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EXECUTIVE SUMMARY

The objective of this project was to construct Negative Binomial mixtures.We consider a class of
mixture distributions generated by randomizing the success parameter pand fixing parameter r
of a Negative Binomial distribution where we obtained a number of mixtures. We parametized
ptoe*and ptol —e~%.

The mixing distributions used are Exponential, Gamma, Exponeniated Exponential, Beta
Exponential, Variate Gamma, Variate Exponential, Inverse Gaussian, and Lindely.

Some of the results were expressed in the explicit, expectations and recursive form. The explicit
involves using f(x) = f(”i_l) p" (1 —p)*g(p)dp where x = 0,1,2, .... and g(p) is the mixing
distribution. By using this method the Negative Binomial — Exponential mixture wasobtained as

_ _ AT(x+n)T(r+4-1) . . . T . .
flx) = TotAte—DTr .Other mixtures could not be obtained using explicit since integration

was not possible.

The Expectations method involved using the Laplace or method of moments wheref (x) =

(r+§_1) Z%:o(i) (=D*L,(r + k)forx > 0;r > 0; andk = 0,1,2 ..... x. The mixtures obtained
2

. . . _ (r+x-1 k .

using this method are NB- Exponential (x) = (" N )Z%:o(i) (-1 ——  NB-Lindely
02 r+x—1\ ox X\ o 4k O+r+k+1) .

prob(x) = —(9+1)( N ) pan (k) (-1 SCITr ,NB- Inverse Gaussian

p(X =x) =

r+x—1\vx (X\/_1\k ol _
(- M I O
1-2r+#u24,NB—Exponentiated exponential fx=r+x—1xoack=0xxk—1.B2L+7r+£L, X,

Nk
Gamma £ = (") Bi-ol}) 7 pBeta

— B(p+7k
Exponentialp(X = x) = (r +§ 1) x ()li) (—1)k (B:a;)“)

, Variate Gamma f(x) = ("**71) ml [ln (r+k+b) +— D ]Z’,ﬁzo(i) (—1)*, Variate

(g) r+k+a r+k+a  r+k+b

b+r+k

Exponentialf(x) = (”i‘l)mg“i”‘) r=o(y) (=D

n(Q)



NB - Inverse Gaussian distribution was also obtained using recursive relations as B. (x) =
-1
PR - 1) - =P (- 1),

X

r
r+x-1

Geometric mixtures have beenobtained by puttingr = 1 in the Negative Binomial mixtures; we
came up with Geometric-exponential, Geometric- Gamma, Geometric-Beta Exponential,
Geometric-inverse Gaussian, and Geometric-Lindley mixtures.

Cases in which the parameters p is fixed and r is a random variable where ithas a continuous
mixing distribution is considered, the probability generating function used is G(s) = Y5 prsk

where pyis a Negative Binomialmixture. The results obtained were: NB- Exponential G(s) =
_r
A+log(3€g§)

Oy (P [GEYY, Aazso(* 7)1
- : qusj ) —, NB- Exponentiated exponential G(s) = i_zg . ) -,
B(%b)log( = )+c(b+1) log(—;—)+ﬂr(1+1)

,NB- Gamma G (s) = [1 + Blog (1_;’5

-a
)] , NB-Beta Exponential G(s) =

NB- Inverse

1
Gaussian G(s) = <w> e?(a)Z. 2K_1\/<2¢ (ad) + log %))where K, (w) is a Bessel
2

function of the third kind.
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CHAPTER 1

GENERAL INTRODUCTION

1.1. Background Information

Basic ideas of mixture distributions have been given by Johnson et al. 2005 as follows; An important
class of distributions consists of mixing one distribution with another. The notion of mixing has a
physical interpretation. For example the random variable concerned may be the result of the actual
mixing of a number of different populations, such as the number of car insurance claims varies with
category of driver. Alternatively, it may come from one of a number of different unknown sources; a
mixturerandom variable is then the outcome of ascribing a probability distribution to the possible

sources.

Sometimes, however, “mixing” is just a mechanism for constructing new distributions for which
empirical justification must later be sought.

The term “compounding” has often been used in plane of “mixing”.

1.2. Categories
Two important categories of mixtures of discrete distribution are

(i) Finite mixtures
(ii) Countable or continuous mixtures

1.2.1. Finite mixtures

Under problems for solution in chapter XII.6 of Feller Vol 1 (1966), let {f;} and {g;} be two
probability distributions. If a>0, B>0, a+ B=1, then {af; + Bg;} is also a probability distribution.
Generalizing to more than two distributions we have the following:

A k- component finite-mixture distribution is formed from k different component distributions
with cumulative distributions (cdfs) F;(x),F,(x), ...... Fj (x), with mixing weights

Wy Wy, ... Wy, where w; > 0 and Z?zl w; =1,

by taking the weighted average

k
FOO) = ) wih()
j=1
as the cdf of a new (mixture) distribution. It corresponds to the actual mixing of a number of

different distributions and is sometimes called a superposition.
In the theory of insurance w;,j = 1,2, ....is called the risk function
The mixed probability mass function is given by

1



K
Prb(X =x) = Z w;P;(x)
j=1

where

Pi(x) = F(x) —F(x—1)
The support of the outcome for this type of mixture is the union of the supports for the
individual components of the mixture.

1.2.2. Varying Parameters

A mixture distribution also arises when the cdf of a random variable depends on the

parameters 6, 6, 6,,) and some or all those

......................

perameters vary. The new distribution then has the cdf

E[F(x/91,92 ........... gm)]'
where the expectation is with respect to the joint distribution of the k parameters that vary.
This includes situations where the source of a random variable is unknown.
Suppose now that only one parameter varies. It is convenient to denote a mixture distribution
of this type by the symbolic form

FyN\Fg

where F represents the original distribution and Fgz the mixing distribution, i.e., the distribution
0.
When 6 has a discrete distribution, we will call the outcome a countable mixture, the pmfis

> F@/0)g(0)
0

P, = Prob(X =x) = Z F(x/0) g(6)
6

When the points of increase of the mixing distribution are continuous, we will call the outcome
a continuous mixture.
The pdfis

fOo = f F(\8)g(8) dH(8) = f F(\8)g(6) h(6)d(6)

1.3. Bayesian Interpretation
There is an interesting interpretation of mixtures via Baye’s Theorem.

From



Po= ) f(x/0)g(0)
0

we have
1= 3 [/D9) f(x/0)g(6)
L™
x/0)g(0
%)?() sapmf for adiscrete prior distribution.
Then % is regarded as a pmf for posterior distribution.

For continuous mixing distribution we have
from

F&) = f £(\6) h(6)d(6)

f(x\6)h(6)d(6)

1= i6)

f(x\8)h(0)
f(x)
is the posterior pdf for the prior pdf h(0).

1.4.Negative Binomial Distribution

Many different models give rise to the negative binomial distribution, and consequently there is
a variety of definitions in the literature.
The two main dichotomies are:

(a) Between parameterizations

(b) Between points of support

Formally, the negative binomial distribution can be defined in terms of the expansion of

@-P"=> (TMor=-py
— Z(_l)x (_xN) PxQ—N—x
x=0



Y CEE G
2R G o
DX arplaNC
YR NE) (-5
provx == (VTG (1-2) forw=or2

andQ—-P=1=Q0=1+P.
>u=NPandu, =NP(1+p),G(s)=1+p—ps)™"

Parameterizations

Fisher (1941) used p = NP and pu, = NP(1 + p)as the parameterization.

Jeffreys (1941) had b = L and p = NP
14p

1-bs

oy = _ P _
=P = 5 and 6() = ==

Ariscombe (1950 used « = N,N = NP givingp =m(1 +a),G(s) = (1 +a—as) a

Another parameterization

== andq = P
p_1+p q_1+p

giving



_ Ng — _Na
h=gand iz = a5

sometimes A = % is used to avoid confusion with the binomial parameter q.

1.5. Literature Review
The various works that have been doneon Negative Binomial mixtures are given as follows:

Bowman et al (1992) derived a large number of new Binomial mixtures distributions by
assuming that the probability parameter p varied according to some laws, mostly derived from
frullani integrals. They used the transformation p = e~* and considered various densities for
the transformed variables. They also gave graphical representations for some of the more
significant distributions.

Alanko and Duffy (1996) developed a class of Binomial mixtures arising from transformations of
the Binomial parameter p as 1 — e~ where A was treated as a random variable. They showed
that this formulation provided closed forms for the marginal probabilities in the compound
distribution if the Laplace transform of the mixing distribution could be written in a closed
form. They gave examples of the derived compound Binomial distributions; simple properties,
and parameter estimates from moments and maximum likelihood estimation. They further
illustrate the use of these models by examples from consumption processes.

G’omez (2006) proposed a new compound negative binomial distribution by mixing the p
negative binomial parameter with inverse Gaussian distribution. Basic properties of the new
distribution were given, three estimation of parameters method were given using method of
moments, maximum likelihood method and zero proportion method. Finally, examples of
application for both univariate and bivariate cases were given.

Zamani and Ismail (2010) came up with negative binomial — Lindley distribution which provides
a better fit compared to the Poisson and the negative binomial for count data where the
probability at zero has a large value. They gave simple properties, and parameter estimates
from method of moments and maximum likelihood estimation. They also illustrated the use of
model by examples from insurance count data.

Bodhisuwan and Zeephongsekul (2012) introduced a new distribution and a more flexible
alternative to Poisson distribution when count data are over-dispersed in the form of a
Negative Binomial — Beta Exponential (NB — BE) distribution. They gave properties and
parameters estimation using maximum likelihood method.



1.6. Statement of the problem and objectives of the study

The negative Binomial distribution can be expressed in three forms;

i From the direct use of p

r+x—1\_, x . _
( . )P % x=0,123,......
ii. From transformation of p to e ¢
("t - Der@-e %2 =0123,....

iii. From transformationof pto1 —e™¢

(r + icc - 1) (1—e e ™ x=0,12,3, ......

The corresponding mixed Negative Binomial distributions are;

L f =Y (- ) g()dp
i =" [eTr (1 — e H¥g(t)dt
i.  fO) =" A - e e Fg(t)dt

Most of the studies on Binomial and Negative Binomial mixtures used p in [0,1] domain hence
there is a need to investigate on cases where p is in [0, co]domain. This calls for the
parameterization of p = e *andp = 1 — e~

Zamani and Ismail (2010)came up with NB — Lindely distribution and G’omez (2006) proposed a
new compound negative binomial distribution by mixing the p negative binomial parameter
with inverse Gaussian distributionbut the procedure of obtaining these distributions was not
provided hence there is a need to explore on the procedures.

Gamma, Exponeniated Exponential, Variate Gamma and Variate Exponential aresome of mixing
distributions that have not beenused to construct Negative Binomial mixtures. Therefore there
is need to generate information on these new mixtures. This study will take into consideration
the introduction of these new mixtures and their properties.

Research Questions:

1. How do we generate mixtures for the Negative Binomial in the [0, co] domain?
2. What are the other forms of expressing the Negative Binomial mixtures?



Objectives

1. To generate more mixtures and to apply distributions in the [0, co] domain as mixtures

for the Negative Binomial, when the success parameter is transformed, such that

p=etorp=1—et

2. To examine alternative forms of the Negative Binomial mixed distributions.

1.7. Probability Distributions
Probability distribution is a major area of statistics.

If X is a continuous random variable then it has a probability density function f(x) and
therefore its probability of falling into a given interval, say [a,b]is given by the integral

b
Prla<x <b]= j f(x)dx

If X is a discrete random variable, then it has a probability mass function f(x) and its
probability is given by:

Zpr(qu) =1

There, are various methods for constructingNegative Binomial distribution.These are:
- Power series based distributions
- Transformation based distributions
- Distributions based on mixtures
- Distributions based on recursive relations in probabilities
- Distributions based on hazard functions of survival analysis
- Distributions emerging from stochastic processes

- Sum of independent random variables

NEGATIVE BINOMIAL DISTRIBUTION



The Negative Binomial (NB) distribution is another distribution for count data. The NB
distribution is often employed in case where a distribution is over-dispersed, i.e., its variance is
greater than the mean which relaxes the equality of mean and variance property of the Poisson
distribution. If X denotes a random variable distributed under a NB distribution with parameter
r and p, then its probability mass function (pmf) is given by:

x+r—1
f(x) = ( X )pr(l -p)*, x=012,...and 0 <p < 1.
Case 1:

Let X = the total number of failures before the rt"success

~X + r — 1 =the total number of trials before the rt" success.

px = prob(X = k)

= [Probability of having (r — 1) successes out of (X + r — 1)trials]x[probability of achieving

the rtfsuccess]
x+r—1
- [( r—1 )pr_qu]p

_(x+r—1) oy

= r—1 qp
x+r—1

=< . )qkpr, k=012, ...

Case 2:

Let Y be the total number of trails required to achieve r successes. If Y = k, then kK — 1 = the
number of trials required to obtain the first (r — 1) successes

px = prob(Y = k)

= [Probability of obtaining (r-1) successes out of (k—-1)trials]x[probability of obtaining the
rthsuccess]



— (k o 1) qk—rpr
r—1

:(k_1>qk‘rp’" k=rr+1r+2
Yy , , , e

1.8. Constructing Negative Binomial Distribution

1.8.1 Distribution based on recursive relations in probabilities
a. Consider the following recursive relation in probabilities

fx+1) PX)
fx) QW)

where p(x) and Q(x) are polynomials in x.
f (x)is a probability mass function in particular.
Let

p(x) a+px
Q(x) x+1

f(x+1) a+px

[0 = r1 ,x=0,1,2,......
+1 _a+,8x 012
f(x )—x+1f(x),x— 1,2,
leta#0andB # 0
Then
+1 _a+,8x 012
f(x )—x+1f(x),x— 1,2,
Whenx =0
fQ) = af(0)

9



Whenx =1,

r@="2Fr@ = () ar
Whenx = 2,
@ =22 ) = (22 (T B ap o)
Whenx =3
o - () )
Whenx =k —1
a+ (k—-—1B\[(a+ (k—-2)B a+3B\/a+ 20\ /a+p
f(k)z( - >( . )( ] )( - )( . )af(O)
G )]l Gri=2)] s G2l e Gl @
B k!
=i—1:(%+k—1)f(0)
f(k)=ﬁ"(%+k_ )f(O),kzl,Z,.....

