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Abstract

The gamma distribution is one of the continuous distributions. Gamma distributions are very
versatile and give useful presentations of many physical situations. They are perhaps the
most applied statistical distribution in the area of reliability. Gamma distributions are of
different types, 1, 2, 3, 4-parameters. They are applied in different fields among them finance,
economics, hydrological and in civil engineering. In this study we have constructed different
types of gamma distributions using transformation/change of variable and cumulative
techniques and calculated their properties using moments, identified their special cases and
calculated their properties too. We have also constructed gamma related distribution using
transformation and cumulative techniques and most of these distributions are expressed using
special functions, also we have used the gamma-generator and gamma exponetiated -

generator to generate new family of distributions.



CHAPTER I: General Introduction

1.0 Introduction
Statistical distributions provide the foundation for the analysis of empirical data and for many

statistical procedures. Empirical results can be sensitive to the degree to which distributional
characteristics such as the mean, variance, skewness, and kurtosis of the data can be modeled
by the assumed statistical distribution (James, B. et al., 1995). The Gamma distribution arises
where one is concerned about the waiting time for a finite number of independent events to
occur, assuming that events occur at a constant rate and chances that more than one event
occurs in a small interval of time is negligible. Following the many ways of constructing
distributions in this study we have use special functions approach. The gamma function, Beta

function, Confluent Hypergeometric function and Bessel functions were mainly used.

A random variable X is said to have the two parameter (standard) gamma distribution if its

distribution is given by

x
x@ 1B ﬁaxa—le—ﬁx

s Y= T

fx)= , x> 0,a >0,>0
Where the parameter a is called the shape parameter, since it most influences the peakedness
of the distribution (Stephenson et al., 1999). The parameter S is called the inverse scale

parameter, since most of its influence is on the spread of the distribution i.e. the standard

deviation of the gamma distribution is proportional to %. Two-parameter gamma and two-

parameter Weibull are the most popular distributions for analyzing any lifetime data
(Rameshaw, D., 2001).

Gamma distributions are very versatile and give useful representation of many physical
situations. They are perhaps the most applied statistical distributions in the area of reliability
(Saralees, N. 2008). Also the Gamma distribution can be elaborated as the sum of a fixed
number of exponential random variables under the condition that the shape and scale

parameters have only positive values.

This distribution has applications in reliability and queuing theory, examples include the

distribution of failure times of a component, the distribution between calibration of



instrument which need re-calibration after a certain number of use and the distribution of

waiting times of k customers who will arrive at a store.

The Gamma distribution can also be used to model the amounts of daily rainfall in a region
(Das., 1955; Stephenson et al., 1999). A gamma distribution was postulated because
precipitation occurs only when water particles can form around dust of sufficient mass, and

waiting the aspect implicit in the gamma distribution.

Gamma has a long history and it has several desirable properties. It has lots of applications in
different fields other than lifetime distributions. The Gamma distribution has many sub-
families e.g, exponential, Chi-Square, Weibull, Maxwell, Rayleigh among others. The Erlang
distribution is equivalent to the Gamma distribution except for the imposed condition that the

shape parameter must be a positive integer.

In this study, we have discussed the 1, 2, 3 and 4-parameter gamma probability density
functions (pdf), calculated their properties, identified their special cases and calculated their
properties too. We have also constructed the gamma related distributions using different

techniques and some results are given using special function.

1.1 Literature Review

The two-parameter of a gamma represent the shape and scale parameters and because of the
shape and scale parameters, it has quite a bit of flexibility to analyze any positive real data. It
has increasing as well as decreasing failure rate depending the shape parameter, which gives
an extra edge over exponential distribution which has only constant failure rate (Gauss, M. et
al., 2012).

The most general form of the gamma distribution is the three parameter generalized gamma
(GG) distribution (Stacy., 1962). The distribution is suitable for modeling data with different
types of hazard rate functions; increasing, decreasing, bathtub shaped and unimodal, which
makes it particularly useful for estimating individual hazard functions. The GG distribution
has been used in several research areas such as engineering, hydrology and survival analysis.
Gamma distributions are very versatile and give useful presentations of many physical
situations. They are perhaps the most applied statistical distributions in of reliability
(Saralees N., 2008).



The Generalized gamma (GG) model, having Weibull, gamma, exponential and Raleigh as
special sub-models, among others, is a very popular distribution for modeling lifetime data

and for modeling phenomenon with monotone failure rates.

The GG distribution plays a very important role in statistical inferential problems. When
modeling monotone hazard rates, the Weibull distribution may be the initial choice because
of its negatively and positively skewed density shapes. However, the Weibull distribution
does not provide a reasonable parametric fit for modeling phenomenon with non-monotone
failure rates, such as the bathtup-shaped and the unimodal failure rates, which are common in

biological and reliability studies (Gauss, M. et al., 2011).

A new family of distributions generated by the gamma random variables have been recently
introduced (Zografos and Balakrishnan., 2009). This family of distributions have their

cumulative distribution function (cdf) given as

—logF(x)
G(x) = 1 t9-le7tdt,x ER,§ > 0 (1.1)
I'(a)

Where F(x) is the survival function which is used to generate new distributions.
1.2 Applications

The Gamma distribution is extremely important in risk analysis modeling, with a number of

different uses:

1.2.1 Poisson waiting time

The Gamma (o, ) distribution models the time required for a events to occur, given that the
events occur randomly in a Poisson process with a mean time between events of § . For
example, if we know that major flooding occurs in a town on average every sSix years,

Gamma (4, 6) models how many years it will take before the next four floods occur.

1.2.2 Hydrological Analysis

In hydrology, the gamma distribution has the advantage of having only positive values, since



hydrological variables such as rainfall and runoff are always positive (greater than zero) or

equal to zero as a lower limit value (Markovic., 1965).

1.2.3 Reliability and queuing theory.

Examples include the distribution of failure times of components, the distribution of times
between calibration of instruments which need re-calibration after a certain number of uses

and the distribution of waiting times of k customers who will arrive at a store.

Problem statement

For practical purpose it was found necessary to extend one parameter gamma distribution to

more parameters gamma distributions which are frequently used in practical applications.

Objective

The objective of the study was to construct the gamma distributions and gamma related
distributions using transformation/change of variables approaches.

Specific Objectives

i). Construct gamma distributions.

i). Identify their special cases.

iii). Study their moments.

iv). Construct gamma related distributions.



CHAPTER Il: One Parameter Gamma Distribution

2.0 Introduction
Some researchers refer to one parameter gamma distribution as the standard gamma while

others refer the two parameter gamma as the standard gamma (Nadarajah, S. 2008). In this

chapter we shall consider only the one parameter gamma distribution case.

A random variable X is said to have the one parameter (standard) gamma distribution if its

distribution is given by

a-1,—x

f(x)=W

,x > 0,a >0

Where the parameter a is called the shape parameter, since it most influences the peakedness
of the distribution (Stephenson et al., 1999).

Before that we shall describe the Beta and Gamma functions and their properties. A family
of probability density function that yields a wide variety of skewed distributional shape is the
Gamma family. To define the family of Gamma distributions, we first need to introduce
functions that play an important role in many branches of mathematics i.e the Gamma and
Beta functions. The Gamma function is one of the most widely used special function
encountered in advanced mathematics because it appears in almost every integral or series
representation of other advanced mathematical functions while the beta function is a function

of two variables that is often found in probability theory and mathematical statistics.

2.1 Gamma and Beta functions

2.1.1 Definitions
B (a,b) = f01 x4 (1 —x)"1dx (2.0)

wherea,b > 0



A gamma function denoted by I'(a) is a another special case function defined as

o)

I'(a) = f e tt* 1dt (2.1
0
rk)
{; : Beta Function
:ni ,‘I“ 3.5 9
- / 3
o & 25 —
12 2 A=1D0
’z % 1.5 _ A=18
ol ‘,I = —— A=20
al 05
: e == } k
o 1 2z 3 a ] 1 2 4

Figure 2.1: Graph of gamma function
i P & Figure 2.2: Graph of Beta function

2.1.2 Properties of the Beta and Gamma function

Property 2.1: ra =1
Proof nPuta =1

r@) = ["etdt

= —[etlp = —[0-1] =1
Property 2.2 : [(a+1) = al'(a)
Proof: Ma+1) = [ et t%dt
Using integration by parts
Letu=t*=du=at*dtanddv=e tdt > v =—et
Therefore
Fla+1) =[-t% Y + aJ t%e~tdt
0

=a fooo ettt ldt
zal(a);a>0 using(2.2)

6



Property 2.3: (m+1) =n! when n is a positive integer
Proof: from property (2.2) I'n+1) =nl'(n)
=nn—DI(n—-1)

=nn—1)(n—-2)I'(n-2)

=nn—-1)n-2)..[n—(Mm—-1]'n(—n))
=nn—-1)(n-2)..3«x2xI'(1)

=nn—1)(n—2)..3%x2% 1

=1*2*x3*x4..n
=nl!
. © __t2 2a-1
Property 2.4: [(a) = [, e " t**dt
Proof Lett = u? = dt =2udu
Therefore I'a) = fooo e tt*1dt
= f e~ ¥ 2@ Dydy
0
= j e~ t2a-1qy
0
Property 2.5: B(a,b) = 2 [2(sinu)?*"! (cosu)?’~'du
Proof Lett = sin?0 = dt = 2sinfcos6Hdo
Therefore B(a,b) = fol t@ (1 —-t)’at

7



Property 2.6:

Proof

Therefore

Property 2.7 :

Proof

V3
2

= 2f(sinZB)a‘1(cosZH)b‘lsinecosedH
0

V3
2

= Zf(sinH)Za‘l(cose)Zb‘ldH
0

ub—1

B(a,b) = [~

0 (1+u)a+b
Lett= —=>t+tu=u
1+u

14+uw)y*1—u=xl du

dt = = t=(1-

(14 u)? (1 +u)?’

Whent=0=2u=0,t=1>=>

B(a,b) = fo1 t* (1 — )b~ de

u du
-]- )b—l
1+ u T 1+u (14 u)?
0
j 1 = du
1+ u 1 +u (14 u)?
0
ua-1 o ut-1
= fo (1+u)e- 1+b—-1+2 du = fo (1+u)a+b u
_ T(@r(b)
B(a' b) ~ I'(a+b)

F'(a)'(b) = (f x% e xdx)(foo b=1le=Ydy)

(@)l (b) = jxa‘le‘xdx be‘le‘ydy
0 0

:ffe—(xﬂ/) xa—lyb—ldxdy
0 0

Let x = s> and y = t?
= dx = 2sds and dy = 2tdt

8

tHu



(@)r(b) = f f o= (77 22120~V 521 dsdt
00

4f f e~ (s*+t%) g2a-242b-2 614 5qt
00

=4f f e—(52+t2) g2a-142b=1 ¢t
00

Let s = rsinf and t = rcos@

ds dt

]| = de do _ rcgse —rsinf
ds dt sin 6 — cosf
dr  dr

= rcos?6 + rsin®6
=r

Therefore F'(a)r'(b) = 4me fooo e (rsind)2% 1(rcos0)2b=1 « |J| * dOdr

= 4f0°° fofe‘rz r20-1(sin0)2* 1r2b-1(c0s0)?’~1rd@dr

s
o 2
f 2f(sin6)2a‘1(c059)2b‘1 do |e " r2@+b=1orqy
o | o

from property (2.4)

[0e]

F(a)T'(b) = j B(a,b) e " r2(@tb=12pqy
0

= B(a, b)J 2re " r2(atb-1) gy
0
putu =12 = du = 2rdr

Therefore I'(a)T'(b) = B(a, b)f e Yyuatb=lgy
0

B(a,b)T'(a + b)



_ __ T(@rbm) _ B( b)

Ir'(a+b)
Property 2.8: I (n + 1) (217)2'2\1/1—
Proof UsingT'(n) = (n—DI'(n — 1)

o) = () = () ()
_ (an— 1) r <2n2— 1)
_ (an— 1) <2n2— 3) <2n2— 5) <2n - (zn - 2)) .

