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Summary of Contents

The inspection of individual members of a
large population 1is an expensive and tedious process.
Often when testing the results of manufacture, the
work can be reduced greatly by examining only a
sample of the population and rejecting the whole if
the proportion of defectives in the sample is unduly
large. In many 1inspections however, the objective
is to eliminate all the defective members of the
population. This situation arises in manufacturing
processes where the defect being tested for can
result in disastrous TfTailures. It also arises in
certain inspections of human populations with say
infectious diseases.

Where the objective 1is to weed out individual
defective units, a sample inspection will not suffice.
In this casernn we need designs which will classify

all the items 1iIn the population as defective or

non-defective. Such designs are known as screening
designs. Earlier work in this area was done by
Dorfman [ 3 ] and Sterret [26]. Connor [ 11,

Watson [28] and Patel [13], [14 ] have approached
the problem from the point of view of designs of
experiments and called these designs "Group
screening designs'. This thesis 1is along the lines
of Sterret®"s paper [26], The problem has been
approached from the point of view of design of

experiments.
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Chapter 1 defines the concept of group
screening 2esigns and describes briefly the work
done in this and related areas by several authors
in the past. The chapter also lays down the
assumptions which are used iIn this thesis.

In chapter 11, step-wise group screening
designs have been introduced and are studied
assuming that all factors have the same a-priori
probability of being defective. Optimum group sizes
in the iInitial step have been determined considering
only the expected total number of runs. A comparison
of two-stage group screening design with step-wise
group screening design 1is presented.

Chapter 111 extends the results of chapter
Il to the case where TfTactors are defective with
unequal a-priori probabilities. It is shown that
under certain conditions, the minimum expected
number of runs when” screening is done under the
assumption that factors are defective with unequal
a-priori probabilities is smaller than the minimum
expected number of runs when screening 1is done
under the assumption that all factors are defective
with the same a-priori probability.

In Chapter 1V, the optimum sizes of the
group-factors for both the cases when we screen
with equal and with unequal a-priori probabilities

have been determined taking iInto consideration both



the expected number of incorrect decisions and the
expected number of runs. To balance the apparently
opposite trends of the expected number of runs and
the expected number of incorrect decisions, a cost
function has been defined and optimum sizes of the
group-factors determined by minimizing the cost
function.

At the end, are given a series of tables
which show some group screening plans resulting
from the work that has been done 1in chapters 11
through 1V. This appears 1in appendices 1, Il and
1.

Throughout this thesis, it is assumed that

p’, i.e., the a-priori probability

«

the value of

of a factor to be defective is known heuristically.

Thus no attempt 1is made to estimate ’p in this

thesis. The work has been extended to the case

with more than one value of ’p”. For example 1in a
manufacturing plant turning out hundreds of items
every day, the probability of the plant producing
defective items will vary from time to time due to
assignable causes of variation which affect the
production. Thus 1In such a case; it is reasonable
to assume that items will be defective with unequal
a-priori probabilities. Again we shall assume that

the values of these a-priori probabilities are

known heuristically. However, the optimum sizes of



the group-factors will depend on the expected

number of runs and the expected number of incorrect

decisions.

Familiar calculus methods have been used
solve most of the problems in this thesis. The
methods used include Newton - Raphson iterative
method, the method of Lagrange’s multipliers and

ordinary differentiation.

to
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CHAPTER 1

>»

INTRODUCT ION

1.1 BASIC IDEAS IN GROUP-SCREENING DESIGNS

The problem of detecting defective factors in a large
population consisting of defective and non-defective factors
has been tackled in various ways. Designs used in this kind
of investigation have been called screeriigg designs. One such
class of designs is the group-screening designs.

In group-screening designs, the factors or members of
the population are divided into groups called group-factors.
The group-factors are then tested for significance and
classified as either defective or non-defective. If a group-
factor is classified as non-defective, then it is dropped from
further investigation since it is qgssumed that all the factors
within that group-factor are non-defective, If, however a
group-factor is classified as defective, individual factors
from that group-factor are investigated further.

Group screening experiments can be carried out in
several stages. In a two stage group screening design, the
group-factors formed are tested iIn the Ffirst stage and factors
from defective group-factors only are tested in the second stage
In a three stage group screening design, the first stage
consists of dividing the factors into group-factors, known as
first order group-factors, which are then tested and classifies
as defective or non-defective. In the second stage of the
experiment, each Ffirst order group-factor classified as

defective in the first stage is further divided into smaller



group-factors called second order group-factors which are then
tested and classified as defective ortnon—defective. Finally,
in the third stage all the factors belonging to the second
order group-factors found to be defective in the second stage
are tested individually and classified as aefective or non-
defective. The three stage group-screening design can be
extended to s-stage group-screening design (s>3).

In a step-wise group-screening design, the analysis is
carried out as follows:- In the initial step, the factors are
divided into group-factors. The group-factors are then tested
for their significance. Those that are found to be ncn-defective
are set aside. In step two, we start with any defective
group-factor and test the factors within it one by one till we
find a defective factor. We set aside the factors which are
found to be non-defective, keeping the defective factor separate.
The remaining factors are then grouped into a group-factor. |In
step three, we test the group-factor obtained after step two

m
is performed, |If the group-factor is non-defective, we
terminate the test procedure, [If the group-factor is defective,
we continue with step four. |In step four, factors within a
group-factor found to be defective iIn step three are testea one
by one till a defective factor is found. Factors which are
found to be non-defective are again set aside keeping the
defective factor separate. The remaining factors are grouped
into a group-factor, In step five, the group-factor cotained in
step four is tested. The test procedure is repeatec until

the analysis terminates with a test on a non-defective group-

factor. Steps two onwards are carried out for all the



group-factors found to be defective iq step one. .In brief,
the test procedure consists of testiné the group-factors and
the factors within the group-factors found to be defective,
one by one till a defective factor is detected by several steps
alternately.

The main objective of group-screening is to reduce
the number of tests or observations by eliminating a large

number of non-defective factors in a bunch, thus reducing the

cost of the experiment,
1,2 BRIEF REVIEW OF LITERATURE ON GROUP SCREENING DESIGNS

The concept of testing items iIn groups and testing
individual items only if the group test is positive was first
introduced by Dorfman J~3~] in 1943 as an economical method
of testing blood samples of army inductees iIn order to detect
the presence of infection. Dorfman proposed that rather than
test each blood sample individually, portions of each of the
samples could tie pooled together and the pooled sample tested
first. If the pooled sample was free of infection, all the
inductees in the sample could be passed with no further tests.
Otherwise the remaining portion of each of the blood samples
would be tested individually. [ITf the prevalence of infection
were low, the expected total number of tests and thus the
expected total cost of inspection, would be reduced,

The work of Dorfman was carried further by Sterret
[>1 in 1957. In Sterret"s screening plan, inaividual iterms
from a defective pooled sample were tested one at a time

until a defective item was found. The remaining items from



the defective pooled sample were again tested iIn a pool. If
the result was negative, then the worL was complete for that
pooled sample. Otherwise testing items individually was
continued until another defective item was found. The
remaining items-were again tested in a pool. The process
was continued until all the defective items in the cefective
pooled - sample were weeded out. The basic argument behind
Sterret’s plan was that since Dorfman’s plan workeo well for
low prevalence rate of defective items, this low prevalence
of defective items makes the chance of exactly one cefective
in a defective pooled sample high enough to warrant a pooled
test once a defective item has been found. Sterret®s plan
reduced the number of runs obtained using Gorfman"s plan by
as much as eight per-cent for a prevalence rate of five per-cent.

Graff L.F. and Roeloffs, R. 6 in 1972 extended
the work done by Dorfman Q33 to the case when a test error
was present. They defined the cost as a linear function of

m
the number of runs, the number of defective factors
classified as non-defective and the number of non-defective
factors classified as defective.

Sobel and Groll [[24[I1 in 1959 devised a sequential
sampling scheme which minimized the expected number of tests
required to classify all the factors in a population as
defective or non-defective. They discussed group-testing
procedures which could be used efficiently for smaller
populations. They assumed that factors represent the items

in a sequence of indipendent Bernoulli trials with

probability g and p = 1 - q of being .non-defective-and



defective respectively . In another paper Q25 '3 > they
extended the Binomial sequential group testing to the case
when the prevalence rate of defectives "’ is unknown To
estimate p, they used the maximum likelihood estimation

procedure and the Baye’s procedure ,

Connor was the First person to approach the
group-testing problem from the point of view of designs of
experiments. This was later followed by Watson O H in
1961. Watson studied two-stage group screening designs with
and without errors in observations using equal size groups.
For the case where there were errors in observations, he
obtained expressions for the power of the tests in the two
stages. Assuming continuous variations in group-sizes, he

*
obtained the optimum group-sizes by minimizing the total
expected number of runs (tests) with respect to the group-sizes
using ordinary calculus techniques. He also worked out
expressions for the expected number of defective factors
declared non-defective and for the expected number of non-
defective factors declared defective.

In a technical report submitted to the Research triangle
institute in 1962, Patel maximized the expected number
of correct decisions by a proper choice of the sizes of the
critical regions in a two stage group screening design and
compared the value with that obtained by maximizing the same
in a single stage design. In a note on Watson®"s paper, Patel
D O proved that the expected number of defective factors

declared defective is a non-decreasing function of the level

of significance in the first stage; thus removing the doubt



which Watson had. Patel [[14~] in another paper, extended
the two-stage group screening procedure to multistage group
screening procedure when responses are observed with
negligible error. He restricted his work to the case when
all the factors were defective with the same a-priori
probability. In the same paper, he discussed the question
of the choice of the number of stages which should be used.
He showed that the optimum number of stages depended on
the prevalence rate of defective factors. In yet another
paper, Patel L16" has shown that the factors to be included
in an experiment before it is carried out should have a-priori
probability of being defective different from 5. Patel [ 18],
has worked out the condition under which the expected
number of correct decisions iIn a two-stage experiment is at
least equal to that in a single stage experiment while at the
same time keeping the expected number of runs in the former
experiment fever than the expected number of runs iIn the
latter experiment. In paper ~177]* Patel gives caution
on when a two stage group screening method should not be
used.

Li £ 87 in 1962, developed multi-stage designs for
screening experimental variables and obtained results
similar to those obtained by Patel m Considering the
likely case where at each stage, a defective group-factor
contains only one defective factor, he showed that for

maximum screening efficiency, each stage in a multi-stage

experiment must have the same number of tests.



In 1962, Thompson £ 27J used, the group screening
method and the method of maximum likelihood to estimate the
proportion "p® of vectors capable of transmitting auster -
yellow virus in a natural population of macrosteles
fascifrons (Stal) - the six spotted leafthopper. William,

G. Hunter and Reiji Mezaki Q29 J in 1964 used a group screen-
ing method to select the best catalyst from a list of

possible catalysts for the oxidation of methane. They stated
that by arranging possible catalysts for a reaction in

logical groups and testing each group in a single run, the
less active catalysts can be weeded out and the total number
of runs reduced.

Finucan Q4j in 1964 considered a multi-stage
group screening design without errors in observations and in
which all factors are defective with the same a-priori
probability. He suggested the method of finite"differences
in solving for*the optimum group-sizes iIn a two-stage
group-screening design.

Curnow 2J in a note on G.S. Watson®s paper

S e
points out an error in derivation of some probabilities by
G.S. Watson. Kleijnen [ 7 has compared group screening
designs with other types of factor screening designs. He
investigates the assumptions made by Watson ["28"] anc*
derives some new results on two-stage group-screening by
allowing the possibility of two factor interactions.

Samuels®™ [723~] states that the expected number of runs
in a two-stage group-screening design is not a unimoaal

function of group size. He however confirms Dorfman®s results.



In 1974, Garey and Hwang [ 5] obtained the optimal group-
testing procedure for isolating a single defective in a
finite set of n items containing at least one defective.
They considered the case when the probability of each item

to be defective is known and used a binary testing tree,

Patel and Ottieno [ 20. in 1984 approached two
stage group-screening designs with equal prior probabilities
of factors to be defective and with .no errors in observations
from the point of view of discontinuous variation in the
sizes of group-factors. They used the method of Ffinite
differences to obtain optimum group sizes and compared
their results with Watson®s results obtained hy assuming
continuous variation in the sizes of group-factors. In
another paper, Patel and Ottieno [ 21 have extended
Watson®s paper [’28 ] to the case when items have unequal
a-priori probabilities of being defective. They have *
considered the %ase where there are no errors in observations.
They have shown that in the case of group screening from a
population with unequal a-priori probabilities, the number
of observations needed on the qverage is considerably smaller
than that required in the case of a population with factors
having the same a-priori probability of being defective. In
another paper £ 197 , they obtained optimum two-stage group
screening designs with errors iIn observations by considering
both the expected total number of runs and the expected

total number of incorrect decisions. Optimum group



sizes were obtained by minimizing the expected total

number of runs for a fixed value of the expected total

number of incorrect decisions and vice versa. As an
alternative method of obtaining optimum two stage group
screening designs, they defined the expected total cost of
screening as a linear function of the expected total number
of incorrect decisions and the expected total number of runs
and obtained the group size that minimizes the expected total
cost.

Qdhiambo Q0123 1in 1981 studied group screening
designs with three stages. He assumed that different factors
were defective with (i) the same a-priori probabilities and
(i) unequal a-priori probabilities. For each of these cases,
he considered screening with and without errors in
observations. For the case when there are errors in
observations, he used orthogonal fractional factorial designs
of the type oQ%ained by Plackett and Bumnan 2 2 to derive
theoretical results. He also studied multi-stage group-
screening designs without errors in observations and
assuming that the factors have unequal a-priori probabilities
of being defective.

Mauro and Smith Q 9J in 1982 have examined the
performance of two stage group screening designs when the
assumption that the direction of possible effects are known
or are correctly assumed a-priori is relaxed. The case of
zero error variance is considered. They assumed that for all
defective factors, the magnitude of the effect is the same

but the direction of the effects could be different. To gauge
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the effect of cancellation, they define a percentage -easure
i

of efficiency of a screening stratefy for detecting tu= active
factors. They also define the relative testing cost as
another measure of screening efficiency. Mauro QIC_; 1in
1984 extended this work to the case when there are errors in
observations. In their paper D O . Mauro and Burns have
compared random balance screening strategy with two srsge
group screening designs. A screening model in which aha
effects of defective factors are additive is assumed. They
found that the optimal group-screening strategy is generally
better than the optimal random balance strategy at low type

I error rates but begins to lose its advantage at highar type

1 error rates.
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1.3. ASSUMPTIONS

The assumptions made in this thesis are essentially
those made by Watson Q2877], later modified by Patel and
Oottieno N197M]> and C~MI] = When screening with equal
a-priori probabilities, the assumptions are as follows

(O All factors have, indipendently, the same a-priori

probability "p® of being defective.

(@2 Defective factors have the same positive effect A.

() None of the factors interact.

(@ The required designs exist.

(B) The directions of possible effects are known.

(6) The errors of all observations are independently

normal with a constant known variance, a2.

(7) The total number of factors is *f = kg", where

’g > is the number of group-factors in the initial
step and "k’ is the number of factors in each of
éﬁe group-factors.

When screening with unequal a-priori probabilities, the

assumptions have been modified as follows:-

(i) The ¥ factors can be divided into a fixed number

g’ of group-factors in the initial step such

g
that f = Z k. , where k- is the size of the
i=1 1 1

ith group-factor in the initial step.

Gi) p™>0 > i=1,2,..,9, is taken as the probability

that a factor in the i”™l group-factor in the

initial step is defective.
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Ggii) A0 , i=1,2,...,9, is the effect of a factor

within the i”h group-factor in the initial step.
(iv) None of the factors interact.
(v) The directions of possible effects are known.
(vi) The required designs exist.
(vii) The errors of all observations ere independently
2

normal with a constant known variance a .

(viii) cg” is the level of significance for testing the

ith group-factor in the initial step and ay ¢

is the level of significance fcr testing the
factors within the i”~h group-factor which is
declared defective in the initial step (i=l1,2,..
$) B

@ probability that a group-factor
consisting of factors from the step group-
-factor is declared defective but on testing the
individual factors, no factor is declared
defective due to errors in observations.

Non orthogonal fractional factorial designs are usee
in this thesis when there are no errors in observations,
whereas orthogonal fractional factorial designs of the type
given by Plackett and Burman [722~ are used when errors m
observations are allowed. |In the case of screening with
errors iIn observations, the expression for the power of the
test in the initial step has been obtained. Cptimum group-

sizes have been obtained using calculus rrsth.ccs.
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CHAPTER 11

STEP-WISE GROUP SCREENING DESIGNS WITH EQUAL A-PRIORI

\

PROBABILITIES

2.1. SCREENING WITHOUT ERRORS

Let there be *f* factors under investigation. The
problem is to isolate defective factors with minimum number
of observations (also called runs). With this objective in
view, we First divide the *f* factors into ’g” group-factors
in step one. If each group-factor has k factors, then

f = kg @.1.0).
The group-factors are then tested for their significance by
an experiment consisting of (g + 1) runs. Those that are
found to be non-defective are set aside. In step two, we
start with any defective group-factor and test the factors
within it one by one till we find a defective factor. We set
aside the facﬁprs which are found to be non defective,
keeping the defective factor separate. The remaining factors
are then grouped into a group-factor. |In step three, we test
the group-factor obtained after step two is performed. If the
group-factor is non-defective, we terminate the test procedure.
IT the group-factor is defective, we continue with step four.
In step four, factors within a group-factor found to be
defective in step three are tested one by one till a
defective factor is found. Factors which are found to be
non-defective are again set aside keeping the defective factor
separate. The remaining factors are grouped into a group-factor.

In step five, the group-factor obtained in step four is tested.



ml4.

The test procedure is repeated until,the analysis

terminates with a test on a negative (nhon-defective) group-
factor . The procedure will certainly terminate in a fi rite
number of steps. If the probability of a factor to be
defective is small, the probability of exactly one defective
factor of a positive (defective) group-factor is high enough
to warrant a group analysis once a defective factor is
found. Steps two onwards are carried out for all the group-
factors found to be defective in step one. This procedure
differs from the procedure first introduced by Sterret o n
in that in the first step, the g group-factors are tested
in a-factorial experiment with (g + 1) runs.

Alternatively, if we use the control run used in
step one iIn the subsequent steps, then steps two onwards
could be performed in a series of experiments as follows:-
In step two, we take one factor from each group-factor
found to be defective in step one. The factors are then
tested for their significance by an experiment s If no
defective factor is observed, we take another set of factors
one from each group-factor and test their significance . We
repeat this procedure till at least one defective factor is
observed. The non-defective factors are set aside, keeping
the defective factor(s) separate. The remaining-factors
from a group-factor that contained a defective factor are
set aside and grouped into a group-factor. This process is
repeated until one defective factor from each group-factor

found to be defective in the initial step has been isolated.
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In the third step, the group-factors set aside in step two

are tested iIn an experiment using the control test used in step
one . Again the group-factors found to be non-defective in

step three are set aside , In the fourth step, we proceed with

a series of experiments as in step two until we isolate one
defective factor from each group-factor found to be defective

in step three. The remaining factors from each of the group-
factors found to be defective in step three are grouped into a group
factor after step four is performed. Again the group-factors
set aside in step four are tested in an experiment in step

five. This procedure is repeated until the analysis terminates
with all negative (non-defective) group-factors when all the
defective factors have been isolated. Both these test
procedures are equivalent; but when errors in the observations
are allowed, it is convenient to use the alternative procedure
to derive theoretical results. |In brief, the test procedure
consists of testing the group-factors and the factors within

the group-factors found .to be defective, one by one till a

defective factor is detected by several steps alternately.

2.1,1 The expected number of runs

Let "p" be the a-priori probability that a factor
is defective. A group-factor is defective iIf it contains at
least one defective factor. Let p* be the probability that
a group-factor in step one is defective. |If j is the number

of defective factors in such a group-factor, then



(2.1.2)
where

q =1-p - 2.1.3)

In the initial step, all the g group-factors are
tested for significance. Thus the number of tests (runs)
required in the initial step is given by

Rf -g + 1 (2.1.4)
where the one extra test is the control test. This control
test is used as a control test for the subsequent steps. Let
r be the number of defective group-factors in the first step.

Then the probability distribution of r is given by

r =0,1,2,...9
Otherwise
(2.1.5)
Thus
E(r) = gp*
= i Cl - gk) (2.1.6)

In the subsequent steps, the analysis of the r group-
factors found to be defective in the initial step is continued
as"described in the earlier part of section 2.1. Let P*(J)
denote the probability that a group-factor of size k contains

exactly j defective factors if it is known to contain at

least one defective factor. Then
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\ t
Pk(j) - 1 -gV10)pJd(l - p)kJ
=12, ...k
(2.1.7).

Let E~(Rj) be the expected number of tests (runs) required
to analyse a group-factor i.e., classify as defective or
non-defective all the factors within a group-factor of size k
which is known to be defective if it contains exactly j
defective factors. To obtain an expression for E~(Rj), we

start by considering a sequence of lemmas.

Lemma 2.1.1

W m-l*1*i -1
Proof

It is equally likely that the defective factor is
found at any trial. Consequently the probability that it is
found on any one trial is w m |If the defective factor is
found at the £~ trial; £=1,2,.. ,k-1, then £ tests are needed
to find it. The other test we need is the group test on a
group-factor consisting of (k-X) factors. This group-factor
is non-defective if j=T. If the first (k-1) factors tested
are non-defective, then the kth factor is the defective one.
We need not test this factor since the initial group-factor of
size k 1is known to contain at least one defective factor. Thus

k-i
Ep(RP =F Z(E+1) +-f(k-1) (2.1.8)*

Simplifying (2.1.8) we obtain



18

1 (k-1Hk+2) k-1
W " K

-5+ 1+3 - (2.1.9).