FO+) f00 =1
k=1

S [(=+k-1
f(0)+Zﬁ"(3 . )f(0)=1




k E‘|-k—1
()
k=0,172,....

seop ()

fl) =

If r= % is a positive integer
a
3 +k—-1
k

S g (%+ . 1) _ Zew ()

k=0

(r + i - 1) (—D)F (—kr)

() =By
k=0

=(1-B)7, 0<p<1

Conclusion
1) = a+ fx 012
f(x )_x+1 f(x)yx_ ))&y san aan
For
1. % = r is positive integer
2. 0<p<1
3. a>0

()

Z+k—1
=ﬂ"<ﬁ ) )(1—ﬂ)r

k-1
— <ﬁ * )ﬂ"(l —B)" k=012, ..

flk) =

k

11



k-1
=" ) pa-prk=012, .

which is a negative binomial distribution.

b. Using the pgf technique

We have
a+ fx
x+1

fix+1) = f(x),x=01.2,....

whena # 0and 3 # 0

Z(x +FDf(x+ 1)s* = Z(a + B f(x) 5™

Define

6()= ) fs*
x=0

G'(s) = Z xf(x)s* 1
x=0
- 2(1 +Of+ 1) s*

G'S) =q if(x)sx+ﬁ§f(x)sx

o)

=aG(s)+ PBs Z xf(x)s* 1

x=0

G'S) = a G(s)+ BsG'(s)

(1=Bs)G'S =a G(s)

12



dG
(1 —ps) - =aGs)

fi_f:f(lfﬁs)ds

InG(s) = _iﬁln(l — Bs) + InC

InG(s) = In(1 — ﬂs)%x + InC

InG(s) = InC(1 - ﬁs)%z

To determine Cputs =1

InG(1) = InC(1 — B)F

1=c-pF
C=(1-pp

(1B
G(s)_<1—ﬁs)

-

G(s) = (11—_,[25)7

Let% = r, be a positive interger

G(s) = (11_—[?)_T - (11—_ [fs)r

- (1 - (12_9— p)s)r

Which is a negative binomial distribution withp =1-£,0< 8 <1,0<p <1,

13



1.8.2. Negative Binomial Based On Mixtures

Poisson — Gamma mixture
Suppose that A has a Gamma distribution with scale parameter a and shape parameter B. Then

the pdf of A is given by

of
g) = ﬁaﬁ-le-aﬂ, A>0

The pdf of a Poisson distribution is given by

e A)x
PX=x/A=1)gA) = o ,x =012, ....
Then the joint density of X and A is
e 1% af

PX=n/A=1)g) = X 1B

The unconditional distribution of X is obtained by summing out A in (i)

P(X = x) = joop(x = n/A = D)g(D)dA

0

®e=A)* of
— — _aB-1,-ai
jo X 1B AP redA

o aﬁ

— f Ax+,8—1e—(¢x+1)ld/1
o x!TB

af Tx+p) (®(a+1)**B

= Ax+ﬁ—1 —(a’+1)ld/1
x!ITB(a+ 1)**F ), T(x+p) °

B af T(x+pB)
~ xITB (a + 1)*+P

I'(x+p) a \B/ 1 \*
~ (a+ D*PIB (a + 1) (a n 1)

— Br1 "
G () xeoe

14




which is a negative binomial distribution with parameterr = f and p = ﬁ

1.8.3. Binomial Expansion / Power Series
(a) Consider (a + b)"

Where n is a negative integer

Let n = —r where r is a positive integer

(a_kb)—r::(;;)a—rb0+_(;f)a—r—1b1+_(;;)a—r—2b24_”.+.(;T)a—r—kbk4_”.

DXGET

k=0

Puta=1land b = —s

a-97=> ()
=Y ()t

k=0

~(1 — 5)7" is the generating function for the sequence {(—1)(_,:): k=0,1,2, }

If nis a positive integer

n n!
Q):kmn—kﬂ

In general

(n) B nn—1)mn-2).... (n—(k—-1))
k) 1.2.3 ...k

But
(—r) B —r(-r—1(-r—-2)...... (-r—(k—1))
k/ 1.2.3 ...k

15



=D+ DO +2) (r+ (k—1))
B k!

DR+ ke =D)(r+ (k=2) e (P + (k= K))
B k!

~(1 — 5)7" is the generating function for

{((—1)’< (_kr)> k=012, }

From
a-97=> ()
k=0
2 (e
k=0
(b
Let

1=p'p"=p"(1—q)"

—-r
N o _\x
=p (k)( q)
k=0
The nt" term in the series above is

—-r -7

T(_\X — (_ r X
(k)p( a)* = ( 1)(k)p(q)

= (H];_l)p’(l—p)"

Which is the probability that X = x where X ~negative binomial with parameter rand p

16



1.8.4. Distribution Based On Sum of Independent Random Variables
LetSy = X1 + Xp+..... + Xy, where the X;s are independent identical distribution random
variables

Let
G(s) = E(S%),the pgf of X
F(s) = E(SV), the pgf of N
H(s) = E(SV), the pgf of SN
If X ~ NB(r,p)

H(s) = E(SSV) = EE(SSM\N)
= p(sFR
= E(S¥)E(S*2)E(5%3) ... E(S™V)
Since X/s are iid then
H(s) = [E(SH)]Y

But

G(s) = E(S™) = (1 —pqs>r

H(s) = [G(H]N = (1 _pqs)”"

N

- 1_[ (1 —piqis>n

=1

T
where (ﬁ) is the pgf of a negative binomial distribution with parameter p and r.

1.9. Mixtures
From Feller (1957) we can develop a class of probability distributions in the following manner.

17



Let F, be a distribution function depending on the parameter 6, and let F be another
distribution function. Then

E,(y) = f F.(y\9)dF (6)

is also a distribution function.
Fellar calls distributions generated in this manner, mixtures.

Mixtures can thus be generated by randomizing a parameter(s) in a parent distribution.

1.9.1. Negative Binomial Mixtures
The Negative Binomial distribution has two parameters r and p where either may be
randomized, to give a Negative Binomial mixture.

This project discusses cases in which the parameterpis continuous mixing distribution with
probability density g(p) so that

fx) = f (r ¥ 9; - 1) p"(1—p)*g(p)dp

Where f(x) is a Negative Binomial mixture.

1.10. Application

* In automobile insurance, the negative binomial is preferred to the Poisson because is
over-dispersed and present experience shows that this is certainly observed in the field
of automobile insurance. Because the NBIG distribution is over-dispersed other than the
traditional Poisson-gamma and Poisson-inverse Gaussian, the NBIG is chosen for
computing automobile insurance premiums. (See Gomez, (2006))

e Itis a very useful tool for analyzing crash data characterized with a large amount of
zeros. (see (Lord and Geedipally, (2011))

18



CHAPTER 2

NEGATIVE BINOMIAL MIXTURES BASED ON TRANSFORMATION
OF THE PARAMETER p

2.1 Introduction
The mixing distributions are within the interval [0,00]. The parameter p is transformed to be
equaltoe~tfort >0

The following methods are used when mixing or compounding negative binomial distribution
with other distributions

1. Direct substitution and subsequent integration
2. Recursive method
3. Moments methods or Laplace transform

The mixing distributions considered in this chapter are:
e Exponential
e Gamma
e Exponeniated Exponential
* Beta Exponential
* Variate Gamma
* Variate Exponential
* Inverse Gaussian
e Lindely

1. Method of moments

flx) = (r ¥ }; - 1) jolpr(l —p)*g(p)dp

X

f = (r o 1) (i) (-D* flp(”"’g(p)dp

X
k=0 0

19



1

o= () v [ Wawa

j=r 0

fo=(""07 1)2( )E@)
=

S (r+x—1D xl (1))
~ r—DIx! x—j+r)({G—r

fG) = S E()
J

B r+x—-1D!I(-1)/" .
fo) = Z(r D=+ 001G =P

forj=rand Owhenj<r

and E(pj)is the moment of order j about the origin of the mixing distribution

(see Sivagenesan and Berger(1993))

When p = e~ the negative binomial mixture is expressed as

r = ("N [ ra-prgoar

_<r+x—1
B X

)fowe‘”(l — e Y% g(b)dt

-(”fc_l)f 2 ) (—ekg(0dt

k=0

_ (r -+ jcc - 1)zx: (i) (—1)¥ fowe-t(r+k)g(t)dt

k=0

® L —t(r+k ; ;
Where [~ =t g(t)dt is the laplace transform i.e.
E(e t*0)of g(t)denoted by L.(r + k)

and hence

20



ro=(""1H 2 (1) DML+

X
k=0
Forx > 0;r > 0;andk =0,1,2 .....x

This is the formula for mixing negative binomial with other distributions using the Laplace

transform with the value of p transformed into e ¢

Obtaining the pgf of the mixed distribution:

ro=(""ETH 2 (1) DML+

X
k=0

6x(s) = ) f(@)s™
k=0

_ i {(T + i B 1) i (i) (=D)L, (r + k)s"}

x=0 k=0
.
ST e
_ i {i (T * i‘c B 1) (’;) sk} (—DKL,(r + k)
k=0 \x=0

Properties

Consider mean of f(x)

E(X)) = E[[E(X’/T)]

E; denotes the expectation with respect to the distribution of T

hence

21



r(l—p)>:rE(1—p
p p

E(X) =E(E(x/p)) = E(

butp = et
EX) = 1E (1 ;_i_t>
— rE(ef — 1)
=r[E(e") — E(1)]
— rE(e?) — 1
= rL(=1) = 7
Variance

var(x) = E(X?) — [E(X)]?
E(X7) = E[E(X//T)]
E(X?) = E,JE(X?/p = e™%)]

r(1—p)A+r(-p))

E(X?/p) =

pZ
E(xZ/p — e—t) — r(l - e_t)(;l_-lz_tr(l - e—t))
E(X?) = E, [r(l —eDle e_t))]

=rkE;

e—2t

[(1 — e‘t)(l +r(1 - e‘t))l

1+r—ret—et—ret4re?t
= I'Ee e—2t

=rE.[e?" + re?t —ret —et —ret + 1]

=rE[(1+1r)e? — (2r + 1)et + 7]

22
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=r[(1+7)E(e?t) — 2r + 1)E.(eb) + 7]
=r[(1+7r)L,(-2) — Q2r+ 1)L,(—1) + r]
var(X) = E(X?) — [E(X)]?

var(X) = r[(1 + )L (=2) — @r+ 1)L, (—1) + r] = r?[L,(—1) — 1]?

2.2. Negative Binomial -Exponential distribution

2.2.1. Exponential distribution
Construction

Exponential distribution is one of the distributions that are based on power series
The pdf of an exponential distribution is given by

g)=2" ;t>0;,1>0
2.2.2. Properties of exponential distribution

The laplace transform of g(t)is

L(s) = B(e™) = [ 2e~te+ar
0

— Af e—t(s+/'l)dt
0

/1 o8]
= Af (s + et qe
0
But
_ f (s + De 1+ dr = 1
0
Therefore
A
W=7

23



Moment generating function for Exponential distribution

M (s) = E(e®) = f Ae t@=s)qt
0

— s)e t@=s)qy

But
f (A—5s)e tUA=9)gr =1
0

Therefore

A
M(s) = T s

2.2.2. Negative Binomial - Exponential distribution mixing
(a). using Laplace transform

fo=(""0" 1); (1) CDFLC + 0
f<x>=(”§_1)Z( ) D
CR QDY

r>01>0x>0

Properties of negative binomial exponential distribution mixture

EX)=r(L:(-1D)—-1)
-7 (Aﬁ 1 1)

24




Variance

(b). Mixing using the moment Generating Function technique

reo=(""17Y) 2. (1) D+ 1)
+x—1\ v (-1)*A
=<r z )kzo(i)/1+r+k

Note: similar result compared to the mixture using Laplace transform

c. Explicit mixing

r+x—1

e = (

X

)f et (1 — et g(D)dt
0
Where

gty =2 ;t>0,1>0

[ee)

Fx) = (T * i B 1) /lfo et (1 — e~y tAdt

[oe)

fx) = (r * ’; - 1)/1f et (1 — e~t)*dt
0

letp=et

Ine®=1Inp

t=—Inp
d
dt = -2
p

25



fx) = (r +i_ 1),1fooop(r+/’l)(1 — D)~ (_%)

f) =-2 (r " i - 1) fowzﬂ“”‘”(l — p)*dp

A j°° (r +A+x—2
0

A—
(r+A+x—2) X )p(H V(- p)*dp
X

But

*mr+l+x—2
f ( N >p(r+)l—1)(1 _ p)xdp =1
0

This is a negative binomial pdf

Therefore

l(ﬂ-i_l)
I = mmy

ATx+r)F(r+1-1)
[r+A+x—-1DIr

IOES

2.3. Negative binomial distribution-Beta Exponential -

2. 3.1 beta exponential distribution

e7bt(1 —e=t)a"1 x> 0:forabandc >0
9®©={B@n® ) /

0 elsewhere

26



2.3.2 Properties of beta exponential distribution
(a). moment generating function

M(s) = E(e")

_ ¢ ” —Ct(b—g) _ ,—ctya—-1
M,(s) _B(a,b)fo e (1— e-ct)a-1gy
But
B(a; b) — f e—ct(b)(l _ e—Ct)a—ldt
¢ 0
Therefore
_ ¢ ” —Ct(b—g) _ ,—ctya—-1
M,(s) _B(a,b)fo e (1— e-t)a-1gy
(s) = B(a,b) c
B (b — f, a)
_ c

(b). Laplace Transpose

L,(s)=E(e™™)

27



c *© s
L — —Ct(b-l'z) 1 __ —ct a_ldt
=50y ) <P
But
B(a, b) — j e—ct(b)(l _ e—ct)a—ldt
¢ 0
Therefore
c *© s
L — —Ct(b-l'z) 1 __ —ct a_ldt
=50y ) <D=
B (b + %, a)
L =
t(s) B(a,b) c
B (b + 5, a)
_ c

2.3.3 Negative Binomial - Beta Exponential Mixing
(a). using Laplace transpose

X

P =2 = ("N Y () CDF Lo+

x
k=0

r+x—1 C (x kB(b-I_%'

px=x=(""" )Z(k)(_l) B(a,b)

28



(b). using MGF technique

px =0 =" () COFM(-0 + )

X

p(sz)z(r+J;—1)Z

©.Using explicit format

r+x—1
X

Fo = ) fo Tt (1 - ey 0yt

Where

gty =22 ;t>0,1>0

[ee)

Fx) = (T * i B 1) Afo et (1 — e~y tAdt

r+x-—1 @
Fx) = ( )A] et (1 — ety
X 0
letp=et
Ine®=1Inp
t=—Inp
d
dt = -2
p
r+x-—1 «
reo=(""T7 )2 prra-p(-2)
0

29



r+x—1
X

fx) = —/1< )fooop(”"‘”(l —p)*dp

r+x—1 0
A’( x ) f <T' +tA+x— 2) p(r+/1—1)(1 _ p)xdp
0

F0 = .