2n—(2n—-1)
(=)

_(@n-1(@n-3).. ) (1))
Zn

_@n)!'Vn

n!22n

Corollary: 2.1 r G) =+

r(a)r(b) 2a-1 2b-1
Proof et = B(a,b) = 2f (sin8)%% 1(cosh) de

T
1 7
1 )T (5 11
Puta=b= > = (21 (12) B 22 zfde

r(z+2) 2

— 241013

_ (&)’

= —2f2d9

2

10



Thus (I‘ G))z =

Therefore r (%) =+

Corollary: 2.2 J, e tdt=+m

and f e 2dz=+2m
0

Proof : using property 2.4

‘ 1
f e’ t207 14t = ['(a) put a = >
0

42 _ 1 _
Therefore J, et dt = F(E) =r
z daz
Next let t—ﬁzdt—ﬁ
2 z2 dz
o 4 [ =
Therefore J, etdt=[ e =
=Ar
w _Z°
Thus J, e7=V2n

fooo e PXxdx = [a+1) a>03>0

Property 2.9: e
Proof: Lety = fx = x = %and dx = %3’
Therefore fo e P* x%dx fo e (B) ;
_ 1 %) -y ad
T patt fo e -~ y-ay
lNa+1)
= W ; a,,B >0

11



Property 2.10: ( Legendre duplication formula)

2v-1

1
2v = er<v+_),v>0
V2o == T (v +3
. _ T(wr)
Proof: from propery 2.7 B(u,v) = T(u+v)

— _ T(r)
Let u = v therefore B(v,v) = 2
1

['(v)l
f tv"11 —t)vldt = —(FU()ZV(;)
0

2 F()I(v)
ie [t —p)y1de = —22
'of I'(2v)

Make the subtistution t= %(1 +5)
therefore 2t=14+s =>s=2t—-1
1 -1
r(wrv) f{1(1+ it 1 - }” ds
rzyy ) UL -z0+9) 5
-1

1
- JBson-g-3y 8
11 1
- @5 [(@+9a-s9yras
2 |
— (%)17—1% f(l_SZ)v—l ds
-1

1
1 1
— f(E)ZU—ZE(l _ SZ)v—l ds
-1

_ f (%)ZH (1-s2)"1 ds

-1

12



1
Therefore % = f(l) (1—s2)"1 ds

Because of symmetry for 1 — s2

Let u =5 = du = 2sds
du du
Therefore Pl

1

f (1-s?)v"ds = Oj(l —u)vt

0

du
1

2u2

1
1(1-uw)v1?
_ifazam,
2 2
0 uz

1 7 1
=§fu 2 (1-w)' du

0

1

17 1
= —j w2 'l —w)v tdu

2
0
1 1
=256
2v-1
Therefore %=ZG) fol(l—sz)”‘1 ds
1 2v—-1 1B 1
=2(3)  +38(3)
1 2v—-1 B 1
-G +5iv)
NI 22v=1T (V)T (v)
H '(2v) = =
RO R
1
[‘(§+v)

13



27T (v + l) 27T (v + 1)

2 2
L } Vi
r(3)
Corollary: 2.3 when v is a positive integer, then property 2.10 becomes
2271w — IT (v + %)
Qv-1D!=
Vr

1\ _ Vr(@2v-1)!

Therefore r (v + E) =

_ Vm(2v - 1) (2v) v
Ty —DI2Y) W=Dl

_Vr@v)lv _ (2v)!Vn

22v-1yl 12w

14



2.2  Derivation of One parameter Gamma Distribution

From definition (2.2) (@) = [ e ™ x* ldx
0 o~ Xya—1
Therefore 1= %
x a—1
Hence f(x) = I‘(a) ; x>0,

which is the standard (one parameter) gamma pdf with parameter «a.

If « = 1, we have an exponential distribution with parameter 1.

If a is a positive integer, we have an Erlang distribution.

fix.a)
1.0
§/a-l
05 \\ /a = 6
a-)
a=3
b v
0 P e \\- x
1 2 3 4 5

Figure 2.3: Graph of one parameter gamma

E(X") = jmxrf(x)dx

0

B j‘°° e *x"x* dx
0 I'(a)

1 j'°°
— e—xxa+r—1dx
['(a) Jy

__ T(a+r)
T Ia)

EX)=p=a

(@+1)! (a+Dala- 1)'
(@—1D! (a —1)!

E(XZ) —

15
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(@+2)! (a+2)(a+Da(e—1!_ a® +3a’ + 2a

E(Xg):(a—n!_ (a—1)!
4 (@+3)!
EX®) = (a —1)!
_(@+3)(a+2)(a+ Dala—1)!
B (a —1)!

=a*+6a®+ 11a? + 6«

VarX = E(X — p)?
=E(X?) —2uEX) + u?

=a’+a—2ax a+a?

=«
I
Skewness: Yy, = o—g
Hs = E(X — w)°

=EX3) —3aE(X?) +3a?E(X) — a®

a’+3a?+2a—-3a(a’?+a)+3a’a—ad

Kurtosis: Y2=24

= E(XY) — 4a E(X3) + 6a2 E(X?) — 4a3E(X) + a*

=a*+6a+11a? + 6a — 4a (a® + 3a? + 2a) +
6a? (a?+ a) —4ada + a*

=3a% + 6a

_3a’+6a 6

== T _34_
Y2 (12 a

16



Laplace Transform L,(s) = E(e™)

®p=SXe=Xya=1lgy
J, =@

.[-oo e—(s+1)xxa—1dx
0

xE3 (2.3)

Let u=(s+1)x=du=(s+ 1)dx and it = x = —— replacing in (2.3)

(s+1)
- ( u )““1 du
* (s+1)) s+1

L) = . Fa)
N ((s Jlr 1))a fome_uru(%

1 a
- (5 n 1)
2.3 Distributions related to one Parameter Gamma Distribution
Convolution

Let us take

e—xxll—l

flx) = e ;x>0a>0 (2.4)

2.3.1 Sum of gamma indepedendet random variables
If z= X+ Y where X and Y are independent random variables

Suppose X~Gamma(u) and Y ~Gamma(v)

Using the Laplace transform technique,

4

1+S>

1 u
L,(s) = (1—+s) and L, (s) = (
Therefore L,(s) = E(e™%%)
— E(e—s(X+Y))

= E(e™®E(e™)

u+v

= L)Ly = ()

17



X, ptv—1

Therefore f(z) = Z

'—Fazlzs—';Z':> O,LL'F‘U >0

The gamma distribution is closed under convolution

Using the notion of convolution, then f(z) = foz fiz—=y)f2(y)dy

zZ

_ f e~ (V) (z — y)r-1 . e Yyv1 iy
I'(w) I'(v)
z
SR, f e ?(z—y)*ly"dy
FGr) )
y
put y=zt;dy=zdtandt=;
1 1 _ _ _
Therefore f(z) = FOT®) J, €77 (z = zt)* 1 (2t)" "z dt
1 1
=———— | MV e (1 - ) 1t dt
r(u)F(v)of =9
1
Zu+v—1e—zf . .
=———— [ -t "t dt
o ) Y
Zu+v—1e—z

TG C

ZHtv—le=2 . r(uwr'(v)
Fr@r@) Tu+v)

e—zzy+v—1

=— >0u+v—1>0
Tu+v) = 27 #TY

Remark: Since f(z) is a pdf, then intergrating equation (2.5)

. f_B< y
) TGr) e

_; B( )Joozu+v—1 —ZdZ
TTrw) H ) ¢

18
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1
=W B(v,u) *T(u+v)

Alternatively LetZ=X+Y
Fx.y(z) =Prob(Z<z)=Prob(X+Y <2)

=Prob(X <z-y,0<y < o)
ooZ_y
- [ | seos ey
0
0
=f Fx(z—y) fy(»)dy
0

fory (@) = j felz =) fr )y

= joo 1 (Z — y)al_le_(Z_Y) 1 yaz_le_ydy
o T'(ay) ['(a2)

= ;foo(z —_ y)al_le_(z_y) yaz_le_:de
[(apT(az) Jy

— ;J&O(z _ y)al—le—z+y—y yaz—ldy
['(a)l(az) Jy

lety =zu = dy = zdu

e * *©
fresv(2) = —J (z — zw)* 1 (zu)*2~1zdu
oy ['(a)l(az) Jy
e % ©
- Za'1+a'2 (1 _ u)al—l uaz—ldu
F(“1)F(“2)jo
e—zza1+a2—1 ©o
=—— | w1 -w*ldu
['(a)l(az) Jy
e—zza1+a2—1 B( )
= —————B(a,, @
I'(a)T(az) 27
_ e—zza1+a2_1 l _ d _
= e etay =uand a, =v
e—ZZu+v—1
Therefore f(x)=m ,Z>0u+v—1>0 (2.6 b)

19



2.3.2 Product of gamma distribution independent random variables
Derivation of the distribution of Y = X, X, where X; and X, are mutually independent

random variables and X; has a gamma (a;) distribution (j = 1,2)

The joint density function of X; and X, is

1
f(xl,xz) = mxlal_lxzaz_le_xl—xz y X1,X2 >0 (27)

Making the one-to-one transformation

y
Y =X1X3,Z = Xq =>x1=zandx2=2

0x1 0xy 0
dy  az|_|; 1
Ul:axz ax,| |- _l:E
R
y z
The joint density function of Y = X; X, and Z=X, is
fy,2) = fxl(y)fxz(z)*ljl
— a;—1, a,—1,-x; a—1,-x,
Tap™ ™ Tap™? ¢
= ;e_zzal_le_g (X)az_l *1
['(a)T(az) Z z
1 -z-2 Zal_l az—1
= —m z
I'(a)T'(ay) ¢ 202177
Therefore f») =[] f2)dz
Yy
—Qay— 1 ——
r(al)rwz)J Tz
Let Z=ﬁt=dz=ﬁdt

Therefore fy) = F(a e )f (\/} t)*—2=1e -(Wyt+ )\/_dt

(0]
az—1

y

1
- a1—ay ta1—0.’2—1 _\/y( t+ ?) dt
M) ) W) ¢

20



az—l %al—%az o0 Zﬁ( t+ %)
P AN t@%2~le™ 7 dt
I'(a)T(a)
2a1+1a2 1 2y (t+ 1)
A t“l‘“Z‘le‘Tt dt
I'(a)T(az) .
a1+1a2 1

yz
= Taor(ay) 2Ka-a(2Vy)

where K, (w)is the modified bessel function of the third kind.

%a1+la2—1

fiy) =2

Far ) Kaa(2Y¥) iy >0 28 )

Alternatively

Prob(Y <y) = Prob(X;X, <y) = Prob(X; < xl ,0 < x < )
2

Yy
X2

jf(%ﬂxh)cwﬂb
0

Yy
X2

fi (x1)dx1) f2(xz)dx,

0

-

H

mw=jF@ﬁﬁ@amz
0

d
h(y) = 2y 1Y)

1
_fl fz(xz)dxz

2

0\8
=

[ 1 a1—1 - 1 a,—1 X d
—_— X 2= —A2
Jxrmaxz N V2 I

0

1 _l_x 1 y %1
h f ————e ¥z 1 —x (—) x,%27 1 dx
D= Tar@® ™ w ) w2

21



(00
a;—1 X a—1 _ y
— y f 2 . X +x2 dxz
I'(a)l(az) X%
0
[o.0]

ya]_—l e —(x2+l)
=————| x,% %7 le VP dx
F(a1)r(az)0 2 z

Let x, =\/§z = dx, =\/§dz

h(y) = Ll_l (\/} Z)az—a1—le_(ﬁz)+ﬁ) \/} dz

yaz_ly%al_%az r 2\y(z+ %)
z% T2 dz
y%"‘l*%“rl r 27 (24 )
= — ZCZZ—al_le—T dZ
I'(a)l(az) .
=—2K _. (2 'Y >0 28 b
I'(a)T(ay) @z al( \/;) Y, 01,0, ( )
2.3.3 Quotient of gamma independent random variables by the change of variable
technique
Case 1:

Derivation of the distribution of Y, = where X; and X, are mutually independent

X14X;

random variables and X; has a gamma (a;) distribution (j = 1, 2)

X1
Let Yi=X,+X;x=Yy1y, andY, =X1+X2'x2 = y1(1—y,)
d x; d x1
_ a_'V1 ayl _ V2 Y1 _
|]|_ axz axz - 1_y2 -y ==
0y, 0y,

1 —
f1y2) = f(x1, x9.1] | = mxlal_lxzaz_le @1+22) sy x, >0
1 2

1
= m(yl yz)a1—1(y1(1 _ yz))az—le—yl _—

22



1

= F(al)r(afz) y1a1+a2_1 yzaz_l(l - yZ)az_le_yl

Therefore f(y,) = [, f (71, ¥2)dy

T
- f M(a)l(ay)

0

a;+az—1 yzaz—l(l _ yz)az—le—hdyl

Y2271 = )%t

— e—yl a1+a2—1d
T(a)l(ay) Of 7 7

_ Y2727 (1 = y)* ' T (ay + a3)
I'(a)T(az)

_ Y271 = y,)%2 7t
B(a;, a3)

;aL,a,>00< y, <1 (29a)

which is Beta distribution of first kind.

