multiple
Determination
Material Cycle Component Equation (R?)

Sand 1 I, = -27.209 + 19.74 logll,
~ 4.683(logll,)2 + 0.371(logll,)3 0.976

2 I, = -1.305 + 0.674 logll,

~ 0.068 (logll,)? 0.988
3 I, = -0.310 + 0.171 logIl, 0.984
4 M, = 1.546 - 0.619 logll,

+ 0.085(logll,)? 0.984
5 - TI; = 26.560 - 19.294 logll,

+ 4.683(logll,)2 - 0.377(logll,)3 0.988

Wheat 1 I, = 1.092 - 0.765 logll,
- 0.765(logll,)2 + 0.166(1logll,)3 0.996

2 T, = 0.196 + 0.068 logll, 0.990

3 I, = -0.0952 + 0.660 logll,

- 0.063(1ogll,)? 0.994
4 I, = 2.693 + 1.762 logll,

- 0.235(logll,)? 0.984
5 I, = -2.849 -~ 1.838 logIl,

- 0.244(logll,)? 0.994
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Table 4.8.2, cont.

Soybeans 1 1 9.079 - 10.864 logll,
+4.352(logll,)2 + 0.563 (logll,)3 0.908

Soybeans 2 I, = 10.106 - 11.452 logll,
+ 4.255(1logll,)2 - 0.563(logll,)3 0.998
3 M, = -0.600 + 0.566 logll,
- 0.075(1ogll,)? 0.984
4 M, =1.719 - 0.685 logll,
+ 0.089(1logll,)? 0.726
5 M, = 2.452 + 1.562 1ogll,
+ 0.294(1ogll,)? 0.785
Corn 1 I, = -2.849 + 1.838 logdll,
-0.244(1ogll,) 2 0.994
2 M, = 6.114 - 3.412 logll,
+ 0.496 (1ogll,) 2 ' 0.994

w
=
"

3 8.531 - 5.364 logl'12
+ 0.862 (1ogll,) 2 0.998

>
=
"

1 6.095 - 3.771 lodll,
- 3.771(logll,)? 0.996

5 M, = - 4.305 + 0.680 (logll,)? 0.994
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4.4 Experimental Procedures for Developing a Prediction

E . E p in Bj
The first objective of the study was met by identifying

the physical quantities pertinent to pressures in
cylindrical grain silos, as outlined in Section 4.2. Table
4.9 is a summary of the pertinent quantities. The second
objective was met by writing equations (4.10) and (4.11).
This section deals with the third objective, i.e., to
arrive at the quantitative form of the prediction equation.
The rank of the dimensional matrix, Table 4.10, is 4,
hence 16 independent terms are required to uniquely define
the system. Possible form of the prediction equation for a

model bin is therefore

P H z H 2
_h =f (._b, uw, ¢’ nl’ eO' vV, —, -—h, E' l' Q Ne’
GpA D s 5’ b’ b’ b’ Gp,
T
2Q , Dh E(t))
DH, D" per
or
P Hh n n n n n n n
h 1 2 3 4 5 6 2z M
—_—=0-(—=) (L) (P -M) -(e) (V) -(=—)
Gpl D W 1 0 g Hh
2
n n N n T n D n E t n n.
S ED S D T EE T ™
GD D H pGA h

Due to ease of fabrication, the model bins were constructed

of steel. The maximum physical dimension (height, H) that
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Table 4.9 Pertinent physical quantities for model bins

No. Symbol Description Units Dimensions
Dependent Quantity:
1 Py, Horizontal pressure N/m? FL™2
at bin wall
Independent OQuantities:
2 D Inside diameter of bin m L
3 Hy, Bin height m L
4 He Bin fill height m L
5 e Eccentricity of discharge m L
6 z Depth at which P, occurs m L
7 Qo* Emptying rate of fill m3/s L3712
material
8 p Density of fill material  Kg/m3 ML"3
9 A Geometric mean diameter m L
of particles
10 K, Wall-grain coefficient - -
of static friction
11 ¢ Angle of internal - -
friction of material
12 T Elapsed time S T
13 E(t) Relaxation modulus of N/m? FL™?
fill material
14 G Gravity field strength N/Kg FM~1
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Table 4.9, cont.

No. Symbol Description Units Dimensions

15 n, Yield constant of £ill - -
material

16 Ne* Newton's second law N-sec?/ FM IL-1T2
inertial coefficient Kg-m

17 Hp Hopper height m L

18 Dy Hopper discharge diameter m L

19 ep Initial voidage of fill - -

20 vg Poisson's ratio of fill - ——
material

*important during dynamic conditions
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Dimensional Matrix for Model Bins

Table 4.10

10

11

12

E(t)

13
14

15

Ne

16
17

18

19

20
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Table 4.11 IT Terms for the Model Bins
Dimensionless
No. IT term _ Physical Significance
Dependent texm:
IT, Py,/GpA Index of the ratio of horizontal

pressure to gravity forces

Independent term:

Ig H /D Height to diameter ratio of
cylindrical bin, significant property
of a thin shell

I1, [T Fill particle to bin wall friction

I, ¢ Measure of stability of £ill material

II, n, Index of yield of fill material and
subsequent plastic behavior

116 e, Initial voidage

IL 2 Poisson's ratio of £fill material

H8 Z/H, Defines where P, occurs

H9 H, /Dy Hopper geometry index

IHO e/D Eccentricity of discharge

IT A/D Ratio of particle geometric mean

diameter to bin diameter



Table 4.11, cont. 157

Dimensionless

No. IT term Physical Significance

I, Q°Ne/GD* Index of the ratio of inertial to
gravity forces

I, TQ/D?H, Index of the quantity of fill
discharged to total bin content

I, D,/D Hopper opening diameter to bin
diameter

Il . E(t) /pGA Index of the ratio of viscoelastic to
gravity forces

Iﬁs e/D, Ratio of the hopper eccentricity to

the opening diameter
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could be fabricated in the laboratory was 1.219 m. A bin

thickness of 1.588x103®m was used as this was both rigid
and easy to form. The physical dimensions of the bins used
in the study are outlined in Table 4.9. The effect of
dynamic overpressures were studied with bin.4 of Table
4,12.1. Centric discharge was used for all the bins.
Hence the ratio e/D was zero for all the tests.