This completes the proof of the lemma.

Lemma 2.1,2

c , 2k 2 4
Ek(R2] 3 +2+3 Kk

Proof

In this case, the approach is to find the first
defective factor and thus reduce the problem to the one in which
the group-factor has only one defective factor. This problem
of a group-factor having only one defective factor was
considered in lemma 2.1.1. The probability that the first
factor tested is defective Iis 2 IT the Tirst factor tested
is defective, then on the average we require {1+1+E™ "(RM)}

tests to complete the test procedure. For 1=1,2, ..,k-2,

st
the probability that the (£+1) Tfactor tested is the Ffirst
1¢( k-(w+" D\ 2

defective factor to be found is Ho —— = ~t
WEJA keG-1)/ koA

and on

the average, the "number of runs required to complete the test
procedure in this case is {(A+D+I+E"-j] Jod
Hence

EKR2> - I <I-1.Ek_1(R1)>

k-2
+ Z
g WTEK-(w-1)) k-A {(E+1]+1+Ek-(E+1) (RID}

(2.1.10).

Rewriting (2.1.10) and using (2.1.9), it follows that
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w4 kA4 @ T4 TS kA
k2 2 T k2 3 2,
k k-1 2 2 k-2

k-3 2
4 +kl +3--L
k k-1 t 2 2 k—g

2 2 /F. .. 2 3 2
fk kl{kl +2+2"2}
1 2 ,-13 2,
+k k-1{&k+2+2" 1}
k-1 k-1
k(k-1) sz| (rebydem ktk-1) nZi <M
k-1
4(k-1)
+ Z (k-m) -
2 k-D
2 T(k+Dk(kk-1)  kk-1m 1 E((k—l) 8k—lfj
yk(k-1) L 6 © 2 3 +k(k-1)
3 rk*ck-iD n 4
kk-D [ 2 J- K
2k 2 4
EK® = 3 +2+3 -~k (2.1.11)

This proves the lemma.

Lemma 2.1.3

Proof

After finding one defective factor, the problem

reduces to that considered in lemma 2.1.2. The probability

3

that the first factor tested is defective is anc™ the

probability that for £=1,2,...,k-3 the E+1)°~ factor tested
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n (k (w+2)\ 3 t the first

is the fTirst defective is K- (w~1)/k-£

w=I

factor tested is defective, then on the average we need
(+1+EMF~)} tests to complete the test procedure.

,St -
However, 1if for £=1,2,3,..._, k-3, the (£+1) factor tested is

the first defective, then on the average we shall need

{(E+D) 1 + E~_ (Fy) runs to complete the test procedure.
Thus
Ek(R3) EACR,)}
k-3
+ .E
£1
(2.1.12).

Using (2.1.11) we get

3 k-12¢el) 8 4

EKR3 =kk-1lk2{+*“ — +3"F1 }
3 k-3 k-2 2(k-2) 8 _4
R SR t3 oY)
3 k-3 k-4, 2Kk3) 8 _4
Rkl @ g s Egl

3 2 3 .. 23 8 4
+ k k-1 k-2 {(k 2) 3 +3"3
+3 0 2 ... 22) 8 4

k k-1 k-2 + 3 +3 "2}

k-2
K(k-1) (k-2) m:El(m+1)(k-m)(k-m-l)
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2 k

2. .2
+ K(k-D)(k-2) mf1tk™  (k-m-1)

i T2 (e (k-1
PRy D) mig MG

12

"z~ (k-m-1
K(k-1)(k-2) mZi K™D
(2.1.13)
The summations
k;2 t . k+Dkk-1) (k-2
z m(k—mg%k—m—lb S (12 ) (=2)
m=1
K520 my 2Benry = K& G2 G-
m=1
2.1.1%)
and
k-2
mz _(kem)(k-m-1) = k(k-1D(k-2)
have been obtained by Sterret 26 .
Using these summations in (2.1.13) above, we get
, k+1 . 3k-1 8 6
W - * 1 *— *3 "k
3k _ 3 6
- +3+4+4 “k (2-1.15)

This completes the proof of the lemma.
We are now In a position to state and prove a more general
result.
Theorem 2.1.1

The average number of tests required to analyse a
defective group-factor of size k assuming that it contains

exactly J defective factors is given by
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Proof
The proof follows by mathematical induction. The
validity of the Theorem has been shown for j=I. We assume

that the Theorem is true for j=n-1, (I<n-I<k) that Iis

Fo? =, T - (2.1.16).

We shall show that the Theorem is true for j=n. Now for j=n >

AN
t — I

., Fk=(w+n-D\ n rin
EKRE Tk{I+1+EL- 1 Rn-D}+ 1 vUk-(w-1) jkri{U+1)+1

YRy -1 117

The factor in the first term is the probability that the

first factor tested is defective and il + 1 + Ek —]Z(Rn—l)}

is the average number of runs required to perform the analysis

if the first factor is defective. The value

n (kdwn.~A is the probability that the first £ factors
w=l \ k-(w-1) j n
tested are non-defectivej is the probability that the

(£+1)St factor tested is defective. The term

{ED +1+E R N f) consists of the number of tests

J

k-CE+0)
. . . . st

required to find the Ffirst defective factor on the (£+1)
trial, the group test on k-(£+1) factors and the average
number of tests required to complete the analysis with (n-1)
defective factors in k-(£+1) factors.
Substituting in (2.1.17) the values given in (2.1.16) we

obtain
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,.n k-1 k-(h-DFf n-1 2(r-D~-
Ek (Rn keq-ny [ on DD
k-n n k-2 k-(n-D n-1

K kel k20 kenony Bn DD

2(n-D
k-2 |

k-n k-n-1 n k-3  k-(n-1)

4= (k=3)+(n-1
+ K kel k-2 k-3*" k-(n-D) n KD+0-D

+ml _ 2@~

n k-3 J
+ e - o L ] L) - L 3 - L)
+ k-n k-n-1 ~k-Ck-2) _n k-(k-n).. k-(n-1)
k k-1 k-(k-n-2) k-(k-n-1) k-(k-n)  k-(n-1)
e . n-1 2(n-
P E(k—n+1) +n—ﬁ—|ﬁ) +7(n-1) +|1?| —————— g}12;
k-n k-(n-1) k-(k-1) n k-(k-n+1)
Kk k-1 k-(k-n-1) k-(k-n) k-(k-n+1)
m
k-(n-1)
k-(n-D
x (k-n+2) + - —n-1) + (n-1) + - (
(2.1.18)

By rearranging and taking appropriate surrmations (2.1.18)

becomes *
- n k-n+l
EK(Rn) = 5 r (m+1) (k-m) (k-m-1)eeee(k-m-n+2)
"k n m=1

1 k-ntl 2
+ E (&) (k-m-1) eee(k-m-n+2)
0 k n m=I
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2, k-ntl
+ " "t Z (k-m)(k-m-1) eee(k-m-n+2)
k n m=I

p- kzn+1(k-m-1] (k-m-2) eee(k-mHH2)

k n m=1 (2.1.19)
where
(P = k(D (k-2) ===(k-n+1) (2.1.20)
The surrmations
KOt kem) kT3 e== (kem-n+2) = LKHIVCnED
m=1 nn+l)
k_gﬂ (k) (Kemo1)(Kem-2)eee (kemons2y ~ CHDF D
m=1 (n+1)
k~n
k-n+l kPn
Z, (kem)(kem-1y= - (kemon+2) = —— (2.1.21)
m= n
and
k-n+l
7 (keme1)(kem-2)ees (kemoni2y KD D
m=1 n-1
have been determined by- Sterret [26 ] .
Using these surrmations in (2.1.19) above we obtain
p, - kv 1 (m-Dk+1) n-l n™-1  2n(n-1)
kIKnJ = n+l n+l n + n (n-Dk
nk n 2n
=AL +n+7AT"T (2.1.22)

This is exactly the value of E~MRj) for j=n. Thus if the

Theorem is true for j=n-1 0£n-1£k) it is also true for j=n.
But the Theorem is true for j=1 (c.f. lerra 2.1.1). Hence
it is true for j=2 and in general for any j (=1,2,..,k).

This completes the proof of the Theorem.
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Let R° denote the number of tests required to analyse
a group-factor i.e., classify as defective or non-defective
all the factors within a group-factor of size k that is known

to be defective. Then

E"V m jJ h W pk*J) S (2-1.23)
where PAtjJ) is as defined in (2.1.7).
Using (2.1.7) and Theorem 2.1.1 in (2.1.23) we get
ER®) - z {iM i.j-ak 1 /kvinki
j=1  J+1 I TK(3/pq
k+1 1 kedg<d
—r {(k+1)(1-gk)+kp-2p) - — q
1q I-gk j=1j+IW
2.1.24)
Next
‘k*11
,nNUKk k-1 k=1 2 k-2 1 kx
= {k+1H7 pq § ) + X+ THTPY
1 rk+D) k 2k— (k+1 (k- 1) 3 k-2 +  k+1.
=- & 27 Pq -—2F-—-Pq t oeestp J}
®..~ (I-gk ms (k+1)pgk) (2.1.25)

Using (2.1.25) in (2.1.24) we obtain

EtRG) = o (k+1) (1-gk)+kp-2p— (I-gk ~-(k+D)pgk}

(kk+l) + kp - 2p - — (1-gk =
1-q P (2.1.26)

Let Rc denote the number of tests (runs) requires

to analyse all the factors in the r group-factors fours to
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be defective in the first step. Then,
R =r EQR
S ( S)
k+i”

(k+1) + kp - 2p ! {19 3}
i-q (2.1.27)

Further let R be the total number of runs required to
investigate the f factors. Then
(2.1.28)
Theorem 2.1,2
Let R denote the total number of runs required to
screen out the defective factors from among the *f~” factors
under investigation iIn a step-wise group screening

experiment where p is a-prior probability of any factor being

defective and k is the size of the group-factor in the initial

step, then
ER)
where
g=1-np.
Proof
f
In,the first step, we have g = group-factors to

test. Therefore the number of runs required in step one is
R «g + 1 . (2.1.29)
the one extra test being the control test. The number of runs

in the subsequent steps is

Rs=—T (D + kp - 2p - ™ U-qk+1} (c.f. 2.1.27),

where r is the number of group-factors found to be defective

in step one. Then
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kHl,*] E
E(RS) = jjk+1) + kp - 2p -~ (I-gk 1}1 (r)k
1-q
= Qk+1) + kp - 2p -~ {l-gk+1}] £ (2.1.30)
using 2.1.6) -
The expected total number of runs is given by
ECR) = Rj + E(Rg) (2.1.31)
Using (2.1.29) and (2-1.30) we obtain
f ,,.f, 2f f k+1.
ER) - 1 K TP K kp a7
=1+fp "iTa+f - iﬁ {1 _ pk+1} (2.1.32)

This completes the proof of Theorem 2.1.2.
Corollary 2.1.1
For small values of p, the expected total number of

runs 1is given by
E‘ﬁ t %'+ 3§E + k _ ZEE + fBE
upto order p. *

Proof

For small values of p,

11" (iP)k * 2-K1] - , upto order p
(2.1.33)
Substituting this expression in (2.1.32), we get

E(R) =i +fp + 2fa_ f + fkE + f£
k k 2 2

=i +JFE +1 _IfR +ihE  p¢o order p

(2.1.34).

This completes the proof of corollary 2.1.1.
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2.1.2, The Optimum size of the group-factor in the initial
step
Theorem 2.1.3
Assuming p i.e. a-priori probability of a factor
to be defective to be small, the pize ’k” of the group-factor
which minimizes the expected total number of runs in a step-

wise group screening design is given by

provided p<5. The corresponding minimum expected total

number of runs is given by

Min ECR) ~ 1 +~ + f(2p)i{l - 2p)5.

Proof
Assuming continuous variation in k, the optimum

group size is obtained by solving the equation

where ECR) 1is as given"in corollary 2.1.1.

This implies

which gives
2 2 - 4p

or

k = i (2.1.35),
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provided p<].

The value of k given in [2.1.35) will be in the neighbourhood

of the point of minimum of EQR) if

dkn
1.e. if
B
k k

which is true if p<£. Thus the value of k given in (2.1.35)
is in the neighbourhood of the point of minimum of E(R).
Substituting this value of k in the expression for E(R) given

in corollary 2.1.1, we obtain
min ECR) - 1 +/~ +/A27) =

+ 2(2-4p) 3p5 (2.1.3Ba)

=1+- + f(2p)2(-2p)2
2 (2.1.36b).

This completes the proof of Theorem 2.1.3.
Next we wish to obtain the value of k that minimizes

E(R) for arbitrary values of p. For arbitrary values of p,

ECR) = le+ fp + +f -~ (1 - gK+1}

c.f.(2.1.32).
The value of k that minimizes E(R) in (2.1.32) is a solution

of the equation
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T%? +-—}5 (1 - q k+1} + 1 qk+1£nq =0

k2 Pk2 n
which implies

, k+1 k+1l
1-g¢ - 2pg + kq ¥q =0 (2.1.37) *

Equation (2.1.37) 1is non linear in k and can be solved by
Newton - Raphson iterative method. Let the initial

approximation be the value of k obtained in (2.1.35). That is

i .( H * ) (2.1.38).

Let us denote the left hand side of equation (2.1.37) by

ip(k) . Then the next better approximation of optimum Kk is

given by
K=k TR (2-1.39)
iT(k®)
where
. k+1 2
g7 = kg (Eno) (2.1.40)

The iterationsnpay be continued until the desired level of
accuracy is attained.

In the next Theorem, we give a sufficient condition
for a step-wise design to be more efficient than a single
stage design.

Definition We shall say that one design is more efficient
than another iIf the expected number of runs in one is less
than or equal to that in the other for all p (O<p<l) with
strict inequality holding true for at least one value of p~

i.e. the probability of a factor to be defective.
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Theorem 2.1.4

A step-wise group screening design with *f festers
and "g" group—factqﬁ§ in the initial step, each group--ector

of size k = where p is the prior probability cf a

factor being defective, assumed to be small, is more efficieni
than the corresponding single stage design.
Proof

The Theorem is true if

x + 3FE + Fp)*( - 2p)* < F + 1 (2.1.41]

where the left hand side is the minimum expected number of
runs in a step-wise group screening design as given in
(2.1.36b).

Inequality (2.1.41) is true if
2

a-»~ 1 2p(1 - 2p)
i,e. if &

@ -5p)2 >0 - (2.1.42)
The inequality in (2.1.42) is strict for all values of p,
O<p<l with equality holding for p=0.4.
This proves theorem 2.1.4.
Since p is assumed to be small and the left hand side c-
minequality (2.1.41) holds for p<5, we consider only values of

p Tfor which

p<0.4 (2.1.43)
Using the fact that optimum value of k decreases as
P increases and that the expected number of runs increases

as p increases, one is tempted to argue that the maxim_m
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value of p for which a step-wise group-screening design is

better than a corresponding single stage design can be obtained

by putting k=2 and solving for p the inequality

+
fo 2fo'+f-kp[> S (2.1.44)

where the left hand side of (2.1.44) represents the
expected total number of runs in a step-wise group screening
design and the right hand side represents the number of runs

N

in a single stage design. The inequality (2.1.44) is true if

2 3
-p+3p -p £O0

p(p -3p + 1) >0.
Solving the equation
p2 - 3p +1 =0,

we obtain

i.e_,
p- 1.5 - 1.110
=0.382 (since p<lI).

Thus inequality (2.1.44) implies that

p<0.382. (2.1.45) *

Comment:
Although the result obtained above agrees with that

in (2.1.43), the argument is not generally correct.
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2.1.3 A comparison of two stage group screening design with

the step-wise group screening design

Let there be °-F factors to be tested. The T factors
are divided into °g” group-factors of k factors each. Let
’p > be the a-priori probability that a factor is defective.
In the two stage group screening procedure, each of the
group-factors is tested for significance in the First stage.
In the second stage, all the factors within the defective
group-factors are tested. The probability that a group-factor
is defective p* is given by

L ¢

p* = 1-g¢ where q =1 -p (2.1.46).

The expected total number of runs required to test the F

factors using this procedure is given by
ER) =1+ + fC1 - gM) c.f. Watson [728J

2.1.47).
Patel and Ottieno [ 20 have given the value of k that

minimizes E(R) in (2.1.47) as

Kk »
4 4 (2.1.48),

upto order p.

They gave the corresponding minimum value of E(R) as
Min ER) * 1 + 2fp2-~ + |fp /72- || fp2 (2.1.49),

2
upto order p .
The size “k* of the group-factor in the initial seep
which minimizes the expected total number of runs in a sc=p-

wise group screening design is approximated as
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*

2-4:
% G (c.f. (2.1.35))

Q -p) upto order P (2.1.50)

For a step-wise group screening design,

2F ) f - k+1
EQR) «1tfp+——9+f—;<p r-9q

(c.-F. (2.1.32))

2F(i- f +
1+ fp (i-p) _

f(k2-1) 2 + fTK2-1HKEIB3

(2.1.51)
upto order p
Substituting the value of k Iin (2.1.50) in (2.1.51),
obtain
Min ER) = 1 + fp + Zf(D _ CX-p3
f -pN27ii
* ' * 1
o (i-p*lbe
\ n
o4 fd-py2 -1+ ¢ 2 Ar
3/2
2.1.52
*1+2frf)+|fp— fp *2n ( )

upto order p -
Theorem 2.1.5

The step-wise group screening design is more
efficient than the corresponding two stage group screen.,.g

design assuming p, i.e. the a-priori probability of a rac-or
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to be defective to be small if

p<0.26
Proof:

We have to show that if p<0.26, then min E(R)
obtained using the step-wise group screening procedure is
less than or equal to min E(R) obtained using the two stage
group screening procedure. That is we show that if p<0.26.

3/2 1P2
i*2f(8y.£fp-~"Fp "% 5fp"

r ., 3/2 19 2
< 1 ¢ 2fp +] fp " 24fP

i.e. we show that if p<0.26
7A 1%6? 1li 31 372
2 +TP - ~Y[~P1 2 -TP + TP 24P (2.1.53).

But for p<0.26,

2  3°n3/2 >0 (2.1.54a)
F " TP

Thus (2.1.53) is true if

11/2 15
2 *gP -~J2~p-2-2P
i.e. if
5 1172
Q -2)+ § p - p<O (2.1.54b)
The equation
@ -2 +T5 |o3 "122 p=20 (2.1.55),

has no real root. The left hand side of (2.1.55) is less

than zero when p=l and when p=0. Therefore inequality



(2.1.54b) 1is a strict inequality for all values

of p (0<p<l) -
Thus 1i1nequality (2.1.53) holds ifF

p~O.26.

This completes the proof of the Theorem.



37

2.2 SCREENING WITH ERRORS

In section 2.1, we did not allow errors in
observations, i.e., a factor was correctly identified as
either def%ftive or non-defective. |In this section, we shall

allow errors in observations and work out corresponding

results given in section 2.1.

2.2.1 The expected number of runs

Let there be f factors to be tested for
significance. In step one, the ¥ factors are divided into
g group-factors of k factors each. The group-factors are
then tested for their significance by an experiment. Those
that are declared non-defective are set aside. In step two,
one factor is taken from each group-factor declared defective
in step one. The factors are then tested for their
significance by an experiment. If no factor is declared
defective, WenFake another set of factors one from each
group-factor and test their significance. We repeat this
procedure till at least one factor is declared defective.
The factors declared non-defective are set aside, keeping
the factor(s) declared defective separate. The remaining
factors from a group-factor that contained a factor that is
declared defective are set aside and grouped into a group-
factcr. This process is repeated until one factor is
declared defective from each group-factor declared defective
in step one. In the third step, the group-factors set aside
in step two are tested in an experiment. Again the group-

factors declared non-defective iIn step three are set aside.
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In the fourth step, we proceed with a series of experiments
as in step two until one factor is declared defective frcn
each group-factor declared to be defective in step three.
The remaining factors from each of the group-factors declared
defective iIn step three are grouped into a group-factor
after step four is performed. Again the group-factors set
aside iIn step four are tested for their significance in an
experiment in step five. This procedure is repeated until
the analysis terminates with all group-factors declared non
defective. Certainly the analysis will terminate in a
finite number of steps. We allow the possibility that
defective group-factors and factors may not be detected.
Also non-defective group-factors and factors may be declared
defective. Our objective is to determine the group size

*) " in the initial step which minimizes the expected

number of tests (runs).

Let & be the level of significance of tests in

step one. Thus & is the probability of declaring a non-
defective group-factor defective in step onej i.e. the first
kind of error.
Consider the hypothesis

Ho: a group-factor in step one is non-defective.

Alternative

H*:  a group-factor in step one is defective

(2.2.1).

In testing the significance of factors and group-factors, we

shall use orthogonal fractional factorial plans of the type
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given by Plackett and Burman [ 22 . These are specially

constructed two-level orthogonal designs for studying upto
(4m-1) factors in 4m runs. In general the number of runs
/

required by the orthogonal design to study m factors (or

group-factors) is given by

R(M) = where is the smallest integer

greater than _&1 except that — = 0 when m=0.

According to Patel and Ottieno £19]] #

fm3yem+h where h B 1,2,3,4 (2.2.2).
4U J

There are g group-factors to be tested iIn step one.
Each group-factor has two levels, the lower level denoted by
"0” and the upper level denoted by ’1°. Thus for tests of
significance we require an orthogonal plan for a Zg factorial
experiment. N%W let X be the estimate of the main effect

of any group-factor in step one with s defective factors

each with effect A>0 for s=1,2,..,k. Then

E(A) = sA 2.2.3)
and

2

Var (A) - g+h » h c 1<2,3,4 (2.2.4)

where o0z is the error in observation.