Alternatively

X1
X1+X,

Let Z =

Prob (Z < z) =Pr0( sl Sz)

= Prob(X, < z(x; + x3))
= Prob((1 —2)X; < zx,)

X2
Z,O < X, < )

VA
= PTOb(Xl < 1

0 Tos
=ff f(x)dx f(xz)d x;
0 0

ZXy
= f FX1(:) f(xz)dx,
0

ZXo

o) %
h) = j b ) Fldx,

oo

1 Xy ZX3\  ZX
= -Gz 2 ya1-1p-%2 @z-1(
f TNy A-22° G- p ¢ " dx

0
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o)

— 4 X ai+a—1 e—%—xz dx
M(a)T(ax)(1 —z)@+t) =2 2
0

a;—1

(o]
_ X2
x2a1+a2—le 1—z dx2

0

Zal—l

T T(a)T(a) (1 — 2@t

X
Let u=1—_22=>x2 =u(l—2),dx, =(1—-2z)du

o
Za1—1(1 _ Z)az—l

h(z) = fu“““z_le_” du
I'(a)l(a3)
Za1—1(1 _ Z)az—l
= I'a, +a
M@y | (2t )
Zal—l(l — Z)az—l
Blapay) 0 7?
Therefore
fly,) =2 Q) > 0,0<y, <1 (2.9 b)

B(ay,az)

which is a Beta distribution of first kind.
Case 2: LetV =;& and U = X; + X,
2

Where X;~Gamma(a,) and X,~Gamma(a,)

uv u

Thu x1=1+vandx2=1+v

1

Derivation of the distribution of V = i— where X; and X, are mutually independent random
2

variables and X; has a gamma (q;) distribution (j=1,2)

0 x4 d x; v u
Ul — ou v — 1+v (1+U)2 — —u
axz axZ v _ u (1 + 17)2
u v 1+v (1+v)?
— — 1 0_’1—1 az—l —(X1+XZ) u . 0
fw,v) = f(xq, x| = RN * axo?’ X1,Xp >
_ 1 ( uv )al_l( u )O‘Z_l . u
INa)l(ay) \ 1+ v 1+v (1+v)?

24



_ 1
B ['(aI(ay)

Thus fw) = fooof(u, v)du

e UydtdzTlydiml(] 4 p)Tdm ez (2.10)

Wf -u a1+a2 -1 &~ 1(1+U) a1=a2 oy
1 2
aq1—1 —a1—a *
1 2
v®T1(1 4 p) R
r
Flaph(ay e
va (1 4 p) @
B(a, ;) ;a0 >0,0<v <o (211 a)
1,42

which is the Beta distribution of second kind.

Alternatively

Let ZzgwhereXl =Xand X, =Y

X
Fx = Prob (Z < z) = Prob (? < Z) = Prob(X < zy)
Y

j"’ jyf x) fy(y)dxdy = j" Uy fe () dx | £, (»)dy
00

-| Fx (), 0)dy
0

(o]

fr(2) = j Y * £ f, 0 dy
y

0

Y 1 1
- fo F(a1)F(a )( y)a1 *ye er yyaz dy

co

Za1—1
- - @ ya1+a2—1 % e—zy—ydy
M@l (@)
X dx
Letx—y(z+1)=>y_;:>dy—m

25



a1—1

dx
f( )a1+a2—1 xe
F(al)F(az) z+1 z+1

Z(Xl—l

= F(al)r(az)(l n Z)a1+a2 Of (Z + 1)a1+a2 1 e

2“1—1(1 + z)¥1% f N
['(a)T(ay)
z%71(1 + z)" %1%
I'(ay)T(a)

v@T1(1 4 p) @
B(Ofl, aZ)

F(al + aZ)) IEtZ =7v

;a0 >0,0<v< o

which is the Beta distribution of second kind

26
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CHAPTER Ill: Two Parameter Gamma Distribution

3.0 Description
In this chapter the gamma distribution with two parameters is discussed in details including

its derivation, properties and special cases. A random variable X is said to have the two
parameter (standard) gamma distribution if its distribution is given by
X
a—leﬁ Baxa—le—ﬁx

f(x)=m Orf(x)=W

,x > 0, >0,>0

Where the parameter o is called the shape parameter, since it most influences the peakedness

of the distribution (Stephenson et al., 1999). The parameter S is called the inverse scale

parameter, since most of its influence is on the spread of the distribution i.e. the standard

deviation of the gamma distribution is proportional to % Two-parameter gamma and two-

parameter Weibull are the most popular distributions for analyzing any lifetime data

(Rameshwar, D., 2001).

The two-parameter gamma distribution represents the scale and the shape parameters and

because of the scale and shape parameters, it has quite a bit flexibility to analyze any positive

real data. It has increasing as well as decreasing failure rate depending on the shape

parameter, which gives an extra edge over exponential distribution, which has only constant

failure (Rameshwar, D., 2001).

(53]
03

02

0.1

00

Figure 3.1: two parameter gamma - Beta fixed
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The plots above in figure 3.1 illustrate, for example, that if the mean waiting time until the
first event is B = 3, then we have a greater probability of our waiting time X being large if we
are waiting for more events to occur (o = 15, say) than fewer (o = 2, say). It also makes sense
that for fixed B, as a increases, the probability "moves to the right," as illustrated here with

beta fixed at 3, and a increasing from 2 to 5 to 10 to 15:

04

03
L

(x)

02

0.1

00

Figure 3.2: two parameter gamma - alpha fixed

The plots above in figure 3.2 illustrate, for example, that if we are waiting for a = 1 events to
occur, we have a greater probability of our waiting time X being large if our mean waiting

time until the first event is large (B= 15) than if it is small (B= 2).

3.1 Derivation of two parameter gamma distribution

a-1,-
Let g =15 L x>0,a>0 (3.0)

Ify = %then Z—i’ = % using the change of variables technique , the pdf of xis given by

3 _y¥te™ 1
fG)=g@) =]l _W*E
/ et 0 3.1
L.ef(x)—m,x,a,ﬁ> 3.1)

which is a two parameter gamma distribution.
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Alternatively, using cumulative distribution technique, let

Let F(x) = prob(X < x)

= prob(% < %)

= prob(Y < F)

X

= Gy(lg

)

Therefore  f(x) = %F(x) = % 9(%)

_x
x%~1o"B

N =@

x,a,B >0

Paramerization of two parameter gamma distribution

1
Put 0 = E
Therefore flx) = %e‘exx“‘l x>0,a,6 >0
X
(o) -1 R
pxry= [ XX el
o B(a)
__L j“”xa+r—1e‘%dx
peTr(a) J,

X
Letu=E=x=ﬁu

dx

du = 5 = Bdu = dx replacing in equation (3.4)

1
BT (a)

== ﬁr ”
M@ Jy

E(X") =

Joo(ﬁu)a+r—1e—uﬁdu
0

ua+r—1e—udu

29
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_ BT +a)
T T(e)
E(X) = Ba

BT+ a)  pEA+a)!
E(X*) = Fle)  (a—1)

_ A+ a)ala—1)!
B (a—1)!

— ﬁzaz +ﬁ2a

Br3+a) B*Q2+a)!
@)  (a-1)!

E(X® =

B+ +a)ala—1)!
B (a —1)!

= B3a® +3p3a’% + 2p3%a

_ BT@+a) _ B*B+a)! _ B*B+a)2+a)(1+a)al(a—1)!

4) — = =
E(X I'a) (a—1)! (a-1)!

= B*a* + 6p%*a3 + 118%a? + 6%«
Var X = u, = p%a? + f?a — (Ba)?
= ,3201

H3
Skewness: y; = o3

us = E(X — p)?
= E(X3) —3Ba E(X?) + 3p%a’ E(X) — B3a®

(3.5)

= B3a® +3B3a? + 2B3%a — 3Ba(B?a’* + B2a) + 3B*a*(Ba) — B3a®

=2p3a

M3 2%« 2

y1_03_[32a ﬁza_\/a

Kurtosis: Yy = u—i
o
Ha = E(X — p)*

= E(X*) —4Ba E(X?) + 6p%a? E(X) — 4B3a3E(X) + p*a*

30



= E(X*) —4Ba E(X®) + 6p%a? E(X?) — 4B3a3E(X) + p*a*

= Bta* + 6p*a3 + 116%a? + 6p%*a — 4Ba(B3a® + 3B3a? + 2p3a)
+6p%a*(f%a) — 4B°a*(Ba) + pta*

= 3B%*a? + 6B*a

e 3B*a’+6p% 6
Y2 =3 = PV =3+-
o (B?a) a
Laplace Transform
Ly (s) =E(e™™)

[oe]

X
_f —Sxxa_le_ﬁd
B TV e

—(s+ )x

a—1 dx

ﬁ“F(a)

putt=(s+%)xﬁdt=(s+%)dx

Therefore

a—1
— o —t_t_ at
Le() = g Jo @ <s+%> ()

ﬁ“F(a) s +

—tt(x—ldt

—-tra—-1 a
- (S +1%)“0j l“t(a:) = - (ﬁsl+ 1) (36)

If g=— thenL x(8) = ( +1>a = (ﬁ)a

6
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3.2 Special Cases of two parameter gamma distribution
One parameter gamma distribution
For g = 1 in equation (3.2)

e—xxa—l
@ x>0,a>0 (3.7)

which is a gamma distribution with one — parameter a.

f(x) =

Properties are discussed in an early section.