The bin hoppers were designed so as to accomplish mass

flow, since dynamic overpressures are observed for this
kind of flow (63). The value of the hopper half angle 6_
was obtained from Figure 2.8 for a value of material wall

friction, H', of 0.5 (see Table 4.5),

Tan™! 0.5 = 26.565°

Hence from Table 4.5,
6 = 12.5°
c
and,
2 6 = 25°
c
The hopper opening diameter (D,) was then 0.559m, the

hopper height H,) was 0.457m.

Table 4.12.2 is an outline of the physical dimensions

of the model bins (see Plate 3) used to study the effects
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of I, (A/D) and IL, (E(t)/pGA) versus II, (P,/pGA). The

bins were filled with sand of average particle diameter 6.3

x 107%m and mass density 1601.4 kg/m®. The values of I

(e/D), Il (Q*Ne/GD%), I1

(H,/D,), II 12

(1Q/D%H,), II, (D,/D),

10 13 14

and H16 (e/D,) were all set to zero by having no hopper,

eccentricity of discharge or discharge. For the component
experiment of Il (P,/pGA) versus I, (A/D) the value of II
(E(t)/pGA) was set at 1.353 x 107!. For the component
experiment of Il (P,/pGA) versus II,, (E(t)/pGA) the value
of A/D was set at 1.6 x 1073, The rest of the non-varied

FI-terms were held constant as per Table 4.5. I'Iz (H,/D) and

I, (z/B,) were set at 1.57 and 6.49 x 107! respectively.
The component experiments for relating II, (P,/pGA) to

II,, (A/D) were carried out using four bins with the

dimensions outlined in Table 4.12.2 (see Plates 4 and 5).
The bins were filled with dried sand, as outlined in
Section 4.3, to the top, i.e., completely filled.

Pressures were measured using load cells jillustrated in
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Figure 4.8 (see Plates 2 and 6). The pressures were
measured 24 hours after the bins were filled. Three runs
of the experiments were carried out (see Table 4.13).

Bin 1 described in Table 4.12.2 (see Plate 5) was used

for component experiments relating II (Ph/pGl) to

1

TEE(E(t)/pGl). The value of E(t) used for the experiments
is as per Table 4.5.1. The bin was filled with sand and

values of P, measured with the load cells every 20 seconds,

the values of Igﬁ were calculated using the micro-computer

described in Section 4.3 for each time interval. Three
runs of the experiments were carried out (see Table 4.14).
The data acgquisition, manipulation and storage for the
above two series of experiments wefe carried out using the
Hewlett Packard equipment described in Section 4.3.

Tables 4.13 and 4.14 are results of component

experiments for TH versus Iﬁl and Il respectively.

Figures 4.9 and 4.10 are plots of Il versus IEJ and Ths

respectively. The equations of the log-log plots for

Figures 4.9 and 4.10 are:

1.227

TE = 0.00 168 Thl (4.15)

and
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| 0.96 INZ LOADING
SURFACE AREA
— 50 — -

387

38"
— TS~ 10-32 UNF

4 CONDUCTOR, COLDR CDDEDL
CABLE, S FEET IN LENGTH

Figure 4.8. Dimensions of the load cells
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Table 4.12.1 Physical Dimensions of Model Bins

Hopper Hopper

Height Diameter Height Diameter
Bin (H,)m (D)m (H,)m (D) m R /D
1 1.22 0.76 0.46 0.76 1-6
2 1.07 0.76 0.46 0.76 1-4
3 0.91 0.76 0.46 0.76 1-2

4 0.76 0.76 0.46 0.70 1




Table 4.12.2
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Physical Dimensions of Model Bins Without

Hoppers
Bin Height Diameter Hb/D Z/H
(Hy) M (DYM
1 0.610 0.389 1.57 0.649
2 0.503 0.320 1.57 0.649
3 0.396 0.251 1.57 0.649
4 0.290 0.184 1.57 0.649

e



View of a load cell

Plate 2
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Plate 5: Model bin used for dynamic measurements
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n1= 0.0024 n‘l‘;“ (4.16)

The effect of I'I2 (H,/D) was studied using four bins with

dimensions described in Table 4.12.1. The bins were filled

to the top with sand and values of pressure measured using

the load cells after 24 hours. I“I’3 (z/H,) was held constant

at 0.8, I, (A/D) at 8.27 x 107, IL, (D,/D) at 7.38 x 107},

14

and H16 (e/D,) at zero. The rest of the II-terms were held -

constant as per Table 4.5. Figures 4.1la and 4.11b are

plots of Il (P, /pGi) versus Il, (H /D). The equation of the

plot in Figure 4.11b is:

nl = 7585.78 H2O.917 (4.17)

The effect of HB (2/H,) was studied using a bin with the

dimensions of Bin 1 in Table 4.12.1. II.. (A/D), I1

" (D,/D) ,

14

H2 (H /D) and H16 (e/D,) were set at 8.27 x 107%, 7.38 x

107}, 1.6, and zero respectively. [l (2/H,) was varied from

0.2 to 0.8 at steps of 0.2. The pressures were measured as

described above. Figures 4.12a and 4.12b are plots of I'I1
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versus Il ;; the equation of the plot in Figure 4.12b is:

0.904

II. = 11271 HB

1 (4.18)

The effects of Il,, (0?Ne/GD®) and Il , (1Q/D’H,) were

studied using a bin with the dimension of Bin 1 in Table

4.12.1. Different flowrates were achieved by varying the

hopper opening (D,) through four steps, i.e., 0.562m,

0.487m, 0.398m and 0.281m respectively. For studying the

effect of [I,(Q?°Ne/GD°), II,; (1Q/D?H,) was held at 2.56 x

107! for all the experiments. The flowrates were

determined by measuring the emptying times of the bin using
a stop watch. For studying the effect of [I,,, Il;; was held

at 6.22 x 1072 and 3.19 x 10™3. The rest of the non-varied

I[I-terms were held constant as per the preceding paragraph.