Next define

/32/(g+h)

oy — N (2.2.5)
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where
A (2.2.6)

2/ (g+h)
and

A .2.7).

Assuming that the observations are normally distributed,

z 1s a standardized normal variate. We shall say that a
step one group-factor is non-defective if s=0, which implies
that sFH)0. On the other hand, a first step group-factor

will be defective if stj~0. Therefore the hypothesis (2.2.1)

may be expressed as

against (2.2.3)
HN s~ A0
In testing the hypothesis (2.2.8) we shall use the normal

deviate test if O" is known otherwise we shall use the t test

2

if a is estimated from the experiment.
Let I1jG<j,cj) denote the power of the test in step

one. Then
2.2.9
z@))-s<{>2

where z(aj) is given by

(2.2.10).
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When s=0 0, we have

ooty = . €2.2.11)
When sfO and — 1is large, then we have

I1jCs™ajl.* 1 C2.2.12)

Let p be the a-priori probability that a factor is Defective.
Then the probability that a group-factor in step one with

s defective factors is declared defective is given by

I* = Z /g)pSU-plk SITIsg> ,aTl
1 s=Cr i1
" k
= (lpi'’kj. = z () psu-p)k"'sn1uDI ,al)

(2.2.13)
These results are the same as those given by Patel and Ottieno
[19]. m
Let r be the number of group-factors declared defective in

step one. Then the probability distribution of r is given by

f(r) = (r) ~  Cl-n*f (2.2.14]
Thus
ECrT = gl
=1\ (2.2.15)

In the subsequent steps, the analysis is. continued as
described iIn the earlier part of section (2.2.1) for the r
group-factors aeclareo defective in step one. In the first

experiment of step two, we test r factors 1 factor from
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each of the r group-factors declared "defective in step one.
Each factor has two levels, the lower level Denoted by °0’
and the upper level denoted by *1”m Thus using the main
effect plans of the type given by Plackett and Burman £ 22 ],

we require

4 [£1] (2.2.16)
runs to test the significance of the r factors. The h runs
(observations) used iIn step one can be repeatedly used in all
the subsequent steps to make the experiments orthogonal.
Let P be the probability that a factor chosen at random
from a group-factor in step one containing s oefective factors
that has been declared defective is defective. Then

P

z fEIVS A(snhjtaj)

i s=I-
Pni
= Cumow £21] )
! @.2.17),
where
<. 9" Niles-.ap

is the probability that a grouprfactor containing at least
one defective factor is declared defective in the initial step.
Define a random variable 6 as follows:-
6=0 if a factor chosen at random from a group-
factor that is declared defective iIn step one
is non-defective

= 1 otherwise.
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Then
6=0 with probability 1-p°®

=1  with probability p°
Let ag be the probability of declaring a non-defective
factor defective and Y be the probability of declaring a
defective factor defective iIn the subsequent steps,

Let

(I—6)aS *6 Yag (2.2.18).

Then

@ = aS with probability 1-p-®

y5 with probability

Hence the average value of £2~is given by

I+ =YJ3" +< ClI-p~1

;3 P(V as)ni *ni as
1 L=
=£1 (2.2.19L
4
il
where
H(yrs-as)Jliw*an ag (2.2.20)

is the probability that a factor chosen at random is aeclared
defective in the subsequent steps, Thus $+ may be interpretted
as the probability that a factor chosen at random from a
group-factor that is declarea defective iIn step one is
declared defective in the subsequent steps.

Out of the group-factors declared defective at any step,
it is possible that due to errors in observations, we may find

some group-factors from which no factor is declared defective
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on individual tests. Let az be the proportion of such
group-factors. Obviously d; will be different at every sdep.
However for simplicity in algebra, we shall assume a* to be
of uniform value, say a*.

Let us denote by P*(j) the probability that exactly j factors
from a group-factor that is declared defective in step one
are declared defective in the subsequent steps.

Then

i—hlj_ [L-a -i-)k] >0
pk D) k-j
’ 7 ’ >1,2,.. .,k
"nk( (i) I \V/ '

(2.2.21)
Let EEFRJ) be the expected number of tests (runs) required
to declare exactly j factors defective from a group-factor
of size k which has been declared defective iIn step one. To
obtain an expression for ELC%) we start by considering a
sequence of lemmas.

Lemma 2.2.1

E*(R ) « k
k O
Proof
The proof is trivial since to declare all the k
factors in the group-factor as non-defective we need to
test all cf them.

Lemma 2.2.2

k + 3 1+ a™k a* 1-9)
Ek'Ri> 2+2~k+ 2 ~2 -~k k
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where

S=0 if a* =o0

1 otherwise

Proof

It is equally likely that the one factor declared
defective be found at any trial. Consequently the
probability that it is found on any one trial is <£ IT the
one factor declared defective is found on the £/ trial>
£ml,2,._..,k-2, then £ tests are needed to find it. The next
test we need is the group test on a group-factor consisting
of (k-£) factors. If this group-factor is declared non-
defective, we shall stop the test procedure otherwise we
continue testing individual factors until all the (k-£) factors
are declared non-defective. If the (k—l)St factor 1is the
one declared defective, then we have to test the kth factor
as well. However if the first k-1 factors tested are declared
non-defectivewe shall need to test the k ™ factor to declare
it defective only if a*fO; otherwise we would declare it
defective with probability 1 (this corresponds to the case

when we have no errors in observations).

Thus
rks2 q
E*RR,) «~ B {E+) +ctE* R} + k+ (k1) + K
ko T k u¥Fl 0 J
(2.2.22)

Using lemma 2.2.1, we get

KE2 (e+1) + cokz2kg) +2 (FO)

==l £=1
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k 3 1 otk a* a* a-£ (2.2.23)
W T r r y i " ] - T
This proves the lerma.
Lemma 2.2.3
2(1-gHk-2)
k(k-D)
Proof

Here the approach is to find the first factor to be
declared defective and thus reduce the problem to the one in
which the group-factor has only one factor to*be declared
defective. This problem of a group-factor having only one
factor to be declared defective was considered in lemma 2.2.2.
The probability that the first factor tested is declared

2

defective is P IT the first factor tested is declared
m

defective, then on the average we require® {1+1+E* 10%1)}

runs to complete the test procedure. For A=1,2,...,k-3, the
st
probability that the (£+1) factor tested is the first to

be declared defective is

2

and on the average
k-A

the number of tests (runs) required to complete the test

procedure in this case is {(£+t+1) + 1 + E£_(E+i)"~1~r* A

first, k-2 factors tested are declared non-defective, then we
need to test the other two factors to declare thom defective

i.e., we need k tests.



Hence

E*(R2) m IlU «1 *E'./RjI)
kE3 ﬁ( /k-(w+D\_ 2 {U+1) + ] +E* R )}
=1 w=IN\k-(w-1)/ k-1, k-U+1) 1
2k
2.2.24).
kCk-1D ( )
Substituting in (2.2.24) the values given by (2.2.23) we
obtain
_ N*x _ —
BR) =T k1 n. k-1 3 1 ANM/k-1 _ 1 ..t CI-£)
k™2 k kK1 R+ "2 +2 -k1 +aV 2 “FI} " k1
2 k-2 k-2 , 3 1 *rk-2 _ 1 1, (1-0)
k k-1 L 2 +2"k2+a12 2 k-21 * k-2
Z M g k3,3 Al 4o qi<£ L i M
k k-1 L 2 + 2 ~ k-3 k-3 k-3
*
1-1- Hk-S 3 3_1 a2 -1y _d-o
k k-1 L 2 +2 "3 2 2 3 3
21 (1-0
2 *> - 2
2.2.25
*1IITT (K ( )

By taking appropriate summations,

m HKMIT

+ k(k-D

a*

k(k-1)
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(2.2.25) can be written as

k-1 1 k-2 2
E (mDk-m) +Fr—r E (k-m)

m=1 K(k-13 m=I

k-2 2(k-2)
E (k-m)

o k(k-1)

K222 o k2

m=1 kk-1)  meg K™
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2g*(k-2)  2(1-9)(k-2)
k(k-1) k(k-1)

2 "(k+Dk(k-i) A kk-D]

) " kk-1) 1 6 2 J
* 1 "k(k-1) 2k-1) 3 Rk+1) (k-2)~
k(k-1) 6 . T k(k-D L 2
2(k-2) a* kCk-1)(2k-1)
K(k-D  + k(k-1) _ B

g* (k+D(k-2) 2g9*(k-2)
k(k-1) 2 k(k-1)

2(1-g9)(k-2) o _ 26)
k(k-1) -

This gives the required result on further simplification.

Lertra 2.2.4
3k 3 3(k-2+3)
EKCR/ 4 +3+4" Kk-D
3
k-1 k(-3
- 3(1-9)(k-3)
k(k-1)

Proof

After one factor has been declared defective, the
problem reduces to that considered in lemma 2.2.3. The
probability that the first factor tested is declared
defective is and the probability that for £-1,2,.., k-Cc

st _
the (£+1) factor tested is the first to be declared defective

is ITf the first factor tested is dec lared
\

defective, then on the average we need {1 + 1 + tests

n -m ——
w=IN\k-(w-1)/k-£

to complete the test procedure. However if for £=1,2,..,k-3
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the U+1) factor tested is the first to be declared
defective, then on the average we shall need
(U+1) + 1 + E* tests to complete the test
procedure. Thus

E*X(R3) -1<1 ¢ 1 * E- 1CR2))

k-3T | (k-(w+2A 3

(2.2.27)

Using (2.2.26) we get

k-1
k-1

2k-D y 2 2

. 3 k-2 )
E*(RJ =~ —r2+ - +2+r"
k" 3 k k-2 3 k-2

k-1 2 2(1-£) (k-3)

ra 3 k-2 (k-1D(k-2); (k-1)(k-2)

3 k-3 k-2 2(kk-2) .n .2 2
k k-1 k-2 3 3 2 3 k-3

2 2 2(1-7) (k-4)

ap 3 k3  (kDk-3)T  (k-2)(k-3) |

3k3 k4 r. «2(k-3) +24+2 - 2

+kk1lk2 4+ 3 3 Ka
L k3 2 2 _ 4 2(1-g-(k-5)
(3 3 ka4 (k3)(K (k-3) (k-4)
3 2 2 42 4+
K k-1 k-2 f k2) 3 2 3
a3 2 2, M 2(1-C)

3 3 2 3x2/ 3x2



" 22 3 2
ko KD 3 *x2 %271
N
2 2 2+ 4\
§k/3 3 1 2x1)
\ =J
k-2
E (m+1D)(k-m)(k m-1) + 2 V ( k-m)2(k-m-1)
€3 m=1
-S- keE?(k-mHk-m-1) - -]- EJk-m)
kP3 m-1 kP3 m=1
* *
& Ejk-m) 2 kem-1) - 2 B, (kem) (kem-1)
kP3 m=1 kP3 m=1
6a* k-2, , 12a* (k-2 6(1-7~ k-3
b8 K2 gy, 12EKD) 6D
k 3 m=I kP3 k 3 m=1
where I'<P_3 = kk-Dk-2).
Using the sums given in (2.1.21) in the equation above, we
obtain
P P_“
3 k+1) 4 + kK3 C3k-1
EKtR3J  pRag | 12 _ kpé 12
rkP3 "k-2) (k+1)
kP3 kP3
a* r kp3 1 oa* Pgre
12 (3k-D
kP3 kP3
6a* (k-2)(k+1) 12a*(k-2)
kP3 kP3
6d-q k-2)(k-3)

kP3

50
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K+l Gk-) 8 3 (k)
4 +1+ 6 +3"Kkk-D

3k-1 _ 2 3(k+l) + 12
12 " 3 " k(k-D + k-1

3(1-£) (k-3)

kGt (2.2.28)

This gives the required result on further simplification.

We are now ready to state and prove a more general result.
Theorem 2.2.1
In a step-wise group screening design in which all the
group-factors are of the same size "k’ in the initial step, the
average number of tests required to analyse a group-factor
which is declared defective in step one, frcm which exactly j
factors are declared defective iIn the subsequent steps is
given by
E*(R.) =1L- + - *J_  1(kti-2)
k j+1 J  j+1 k(k-1)
2

vopfk _ 33+ 3]
341 J+¥1 k-1 kk-D)

1A-9)k-1)
k(k-1)

for j=1,2,..,k

where a* is the proportion of group-factors declared
defective at any step but due to errors in czservations no
factor from each.such group-factor is declared defective on

individual tests and £=0 if a*=0 and 1 otherwise.
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Proof
The proof follows by mathematical induction. The
validity of the Theorem has been shown for j=I. We assure

that the Theorem is true for j=n-1 (I<n-I<k), that Iis

t s (n-l)k . (n 1) (n-1 n-1)-2)
b - 2 sy L OO G2

*rk (n-1) (n-1) (n-1)2 ,
“ Ine - —— §i~T * KtFTT }

(n-1) (1-£) (k+1-n)

kG (2.2.29)

We shall show that the Theorem is true for j=n. Now for

j=a

EE(Rh) = & L +1+ E ( I)}

{ED + 1, Ek(£+1)(Rn-1)}

(2.2.30).
In the first tgnrm, n is the probability th~t the first factor

tested is declared defective and {1 + 1 + EE ~(Rn_i)) is the

average number of tests required to perform the analysis

if the First factor tested is declared defective. The term

anlgk-(w-l)- )f 1 «**1) * 1 * EK-Un)(Rn-I,)

in the summation is the product of the._probability that for
£=1,2,...,k-n, the (£+1)St factor is the first factor tc be
declared defective and the average number of tests (runs!

required to perform the analysis in that case. Substituting

in (2.2.30) the values given by (2.2.29), we obtain



BCRn) -k K4

n k-n k-2 k-(n-1) J
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(n—l)(k— ) +n-1 (@D
k-(n-1) n D&

k<1 n1 n-1 (h-1)2 D (-5 )

_n n k2" K&DK2y (kD&

(n- 1) &2 ,

"KRk1R2 k@D C T 5
-DE&NS) o k2 1l onl @n° "
Ck-2)Ck-3) k-3  Ck-2)Ck-33
M-DA-E)K-n-DI
&k 2D J
k-n k-n-1

k-3 k-(n-D A - (=D (k=3) | -1

K k1 k2 k3 k-(n-1)

(-1 (kn-6) **-3 n1 nl D

2 1

*

DKL) T TTh k4 kDED

-DA-E)(k=m-2) 1
&-3d&D I

k-n k-n-1
k k17

k-(n-1)
k-1

+ a -

k-n k-n-1
k k-1

k-(k=2) N k-(kn)
k-(k--2) k-(k-n-D) k-(k-n)
Ao + POD (nagff;-?b

n-1 n-1 " (-1 + (n-1)-£),,,

n n-1 n(n-1) n(n-1)

k-(k-D n k=(k-+1)
ke(k-n-1) k-(k-) k-(k=r+D

X k-(-D rkn2) "D + n2-1 _ (D) 25)

k-@-17) \

n n D (2
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,»Tn-1 n-1 n-1 (n-DH»
+a ITT ""IT " FZ + uTmTFTT (2-2.31)

By rearranging and taking appropriate surrmations, (2.2.21)

becomes
k-n+1
EKRR> * f{(m+1)(k-m)(k-m-1)--- (k-m-n+2)
n m=I
. k-n+1
+ — Z ttkK-m) (k-m-1) ... (k-m-n+2)}
kpn m*1
21 k-n+1
+ ———  Z {(k-m) (k-m-1) ...(k-m-n+2)}
kPn m=1
(m-nyn <M1
Z {(k-m-1)(k-m-2)  _(k-m-n+2)}
kPn  m=I
k-n+1
(-1 (n-2)n 2 {k-m-2) (k=n-3) ... (kem-n+2)
m=
* in N -1 2
+ -p— Z {(k-m) (k-m-1)(k-m-2)...(k-m-n+2)}
k n ni=l
(n-Da*
p ,Z {(k-m) (k-m-1) (k-m-2) ... (k-m-n+2) }
kn m=1
. a*(n-l) n k-n+l
Z {(k-m-2)(k-m-3)...(k-m-n+2)}

kPn m=1 .

a* (n-Dn k-n+1
Z {(k-m)(k-m-2)...(k-m-n+2)}

kPn m=1
C 1 K-n
-p (@9 Z {(k-m-2)(k-m-3)...(k-m-n+1)}
kn m=1

(2.2.32)
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1
where _.P Kt
k n (k-n)!

21) in (2.2.32) we obtain

n "(k+)P(n+l) kP« n-1 (k+1) (n+l)

ERp) = P G)) N, (D

n2-1 rkPnl (n-Dnh :k—I)P(n—I)J
k™n n k™ n n-1

(-1)(n-2)n f(k-2)P(n-~)I a* f(k+1)P(n+l
kPn n-2 + kPn 1)

(n-Da* rkPn]  a* (n-D™  (k-2)P (n-2)

n n-2
kPn - kPn

(-Dna*  (k-DP (-1 (k-2)P (n-2)
kPn n-1 n-2

CN-1)C1-F) r tk-2)r fp-;1j

k+1 . n-1 ”s n-1 n -1 n
* 1 *(@7?DIktl) - ~ —————-r k

n- | e k1§ 141 + (- n
k(k-1) M+D) n N k(k-1)(n-2)

n (n-Dn
k (n-2)k(k-1)

n(n-1) (k-n)
(n-Dkk-1) 4

ie.,



56

n n(k+n-2)
+n + ntl * k(k-1) *

il il k-1 k(k-1)

n(1-£) (k-n)

kG- (2.2.33)

This is exactly the value of EjdRj) for j=n. Thus if the
Theorem is true for j=n-1 (O<n-I< k), it is also true for j-n.
But the Theorem is true for j=I (c.f. lerrma 2.2.2)_. Hence it
is true for j=2 and in general for any j, j=1,2,...,k.

This completes the proof. ,

The Theorem does not apply to the case j=0 which is trivial
and was considered in lemma 2.2.1. In special case, when
a*=0, then £=0. This is the case when we have no errors in
observations and the formula for EMRi? given in Theorem. 2.2.1

coincides with that for Ek(R.) given iIn Theorem 2.1.1.

Let Rg denote the number of tests (runs) required to
analyse a group-factor i.e., declare as defective or non-
defective the factors within a group-factor of size k which
has been declared defective in step one. Then we have the
following corollary.

Corollary 2.2.1

In a step-wise design, the expected number of runs

required to analyse a group-factor of size k which has been

declared defective in step one is given by



+ =7 bk+l + k6* - ~ U ' '1-6%) R
I L

-27

(2-£)3* + S 3*
ni
or

A-t{l - (1-6*)k+1 - kB*(1-6*)k}
nli

-1+6%2 -3 *
Proof
b j=0 ~ J A

Using (2.2.21), lemma 2.2.1 and Theorem 2.2.1 we get

ER) mk -~ 1 - (|-£*)>3

—  kik. +j +-i— difk{j— 6* A (1-6%)k ~
n* j=Hj +l j+l k(k-1) 3 (J/
a* Kk ;

+Z E Kk J 3. d 6*3'(1-3*)k_j
N j=lg+l j+ k-1 k(k-1)Jw

— i (jk-j2)FKI 3% (1-3%)K ]
k(k-1) nj j-1

ER) - k - 1- (@339 lk

c 1 kL
+ (k+D){l  (1-6%) ). + K6* - ~Artl - (1-B%)
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- (k+1) e*(l-F*)k} - T('E'Ljir)T (A >

, , . 2-2
+ kB*(I-B*) - 2k8* + k 8*

Ao (1. (I-F)ks +ir (1" Cl - B¥)k#

nT L
] .-.-ft -s «e*5"Ilg ; ; vy
1" 1 b LRE 1Y *
K(k-1) n* k28 kB*(1-3%) k28*2
i.e.,
E(R*) - k-— 1. (A 5k
) "
k ¢ 1 +Kkb* -p- {1 -t
’,1
«-£)1* * cF2
n

o Fa - @07 -ka -y}

-i+?* -F ] (2.2.35) .
This proves the corollary.
Let Ro denote the number of tests required to analyse
the r group-factors declared defective in step one. Then
Rs mr EIRs’ (2.2.35)

We may now state and proof the following Theorem.
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Theorem 2,2.2

The expected total number of runs in a step-wise group
screening design with errors in observations, in which k is the
size of each of the group-factor in step one and 6* is the
probability of declaring a factor defective in the

subsequent steps is given by

113 N 1 _ - * - *
E(R) h + K + f Ké u (1 - I'*)k+1HI-cx*)
e« o {1 -¥ -t > * fn;

f[1 - U - 35K -
- £ - a*} - fct*3*(1 - 3*)k
where a* is the proportion of group-factors declared defective

at any step but due to errors in observations no factor from

each such group-factor is declared defective on individual

tests, m
§=0 ifa* -0
=1 otherwise.

Proof

The number of runs in step one is
mj =h+g
* h +-%? (h-1,2,3,4) (2.2.37) .

The number of runs required in the subsequent steps is

Rs = rE(P*) from (2.2.36).
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Using corollary 2.2.1, it follows that

ERS) = fnJ - f[1 - (L - 6*)~ + F +£ +

@2 - oe* + se*2

+1\f {i "U " Aok v foru

fa* fa*F*2 fa*3*
k k k (2.2.38),

after replacing °r~” by E(r) = gll* given in (2.2.15).

The expected total number of runs is now given by

ER) = R- + E(RQ)

2f e
=h+y +f-~ U -d ~$%$) HI - a%

{ - ¥ -t}*

£ - (L-B9A - I a*

- { Z7F2tt ~ a*} - fa*6*(l - 6%)k
(2.2.39)
using (2.2.37) and (2.2.38) putting the like terms together.
This completes the proof of Theorem 2.2.2.