Exponential distribution

Fora =1 and B = 0 in equation (3.2)

1 x
fx) = 56_5; x>0 (3.8)
which is an exponential distribution with parameter 6.
E(X™) = f —x"e 8 dx
o 0
=0"T(1+7r) (3.9
E(X)=16

E(X? =0%T(1+ 2)=6% %2

E(X® = 0°T'(4) = 63 * 3!
= 663

E(X® = 0*T(5) = 6% * 4!
= 240*

Var X = u, = 26% — 92 = 92

Skewness Yy = g

Hs = E(X —p)?
= E(X3) —30 E(X?) + 362 E(X) — 63
=63+ 303 +20%—-30(6%+ 6% +36%(0) —6°
=263

_268
SN
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— Ha

Kurtosis v, =~
Hy = E(X — p)*
E(X*) — 40 E(X3) + 602 E(X?) — 463 E(X) + 6*

=0*+60*+116* + 660* — 46(03a® + 363a? + 203a)
+60%a%(0%a) — 463(09) + 6*
= 99*

360* + 664

Laplace Transform

subtituting 8 = 6, = 1 in equation (3.6)

Lx(s) = fs +1

Chi - Square distribution
For a :g where v is the number of degrees of freedom B = 2, then equation (3.2)

becomes;
f(x) = zrl(z) xTen x>0 (3.10)
22 \2
which is a Chi — Square distribution
" ZrF(§+T) 1
v
2I(5 + 1)
E(X) = —2-—~
r(z)
=V
i 22T (3+2) 2% (3+1)!
T TG
2 2 )
=v(v+2)
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213y 2(G+2)Gr)E)G-1)

E(X® = _
r(3) (3-1)
= v+ 2)(v+4)
B =24r(%+4) _ 24(%+3)(%+2)(%+1)(g)(g_1)!

r(2)
=v(w+2)(v+4)(v +6)

VarX=pu, = E(XX —p)? = 2v

U3

Skewness y; = =
U3 =E(X—ﬂ)3
v v v
= E(C) =3x 255 EX*) 43+ 22()° E(N) - 2°G)°
v v
= v+ )+ ) = 3+ v(v +2) + 3+ 22 v - 2 ()
= 2%v=8v
2% 22 *% 2
ylz v v:—vzz ;
2% 2% Y v
2 > 2 > >
K H _ Ha
urtosis y, =
e = E(X — p)*

= E(X*) —4Ba E(X?) + 6B%a% E(X) — 4B3aE(X) + B*a*
=3*24*(§)2 +6*24‘*§
= 12]]2 + 48y = 12v(v + 4_)

4 22 4 B
5, =

e}
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Laplace Transform

subtituting 8 = 2,a = g in equation (3.6)

N

Lx(s) = (Zsl-l— 1)
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3.3 Distributions related to a two-parameter Gamma distribution

Convolution

Bae—ﬁxxa—l

Lets take f(x) = e

;x>0,a>0,6>0

3.3.1 Sum of two gamma independent random variables

If Z=X+Y where X and Y are independent random variables and X; = X, X, =Y

Where X~Gamma(u, B) and Y~Gamma(v, )

Using the Laplace transform technique,

4

L,(s) = ( )ﬂ and Ly (s) = (

1
BS +1 BS + 1)
Therefore L,(s) = E(e™5%)
— E(e—s(x+y))
=E(e S*)E(e™)

u+v

ﬁu+ve—ﬁx2y+v—1

Therefore f(z) = Tir)

;Z2>0u+v>0,>0

The gamma distribution is closed under convolution

Using the notion of convolution, then f(z) = fOZ filz—=y)2(y)dy

: Igue—ﬁ(z—y)(z — y)u—l Igve—ﬁyyv—l
‘f ) YO

ﬂu+v
T )

BH*Y 1 -Bz -1 v—-1
Therefore f(z) = GOt J, €77 (z—z)* 1 (zt) 2z dt

'Bu+v !

= ZHvlemFE(] — e dt
F@r) )

1

f(l — ) 1t de
0

'Bu+vzu+v—1e—ﬁz

r@r)

36

dy

(3.12)

e F?(z — y)¥"1yv"1dy put y = zt;dy = zdt and t = %



,B’H'”Z’”'v_le_ﬁz
r(wr)
~ ﬁu+vzu+v—1e—ﬁz . T(W)T'(v)
r(wr) I'(u+v)
ﬁu+vzu+v—1e—ﬁz
= TGOT ) B(v,u);z>0,8,u,v>0 (3.13 a)

Remark: Since f(z) is a pdf, then intergrating equation (3.13 a)

B(v,u)

B Ooﬁu+vzu+v—1e—ﬁz
1= [ e

B(v,u)dz

[)’”“’ 2 8
=— B v, j-zu+v—le— ZdZ
ot )
o I'(p+v)
"Gt P T
B, )I'(u + v) rwr)
= therefore B(v,u) = ———
rGOre) fore B = Tty
™ _ T(Wre)
us as a by-product we have found that B(v, u) = < o)

Alternatively
Let Z=X+Y
Fx,y(z) =Prob(Z<z)=Prob(X+Y <2

=Prob(X<z—y,0<y< )
oo 7y
=[] meonwaxay
0
0
- j Fe(z =) fy(y)dy
fory (@) = f fe(z =) fy()dy

S [ S (z—y)m™ FEN_L a1,y
- ), pareny T ¢ peT(ay)”
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1 ” ~5@-) -5y
— — a;—1 ﬁ a—1 ﬁ d
ﬁalﬂazrml)r(az)fo (z=y)"7e yooerw

1
— y)al—le_ﬁ(z_y-"y) yaz—ldy

1 (o]
= (Z
’30!1'3012[‘(6{1)[‘(6{2)_];
lety =zu = dy = zdu

Z

e B ©
= _ a;—1 a,—1
fr+y(2) BT @)@y .[; (z — zu) (zu)®~'zdu
_Z
_ e ﬁ ooza1+a2(1_u)a1—1ua2—1du
p*p*I'(a)l(az) J,
Z
e_FZa1+a2—1 (o] . )
— ar,— _ X1 —
= papera)r(@y ), © G TWTT
VA
e_ﬁza1+a2—1
= B
e per(a)l(ay) - 2 ™)

Y4
e_FZa1+a2_1

T BUt@r(a; + ap)

leta; =puand a, = v

_z
e ﬁZu+v—1

Therefore f(x) = ;z2>0,Bu+v—1>0

B T(n+v)

3.3.2 Product of gamma distributed random variables
Derivation of the distribution of Y = X, X, where X; and X, are mutually independent

random variables and X; has a gamma (a;, ) distribution (j=1,2)

The joint density function of X; and X, is

1

X az—le_%(xl*'xZ)
petazI'(aq )l (ay) !

a;—1

(X1, x5y = X ; X1.X2 > 0,aq,0,, >0
Making the one-to-one transformation

y
Y =X1Xp,Z = Xq =>x1=2andx2=2
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0x1  0xy

—_— 0
_ |9y 0z | _ |1 _ ! _1
U= 0x ox,| |- Y=
_2 _2 VA Z2 Z
dy 0z
The joint density function of Y = X, X, and Z=X, is
f(Y; z) = fxl(y)fxz(z)*ljl
1 X1 1 X2
— a1—1 a,—1 a,—1
“par@y T 2 pargy e ¢’
1 _Z Y az—-1 1
= e ﬁzal_le bz (X) ? * —
pertaI(aq )l (az) z z
a1—1
= 1 e_z_%;yaz—l
petezl(a)I(ay) z%2 1%z
Therefore f» =, f.2)dz
y%1 r _z_ Y
= a1—az—1, B Bzd
patar(a)r(a;) ) ~ T
0
Let z=\yt=dz=[ydt
-1 £+ﬂ)
Therefore fly) = ﬁa1+azr(a )F(az)f (Jy )% %2~ 1”5t e Jy dt
@z—1 VYVl
A +ayr< ey ) WY (D g
1 2 al aZ
0
a1 y%al—%az % 205+ 3)
= to1—az2—1, 20 dt
petel(a)I(ay)
0
2a1+1a2 1 by Zﬁ(t+%)
= Y t@—az=1" 28 dt
petezl'(a)l(ay)
0
(Z1+1(Z2 1

y? 2
= Farear ) e V)

where K, (w)is the modified bessel function of the third kind.

1
a1+ az;—1

yZ

2
f(y) = petazI'(a )N (a, )ﬁ

Ko, - “2(2\/_) Y, a1, >0
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Alternatively

prob(Y <y) = Prob(X,X, < y) = Prob(x; < xl ,0 < x < )
2

|

fi(x)fa(xz) dxidx,

S Bl<

ol % ]
fVﬁmmﬂﬁmm@

|

mw=fn%mmwm2
0

) = S HE)

1 y P
x_zfl (x_z)fz (x2)dx;

y @t _By 1 a,—1 _%
J— _ | = X - -
_]xz lﬁ“lr(dl) xz) e 2] x,%2 e Fdx,
0

h ! Pt L () ey
= X R —_— 2=
o) .[ﬁ“1+azr(a1)r(“2)e ’ xz*(xz) *2 *

0
aq—1 @ a,—1
y ! X2 2 ﬂ( 2+xlz) dx

T petar(a)(ay)) 1%
0

Let xz = \/; yA—4 de = \/; dZ
ay-1 C(Jy)et Loy
h(y) = a +ay J (\/; ) *e 'B(WZ-FWZ) \/;dz
B 2F(“1)F(C¥2)0 (\/;Z)“l

yat \/— 1 —M(Z+l)
= ( y)az—‘hzaz—th— xe 2B z’ dz
@t (a )l (a
B (a)I( 2)0

y2a1+1a2 -1 2
= FEre G e V)
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where K, (w)is the modified bessel function of the third kind.

_ y2a1+1a2 1
h(y) = BT T, )B Key-a,(27);y>0

But because of symmetry K, (w) = K_,(w)
Kaz—al (w) =K_ (a1— az)((‘)) a1 as (w)
Thus

1
y2a1+ az 1

h(y) = BT @) (a) ﬁ Ka,—a,(2\/y);y >0 (3.14 b)

3.3.3 Quotient of gamma distribution independent random variables
Case 1:

1

Derivation of the distribution of Y, = X)iX
1 2

random variables and X; has a gamma (a;, ) distribution (j=1,2)

where X; and X, are mutually independent

X1

Let Y1:X1+X2 andezm
1 2

thus x; = y; ¥y, and x, = y,(1— y3)

d x; d x1
_ (9 oyl _| Y2 Y| _
|]|_ axz axz _1_y2 _yl—_)’1
0y, 0y,
1 ai—1, a,—1 —l(x1+x2)
f1y2) = fx, x| = Ba @l (@) (a )x1 Tix, %7 le B ;o X1, >0
1 2
1 a;—1 az—1 _%yl
= BT (o) T (ay) (1Y) (y1(1 = y2))% e * Y1
1 aj+a,—1 ., a,—1 a—1 _lyl
1
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Therefore f2) =15 O y2)dy

Y1
Gl y, @2 (1 - y,)2 e Bdy,

[e) 1
= Jo partazr(ayriay 71

Lety=%=> y1 =By

pdy =dy,

Y2727 (1 = yp) %t [ _ _
= ’Ba1+a2F(C{1)F(C¥2) ¢ y(ﬁy)al-l-az lﬁdy
0

a+a az-1 _ a-1 o
— ﬁ 1 2y2 (1 yZ) 2 e_yyal.l_az_ldy
prtaal(aq)l (ay)

Y2727 (1 = y)* ' T (ay + ay)
I'(a)l(az)

a—1 1 — a—1
2" (1= y2) ;0<v<1l,a;,a,>0 (3.16a)

B(ay, a;)

which is Beta distribution of first kind.

Alternatively
Let Z ="
X1+X;

<z)

Prob (Z < z) = ——
rob(Z<2)=y—%
= Prob(X; < z(xq + x3)
= Prob((1 —2)X; < zx,

ZXo
= Prob(X; < 1_2,0 < X3 < )

:bfof f(xp)dxy f(xp)d x,

= j Fy, ( i ) f(xz)dx,

1—2z
0
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3 X, ZXy
h(2) = f T b ) Fldx,

o

_ f 1 XZ —%(ixTZZ) sz

paraT (@) (ay) 1—2)% 1-z

0

oo

7% 1 _lzxz_x
fxz“”“z_le Bi-z 72 (dx

JRCONCACRRIEY

o

Za1 1 . L l* X3
— a a,— - 1—-z
BT (ap (ay) (1 — z)wf xRl
0
X
Let u = [3(1—2—2) = x, = fu(l —2z),dx, = B(1 —z)du
Za1—1 ot

T BT (a)T(a)(1 — 2)@+1 )

Ba’1+a22a1—1(1 — Z)a1+a2

= Btrl(a)lN(ay)(1 — z)%+t )

(0]

a;—1 a—1
zM7 (1 —2)*
— ua1+a2—1 e % du

I'(a1)T(a2)
Za1—1(1 _ Z)az—l F( N )
= a a
I'(a)l(az) ! 2
B Za1—1(1 _ Z)az—l lot 7 =
B(a; + az) cEmY

I ¢ S 2
Therefore f(x) = Blartay) ;0 >00<y,<1

which is a Beta distribution of first kind.