But

*mr+il+x—-2
f ( N )p(r+l—1)(1 _ p)xdp =1
0

This is a negative binomial pdf

Therefore

A(T+§—1)
F) ==y

ATx+r)I(r+1-1)
[r+A1+x—-1DIr

fG) =-

2.4.Negative Binomial Distribution-Gamma (I)

2.4.1. Gamma distribution with 1 parameter distribution
(a). Construction

A gamma function can be expressed as follows
Fa = e tt* 1!
When you divide both sides by I'a we will have

e—tta—l

1=
'a

Since the right hand side is equivalent to 1 the above function forms a pdf and is referred to as

a gamma distribution with one parameter a and is expressed as
30



e—tta—l

f(t)Z[ o t>0,a>0
0 elsewhere

(b). Properties of gamma distribution with one parameter

e Laplace transform for Gamma(l) distribution

0 e—t(1+s)ta—1
L) =B = [ e
0 l'a
lett(s+1)=u
. u
Cs4+1
gt = du
T s+1
Hence
1 OOe uua—l
L =E(e™®) = f
() C (s+1)*), [a
L =—
() =55 e

e Moment generating function for Gamma(l) distribution

o e—t(s—l)ta—l

M,(s) = E(e®) =f

0 l'a

lett(s—1)=u

31
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s—1
gt = du
T s—1
Hence
1 ooe—uutx—l
M = E(e?) = d
((5) = E(e") = 1)“f0 By
1
M (s) = s — 1)@

2.4.4 Negative Binomial -Gamma (I) distribution mixing
a) Using Laplace transform

ro=(""17Y) Z (1) DAL +8)

X
k=0

X

(r T 1) Z K (r +( li)rk1)a

k=0

b) Using MGF

=" () oM+ k)

k=0

32



X

1) = <r T 1)2 (r JE li)rk1)a

k=0

Note:

Both mixtures based on laplace transpose and moment generating function results to the same
solution.

Properties of the mixture Gamma (1) — Negative Binomial Mixture

EX)=rL(-1D-1)

(=)

This is undefined and therefore it is not possible to evaluate the expectation of this mixture.

Since the mean is undefined, and we use the mean in finding the variance, it definitely means
the variance is equally undefined.

2.5. Negative Binomial - Gamma with two parameters distribution

2.5.1. Gamma with two parameters distribution
(a). Construction of Gamma with two parameters distribution

Consider a Gamma distribution with one parameter

e—xxa—l
g(x):T x>0,a>0
0 elsewhere
Letx = tf
e_tﬁ(tﬂ)a_l
g@t) =——/I

la

33



t>0; a,f >0

ox
=l
=p
e—tﬁta—lﬁoc
g(t):{T t>0;,a,p>0
0 elsewhere

This is the pdf of a Gamma (Il) distribution with parameters @ and
(b). Properties of Gamma with two parameters distribution

e Laplace transpose

o pa—1,-t(B+s)
j— —ts — a
Le(s) = E(e™®) = f e
Let
t(B+s)=m
. m
B+s
gt = dm
B+s




* Moment generating function

. o0 ta—le—t(ﬁ—s)
— 5y — pa _
M) = E(et) = p |
Let
t(B—s)=m
. m
=55
g = dm
=55

B ﬁa Ooma—le—m
M (s) = B — S)“_L Ta dm

Me(s) = [ﬁé S]a

2.5.2. Negative binomial distribution- Gamma (II) mixing
a. Mixing using Laplace

X

ro=(""ET) () kL + iy

k=0

X

fx) = (rH;_ I)Z(i) (_l)k[ﬁ +[j+kr

k=0
35



b. Mixing using Moment Generating function
X

e =(""ETNY () oMo+ k)

k=0

fl) = <r+i_ 1)2 (;z) (=1F [ﬁ +[r>’+k]“

X
k=0

2.5.3. Properties of Gamma (ll) — Negative binomial distribution

EX)=rL(-1D-1)

:r“ﬁfJ“_4

var(X) =r[(1 + r)L,(-2) — 2r+ 1)L,(—1) + r] — r?[L,(-1) — 1]?

var(x):rl(1+r)[’8,[_32]“_[%]a(2r+1)llt+rl—rzl[%]“_llz

2.6.Negative Binomial -Exponentiated exponential with one
parameter Distribution

2.6.1. Exponentiated exponential Distribution with one parameter
a. Construction

F(x) =[G(x0)]*
g(x) = e

36



f(O) = da(1l — e A)a-1e-4t
When1 =1
fxX)=a(l—eH% et t>0, a>0
b. Properties of Exponentiated exponential Distribution with one parameter

e Laplace transform

L(s) =E(e™™)

:ocf (1 _ e—t)oc—le—t(s+1)dt
0

Remember

o)

B(a,p) =f etl@-1 (] _ g~t)h-1

0

Where B(a, B) is a Beta function with parametersa andf
Thus

Li(s) =x B(s + 2,%)

2.6.2. Moment Generating Function of Exponentiated exponential with one parameter

M (s) = E(e®)

:ocf (1— et le t(=5)q¢
0

Remember

o)

B(a, B) =f et @D (1 — e7t)F~1

0
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Where B(a, B) is a Beta function with parameters @ andf
Thus

M,(s) =x B(2 — s,X)

2.6.2. Negative Binomial -Exponentiated exponential with one
parameter Distribution mixing
a. Mixing using Laplace transform

X

=" () kL + iy

k=0

Fx) = (r * ’; B 1)a N (i) —D*BQ2 +7+ Kk, a)

k=

o

b. Mixing using MGF

X

e =(""ETNY () oMo+ k)

=0

=

f(x)—(r+x_1)oci ) (~1FB@ + 7+ k)

2.6.4. Properties of Exponentiated exponential with one parameter — Negative Binomial
Distribution mixture

a). Mean
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EX)=rL(-D-1)
=r(aB(1,a) — 1)

b). Variance

var(X) =r[(1 + r)L,(-2) — 2r+ 1)L,(—1) + r] — r?[L,(-1) — 1]?
var(X) =r[(1 +r)aB(0,a) — 2r + 1)aB(1,a) + r] — r*[aB(1,a) — 1]?

2.7. Negative Binomial -Exponentiated exponential with 2
parameter Distribution

2.7.1 Exponentiated exponential Distribution with 2 parameter
a. Construction

Consider a Exponentiated exponential with 1 parameter

g(e) — {OC (1 - e‘e)oc_le‘e 0>0;, x>0
0 elsewhere

letd =tft >0

Such that

g1(t) = (1 — e~tF) le~th ||

=B

||_60|
]_&

_ -1 _
g(t):{ocﬁ@—etﬁ) e t>0; x>0
0 elsewhere
39



This is the pdf of Exponentiated exponential distribution with 2 parameter @ andf which is
denoted as Exponentiated exponential () distribution

b. Properties of Exponentiated exponential Distribution with two parameter

e Laplace transform

L(s) =E(e™™)

= 'Bf (1 _ e—tﬁ)oc—le—t(s+ﬁ)dt
0

Letu =tp
Then
u
t==
B
du
dt = —
B
Thus
© _u(5B\ d
L@ =acp [ (1 eyt ()
0 B
© _ (5B
L) = [ 1 =emyte ) gy
0
Remember

B(a,B) = fwe-f(“-ﬂa —e HF 14t

0

Where B(a, B) is a Beta function with parameters @ andf

Thus
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2ﬁ-+s}m>

L(s) =« B( ;

2.7.2. Moment Generating Function of Exponentiated exponential with one parameter

Letu =tf
Then
Thus
Remember

M (s) = E(e®)

=x B f (1 — e Ftryx-le-tB=9)qt
0

U
t=—
B
du
dt = —
B

M (s) =x B foo(l — e—u)oc—le_ﬂ(%)%
0

B—s

Me(s) = | (1= emy1e ) gy

B(a,B) =f e~tl@-D(1 — e YA 14t
0

Where B(a, B) is a Beta function with parameters @ andf

Thus
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2.7.3. Negative Binomial -Exponentiated exponential with 2 parameter
Distribution mixing
a. Mixing using Laplace transform

X

e =(""ETNY () ot +

k=0

o= B (s ()
k=0

b. Mixing using MGF

X

=" () DM+ k)

k=0

9= (1)) (e )
k=0

2.7.4. Properties of Negative Binomial —Exponentiated exponential with two parameter
Distribution mixture

a). Mean

EX) =rL(-1D—-1)

—r(an(ZL0)-1)
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b). Variance

var(X) =r[(1 + r)L,(-2) — 2r + 1)L,(-1) + r] — r?[L,(-1) — 1]?

2(—1)
B
28 —1

B

var(X) =r [(1 + r)aB( ,a) —(2r+1)aB <2Bﬁ_ 1,0{) + r]

—rz[aB< ,a)—l]Z

2.8. Negative Binomial -Variate exponential Distribution

2.8.1 Variate exponential Distribution
a. Construction

Consider a Variate exponential Distribution

le™™ >0, 1>0
t) = ’
9(® {0 elsewhere

1

Where A is randomized and takes on the distribution with0<a<AiA<b

The verified exponential distribution g, (t) becomes

1 [ee]
9:(t) = — f e Mda
0

In()

b

a

e
g1(t) = ————— t>0;0<a<b
tln(b)
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This is the pdf of variate exponential

b. Properties of Variate exponential Distribution with two parameter

e Laplace transform

L(s) =E(e™™)

1 foo . e—at _ e—bt
=——| e¥————-dt
n@h

1 foo e—t(a+s) _ e—t(b+s)
0

() t

dt

But according to Frullani integral

f‘”f(at) — f(bt) b
0 t a

dt = [£(0) — f(e)]In <

And hence

atery,
()

Le(s) =

2.8.2. Moment Generating Function of Variate exponential with 2 parameter

M(s) = E(e®)




dt

B 1 J-ooe—t(a—s) _ e—t(b—s)
(R t
In (a) 0

But according to Frullani integral

jwwdt = [f(0) = f(e)]In (g)

And hence

2.8.3. Negative Binomial -Variate exponential distribution with 2

parameter Distribution mixing
a. Mixing using Laplace transform

X

=" () kL + iy

k=0

b+T+k x

f(x) = (r +x - 1) a+r+k Z (- 1)k

X
k=0

b. Mixing using MGF

X

=" (0) M+ k)

k=0
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b+T+k x

f(x) = (r +x - 1) a+r+k Z (- 1)k

X
k=0

2.8.4. Properties of Negative Binomial —Variate Exponential with 2 parameter Distribution

mixture
a). Mean
EX)=rL(-1)—-1)
b-1
_ ()
=r N 1
in ()
b). Variance

var(X) =r[(1 + r)L,(-2) — 2r+ 1)L,(-1) + r] — r?[L,(-1) — 1]?

b-1 b-1
ln(_)—(z +1)ln(_1)+r -r

in(7) in(3) W

var(X)=r|(1+71)

2.9. Negative Binomial -Variate Gamma(2, a) Distribution

2.9.1 Variate Gamma(2, a) Distribution
a. Construction

Consider a Distribution

g(t) = { APte™™  9>0;1>0
0 elsewhere
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1

Where A is randomized and takes on the distribution with0<a<AiA<b

The variate Gamma(2, ar)distribution g, (t) becomes

Using integration by parts

Letu =4 du = dA

dv = e M

Therefore

¢ [ae—at _ pe-bt p-at e—btr
= +
b 2
m@L o
t Iate at _ pte~bt 4 e—at _ e‘btr
b 2
n(2) t o
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ate~ % — pte bt 4 gt _ pbt

B ln(b)l t

a

1
= [(at + 1)e~% — (bt + 1)e~P?]