Corollary 2.2.2 -

For large values of — and arbitrary values of p, the
expected total number of runs iIn a step-wise group screening

design is approximately equal to
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k\ (k+1
I-]1-(I-as)p-as™1-(1-al)q
. F- K
- (1-a )p + as(I-(1-a,dg ©
n 2-€ a’l
R +agth-d-"fa } k kJ

[1-(1-al)gk - f 1-/1-(1-as)p - a~l-d-anqg¥*)

*
fi ‘;Ef(hasx)+aAl—d—aAqAJ (E-a*}
ir -
fa*fU-as)p + ~(1-C*1-a~gqD) ” 1-CI1-0gJdp-~fl-d-ajig”

If — 1is large, we have the following approximations
a

n* = I-(1-a-Dq (2.2.40)

n+ * 1 (2.2.41)
1

Y. -1 (2.2.42)
s

6 ~ p(l-ag) + a {l-U-aJq } (2.2.43)

The corollary follows immediately on substituting these

approximations in (2.2.40)., This completes the proof.

Corollary 2.2_3%

errors

It a¥:a =a* * 0, which is the case when we have no
S

in observations, then

2fq f f k+1

ER) = 1+ fpr-gl+F- — i-Q
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Proof

The proof follows on substituting o = ag = a* =0 in
the expression for E(R) given in corollary 2.2.2 noting
that £ = 0 and using non-orthogonal designs. The value of
E(R) given in corollary 2.2.3 coincides with that given in
Theorem 2.1.2.
Corollary 2.2.4%

For large values of ~ and small values of p, the

expected total number of runs in a step-wise group screening

design is approximately equal to

h+£ +fa* + fC1 - ag)p jl - - k +i(k + 1)Cl - &)J-

+ FCL - apdkp + B
Proof

If — is large, then aT, a_ and a* are relativel
0 9 I 3 y
small. Thus if p is small, we have

1-Q - cij)qk - @ - a™Jkp + &\ upto order p
(2.2.44).
The cor$llary follows immediately on substituting the
0
approximate value given above iIn the expression for E(R5 in
corollary 2.2.2 and approximating the resulting expression to

terms of order p.

This completes the proof of the corollary.
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2.2.2 The optimum size of ths group-factor in the initial

step
Theorem 2.2.3

Assuming p i.e., the a-priori probability of a
factor to be defective to be smell, and ~ large, the size ’k~’
of the group-factor which minimizes the expected total number
of runs iIn a step-wise group screening design with errors in
observations is given by

n 2 -2(1-a )(2-?)p
—2(1-a 1p-(1-ag)(I+a*)p

provided k is real, and the corresponding minimum value of

E(R) is given by

min EQR) - h+2f (I-djd)p _ 7(1-aR)(I+a*)p  I-(1-asH2-

+ fla*+aj + "(I-asH3-a*)pj

m
where o is the probability of declaring a non-defective

group-factor defective in the initial step, os is the
probability of declaring a non-cafective factor defective in
the subsequent steps and "& is the proportion of group-factors
declared defective at any step but due to errors in
observations no factor is declared defective on individual
tests. The variable £ takes the value 0 if a0 and the
value 1 otherwise.
Proof

Assuming continuous variation in k, the optimum size

of the group-factor is obtained by solving the equation
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g E® =0,

where E(R) is as given in corollary 2.2.4,

This implies
K I -@-2aj(2 -0p] +™1 -a HI + a*)

-@-app=0

2 -20.—as)Q -0p
k =
_2(1-ajlp - (@-a Y(I+a®)p_ (2.2.45)

This value of k is real if

2(1-a (- 9 <1

S — (2.2.46)
2(1-a 1- -
(d-a >a- P

The minimum value of the right hand side in inequality
*

(2.2.46) 1is }‘. This implies that inequality (2.2.46) is

true if

p <1 (2.2.47)
Next we show that the value of k given in (2.2.45) 1is in
the neighbourhood of the point of minimum of. E(R) given in
corollary 2.2.4. This 1is so if

2

EGR) > 0
dk

®

[I-(1-asH2-0pJ > 0
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1#6 =t

2U-as)(- |)

which is condition (2.2.46).

Therefore the value of k given in (2.2.45) is in the
neighbourhood of the point of" minimum of E(R) given in corollary
2.2.4.

Substituting this value of k in the expression for E(R) in

corollary 2.2.4, we obtain

min ER) = h+2f 1-aj)p “ m|(I-as)(I+a")p|~I1-(1-as)(@-C)H "

+ fja* + ctj +~Q - asH3 - a*)pj (2.2.48).

This completes the proof of the Theorem.

Corollary 2.2.5

ki aI = aS = a* = 0, which is the case when we have
»

no errors iIn observations, the cptimum size of the group-

factor is given by

T2 - 4p-~15
L p _

provided p<L

and the corresponding minimum E(R) 1is given by

min E(R) = 1 +~7 + F(2p)5 - 2p)5.
2
Proof
The proof is obvious on substituting “j = Gs =a* =0

in (2.2.45) and in (2.2.48), noting that in this case h = 1

and 5 = 0. The values of k and min E(R) in corollary 2.2.5
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coincides with those given in Theorem 2.1.3.

Next we wish to obtain the value of k that minimizes
E(R) for arbitrary values of p and large ~ . For arbitrary

values of p and large 2
0 3kl

- I-"[I-(I-as)p-as(1-(1-al) g™
ER) . h. £1 ¢ - TEED

(1-as)pt+as (I-(1-al)gk)

+ £ (1-a“p+ctgU-d-a-jJq } E “1

-1 L

+ F |-cl—aAq'i§1—f rl-fl—a—aso)p-aS(l-a-a')qlsvjkl

T"™ "~ (1-as3p+ast™a "ai)gk)]" &a®d

- fa* j@- as)p+as(I1-(1-al)gkj¥*

I-(Qr-as)p-as(1-(1-aT)gk) |

(c.f.corollary 2.2.2).

The value of k that minimizes E(R) given above is a solution

of the equation

4k E® =0

-2+a*+ | (1-as)p+as™l-(1-al)gk)j.(2-£;+a*) Cl—as)p

+a .(I-(l-ctl)ak)j2 ("-a*)



67.

_ a3
(2-£)a . aa

(1da ) -a +=—— 9 s. +1
S

k-1

kas (I-apa™ng {1-(I-as)p - as(I-Cl-aaM)}

I-a~{(I-a )p +a (I-d-a™lq )E]

2U -0

k
+as(l-a'{)q ixq ---——  {@-a ) + as(I-(I-aj)q 5}

- a*{l-(I-a )p _a (I~(1_.aT)g )}

k+1

(-a%) I—{I—(I—as)p—as(l—a— ai)q D)3
k L @- as)p+as(l—(l-a1quI -ST

o ay  CDO-0-a)pa (-0-aDa )} -

+ -5 ==~

(I-as)ptras(I-(1-al)q )

1=

X (I-a ) >q

~ as(l-a Yak{xg[1{1-(I-as)p-as(1-(I-ai)gk)> \]

{@-a Jpra, (1I-(1-a, 132

=0
The valge of k that
which 1is a solution
value of k given in

Raphson®s iterative

(2.2.49)

minimizes E(R) given in corollary 2.2.2
to equation (2.2.49) is close to the
(2.2.45) and can be obtained using Newton

method on equation (2.2.49).
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CHAPTER 111

STEP-WISE GROUP SCREENING DESIGNS WITH UNEQUAL A-PRIORI

PROBABILITIES
3.1. SCREENING WITHOUT ERRORS

In chapter 2, we assumed that every factor is defective
with the same a-priori probability and thus divided the factors
under investigation in the initial step into group-factors
of equal sizes. It is quite possible however, that all factors
may not be defective with the same a-priori probability. In
such a case it is possible using certain criteria, to divide
the factors under investigation iIn the initial step into
group-factors of unequal sizes. For example in a
manufacturing plant turning out hundreds of items everyday,
the probability of the plant producing defective items will
vary from time to time due to assignable causes of variation
which affect Ege production. Thus it is reasonable to
assume that all items are not defective with the same

a-priori probability. Let pp p£,e==, P (p"iP i=1,2,...,9)

be a sequence of variables selected in some way from the unit
interval (0,1). The p™"s can be selected either by using a
systematic procedure or by some random process such as a
table of random nuntiers. For the purpose of dividing the
factors .into group-factors, we shall identify p® as the
probability that, a factor selected at random from the 1
group-factor is defective. Thus we have a situation where
the factors to be tested in the i~ group-factor have a

variable probability p® of being defective. It iIs expected
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that this method of grouping the factors such that the

factors to be tested in the i1~ group-factor have probability

Pj of being defective could reduce the expected number of runs
needed to isolate defective items from the population.

3.1.1 The expected number of runs

Let there be *f* factors divided into "g”> group-factors
in the initial step, where "f* and "g" are fixed. Let be
the number of factors in the I™ group-factor in the initial
step (i=1,2,..,0).

Then

f = -?E K. (3.1.1).

Let p™ be the a-priori probability that a factor in the i”
group-factor in the initial step is defective (i=1,2,..,9)-
It is possible to re-order p”’s so that P-"P2— *" =\iPg
<p<l. The value p could be the probability of factors being
defective under the assumption that all factors are defective

with the same a-priori probability. If p? is the probability

that the 1~ group-factor of size k™ is defective, and j is

the number of defective factors in it, then

= 1= (3.1.2)

where

(3.1.3).

=r
1
i
Zr



70.

In the initial step, all the g group-factors are tested for
significance. Thus the number of runs required in the initial
step is given by .

Rji =g ¢ 1 ' (B.1.4)
where the one extra run is the control run.

Define a random variable LL such that

U. = 1 with probability p* if the ith group-factor is
i

defective,

0 otherwise

(G=1,2,3,.. .9).-
Then
E(UI)
(1] /\i
= 1-g» (3.1.5)
Let (J) denote the probability that the ¥*1

|
defective group-factor contains exactly j defective factors.

Then

o
—_

d-Pi) My (=1,2,3,...k.)
(3.1.6)

Let E, (Ri) be the average number of tests (runs) required to

1 J

analyse the ik group-factor i.e. classify as defective or
non-defective all the factors within the i~ group-factor of
size k™ in the subsequent steps If it contains exactly j

defective factors. Then using Theorem 2.1.1, we get

. i G=1.2,...k.)
+

V rj’ j+i (i=1,2,..,9) (.1.7)
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Let RSf be the number of runs required to analyse the ith

group-factor which is known to be defective. Then

k.

e« EV 1jiV A 0l

K,r
zlAi v
-1 31 jHL + 3 + j+1 k- “iv 1
- (k..).k.p-. - 2pt -i-a-q.1 }
1-q,1 L

(3.1.8) [c.f. (2.1.26)].

Let Rg denote the number of tests required to analyse all the

group-factors found to be defective in the initial step. Then

Rg = 41 ERE;I Y

g , r i

(Ki+1)+KiPi-2Pi- ~.{1~i  }Ui
1-1 1-g.1 L 1 -1

(3.1.9).
Theorem 3.1.1
Let R be the total number of runs required to screen

the defective factors from among the “f° factors under

investigation if the factors with the same a-priori probability

of being defective are grouped into a single 1~ group-factor

of size k™ (i=1,2,..,9), in the initial step. Then

g i vV o1
E(R) = "l+2g+f+ Z ) )
i=I Vi"2p r r {1°qi 1
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Proof

The number of runs required in the initial step is
Rt = 1+g (3-1.10)

In the subsequent steps, we require

g k. +1
RE - it k (k|+l)+kfplf29i_ Bil_qW;: ¥ Uk G-1.1D
i=l
runs.
This implies that
1 k.+1
E(RS) = % K k. *DtklIPi-2pr ) ECIL]
1-1 1-q.1 1 \.
1
g -
= z (k"D-kjp~p-- )

using (3.1.5). Hence,

g 1 k.+1
E(RQ) = g+f+ Z k.p,-2p.,- — {1-q.1 3
(RY) = o L4 PPy Y (3.1.12)
The expected total number of runs is given by
E(R) = Rj. + E(RS)
g 4 k.+1
= kK.p--2p.- — {1-9.1
1+2g+f+ i;i I% pI p?{ @i 3
B (3.1.13)

This proves the theorem.

Corollary 3.1.1

For small values of p[s (i=1,2,...,9), the expected

total number of runs-is given by
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E(R) - Lg- " |

Proof

For small i.e., the a-priori probability of a

factor in the i~h group-factor to be defective,

Ci+Dk. 2 (ki+)ki (ki-1) 3

i H oi1'] =5 [Iki*)pi- LR B
k%+k.
« k4l - — = -D upto order p_ (3.1.14)
1 2 Hi i

Using (3.1.14) in (3.1.13) we get

g Kiks . KiRj
E(R) = I1+2g+f+ iEI kfpl_ZPi_kl_l+ 2
g 3 8 18 2
m 14B-2 jjPi* 2 2 (3.1.15)

This completes the proof of the corollary.
3.1.2 The optimum sizes of the group-factors in the initial
Step
Theorem 3.1.2
Assuming pN i.e., the a-priori probability of a factor
in the i*" group-factor to be defective to be small, the size
kn of the F*1group-factor which minimizes the expected total

number of runs in a step-wise group screening design is given

by

k. (F+]g) _ 1
gl
Pi Z~
1 i-1Pi

= w
N

-

1

-

N

S



74

and the corresponding minimum value of ECR) is given by

_ 25 2 1
Min ECR) - 145 » T i=1pi + 8(3g + 2F) L
g -
=1 Pi

i
Proof

The problem is to obtain ks which minimize the

expected total number of runs given in corollary 3.1.1

subject to the condition
g

f= Zk
i=1 1

The condition above, implies that

k =Ff -k
g

-k, - *e* "K
12

g-1
Substituting for kO in (3;1.15), we get

ECR) = FCk1,k2,k3,.--.kg_1)

* ¥*S-2 . f Pi* kaIpI*kZPZ*’*-*kg-ng—l

(F*kr k2.___ kgjpd]

KIP 1*k2P2* - *kg-1Pg-I

P . (3.1.16)
Assuming continuous variations in k’s, critical values of
i

k’s are obtained by solving the equations
i

ke (i=1,2....9-1)

(3.1.17)
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27i~pg] + Kipi-(f-kr k2-*-*"Kg=ji )pg

1GC

Kipi-(f-k1-k2-.

which 1imply

(k-+-)p -
271

Equations (3.1.18) imply
‘vo o Ikg* 2)PE
1/p. 1/P
g
i.e.,
tkr 1. (k2 1>
1/p. 1/p.
3fi ¢ % Kk,
2 " 3.3
1“1P1i
which gives
ki = * 4> - g
a |1
Xi=l

i«h,2,...,9-1

--kg_1)pg-5Cpg-p-)

C3.1 .18) .

(3,1 .19)-

fkg-i* 1) CJ{_ |
/Rg-r X |Pf

(3.1.20)

111

(3.1.21)
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We now-wish to show that the values of kis
given in (3.1.21) are in the neighbourhood of points
of minimum of E(R). This will be so if the second

order derivative matrix

of dimension

(g-1) x (g-1) 1is positive definite for values of

kh-"s given in (3.1.21) where

o2 = + (i-1.2 g-1)
3k2 K1 ﬂg =<
and
32F o
3k.3k. " pc (+y -1.2, ... ,g-D)
i J *
Hence
D - Dlag(pl,p2,-.--,pg 1)
where 3 . is a (g-1) x (g-1) matrix of ones.
o

The matrix D is positive definite since all the

elements along the leading diagonal are of the form

Pg>C. 4-1,2 eme/g-L } Furthermore

I+
PEITPY  pg = P1P2+PiPg+P2Pg > °°

Pg P2*Pg
pI*pg Pg. *Pg
=PIP2P3-PiP2Pg+PiP3Pg-Pz?3Pg>0. ,

pi P2+Pg pg

Pg Pg P3*Pg
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and in general

IDI = PiP2p3" " "pg-1*p2p3 " *"Pg-1Pg*P IP3P4* «*Pg-IPg + *

+ P1P2p3-<*Pg-2Pg .> 0

Hence the value of k”~’s given iIn (3.1.21) are in

the neighbourhood of points of minimum for ECR) 1in
corollary 3.1.1, Substituting these values of k”’s
in the formula for E(R) given 1in corollary 3.1.1,

we obtain

(3.,1.22).

This completes the proof of Theorem 3.2_.1.
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In the theorem that follows, we shqll show
that min E(R) given 1in C3,1,22) is less than or
equal to min E(R) given in (2.1.36a) under the

assumption p~=pf= -p =p
g

Theorem 3.1,3%

A step-wise group screening design with
initial group-factors of unequal sizes, the 17
group-factor consisting of factors with a-priori
probability p~ of being defective is more efficient
(in thelsense of fewer runs) than the corresponding
step-wise group screening design with the same
number of initial group-factors but of equal sizes

each containing factors with a-priori probability

p of being defective provided
Pi 1 P = »-550] .

Proof

The problem 1is to show that min E(R) given

in Theorem 3.1,2 is" less than or equal to min E(R)

given in (2.1.36a). That 1is we show that
l4g- T Pi * §(38*2f)2
ifi p,
3/2
3 fp
<y —fpr - S = T *|(2-4p)!p

- - = |
(2-4p)2 C2-4p)2 2

(3.1.23).
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Substituting g = where k = as

given in (2.1.35), inequality (3.1.23) becomes

i 25? 3 P4 * 'fé *’2”15)’2 !
+ 5 . P4 * p(3g*2F) ————-—-
9 0O i1-1 1 g( 9 ) % 1
I=1 p.
3
< 1+ + g ~2gp T 1_£
29
i.e.,
25 S i 2 1
t iJj Pi * a(38 * 2fl —E—i
i=1 Pi
25 | e~ 2R
<'___Q_Pg + g{gg + Zf_) g (3_1_24)
1.,e,
25
BCW . | X pi> 2f)2 fp i
i=1 Pi
(3.1.251,

which 1i1s true 1if

25 , g 25

TTISP ji=1 P«l + T g° g 1 fl-°

i-1 P:

1.e.,

- E p.t 9 <0

i-1 1
- I
i-1 Pi

1 .e.

f
g =ik Br 51 o (3-1-26).
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which follows from Cauchy - Schwarz inequality

2

1m e

GBI 2 ».
! i=l 1

This proves the Theorem,
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3.2, SCREENING WITH ERRORS

The problem of step-wise group screening
with unequal a-priori probabilities of factors to
be defective has been considered in section 3.1.
While developing the theory, we assumed that there
were no errors in observations. In this section,
we shall allow errors in observations and work out
corresponding results given 1in section 3,1. As 1in
section 3.1, factors with the same a-priori
probability of being defective will be put together
in the same group-factor iIn the initial step, thus
resulting in group-factors of unequal sizes in
the initial step. For the purpose of experimentation,
we shall follow the method described 1in section 2.2.

#
3,2,1. The expected number of runs

Let there be "f" factors under investigation,
In the initial step, the “f* factors are divided
into ’g’ group-factors such that all the factors
with the same a-priori probability of being defective
are put in the same group-factor. Suppose the 1"
group-factor has factors, then we have

k. = f ci=1,2,...9) c3.2.1),
1 1

Il =--O

where f and g are fTixed.

A
? Let A™ be the estimate of the main effect of

the i”™ group-factor containing ’s”” defective

factors. IT the effect of a defective Tfactor
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within the i~ group-factor is A*>0 (i*l1,2,t,,1g),

then

ECA.) = s.A. (3,2.2a)

and

var (A.) = (h=1,2,3,4) (3.2.2b)

Next define

Ai—sfi-
/3j2/(g+h)
Ye ~ Siéli (3.2.3)
where
A
| (3.2.4)
/02/(g +h)
and
T T (3.2.5)
Jo2/g +h
Assuming observations to be normal, is a standard
normal variate, We shall say that the ™*1 group-

factor 1is non-"-defective if s=0, which implies that
Sinli = n defective if N 0* Thus we

wish to test the hypothesis

Ho Sitlv

alternative (3,2,6%}
Hl:si$li kO
Assuming o is known, we shall use the normal deviate

test, otherwise we would use a corresponding t-test.
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The power of the test for the 1™l group-

factor is

s s , : i I z2\ ,,
i siMt i T exp \~t ) az
2(ali’-si*li 0.2.7)

where zCa”) 1is given by

(3.2.8)
=J N expr r ; d2

ztali>

which 1is the size of the critical region for testing

the significance of the ith group-factor. When
A

sl:O or —, = 0, we have
Hjjto.cjji) -aijj (3.2.9).

Ae

When sM=f0 and - is large, then we have
nT;s-52T:-2T3) - 1 (3.2.10).
Let p~ Li=1,2,.,., g), be the a-priori

probability that a factor within the iI** group-factor
is defective. Then the probability that the ith
group-factor containing s defective factors is

declared defective 1is given by.

Kirfk X\ s
"uot o ppr Ko) KI'Si niitshii-aii)
(3.2.11).

Define a random variable U.I such that
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Ui=1 with probability n** if the ith initial
group-factor 1is declared defective,
= 0 otherwise
i=1,2,,..,9. (3,2,12a),
Then
ECU1) = n;i C3,2,12h).
In the subséquent steps, the analysis of the group-
factors declared defective in step one 1is continued
as described 1in section 2.2.
Let p~" be the probability that a factor
chosen at random from the I group-factor containing
s defective fTactors that has been declared defective

in step one is defective. Then

pinli (3.2.13)
nii
where
/k. -1\ s.-1 k.-s.
i s ErkstorARet frt MGG aT
(3.2.14)

following Curnow [ 2 -
Define a random variable 6 as follows;-
6I=0 if a factor chosen at random from a

group-factor that is declared defective
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in step one is non-defective

= 1 otherwise.
Then

6/\

O with probability 1-pT

1 with probability pT .