Case 2:
Let X~Gamma(a,, B) and Y~Gamma(a,, ), u = x1 + x5,V =
uv 4 u
X; = and x, =
YT 14w 2T 14v

43

f ua1+a2—1 e—u du

X1

X2

1
-1 ~p% -
)0(1 1e ﬁ szaz 1dx2

(_

f (Bu(1 — )™ emup(1 — 2)du

(3.16 b)



1

Derivation of the distribution of V = i— where X; and X, are mutually independent random
2

variables and X; has a gamma (a;, B) distribution (j = 1, 2)

0 xq d xq % u
|]|= ou ov — 1+v (1+U)2 — —u
axZ axZ v _ u (1 + U)Z
u vl I+v (1+v)?
1 - - —l(x1+x2) u
fu,v) = f(xy,x2. /1 = BT (a)(ay) x, % Iy, %21 m; X1X, >0
1 ( uv )al_l( u )a2—1 _u u
= _— *—
prtazT(a)l(a) \1 +v 1+v (1+v)?
1 _u
eI CS M SR
1 2
Thus  f(v) = [, f(u,v)du
1 r o
e o e K (ROl
1 2
0
a1—1 —a1—x @
— v ! (1 + v) ! § e_%ua1+a2—1du
petezl'(a)l(ay)
0
u
Lety = E = u=_yLy
pdy = du
@ (1 +pv) "% r ~ _
f(v) = ﬂa1+a2[‘(a,1)r(a2) e y(ﬁy)a1+a2 1ﬁdy
0
'3051‘*'0-’21)052—1(1 + v)—a1—a2 <
= e—yya1+a2—1dy
pertezl'(a)l(ay)
0
v®271(1 + p) R %2
= r
Nal(ay) ot e
A ) R P >0 3.17
= (0] .
B(ay, ay) v )t @2 ( a)

which is the Beta distribution of second kind.
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Alternatively

Let X\ =XX,=YV,Z=3

Fx = Prob (Z < z) = Prob (; = Prob(X < zy)
o ZY o [ zy
= [ [ £ f0raxdy - f [ | KGdx| fay
= f F)y_f (zy)fy (y)dy
0
f2) = [ v+ £ Gn 0y
y

0

_zy Yy
(zy) "t xye Fe By®~ldy

1
B 'of BeteT'(a)l(ay)

0
Za1—1 _zy

" Bt (a)(ar))

Y - Bx _ Bax
Let x—ﬁ(z+1):>y_z+1=>dy_

701 _, Bdx

— j( )a1+a2 1 *
petel(a)l(ay)) z+1 z+1
0

o

_ a;+a,—1 —-X
‘ﬁwazr(al)r(az)(l+z>“1+“zf X e
0

Zal—lﬁa1+a2

_1 _ _ o
z" (1 + Z) i azJ x@1ta2=1 4 =Xy
['(a)l(az)

z%71(1 + z)"%1~%
I'(a)l(az)

z%71(1 + z) %1%
B(ay, az)

I(a; + ay)

;a0 £>0,0<z<

which is the Beta distribution of second kind
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3.3.4 Two-parameter related distributions when scale parameters are distinct
Sum of independent gamma distributed random variable

Let Z = X, + X, where X,and X, are mutually independent each with probability density
function of

f( l)_ alr( )xlai_le_ﬁ_i Xi>0,al'”8i>0,i:1’2

f@)=ff@—xﬁf@ﬁdh
0

zZ

1 ( ) 1 _(Z;xz) ) _;_2
= Z—x,)% e 1 x,%27te Pa2dx
F F aq ay f 2 2 2
(a))T(az)p1 B 5
e 31 L@ 7
F(a )T (az) BB azj( ma) e L Frdzy
1 2)b1 P2
e P
T T(a)T (), By f(z_x )T e (ﬁz Bl)dxz
1 2)P1 b2

let x, = zt = dx, = zdt
_Zz
e b1
F(“1)F(“2)ﬁ1alﬁza2

f(z2) = j(z—zt)“l Lx,%271e (52 ﬁl)zdt

_Z z
e Biz _(i_i)t
= t%2 (1 —t)% e B2 B (dt
r r ag O—’ZJ
(a)T(az)B: ' pe 0

a1+a2—1

Recall F;(a; B; —zx, — zx,) = ﬁfga)‘f ta-1(1 — t)ﬁ a—1 o= (2x1+2%2)t g

1
Fi(a; B; —zx; — zx,) = J t21(1 — t)f-a-le-(ratzxntygy
0

F'(@r(P-o
L)

(Daya,K.et al.,2011)

Therefore

z
e ﬂlza1+a2 11"(az)

F
[(a)l(ay + a)B M 5,% &1

f(@) =

z z
(az;a2+a1;—(ﬁ2 31>> Z,a10,,3>0 (3.18)
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Quotient of independent gamma distributed random variable
Case 1

Derivation of the distribution of Y, = XXiX where X; and X, are mutually independent,
1 2

and letY; = X; + X, where X; has a gamma (a;, 5;) distribution with pdf

fla) = ﬁxfi_le_ﬁ_i x> 0,0, B> 0,i=1,2
i

Thus x; = y, v, and x, = y1(1 —y,)

dx, dx,
_ |9 o0y, | | Y2 Y| _
U= 0x; oxy| 11—, —y | TN
oy, y,

f1,¥2) = F(x,x2) * ]|

y1iy: _Y1i(1=V2)

1 a;—1 a-1," "8 5
:B 0:1’8 Olzl-'(a )F((X )(3’1372) 1 (yl(]_—yz)) 271, 1 e 3
1 2 1 2
! +ay—1 1 IPEEATCLIGE LT 20 2R
= B al,B (le-‘(a )F(a )ylal ar y2 aq (1 _y2 )az e 8153
1 2 1 2

fO) = f f()’1,J’2)dJ’1
0

_ Y1(B1ty2 (B2—F1) _ up1B2
Letu = B1B> =1 = B1+y2 (B2—B1)
B1B-
dy, = du
Y B+ 2 (Ba— B
¥, a1—1(1 —y, )az—l b S _ Y1(B1tyz (B2—B1)
= - B1B d
f(yZ) ﬁ1a1ﬂ2azr((x1)r(a2)o y e 1Pz yl
_ Y2 @711 -y, )%t r ( up1 >a1+a2_1 o B1B2 du
ﬁlalﬁzazr(%)r(“z) o B1+ Y2 (B2 — B1) B1+y2 (B2 — B1)
I P R P L (19 G fue "
B1 B2 T ()T (az) (By + y2 (B2 — Pr))at e s
a;—1 1— az—1 ait+ay
_ Y2 ( y2) (B152) F(ay + @)

B B, "2 T (@ )T (@) (By + v (B, — B)) ™
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_ Y2 N1 =y, )2 (B By M1t
B(ay, 052)(31 +y, (B2 — /31))a1+a2

Y2 T =y, )72 (B By) M1t
B(ay, az)ﬁ1a1+a2 <1 — Y2 ( - %))

— BBy, al_l(l—J/za)lafo: let 1 = %
B(ay, “2)(1 Y2 (1—%» !

A%y, 71—y, )* !
B a a /.D)aﬁaz ;aq, 0,4 >0 (3.19a)
aq, a; —Y2\1l=

which is a generalized Beta distribution denoted by G3B.

fO) =

Alternatively

X1
X1 +X,

Let Z =

Prob (Z < z) = Prob ( <z)=Prob (X; <z(X; +X,))

+X; T

001
rob (X; < i
=Prob (X; S—=;0<x, <o)= e () f, (%) dxydac,
0 0

oo

- | i ), (x)dx,
0

1 ZXo X2

= a1-1p" (1-2)B1x, %2 1o B2 (d
ﬁ%mﬁwmﬁmgju—@“ A e e e

z®1~1 v __ZXp X3
= x,W1ta2=1lp (1-2)B1 B2y
Y1 (a)'(a 1—Z“1+1f 2
B1 B2 T (a)T () ( ) .

o)

711 Z(ﬁz ﬁ1)+ﬁ1
I'a)l'(a,)(1 —2z)%
B1 B2 T ()T (a2)( ) .

(2(32—51)+ﬁ1):>x _ uf1B.(1-2) thus dx, = B1B2(1-2) du

Let = =
u B1B2(1-2) 2 = 2BrBtBs 2(B2—B)+Bs
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du

BB T (@) (@) (1 — )+ )

z%71 f( up1f,(1 - 2) >a1+a2_1 o—u B1B2(1—z)
z(B, — B1) + B4 z(B, — B1) + B4

(o]
_ 271 = 7)1 B 2B, f u%rtez—le=ugy

C BiE B, 2T (a)T () (By + z(By — Br))%ataz J

21711 — z)% 1B, "2 B, "
B(ay, C‘»’z).310(1+0(2 <1 —Z (1 - %))

Bzal a1—1(1 Z)az—l

B
B(ay, ay) (1 - z( §2)>
& “ Zal—l(l _ Z)az—l
= ('81) % lt/l—'g and z =y,
,32 e B
B(aq,a5) (1 — z( B, ))
Therefore

laly aL— 1(1 Vs )az—l
f02)= Blana)(1—y, (- )2 2 >0 G198)
a1, @, — Y21l

Which is a generalized Beta distribution denoted by G3B.

Case 2, (Pham - Gia et al., 1989)

Derivation of the distribution of V = );—1 where X; and X, are mutually independent, and
2

X; has agamma (a;, §;) distribution with pdf

Xi
flx) = alr( )xf‘i"le Biox;>0,a,B;>0,i=1,2

LetU =X, +X,

49



Thus

uv u
1= 1+v and x; T1+v
0 x4 0 x4 % u
| = | v ov|_|1+v A+v)?|__ —u
axz axZ v . u (1 + v)z
u vl I+v (1+v)?
1 —l(x x u
— — -1 -1 1+X2) .
fu,v) = f(xy, 2./ = BT (a)T(ay) X111 X, 2 CETO X%, >0
a,—-1 uv a;-1 u
= ! ( w ) ' e‘u+mﬁl( u ) e +0Bs 4 ——
BB T (@l (az) M +v 1+v (1+v)?
= 1 ua1+a2_1va1_1(1 + v)_al_aZB (1f‘l:7)ﬁ1 (1+Lli)ﬁ2
B BT (a)T (az)
1

—u( Bav+pB; )
_ @t —ly@-1(] 4 )"0~ %e "\B1f2(14Y)

ﬁ1a132azr(“1)r(“2)

Thus f(v) = [, f(w, v)du

Bav+p1

1 a1+a2—1va1—1(1 + v)—a1—aze_u(l31ﬁz(1+v))du

N .Of ,31(1132“2 I'(a)T(az) "

(o]

= val_l(l + v)_al_“Z a1 +az— ﬂl(%)
"B R @@y e
_ B2v + By _ BBl +v)y
Lety =u <ﬁ1ﬁz(1 ¥ v>> =TT Ay
BiB(1+v)
p2v + By dy = du

(o]

_veTidv)y e oo (3132(1 + v)y>“1+“2‘1 Bif(1+v) |
B BT ()T (az) ) B2v + By B2v + B1

o)

(BuB) ™+ eeve! -
= a1t+ar d
51a1ﬁ2azr(a1)r(az)(,31 + Byv)arta ! Y ¢ Y
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R P T

= B a+a, * F(al + aZ)

M@)N(@)f ™ (1+52v)

1
e P T .32

= 5, N\ let A = B,

B(ay, @) (1 + ,8—217)

1
Aalvaz—l

B B(ay, ay)(1 + Av)%1tez O0<v<o,ay,a,>0 letv=2z

Therefore

/10(120(2—1

B(ay, a;)(1 + Az)*1+22

f(z) = 0<z<oo,a;,a,41>0 (3.20 a)

Alternatively

let z=2%
Y

"<I><

FX = Prob (Z < z) = Prob ( ) = Prob(X < zy)

zy oo [ 2y

- fw | 10 fwaaxdy = [ || feodx|f0rdy
0 0 0 Lo

-/ P @) f,0)dy
0

(o]

fr(2) = j Y * £ (), 0 dy
Y 0

1

zy Yy
= B alﬂ azr(a Y(a )(Z:V)(h—l * ye Bie ﬁzya2—1dy
1 2 1 2
0

Z01~1 - B1t+B2z
= ajtaz—1 4 B B1B2 )dy
ﬁ1alﬁzazr(a1)r(‘12) o
B1t+B2z B1B2x B1B2dx
Let = y(EL20 — y = 2027 ]y = 2127
¥=YCg, )Y T g Y T g
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B B1 alﬁzazr(al)r(az)

z% ! f( B1B2x Yt g B1B2dx
B1 + B2z B+ B2z

(0]

a1—1 a1+a2
=L a4 - Bufe) a ta f xraTl x e dx
B1 B2 T (a)T (az) (B + Brz)* 1+ ez J

a a - o

_ B2z fx“lmz_l*e_xdx
(@I (@)™ (1 + ey

1

—Q1p a1 a1—1
= b P 2 ara L + az) let/1=%
M@)(e) (1+ 5 7) 1
Therefore
Aalzal—l
f(z) = s a,a; 1>0,0<z< 00 (3.20 b)