)

Witht > 0;,0<a<b

b. Properties of Variate Gamma (2,«a) Distribution

e Laplace transform

L(s) =E(e™™)

_ 1 )j:o e; i [(at + 1)~ — (bt + 1)e~b]dt

In (g

t

1 j°° [(at + 1)e~ 6+t — (bt + l)e_(s”’)tl it
In (g) 0

1 o) e—(s+a)t _ e—(s+b)t e’ e’
Lt(s) = ) If dt + af e—(s+a)t dt — bf e—(s+b)t dtl
0 0 0

In (g t

Li(s) = 1)[ln<s+b>+ a b]

ln(e s+al/ "s+ta s+b
a

* Moment Generating Function of Variate Gamma (2,a)

M(s) = E(e®)
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! )j:oeTts[(at + 1)e™% — (bt + 1)e~Pt]dt

2@

1 j°° [(at + 1)e~ @9t — (bt + l)e_(b_s)tl it
0

“n ) t

e’ e—(a—s)t _ e—(b—s)t o)

1 . —(a-s)t
M.(s) = - f . dt+af e dt—bf
In (E) 0 0 0

e~ (b-s)t dtl

Mt(S)zlnl(g)[ln(z:g-*_aa—s_bliS]

2.9.2. Negative Binomial -Variate Gamma(2, «) distribution Distribution
mixing
a. Mixing using Laplace transform

ro=(""ETY) Z (1) DAL +K)

X
k=0

f(")=(Hi_1>zn1(2)[1“<:212)+r+Z+a‘r+Z+b];(i)(‘1)k

ab>0r>0

b. Mixing using MGF
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X

e =(""ETNY () oMo+ k)

k=0

X

f(x):<r+i_1>ln1(2)[ln<:]l:z)+r+Z+a r+k+b]z ) D"

k=0
ab>0r>0

Reference: Bowman et al (1992)

2.9.3. Properties of Variate gamma(2,a) with 2 parameter — Negative Binomial Distribution

mixture
a). Mean
EX)=rL(-1)—-1)
ol =)
MNa—1)"a=1"p-1
b). Variance

var(X) =r[(1 + r)L,(-2) — 2r + 1)L,(-1) + r] — r?[L,(-1) — 1]?

50



var(X) =r

(Hr)lnlé [ln(2:2)+a— —1]

- Gren- [ln(a_1)+ l—b_1_+r

ot [m<a_1>+ R

2.10. Negative Binomial -Inverse Gaussian Distribution

2.10.1 Inverse Gaussian Distribution
a. Construction

Consider the pdf of Inverse Gaussian distribution given below

¢ \: S(A — )2
9 = <2n/13> exp <_ 2u?A )

Put u = (2a)~ /2 and  p? = Qa)?!

Then

R (1 — (2a)"1/2)?
gm_(mﬁ) EXp<_ 22(2a) " )

o \: d(A — (20)"1/2)%(20)
9 = (Zn,13> P <_ 21 )
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b\ p2a (12— 2020) 2 + (2a)7")
:(2n,13> expl 22

1

= (gea) o0 (-100 + o200~ 33)

This is the Inverse Gaussian distribution we are going to use in this mixture

b. properties of Inverse Gaussian distribution

e Laplace transform

L(s) = fme‘tsg(t)dt
0

1

B fom (27?153)2 P (‘St — tagp + p(2a)? - %) dt

1

= exp (cp(Za)%) foo (%)E exp (—st —tag — %) dt

0

Factorize the like terms

1

L:(s) = exp (qb(Za)%)fO (27(ft3>2 exp (—t(s + ap) — %) dt

[oe)
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1

= exp (gb(Za)%) j:o (2;:13); exp (—t <% + a¢> - %) dt

1

= exp ((]5(20()%) J:o (27?1:3) exp (—td) (% + a) - %) dt.......eq3

Consider the exponential

¢

bQa): - tag —

Suppose we substitute a by a + %

¢<z(a+%)) ~ep(2a+5)-2

This is almost similar to equation 3 but without the middle term

L:(s) = exp ((]5(20()%) exp (—qb <2 (a + %))2
_¢<2<a+%))5—%>dt

L:(s) = exp (cp(Za)%) exp (—cp <2 <a + %)>E> X1
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L:(s) = exp <¢(2a)% —¢ (2 (a + %))

Remember initially we had let

u=a)"1/? and  p? = Qa)™?

Replacing these on the equation we have

L:(s) = exp <¢(2a)% —¢ (2 (a + %>>E>
L:(s) = exp (% ) <2 (2_;2 + %))E)

As obtained by Tweedie (1957)

If we let




L(s) = exp <_¢ (2 ED%)
L(s) = exp (~(2ls$])?)

. k?
Putting ¢ = - we have

k? \? k?
RESWE
e
Li(s) = exp| — <2 ls 7])

1
Li(s) = exp (—(k(s)2) )
As obtained by Bowman et al (1992)

2.10.2.Negative Binomial - Inverse Gaussian Distribution Mixture
a. mixing using Laplace transform

X

p=0=(" " (1) DF Lo+

X
k=0

But
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L:(r+k) =exp<%[1—\/1—w

|

2(r + k)u?
1 \/1 $

px=0="T"1N( (1)kexp<—

k=0

|

b.Mixing using moment generating function technique

px =0 =" TN (7) COF M0+ )

k=0

But
My (—(r + k) = exp (% 1 _jl _w )
p<xzx>=(r+;—1)k§_o(;§)<_1>kexp<gll_jl_zmTpuz)
Properties

I~

Ly(s) = exp (% [1 B <¢ +;su2>zD
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EX)=rL(-D-1)

{of-27)-

var(X) =r[(1 + r)L,(-2) — 2r + 1)L,(—1) + r] — r?[L,(-1) — 1]?

= (r +r?)Ly(=2) —rL(-1) - r*L{ (-1)

1

? (55
1)

)

¢. Mixing using recursive relation

We know when p = e the negative binomial distribution will assume the formula below

p(x/t) = (r + J; B 1) e "1 — e H)* x=012...

Suppose we want to get p((x — 1)/t)

p((x—=1)/t) = (7’ -JIC_ f; 2) e Tt(1 — e~t)*~1
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p(x/t) T+ x-Dr+x-2)x-D!Ir-D! e (1 -eH)*
p((x—1/t) x(x—D!I(r—1)! (r+x—-2)! e (1—et)x1

p(x/t)  r+x-—1

p-Dp x0T
p(x/t) = Tt J; ! 1—eHp((x—1)/t) e eueo..eqn 4.2

Using eqn 4.2 and the Negative binomial distribution

[ee)

P = | pa/ogoad
0

o ~1
- [ - en(e - v/0g@de

:r+i_ 1[me<x;1)g(t)dt—ﬁwe‘tp (g)g(t)dtl

r+x—1
X

B.(x) = UwPr(x -1) - fooe‘tp((x — 1)/t)g(t)dtl e enn.€qn 4.00
0 0

Now consider

58



| emtnte - vyg@ae
0

This can be expressed as follows

= f (r ;IC_ f; 2) e tr+ (1 — e~ )" 1g(t)dt ... ... ....eqn4.21
0

Consider the combination

(r+x—2): (r+x—2)!

x—1 (r=1D!'(x-1)
_ r r+x—1
_r+x—1( x—1 )

Or

==

eqn 4.21 therefore becomes

)e—t(r+1)(1 _ e_t)x_lg(t)dt

__ T foo(r+1+x—2
r+x—1), x—1

TR S

eqn 4.00 Therefore becomes
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r+x—1

PG =—— [P -1 - ———

1Pr+1 (x - 1)]

Which is the mixture of negative binomial distribution and inverse Gaussian distribution using
recursive relation as obtained by Gomez and Deniz et al (2006)

Note this is similar to the mixture of beta and negative binomial using recursive relation.

2.11. Negative binomial - Lindley distribution

Lindley negative binomial mixture. Ref Hussein Zamani and Noriszura Ismail 2010: negative
binomial — Lindley distribution and its application.

2.11.1. Properties of Lindley distribution
a. Moment generating function for Lindley distribution

®92(1 4 t)e tets
M, (s) = E (%) =] dt
‘ o 6+1

02

M(s) =577

f (14 t)e tE-9q¢
0

92 %] %)
M(s) = U e t0-s)qt +] te‘t(‘g‘s)dtl
‘ 6+ 1) [J 0

Consider
f e—t(@—s)dt
0

This can be expressed as

1
(6 —s)

f (6 —s)e t0-9)q¢
0
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But
f (6 —s)e t0=9)gt =1
0

i.e. exponential pdf

and therefore

© 1
e t0-s)qt =
j;) (CE))

Next consider

f te t@-s) gt
0

judv=uv—jvdu

Now let
u=t
dv = e t0-9)(¢
du =dt

e—t(@—s)

NCED)

oo —t(0-5)1% 0
f te—t(@—s)dt — [_te— + 1 f e—t(@—S) dt
0 (6 —5s) 0 (6 —5)J,

v =

te t0-gdt = ———
fo ¢ 6 —s)?

The MGF therefore translates to
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02 1 N 1
@+1)18—s (6 —5)?

M (s) =

02(1— s+ 6)
@+ 1)(0 —5)?

M.(s) =

b. Laplace transform for Lindley distribution

®02(1+t)e ftets

L(s) = E(e™®) = f 71 dt
0

2

6+1

Ly(s) = j (1 + £)e—tE+9) gt
0

02 o o
Le(s) = U e tO+s)qt +f te‘fw“)dtl
t @+, o

Consider

-]- e—t(9+s)dt
0

This can be expressed as

1

0 —t(9+S)dt
@+ s)fo (6 +s)e

But
f (60 + 5)e tE+9)gr = 1
0

i.e. exponential pdf
and therefore
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—t(9+S)dt —_
fo ¢ 6 +5)

Next consider

j te—t(9+s)dt
0

fudvzuv—fvdu

u=t

Now let

dv = e tO+) ¢
du =dt

e—t(9+s)

NCED)

o to—tO+)1” 1 0
f te—t(9+s)dt e + f e—t(9+s) dt
0 (6 +s) 0 6 +5)J,

1

t —t(9+5)dt —
fo € 0+ 5)2

The Laplace therefore translates to

62 1 4 1
@+1D1O+s (6+5s)?

Le(s) =

0%2(1+s+0)
(604 1)(8 +5)?

Le(s) =
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2.11.2. Negative binomial- lindley distribution mixing
Mixture using MGF

Negative binomial distribution

flx/1) = (r + ; B 1) e 1—-eMH* forp=e?

This can as well be written as

X

f = (2 Y () coerie

k=0

The mixture
prob(x) = f prob(x/A1)g(4,6)dA
0
© ad 2 -6
_ 'r'+x_1 X LY —).(T+]')9 (1+A)e
fo (" )]Z;(})( e or1
X 0 —
_ (r+x—1) (x) (_1)k_[ e—/l(r+k)02(1+/1)e o1
X k 0 0+1
k=0
But

dl = My(—(r + k))

o) 2 -6
f e—)l(r+k)9 1+ e
. o+1

Where M;(—(r + k)) is the MGF
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From previous proof we have the MGF of Lindley distribution as

0%2(0 —s+1)

Me($) = G D@ =92

In our case s = —(r +j)

And hence

prob@) = ("F XTI (1) Dk My(=0 + )

x
X
k=0

EPTR- 02(0 +71+k +1)
-("7) (z)(_l)k(9+1)(;+r+k)2

AR O+r+k+1)
G DY A LG i s

2.11.3. Properties of negative binomial — Lindley distribution

Mean
93
EX) =r l(e TDO-1)2 1]
2\ — 2 02(6 — 1) 2 0° 2
EXD) =(+r )l(9+1)(9—2)21_(r+2r )[(9+1)(9—1)Zl+r
Variance

var(x) = E(X?) — [E(X)]?
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07 i
ECOF = |GaDe -1z 1]

_ 6° 26° 1
B R R R CE S S l

NS : o 2
Var(x) = {(TH )l(0+ (6 —Z)Zl SO )l(9+ (6 - DZ] v }
, g6 203 1
B R R B G [ l
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CHAPTER 3

3.1. Introduction
The mixing distribution are within the interval [0,00]. The parameter p is transformed to be
equaltop=1—et fort>0

In this chapter the following methods are used when mixing or compounding negative binomial
distribution with other distributions

1. Direct substitution and subsequent integration
2. Recursive method
3. Moments methods or Laplace transform

The mixing distributions considered in this chapter are:
* Exponential
e Gamma
e Exponeniated Exponential
e Beta Exponential
* Variate Gamma
* Variate Exponential
* Inverse Gaussian
e Lindely

From chapter 2 we have

EX)=rL(-D-1)

var(X) =r[(1 + r)L,(-2) — 2r + 1)L,(-1) + r] — r?[L,(-1) — 1]?

Whenp =1—et

reo =" [ra- g
= (r * J; B 1) ']:0(1 —e HTe ™ g(t)dt
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But

Therefore

Or

But

And hence

This is the formula for mixing negative binomial with other distributions using the MGF
technique with the value of p transformedinto1 — e~

Properties

These properties are similar to those of the transformation of the parameter p to be e™

r co
0

_ (r +x— 1) (Z) (_e_t)k_[ e~ g(t)dt

X
k=0
+x—1\\ o
_(TTXx~ ™, kf —t(x+k)
("7 )H(k)( D et gt

f et g(t)dt = Ly (x + k)
0

r

=" Y () o L+ by

k=0

r+x—1
X

) (Z) (_1)kf e—(x+k)tg(t)dt

k=0

e = (

r 00
0

fwe"(“k)tg(t)dt = M (=(x +k))
0

r

=" () oMo+ k)

t
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3.2. Negative Binomial -Exponential distribution

3.2.1 Exponential distribution
The pdf of an exponential distribution is given by

gty =2 ;t>0,1>0

Properties of exponential distribution

The Laplace transform of g(t)is

Ly(s) = E(e~%) = f et gy
0

— Af e—t(s+l)dt
0

/1 o8]
= Af (s + e t6+qe
0
But
_ f (s + De 1+ dr = 1
0
Therefore
Li(s) = —
8= s+4

Moment generating function for Exponential distribution
M) = Be) = | 2e70-9de
0

A
A—s

f (A —s)e t@=9)q¢
0
But

f (A—5s)e tUA=9)gtr =1
0
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Therefore

A
M(s) = T s

3.2.2. Negative Binomial - Exponential distribution mixing
a. using Laplace transform

r

=" Y () D L+ )

x k=0
o= () R D
=TT D

r>01>0x>0

Properties of negative binomial exponential distribution mixture

b. Mixing using the moment Generating Function technique

r

=" () om0

o= (Y (O

Note: similar result compared to the mixture using Laplace transform

c. Explicit mixing

r+x—1

feo = ( ) j Tt (1 — ety g(tyde

X

Where
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g)=2" ;t>0,1>0

[oe)

Flx) = (r * ’; B 1) A] (1 - e~t)re~te-thqy

r+x—1

)/1']‘ e—t(x+/'l)(1 _ e—t)rdt
x 0

e = (

letu=et

Ine t=Inu

t=—Ilnu
du
dt = ——
u

) = (r +J;— 1)/1]00011(,54,,1)(1 — W) (_i_u)
FO0) = -1 (r + jcc - 1) qu(x+;1_1)(1 —w)du

) u(x+l—1)(1 _ u)rdu

I e j‘w(x+/1—1+r—1
0 T

(x+l—:+r— 1)
But

)u(x”_l)(l —w)'du=1

j°°(x+/1—1+r—1
0 T

This is the pdf of negative binomial

Therefore

A7)
NG
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3.3. Negative Binomial -Gamma (I) Distribution

3.3.1. Gamma distribution with 1 parameter distribution
a. Construction

A gamma function can be expressed as follows
Fa = e tt*?!