Figures 4.13 are plots of IL versus IL3. The equations of

the log-log plots are:

log II, = 1747 + 5.4 x 10%[1,
+ 3.8 x 10°(I1,;)? - 2.37 x 107],,3
6
- 1.8 x 10%(I1,;2) dI,;)* + 2.58 x 10°] .5

(D,/D) = 3.639 (4.19)
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and
logll, = -(4.884 + 5.991(logll,;) + 160.5(1logll;;)?
+ 213.8(logll;;)® + 140.3(logl] *
+ 35.93(logll,,)°)

D,/D = 0.369 (4.20)

Figure 4.14 is a plot of I, (P,/pGA) versus
I1,,(0°Ne/GD®) . An examination of the figure reveals that at

an r? value of 0.009, [I,, was not significant to the

development of pressure within the range of this study, a

discussion of this finding is in the next section.
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Table 4.13 Results of Component Experiments of II,

(Ph/pGA) Versus Il;; (A/D)

n,, (/o) I, (Ph/pGA) x 103

x 1073 Run 1 Run 2 Run 3 Average
3.4 1.262 1.261 1.2615 1.2615
2.5 2.453 2.491 2.459 2.457
2.0 2.834 2.834 2.836 2.835
1.6 3.228 3.225 3.229 3.227
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Table 4.14 Results of Component Experiments for l'I1
(Ph/pGA) Versus Il g (E(t)/pGA)

Run 1
II, (Ph/pGA) x 103 ;o (E(t)/pGA) x 106

5.702 1.353
5.652 1.305
5.630 1.294
5.574 1.287
5.581 1.282
5.561 1.279
5.564 1.276
5.558 1.274
5.542 1.270
5.539 1.267
5.490 1.263
5.482 1.259
5.486 1.251
5.448 1.241
5.422 1.225
5.372 1.208
5.358 1.192
5.212 1.176
5.201 1.160
5.225 1.38

5.249 1.129



Table 4.14, cont.

Run 2
I, (Ph/pGh) x 107 I, (E(t)/pGA) x 10°
5.677 1.314
5.643 1.299
5.623 1.290
5.583 1.284
5.578 1.280
5.564 1.278
5.590 1.275
5.558 1.274
5.542 1.272
5.504 1.267
5.588 1.261
5.581 1.258
5.469 1.248
5.456 1.243
5.423 1.219
5.415 1.209
5.372 1.194
5.358 1.175
5.306 1.160
5.201 1.119
5.248 1.129
5.250 1.128
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Table 4.14, cont.

Run 3

1, (Ph/pGA) x 103 II,c (E(t)/pGA) x 108
5.527 1.351
5.684 1.347
5.771 1.299
5.533 1.287
5.528 1.283
5.525 1.277
5.524 1.266
5.521 1.261
5.377 1.254
5.371 1.248
5.353 1.243
5.350 1.239
5.350 1.236
5.348 1.234
5.313 1.229
5.304 1.226
5.284 1.215
5.282 1.207
5.268 1.194
5.258 1.181
5.239 1.170
5.223 1.130
5.242 1.20




Table 4.15
(Ph/pGh) Versus Il, (H,/D)

176

Results of Component Experiments of Hl

I, (H,/D) I, (Ph/pGh) x 103
Run 1 Run 2 Run 3 Average
1.6 11.254 11.181 11.236 11.224
1.4 10.800 10.783 10.689 10.757
1.2 9.39%4 9.22 8.794 9.136
1.0 7.405 7.403 7.299 7.402




Table 4.16 Results of Component Experiments of II;
(Ph/pGA) Versus Ilg (Z/Hyp)

My (z/Hyp) I, (Ph/pGA) x 103
Run 1 Run 2 ) Run 3 Average
0.2 2.709 2.548 2,898 2.719
0.4 4.331 4.209 4.467 4.336

0.6 8.146 8.091 8.321 8.186

0.8 8.617 8.914 8.743 8.758
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Table 4.17a Results of Component Experiments of Hﬁ
(Ph/pGA) Versus II;5 (10/D2Hy) for Il;, (Dh/D) = 0.369

I, (10/D?Hy) I, (Ph/pGh) x 103

x 1072 Run 1 Run 2 Average

6.800 7.726 7.878 7.802
13.420 13.730 12.120 12.925
20.129 13.630 12.640 13.135
26.839 11.710 12.019 11.864
33.549 9.26 ©10.071 9.639
40.259 7.458 8.248 7.853
46.969 3.192 3.476 3.334
53.678 1.080 1.547 1.314

D,/D = 0.369
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Table 4.17b Results of Component Experiments ofH1
(Ph/pGA) Versus Il 5 (tQ/D?Hy) for Il;, (Dh/D) = 0.522 |

I, 5 (1Q/D?%Hy) II, (Ph/pGA) x 103
x 1071 Run 1 Run 2 Average
1.71 9.502 10.010 9.756
2.56 8.875 9.436 9.156

3.42 2.941 1.921 2.431
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Table 4.17c Results »f Component Experiments for
Circumferential Strains (€) Versus 1'[13 (1:Q/D2Hb) for I'I14
(bh/D) = 0.522

I, 5 (IQ/D2Hb) Circumferential Strain (€) x 1072
x 1071 Run 1 Run 2 Average
1.71 5.347 5.427 5.387
1.92 5.581 5.616 5.599
2.14 6.088 6.112 6.100
2.35 6.166 6.191 6.179
2.56 5.913 6.010 5.962
2.78 5.813 6.001 5.907
2.99 5.018 4.966 4,992
3.21 3.500 3.984 3.742
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Table 4.17d Results of Component Experiments for
Circumferential Strain (€) Versus I'I13 (1:Q/D2Hb) for H14
(Dh/D) = 0.369

I, 5 (‘tQ/Dsz) Circumferential Strain (g) x 107°

x 1072 Run 1 Run 2 Average
6.800 5.151 5.347 5.249'
13.420 5.127 5.996 6.062
20.129 6.283 6.111 6.197
26.839 6.518 6.489 ‘ 6.503
33.549 6.635 6.711 6.681
40.259 6.557 6.609 6.583
46.969 5.112 4.815 4.964