Let as”™ be the probability of declaring a non-defective
factor from the i1~ group-factor defective and ys” be
the probability of declaring a defective factor from
the 1~ group factor defective in the subsequent

steps.

Let

o0}
1

1 - (A-6page *+ B -

Then

- with probability 1-pT

= vgr with probability pB( “(3.2.15)
Thus the average value of ft is given by
f? - y'srpi * aSI
m
< i nL)I Olgi Ssi/ B9 Vs
X1
(3.2.16a)

where

8 )nli' +n

S [- Csi = Asi li“si] (3.2.16b)

is the probability that a factor from the ith

initial step group-factor is declared defective Iin

the subsequent steps. Thus Tt may be interpretted
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as the conditional probability that a factor
chosen at random from the i group-factor that

is declared defective 1in the initial step is
declared defective.

Let be the probability that a group-factor
consisting of factors from the ™1 initial group-
factor is declared defective at any step but on
testing individual factors within 1it, no factor is
declared defective due to errors in observations.
Obviously a*” will take different values at

different steps, However for simplicity in algebra,

*
we shall assume a*" to be of uniform value, say
Denote by P* T,j the probability that
exactly j factors from the i~ group-factor that
is declared defective 1iIn step one are declared
defective 1irvthe subsequent steps, Then
kA

—ci-1j) J-

pk g1l - )
k.-J
>JC1-B!) 1 Jj=1,2,,. ki
[3.2,17) =

Let E* (R.) be the expected number of runs required
Ki J -
to analyse the i1~ group-factor, 1i.e. declare as

defective or non-defective all the Ffactors within

the i1~ group-factor of size k~-which has been



declared defective, if
are declared defective

Then using lemma 2.2,1
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exactly j factors from it
in the subsequent steps.

and Theorem 2.2,1 we have

EijCRJ) = k for j=0 (3,2.18a]
and
jki j j(k-+j_2)
*j ‘ )
Y \ -j+| J+I
k. _
1
* afl
TR AL
SJKk ..,
D for
MooV 1 [3,2.18b]

where El:0 if aH:O and

Denote by R~ the numb
to analyse the ith gro

declared defective in
m

1 otherwise.

er of tests (runs! required
up-factor once it has been

the initial step. Then

E(RSi> ® Jo EKitRj1IV J1

i >j Jk
+— £ 1
RIi
al
X

Kk k.
1 i-ci-e?] 1
L

JCKi+j-21
730 kge-n

x |iDut) (1-eryXi’J

2

J*1 "V 1 * k.ik.-nj
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IkA - J _krd
X up a-sp
a-Ci) ki jek -jI K i krj
- - r-5 o =——=1—— j_J(61)J@1-8!) 1
ny, J-i K.Ck:D kij/ i i
i.e.
k. *%k.fl
E(R . k. - -i- 1-C1 !
( ] » A g —@}
ir L
_ i _ k.+1
. _Lki+1+kiei"eT{1"u "6i) 1 Y
ii
* 1 %
. {i *12]
8 k.+1 _ k. .
=f1-Cl-et) 1 - kleECI-Bt) 1} -1+Pi -8%
nh

(3.2,19)
using (2-2.35).
Let Rg denote the number of tests required to
analyse all the group-factors declared defective 1in

step one. Then

ig = iEl U'IE(R§) C3.2.20)

where LL 1is as already defined in (3.2,12a),

Theorem 3.2.1

The expected total number of runs 1in a
step-wise grou.p screening design with g (Ffixed)
group-factors in the initial step such that the

i~ group-factor is of size k1 (i=1,2, ...,g) and B’
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is the probability of declaring g factor within the
i1 group-factor defective 1In the subsequent steps

is given by

ECRJ = h+f+2g -

C 2 E- -~

g r k=
N ES R R | g

where cd 1is the probability that a group-factor
consisting of factors from the i1 ~ initial group-
factor is declared defective but on testing
individual factors within it, no factor is declared
defective due to errors 1in observations and £4=0 if

a?=0 and 1 otherwise.

Proof

In step one, we require

Rj = h+g runs (h=1,2,3,41, (3,2.211
The number of runs required in the subsequent steps
[ s z

g
R,, = 1T U.ECRa.l as given in (3.2,201,
W A | 01

Using (3.2,191, it follows that
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g g r . k.-
E(R. = .E_k.n*_. - _E k. 1-Cl-e! *
R- i=1 i li i=X 9 J
g e Ky 11
o E_ kytl+k.B2 _ _ d-n !
=1 3%
i
tn Fe2 C'jé* o
- n -Ci C. 6
=1 i i
g £ B ki.+1 k.
. ; ” " K.BMI-IT) M
i=l 1
n
1+ 3.5 11> ,(3.2.221,

after replacing IL by,E(U®) = 11 given in
(3.2.12b) .

The expected total number of runs is now given foy

E(R) = R: * E(Rg) (3,2.23).
Using (3,2,211 and (3-.2.22) in (3.2.23), putting the
like terms together, we obtain the expression for
E(R) given 1iIn the Theorem, This completes the proof.
Corollary 3.2,1

A.1ls

For large values of and arbitrary values
of p~"s, the expected total number of runs in a step-
wise group screening design with the 1~ group-factor
of size k~ (i=1,2,, .,,g) is approximately equal to

r r . * k- _k'

ti-«j)b
h+f+2g- E K

=1 () + agi{l—(l—ali)q.i}
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2-5. at
g Li 1 1
+ _E k'<Ql'(1_asi')+aSI'§ 1 a/)» X- — -kT
-1 1
k.
J 1kif1* (1-“1i1)qil
‘ / N Ky

1-<1-Cl-a opyagi(t-A-afpag,
g g ]
z al+ E tal-5.) iptl-a_g)-a o (i-(1-a] PA; 9

| ki“I" C1°0siPi~“si(l“tl“ali,qil
X 41—C1—asr)Pr—asr(l—(l—an 1 g ~ ki

Proof
A."s
If —— are large, we have the following

approximations

“q (3,2.24)
(-3,2,25)

nn m -
- (3.2.26)

Yor «71

and
6> - <1=<Jsl)pi ¢

(3.2.27).

The corollary Tollows immediately on using these
approximations*in the expression for E(R) given in
theorem 3.2.1.

this completes the proof.
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Corollary 3,2.2
Ae s
For large values of 5 and small values

of p~"s, the expected total number of runs in a
step-wise group screening design with g group-
factors iIn the initial step, the 17~ group-factor

being of size k~Ci=l,2,,,,,9) is approximately equal

to
r 2-5.
h*g. J Tu-«sl)k.p. -1- — -kt Eci—o/)lk-ﬁD
k.I [
g g
Proof
A _1s
, It 1I|Iare large, then a)‘{l. s , aSA and
at"s are relatively small. Hence 1if p”~’s are small.
we have
k.
Ir-Cl-c™1g.1 = CUali)kipi ¢ ali
upto order p° [3.2,28).

The corollary follows immediately on substituting ths
approximate value given in [3.2,283 1in corollary
3,2,1, approximating the resulting expression to terms
of order p~ and rearranging similar terms. This

completes the proof,

3.2.2 The optimum sizes of the group-factors in
the initial step
Theorem 3,2,2

A.1ls
For large values of ara and small values c



p~’s, where is the a-priori probability of a

factor within the i1~ group-factor to be defective,
_ -th

the size 'kl* of the 1 group-factor that minimizes

the expected number of runs is given by

B B P L R

i=1

[2(1-otl j]-Cl-agilICl +alV~pi

2cI-aT.)-(1-a_..Jci*a NIP.
[ Tl Si 1 Jp‘i

f

1EZ(I—aTr1—C1—aSr]C1+a?]1p-

K> 111> Hl-aill[3-.;)p1]

[2[1-.al1]-(1-asi!(1*0.;)]p.

where is the probability of declaring the ™1
non-defective group-factor defective, al! is the
probability Qhat a group-factor consisting of factors
from the 1~ initial step group-factor is declared
defective at any step but on testing individual
factors within it, no factor is declared defective
due to errors 1in observations and asf is the
probability of declaring a non-defective Ffactor
from the 1™ group-factor defective..
Proof

The problem is to minimize E(R] given in

corollary 3,2,2, subject to the condition

% k. = f.
i-1 1
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By the method of Lagrange®s multiplier, let

F '/\2' **1/\/\9 [VAWAN

g g
= h+g+ Z k.o! + | kotj..
i-1 11 i=1 1 11

f C2-C 3 X

g .
+Z Clha 3k.p. 1o f——k.figi-an)k.*2
i-1 s1 11 i

% k-z(l—aTo)p_ + X{f— % k.>)

i=l = 11 1 \ i-1V

where X is the Lagrange®s multiplier.
Assuming continuous variation iIn k”~, the critical

values of k/ are obtained by solving the equations

s =0 CiFI1,2,..,9)

and (3.2.29)

N -

3X
Conditions [3,2,291 imply

- ~ - N - - N
EZCI a]’i-l 21 aSi,3+CI aSi-ICI oiiljlkl.pr.I

[oi ptrag Ppyr 7 d-ag1a

X =0 (3.2.30]

and

2k = f (3.2,31)



9 5.

From (3,2.30] we get
|d-asll(3-a:)p-]
1 LZCI'airi')'CI'Osi')(I*atl)}Pi'

-t (.3,2,321,

Summing (3,2.32] over i and solving for X we get

/
we ts 9k alyt M- 16 L 1y0i)

i’L, ~CIl-Cjjl-a-a™Hl.cpJdp-

g
1

1=1 [2ti-,lii-ti"«sIm*0j]jp1l (3.2.33]
The Theorem follows immediately on substituting this
value of X in (3,2.32],
This completes the proof.

Corol lary 32-,3

If &f{ttsr'agzoﬂ which is the case when we .

have no errors in observations,

G« (] :
Pe r —
vVi
Proof
The proof is obvious on substituting
o~.. - al = a*. = 0 in the expression for k» given

in Theorem 3.2,2,

The value of k™ given in corollary 3.2.3 coincides

with that given in Theorem 3.1.2.
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CHAPTER 1V

INCORRECT DECISIONS IN STEP-WISE GROUP SCREENING
DESIGNS

4.1. SCREENING WITH EQUAL A-PRIORI PROBABILITIES

In section 2,2, we worked out the value of
the optimum size of the initial group-factor taking
into consideration only the expected total number
of runs, In this section, we shall work out the
value of the optimum size of the group-factor in
the initial step, taking into consideration both
the expected total number of runs and the expected
total number of iIncorrect decisions,

4,1,1 Calculation of the expected total number

of 1Incorrect decisions

We shall consider the following cases of
-incorrect decisions;
Ci) declaring defective factors as non-
defective 1in the initial step,
tii) declaring defective factors as non-
defective in the subsequent steps and
Ciii) declaring non-defective factors as
defective in the subsequent steps,
Let P*[J) be the probability that exactly
J Tactors are declared defective in the subsequent
steps from a group-factor of size k that 1is declared

defective in the initial step.
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Then

. . -n
* I—_a* J ': .
ni\J, e (i-e*) j=1,2, , K

\
as explained in (2.2.21).
Let E~tj) denote the expected number of factors
declared defective from a group-factor that was

declared defective in the initial step.

Then
Xo

Ek@)

1
hl
=
0

= k &+ (4.1.1),
where g+ is the conditional probability that a
factor chosen at random from a group-factor of size
*k* that is declared defective in the initial step i

declared defective.

Let p~°~ be the probability that a factor
chosen at random from a group-factor that is
declared non-defective 1in initial step is defective.

Then N

© pu-nJ)

1-nj (c.f. Patel [I18])
(4.1.2),

where n* and n* are as defined In section 2.2.

Further let p+ be the conditional probability that
a factor 1is non-defective given that it is declared

defective.
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Lemma 4.1.1
aSCI—QT)

P 1T+
where aS and p" are as defined in section 2.2,
Proof

Let E™ be the event that a non-defective
factor from a group-factor that 1is declared defective
in the initial step is declared defective 1in the
subsequent steps and let E, be the event that a

p4

factor from a group-factor that is declared defective

in the 1iInitial step is declared defective. Then
Prob.CE,P = (I-p )aS (4.1.3)
and
- = p" -pAN 4,1.4
Prob.(E-) Py, + Cl-p™o_ ¢ )

where yS is the probability of declaring a defective
factor defective 1iIn subsequent steps.
Hence,
p+ = Prob. (™1 /")
as(l—p J

p"ys+(l-p®")as

a (1-p"»
st TR [c.F. (2.2.19)]
e+
(4.1.5).
This completes the proof of the Ilemma.
Theorem 4.1.1
Let Md be the number of defective factors

declared defective 1In a step-wise group screening

design with F factors, the a-priori probability of
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a Ffactor to be defective being p®, then

E(Mr) - fp Yg

where yS is the probability of declaring a defective

+
factor defective in the subsequent steps and is

as given in (2.1,18),
Proof

The total number of factors that are
declared defective from the r (r<g) group-factors

declared defective 1in the initial step is equal to

\ e
r k B+ using (4.1.1).

The probability that a factor which is declared
defective 1is defective 1is given by

I-p+ (4.1.6)
where p+ is as given in lemma 4.1.1.

Therefore

Mr - rkg*(l-p+) (4.1.7).

Replacing r by E(r) = gn* we get

0.
E(Mr) = fnjl+(l-p+) (4.1.8).

Substituting the value of p+ given iIn lemma 4.1.1

and noting that

3r=Yg; + agl-pi)

and
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in C4.1.8) we obtain

E(MR) = fpn*Ys

This completes the proof of the Theorsm,

(4.1,9) .

In the next Theorem, we shall obtain an

expression for the expected number of defective

factors declared non-defective in the subsequent

steps.

Theorem 4.1.2

In a step-wise group-screening design with

f factors and with errors iIn observations, each

factor being defective with a-priori probability “"p-

the expected number of defective Ffactors declared

non-defective 1iIn the subsequent steps 1is given by

Is =fpn*(l-Ys)

where ys 1s the probability of declaring a defective

+ M

factor defective 1in the subsequent steps and is

as given in (2,2.18),

Proof

The expected total number of defective

factors iIn the g group-factors is equal
fp.

The number of defective fTactors declared

in the initial step is equal to
(g-r)kpno~n

where p”~0”™ s as given in (4.1.2).

The number of defective factors declared

to

non-defective

(4.1.10)

defective
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in the subsequent steps is MR, If Ig denotes the
expected number,of defective factors declared

non-defective 1in the subsequent steps, then

Is E[fp-(g-r)pCo) - Mr

fplgtl—ys) (4.1.11),
using (4.1.9) and replacing r by E(r) = gn* .
This proves the Theorem.

Let 1~ denote the expected number of
defective factors declared non-defective 1in step

one.

Lemma 4.1.2

1J fp(1-n*)

Proof

J EC(g-r)kp(0) (c.f. (4.1.10))

-
I

fp(1-n*) (4.1.12),

* *

substituting for E(r) = gj

Hence the Ilemma.

In the Theorem that follows, we shall obtain
an expression for the expected number of ngn-
defective factors declared defective in the
subsequent steps,

Theorem 4.1.3
Let Mu be the number of non-defective

factors declared defective iIn the subsequent steps.
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Then

ECMU) = fas(p* - qu),
where as 1is the probability of declaring a non-
defective factor defective iIn the subsequent steps,
n* is the probability of declaring a group-factor
defective in the initial step and p, 11 and T are
as defined earlier.
Proof

The total number of factors that are
declared defective from the r group-factors declared

defective iIn step-one 1is

rkf3+ using (4.1.1)
Thus
Mu = rk'g+P_+
where p+ 1is the probability that a factor that is

declared defective 1iIn the subsequent steps is non-

defective. Therefore

ECM 3

ECrkf5+p+)

fas”™nj - pnj (-4.1.13)

using (4.1.5) and noting P

This completes the proof of the Theorem.

Let 1 denote the expected total number of
incorrect decisions in a step-wise group screening
design with errors 1iIn observations. Then we have

the following Theorem.
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Theorem 4,1.4

The expected total number of incorrect
decisions 1iIn a step-wise group screening design with
f Ffactors each factor being defective with a-priori

probability p is given by
I = fp - fpn*ys + fas(n* "™ Pnjb5

where p, ni, n& and yS are as defined earlier.

Proof
The expected total number of incorrect

decisions 1is obtained by adding 1~, I and E(M ),i.e.,

1T +g1c + ECM )

fp(l-nj)+fpnj(i-ys) + fas(@(@y - prj-l

(4.1.14),
using (4.1.12) and Theorems (4,1.2) and (4.1,3).

Simplifying *(4.1.14) we get

1 - fp - fpn~Yg + fots(nl " PN (4.1.15).
This completes the proof of the Theorem.
Corollary 4,1.1

For large and arbitrary p, the expected
-total number of incorrect decisions 1iIn a step-wise
group screening design with errors in observations

is approximately equal to

fOQs[g “ d-ajlql] =
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Proof

When — 1is large, we have the following
o]

approximations

Av=a1e + Y

1-Cl1-aT)q

and

The corollary follows immediately ?n using these
approximations in (4.1,15). |
Corollary 4.1.2

For large - and small p, the expected total
number of 1incorrect decisions 1In a step-wise group
screening design with errors 1iIn observations Iis

approximately equal to

fas£(ijp) + (I-otj)pkj-

Proof
For small p,
k
q - 1-kp , upto order p.

The result follows on using this approximation in

corollary 4.1,1,
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Optimum size of the group-factor 1in the
initial step considering the expected total
number of runs and the expected total number
OF incorrect decisions

Since we cannot minimizeeboth I and E(R) at

the same time, we will try to minimize one of them

while Ffixing the value of the other, ¥for the

following cases:-

4,1,2,1

Theorem

N

(i) large and small p and

Cii) large and arbitrary p.

Optimum size of the group-factor in the

initial step for large and small p
4,1,5
For large and small p, i.e., a-priori

probability of a factor to be defective, the size

k of the gro~p-factor in the initial step which

minimizes the expected total number of runs for

a Ffixed value of the expected total number of

incorrect decisions u say, iIn a step-wise group

screening design with errors 1in observations is

given by

and the

given by

min EQR1

w-fas (@j-p)
N _ *
fasll qI)p
corresponding minimum value of E(R) 1is

- h+f a*+aT-+5(l—aSH3—a*)p\
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f a (I—aI)p r
S I-Cl-a* )(2-0p
Q—fas(l—aT)p L =+

o-fa (aT-p) f i 1

aSCI—aI)

where aI, aS and a* are as defined in section 2.2
and the variable £ takes the value 0 i1if a*=0 and
the value 1 otherwise.

Proof
For large a.and small p, we have

EQR) “ h+ + fa*+f(l-as)p ~1- K+ El(k+1)(1—a*ﬁ

f(l-aj)kp+faj ,
and

I a fa "(@j--p) +(1-aj.)pkJ

using corollaries 2,2,4 and 4.1.2 respectively.
The problem is to minimize ECR) given above subject

to the condition
fag™(aj-p)+(l-a; )pkj =0 (fixed).

This 1is equivalent to solving this constraint.
Thus the required value of Kk is
K = uras (R (4.1.16a).
fas(l—aI)p
Since 1 is an increasing function of k, u should be

chosen so that the value of k in (4.1.15a) does not

exceed the value of k that minimizes ECR) 1in
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corollary (2.2.4). That is we choose the value of

w which satisfies the condition

lﬂ—fas(ai-p) P 2-2(1-3_)C-£)p

F 4.1.16b
fa_ClraT) - 2(T-app-ii-a)(I+a*)p ( )

The expression on the right hand side is the value
of k which minimizes E(R),
Inequality (4.1.16b) gives

2-2(1-a )(2-£)p
9 < fa_(l-ap) S

2(l-aj)p-(l-as)(1+a*)p

+ fas(aT-R) (4.1.16c¢)

The inequality (4.1,16¢c) 1is valid if

1-2(1-a )(1-}p > 0
which is true if p<b 7o f. (2.2.47)".

Substituting” the value of k given in (4.1.16a) in

the formula for E(R) given above we obtain

min E(R) h+f a*+aj ) (3-a®)p]
L a§ (I—aLT)p
o —. )(2-5)p]
-fa_(-app

w-fa (ax-p)
+__ s L

f(l-aj)- -J(I-as)( +a*)J
as(l-af)

(4.1.17).

This completes the proof of the Theorem.
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Interchanging the roles of E(R) and 1 in

Theorem 4.1.5, we obtain the Tfollowing Theorem.

Theorem 4.1,6

Assuming p to be small and large, the size

*k * of the group-factor which minimizes the

expected total number of iIncorrect decisions subject
to a fixed value of the expected total number of
runs, say Vv, 1is given by

v—h—f{a*+aI+ E~(Las)(3—a*)p}

Ci) k =*
2fpE(1-0i))- I-as)(1+a*)J
v-h-f{a*+aJ+ g(la )(~°>-a"‘)|0}.2
2fp{ (1-a-j-)- l-«s)(1+a* )}
_1
1—Cl—as)(2—C)p
2p{(l-aj)- x(l-a HI +ta*)}
when
1
> h+2F ~(1-0jJp- I-as3@+a* )pj *Qi1-(1-as) (2-?)pJd

+ fja*+aj +~(l-as)(3-a*)pj

2-2(1-a,)(2-5)p

2(I-a£|')p-(|-aSHI+a*)

v = h+2f~(l-aj)p- -~(l-as) (Il +ta*)pj j~I-(i-as)(2~c)p
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¢ ra"+aj* ~(1-ag)(B-a*)pj
Proof
The problem is to minimize

I = fas j~Caj-p) +Cl-aj )pkj ,

subject to the condition

ECR) = h+ £ + fa*+f(l-a Jpjl- 2;(9 k++(k+1)(1-a*)

+ f(1-a™)kp + faj

= v (Fixed).