B((ll, az)(l + AZ)al-'—az ’
Product of independent gamma distributed random variable

Derivation of the distribution of Z = X; X, where X; and X, are mutually independent, and
X; has agamma (a;, §;) distribution with pdf

X

i 4
fl) = alr( ;" TR x; > 0,04, > 0,i = 1,2
l

LetU=X, =X, =2

0 x; d x,
— 9 1
|]| = 0z ou = Z | = —
% % 0 YE
aZ au
fu,v) = f(x, %20 = 1 ey a1, g 1
’ 10 A2)* ﬁa1+a2[‘(a1)r(a2) 1 2 " 1%
1 _i az—l _L 1
= a a ual_le Bl (E) e BZu * —
P17 B2 2T ()T () u 0
z%271 n oz
= 'Bla1ﬁ2azr(a1)r(a2) u_(az—a1+ e B1 Bau aq, azfﬁllﬁz >0

Thus

f(2) =, f(u,z)du

52



(00}
u 4

Zaz—l

— _(az_a1+1 _ﬁ__ﬁz—u d

u e P1 u
J. B1“ BT ()T (a3)

z%~1 r X u__z
= yu—(@2-aitly By Bou gy
ﬁ1alﬁzazr(a1)r(“2)of

Letx=t=ﬁi=>u=ﬁlt,du=,81d

1

z%2~1 oo 7
- ~(@z-a+l B2B1t
@ B1%1 822 (ay)T () fo (Bit)~ 21T e 281t du

z2 z\7V
Recall [~ ¢~ (+De™ 754> 2(3) ®@

Therefore
@) (o )_Ch;ag @ (-2
e 5
ﬁ1a132azr(a1)r(“2) B1B- 72 P15
Z, all all ﬁli .82 > O
Alternatively
Let Z = X1X2
Fy,x,(z) = Prob(Z < z) = Prob(X:X; < z)
A
=PTOb(X1S_,O<X2<OO)
X2
Z
o Xz
= f le(x)sz (x2)dxq dx,
0 0
r Z
- [ GRS ax,
X2
0
r 1 z
frn @ = | = f )i (D) dx,
X, X,
0
1 1 % z

:!mﬁmwmmwmg“ X,
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-1y ¢ Bie ﬁzxz(—)az_ldxz
X2
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a X2 Z

Z _r2 4
= az—a1-1p, By ﬁzxzdx2

) ﬁl“lﬁz“zrml)r(az)of i

Let t = Xz - Xy = ﬁlt' de = ﬁldt

B1
az—l @ —t— 4
f@) =~ [ Boyeee mRp,a
I'la)I'(a
B1 B2 2T (a)I( 2)0
72 z\~V
Recall J DT e = 2(5) ®@
Therefore

az—ag

_ 2z%271 z _( 2 ) z 1\
f@ = g o) Kap-ar @ (i52)i 2w Bunfe >0 (321)

Two parameter gamma summary

Distribution Name Parameters | Mean Variance
a B

One parameter gamma a 1 a a

Exponential 1 0 0 6>

Chi-square v 2 v 2v
2
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CHAPTER 1V: Stacy (three parameter) gamma distribution

4.0 Introduction

The most general form of the gamma distribution is the three parameter generalized gamma
(GG) distribution (Stacy., 1962). The distribution is suitable for modeling data with different
types of hazard rate functions; increasing, decreasing, bathtub shaped and unimodal, which
makes it particularly useful for estimating individual hazard functions. The GG distribution
has been used in several research areas such as engineering, hydrology and survival analysis.
Gamma distributions are very versatile and give useful presentations of many physical
situations. They are perhaps the most applied statistical distributions in of reliability
(Saralees N., 2008).

The Generalized gamma (GG) model, having Weibull, gamma, exponential and Raleigh as
special sub-models, among others, is a very popular distribution for modeling lifetime data

and for modeling phenomenon with monotone failure rates.

The GG distribution plays a very important role in statistical inferential problems. When
modeling monotone hazard rates, the Weibull distribution may be the initial choice because
of its negatively and positively skewed density shapes. However, the Weibull distribution
does not provide a reasonable parametric fit for modeling phenomenon with non-monotone
failure rates, such as the bathtup-shaped and the unimodal failure rates, which are common in

biological and reliability studies (Gauss, M. et al., 2011).

The three parameter gamma has different parameterization as used by different authors.

4.1 Derivation of Stacy (three parameter) gamma distribution
Case 1

—yya—l
let f(y)=W;y>O,a>O 4.1)
X B dy x B-1 1
Also let Yz(g) 2325(5) .
d B-1
e - - 40

dy
dx

Therefore f(x) = f(y) ]| = f(y) *
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Yyatl o g B-1 B
- 56 =)

ﬁ x\ Ba—1 __ﬁ
=9F(a)(5) e (9) ;x>0,a,0,>0

Case 2

Method 1: Using cumulative distribution
Let Y = (%)c
G (x) = prob(X < x)

= prob(y < (%)c)

= prob(y < =)
;

X
G(x) = F ((E)C)

a6 AF(@)
dy dy

900 = 5 (D)

— ; _(%)C f c-1 E cya—1
T L @@

¢ _(%)C (f) s x,a,B,¢>0

= prw ©

which is a three-parameters gamma distribution
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Method 2 : Using change of Variables

Let Y = (K)C

Then g (x) = f(y) =/l

e 4-1C Yyc-1 _ x\°¢
= A1 Buty = (X
r@? 5@ uty (ﬁ)

c

= —— e_(%)c(ﬁ)“c‘1 a>0,8>0c>0
Br(a) B ’ ’ ’

which is a three-parameters gamma distribution

Case 3

Let the gamma distribution with two parameters be given by;

y

e B o
f) = Zarca) 1. y>0a>08>0

Thenlet Y = X¢

dy = cx“ldx

dy c—1
lJI = |E = cx

d
@ = fo+ |2
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xC

B
ce ac—1

~ BT (@)

1
Let fc = b = Bb°

_(i)c
ce B
Th = ———x%1 x>0 a>08>0c >0
us f (x) BT (@) X X a B c
Case 4
bae—bz
Let  f(2) = 7 z%1 5 a,z,b>0

Alsolet z = x¢ = dz = cx“ldx

dz B o1
i cx
Thus f(x) = f(2) * |—=
_ bjiz;)bz 70-1 4 oyl

Also B = b% replacing in (4.5)

flx) = F(a)ﬁ‘” e~ (B yac=1 .y ¢ Ba >0

which is a three-parameter gamma distribution.

For the purpose of this study we will use gamma distribution derived in case 1 above.

. ° . ﬁ Ba—1 _ﬁﬁ
E(X):bfx BF—@z)(g) e (9) dx

oo

cparr1,-(2) 4
- [Z]
f gBag- TF(a) ¢ x

0
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xﬁ(m%)_le_(g)ﬁdx

1) r
HB(OH-%)H‘TF(CK) I'(a + /13)

0

0T (ax+

@fw B 1
I'(a) ) 9ﬁ(a+%) T (a n %)

A1 g

o'r (a +%)
:T

9F(a+%)

I'(a)

0T (a +%)

I'(a)

03T (a +%)

I'(a)

04T (a + %)

I'(a)

62T (a + [33) <6F(a: + ;)>2

E(X) =

E(X?) =

E(X3) =

E(X*) =

varX ==t I(a)

2

=P [F(a)f‘ <a + E) —I?(T(a + %D]

B

Skewness: V1= %
us = E(X3) — 3uE(X?) +2u°

Ma+s Ma+i)r(a+2 F3(F(a+l))
ferd)_rleofrled) e

=0
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3 1 2 3 1
. r (:(;ﬁ) s r (a + ﬁz)(iga + ﬁ) 4 90% r (TI;(BCEC:') ﬁ))
(Fta|r@r (e +5) - re@ o))

_ s

Kurtosis: Y2 ==

Y1 =

N| W

e = E(X*) — 4uE(X3) + 64°E(X?) — 3u*

['Na+ 4 I'a+ 1 ' a+ 3
o) i),
Ma+i)r(a+2 F4(F(a+l))
l fz)mg ) T
4 1 3 1 2

54 r (;z(;—)ﬁ) ot r (a + Ez)(l;ga + F) 1 6ot r (a + E);ga + F) ~

I'(T'(a +%))

L 36* —aray

(rf_é@ [r(a)r (a + %) —I2(T(a + [—13))])2

4.2 Special cases Stacy distribution

4.2.1 Two parameter gamma distribution (Pearson, K. 1893, Pearson, K. 1895, Johnson,
N. 1994).
Stacy(6,a,1) = Gamma(a, 8)

X

xa—le_ﬁ
flx) = e (a) a,6>0,x>0 (4.7)
e'T
E(X) = 0a
E(X?) = 6°T2+a) 6*(1+a)! 6°(1+a)a(a —1)!

)  (a—1)! (a—1)!
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=0%a% + 6%«

°TB+a) 6°Q2+a) 6°Q+a)1+a)ala—1)!

E(X® = = —
( I'(a) (a—1)! (a—1)!
=033 +30%a? + 263«
E(X4) _0'T(d+a) _ 6*(B+a)! _ 0*(B+a)(2+a)(1+a)a(a—1)!

r@  (a-1)! (a—1)!
= 0%* + 60%a3 + 110*a? + 66*«a
Var X = u, = 8%a? + 6%a — (a)?
= 0%a

M3
Skewness y; = P

s = E(X — w)°
=E(X3) —30a E(X?) +30%a?E(X) — 63a’

=03a3 +30%a? + 203a — 30a(6%a® + 6%a) + 36%a?*(fa) — 03a®

=203
203 2
Y ==
Y 92aV0%2a Va
. Ha
Kurtosis Y, = prs
py = E(X —w)*

= E(X*) —40a E(X?) + 60%a? E(X) — 403 a3E(X) + 6*a*
= E(X*) —40a E(X?) + 60%a? E(X?) — 403a3E(X) + 0*a*

= 0*a* + 60*a® + 116*a? + 60*a — 40a(63a® + 363a? + 263a)
+ 60%a?(6%a) — 463a3(0a) + 6*a*

= 30%a? + 60%*«a

_30%a” +60%a 34 6
V2= (6%a)? B a
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4.2.2 Half-Normal (semi-normal, positive definite normal, one-sided normal)

distribution (Johnson, N. 1994).