53.678 3.674 3.714 3.694
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Table 4.18 Results of Component Experiments of Dﬁ
(Ph/pGA) Versus I1,, (@?Ne/GD%)

I, (0%Ne/GD>) I, (Ph/ped) x 103
x 1072 Run 1 Run 2 Average
12.296 1 10.114 9.814 9.964
8.333 2 6.128 8.927 7.528
4.801 3 9.226 9.116 9.171
1.885 4 9.613 8.943 9.278

1-Dp/D=1

2 - D/D

0.866

3 ~-D/D = 0.522

4 - D, /D = 0.369
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Table 4.19 Component Equations for Model Bin Experiments

Component Equation r?
II, = 7585 n2°-917 0.956
I, = 1271 1180-904 0.956
Il, = 0.00168 I,1-227
,* = 1747 + 5.4 x 104 T 5 + 3.8 x 104 (I, 4)2 1.0%**
- 2.37 x 10° (II;)3 - 1.8 x 10 (11,54
+ 2.58 x 106 (I 5)
I,** = -(4.884 + 5.9907 (log Il 3) 0.996***
+ 160.5 (log M52
+ 213.8 (log M;3)3 + 140.3 (log I;4)4
+ 35.93 (log IT;3) %)
_ 0.567

D,/D = 0.639

% %

D,/D = 0.369

* % %
R2
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5. DISCUSSION OF RESULTS

5.1 Djsgnssjgn on thg Ha]jdjt:! Qf Ianssents QQDSIEDL’ "k"

Figures 4.3 to 4.6 and A-4.3 to A-4.6 are graphical

representations of Il (k) versus Il (P,/pGA). Tables 4.8.1

and 4.8.2 are the equations ofIE versus Ig for the log-log

model and semi-log model respectively. From an examination
of the figures for sand, wheat and soybeans the figures can

be divided into two sections:

(i) a region of increase of TH as Ig increases, and
(ii) A region in which the value of II, approaches an

asymptotic value as IL, increases.

The implication of the above two observations are that
"k" increased with pressure and then subsequently

approached a constant value as pressure increased further.

For corn, however, IH decreased with pressure as IE

increases and then approached an asymptotic value as I%

was further increased.
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In Section 4.2.1.10 it was discussed that there are
four main schools of thought as to how "k" varies with
grain depth in a silo, i.e., with increased pressure:

(i) "k" is constant with depth, Clower et al (1973),
Moysey, and Brown (1979) (9).

(ii) "k" increases with depth, Ketchum and Williams
(1919), Lenczner (1963), and Kramer (1944) (9).

(iii) "k" decreases with depth Pleissner (Ketchum,
1919) and Caughey et al. (1951) (9).

(iv) "k" varies but with no pattern Jaky (1948),
Reimbert and Reimbert (1946).

All the first three trends described above were
observed during the experiments. 1In fact the semi-log
(exponential) model which describes phenomena that either
increase or decrease approaching some final asymptotic
values best described the curves fitted on the data as per
Figure 4.3 to 4.6 and A-4.3 to A-4.6; the values of R?'s
for the semi-log models were higher than for the log-log
model by up to 10.5%. It therefore appears that the
pressures involved in the experiments by the above
researchers influenced the values of "k" they determined,
and also the specific materials tested determined the way
"k" varied with pressure.

It has been shown in this research that “k" is a

dependent (derived) property of the material and load



203
system. It is not an independent property of the material
as postulated by Janssen.

Manbeck and Nelson (35), using a 0.10 m (4 in.) cubical
sample container filled with wheat and means for
independently and simultaneously applying principal stress
to the three pairs of opposite faces of the container,
proved that one could arbitrarily fix any value of k
desired. This therefore implies, also, that k is a
derived property of the material and loading conditions but
not an independent intrinsic property of the material.

The behavior of corn vis-a-vis the rest of the
materials tested, i.e., decreasing k as pressure was
increased, may be due to viscoelasticity.

The differences in viscoelastic behavior of various
biological grains may be due to differences in: moisture
content, o0il content and internal cell structures. Even
for a given species of grain, there may be differences
because of differences in climatic conditions of the areas
in which they were grown, and differences in cultural
practices like irrigation, fertilization, harvesting time
and seeding rate. For the purposes of the study, the
viscoelastic properties of the materials were idealized as
linear and the materials were also idealized as isotropic
and homogeneous. However it is evident that biological
grains may actually be non-linear viscoelastic, anisotropic

and non-homogeneous. Therefore a thorough study and proper
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material characterization, in terms of evaluation of all
the viscoelastic parameters, elastoplastic parameters and

so on, may shed more light on the subject.

5.2 WMWML

5.2.1 Mi—“u‘] rL‘—[IA‘Mi—'(an‘—nﬁ—'(ﬁnl“—ul

v Ilote/py, T (e/D)) on Horizontal Pressures.

No component experiments were carried out to
investigate the effects of the above independent J]-terms
on the dependent [l-term I, (P,/pGA), i.e. their effect on

horizontal wall pressures.
5.2.2 Effect of I, (A/D) and T, (H /D) on the dependent

Singh (63) has discussed conditions for plug flow

patterns as well as the boundaries of four different flows

developed within granular material during emptying as

proposed by McCabe (1974). McCabe concluded that ILJ (A/D)

and rL (H,/D) determine the type of flow pattern during

emptying. Figure 5.1 shows representations of emptying

pressure patterns according to McCabe. He concluded that



205

the particle size and height of material, and hence rhl

(A/D) and [h (Hb/D), affect the crater formation level and

hence the development of dynamic overpressures. Jenike
(58) has discussed harmful flow irregularities such as
arching, pulsation and shock. Pulsation results from
repetitive formation and collapse of an obstruction to
flow. The frequency of pulsation is directly proportional
to rate of outflow, while the amplitude tends to be higher

at low flow rates than at higher rates. According to

Jenike pulsation can be reduced by having a low rb (H,/D),
rough cylinder walls, convergent cylinder, silo
construction containing a variety of convergent, divergent
and rough ledges, and the use of a circumferenfial shelf.
He also concluded that fine material, i.e., low [I,;, (A/D),
tend to inhibit pulsation.