\

This 1is equivalent to solving for k in the equation

fk2p £(1-0j ) - ~(1-o0s)(1 +a*)J
rr—v+f{a*+aj+ 2-Cl-as )@ -o-1p}]
+ Fj\-(l-ag)(2-£)pJ =0 (4.1.18).

Eq.uation (4.1.18) implies

v-h-f{a*+aT+ i(l-a )(3- a*)p}

------------ I AR
2fFpE(1l-a™)- ~(1-o0g)(1+0*)J

v-h-f{a*+aj+ ~(l-as)(3-a*)Pr

2fp|~(1-05)- -i(l-ag) (1+a* )J

1-(1 -cts) (2-C)P

2p{ (1-a-,-) -i(l-as) (@ +a*)}

(4.1.19).
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The smaller value of k gives the point of minimum
for 1. The values of k in (4.1.19) will be real if

we choose v > min E(R) given in Theorem 2.2_3.

1.e.,

v > he2f [CW 1)p - 4ci a_)(+a,

>pl
1
X (3—(1—a )t2-5)p

[_ +al + "m”~_as 3~a*)Rq

(4.1.20)

If v is such that we have equality in (4.1.20)

instead of inequality, then the value of k will be

given by
"2-2(1-a )(2-?)p
2(I—aT)p—(1—aS)(1+a*)P
(4.1.21),

which 1is exactly the value of k which minimizes
E(R) 1in corollary 2.2.4.

eThis completes the proof.

4.1.2.2 Optimum size of the group-factor 1iIn the

initial step for large ” and arbitrary p

Theorem 4.1.7

For large and arbitrary p, the group size



’k®* which minimizes the expected total number of
runs for a fixed value of the expected total number
of incorrect decisions 4y say, In a step-wise group
screening design with errors in observations is

given by

where qg=1-p , a®» and ag are as defined earlier.

Proof
The problem is to minimize E(R) given 1in
Xe
corollary 2.2.2 subject to the condition

1 = 9 (Fixed)

where 1 1is as given in corollary 4.1.1,

1.e.,

minimize
k+

c @y * f(1-a*) U-»8)p-ag(l-d-Q i)gk"

Cl-a )pta (I1-(1-aT)gk)

[d-as)p+a {I-(l-aT)q } 1- 27°

o T I-(1-aj)qgkl-f 1-~1-(1-as)p-as*I-(1-aj)qgkr:”

fa’
k [ti-OsJp+asCi-U-0jJgq~tS-0*}

mfa "(ci-as)p+as(I-(1-ai)gM)j[I1-(1-as)p-as(1-(1-ai)gk

(4.1.22).



112

subject to the condition
I - fas(@-Cl*aj) =0 (fixed).

The optimum value of k is obtained by solving the
constraint given above. This gives
log(fa g-to) - log fa (1-aT)
log q (4,1.23).

Since 1 is an increasing function of k, ®© should be
chosen so that the value of k in (4.1,23) should
not exceed the value of k that minimizes E(R) 1in
(4.1.22) obtained using Newton - Raphson®s 1iterative
method on equation (2.2.49). The corresponding
min E(R) 1is obtained by substituting the value of
k in (4.1.23) in the expression for E(R) given in
(4.1.22) .
This completes the proof.

Next .we would like to choose k such that |1
is minimum for fixed value of E(R), say v. The

problem 1is equivalent to minimizingl

1 = fas |g-(1-al)gkl ,

subject to the condition

k+ 1

1-1- (I-asjp-as (I- (1-cij )gk)jJ-
E(R)=h+ _k +f- f(l~-a*]

(1-a )p+a (I-(1-a )k

+ FT(1-ag)p+as{i- (l-aj)qk) 1- 27> @
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* £ 1-(1-0

1-U-c.1i)

(4.1.24).
The problem 1is equivalent to solving the constraint.
Equation ((4.1.24) can be solved for k using Newton -
Raphson iterative method, taking the value of k
given in Theorem 4.1.6 as the initial approximation.
The required minimum value of 1 is obtained by
substituting the value of k obtained as stated above
in the expression for 1 in corollary 4.1,1.
4.1.3 Optimum size of the group-factor in the
initial step iIn relation to the total cost
Let c™ be the cost of inspection per run
and C£ be the loss 1incurred per incorrect decision.

Then the expected total cost is

C = cx EQRR) + c21 (4.1.25)

* ) } ) *
+ f0*{1 £} + fn

k 1

-F{I-(1-0*)k} - £ a*
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- £e*2U-a*} - Ffa*1*(1-B*)k

+ c2 [fp-fpnjYs + fas(nJd - pllj)d

using Theorem 2,2.2 and Theorem (4.1,4).
We shall find the value of k which minimizes the

expected total cost, for the following casesj-

N

Ci) large and small p,

(in) large N and arbitrary p.

Theorem 4,1,8 _

Assuming p, 1i.e,, the a-priori probability

of a factor to be defective to be small, and large,

the size ’k” of the group-factor which minimizes the
expected total cost "C” in a step-wise group
screening design with errors iIn observations 1is given
by

2cx{1-(@2-5)@-as)p %

2(I—aI)Cci+%O§ )p-(l—as)(l+af)i,p

subject to k being real, where ag is the probability
of declaring a non-defective factor defective 1in the
subsequent steps, of is the probability of declaring
a non-defective group-factor defective in the
initial step, a* is the proportion of group-factors
declared defective at any step but due to errors in
observations no factor from each such group-factor

is declared defective on individual tests, c” 1is
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the cost of inspection per run and c” is the loss
incurred per incorrect decision. The variable £

takes the value 0 if a*=0 and the value 1 otherwise.

Proof
For large ~ and small p, we havs
2-0 iy
ER) = fa*+f(1-a-)pal- 7 k+i(k+1)(1-a* 3>
2 J

+ f(l-aj)kp + faj
using corollary 2.2.4, and

I - fa jiCa;-p3 + (1-a; )pkj

using corollary 4.1.2.
The expected total cost thus becomes

r 1
C - ¢ jJn+f+fa*+f(l-as )p< I- - k+7Mtk+1)

f(l-aj)kp + faﬂ

c2gF + (1_oij)kp}i (4,1.27]

from (4.1.25).
Assuming continuous variation in k, the optimum
size of the group-factor is obtained by solving

the equation

dc _
q = O

This 1implies
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3 [HH1(1-s ,p]

+ clpl-al)p-(l-cts)p”~(l-as)(l-0*]p]J

C2Cl-aj)p
l.e
2 ~2
0l1{1-(2-eHIl-0s)p}
k =
2('-aI)Qf-Ef_a8)p-(|-aS)(|+a*)CjP
(4.1 28) .
The value of k in [4.1.28) is real if
1 ca.1 29) ,

211-ag)(1-D

which 1is true if
p < | (c.f. (2.2.47)) ,
This value of k wil-1 be in the’neighbourhood of the

point of minimum of the expected total cost °C~” given

in (4.1.27) if

d2C

> 0
dk2
i.e. if
N3 (1-c2-5)(1-as)p}cl > O
k
1.E

2(1-a ) (1-b
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which is condition (4.1.29).
Therefore the value of k given in (4.1.28) is in
the neighbourhood of the point of minimum of the
expected total cost C given in (4.1.27).
This completes the proof of the Theorem.
The corresponding minimum value of O is obtained
by substituting this value of k in the expression
for 'C’ in (4.1.27).

The next case we are interested in is when
— is large and p arbitrary. Using corollary 2.2.2

\®

and corollary 4.1.1, the expected total cost becomes

f(l_a*),l-Ij--(l-aS)p-as(l-(l—al)qk)}ln
h+X H K

Oc. !

(I-as)p+as(I-(1-aJ])ak

+f{1-(l-a-j.)q }-f< I-~1-(l-as)p-as(l-(l-al)gkj>

"maT""1f(1"as)p+tas(1l”(1al)gk)} U -°*}

™

{ (l-as)p+as(1-(1-a})gk) m1-(l-ag)p-as(I-(1-c™)H2n) »

+Ff (l-as)p*«s(l-(1-tl1)gk It

% fas(q - (1_ai)gk) (4.1.30) -
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The value of k that minimizes C given in previous

page is a solution of the equation

ac
dk = ©

~2r.2%. -*{(i-.B,p*.8Ci-(i-.11q"5}«-e*_-)

efci-as)p+a8(1-(1-«i)qRI U-a* )J

. ] (2-C)as  asa*
(1-aj)q iIng * ) e [ + "IT" + 1

+kas (l-a;[)gkmg”Il-C l-ots)p-as(l-(l-al;)gkj’

x[l-a*]Ju-as)p+as(l-(l-al)gRkj]

asn-ai)gV gq p-Uka }j\l-as)p+tas(I-Cl-a-[)gkK j

-a*jl-(l-as)p-as(l-(l-a];)gkJ’

k+1
(1-a*) I-{I-Cl-as)p-as(I-CI-BllqRK}
Cl-°s)p+as(lI-Cl-al)gk®
a (1-a%) (k+1)<T-(I-as)p-as(l-(l-,ai )qk).r |

K (l-as)ptasQ.-(l-a~g?

x(l-aT)q §<q
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_ ke
Cl-a*) as(l-ajlg™n-qg *"-]1-( I-as]p-as(-C 1-0™)gkj |

«T(l-as)p+as(l-(l-al)qR j2

- C2«sCl-aj)gkExqg = 0 (4.1.31).

The value of k that minimizes C in (4.1.30) is
nearer to the value of k given in Theorem 4.1.8 and
can be obtained using Newton - Raphson®s iterative

method applied to equation (4.1.31).
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4.2 SCREENING WITH UNEQUAL A-PRIORI PROBABILITIES

In this section, we will discuss the
performance of a step-wise group-screening design
with unequal a-priori probabilities of factors to

be defective and with errors in observations.

4.2.1 Calculation of the expected number of
incorrect decisions

Incorrect decisions arise in the following

ways:i-
(i) declaring defective factors as non-
defective 1in the initial step,
Cii) declaring defective factors as non-
defective in subsequent steps and
(iin) declaring non-defective factors as
defective 1iIn subsequent steps.
Let PE (J) be the probability that exactly
|
j- factors from the i~ group-factor of size that

is declared defective in the initial step are

declared defective 1in the subsequent steps. Then

1 -rr- u-u-B1) 1i> j=o-

mi 1
1 S L .
* —_a%* = -
nr \_})3 u-e*] i=1, 1
11 vj

as explained earlier in (3.-2.17).

Let E~ (J) denote the expected number of factors

declared defective from the 1~ group-factor that
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= k1 Bi (4.2.1)
where g? 1is the conditional probability that a
factor chosen at random from a group-factor of size

that is declared defective in the initial step
is declared defective.
Lemma 4.2.1,
Let M% be the number of defective factors

declared defective iIn a step-wise dgroup screening

design with g initial group-factors, the Tfactors in

the 1~ group-factor of size being defective with
a-priori probability p~ (i=1,2, ...,g)- Then
E(1V = kiPinliYsi

where ys” is the probability that a defective factor
from the 17~ group-factor that is declared defective
in the iInitial step is declared defective in the
subsequent steps and JI™ is the probability that the
iEN group-factor containing at least one defective
factor is declared defective.
Proof

The total number of factors declared defective
in the subsequent steps 1is

k.gru. (c.-f. (4.2.1)),
1 111

I mQ
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where Lh 1is as already defined in (3.2.12].
The probability that a factor that is declared
defective from the i1~ group-factor that is

declared defective is defective 1is equal to

1 * Pi (4.2.2)
where

asf(l_Pl) (4.2.3)

B+

i

using (4.1.5) , and
er#f (4.2.4)

uSi

is the probability that a factor chosen at random

th
from the i group-factor that is declared defective

in the initial step is defective. Then
Mp = —
R mgl Kiet =P+
Hence,
g
e (Nr) E M?2(l-pt)E(U. )
i-1 11 1
= e k.Fer - a .(i-P")jn*
i=11L1 S1 ( 3 i
1.e.,
E(Mn) % k * (4.2.5)
= ~y_-p.n -2 ’
R i=l 1731 i Ii
replacing by {YsiP™ + «gf(l—pr)> as given 1in

(3.2.16a).
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Substituting the value of pf given iIn (4.2.4) in

(4.2.5) we get

E(Mr) z krPrnﬂrysr (4.2.6).
i-1

This completes the proof of the Ilemma.

In the lemma that follows, we obtain an
expression for the expected number of defective
factors declared non-defective in the subsequent
steps from all the group-factors that are declared

defective in the initial step.

Lemma 4.2.2

The expected number of defective Tfactors
declared non-defective from all the group-factors
that are declared defective 1iIn the initial step 1is

given by

g
L Kpppnjp (1-x%gdm

*1=1

Proof
The expected total number of defective
factors in all the g group-factors 1in the initial

step 1is equal to

% k.p -

i-1 11 -

The number of defective factors declared non-

defective 1in the initial step 1iIs equal to

1 (1-U.)k.p?0) (4.2.7)
i-1 m 1 11
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where pt0)  PEAITUIIL o e probability

1 1
that a factor chosen at random from the i1th i1nitial

step group-factor declared non-defective, 1is defective,

Therefore

g g )
_ E k.p. - _E (1-U.)k.p M
XS = E 11 i1 i R
l.e.
g
= E k,p. - E k.p~d )
1=1 ' i1 11 I R*
= % k q.nfr(l-y ) (4.2.8)

using (4,2.6) .
This completes the proof.

Let 1j denote the expected number of defective
factors declared non-defective in step one.

Lemma 4.2.3

IT = jeGR Ty

Proof

h o+ g E (I-Ul)ki;gl_lo) (c.F. (4.2.7))
i-1
% k (1-ni.)
-p-(1-ni.
i-1 11 11 (4-2-9) .

substituting for EWi) = n*_. and simplifying.

This proves the lemma.
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Let Mu be the number of non-oafective factors
declared defective 1iIn the subsequent steps. Then

we have the following lemma.
Lemma 4.2.4
g
ECMU) E k_.a_.In*.

Proof
The total number of factors declared defective

in the subsequent steps 1is

g
E KOy ne.F.(4.2.1)M

where is as already defined in (3.2.12).

My = -ZlklgEU15&
which implies

ECM ) = E v k.gtU.pt
i-1 1111

g
= E Z k.U.cx .(1-pD [cf
i=!1 1 1 31 i
l.e.,
g . N
elny) = e kogr(Mjp - R1MP) (4.2.10),
on replacing by EQU») = n*~ and pf by
p.nt.
-1-11 =
hi

This completes the proof.
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Theorem 4.2.2

Let 1 be the expected total number of
incorrect decisions 1in a step-wise group screening
design with g group-factors in the initial step
such that the 1~ group-factor of size k» contains
factors with a-priori probability p~ of being
defective (i=1,2, .._.,Q) -

Then
1*JjVi " Jj'Vi'Trsi 4 1fiki“si("ii'pillii

where nii, nii and Vsr are as defined earlier.

Proof
The expected total number of incorrect

decisions 1is given by

1 = IT +SIC + ECMU)

I~ Q@

using lemmas 4.2.2, 4.2.3 and 4.2.4.

1.e.,

g
Z k.pont.y. . + Z k. a__(H*. R.NiJ.)
1° a1 EI S 121" I si N 1 fl

(4.2.11)

This completes the proof of the Theorem.
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Corollary 4.2.1

B / k. k. n

+1£1kié3i ¢ ligi +(1_qgi dnti(ki*li,aliV

pinii CALi"“ii 3
Proof
9 g g
= - 1 - 1
b= 2 K- 2 Kepi itsi™ 2 K3 O iRt
i=1 121 , 121
. E*(Md) * ECM
T in i (R) u)'

Hence 1 will take its maximum value when E(ME) is
minimum and E(Mu) is maximum.

But

ECMR) = (c.f. (4.2.6)),

takes i1ts minimum value when

i/Vh v 1 k--s. )
s. _WMPi --1 INT.(s.»T.,“T.) is
°1 Vv 1 11 1 11 11

X

nii =

1
s.=1\

replaced by nj” <Ej>ajrJe-

lI.e.,

g
Z k.Y p-nT.(¥.,aT.)
=1

Min E(MU) =
R 1°s1 1 11 11 11 (4.2.12)
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Next
ECM ) = % k.a . (n%. - nt._)
u iZ0@si " T Bt
takes its maximum value when is replaced by
its maximum value and is replaced by its

minimum value,

i.e., when

r k. k. i)
is replaced by {“xi?™il + /1

and
Ij~ is replaced by AL i*ali M*
Thus
g f k. k.
Max E(M ) - E k Mn Ck « ,a |
1=1 U

- pinl1C*Il .,ali)j-

(4.2.133

Using (4.2.12) and (4.2.13) in (4.2.11) we get

g g
Max | -ANMKLPiINnjL.Uj., all)Ysi
g L ki ki
iE|ki“S brii gi *(1'qi )nii(ki*ii- *“ii>

" Rihi (Fas <2

(4.2.14)

This proves the corollary.
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Corollary 4.2.2

A,
For large and arbitrary p~°"s ,
k.n

max | = % k.a . q. - (1—aTr)q-l

i1 1 31
Proof

Since alin « anc* Ys~ 2 1 ‘for

A

large - , the result follows from (4.2.14) by
replacing

nlitsi~Mli® alir Ny

v i

and

Y, . bé 1
Corollary 4.2.3

A."s
For large -~ and small p~"s ,
| % k 1 k
max . - + - Jp -
ERa - @ - e+ rafpgky

11581
Proof
k.
The result is obtained by replacing gq™1 by

1-k~pn in corollary 4.2.2.

4.2.2 Optimum sizes of the initial group-factors
considering the expected total number of
incorrect decisions and the expected total
number of runs
Since we cannot minimize both max 1 and

E(R)"at the same time, we will try to minimize one

of them while fixing the value of the other.
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We shall discuss the case when —— are large

and p.’s small.
Under the above assumptions, the maximum
expected total number of incorrect decisions 1is

given by

g
max | = Z

ztea s R U Rk

i 1 31

as given 1in corollary 4.2.3.

The problem is to minimize

% k.a . Ca]’i-ggi)+CI-a]'i)p.k.I

i-i 1 81

subject to the conditions

g g
Ci) h+g+ zZ k.a'+ zZ Cl-c* .)k.p.-
isi 11 51 1 11
2 i
+ 9 at.k+ T kE-aT)p. = v [Ffixed]
i-t 11 1 i-1 1 11 1
g
(i) z k. = F
i-1 1
(ii) k,->0 i-1,2,...,0-

Using the method of Lagranges multipliers, let

FCkogo o ks Xy Xyl

9
Z k.a . (al,--p-) + (1-aT.-)k.3.
i-1 1 51 ]—I L |?I

g
+ X9 h+g-v+ Z k.at

i=1 ' !



131

g C2-5i) x 1
* E Cl-a ) k.p<1-—— — -—k.-~tl-a*) Ck. +1)'
=1 51 1 ki Voo

g
' Elallkl' + k’z("airu‘)f?i

i 1-1 1
g
+ A E k. - f 4.2 15
i-1 1 (4-2.15)
For critical values.
=0 > (i-1,2..... g ., =0 and If =0

dKi
These imply
“si“li © “sipi * 2tl“0li1)“sikipi
* X1{*si * “1li * |(l-»siH3-app.

(1—aSI.)(1+aI‘)k +2(1_a|Ti')kiri'J4

1P7

ra2 = o (4.2 .16)

g (2-5.) 1
E (1ot )k.p.<1— - A ki -af 1-a2) (k. +1)
i-1 51 11 ' ' '
+ B l0aTtp. (4.2 .17)
i-i 1 11 1
and
g
E k. = f (4.2 .18)
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From (4.2.16) we get

ST-11A1tgi<clil t2 1

2(1_a]lp (™) tdsE)-(l-asp (I +ap N

5(I~asr)(3—af) - agp

2(I—a¥r}1X}+asr)—(1—asr)(l+a%)

A. say (1=1,2, Q)
(4.2.15)
where A.I and B.I are unknown.
It is rather difficult to obtain the exact value of

kj by eliminating X and X™. We shall try to

obtain k., for the sRecial case when aT“ = aT, a .= a
1 i si

Theorem 4.2.3

If aT. = aT, a . = a and a! = a, then for
4 "sJl 1 31 3 1
Iar%F a3 and small Pi s, the value of k.I which

%
minimizes the maximum value of the total expected

number of iIncorrect decisions for a fixed value

v, of the expected total number of runs 1is given by

where
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4(1-0 _)(3-a%)

a =
(I—aI)é4(I—o S)(1+a*)
and
v-h-g-(a* +aT)
d =
(I—oI)—%I—aS31I+o)
Proof:
When aii = aI, agy T ag and aa = a*, £X = £
(i=b,2, ..., g) so that (4.2.15) becomes
12 3 g 1 2

= a_aTf - a % k + a _(l-a7) % k2
- 2sH s 1P 1 s 1) AEAK Ry

h+g—v+(a*+ai)f:(1—aifiglkip1

e (1-as) E k.p,]1- - k,+i(1l-a*)(k,+1)
I 1-1 1 “L 4 12 1
g

+ X E k. - f
i-1 %

Thus (4.2.16) and (4.2.17) becomes

T ARy 2 U-ank,p,
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+ ZAI(I_aT)kiPI + A2 =0 (4.2.20)

and

h+g-v+a*f+(1-as) E k.p .fl- L2-LL - k.
s 1=1 1 xL ki - 1

+ i(l—a*)(ki+1)3+a|f+(1—aT)_% K.p. =0
17 9-1 11

(4.2.21)
respectively.

From (4.2.20) we get

1 2(1-a]) (A +a )-(1-a ) (1+a*)  Pi

Hl—as)(3—ot*) - ag

2(1-a) (Ara)-(1-a ) (I+a*)

- A- +B (4.2.22)
P.-

where A and B are constants to be determined.