When you divide both sides by ' we will have Type equation here.
e—tta—l
[a

1=

Since the right hand side is equivalent to 1 the above function forms a pdf and is referred to as
a gamma distribution with one parameter a and is expressed as

e—tta—l
f(t)zi Ta t>0,a>0
0 elsewhere

b. Properties of gamma distribution with one parameter

* Laplace transform for Gamma(l) distribution

© e—t(1+s)ttx—1
L(s) = E(e™®) = f —dt
0 la
lett(s+1)=u
[ u
Cs+1
gt = du
T s+1
Hence
1 [e9] e—uua—l
L =E(e™®) = d
() (™) (s + 1)"‘_[0 [a u
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R

* Moment generating function for Gamma(l) distribution

0 e—t(s—l)ta—l

Mt(s)zE(etS)zf ot

0 a

lett(s—1)=u

. u
T s—1
dt = du
T s—1
Hence
1 ooe—uua—l
M = E(e?) = d
(s) = E(e™) (S_l)afo By
M(s) = —
B T -1

3.3.2.Negative Binomial -Gamma (I) distribution mixing
a. Using Laplace transform

r

fo =" Y () o Ly

X
k=0

73



r+x—1 r (-1
)2 Wi

b. Using MGF

r

=" () om0

r+x—1 T (=1
ﬂx)z( X ) (k)(x+k+1)“

Note:

Both mixtures based on Laplace transpose and moment generating function results to the same
solution.

Properties of the mixture Negative Binomial -Gamma (I) Mixture
Mean
This is undefined and therefore it is not possible to evaluate the expectation of this mixture.

Since the mean is undefined, and we use the mean in finding the variance, it definitely means
the variance is equally undefined.

3.4. Negative Binomial - Gamma with two parameters distribution

3.4.1. Gamma with two parameters distribution
a. Construction of Gamma with two parameters distribution

Consider a Gamma distribution with one parameter
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e—xxa—l

g(x):T x>0;,a>0
0 elsewhere
Letx = tf
e P gy
g(t) = Ty I/

t>0; a,f >0

| = 6x|
/1= St
=p
e—tﬁta—lﬁoc
g(t):{T t>0; a,,8>0
0 elsewhere

This is the pdf of a Gamma (Il) distribution with parameters @ and
b. Properties of Gamma with two parameters distribution

e Laplace transpose

o] ta—le—t(ﬁ+s)
Le(s) = E(e™®) = f "
Let
t(B+s)=m
. m
B B+s



Let

dm

dt =
B +s

B ﬁa ooma—le—m
Le(s) = B+ s)‘)‘_f0 Fa dm

Le(s) = [%r

Moment generating function

Mq(s) = E(e") = B f T
0 l'a
t(B—s)=m
;= m
=7
dm

dt =

—S

B
B Ba ooma—le—m
M) = G o3 ), e

0

Mi(s) = [ﬁé s]a

3.4.2.Negative binomial -Gamma (II) distribution mixing

. Mixing using Laplace transpose

r

=" Y () 0L+ i

X
k=0
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feo=(" Y () o

k=0

iz

b. Mixing using Moment Generating function

fo=(""07 1)2 (1) DM (=G + )

k=0

oo =Y (e ]

k=0

3.4.3. Properties of Negative binomial — Gamma (ll) distribution

3.5. Negative Binomial -Exponentiated exponential with one
parameter Distribution

3.5.1. Exponentiated exponential Distribution with one parameter
a. Construction

F(x) = [G(x)]*
glx) = le™™

f(t) = da(l — e A)a-le-at

This distribution can be expressed as follows

_ -tya-1,—t .
9@ ={o:(l e Hale t>0; x>0
0 elsewhere

b. Properties of Exponentiated exponential Distribution with one parameter

e Laplace transform
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L(s) =E(e™™)

— af (1 _ e—t)a—le—t(s+1)dt
0

Remember

o)

B(a,p) =f etl@-1 (] _ g~t)h-1

0

Where B(a, B) is a Beta function with parameters @ andf
Thus

Li(s) =aB(s+2,a)

¢ Moment Generating Function of Exponentiated exponential with one parameter

M (s) = E(e®)

= af (1— e H)* e t=5)qt
0

Remember

[ee)

B(a, B) :f e~t@D (] — g=tyB-1
0

Where B(a, B) is a Beta function with parameters @ andf
Thus

M,(s) =x B(2 — s,X)
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3.5.2. Negative Binomial -Exponentiated exponential with one

parameter Distribution mixing
a. Mixing using Laplace transform

r

=" Y () Co L+ by

k=0

r+x—1

. )oc r (D (—D*B(2 + x + k, x)

k=0

e =

b. Mixing using MGF

10 =" () M-+ )

k=

o

f(x)=<r+x—1

. )oc r (D (—D*B(2 + x + k, x)

k=0

3.5.3. Properties of Negative Binomial —Exponentiated exponential with one parameter
Distribution mixture

3.6. Negative Binomial - Exponentiated exponential with 2
parameter Distribution

3.6.1.Exponentiated exponential Distribution with 2 parameter
a. Construction
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Consider a Exponentiated exponential with 1 parameter

g(@) = {OC (1 - e_e)oc_le_g 6>0;, x>0
0 elsewhere

let® =tft >0

Such that

g1(t) = (1 — e~tF) Tleth ||

n=[3)

5tl =P

90 = {oc B(1—e ) e th £>0; x>0
0 elsewhere

This is the pdf of Exponentiated exponential distribution with 2 parameter a andf which is
denoted as Exponentiated exponential (1) distribution

3.6.2. Properties of Exponentiated exponential Distribution with two parameter

a. Laplace transform

Ly(s) = E(e™®)
= [S’f (1 — e tB)yx-1e=ts+h) gy
0

Letu =tp
Then
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U
t=—
B
du
dt = —
B
Thus
*® _u(5B\ d
L.(s) = ﬁf (1—eM)* e ”( B )—M
0 B
*® _y($¥B
L) = [ (1= emyte ) gy
0
Remember

o)

B(a,p) = f e~tla-D(1 — e~ t)A-14¢

0

Where B(a, B) is a Beta function with parameters @ andf

Thus
28 +s
L:(s) =x B( b ,oc)
B
c. Moment Generating Function of Generalized exponential with one parameter
M.(s) = E(e*)
=x f f (1 — e Ptyx-1e-tB=s)q¢
0
Letu =tp
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Then

u
t=—
B
du
dt = —
B
Thus
o _(B=s\d
M) = p [ 1= emryre )
0 B
o _(B=s
M, (s) =°‘J (1—e"M)*le & B )du
0
Remember

o)

B(a,p) = f e~t@-D(] — g=t)B-1 ¢
0

Where B(a, B) is a Beta function with parameters @ andf

Thus

M(s) =x B (2'3 _ S,oc)

3.6.3. Negative Binomial -Exponentiated exponential with 2 parameter
Distribution mixing
a. Mixing using Laplace transform

r

=" Y () Co L+ by

k=0
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= (e Y (e (B
k=0

b. Mixing using MGF

r

) () (CDEM(= 4 )

k=0

<r+x—1
X

=Ty () o (2 )

3.6.4. Properties ofNegative Binomial —exponentiaed exponential with two parameter
Distribution mixture

3.7. Negative Binomial - Variate exponential Distribution

3.7.1. Variate exponential Distribution
a. Construction

Consider a Variate exponential Distribution

le™™ >0, 1>0
t) = ’
9(® {0 elsewhere

Where A is randomized and takes on the distribution ) with0<a<AiA<b

)l(ln(g)
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The verified exponential distribution g, (t) becomes

—at

e
g:1(t) = t>0:0<a<b
tl

This is the pdf of variate exponential
b. Properties of Variate exponential Distribution

e Laplace transform

L(s) =E(e™™)

1 ©o e—at _ e—bt
L
) o

nC t
1 foo e—t(a+s) _ e—t(b+s) 4
= t
b t
In (a) 0

But according to Frullani integral

at = [/(®) ~ f(@)]1n )

84
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0 t



And hence

¢ Moment Generating Function of Variate exponential

M (s) = E(e®)

1 [e] e—at _ e—bt
L[,
0

b t

in(3)

1 foo e—t(a—s) _ e—t(b—s)
0

() t

dt

But according to Frullani integral

b
a

[ e~ 17 - s (3)

And hence
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3.7.2. Negative Binomial -Variate exponential distribution Distribution
mixing
a. Mixing using Laplace transform

r

=" Y () Co L+ by

k=0

b+x+k r
r+x-— 1) n (a+x+k) (l:) (_1)k

re=(" ) o2

b. Mixing using MGF

r

) () (CDEM(= 4 )

k=0

-GSy e
fo=(""" >W;(")H)

f(x)=<r+x—1

X

3.7.3. Properties of Negative Binomial —Variate Exponential with 2 parameter Distribution
mixture

a). Mean
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3.8. Negative Binomial -Variate Gamma(2, a) Distribution

3.8.1. Variate Gamma(2, a) Distribution
a. Construction

Consider a Distribution

g(t) = { Pte™  6>0;,1>0
0 elsewhere

Where A is randomized and takes on the distribution ) with0<a<AiA<b

)l(ln(g)

The variate Gamma(2, a)distribution g, (t) becomes
t [ee]
g1(t) = —= j Ae~Mda
In (—) 0
a

Using integration by parts

judv=uv—jvdu

Letu =4 du = dA

Therefore
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b
ate™% — pte bt 4 g7t — ot
) :
a

1
= [(at + 1)e~% — (bt + 1)e~P?]

)

Witht > 0;,0<a<b

b. Properties of Variate Gamma (2,a) Distribution

e Laplace transform

L(s) =E(e™™)

1 ooe_ts t bt
— —a -
-- (bf — [(at + 1)e ™ = (bt + 1)e~]dt
n Z) 0

1 f‘” I(at + 1)e G+t — (bt + 1)e‘(s+b)tl "
0

g :

1 o)) e—(s+a)t _ e—(s+b)t
Le(s) = J-
0

n@l

dt+af e~(stakt dt—bj e-(s+b>fdtl
0 0
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Li(s) = lb)[ln<s+b>+ a b

ln(— s+a/ "s+ta s+b
a

* Moment Generating Function of Variate Gamma (2,a)

M (s) = E(e®)

1 [Pet
= —bf —[(at + e~ — (bt + 1)ePt]dt
m(Z)% ¢

1 f‘” l(at + 1)e~ @9t — (bt + 1)9‘(b‘5)tl it
0

" t

M (s) =

1 o) e—(a—s)t _ e—(b—s)t © ©
A U dt + af e-@=st gy — bf e~ (b-s)t dtl
In (—) 0 t 0 0

a

Mt(s):lnl(g)[ln(z:j>+aa—s_b35]

3.8.2. Negative Binomial -Variate Gamma(2, <) distribution mixing

a. Mixing using Laplace transform

r

) () D L+

k=0

r+x—1
X

Fe =
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f(x):(rﬂ;_1>ln29)[ln<iiiiz>+x+Z+a_x+Z+b];)(Irc)(_1)k

ab>0r>0

b. Mixing using MGF

T

) (1) CD*M(=Cx + k)

k=0

r+x—1
X

e =

_<r+x—1> 1 [l <x+k+b>+ a b ]Zr:(r)( 1)"
f(x) = X ln(B) "Fk+a) T x+k+a x+k+b k
a k=0
ab>0r>0

Reference: Bowman et al (1992)

3.8.3. Properties of Negative Binomial- Variate gamma(2,a) with 2 parameter Distribution
mixture

a). Mean

3.9. Negative Binomial- Inverse Gaussian Distribution

3.9.1. Inverse Gaussian Distribution
a. Construction

Consider the pdf of Inverse Gaussian distribution given below

90



¢ \: S(A — )2
9 = <2T[/13) exp <_ 2u?A >

Put u = (2a)~ /2 and  u?=Qa)™?!

Then
R d(A — (2a)"1/2)?
g = <2m13) P <_ 22(2a)? )
¢ \: $(A — (20)"12)%(20)
9 = (2n,13> exp <_ 21 )

b\ ¢2a(,12—2,1(2a)‘§+(2a)-1)
2(2m3> Pl ™ 21

1

~ () o (200 + 0200 - )

This is the Inverse Gaussian distribution we are going to use in this mixture

b. properties of Inverse Gaussian distribution

e Laplace transform

L(s) = fme‘tsg(t)dt
0

1

B fow (223)2 exp (—St — tag + p(2a): — %) dt

1

= exp (cp(Za)%) foo (%)Z exp (—st —tagp — %) dt

0
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Factorize the like terms

1

)2 exp (—t(s + ag) — %) dt

L = exp ($(2a7) | (2

23

= exp ((]5(20()%) J:o (27?1:3)% exp (—t (% + ad)) - %) dt

1

= exp (gb(Za)%) j:o <2;ft3)z exp (—tcp <% + a) — %) dt.......eq3

Consider the exponential

$(2a); — tap >
Suppose we substitute a by a + %
2(a+2 pg )0
o\2(a+g)) —to(2arg) -5

This is almost similar to equation 3 but without the middle term

1
2

> fom (sztB)% exp <—t¢> (5+a)
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L:(s) = exp (cp(Za)%) exp (—gb <2 <a + %)>E> X1

L:(s) = exp (d)(Za)% — ¢ (2 (oc + %))

Remember initially we had let

u= (a)=/? and u? = a)t

Replacing these on the equation we have

L:(s) = exp (d)(Za)% — ¢ (2 (oc + %))2>
B ¢ 1 s\
L:(s) = exp (; - ¢ <2 (2—112 + 5)) )

As obtained by Tweedie (1957)

If we let



1

0= (s on(-2)

L(s) = exp <_¢ (2 ED%)
Le(s) = exp (—(2ls$])?)