This study revealed that increasing the value of rhl
(A/D) results in a reduction of horizontal wall pressures

(see Figures 4.9), i.e., II, (P,/pGA). The relationship is

linear within the range of the study and can be

mathematically represented by equation 4.15. The study

also revealed that, within the experimental range, IL
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varied linearly as [I, (H,/D) (see Figures 4.11). The

relationship of the terms is expressed mathematically in

Equation 4.17, which shows that increasing rk results in

increased IL! i.e., horizontal pressures in silos.
The fact that [I;; (A/D) affects static pressure, i.e.,

IT: (P, /pGA) is significant. Traditional methods of

computing static pressures, like the Janssen and Reimbert
methods, do not take into account the average particle size
of the fill material. This obviously limits the accuracy
of such traditional methods. As mentioned above, many
authors, like Jenike and McCabe, only considered the effect
of average particle size on dynamic conditions, i.e.,
during flow. This study has therefore revealed that design
engineers must take into account the effect of the average
prticle size of the fill material on silo'pressures, for

better accuracy in the estimation of design pressures in

silos. IL (H,/D) has long been recognized as being

important to the development of pressures in grain silos
(17, 53, 58, 63). It is a factor which must be taken into

account in silo design.
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5.2.3 Effect of JI. (2/H) on the dependent term,

I,_(p, /pGh)

Figure 4.12a is a linear plot of [l; (2/H)) versus I,

(Ph/pGl). An examination of the figures reveals that it

has the same general form as Figures 2.3 and 2.4 which are
representations of the variations of horizontal silo wall

pressures with grain depth, for the Janssen and Reimbert

equations respectively. [h varied at decreasing rate

tending towards an asymptotic value as [k increased, as

proposed theoretically by Janssen and semi-theoretically by

Reimbert and Reimbert. Equation 4.18 is a mathematical

relationship of II, to II,.

As noted in Section 2, early silo designers, not
recognizing the importance of vertical friction between
stored material and the silo wall, assumed that lateral
pressures vary hydrostatically (58). Experiments by
Roberts (17) on models and full sized silos showed that
this was incorrect because some of the weight of the stored
material is transferred to the wall by friction.. Janssen?
confirmed this conclusion and in 1895 published his theory
(17). Since some of the weight of the granular mass is

transfered to the silo wall by friction, the shape of the
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curve of pressure versus depth is of the general form as
Figures 2.3 and 2.4 discussed above. This has been
experimentally verified by Reimbert and Reimbert (54).
The shape of the curves show increases of pressures with

depths tending towards some asymptotic values. The curve

of IL versus Ih is essentially that of pressure variation

with depth and should follow the general shape as described

above; this trend is evident in Figure 4.12a.

5.2.4 Effect of JI . (E(t)/pGM) on the dependent term,
(e /pch)
Figure 4.10a is a linear plot of I, (Ph/pGl) versus

I1,, (E(t)/pGA). The curve increases at an almost constant

rate and then tends towards an asymptotic value. The
material used (sand) was idealized as being linearly

viscoelastic and its relaxation modulus, E(t), evaluated

(see Table 4.5.1). This study revealed that Il ., the ratio

of viscoelastic forces to gravity forces, is pertinent to
the development of pressures in grain silos. The
relaxation modulus (E(t)) decreases with time to an
asymptotic value (see Figure 4.7.1). It is therefore

logical that the wall pressures become asymptotic if
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viscoelastic forces are pertinent to the development of
such pressures. This study has revealed that viscoelastic
forces are pertinent to the development of wall pressure as

evidenced in Figures 4.10. Equation 4.16 is a mathematical
expression of the relationship between II, and Il,..

The fact that the study revealed that viscoelasticity
is important to the development of pressures in silos is
important. As noted in Section 3, Manbeck and Nelson (34,
35) Schott and Britton (60), Mohsenin (38) and Herum (20)
are among the researchers who characterize various grains
as being viscoelastic. 2Zhang et al (79, 80) have
characterized wheat as being elastoplastic. Bishara (8)
characterizes grains as being non-time dependent in
behavior. The implications of the findings oflthis study,
that viscoelasticity is important to the development of
grain pressures in silos, is that ignoring viscoelasticity
in design equations for predicting pressures in silos lead
to errors in such prediction. All equations currently
recommended by silo design codes from various countries,
like ACI Standard 313~77 (1) and the Soviet Code CH-302-65
(58), do not account for viscoelasticity of the grain. The
equations are therefore limited in this respect, and new
design equations reflecting viscoelastic effects should be

developed.
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5.2.5 Effect of JI , (0?Ne/GD®) and Il , (TO/D?H) on the
dependent term I, (P /pGA)

Figure 4.14 is a plot of [I; (p,/pGA) versus II,

(Q°Ne/GD3) . The r? value of the fitted cuve is 0.009 reveal-

ing that II,, (0°Ne/GD®) has no effect on [I; (P,/pGA) within

the range of the study. The implication of this is that
inertial effects have no effect on the development of
horizontal wall pressures in cylindrical silos, a finding

also reported by Singh (63).

Figure 4.13.1a is a plot of [I;, versus II,, for [I,,
(b,/D) = 0.522. The values of IL_obtained show a decrease

as ILJ increases. Only three readings could be obtained as

the load cells could not take instantaneous readings and
therefore "lagged" behind the events, the circumferential

strains measured (Figures 4.13.3) however showed some

slight increase with increasing ILB. It is therefore

difficult to conclusively say whether there was an increase

or not. Figure (4.13.2a) is a plot of []; versus [I,, for
I1,, (0,/D) = 0.369. The plot shows a definite pattern of

increase of [I, with [l,;, i.e., the phenomenon of dynamic
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overpressures. The maximum dynamic pressure increase was
by a factor of 1.7 above static. It was not possible to
observe the type of flow taking place as the model bin was
made of steel. However, it seemed apparent from the
emptying times and rates that there was mass flow rather
than funnel flow. It seems reasonable to accept McCabe's
explanation, described by Safarian and Harris (58), as to
the development of overpressure in bins (see Figure 5.1).