Multiplying (4.2.22) by 1, p» and k™™ and summing
each result over i1 we get

1
f=AZ- +Bg (4.2.23)
i=1pi
% g
k.p, = Ag + B E (4.2.24)
i=1 11 i-1
and
g
% k%p. = Af + B E 11 (4.2.25)
i-1 11 i=1
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From (4.2.24) and (4.2.25) we obtain

% k?p. Af + BAg + 82 p- (4.2.26) .
= =1

i=1 11 i 1

But from (4.2.21),

m-a )(3-a*)
% k%p_ + S Z k.p.

i=1 11 (I-al)-i(l-a )(1+a*) i-1 11

v-h-g-(a* +otj)f
(I—a]’)—i(l*a S)(1 +a*)
= d, say, (4.2.27).

Using (4.2.24) and C4.2.26) in (4.2.27), we get

B 8
Af + BAg + B Zp. + aAg + aB zZzp. =d

where

i(1-0_)(3-a%)
a = (4.2.28)

(1-a])-3(1-a )(1+a%)

1 .e.
g
Af + (B+a)Ag + B(B+a) Z p. = d (4.2.29)
i-1 1 T
From (4.2.23)
A - (4.2.30) .
S i
1-1P!

Substituting this value in (4.2.29) we get

gpi%?l 'g2\02+a/gZp %i' —ZIE
i-1 li=1pi J li-1 li=1pi J
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2 8
+ 7 + agf - d E =0 (4.2.31).

Therefore

(4.2.32) .

-Substituting these values of B in (4.2.30), we get
the corresponding values of A. We shall now show that

the quantity within the square root iIn (4.2.32) is

positive.
Now
agf
(4.2.27)
i.e._,
agf
(4.2.33)
By Schwartz’s fnequality
2
2
g

(4.2.34)
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and
E Ck.+ |)2p. \I =1 »/
i-1 1 2 1 Lij-i pqr

9 29
= f2 + agf + | g2

(4.2.35).
Using (4.2.35) in (4.2.33) we get
d ¢ E %: - agf
i-1 pi
a2 2 g g i
f <8 -_* PL _* £_3
2R -1 11 Pi (4.2.36).
From (4.2.34) and (4.2.36) we conclude
2 @da1 £ - 2 - agh)
| . e >0
Pi ) 4.2.37).
i-1 1 i-1 Bi g ( 31

For positive values of kM, we get two sets
of solutions.”™ To check which set gives a minimum

value, we examine

2
Max 1 = asa;f - asA% k1p1 + aS(I—aI) % klpl

which 1is to be minimized.
Substituting the values of k~™"s given in (4.2.22)

and noting that

A - T bl as given in (4.2.30)
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we get
g
Max 1 = BaJdkl-aj) BdlL 1 P:
i=1"
+ aS%Tf+aS(I-a;)f2;?i——
/ -
i-1 Pi
But
9p.1 —8§2 (c.f. (4.
i-1 1 9
Z-
i=l Pi
l.e,
g
Zp g > 0
i=l 1 | i
id Pi

From (4.2.38) we conclude max 1

2.34)"

m
b [b (1-0];)-1] takes 1its minimum value.
But
2 4 p-—fz—agf)
B _ £ + \\ |=l l
2 4 g g , 2
|5 pi ia pi J
£ t say,
where ™ >0 (c.f.(4.2.28)) .
When B = - g + t,
BABd-0jJ-11 = (- | + t)2(l+al)+ |

(4.2.38)

(4.2.39)

is minimum when

(4.2.40)
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= (] - t)2Cl-ol) ¢+ § + t
(4.2.41)
But
(- ] + tRClctj) -t < (- | - t@®Cl-a-j.) + t
(4.2.42)

since a>0 and t>0.

Therefore BJB(l-ax)-1j takes its minimum value when

B = - W+t

i.e., when S i 2
1

(4.2.43).
-This proves ﬁ%e theorem.
Interchanging the roles of max 1 and E(R) 1in
Theorem 4.2.3, we obtain the following Theorem
Theorem 4.2_.4

= = = * =
It aTr ax, agy L aﬁ a* and 1 £,

A_.1ls
then for large —— and small p."s the value of k.

which minimizes the expected total number of runs for
a fixed value of the maximum total expected number

of incorrect decisions, w, say, 1iIs given by
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where
1 CelJl Pi m
2Cl-aj) 4Cl-aTr g g 1
1 Z p. Z -
1 i-i 1 i-i1i Pi
o fg‘ fil
s N
i=1 Pi
and
. 0 - asan
a
S
Proof:

The problem is to minimize

ECR) = h + g + (a* + oT]f « CI - aT)
| 1

-+ Cl-a )
S i

I mQ

K.p. 1- A~ - k.+ ~A(l1-a*)(ki+D)
111

subject to thE following conditions

) _ . 2
(i) max 1 = aS%Tf-agIglkﬂ%1 + aS(I—aT)Igrkl
= 3 [fixed).
<J
9
(i) Z k. = F
i=f !

Using the method of Lagranges multipliers, let
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Fllepilse>*iiik joy o)

h+g+(a*+aT)F+Cl-aT) 1 Kk’p.

1 1 i-1 11
*(1"°s)i-1kiPi{1" m ki * m(1l-a*) (k™ I11-
r % s 2 10
+X_la a-rf-co-a* k.p.-+a (I1-aT) E k.p-.1I
IL s 1 Si=11i i S | .=1 iplj
g
+ E k. - P (4.2.44)
* a*l 1
For critical values.
3F n re t t > 3F n , 3F n
3k," 0 (I-1"2"- 3X =0 and —= =0

These imply

2(I-aI)qu. + f(l'as)(3'a*)Pi'(1'as)(|+a*)kﬂQ1

-XlaSP_I + ZXIQS(I—aI)kI%- + XE =0 (4.2.45)
E g 2
asalf ' « " -z1lkipi + as(1"°iJ.Elkipi =0
(4.2.46)
and
g
E k. = F (4.2.47)
i=1 1 -

From (4.2.45), we get

2(I-aI)(1+X]%;)-(1—as)(l+a*)

X]% - |(1—aS)(3—a*)

2(1-a7) (1+X,a, )-(1-a ) (1+a*)
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- Q + T (4.2.40)

where Q and T are constants to be determined.
Multiplying (4.2.48) by 1, and k”™p” and summing

each result over i, we get

fF=0Q8 A +gr (4.2.49)
i=1 pi
g g
Il k.pi = gQ + T E p. (4.2.50)
i=1 i=1
and
E 2 2
kK-p. = fo + T E kin., (4.2.51)
i1 11 i=l

From (4.2.50) and (4.2.51) we obtain

% ip - fQ + gOoT + T2 % (.4.2.52)

But from (4.2.46)

9 g 9 " a a.f
E k.p. + (1-ctT) E kfp. = —————-
i-1 1 1- 1 1=1 11 “g

= e, say,

(4.2.53)

Using (4.2.50) and (4.2.52) in (4.2.53) we get

o. + (1-aT) fQ + goT + T2 & p.

11 - i

gQ + T+
i

I mQ

(4.2.54).
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From C4.2.49)

Q = F - ot (4.2.55)
i-1 Pi

Substituting this in (4.2.54) we get

g g g
1 2t2
n r'tl' * _E _
i-1 pi J _i=1 1 i-1IPi
(1-ajyf’e & 1 -
i-1 AT
(4.2.56)
Therefore
g
e E 1 X -alpf2
_ i-1 v gf-
211-aj) 4d-al) (1-aj rg g g
li-1 1 ill \/
(4.2.57).

Substituting Ffihese values of T in (4.2.55) we get

the corresponding values of Q.

We shall now show that the values of T given in
(4.2.57) are real. This 1s so if the quantity within

the square root is positive.

Now
£ 1 2
e I - - gf-(l1-aT)f
i=l pi i
%_k_p %_ %=+(1-aT) E k2p-
=1 1T Ry R 1791 1 1 i-1 B

(c.f. (4.2.53))
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Cl-o,) E - E
) - De . i - Pi
1 77 D i=1 ki + 2(1-0t)
g i 2
—————— z + Z P -gf-d-a )r
a(l-aj) i=I i=1
5 , 2 “ 1 i
> (1-aT)f +fg+——gm"_———F{E—m—y 7 1 9,
1 4<l-« ) 4(1-*1)1=1 pi,i.iPi

(4.2.58),
using Schwartz®s inequality F.(4.2.34)).
1.e.,

8 i 2 2 1
e E — -gf-(l-aT)f g - - EP

i-i pi 1 4(I—a\yJL i=1 Hi 1=1

i 2 8 i 2
(-ajiy 8 p. T 1 g (i-ay)» Ep. B 2 _g
1 i=1 1 1=1 Pi 1 i=1 1 i-1 Pi
4(1-0M)
(4.2.59)

Thus the quantity inside the square roGt in (4.2.57)

ispositive.
Therefore we get two sets of solutions for k""s. To

check which set gives a minimum value, we examine

2
E(R) = h+g+(a*+aT)f+(l1-aT) % kTp .
1 1 i-1 11
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g
Qd-os) E kfprd—

- N —a* £
e k. +5(1-a*) (ky+1) %

k.

h+g+(a*+aT)f-(1-a H2-£) % p-
S i=1 1

Z K.

1
+ l-a H3-a*) p -
2 S j-j IHI

s£(l-aj) -“ ((1-os)(I*a*]|] £ k7?p.

which 1is to be minimized.
Substituting the values of d given in (4.2.48) and

noting that

0 - f — et (c.f.(4,2.55))

we get

E(R) = h+g+(a*+aT)f- (1ot )(2-£)
s . i

p-
11

Il =-=Q

N"(l-as)(3-a*)-gf*1 + |’\(I—al)—|(l—as)(l+a*)|g
E -
i-1 Pi -

9 MI-a_)(@E-a%

~"Cl-al)--i(l-as)Cl+a*)JlJ
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Noting that

9 >0 , (c.F.(4.2.39H,

-
I NQ
©

i
i-i Pi

E(R) given above 1is minimum when

T[iu-as)(3-a*) +/(1-al)"-itl-as) (1+a*) JtJ

takes its minimum value. For the two values of T

in (4.2.57), the above expression is smallest when

§ 1 2
e Z - —gf—(l—aT)f
-1 i-1 )
2(1-0j) _ _ i
4(1-aj) (1-0jH %p. 2 i 9"}

i-11 i-1 Pi

(4.2.60).
This proves the Theorem.

4.2.3 Optimum sizes of group-factors 1iIn the initial

step in relation to the total cost

In. this section, we shall define the expected
total cost as a linear function of the expected
number of runs and the expected number of iIncorrect
decisions and try to obtain the sizes of the group-
factors so that the expected total cost is minimum.

Let the cost of inspection per run be cM and
suppose that the loss due to incorrect decisions is
proportional to the maximum expected number of

incorrect decisions. Let c”™ be the loss per unit of
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the maximum expected number of incorrect decisions.

Then the expected total cost C is given by

C * ¢c”E(R) + c2 max 1.

K.+
h+f+2g- | -i-Cl-a? 1{1-C1-6?1 1 }
i=1 B!
2-5. g *
+ 1 k.B**1 ’k 1 K + e k.n,.
i=1 1 1 1 i i-i 1 11
Lk
E k.{l-(1-Biy b - Eal + E (07-5.)B/
i-1 1 i-1 1 i=1 1 1
K
E k.a?B?(I-ft*
i=1 1 1 1( )
g g

i AKipi "iflkipiYsi Mir* 1A,

j olki°esi{(*iiqil*U VJIn~" tkj

Pinti(+li-ali)j

using Theorem (3.2.1) and corollary (4.2.1).
Theorem 4.2.5
A_"s
For large values of —" and small values

of p~’s (™ < p, i=1,2, ...,9) , the value of k» which

minimizes the expected total cost is given by



where

and

Proof

of p~’s,
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[2t1-=1~-(-Esi) i) clPi*2asi (1 “1i,c2pi

= 1-<si)Q3 “I spic2sitrivpil
A s
For large values of _gf and small values
the expected total cost 1is given by
7

g
(at+aT . )k + E (I-aT .)k.p-
1 1 11 1 i-1 117 11

h+g+

Il =@

2~Si 1
+ Z (l-a Dk.p. l—F— k. +2(l-ai*)(k.#I)
i-f 51 11 k. I é 1 I

; c2 <Z Msrf @] 1) T (-t okpl

using corollaries (3.2.2) and ((4.2.3).

We wish to minimize the expected total cost <"C" given

above subject to the conditions
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Using the method of Lagranges multiplier let

g g
F(kl,lj_,-..,k i\)"C" h+g+ E (a?+aT.)k.+ E (l-aT.)k.p.
g 1 i, 1 H 1 -1 I
, 2-e
+iEI(1—aSr)kIp1|I {i— - k

++ (1-a?) (K.+1)

re. GRikpag i@ PP +(1-a ) KiPy

i-1 1 (4.2.61),

where X is the Lagrange®s multiplier.
Assuming continuous variations in k», the critical
values of k. are obtained from the equations

|

S, .

and (4.2.62).

3F _
ax =0

Conditions (4.2.62) imply

A YEFRED -8 ) G2 Al kp
-(1-a_)d+aPDk.p.

te. |ag- (@] —pp*2ag,-(I-af . Okyp o +X=0

(4.2.63)
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and

E k. =f (4.2.64)

From (4.2.63) we get

n -X-ClL(aF+aTi)+£(1-asi)(3-a?)Rij 2 SI(aTI % )
PQ(I_aTT)_(I~asf)(1+a;%ICFQ'+2asf(I_an)C2Mi

(4.2.65).

Summing (4.2.65) over i’ we get

g
f=-XE

i=1 {Z(I—arr)-(l a )(1+a9)TCI£ﬁ+2asf(l_an)C8Ri

g cpGaTralpdri(1-a ) G IR f-ca g (AT a0)
=1 2A-afp)--ap ) (I able py+r2a g -(paf -)cfp;

(4.2.66).
Let
G. -1
{22"“1i)"@Q"“Ei)(1*i1 yclPi*2“si (1 ali)c2pi
(4.2.67)
and

H.1 :C,iE(aT+aT1) +2IU-a . )(3- a')p-l C ol (aT Ql)

(4.2.68) .

Then (4.2.66) becomes

«Q

g
f = X E.G, + E H.G.
gl 11|-hG'L
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X = f - E G.H. (4.2 62).
1 1

Using (4.2.67), (4.2.60) and (4.2.69) in (4.2.65) W5

obtain

(4.2, 703 .

This completes the proof.



APPENDICES

The tables given in the following appendices,
result from the theories developed iIn this thesis.
For all practical purposes, the values cf k"s Ci.e.
the group-sizes) in all tables should be rounded to

the nearest integers.



153

TABLES RESULTING FROM CHAPTER 11

Tabls 1(a): Optimum group-sizes 1in the 1initial st=r
and expected number of runs for selected
a-priori probabilities fcr stej-wise
designs with f=10Q, and without errors

in observations

- e 2)H)1

Min ECR) * 1 & ~ + fC2p)5(1-2p]5

Cc.f. Theorem 2.1.33.

D k Min ECR)
0.001 44 .66 5.62
0.002 31.56 7.61
0.005 19.90 11.70
£.010 14.00 16.50
0.015 11.37 20.31
0.020 9.80 23.60
0.025 8.72 26.54
0.045 6.36 36.37
0.060 5.42 42 .50
0.060 4.58 49.56
0.100 4.00 56.00
0.150 3.06 69.33
0.200 2.45 79.99

0.250 2.00 86.50
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Table 1(b); Relative perfor”™ance of step-wise
designs and corresponding two stage
group-screening designs for f=10Q and
selected values cf p and without errors
in observations

In column 3,

e(r) — I + -m +"k9-+f—},§:: (l - qk+S
[c-F.(2.1.32)} .

In column 5,

E(R) =1 + ] + fCl - gk) [c-F;(2.1.47)]
- Step-wise group Two stage group
screening screening
D k Min ECR) k Min E(R)
- 0.001 45 5.58 32 7.28
0.002 32 7.55 23 9.85
0.005 = 21 11.54 15 14.91
0.0i0 15 16.17 11 20.56
; 0.015 12 ;19.32 9 24 .83
0.020 11 22 .96 8 28.42
0.025 9 25.76 7 31.53
0.035 8 30.35 6 36.91
0.045 7 34 .37 5 41 .56
0.060 6 40.59 5 47 .61
; 0.080 "5 47 .39 4 54 _36
0.100 5 53.29 4 60.39
0.150 4 65.78 3 e« 72.92
0.200 3 75.33 3 63.13
0.250 3 84 .35 3 92.15
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Remarks

ch The integer value that minimizes E(R3 is
obtained using a computer search 1in both cases.
@ The table indicates that for small values of
P, step-wise designs are prefferable to corresponding
two stage designs but for higher values of p,

step-wise designs have distinct advantage over two

stage designs.

Tables 1(c), 1(d), 1(e), 1(F), 1(9), 1(h), Hi), HjJ,

and 1(k):

Optimum group sizes 1in the initial step and
expected number of runs for selected prior
probabilities and with errors 1in observations

for step-wise designs

The integer value of the group size *k” that
m
minimizes
-

E R)=h+-p+- T (1737 > pIt-as)p-ascioGi-anail]

K ; Mmapra  C1-(-algi)
+f (1-ds)p+as(1l-(l-otj)q } ZI‘(C i'

Kkl
+f 1-(1l-aj)g -f 1~-~1“(l~as)p-as ((I- (1-aj) g~

2

fa* «~~(l-as)p+as (I-(1-al)ak)| (E-ct*)
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I-as)pt+tas(1-(1-al)gD|

X (l-as)p-as(1-(1-aj)

(c.f. Corollary .2.2.2)

has been obtained using a computer search.
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Table 1(cl : f=100, al=0.005, a*=0.005, os=0.002

p 0.001 0.002 0.005 0,010 0.020 0.030 0.035 0.040 0.050 0.060 0.080 0.100 0.150 0O.200

k 40 35 29 15 9 9 9 9 9 7 7 6 4 4

Min E(R) 6.44 8.31 12.70 17.00 24.16 29.34 31.05 34.31 39.07 43.35 50.99 58.11 71.52 83.42

Table 1(d): =100, ctTZO-Ol, a*=0.01, aS:O-Ol

P 0.01 0.02 0.03 0.035 0.04 0.05 0.06 0.07 0.08 0.09 0.10 ?* B 0.20

4

k 15 14 9 9 9 9 7 7 - 7 7 6 4 4

Min E(R) 17.35 24.55 29.81 32.28 34.71 39.43 43.04 47.70 51.45 55.10 50.62 72.07 83.93
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Table 1(e) : f=100, O0j-0.05, a*=0.05, as=0.02

o 0.01 0.02 0.03 0.04 0.106 0.06 0.07 0.08 0.09 0.10 0.15 0.20
k 29 14 9 9 9 9 7 7 7 7 4 4
Min ECR) 22.61 29.85 35.58 40.03 44.38 48.61 52.59 56.08 59.49 62.81 76.39 87.49
Table 1(f):, =100, aT=0.05, a*=0.05, a_*0.05
p 0.01  0.02* 0.03 0.04 0.05 0,06 0.07 0.0.8 0.09 0.10 0.15  0.20
k 31 15 14 \ 9 9 7 7 7 7 4 4

Din ECR) 17.76 27.26 33.75 38.71 43.20 47.64 51.91 55.54 59.11 62.61 76.38 87.75
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Table 1(g): f=100, cf=0.10, a*=0.10, a_=0.05

“lin E(R) 23.92 34.12 40.09 45.52 49.54 53.54 57.49 61.32 64.55 67.72 81.63 91.98

Table 1(h): =100, aIZO.lo, a*=0.10, a_=0.10

P 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.15 0.20

k 29 15 14 9 9 9

Min E(R) 19.57 30.45 37.42 43.46 47,88 52.36 56.82 60.59 64.14 67.63 81.58 92.39
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p 0.001

k 47

Min ER) 27.7

Table 1I1fj): =500, aT:0-0l, a*=0.01,

Min ECR) 82.4

f=500, a'll':0.00S,

0.002 0.005

34 22

37.5 57.6

0.02 0.03
12 8

118.4 146.1

ct*=0.005,

0.010 0.020

16 10

81.1 116.6

0.035 0.04

157.5 168,9

a

=0.002

0.030 0.040

143.3 166.5

a =0.01
s

190.3 210.2

0.050 0.060

187.7 207.6

228.2 245.6

0.080 0.100

243.0 276.6

0.09 0.10

262,6 279.1

0.150 0.200

345.6 404.9

348.4 407.5
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Table 1(k); f=500, aj=0.05,

Min E(R) 108.5 145.9 173.9

Remark:

Tables 1(c), 1(d),

min E(R) increases with p and

in observations.

a*=0.Q5, as=0.05

0.04 0,05 0,06 0.07 0.08 0,09 0.10 0.15 0.20

196.8 217,0 236.1 254.0 270.4 286,1 301.5 369.9 425.5

I(k) clearly indicate that with errors 1iIn observations,

is higher than the corresponding value without errors

*
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APPENDIX

TABLES RESULTING FROM CHAPTER

Tables 2(a), 2(b),

sizes in the

number of runs Tfor selected unequal

initial

2(c) and 2(d):

Optimum group

step and expected

a-priori

probabilities for f=100 and without errors

in observations

) 3
Ki v (uh) — rr 2
p, E Ve
1 #-1Pi
g
Min E(R) « 1 + g - 25 E p
i=1 1
E -
i-1 Pi
(c.T.
i

Table 2(a): p~ £€p = 0.010 g=7
i k

' Pi 1

1 0.004 23.714

2 0.005 18.671

3 0.006 15.309

m 4 0.007 12.908

-5 0.008 11.107

- 6 0.009 9.706

7 0.010 8.585

Total 100.000

Theorem 3.1.2)

Min E (R)=13.419.
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For the corresponding two stage design,

min E(R) = 17.127.