Stacy (\/ 202,%, 2 ) = HalfNormal(o)

x2

e 202 ,x,0 >0

2
(x) =
/ V2mo?
(V207)T(G+3)

)

E(X") =

B (V2o2)'T (% + %) o) (%) K

2
VarX = pu,= EX—p? = o®— a\/;

— 2(1 2)
. _ K
Skewness: Y, = (,_3
s = E(X — w)°

=E(X3) — 3uE(X?) +2u3
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V1= 3 3
2.\2 T—2)2
(02(1 _ E)) ( )
H _ Ha
Kurtosis y, = pry
e =EX —w)*

=EX*) —4uEX3) + 6u® E(X?) — 3u*

2 2 2 4
=30%* -4 0\/: * 203 \/: +602*—*03—304*—2
A A T T

404 ot
=304 —— 12—
T 2

4

o
= E(an — 41 — 12)

75 (3n% — 4w —12) _ (3n* —4m —12)
(o2(1- %))2 (=2

4.2.3 Chi - Square distribution (Fisher, W.1924, Johnson, N. 1994).

k
Stacy (2,5, 1 ) = ChiSqr(k)

Y2 =

k-2 x
fX)= —=xzez2, x> 0,k>0 (4.9)
zir(E)
which is a Chi — Square distribution
2T+
E(XT) = —2—

;)
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2r(5+2) 22(5+1)

E(XZ)Z 2 _
JORCER]
= k(k + 2)
o 2TE43)_ 242 E) G-
r(z) (3-1)
= k(k + 2)(k + 4)
E(X4):24r(§+4):24(§+3)(§+2)(§+1)(§)(§_1)!
F(g) (§—1)!
= k(k +2)(k + 4)(k + 6)
VaX=pu,= =EX —pw)? = 2k
Skewness: y1=% (:}:‘)3:2 %
s = E(X —p)°
=E(X3) —3uE(X?) + 2u3
=k(k+2)(k+4)—3k~k(k+2)+ 2k3
= 23k =8k
_ 8k f
" (210)2 k
Kurtosis: y2=%2%23+%

py = EX — w)*

= E(X*) — 4u E(X®) + 6p% E(X?) — 3u*

64



=k(k+2)(k + 4)(k + 6) — 4k(k(k + 2)(k + 4)) + 6k?(k(k + 2)) — 3k*
= 12k? + 48k = 12k(k + 4)
4.2.4 Scaled Chi-Square distribution (Lee, P. 2009).
Stacy (202,; 1 ) = ScaledChiSqr(o, k)

1 k-1 2
flx) = 2021“(%) (Zzz) exp {— 2%2} ;6 k>0 (4.10)
porn - S0
PO0 = 20‘21"(%{+ Dy _20° (’;%2— 1)
r(z) (z-1)!
207 () (3-1):
K
(z-1):
=co%k
@otyr(z+2) a0t (51 a0t (55) (5) (5-1)!
E(x® = k =Tk = k
r(z) (z-1): (z-1):
= 40* (k ; 2) (g) =o*k(k +2)
b — (202)3r£§ +3) _ 2302("%4) !
r(3) (z-1):
2o (52 () - )
(z-1):
= oSk(k + 2)(k + 4)
o @) 2o (EO (S5 B )

G -1

=o8k(k +2)(k +4)(k + 6)
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VarX= pu, = EX—u)? = 20%

— K
o3

Skewness: y;
ps = E(X — p)®
=E(X3) — 3uE(X?) + 2u3
= 0% (k +2)(k +4) —30% « k(k + 2) + 20°k3

= 23k = 80°k

8%k 2
V1= 3= 2 E
(20*k)2

Kurtosis: y, = %

e = EX —w)*
=EX*) —4uE(X3) + 6u® E(X?) — 3u*
= %[k (k + 2)(k + 4)(k + 6) — 4k(k(k + 2)(k + 4)) + 6k?(k(k + 2))
—3k*4]
= 120%k? + 480°%k = 120%k(k + 4)

_120%k(k+4) _, 12
V2= "0tz 0Tk

4.2.5 Scaled Inverse Chi-Square (Gelman, A. et al., 2004).
Lk —1) = ScaledInvChiSqr(o, k)

202’2’

Stacy (

2 E+1
f(x/a, m) = FZ(‘E) () ew{-x)ixko>0 (4.11)
2

k
r E—T’)

po < )

(
)

1 _k 1 (k-2
721GV gz -1)!

T G
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ot k—2)(k-4)

) r(5-3) _(Ez2-1)

") )

E(X?) =

(2!
o (S () ) D
1
~ o6k — 2)(k — 4)(k — 6)

o) 1G9 (520

r (%) " 160° (% —1)!

(k—210)!

E(X*) =

1600 (550 (55 (529 ()

k—10

1
= o8k — 2)(k — 4)(k — 6)(k — 8)

Var X = u, = E(X — p)?

~ otk — 21)(k —4) (az(kl— 2))
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_ 2
~ otk —2)2(k — 4)

K3
o3

ps = E(X — p)’

= E(X3) —3uE(X?) + 2u3

Skewness y; =

1 1
T -k -Dk—-8 "o2tk=2"

3

, 1
Tk —2k—4) " (aZ(k — 2))

~ 1 (k—2)2=3(k—2)
T 05k — 2)3(k — 4)(k — 6) L(k — 6) + 2(k — 4)(k — 6)

_ 1 k% — 4k + 4 — 3k? +
o6k — 2)3(k — 4)(k — 6) |24k — 36 + 2k* — 20k + 48

16
a6(k — 2)3(k — 4)(k — 6)

16
0%k =23k —4(k—6) 4J2(k—4)
a 3 (k-6)

(04(k = 22)2(k = 4))2

Kurtosis: y, = &

0-4
Hy = E(X — p)*
=EX*) —4uEX3) +6u® E(X?) — 3u*

1 1 1
SR k=D —Bk—6)k=8) To2(k=2) ok -2k =D (k—6)

+ 6(02(k — 2))2 otk —2)(k—4) 3(02(k — 2))4]

k3 — 6k? + 12k — 8 — 4(k3® — 12k? + 36k — 32) + 6(k3 — 16k? + 78k — 96)
—3k3 + 54k% — 312k + 576

(k=2)*(k = 2)(k = 4)(k - 8)
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B 12k + 60
08k —2)*(k—2)(k—4)(k — 8)

_ 12k+60 . o8 (k—2)*(k—4)2
T o8(k—-2)*(k—4)(k—6)(k—8) 4

_ Bk+15)(k—4)
~ (k—6)(k—8)

4.2.6: Inverse Chi-Square distribution (Gelman, A. et al., 2004).
Stacy (5,5, —1) = InvChiSqr( k)

f(xlo,m) = F(Z—E)(%)EH exp {— %} x, k>0 (4.12)
E(X") = (E)FE(EE)_r)

21G-v_3(57-1)!

E(X) =
@ G
TERrEUER

e QT2 3

() Y
_ 1
NEDIEDR

>4

3

() r(z-3) (52—

E(X3 = =

JERTC]
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ol
8 () () () ()
1
T k-2)(k—-k-6)

4

(@) ri-4)_ (-1

T e,
_ ()
16(“29) () () () ()

> 8

NEDIEDI DD

Var X = u, = EX —p)?

2
" (k- 2)1(k —4) ((k i 2))
2

NEDEED
Skewness: Y1 = %
ps = E(X —p)®

= E(X3) —3uE(X?) + 2u3

3

~ 1 1 1 L(_1
S h-Dk—Dk=06 k=0 k-r-n" ((k—Z))

_ 1 (k—2)2-3(k—-2)(k—6) +]
C(k—2)3(k—4)(k - 6) 2(k —4)(k — 6)
_ 1 [k2—4k+4—3k2+24k—36+]
(k —2)3(k — 4)(k — 6) 2k? — 20k + 48
16
> 6

~ (k—2)%(k — 4)(k — 6) ik
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16
_G—DG-Dk-6)

1 2 %
((k —2)%(k - 4))
420k - &
~ (k-6)
Kurtosis: Vo = %
Hy = E(X — p)*

=EX*) —4uE(X3) + 6u® E(X?) — 3u*

1 1 1
B (k—2)(k—4)(k—6)(k—8)_4(k—2)*(k—2)(k—4)(k—6)
+ 6((k — 2))2 otk —2)(k—4) 3((k — 2))4]

k3 — 6k? + 12k — 8 — 4(k3 — 12k? + 36k — 32) + 6(k3 — 16k? + 78k — 96)
—3k3 + 54k%* — 312k + 576

(k=2)*(k = 2)(k = 4)(k - 8)

~ 12k + 60
(k= 2)*k—2)(k— (k- 8)

12k + 60
_ (k—=2)*(k—2)(k—4)(k—8)

Y2

((k - Z)E(k - 4)>2

~ 12k + 60 (k — 2)*(k — 4)?
T k—2*k—4)(k—6)(k—18) 4

_ (3k+15)(k—4)
~ (k—6)(k—8)
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4.2.7 Chi (R) distribution (Johnson, N. 1994).
k
Stacy (‘E’E’ 2 ) — Chi(k)

For a = g where k is the number of degrees of freedom 8 = +/2, § = 2 then equation (4.2)

becomes
f(x) = % (ﬁ)k_l exp {— xz—z},x, k>0 (4.13)
ry OB
sy~ 2
k1
E(X) _ \/E F(7k+ 7)
r(z)
~ V2 F(M)
r(z)
E(X? = (\/_)zriz 2 (kkzL2 -1)!
r(z) (z-1)!
-
z-)!
B = <fz>3r§+ 262 (:+3)
r(z) r(z)
E(X® = (\/5)41"(% ( 2 )

r(3)

Var X = u, = Variance = E(X — p)?
\/Er(k_"_l)
= k- —k
r(3)
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Skewness: V1= %

Hs = E(X — p)?
= E(X3) — 3uE(X?) + 2u3
0B () VA

.

Vareg

')

Y1
(2@ () _verésh.

r(3)

k+1
+ Z(Mf)

SO

3

(- (252

Kurtosis: Vo = %
ue = EQX —*
=EXY) —4uEX3) +6u® E(X?) — 3u*
() () ()
) B G
6 (ﬁ F (%))2 s (ﬁ F<%>>4
r(z) r(z)
V2

o (5 ﬁr@)*z@(k#)+6<m<%)>1k_3<m<k%>“

RO @ '

(25)
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4.2.8 Scaled Chi-distribution (Gelman, N. 2004).

k
Stacy (\/ 262,5, 2 ) = ScaledChi(o, k)
For = g ,0 =+/2, B = 2 then equation (4.2) becomes

x2

f(f,k): ! ( X )k_lexp{——} ;x, k>0
6" g () V2 25

pany = ST va)

(s}
°(z)

\/ﬁl—'(k-l_ 1)

E(X) =

>
r(3)
Wzerg+d 202 (E-1):

r(3)

E(X? =

wzyrded 20007 (50
r(z) r(z)
+4

CZRRCRES TR (S

r(3) r(3)
vzerrd: 1))

(3)

E(X® =

E(X* =

2

Var X = u, = E(X —p)? = 62k—<
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Skewness: = %

Hs = E(X — p)?
= E(X®) — 3uE(X?) + 243
_ zﬁ(ﬁ)k(k%g) )
F(?)

()

vz g |

2( :
r(3)
B " k+1
(253(@1((7)_3WF§{ 2 )*62k+2(mrg‘ : ))3>
) " -

V1=

— K
o4

3
2 k+1 v
Mk_<ﬁ§TiZ v
r(z)
te = E(X — w)*

= E(X") = 4p E(X®) + 6p” E(X?) — 3p*

Kurtosis: v,

() v ve) ()

TURT T
6<WF(T)> *52k—3<WF<T)>

"(3)
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4.2.9 Rayleigh distribution (Strutt, J. 1880, Johnson, N. et al., 1994)
Stacy (V202,1,2) = Rayleigh(c)

Substituting & = V20?2, a = 1,8 = 2 equation (4.2 ) becomes

f(x/o) = —xexp {—2—} 6 >0 (4.15)

E(X") = (J2o?)T (1+ %)
E(X) =+ 26°T (1 + %) =+/20°T (;)
7 (0o

E(X?) = (v/262)2T (1 + ;)

= 20?
B0 = (2571 (143) = (f2o7yr 3)
= (\/2_02)3;*% r(%)

T
:33\/:
N2
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E(X*) = (y202)*T (1 + g) = (J202)°T(3)
= (20%)? % 2

= 8o*

2
VarX=202—(G\/£) = 02(4_—“)
2 2
4 — 1
_ 2
G( 2 )

Skewnes y; = %

uz = E(X3) = 3uE(X?) + 243

ot

N A

Kurtosi y, = %

Hy = E(X*) — 4p E(X?) + 6u® E(X?) — 3u*

8 4 ’— 3 3 ’— 6 ’— 2 2 2—3 ’— '
= 4 * + *
o (0} ) (0} ) (0} > o (6 >

— 80* - 120" (§) + 120+ () - 22T

3m?
= o*(8——7)
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2 2
(80 (8-
Y2 = 4 =
(02 (

3

-3

2

-1
2

4.2.10 Inverse Rayleigh distribution (Evans, M. et al., 2000).
Stacy (%, 1,—2) = InvRayleighn(o)

1

Substituting 6 = A= 1,8 = —2 equation (3.2) becomes

f(x) = 2v/202 (\/Z%X)3 exp {— ﬁ},x,o >0 (4.16)
1 T
E(X") = <\/F) r(1 —g)