It is interesting and significant that inertial effects
are not pertinent to the development of pressures in silos.
It would appear to the casual observer that since, during
emptying of bins, a large mass of grain is accelerated,
i.e., from rest or initial condition to flow and during
change in flow velocity as at the silo-hopper interface and
at the hopper opening, inertial effect would be pertiment
to the development of silo pressures especially dynamic
overpressures. However as revealed by this and other
studies (Singh (65)), inertial effects are not pertinent to
the development of such pressures. McCabe's explanation as
to the development of dynamic overpressure as presented by
Safarian and Harris (58) seems to adequately describe the
development of dynamic overpressures. McCabe made the
following observations and conclusions:

(1) Plug flow occurs at all levels above the "mitre of
revolution” the apex of which coincides with crater

formation level (Figure 5.1d). Materials in the plug flow
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zone descend vertically at constant velocity. The crater
formation level and velocity of material depend on silo
diameter, port opening size, and maximum particle size.

(2) Dynamic Equilibiium. This zone is confined to that
of a mitre of revolution that forms above the central port
opening, where the material is in a steady state of
deformation and strain. Indications are that plastic flow
occurs in this zone. Boundaries were determined from
changes in rate of descent of the stored material. The
underside of the mitre of revolution occurred at a height
above the bottom approximately equal to the silo diameter.
The apex occurred at the crater level.

(3) Dead Space is confined to a zone of inert material
that forms a natural hopper approach to the port opening.
It was noted that the upper portion of the hopper surface
was conveniently located to form the springing to the
active zone, referred to above as the mitre of revolution.

(4) EFree _fall: The zone beneath the soffit of the
mitre of revolution is of open texture with various
particles accelerating freely. This zone is the first to
form, taking the shape of a parachute whose maximum size
remains fixed for any given grading on silo diameter. It
was found that particle acceleration closely approximated
that of gravity. According to McCabe, during plug flow
emptying constant formation and breaking down of arches

causes increased dynamic strain in the bin wall at the arch
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formation level (see Figure 5.1). He also concluded that
the rate of discharge (Q) for a uniformly graded material,
is inaependent of depth of material and wall surface

finish.

ILJ (tQ/Dzﬂb) contains T, the elapsed time of discharge.

It is interesting to note that this term has been
constantly ignored by researchers in this area except Singh
(63). This study has revealed that time is a pertinent
quantity to the development of pressures in silos, a fact
which would appear to be obvious, as emptying is a time
dependent activity one would have expected researchers to
account for time in proposed pressure prediction equations,

however, this has not been the case.



CONCLUSIONS

An experimental investigation was conducted to
determine the effects of pertinent independent physical
quantities on horizontal pressures in cylindrical grain
silos. Dry sand was used as a fill material in model silos
mounted with load cells to investigate the effect of perti-
nent independent physical quantities on the development of
horizontal pressures in silos. Another such investigation
was carried out to investigate whether Jannsen's constant k
is a valid independent physical. Four materials, sand,
corn, wheat and soybeans, were used in investigating the
validity of k. A small cylindrical specimen cell mounted
with strain gages and an Instron testing machine were used
for investigating the validity of k. The principles of
similitude were utilized in organizing and conducting the
experiments, analyses of the data and the development of
the prediction equations. The following conclusions were
drawn from the investigations:

(1) Janssen's “"constant” k is a derived dependent
physical quantity of ensiled granular materials

en-masse and is therefore not an independent

215



(2)

(3)

(4)

216
pertinent physical quantity of granular materials

en—-masse.

I1,, (A/D) is significant to the development of

horizontal pressures in ensiled granular

materials, i.e., significant to [I; (P,/pGA).
This implies that the particle size (average) of
the material influences grain loads. ILJ has a
linear inverse relationship to rh within the
range of the study.

I, (H,/D) is significant to the development of
pressures (I, (P,/pGA) in ensiled granular

materials en-masse. An increase in rh results in

an increase in [I;.
I1,, (E(t)/pGA) is significant to the development

of horizontal pressures (P_/pGA) in ensiled

materials. There is a positive exponential

relationship between [I,; and [I,. This implies

that viscoelastic properties of ensiled granular
materials en-masse are significant to the

development of horizontal loads in silos.
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(5) Il (2/8,) is significant to the development of

pressures (P,/pGA) in grain silos. Horizontal

pressures increase steadily with depth to an

asymptotic (maximum) value.
(6) II,, (0°Ne/GD®), the ratio of intertial to gravity

forces (Fronde number), is not significant to the
development of horizontal pressures in grain
silos. This implies that inertial effects are
insignificant to the development of such

pressures.

(7y II,, (10/D?®H,) was found to be significant to the

development of dynamic overpressures in silos.

Flowrate of material Q was found to be
signficant to such pressures as varying Ihq

(D,/D), i.e., diameter of hopper influenced the

development of pressures, since flowrate is

proportional to the hopper opening diameter.
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RECOMMENDATIONS FOR FURTHER WORK

As illuminating as this and many other experimental,
analytical and numerical studies may be, it is hard to deny
that the subject of grain-silo loads is still inadequately
explored. There, therefore, remains a need for further
experimental studies based on similitude concepts, on the
subject. The experimental data obtained should be reduced
to dimensionless numbers. Specifically, experiments should

be designed to:

(1) Study the influence of II, (), II, (¢, II; M),

Il (ep), I, (v), I, (e/D), and Il; (e/D,) so that a

general prediction equation useful to designers may be
obtained. -

(2) Rigorously characterize granular material behavior
so that component experiments may be designed to
correlate loads to elastic, viscoelastic and plastic
behavior of materials as may be necessary.