. k?
Putting ¢ = - we have

k? \2 k?
0 - (o on()
Li(s) = exp| — (2 ls 7])

Le(s) = exp (~(k()?) )

As obtained by Bowman et al (1992)

¢ Moment generating function for inverse Gaussian distribution

3.9.2.Negative Binomial -Inverse Gaussian Distribution Mixture

a. mixing using Laplace transform
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r

p(X=x)= (T + ;CC - 1) 2, (Ir() (=¥ L, (x + k)

But

Li(x+ k) =exp (%

2(x + k)p?
1 \/1 s

|

por=x=(""1"") (Z)(—l)"exp<%[1_j1—w

x
k=0 ¢

|

b. Mixing using moment generating function technique

r

pex =0 = (""" () C0FM (-6 + )

X
k=0

But

M.(—(x+ k)) = exp (%

2(x + k)p?
1 \/1 s

|

p(X =x) = (r i fc B 1) L, (Z) (=¥ exp (% [1 - j1 _ 2t lopt ;k)”z

|
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¢. Mixing using recursive relation

We know when p = 1 — e~ the negative binomial distribution will assume the formula below

p(x/t) = (r + fc B 1) (1—eH)re*t x=012...
Suppose we want to get p((x — 1)/t)

(e -1/ =("TX T —etyenteD

p(x/t) O+ x-Dr+x-2)x-DIr-1! e ™A -et)
p((x=1)/t) x(x—=D!'(T—-1)! (r+x—2)! e tx=1(1—e-t)r

p(x/t)  r+x—1
p((x=1/)  x

-t

e

r+x—1
p(x/t) = Te‘tp((x —1)/t) e ..eqn 4.3
Using eqn 4.3 and the Negative binomial distribution
P = | pa/og@de
0

“r+x—1

P = [ e - 1)/0g(de
0
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—1 (®
P = | ep(t - 1/0gde
0

Now consider

| emtnte - vyg@ae
0

This can be expressed as follows

rtx - 2) (1—eHe *g(t)dt

[ emtpte-/mg@ae= (71X

Consider the combination

(r+x—2): (r+x—2)!

x—1 (r—1D!'(x-1)
_ r r+x-—1
_r+x—1( x—1 )

Or

==

eqn 4.31 therefore becomes
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— r Tr+ax—1 o t\T ,—tx
_r+x_1f0( . ) (1 —eyre~g(t)dt

=—P

r+x—1 x (1)

eqn 4.00 therefore becomes
P()_r+x—1 T P.(r)
T =Ty rrx—1*"

P () = <P, (1)

Which is the mixture of negative binomial and inverse Gaussian distribution using recursive
relation as obtained by Gomez and Deniz et al (2006)

3.9.3. Properties of IGNB distribution

E(X)=L(-D-1

1
2

— 9,2
exp %1—(%) -1

var(X) = [2L,(=2) = 3L,(-1) + 1] = [L,(-1) — 1]?

=2L,(-2) - L,(-1) - L{(-1)
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— 41%2\2 — 2112\2
= 2exp %1—<u> — exp %1—<u>

3.10. Negative binomial - Lindley distribution

Alternative Lindley negative binomial mixture. Ref Hussein Zamani and Noriszura Ismail 2010:
negative binomial — Lindley distribution and its application.

_O*1+p)e

9 o+1

Moment generating function for Lindley distribution

dt

®92(1 + t)e tetls
B = f 6+1
0

01+ (*

—t(e—s)dt
0+ 1 €

o 6r(+)
INCEIICED)

f (6 — s)etE=9)qt
0

In the notes

3.10.1. Mixture using MGF

Negative binomial distribution

flx/2) = (r+§_1)e_’1x(1—e"1)r forp=e*

This can as well be written as

Flx/2) = (r + J; — 1) kzzo (;) (—1)k e~ A+))
99



The mixture

o)

prob(x) =f prob(x/A1)g(4,60)dA

0

= foo (T + -7; - 1) i (;) (_1)]' e~ A+)) 92(10-}-'_),13—9/1 "
0

j=0

0%(1 4 1)e 94
0 +1

x [ee]
oA+
0

(Y (e

k=0

But

dA = My(—(x + k))

o) 2 -6
f e_l(ﬁk)e 1+ e
. o+1

Where M;(—(r + k)) is the MGF

From previous proof we have the MGF of Lindley distribution as

02(0 —z + 1)

M =3 D@ =22

Inour case z = —(r + )

And hence

r

probx) = (" - DY (1) CDF M= + 1))
k=0
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P 020+ x + k + 1)
=(r+§ 1) (Z)(_l)k(9+1)(g+x+k)2

k=0

_ % O+x+k+1)
(r+§ 1) (r)(_l)k (9fo+k)2

prob(x) = @+

k=0

3.10.2. Properties of negative binomial — Lindley distribution

Mean
—_ 93 1
E(X)”[(eﬂxe—l)f l
E) = 4|20V |y ay] 42
ST e —22| VT D -1)2
Variance

var(x) = E(X?) — [E(X)]?

63 2
[EQOPF =r* O+DO-12 1]

_ 6° 26° 1
B (G D A e l
W[ 8% 0-1) : o 2
Var(X) = {(r ) l(a +1)(0 - Z)Zl o) l(H +1)(0 - DZ] o }
, Q6 203 1
I (CE R N GRS v l
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CHAPTER 4

GEOMETRIC MIXTURES FROM NEGATIVE BINOMIAL MIXTURES
BASED ON TRANSFORMATION OF THE PARAMETER p= et

4.1 Introduction
t

The mixing distributions are within the interval [0,00]. The parameterp is transformed toe™". In

this chapter we have considered when r = 1 in theNegative Binomial distribution, the
distribution becomes a Geometric distribution hence Geometric mixtures.

4.2. Geometric - Exponential distribution
4.2.1.Exponential distribution

The pdf of an exponential distribution is given by
g)=2" ;t>0;,1>0

From the previous chapters the Negative Binomial — Exponential distributionis expressed in the
following formats after mixing

a. Negative Binomial — Exponential distribution from Laplace transform

o= ()Y (5

r>01>0x>0

Properties of negative binomial exponential distribution mixture

Variance

var(X) = (r + r®)M,(2) — rM,(1) + r2Mz(1)

0=+ [ L]
var =\r—rr 1—2 r/l—]_ r 1—1

When r = 1, we obtain Geometric — Exponential mixture from Laplace transformas follows:
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S oxy (1R
f(x):’lkzzo(k)uku

1>0,x>0

Properties of geometric - exponential distribution mixture
EX) = —, M1

T a-1
Variance

21 A 1 12
var(X) = 25 -5+ 5] w2

b. Negative binomial exponential Mixture from the moment Generating Function technique

X

=" (0,

When r = 1, we obtain Geometric — Exponential mixture from the moment Generating
Function technique as follows:

=y (—DFA
f(x):Z(k),HHk

k=0

c. Negative binomial exponential distribution from Explicit mixing

A
f0) = ey

or

ATx+7r)T(r+1-1)
[r+A1+x—-1DIr
103
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When r = 1 the above mixture assumes the geometric — exponential mixture as outlined below

f&) =

4.3. Geometric - Beta exponential distribution

4.3.1. Beta exponential distribution

e7bt(1 —e=t)a"1 x> 0:forabandc >0
9© ={B@n® ) 4

0 elsewhere
p= e ¢x

a. Beta exponential — negative binomial mixture using Laplace transform

r+k

0= (413 (e

k=0

When r = 1 the above mixture assumes the Geometric - Beta exponential mixture as outlined
below

b+ﬂ,a)

P == (;) Yl Ghar

= B(a,b)

b. Beta exponential — negative binomial mixture using MGF technique
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x Ttk
p(X=X)— r+x—1 Z (—1)* (l;-(l"b) a)

k=0

When r = 1 the above mixture assumes the Geometric - Beta exponentialmixture as outlined
below

x 1k
=3 (e 2L

k=0

c. Beta exponential — negative binomial mixture using explicit format

When r = 1the above mixture assumes the Geometric - Beta exponentialmixture as outlined
below

x L4k
p(X =) =) () D (l;;’ S )

k=0

4.4. Geometric - Gamma (I) distribution
4.4.1. Gamma (l)

The pdf of Gamma (1) distribution is given by

e—tta—l

F(o) = Ta t>0,a>0
0 elsewhere

a.Geometric — Gamma () distribution from Laplace transform

* Gamma (l) — Negative Binomial distribution mixing using Laplace transform

Ftx— 1\ o X (-1
f(x)z( X )kzo(k)(r+k+1)“
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When r = 1the above mixture assumes the Geometric— Gamma (I)mixture as outlined below

= xy (—1)F
f(x)=2(k)m

k=0

b. Geometric — Gamma (l) distribution using MGF

* Gamma (l) — Negative Binomial Mixture using MGF

X

100 = (T T 1)2 (r JE li)rk1)a

k=0
Properties of the mixture Gamma (l) — Negative Binomial Mixture

EX)=rL:(-1D-1

- (=)

This is undefined and therefore it is not possible to evaluate the expectation of this mixture.

Since the mean is undefined, and we use the mean in finding the variance, it definitely means
the variance is equally undefined.

When r = 1the above mixture assumes the Geometric— Gamma (I)mixture as outlined below

X
xy (=1DF
f) = Z (k) (k+2)®
k=0
* Properties of Geometric- Gamma (I) Mixture

E(X) = L,(-1) — 1
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1

=——=1
(1-1*
This is undefined and therefore it is not possible to evaluate the expectation of this mixture.

Since the mean is undefined, and we use the mean in finding the variance, it definitely means
the variance is equally undefined.

4.5. Geometric -Gamma (II) mixture
4.5.1. Gamma with two parameters distribution

The pdf of Gamma (Il) distribution with parameters a and f3 is given

e—tﬂta—lﬂoc
g(t)={T t>0;,ap>0
0 elsewhere

a. Gamma (ll) — Negative binomial mixture using Laplace transform

X

=Y () o]

k=0
e Properties of Gamma (ll) — Negative binomial distribution

EX)=rL(-1D-1)

zr“ﬂ[—g1]a_ll

var(X) =r[(1 + r)L,(-2) — 2r+ 1)L,(—1) + r] — r?[L,(-1) — 1]?
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; [j 2]“ — [Lr 2r+ 1L, +r

« 2
var(x) =r [(1 +71) [ 71 —1? “%] — 1]

When r = 1the above mixture assumes the Geometric— Gamma (Il)mixture as outlined below

X

reo = () 0 [

k=0

Properties of Geometric - Gamma (ll) distribution

EX)=L(-1) -1
_ [L]“ .

var(X) = [2L,(=2) = 3L,(-1) + 1] = [L,(-1) — 1]?

L T N [ 1]2

b. Gamma (ll) — Negative binomial Mixture using Moment Generating function

feo =" Y () o [m‘ﬁ]

x
k=0

When r = 1 the above mixture assumes the Geometric — Gamma (ll)mixture as outlined below

108



X

fo = () -1 [m]

k=0

a

4.6. Geometric - Exponentiated Exponential with one parameter
4.6.1. Exponentiated exponential with one parameter

The pdf of Exponentiated exponential with one parameter

_ ,—tyx—1_,—t .
g(t):{oc(l e H* e t>0; x>0
0 elsewhere

a. Exponentiated exponential with one parameter — Negative Binomial Distribution mixing
using Laplace transform

fx) = (r * T 1) x i (1) CDFB@ + 7+ k)

k=0

When r = 1the above mixture assumes the Geometric — Exponentiated exponential with one
parameter mixture as outlined below

X

Fe) =< " (1) (CDFBG + )

k=0

b.Exponentiated exponential with one parameter — Negative Binomial Distribution mixing
using MGF

f(x)z(r-}_x_l)oci ) (~1FB@ 47+ k)

k=0
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4.6.2 Properties of Exponentiated exponential with one parameter — Negative Binomial
Distribution mixture

a). Mean

EX)=rL(-1D-1)
=r(aB(1,a) — 1)

b). Variance

var(X) =r[(1 + r)L,(-2) — 2r + 1)L,(—1) + r] — r?[L,(-1) — 1]?
var(X) =r[(1 + r)aB(0,a) — 2r + 1)aB(1,a) + r] — r*[aB(1, a) — 1]?

When r = 1the above mixture assumes the Geometric - Exponentiatedexponential with one
parametermixture as outlined below

X

Fe) =< > (1) (CDFBG + )

k=0

4.6.3 Properties of Geometric -Exponentiated exponential with one parameter mixture
a). Mean

E(X)=L,(-1)—1

=aB(1l,a) —1
b). Variance
var(X) = [2L,(=2) = 3L,(-1) + 7] — [L,(-1) — 1]?
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var(X) = [2aB(0,a) — 3aB(1,a) + 1] — [aB(1,a) — 1]?