Table 2(b) : p. < p = 0.015, g=9

Pi 1
1 0.007 17.175
2 0.008 14.841
3 0.009 13.025
4 0.010 11.573
5 0.011 10.384
6 0.012 9.394
7 0.013 8.556
8 0.014 7.838
9 0.015 7.214
Total 100.000

Min E(R) = 17.109
For the cqrresponding two stage design,

Min ECR) = 21.518
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Table 2Cc): < p = 0.035, g=13

i Pi Ky
1 0.008 17.097
2 0.009 15.031
3 0.010 13.378
4 0.013 9.944
5 0.015 8.418
6 0.017 7.251
7 0.020 5.939
8 0.022 5.263
9 0.025 4.451
10 0.027 4.010
11 0.030 3.459
12 0.033 3.008
13 0.035 2.751
Total 100.000

Min ECR) = 22.064
For the corresponding two stage design,

min ECR) = 26.450
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Table 2(d) ; pY, < p = 0,1 g=20
i Pi -
1 0.040 9.571
2 0.045 8.341
3 0.050 7,357
4 0.053 6.856
5 0.055 6.552
6 0.060 5.880
7 0.062 5.643
8 0.065 5.312
9 0.070 4.826
10 0,075 4._.405
11 0.078 4._.177
12 0.080 4.036
13 0.082 3.901
14 0.085 3.710
15 0.087 3.590
16 0.090 3.420
17 0.092 3.314
18 0,095 3.162
19 0.098 3.019
20 0.100 2.928 .
Total 100.000

Min ECR) = 45.216

For the corresponding two stage design, min ECR) = 55.065
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Remark: Tables 2(a), 2(b), 2(c) and 2(d) indicate
that when screening with unequal prior probabilities
step-wise designs are prefferable to corresponding

two stage designs.

Tables 2(e), 2(f)., 2(g9), 2(h), 2(i) and 2(j):
Optimum group sizes 1iIn the initial step
and the expected number of runs for
selected unequal a-priori probabilities
for step-wise designs with f=100 and

with errors 1In observations

[2(1-a,)-(1-a_)(1+at)]p.

1

[2(1 ~ali ~~ (l-ot

EZ(I_OTT)_(I_asr)(l+a?)3Pr
(c.f. Theorem 3.2.2).

g
E(R)=h+g+ E k.aT+
i 1

g
E (1-a .)k.p.<i- -- kgt (1-af) (k- +1
E Kaf 174 (-af) (k- +1)

1 31 11 i} I
1
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g
aT.k. + Z kl_(l—a“.)Bi

Cc.f. corollary 3.2.2)

= 1 when a* = o.
1 1
Table 2te) ; h=l, g=7, p < p = 0.010

a%za* = 0.005, aT.F?T = 0.005

a .=a-= 0.002

i Pi - “1
1 0.004 23.722
2 0.005 18.675
3 0.006 15.310
4 0.007 12.907
5 0.008 11.104
6 0.009 9.702
7 0.010 8.580

Total 100.000

Min ECR) = 14.405
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Table 2(f): h=1, g=7, p.- < p = 0.010

1 X
aSi = a =0.01
i Pi Ky
1 0.004 23.720
2 0.005 18.674
3 0.006 15.310
4 0.007 12.906
5 0.008 11.105
6 0.009 9.703
7 0.010 8.582

Total 100.000

Min ECR) = 15.365
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Table 2(g): h=3, g=13, p. < p = 0.035

arr=ar=0.005, a?:a*=0 '0()5asf:a3=0'002

' " Pi - k'i
1 0.008 17.111
2 0.009 15.042
3 0.010 13.386
4 0.013 9.948
5 0.015 8.419
6 0.017 7.251
7 0.020 5.936
-8 0.022 5.259
9 0.025 4_446
10 0.027 4_.005
1T 0.030 3.453
12 0.033 3.001
13 0.035 2.743
Total 100.000

min ECR) = 25.239
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Table 2(h); h=3, g=13, pN < p = 0.035

aI 1:?T:0-01, a’l):a*=0_01» ag _I:gc:O .01

' Pi Ky
1 0.008 17.107
2 0.009 15.039
3 0.010 13.384
4 0.013 9.947
5 0.015 8.419
6 0.017 7.251
7 0.020 5.937
8 0.022 5.260
9 0.025 4._447
10 0.027 4.006
* 11 0.030 3.455
12 0.033 ¢ 3.003
13 0.035 2.745
Total 100.000

min ECR) = 26.175
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Table 2(i): h=4, g=20, £ P = 0*170

! pi k?
1 0.040 9.581
2 0.045 8.348
3 0.050 7.362
4 0.053 6.860
5 0.055 6.555
6 0.060 5.883
7 0.062 5.644
8 0.065 5.314
9 0.070 4.826
10 0.075 4.403
-11 0.078 4.176
12 0.080 4.033
13 0.082 3.898
14 0.085 3.707
15 0.087 3.587
16 0.090 3.417
17 0.092 3.310
18 0.095 3,158
19 0.098 3.014
20 0.100 2.924
Total 100.000

min E(R) = 50.422
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Table 2(j) : h=4, g=20, p < p = 0.100

= = ?2=g*= = =
aTr aT 0.01, aI a*=0.01, asr aS 0.01

. k

pi I
1 0.040 9.578
2 0.045 8.346
3 0.050 7.361
4 0.053 6.858
5 0.055 6.554
6 0.060 5.882
7 0.062 5.644
8 0.065 5.313
9 0.070 4.826
10 0.075 4.404
11 0.078 4.176
m
12 0.080 4.034
13 0.082 3.899
14 0.085 3.708
15 0.087 3.588
16 0.090 3.418
17 0.092 3.311
18 0.095 3.159
19 0.098 3.016
20 0.100 2.925
Total 100.000

min ECR1 = 51.213



173

Remark: The tables 2(e), 2(f), ..., 2(Q) clearly
indicate that with errors iIn observations the

value of minimum E(R) 1increases.
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APPENDIX 111

TABLES RESULTING FROM CHAPTER 1V

Tables 3(a), 3(b), 3(c), 3(d) and 3(e): Step-wise

group screening plans for f = 100 with

selected prior probabilities *p° and with a

specified number of incorrect decisions v

In these plans,

logCfa q - &) - log fa (I-aT)
? 8 L-

S

log q

lc.f. (4.1.23)]

and

I-(1-(tl-=.s)p-c.s (1-(1-al)gk)}1 " Tl

E (R)=h K + F -
(l-as)p+as (I-( 1-aj-Jql)

[(1-% )prasa-(L-c.)Jakj] [ -*

*

I-(1-aT)q - I1-~1-(l-as)p-as(I-(1-a]))gk) |

fal s)ptas(I-(l-al)gk) {.{-«=)

fa*|"(1-o0os)p*ds (I- (1-al)gk)l
X [1-U-,,8)p -«s(I-(1-cl1)gk]

[c.F. (4.1.22)]
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Table 3(a):

u

P 0.01

k 18.35

min E(R) 21.72
Table 3(b):

P 0.06

k 9.13

min E(R) 47.81

30.18

54 .49

0.03 0.04 0.05 0.06
6.90 5.47 4.61 4.04
37.12 43.01 48.23 53.95
0.05, a* = 0.05, a_ = 0.05,
0.08 0.09 0.10 0.11
7.23 6.60 6.09 5.68
55.80 58.01 64.07 65.00

o = 1
0.0.7 0.08
3.63 3.33
59.28 61.27
w= 2
0.12 0.13
5.34» 5.05
"66.82 72 .53

0.09 0.10
3.09 2.90
66 .97 67.43
0.14 0.15
4.81 4 .60

74.15 =« 75.69

81.87

.87.25

0.20

95.00
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Table 3(c): 0.10, a* =

AT -

3

D 0.01 0.02 0.03 0.04

K 12.97 7.08 5.12  4.14

min E(R) 32.99 41.35 51.03 57.44
Table _3(d): o = 0.10, a* = 0.10, a
p 0.06 0.07 0.08 0.09

K 8.26 7.30 6.58  6.02

min E(R) 56.62 58.25 60.63 65.83

62.98

67.85

w K 1
0.06 0.07
3.16 2.89
67.88 69.26
a = 2
0.11 0.12
1

69.74 75.50

75.21

77.16

79.82

78.71

81.13 .94.46

3.63

80.17 94.31
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k

min E(R)

al = 0.10,

X
0.01 0.02
26 .44 13.87
22.56 30.95

a* = 0.10, a
s

0.03 0.04
9.69 7.60
39.69 46.78

*

0.10,

6.34

52 .97

55.55

61.70

63.52

69.06

70.37

85.37

95.45
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Tables 3(f), 3(g), 3Ch), 3(i): Step-wise group
screening plans for f = 100 which minimize
expected total cost for selected prior

probabilities T"p*
In these plans, the integer value of k that minimizes

the expected total cost

clE(R) + c2 1

where
the cost of observing a run
2
2F.r F(l-a*) H _(l—«B)p—«S(l—tl—Bl)q@jr
K K (l-as)p+tos(I- (1-0j3Jdqgn
+fi~l-ag)praa{l-(I-a
[1-(l-ai)gK]-Ff[I-[I1-(l-as)p-as(I-(1-aj
m
S)P+as(l—(r—ctl)qk)]2{C—a*}
- fa*|( 1-as)P+as " -cg)gk)
x jrl-(l-as)p-as(I-(l-a])gk®
(c.f. (4.1.22))
and

1 = fas{q—(l—a})qk}, (c.f. Corollary 4.1.1)

has been obtained using a computer search.
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The minimum C given in column 5 is a relative figure
using c® i.e., the cost of observing a run as the
unit. [1.e. it indicates the values of C/cJ.

Table 3(f): a?0.0S, a*=0.05, aS=O.05

p k E(R) I min C
0.01 30 17.762 1.436 18.049
0.02 15 27.256 1.392 27.535
0.03 14 33.753 1.749 31.1083
0.04 9 38.708 1.510 39.010
0.05 9 43.200 1.756 43.552
0.06 9 47 .644 1.978 48.039
0.07 7 51.907 1.792 52.266
0.08 7 55.541 1.950 55.931
0.09 7 59.109 2.095 59.528
0.10 7 62.605 2.228 63.050
0.11 6 65.972 2.089 66.390
0.12 4 69.170 1.551 69.481
0.13 "4 71.607 1.629 71.933
0.14 4 74.012 1.702 74.352
0.15 4 76.384 1.770 76.738
0.16 4 78.724 1.835 79.091-
0.17 4 81.031 1.896 81.410
0.18 4 62.171 1.925 83.694
0.19 4 85.543 2.005 85.944
0.20 .4 87.748 2.054 88.159
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Table 3(g): aT = 0.05, a* = 0.05, a = 0.05
=3 -5

p k ECR) 1 min C
0.01 30 17.762 1.436 18.624
0.02 15 27.256 1.392 28.092
0.03 14 33.753 1.749 34.802
0.04 9 38.708 1.510 39.614
0.05 9 43.200 1.756 44 254
0.08 9 47 .644 1.978 48.831
0.07 7 51.907 1.792 52.982
0.08 7 55.541 1.950 56.711
0.09 7 59.109 2.095 60.367
0.10 7 62.605 2.228 63.942
0.11 6 65.972 2.089 67.225
0.12 4 69.170 1.551 70.101
0.13 4 71.607 1.629 72.584
0.14 4 74.012 1.702 75.033
0.15 4 76.384 1.770 77.447
0.16 4 78.724 1.835 79.825
0.17 4 81.031 1.896 82.163
0.18 4 83.304 1.952 84.475
0.19 4 85.543 2.005 86.746

0.20 -4 87.748 2.054 =88.980
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aI = 0.1 a*
k E(R)
32 23.930
15 34.116
14 40.094

9 45.523
9 49.539
9 53.538
9 57.486
7 61.317
7 64 .546
7 67.721
7 70.837
7 73.887
6 76.767
4 79.489
4 81.634
4 83.754
4 85.849
4 87.918
4 89.961
"4 91.976

1.688

1.576

1.912

1.684

1.914

2.122

2.308

2.090

2.225

2.343

2.460

2.561

2.399

1.838

1.901

1.960

2.014

2.065

2.113

2.157

24 267

34.431

40.476

45.860

49.922

53.962

57.948

61.735

64.991

68.191

71.329

74.400

77.247

79.857

82.014

84.146

86.252

88.331

90.383

92.408



Table 3Ci):

af

Cc2

32

15

14
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E(R)

23.930
34.116
40.094
45.523
49_.539
53.538
57.486
61.317
64 .546
67.721
70.837
74.011
76.767
79.489
81.638
83.754
85.649
87.9 1B
89.961

91.976

1.6e8

1.576

1.912

1.684

1.914

2.122

2.308

2.090

2.225

2.348

2.460

2.310

2.399

1.838

1.901

1.960

2.014

2.065

2.113

2.157

24.942

35.062

41.241

46.533

50.688

54.810

58.871

62.571

65.881

69.130

72.312

75.397

78.207

80.592

82.775

84.930

87.058

-89.157

91.228

"93.270



16-3

Tables 3(jJ), 3(k3, 3(&) and 3(m);
Optimum group-sizes obtained by minimizing
the maximum value of the total expected
number of incorrect decisions 1 for a
specified value of the expected total
number of runs, -v, when = an, al! = a*,

/

aS-i::§ and ¥ = 100 for selected uneﬂual

a-priori probabilities.

In these plans.

K. A— + B
X Pi
where
2 i
) Cd E- - f ~ agf)
£+ |:1p|
b - -1 + 4 _
I!_p.ﬁ—l~gz
i-1 1 i-1 Pi
A - - 8&m
£ -
i-1 pi
a* ]
a =
(1—aS)(1+a*)
and
- (a* + aj)
d =
(1—aI) - Hl—fls}(1+a*)
(c.f. Theorem 4.2_.3]
for
h =

[f]



184

. _ 2
Minmax | = aSan-aS E k191 + as(l-a"l') _%Ak Ry

(c.f. Corollary 4.2.31
Table 3(jJ); h=3, g=13, v=24, 07=0.05

a*=0.05, a_=0.05, P_ < P = 0.035
S 1 —

' pi k1

1 0.008 15.380

2 0.009 13.691

3 0.010 12.340

4 0.013 9.533

5 0.015 8.286

6 0.017 7.332

7 0.020 6.259

8* 0.022 5.706

9 0.025 5.043

10 0.027 4.682
11 0.030 4._.232
12 0.033 3.863
13 0.035 3.653
Total 100.000

MinNax I = 0.760



Table

3 (k)

10

11.

12

13

MinMax

h=3, g=13, v=25, ctj-0.05.

a*=0.05, a,=0.05, p, < p
Pi kl
0.008 10.338
0.009 9.757
0.010 9.292
0.013 8.326
0.015 7.897
0.017 7.568
0.020 7.199
0.022 7.009
0.025 6.780
0.027 6.656
0.030 6.501
0.033 «6.375
0.035 6.302
Total 100.000

1 = 0.813

185

0.035
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Table 3U ) h=4, g=20, v=49, 0~=0.05,

a*=0.05,0t _=0.05, p, < p = 0.100

i Pi kI
1 0.040 8.614
2 0.045 7.641
3 0.050 6.863
4 0.053 6.467

5 0.055 6.227 *
6 0.060 5.696
7 0.062 5.508
8 0.065 5.247
9 0.070 4_.863
10 0.075 4.529
11 0.078 4_350
12 0.080 4_.237
13 0.082 4.131
14 - 0.085 3.980
15 0.087 3.885
16 0.090 3.752
17 -0.092 3.667
18 0.095 3.546
19 * 0.098 3.434
20 0.100 3.363
Total 100.000

MinMax 1 = 1.528



Table

3(m)

a*=0.05,
' Pi
1 0.040
2 0.045
3 0.050
4 0.053
5 0.055
6 0.060
7 0.062
B 0.065
9 0.070
10 0.075
11 0.070
1%“ 0.000
13 0.002
14 0.005
15 0.007
16 0.090
17 0.092
10 0.095
19 0.090
20 0.100
Total

M

inMax

107

aS:O-OS, D.i

6.142

5.035

5.509

5.464

5.300

5.220

5.161

5.070

4 _.957

4._.050

4.795

4.759

4.725

4.670

4.640

4.605

4_.579

4.540

4_.505

4.402

100.000

1.564
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Tables 3(n), 3(@), 3(p) and 3(9):
Optimum group-sizes which minimize expected

total cost C, when aEi:aT, a%:a* and as-f% ,

for =100 and for selected unequal a-priori

probabilities

In these plans,

g
k. = 1f- E G.H.. . ——-— + G,H
soq U J

where

-1
1 ~(l-aj)-(1I-as)(@+a*)JIclpi+t2as(1l-aj)czpi

T
1
1

i Cal(a*+aI)5J(1—aS)(3—a*)pkl' Czas(al_pi)’
C = clE(R) + c2l1
where

2
E(R) = h+g+(a++aT)f-(l-ag5s E P++U - QT) Y k.p
i S'l=l i X =1 il

- —a*) £ k.p.
v Umag) (-an) LB kP

l *
ja-apanan 1y,

g g 2
| = a aTf - &« E k.p. + a 1-aT) E k.p.
| S R s (-3l E KRy

(c.f. Theorem 4.2.5)
The minimum C given 1is a relative figure using cM i.e
the cost of observing a run as the unit. [i.e. it

indicates the value of C/c []
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Table 3(n) : h=3, ¢g=13, ¢x”~0.05, a*=0.05

*3=0.05, ¢2 :c”™=1:5, p. < p = 0.035

i Pi k]
1 0.008 17.129
2 0.009 15.056
3 0.010 13.397
4 0.013 9.952 ¢
5 0.015 8.421
6 0.017 7.250
7 0.020 5.933
8 0.022 5.254
9 0.025 4.440
10 0.027 3.998
11 0.030 3.445
12 0.033 2.992
13 0.035 2.733
Total 100.000

ECR) = 33.577

1 = 0.771

Min C = 33.731
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Table 3Co): h=3, 9=13, o0ij=0.05, a*=0.05

aS:O.OS, c8:01:3:5 pNr < p = 0.035

i pi k'I

1 0.008 17.088

2 0.009 15.024

3 0.010 13.372

4 0.013 9.942

5 0.015 8.418

6 0.017 7.252

7 0.020 5.940

8 0.022 5.265

9 0.025 4._.454

10 0.027 4.014
y 0.030 3.463
12 0.033 3.013
13 0.035 2.755
Total 100.000

E(R) = 33.577
1 = 0.770

Min C = 34.039
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Table 3(p) : h=4, g=20, an~0.05, a*=0.05
as=0.05, C2:c”"=1:5, < p = 0.100
i Pi kl
1 0.040 9.593
2 0.045 8.357
3 0.050 7.368
4 0.053 6.865
5 0.055 6.559
6 0.060 5.886
7 0.062 5.644
8 0.065 5.315
9 0.070 4.826
10 0.075 4.402
11 0.078 4.174
32 0.080 4.031
13 0.082 3.895
14 0.085 3.704
15 0.087 3.583
16 0.090 3.412
17 0.092 3.305
18 -0.095 3.153
19 0.098 3.009
20 * 0.100 2.918

Total 100.000

E(R) = 56.421

1 1.546 @in C = 56.731
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Table 3(g) : h=4, g=20, cj-=0.05, o0i*=0.05,

a_=0.05, cQ:c,33:5, p- < p = 0.100

i pi k'i
1 0.040 9.565
2 0.045 8.337
3 0.050 7.354
4 0.053 6.853
5 0.055 6.550
6 0.060 5.880
7 0.062 5.642
8 0.065 5.313
9 0.070 4.827
10 0.075 4.403
11 0.078 4.179
12 0.080 4_.037
13 0.082 3.902
14 0.085 3.712
s 0.087 3.592
16 0.090 - 3.423
17 0.092 3.316
18 0.095 3.164
19 0.098 3.020
20 0.100 2.931

Total 100.000

E(R)"= 55.422 3 1 = 1.545 } Min C = 57.349
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CONCLUDING RENARKS

The wusual sampling inspection plan, consists
of drawing a sample or samples from the population.
All the items in the sampleCs) are then examined.

If the proportion of defective items in the sampleCsJ
is small, then they are replaced by good ones and

all the items 1in the population are accepted. In
such a case, some items are passed without being
inspected. In group screening designs however, every
item is subject to inspection either in groups or
individually. Group screening designs are thus some
kind of 100% sampling inspection plans.

In this thesis, a class of group screening
designs which we have called "the step-wise designs"
are studied. The step-wise group screening design
requires fewer runs than the corresponding two stage
group screening design, for all prevalence rates of
defectives for which a two stage group screening
design has fewer runs than a single stage design.

The two stage group-screening design and consequently
the step-wise group screening design has fewer runs,
than an s-stage (s>3) group screening design for
prevalence rates of defective greater than 0.09. The
step-wise group screening design has fewer runs than
the single stage design for a wider range of
prevalence rates of defective items than an s-stage

(sj>2) group screening design.
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Group screening techniques can be used in
industries 1iIn sorting out defective items from non
defective ones with substantial saving in cost of
inspection and time. In chemical industry, the
technique has been used for example in (i) classif-
ying an unknown chemical .element, (il) seéecting
the best catalyst for a chemical reaction from a
large number of compounds which are possible
candidates. Group screening techniques have also
been applied in Biological experiments.

In this thesis, we have assumed that the
direction.of the effect of a defective factor is
known or 1is correctly assumed a-priori. Further
work could be done iIn step-wise design by relaxing
this assumption. We could allow the possibility

of cancellation of effects.
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