(3) Load cells with faster response times should be
used for emptying experiments so as to give a more

complete picture of the system behavior.
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H(t)

LIST OF SYMBOLS

cross-sectional area

length of a rectangular cross-section

function of ¢

breadth of a rectangular cross-section
characteristic abscissa; side of a rectangle
stiffness tensor

diameter

d/dt

diameter of hopper opening

relaxation modulus

Young's modulus of bin wall

eccentricity of discharge

initial voidage

distribution factor

yield function

gravity field strength

stress relaxation modulus in shear
height

height of bin

Heaviside step function
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height

thickness
creep compliance

first invariant of stress deviator tensor
second invariant of stress deviator tensor

modulus number

ratio of horizontal to vertical pressure
Newton's Second law Inertial Coefficient
number of cycles

pressure

atmospheric pressure

vertical force

static vertical pressure

constant
constant

hydraulic radius; Linear Spring Constant or
Young's modulus

stress tensor

temperature; tension
time

wall thickness
perimeter

vertical force

work

elastic work
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€ij
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plastic work
depth

depth

hopper angle

loading rate
unit weight
dirae delta
strain

strain rate
creep strain
elastic strain
strain tensor

plastic collapse strain tensor

elastic strain tensor; plastic expansive
strain tensor

plastic strain tensor
coefficient of viscosity
vield constant

hopper angle

hardening function

hydrostatic or bulk relaxation modulus
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geometric mean diameter

material-bin coefficient of static friction
tan ¢

granular material's Poisson's ratio

bin wall's Poisson's ratio

dimensionless Pi~term

particle density of granular material
stress

stress tensor

elapsed time; shear stress
angle of internal friction of granular material

constant
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GLOSSARY OF TERMS USED IN

SIMILITUDE THEORY

Adequate model: A model which correctly predicts one
dependent pi-term, but does not correctly predict

certain other dependent pi-terms.

A guantitative relationship of
the dependent pi-term to a particular independent
pi-term of a physical system while all the other
pi-terms are held constant.

A list
of all independent physical quantities pertinent to
the behavior of a physical system.

A secondary physical quantity of
a physical system which can be derived from
independent primary pertinent physical properties of
the system,

Distorted model: A model for which one or more of the
independent pi-~terms in the model does not equal the
corresponding pi-terms in the prototype.

Dissimilar model: A model which bears no apparent
resemblance to the prototype but which, through

suitable analogies, gives accurate predictions of the
behavior of the prototype.

Dimension: The qualitative characteristic of a
physical quantity which specifies or characterizes the
kind of process used to measure a physical quantity.

Dimension (Basic): An independent dimension which,

based on human experience and human sensory
perceptions, appeals to the sense of how to describe
the quantities in a physical system.

A physical quantity of a system

which cannot be derived from other physical quantities
pertinent to the system.
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Invalid model: A model which cannot be used to
predict accurately the behavior of a prototype.

Model: A model is a device which is so related to a
physical system that observations on the model may be
used to predict accurately the performance of the
physical system in the desired respect.

Governing eqguations: Fundamental laws of physics

expressed mathematically.

Physical quantity: The physical attribute or

pertinent quantity which must be measured in
identifiable units in order to uniquely describe a
physical system.

Physical system: An interacting set of physical
quantities, finite in number, that responds in a
consistent, measurable, and predictable manner to a
forcing or disturbing effect.

Prediction equation: is an equation relating the

dependent pi-term to all the independent pi-terms.

Prototype: The physical system for which predictions
are made.

Redundant experiment: An experiment which does not

result in or enhance the knowledge of the relationship
between the dependent pi-term and an independent
pi-term.

: A quantity whose presence in the
analysis does not result in or enhance the accuracy of
prediction.

Scale model: A model whose design conditions involve
indicatives between one or more pertinent physical
quantities between the model and prototype.

Similitude: The prediction of the behavior of
physical systems by observations on physically similar
systems.

True model: A model designed in such a way that all
the independent pi-terms in this model and the
prototype are numerically equal.

VYalid model: A model whose observations can be used
to predict the behavior of a prototype.



Murphy (43) has offered a proof on a universal form of
equations for physical systems. In general, any measurable
quantity o (the secondary gquantity) may be expressed in terms

of those appropriate quantities a; (called primary

quantities) which affect the magnitude of the secondary
quantity. The general relationship between & and the primary

quantities may be written as:

o= f(a;, az, ... ap) ' (A-1)

in which & denotes the magnitude of the secondary quantity.

a; ... ap are numbers denoting the magnitudes of the

n

significant primary quantities involved.

Let B be another magnitude of a similar system which is

evaluated in terms of the same primary quantities. Then, in

general,

B=f(by, by, ... by (A-2)
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in which b; ... b, are quantities identical in nature to a;

ap but different in magnitude. The nature of the

function in (A-1) and (A-2) is identical only when numerical
values are different.

If the magnitudes of the units in which the primary
quantities are changed (e.g., from English to metric), the

number representing the magnitude of the first secondary

quantity will change from @ to another number, a', and P will

change to B'. That is,

o' = f(xlal, Xp8pr ... Xpdp) (A-3)
and

Br = £(x1by, xpby, ... xbp) (A-4)
in which %47, %5, ... X, represent the ratios of the size of

the first set of units to the size of the  second set of
units.

Now an axiom of the basis of Dimensional Analysis
states that: "The ratio of the magnitudes of two like
gquantities is independent of the units used in their
measurement, provided the same units are used for evaluating
each."”

Therefore,
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o '
-—_— = E— (A-5)
U B
Hence,
o .
o' = ~—B° (A-6)
p
or
f(xlal, X8, ... xnan)
f(al, a,y ... an)

- £(xb, ... xD A-7
Fb,, b, -.. b) & Pt e Kby (=7

If both sides of equation (A-7) are differentiated partially

with respect to each x;, there will result a series of

equations of the form,

ai3f(x1a1 cee o xa)
a(aixi)
fla,, a, ... a) af(xlb1 .o XD )
= b (A-8)
f(b,, b, ... b)) i a(bixi)

Let all the x's become unity, then:



238

af(al, a,, ... a)
8 da,
1
f(a,, a, ... a) of (b., b. ... b)
= 1 2 n b 1 2 n (A-9)
' £, b, ... b) i db,
or
af(al, a, a) af(bl, b2 . b)
a b,
i Bai i abi
= {(A-10)
f(al, a, an) f(bl, b2 e bn)

Equation (A-10) must hold for all values of aj; and by .