4.7. Geometric - Exponentiated exponential with 2 parameter
4.7.1. Exponentiated exponential with 2 parameter

The Pdf of Exponentiatedexponential with 2 parameter is given as

4(6) = {oc (1-e9)"e9 > 0; x>0
0 elsewhere

letd =tft >0

a. Exponentiated exponential with 2 parameter — Negative Binomial mixture using Laplace
transform

rer =" ey (v (e

x
X
k=0 B

When r = 1 the above mixture assumes the Geometric -Exponentiated exponential with 2
parametermixture as outlined below

X

f = 3, () s ()
k=0

b. Exponentiated exponential with 2 parameter — Negative Binomial mixture using MGF

=" ey (e (e

x
X
k=0 B

When r = 1the above mixture assumes the Geometric — Exponentiated exponential with 2
parameter mixture as outlined below
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4.7.2. Properties of Exponentiated exponential with two parameter — Negative Binomial
Distribution mixture

a). Mean

EX)=rL(-D-1)

—r(an(ZL0)-1)

b). Variance

var(X) =r[(1 + r)L,(-2) — 2r + 1)L,(-1) + r] — r?[L,(-1) — 1]?

var(X) =r [(1 + r)aB(m, a)— (2r+ 1)aB <2ﬁ _ 1,0{) + r]

B B
,a)—l]2

2 —1
B

— rz[aB<

4.7.3. Properties of Geometric - Exponentiated exponential with two parameter — Negative
Binomial mixture

a). Mean

E(X) = L,(-1) — 1

=aB<2Bﬁ_1,a)—1
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b). Variance

var(X) = [2L,(=2) — 3L,(-1) + 1] = [L,(-1) — 1]?

var(X) = 2a3($

,a) —3aB (Z'Bﬁ_ !

,a)+1]—[aB<

4.8. Geometric - Variate exponential mixture
4.8.1. Variate exponential

The pdf of variate exponential is given as

—at__e—bt

e
g1(t) = t>0;0<a<b

tin (2)

a. Variate exponential distribution with 2 parameter — Negative Binomial mixture using
Laplace transform

b+r+k)

-1\ [n a+r+ C
e =(""7 )%;(z) (—D*

When r = 1 the above mixture assumes the Geometric — Variate exponential with 2 parameter
mixture as outlined below

flx) = ﬁi (x) (—1)k
n®) &l

b. Variate exponential distribution with 2 parameter — Negative Binomial mixture using MGF
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b+T+k x

fx) = (T +x - 1) a+r+k Z (- 1)k

X
k=0

When r = 1 the above mixture assumes the Geometric — Variate exponential with 2 parameter
mixture as outlined below

flx) = ﬁi(x) (=1)k
n(;) =F

4.8.2. Properties of Variate Exponential with 2 parameter — Negative Binomial Distribution
mixture

a). Mean
EX)=rL(-1)-1)
In (22
()
in(Z)
b). Variance

var(X) =r[(1 + r)L,(-2) — 2r + 1)L,(—1) + r] — r?[L,(-1) — 1]?

nG) ] L [ED |

+r|—r
i (3)

n (;)

var(X)=r|(1+71) —(2r+1)

4.8.3. Properties of Geometric -Variate Exponential with 2 parameters mixture
a). Mean
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E(X)=L,(-1)—1

b). Variance

var(X) = [2L,(=2) — 3L,(-1) + 1] = [L,(-1) — 1]?

() (=) ] ()
n® W@ T [mE

var(X) = |2

4.9. Geometric - Variate Gamma (2, a) Distribution
4.9.1. Variate Gamma (2, a) Distribution

The Pdf of Variate Gamma (2, a) Distribution is given as

g:1(t) = ;b[(at + e — (bt + 1)e ]
tln( )

Witht >0;,0<a<b

a. Variate Gamma (2, x) distribution — Negative Binomial Distribution mixture using Laplace
transform

X
k=0

f(x):<r+f€_1>ln1(2)[ln<:i]l§:z>+r+l(:+a_r+ll:+b]z()lz)(_1)k

ab>0r>0
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When r = 1 the above mixture assumes the Geometric — Variate Gamma (2, a) mixture as
outlined below

X
1+k+b a b X
= — —_1\k
fx)= Png+k+a)+1+k+a 1+k+A;;Q)(1)

ab>0

b. Variate Gamma(2, «) distribution — Negative Binomial Distribution mixture using MGF

fe = (D"

r+x—1> 1 [ <r+k+b) a
x In

X
(2) In r+k+a +r+k+a r+k+b]z
a k=0
ab>0r>0

Reference: Bowman et al (1992)

When r = 1 the above mixture assumes the Geometric - Variate Gamma (2, «) mixture as
outlined below

f(x):lnzé)[lnG:Z:Z)Jr1+Z+a_1+llz+b]kzzo(i)(_1)k

ab>0

4.9.2. Properties of Variate gamma (2,a) — Negative Binomial Distribution mixture
a). Mean

EX) =rL(-1D-1)

H)abl
Me—1) a1 po1
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b). Variance

var(X) = r[(1 + r)L,(-2) — 2r + 1)L,(—1) + r] — r?[L,(-1) — 1]?

var(X) =r (1+r)ln1(2)[ln<z:§>+ai1_b31]

@r+1)— [1 (b_1)+ - b
r n(®) "a—1/Ta=1"p-1""

2 1 [l (b_1)+ a b ] 1
— n — —
ln(ﬁ) a-1/ a-1 b-1

a _

4.9.3. Properties of Geometric -Variate gamma (2,a) mixture
a). Mean

E(X)=L,(-1)—1

1 [l (b_1)+ a b 1
" (?) "e—1)"a-1"b-1
a

b). Variance

var(X) = [2L,(=2) — 3L,(-1) + 1] = [L,(-1) — 1]?
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X = |2 1 [l (b—2>+ a b ] 3 1 [l (b_1)+ a b
varar = n (®) "a=2/Ta-1"b-1 n (%) "a=1/Ta=1"b-1
a a

2

b—1)+ a b] 1
a—1 b-1

4.10. Geometric - Inverse Gaussian Distribution
4.10.1. Inverse Gaussian Distribution

The pdf of Inverse Gaussian distribution is given as

1

)2 exp (—/10((]5 + d)(Za)% - 2%)

9 = (27?,13

a. Inverse Gaussian — Negative Binomial Distribution Mixture using Laplace transform

p(X=x)— r+x Z (=DFexp %1—\/1—%
k=0

When r = 1 the above mixture assumes the Geometric - Inverse Gaussian mixture as outlined
below

— x ¢ 2(1 + k)u?
P(X=x)=kz=;)(k)(—1)kexp m 1_\/1_T

b. Inverse Gaussian — Negative Binomial Distribution Mixture using moment generating
function technique

p(X =x) = r+x Z (—Dkexp %1—\/1—2(Lk)#2

¢
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When r = 1the above mixture assumes the Geometric - Inverse Gaussian mixture as outlined

below

(X ¢ 2(1 + k)2
P(X=x)=kz=0(k)(—1)kexp m 1—\/1_T

4.10.2. Properties Inverse Gaussian — Negative Binomial Distribution Mixture

EX)=rL(-D-1)

_2u2\z
| exp %1—<¢ ¢2#> -1

var(X) =r[(1 + r)L,(-2) — 2r + 1)L,(—1) + r] — r?[L,(-1) — 1]?
= (r+1?)L,(=2) — rL,(-1) = r’L{(-1)

comn{g 55 oo
(r+rexp “Il ? I exp p 1 n

4.10.3. Properties Geometric - Inverse Gaussian Mixture
EX)=L,(—-1) -1
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var(X) = [2L,(=2) = 3L,(-1) + 1] = [L,(-1) — 1]?

= 2L,(-2) — L,(-1) — L{ (1)

c. Inverse Gaussian — Negative Binomial Distribution Mixture using recursive relation

-1
P = [Br=1) m e Py (= 1))

Gomez and Deniz et al (2006)

When r = 1the above mixture assumes the Geometric - Inverse Gaussian mixture as outlined

below
1
PL(0) = [P(x =D ——P,(x = 1)
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4.11. Geometric - Lindley Mixture
4.11.1. Lindley distribution

The pdf of Lindley distribution is given by

0%(1 + t)e 9t

f&) =—%11

Lindley negative binomial mixtures.
a. Geometric - Lindley Mixture using MGF

Negative Binomial - Lindley Mixture using MGF

6+r+k+1)
(6 +71+k)?

6* r+x—1
+1)

) e

x
k=0

prob(x) = (0

Properties of negative binomial — Lindley distribution

Mean
EQ)=r l(e TD0O-1)? 1]
2\ — 2 02(6 — 1) 2 4 2
EXD) =(+r )l(9+1)(9—2)21_(r+2r )[(9+1)(9—1)Zl+r
Variance

var(x) = E(X?) — [E(X)]?

B , 02(0 — 1) , E ,
Var(X) = {(r+r )l(0+1)(9_2)zl—(r+2r )[(9+1)(0_1)zl+r }
, 66 263
(9+1)2(9—1)4_(9+1)(9—1)2+ll
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When r = 1the above mixture assumes the Geometric — Lindley mixture as outlined below

6 O O +k+2)
prob@) =1 }; (i) 0" 6 +1+ k)2

Properties of Geometric — Lindley distribution

Mean
03
EO=Grne-n2 !
SN GRS :
P )_2[(9+1)(9—2)2 _3[(9“)(9—1)2]“
Variance

var(x) = E(X?) — [E(X)]?

02(6 — 1) E
Var(x) = {2 @+ 1) = 2)Zl -3 I(e N 1)Zl + 1}
g6 203
a l(e +1)20-D* 0+ DO 1) + 1]
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CHAPTER 5

MIXTURES OF NEGATIVE BINOMIAL DISTRIBUTIONS VARYING
THE PARAMETERTr

5.1. Introduction
In this chapter we will consider cases in which the parameters p is fixed and r is a random
variable.rhas a continuous mixing distribution.

Let X be a random variable with probability mass function P, = prob(X = k).

If prob(X =k/R=71) = (r+£_1)pqu,where k=012,..,gq=1—pandr > o.

r+k—-1\ .
Pk =f< I )p q"Prob(R = r)dr

where py, is a Negative Binomial mixture.

The pgf of X is given by

6(s) = ) pes*
k=0

5.2. Negative Binomial - Exponential Distribution
Let R be a random variable with pfd with

gr) =21 r>0

Then

P, = f prob(X = k/R = r)prob(R = r)dr
0

P mr+k-1
= f ( )pqu/le_’”dr
0 k

= @ S k-1
G(s) = Z prsk = Af pTe " Z ( . )(qs)k dr

0
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_ J' . _MZ( 1)k (qs)kdr

e
k=0
_ /1 —/‘lr(l qs) Tdr
T
d
f X
[ (5
= f —Ar g log(= qs) dr
= j i e 7100(5E) g
0
_ AJ- e_[A+log(1_qps)]rdr
0
Let
3+ tog (=)
y = og r
p
y
r= and dr =
/1+lg(1—qs) ,1+lg(
(s) ’ o~
G(s) =2 Y
o A+ log (1 qS)
A [o¢]
G(s) = j ey
0

butfooo e Y dy =1
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5.3. Negative Binomial - Gamma Distribution
Let R be a random variable with pfd with

r

e Bre=l r>0

g@r) = BeTa
Then

P, = f prob(X = k/R = r)prob(R = r)dr
0

_foo(r+k_1> k7 1 _% a—ld
= . K P q ﬁ“Fae r r

1 “*mr+k—-1 _r
=ﬁaraf0 ( k )pque e dr

The pgf of X is given by

6()= ) pis*
k=0

(r + i - 1) (qs)* dr

s

1 © _r
6) = gagg | pe e

&
I
o

= ﬁ“lFa j:o pre_%r“‘1 ;(—1)" (—kr) (gs)kdr

1 ° r —= a—1
“Beral, P
0

s

() asyar

&
I
o
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G(s) = T fooe_<1‘3109(1_pqs)>%ra—1 dr
0
Let
=15
_ ﬁy _ ﬁdy
"Tie Blog (1_;’5) anddr = 1+ Blog (%)
a—1
__r (" By B
e aF“fO “ [T+ piog (52)]  1+p09(=5) v

= ﬁa ” -y, a—1
BeTa [1+,8l0g (1;(]5)]0:-];) e J’y dy
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_ BT
BTa [1 + Blog (1—qs)]a

p

1
|1+ plog (1_;’5)]“

-

G(s) = [1 + Blog (1 —pqS)]

Mean

E(x) = G'(s)

-

G(s) = [1 + Blog (1 —pqS)]

Let

1—gs
u=1+ﬂlog( > )

dG(s) du
du “ds

G'(s) =

u=1+4 Blog(1 —qs) — Plogp
du —q
—=p—
ds (1—-gs)

du  —pBq
ds (1—-gs)

and
G(s)=u*“

—qu—*1 = _au—(a+1)
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—a —Bq

G'(s) = a+1-"
[1 + Blog (%)] F-as)
G’(S) = algq 1 a+1
(1—gs) [1 + Blog (_qu)]
puts =1
s apq
¢ = TP + plog e
__aBq
1-9)
_apq
ECo = (1-¢q)
Variance

var(x) = G¢"(1) +G6'(1) — (G’(l))z

G’(S) = a'Bq 1— a+1
(1—gs) |1+ Blog ( ptIs)]
G (s) = u’vv—2 v'u

letu = afq,u’' =0

v=(1-gs) [1 + Blog (1 —pqs>]a+1

v =ab+ba
leta=1-gs,a’ = —p

a+1

b= [1 + Blog (1 _pqs)]

Let
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1—gs
y=1+,8log< > )

db dy db

ds ds dy
dy __—Bq

ds (1—gqs)
h = ya+1

db _ a
=>dy =(a+ 1)y

= (@+1) [1 + Blog (1 —pqS)]“

% = (1__'825) {(oc +1) [1 + Blog (1 —pq8>r}

v' = —q[1+plog (* _pqs)]w b s {(a + 1)1+ plog - _pqs)]} (1-gs)

afq {q |1+ plog (22| + pa{(a+ 1) [1+ plog (1;;5)]“}}

G”(S) - a+1y2
{(1 —qs) [1 + Blog (l_pqs)] }
puts =1
v @Bqlg + Bg(a +1)]
= (1-9)?
wen _afq?[1+ B(a+1)]
GOy
_apg’l1+fa+p]
(1-¢9)

var(x) =6¢"(1) +G'(1) — (G’(l))z
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2

_ 9Bl +patpl  apq _( aBq )

(1-q)? 1-¢9 \(d-9)
B aﬁqz + azlgzqz + aﬁzqz + aZﬂZqZ _ aZﬂZqZ
B (1—-q)?
var(x) = BLA+ B +f)
(1-q)?

5.4. Negative Binomial -Beta Exponential
Let R be a random variable with pfd with

g(r) = e b1 —e %1 x> 0;fora,bandc >0

B( .b)

Then

P, = f prob(X = k/R = r)prob(R = r)dr
0

Cmr+k—-1 c
— Kk, 7 —bcr _ ,—crya—1
_jo ( k )q P Bapn®  dme )T

G(s) = Z DS B( b)f pTeber(1 — g=crya- 12 (7‘ + i - 1) (qs)* dr

k=0

pre—bcr(l _ e—cr)a—l(l _ qS)_rdT'

" B(ab) J,

=T

— B(:, 3 Ooo e—bcri ( )( 1)Je—cri (1 —pCIS> dr

i( >( 1)/ f e <C(’+b)+’og(1 qs)>dr
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Lety = r(log( )+c(b +]))

y
(log (1 qs) +c(b +j))

(tog (=2 )}-]}-c(b +1)

T =

dr =

G(s) =

= ) d
B(a bZ< )( DJJO log( )}-Il-c(b+])
¢ iz (a ]_ 1) S fooe—ydy

" B(a,b) log (%) +cb+j)Jo

D ¥ A Te oL
~ B(a,b) log (%) +c(b+))

Mean
E(x) = G'(s)
G(s) = — Zj °<aj )( L’
(s) = B(a,b) g (%) +cb+))
o = d 1
G(s)_B( b)jZO( >( )]ds[lo ( )+c(b+])
Using
u'v—vu
vZ

u=1u" =0and
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_ (1 qs p —q —q
v =log >

)+C(b+]);v =1—q5.7=1—q5

q

e 1)

G'(s) = >
+c(b+))]

- B(a, b)c(ql —qs) = ( J ) (-1 [log <1 _'pqS) e +j):

cq w(a 1

B T VAN

) (~Dled + 17

— ,,§< e w—{[w( ) o]
(7 e g flm (59
re (7 )R
) ioa (A5

1
[log( ) +c(b +])] 1- qs)‘

)+ c(b +j)]2

v =2(1- qs)( )+c(b +j)]—q[log<1_pqs

_ g i(a—1>(_1)] q|log (== )+C(b+1)] —2(1-g9) (%) [tog (55) + b + )]
j=0 (1- qS)z[log( )+c(b+])]
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g O /a-1 qle(d + )12 =201 - ) (55) [e(b + )]
Z(aj >(_1)] (1—q)2[c(b + N]*

N N [c(b + NI? + 2[c(b + )]
") = Z( j >(_ y p2[c(b + H]*

7] _ q N a—1 _ i C(b+])+2
0= 7)Y Gomaar

var(x) =6¢"(1) +G'(1) — (G’(l))z
= c(b+j)+2
D) Z( e COEICEDE
B(a b)(l—q)Z( >( Dleto + I

2
(B(a b)(l_q)Z( Y ile + i )

) -1 j
qzj=0(aj >(_1)J{ ch+p+2
B(a,b) Toor b +)HF -9

(= Sle +j)]-2)2}

var(x) =

var(x) = [c(b+ ]2

5.5. Negative Binomial -Exponentiated Exponential
Let r be a random variable with pfd with

g(r) = da(l —e )l x>0

Then

P = j prob(X = k/R = r)prob(R = r)dr
0
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®mr+k—-1
_ f ( k )q"p%(l —e ) leT dr
0

00 00 = r+k—1
G(s)= ) pus’ = Aaf pre (- ety ( k ) (7" dr
k=0 0

k=0

oY) p _ _
=,1a] e (1—e)* tdr
o \1— qs
=,1af ( . )Z( )( 1)/ e~*rie=Mdr
0 1- j=0

i( BIG fo () e erar
i( >( 1/ f P
_ i( ) cay [ ey,

Letr(log( )+Ar(1 + )

N——r

=Yy

~ y
r= log (%) +Ar(1+))

dy

dr = log( )+,1r(1 +7)

[oe)

G(s) = Aaz (“ ]— 1) (-1)/ fowe‘ log( )di/ Ar(1+))

Jj=0
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razi, ("7 1) Djf e

()= log( ) +Ar(1+j) 7o

paz,(“7 1) 1y

G(s)‘log( )+,1r(1+1)
Mean
E(x) =G'(s)
— N a—1 - -
G(s)—la;( ) 1)]log( ) 4 ar(1 + )
, B (0] a 1
G(s)—/lajZ)< >( )]dsllog( )+/1r(1+1)
Using

u'v—vu

_ N a 1
- Z ( v I[log + A(1 +])] ‘
(4 e es (5

o0}

)+,1(1 +j)]

E() = 6/(1) = (“ N enina+ i

,1(1 Q) §:<a 1>( ya+n

o' =aaa ()0l foo (5
j=0
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naa ) ()i :

j=0 [log (1 qs) + A(1 +])] (1—-gs)

2

v =2(1- qs)( 4 )[log(l_pqs)+/1(1+j)]—q[log(l_pqs)+A(1+j)]

= Aaqi (“ - 1) (—1)) q [IOg (%) +A(1 +j)] —2(1—gs) ( ) [log( ) + (1 +1)]
J=0 (1—gs)? [log( ) + (1 +])]

. % -1y AR =201 @) () A + )]
6@ =aq ) (*7) SENEIEE

d—1\, A+ PP+ 202 + )]
(7 ) P2+ DI

QD
R
—_
—
I
PN
N
R
N
-
gk

" — 2oo a—1 _a\J A(1+1)+2
G"(1) =aq ,Zo( j )( b’ (A2 + NI

var(x) =6¢"(1) +G'(1) — (G’(l))z

i( ey (;A()lz?:])z]g+fiqq:0(“}1)(—1)fu(1 + )1

i( Henna+ e )

var(x)—aq{qZ( v A qi( Henina+pr

j=0
- 2
(1 q)z (Z( CEVUVICR)) ) }
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5.6.Negative Binomial -Inverse Gaussian Distribution
Let r be a random variable with pfd with

1

MR O

Then

P = j prob(X = k/R = r)prob(R = r)dr
0

1

0 e ) e (s -

o 1 [e's)
2 [(® 3 Lo r+k—1
G(S) — Z pksk — (%)Zf prrge—ra¢+¢(2a)z—zz ( . >(qs)k dr
k=0 0

k=0

[ee)

1
= ¢
prr%e_md’w(m)z‘n(l - qs)‘rdr

N
o

I
6—\
SRS

N[

~,.
N \’
c';‘aS ° 3

?e—ra¢+¢(2a)%—% <1 - q5>_r dr
p

r

Il
/-~
T
N————

1 1-
—rag+paz-L —rlog=E o

]
rze

I
F
3]s

N[

o

0 1 0} 1—-qs
-3 —(raqb—qb(z )2 —§+rlogT

rze dr

N————

Sle

I
N

1
1-qs

2 1o ¢
)z ed’(za)zf r;e—(ra¢+;+rlogT)dr
0

1

)Ee—¢(2a)% jOoT_Tl—le—[r(a¢+logl;qs)+2%]dr
0

I
6\
SRS

()_\
SRS

G(s) =

1 1-qs ) 1
1 o _ —(a¢p+log r+4 —
- <2¢ )Z e_¢(2a)5f 7‘71_13 ( g )[ 2(ag+log* Tl
T
0

dr

Let
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r= ¢ x
2(ag + log 1_;15

, ¢
odr 5 (a(;b T log 1—pqs)> dx

p

1 1
1 1 -1 3
. — (22 002 (@ ¢ _ 1-gs ¢
~G(s) = (ZH) e Jo <2(a¢+mg%> .exp{ (a¢+log > )<2(a¢+l0g1—qs)) x +

Plap+logl—gspl2ly.gZap+logl—gsp—12dx

£ G(s) = (%femmﬁ (2(a¢ +‘?;Og %)> 2 fo " exp {x/(% (aqb +log > —pq5)> (x + %)} dx

1

ag + log =L\? 1 oo 1 1 1
Y Rt T IR TeToC - qs) _< _)
G(s) < p ) e fo x 2 exp{\/<2¢<a¢+log » )2 x+x dx
1 1
ap + log—=\? 1 1—as
= Tp e®(2a)Z, 2K_1\/<2¢ (agb + log pq ))
2

where K,.(w) is a Bessel function of the third kind.

CHAPTER 6

SUMMARY AND CONCLUSIONS

6.1. Summary

This workis on the construction of Negative Binomial mixture distributions based on continuous

mixing distributions for the success parameter p, wherepis transformedto et and 1 — e~¢, and
is in the range of[0, o].
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In chapter one, we have the introduction of Negative Binomial distribution which is used to
come up with the mixtures.

In chapter two and three, we focused on Negative Binomial mixtures based on transformation
of p.Bowman et al (1992) and Alanko & Duffy, (1996)used the transformationsp = e ¢
p = 1 — e~ t where p is the interval [0, ©] through the random variable t for t > 0.

and

In chapter four, we have dealt with geometric mixtures from negative binomial mixtures based

on transformation of the parameter p= e fandp =1 —e .

In chapter five we considered cases in which the parameters p is fixed and r is a random
variable. r has a continuous mixing distribution.

The mixing distributions used were Exponential, Gamma, Exponeniated Exponential, Beta
Exponential, Variate Gamma, Variate Exponential, Inverse Gaussian, and Lindely.

Mixtures were obtained using explicit method, recursive relations, Expectations (Laplace
transform or moment generating function). The explicit involved usingf (x) = f(”i_l) p"(1—

p)*g(p)dp where x = 0,1,2, .... and g(p) is the mixing distribution. By using this method the

_ AL(x+1)I(r+1-1) Other

Negative Binomial — Exponential mixture was obtained as f(x) = Tt At DT

mixtures could not be obtained using explicit since integration was not possible.

NB - Inverse Gaussian distribution was obtained using recursive relations as B. (x) =
r+x-1 r
[Pr(x == P (x - 1)]-

X

A major limitation to our work was using all the methods was not possible in obtaining some of
the mixtures. The table below gives summary of these results.

Summary of the mixtures of Negative Binomial

Distributions based on the transformation of the parameter P

-t

p=e
Mixing Distribution Methods of mixing | Mixture
Exponential distribution Laplace transform 4 x— 1\ o x . y)
= S Y
f@& ( x )2(k)( Y TR a

k=0

=Ae t* >0, 1>0 Explicit
9(t) = e AT(x + )T +A—1)

Fr+A+x—1DIr

fx) = -
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Lindley (1) distribution

Laplace transform

prob(x)
g(t)_fw92(1+t)e—9t 62 r+x_1 z": ( 1)k(9+r+k+]
0 6+1 (9+1) & 6 + 7+ k)2
Inverse Gaussian Laplace transform
1
¢\ S
g = (ﬁ) exp (—/10«# p(X =x) = r tx— 2 ( ¥ exp % 1
k=0
+ 4)(20()2 - i)
1 2(r+ ku
¢
Recursive relation
r+x-—
P ()= [AGa-1)
r
- et x—1 Tt (x )]
Exponentiated exponential with Moment generating
two parameter function f(x)
X
r+x—1 X 2B +r+k
-( e Qv ()
x k B
g() k=0
_ {aﬂ(l - e‘tﬁ)a_le‘tﬁ ;t>0;ap
0 elsewhere

Exponentiated exponential with

Laplace transform

one parameter r+x—1\ w©
f@=(""""a 2: ) (~DFB@ +7
g(t)
_ {a(l —eHelet  t>0;a> tka)
0 elsewhere
Gamma (1) distribution Laplace transform rtx— 1\ w ( 1)k
etret re="""00) -
ﬂo:i £>0a>0 L\ e+ D?
0 elsewhere

Gamma (l1) distribution Laplace transform f(x)

g(t) r+x—1\ v *

e—tﬁta—llgoc = ( ) Z (-1 )k [L]
={F— t>0;,a,pB>0 ) ptrrt+k
0 elsewhere

Variate Exponential with 2 Laplace transform b+T+""- x

parameter

e =

X

r+x—1) a+r+k 2

( ¥

k=0
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—at —-bt

<b

g1(t) = t>0;0<

a

Variate Gamma(2, x) distribution

Laplace transform

® [(at + 1)e— £00 (r+x—1> 1 [l (r+k+b)
g(t) =—7=<l(a e x) = n
tin (2) x In (B) r+k+a
a a
— (bt + 1)e~?t] a
Witht > 0;0<a<b r+k+a .
b X
— —1)k
r+k+b]kzo(k)( )

ab>0r>0

Beta exponential distribution Laplace transform p(X =x)

t x r+k
g() e_bct(l_e—ct)a—l . _ (r+x—1)2(i) (_1)k3(b c ,a)
=1{B(a,b) x ] B(a,b)

0 els¢
p=1—-et
Mixing Distribution Methods of mixing Mixture
Exponential distribution Laplace transform rt+x—1\ 1 (-2
ﬂx)z( x ) (k)/1+x+k
k=0

t)=21" t>0;1>0

90 Explicit A(”)’g_l)
fl) = 2y
r
Inverse Gaussian Laplace transform N 1 r - ¢
1 _ _ (T X — 1k v
1 = b \2 A p(X—x)—( . )Z(k)( 1k exp Ill
9N =\55) exp(~ 106¢> i=0
+ ¢(2a)z 2(x + k)u?
¢ o e
_ _) ¢
21

Recursive relation

P () =P (1)
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The work in this project can be summarized using the following frame work as a guideline:

6.2. Conclusions

This work can be extended to study other properties of Negative Binomial mixturesother than
mean and variance, the estimationof parameters and applications of the Negative Binomial

A FRAMEWORK FOR NEGATIVE BINOMIAL MIXTURES

mixtures.

Negative Binomial — Exponential and Negative Binomial — Inverse Gaussian distributions were
expressed in two forms, therefore itwould be interesting to focus on proofing these identities
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