For any given value of b, the right-hand side of the equation

is constant and may be designated c;. Then,

Bf(al, a, ... a)
%, . (A-11)
f(al, a, ... an) a,

An equation of the type (A-11) will exist for each value
of b; and each value of aj. Each equation is a differential
equation of the general relationship between f(a;, a; ... ap)
and the particular aj involved. Since aj, aj

... ap are

independent quantities, Equation (A-1l) may be written as:

df(a,, a. ... &) da )
— =, — (a-12)
f(al, a, ... an) a,
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Equation (A-12) may be integrated directly to:

1n [f(al, ar ... an)] = Cilnai + Constant (A-13)

If the same procedure is carried out for each value of aj,

there results the general solution:

lnf(al, as ... ap) = Cqilnaq + Colnap ... Cnlnan +
1nca
< ¢, G
= lna, + lna. + ... lna + 1nC
1 2 n o
N 6 G S
= 1n Caala2 a (A-14)
or
¢ G S
f(al, a, «e an) = Czala2 ee.oa (A-15)
from which
¢ C; Cn
o= Caala2 ev. a (A-16)

Equation (A~16) indicates that the secondary quantity is

expressed as a dimensionless coefficeint (Cy) multiplied by

the product of the pertinent primary quantities, each raised
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to the appropriate power. That is, any measurable phenomenon
may be evaluated in terms of the factors causing it in the

form of (aA-16).

The Buckingl pi T1

In general terms, the Buckingham Pi Theorem states that
the number of dimensionless and independent quantities
required to express a relationship among the wvariables in any
phenomenon is egual to the number of quantities involved
minus the number of dimensions in which those quantities may
be measured (generally, the rank of the dimensional matrix).

In equation form, the Pi Theorem is:
S=n->» (A-17)

in which
S = the number of Il-terms

n = the number of basic dimensions involved
b = the number of basic dimensions involved (rank of

the dimensional matrix).

Equation (A-16) can be rewritten as:

C, GGy Cn
C(la1 a,a, ... anC

h
[

(A-18)
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The corresponding dimensional equation is:

(d:”', d:z“ d:"’) =0 (A-19)

in which the dj terms designate the basic dimensions

involved, b in number. Equation (2-19) may be resolved into

b auxiliary equations

Xllcl + X12C2 + ... + xlnCn = 0
X21C1 + X22C2 + ... + x2nCn = 0
Xblcl + Xb2C2 + ... + xann = 0 (A"20)

This set of b simultaneous linear equations contains n
unknowns, but any b of the unknowns may be expressed in terms
of the remaining n-b unknowns, provided that the determinant
of the coefficient of b unknowns selected does not equal
zero. That is, if the n-b terms are treated as constant, the
resulting b equations must be indepehdent.

Therefore, b of the exponents in Equation (A-18) may be
replaced by their equivalents as obtained from Equations

(A-20), and Equation (A-18) will contain n-b unknown
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exponents. Terms bearing the same exponent may be grouped,
and each group will be dimensionless because each exponent
must satisfy the simultaneous eguations based on dimensional

homogeneity. Obviously, there will be n-b of these

dimensionless groups. Since the Cy term may be a function of

the variables involved, the egquation formed by substituting

in Equation (A-18) reduces to:

nl = F( n2, H3 v Hn_b) (A"’Zl)
in which
H& = dimensionless Il-terms

It is noted that the only restriction placed upon the

Pi-terms is that they be dimensionless and independent.

T vield Criter;
(Maximum Shear Theory)

The Tresca Yield Criterion, also called the Coulomb
Theory, assumes that yielding will occur when the maximum
shear stress reaches the value of the maximum shear stress

occurring under simple tension (66). For simple tension,

since 0, = 63 = 0, the maximum shear stress at yield is 1/2
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05 The Tresca Criterion asserts that yielding will occur

when any one of the following six conditions is reached:

0y - 0, = + Og (A-24)

Figure (A-1l) is an illustration of the Tresca Criterion
for a biaxial state of stress. It should be noted that one
limitation of this theory is the requirement that the yield
stress in tension and compression be equal. The Tresca
Criterion is in fair agreement with experiments and is,
therefore, used to a considerable extent by designers.
However, it suffers from one major difficulty: it is
necessary to know in advance which are the maximum and
minimum principal stresses. For the Tresca Criterion, the
yield stress in pure shear is half the yield stress in pure

tension.
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Figure (8-1) Tresca Yield Criterion
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Figure (8-2) von Mises Yield Criterion




M vield Cri \
(Distortion Epexrgy Theory)

The Distortion Energy Theory (also associated with
Hencky) assumes that yielding begins when the distortion
energy equals the distortion energy at yield in simple

tension (66), i.e.:

U, ===J ==—21 (A-25)

where

Uq = distortion energy

Jdy = second invariant of strain tensor

G = Shear modulus

TOct = pctahedral shear stress

At the yield point in simple tension,

1 2
J2 = '5 Go (A-26)

Therefore, the yield condition becomes

1 2 2 2y 2
> (61— 62) +(62— 63) +(0'3-0'1) = Go (A-27)

and, for the biaxial case,
245
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2 _ 2 - 2 -
0'1 0'10'2 + Oy + 0'0 (B-28)

Figure (A-2) is a plot of G, versus O, for the biaxial

state of stress for the von Mises Yield Criterion; the plot
is called the ‘'von Mises Ellipse.'’

For pure shear the yield stress in 1/ 3 the yield
stress in pure tension for the von Mises Yield Criterion.
Thus, the von Mises Criterion predicts a pure shear yield
stress which is about 15% higher than predicted by the Tresca
Criterion. The von Mises Yield Criterion usually fits (but
not always) the experimental data better than the other
theories, and is usually easier to apply than the Tresca
Criterion because no knowledge is needed regarding the

relative magnitudes of the principal stresses.
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