_1

2
E(X?) = (/202)T (1 - E)
—does not exist
E(X3) — does not exist
E(X*) — does not exist
Var X — does not exist

Skewness: y1 — does not exist

Kurtosis: ¥y, — does not exist

4.2.11 Maxwell (Maxwell-Boltzman. Maxwell speed) distribution (Maxwell, J. 1860,

Abramowittz, M. 1965).
Stacy (\/202,2, 2) =Maxwell(o)
Substituting 8 = V202, a = Z,ﬁ = 2 equation (4.2) becomes

x2

V2
f(x/o) = szexp {— F};x,c >0 (4.17)
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(VZ?)r(3+3)
r3)

V2o (5 + 5)
r(3)

3
_ V20%T(2) 220 _ ) 2

@ v AT

E(X") =

E(X) =

(271 (3 +3)

E(X?) =

3 =
T e
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2
VarX:302—<20\/2> = 302—8;‘2
T T

8
=0'3--)

Skewness Y1 = g

pz = E(X?) = 3uE(X?) + 2u°

3
2 2 2
=863 |—=3| 20 |- |*30%+2]| 20 |-
i i s
2 2 3203 2
=80% [——180%| [= |+ —
s i s s
3203 ( |2 2
= —|—-100%| |-
s i s

_3216]

=20 —|[—-=5
mllm

w ()] [l
Y1 = = — a 3
(3-8 A"

Kurtosis: 7y, = &

o4

Hy = E(X*) — 4u E(X?) + 6u® E(X?) — 3u*

2 4
2 2 2 2
=150*—4%20 |[—*80% |-+ 6|c |—| *362=3|0 |-
A T T T

1554 128(54_|_144-($4 1920*
= o* — —

T T 2
_ {5t 160* 1920*
-0 T 2
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16 192
=0'4[15————2
T T
16 192 16 192
4 -2 tle _ - _ =
_0[15 T nz]_[15 T nz]
2= 2 8 2 B 82
(02(3~2)) B-2)

4.2.12 Inverse Gamma (Johnson, et al., 1994)
Stacy(6, a, —1) = InvGamma(8, a)

Substituting 6 = 6,a = a,f = —1 equation (4.2) becomes

1

fx/0,a,B) = RS (g)aﬂ exp {—g } ix>0,a,60 >0
0T (a —
e
_Ol(e—-1)  H(a—2)!
EX) = Fa) —  (a—1)!
0(a—2)! 6

“@-Da-2 @1 1

£(x? _0T(a—-2) 02(a — 3)!
X% = Fla)  (a—1(a—-2)(a-23)!
92
“(@-D(@-2)
03T(a—3) 63(a—4)!

E(x® = @  (a-1)!

_ 03(a — 4)! B 63

T (a-D@-2)a@-3)a-4)! (a—Da@-2)(a-3)
E(X4) _ 0*T(a—4) _ 6*(a—5)!

)  (a-1)!
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B 0*(a — 5)!
" (a=D(a=2)(a-3)(a—-4)(a-5)!

94
T @-D@-2(a-3)(a-4

2

S 62 6
ar _(a—l)(a—Z)_((a—1)>

- (ae_z 1 ((a i 2)  (a i 1))

92
= ;> 2
@-D2a-2)" "“
Us
Skewness y; = P

us = E(X — p)®
=E(X3®) —3uE(X?) +2u?

63 0 62

0

@-D@-2@-3 "@-D @-Da-2"

63 363 263
@-D@-2@-3) (@-Da-2  @-17

_0°[(@®* —2a+1) —3(a® —4a +3) + 2(a” — 5a + 6]
(a—1)3(a—-2)(a—3)

~ 46°
T (a-1D3(a-2)(a-23)

463

_Hs_(@a—1)3(a=-2)(a-3)

174537 62 3
T @Ere”
_4J(a-2)
(a—3)

Kurtosis Y, = %
e = E(X — p)*

= EXY) —4uE(X3®) + 6u? E(X?) — 3u*
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B 6* 40
T@-D@-2)(@-3)(a-4 (a—-1

0

93 . 2 92
a—Dla—2a-3) ((a = 1)) @—D@—-2)

6a3 —48a® + 114a — 72 — 3a3
+27a? — 78a + 72

=0 k @-D*@a-2D@-3)a-9

/a3 —3a?—1—4a3 + 24a? - 36a + 16 +\‘
4
/l

3a + 15
=6 ((a D) a = 2@ =3)a= 4))

4 3a + 15
9 ((a ~ 1D (a—2)(a —3)(a - 4))
Y2 = 02 2
((a —1)?(a — 2))
_ gt 3a + 15 (a — 1)*(a — 2)?
- ((a—1)4(a—2)(a—3)(a—4)>* 0%

_3(a+5)(a—2)
C(a=-3N(a-4’

a>4

4.2.13 Inverse Exponential (Kleiber, et al., 2003)
Stacy (6,1, —1) = InvExp(0)

Substituting 6 = 0,a = 1,8 = —1 equation (4.2) becomes

0

——} ;x>0
X

0
Fe/0) = — exp|

E(XX") = 6T(1—-r) k<1
E(XX) = 6T(0) = 6(—1)! =
Var X — does not exist
Skewness - does not exist

Kurtosis - does not exist
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a—1)

)
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4.2.14 Inverse Chi distribution (Lee, P.M.2009)

Stacy(%,%, ~2) = InvChi(k)

Substituting 0 = a= g,ﬁ = —2 equation (4.2) becomes

1
\/E’

fx) = @ (%)kﬂ exp {— %},x, k>0 (4.20)
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1
C(k—=2)(k—4)
1k 1\ 2
1 5G3)
vart = is ( ® >
Skewness y, = %
ps = E(X —p)®

=EX3) —3uEX?) +2u

(@) D o

Usq

Kurtosisy, = o

g = E(X — p)*
= EXY) —4uE(X3) + 6u? E(X?) — 3u*

L ) @D

e E T )
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(ﬂ)) 1 3(%(%%))‘*
'@ )7\ @

Y2

4.2.15 Scaled Inverse Chi distribution (Lee, P.M.2009)

stacy(s=, =, —2) = ScaledInvChi(c, k)

. 1 K :
Substituting 6 = Ko = 5,/3 = —2 equation (4.2) becomes
V202 1 \K*H1 1
f(X/O', k) —@(m) exp {— zdzxz},x,k,a >0 (421)

T
1 p(k_1
E(X) = 252 E{Z 2)
r(3)
1 \.(k 2
E(XZ)Z(W) F(E_Z)
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) (525, ~202(k - 2)

"z
() ()
r(3)
E(x*) = <\/217>4F(§_%) r(5)
'(z) 01 (3)

Var X = 202(k—2)_

1 (ﬁ“%‘%))
iy

Skewness:  y; = 3

s = E(X — )’

=EX3) —3uEX?) +2u

()5 b))

- -3

| =

N =

)
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Kurtosis: y, = =

4
Hy = E(X — p)*
= E(X*) —4u E(X3) + 6u® E(X?) — 3u*

i =" (

S rt—Dk—4 T F(%) i r(%
2

<F<> (AGd

r(z)

3
1 zlazr(g_%) ( 2102) r

k= —4) *

(
<F<>> 1 (( —%))“
@ )Y G

Y2

1
202(k—2)
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4.2.16 Wilson-Hilferty distribution (Wilson, et al., 1931, Johnson, et al., 1994)

Stacy(0, @, 3) = WilsonHilferty(6, a)

3 3
f(%’“) = 16l (@) (g) exP{_ (g) } »xa>0

3a—-1

sy 2O F(?a; 3)
o 01450

0 2 F(a)l“(a+§)—(l“(a+%))2
B (M(a))?

Skewness:  y; = %

ps = E(X — p)®
=EX3) —3uE(X?) +2ud

2

03r(a+ 1) er(a+1) GZF(a+—)
O F(oc)s* F(a)3+2

89
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ggr(ﬁ1)_3er(a+§)*ezr(a+§)+2<er(a+§)>3
I'(a) I'(a) I['(a) I'(a)
Y1 = , 3
BZF(a+%) 9F(a+%) :
- T@ |\ T@
Kurtosis: y2=%
Hy = E(X — p)*
= EXY) —4uE(X3®) + 6u? E(X?) — 3u*
64F(a+%) GF(a+%) 03T (a+ 1) 6F(a+% ,
T Yo T T T T )
92[‘(0(+§) 9F(a+%) i
() -3 ()
64F(a+%) 6F(a+%) 03I (a + 1) 6F(a+%) 2GZI‘(oc+
OO O O A
9F(a+%) i
N\ T
Y2 =

<ezr<a+%> <<

I'(a) I'(a)
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4.3 Different Parameterizations of Stacy Distribution

4.3.1 Stacy (1962) parameterization

GG(B,0,a) = GG(a,p, g)

flx) = ad[‘p(g) e (f)p x* 1, x>0,pad >0

a
p
s =
w0 -

4.3.2 McDonald (1984) parameterization
GG(B,0,a) = GG(a,pB,

_(ﬁ)a ap-1 .
B x ; x >0,pa,B>0

a
f&) = gare)

BT(p + o)
PO = Ty

BT + 2)
PO =T

B2r(p +2) 2 1,)\?
Var X = T {F(p)[‘ (p + Z) — (F(p + E)) }

4.3.3 Khodabin-Ahmahabadi (2010) parameterization
G(B,0,a) = GG(1,4, )

_(%\°
(x) x 1. x>0a1,A>0

)

T
fx) = me
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r

r
['(a + ;)

EXD = @
E(X) = 7= (@ + 7
2 1
F(@Tl(a + =)= (T(a + 2))?
VarX = A%° ( (F()a D T

4.3.4 Taguchi (1980) parameterization
GG(B,0,a) = GG(ha, B,-)

ha
ha e 1
e (5) x* L x>0, EZl,a,ﬁ>0

fx) =
T (@

BTG+ )

E(XT) =
r(3)
1 1
E(X) = P J; ha)
r(%)
Var X = 2 F(%)F(a + hz_a)l— (F(% + %))2
TG )?

92
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Summary of Stacy (three-parameters) distribution

Name of the |Parameters Mean Variance
distribution
0 al|p
1 | Two 6 al| 1 O 0%a
parameter
gamma
- 1
2 | Half-Normal 2062 | 1| 2 \/E s2(1 =5
2 o |—
T
3 | Chi-Square |2 ki1 k 2k
2
4 | Scaled Chi- 202 E 1 o’k 208k
Square 2
5 | Scaled 1 E -1 1 2
Inverse Chi- 202 | 2 o%(k —2) o*(k —2)2(k —4)
Square
6 | Inverse Chi- 1 E -1 1 2
Square 2 (k—2) (k—2)2(k—4)
7 | Chi k|2 k+1 2
V2 > V2T () vardtd
k k
' = n
(2) r (2)
8 | Scaled Chi k|2 k+1 2
20% | 2 V202 I(=5) V2o rddt
2 7 o2 -
r (7) r (7)
- -
9 | Rayleigh 22| 12 U\/ﬁ 2 ( n)
2 2
10 | Inverse 1 1|(-2 1 [m 0
Rayleigh 252 oN?2
3
11 | Maxwell 2g2 | 3|2 ) 523 -2
2 20' ;




12 | Inverse 0 |all 0 62
gamma (a—1) (a —1)2(a—2)
13 | Inverse 0 11 0 o
Exponential
14 | Inverse Chi 1 k|l-2| 1 _.(k 1 1 k1 2
— —Il'({5—5 —T7(x—-=
252 | 2 V2 (2 2) 1 \/fr (2 2)
k k—2 k
r (7) r (7)
15 | Scaled I | kj-2|_1 (E 1 1 I‘(E ~ l)
Inverse Chi 202 | 2 202 \2 2 1 552 \2 2
k 202(k—2) k
r (2) (k=2) r (7)
16 | Wilson- 6 |al 3 1 2\ _ AN
Hilferty er (oc + §) , ()T (a + 3) (r (a + 3))
') (I'())?
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CHAPTER V: Stacy’s Related Distributions

5.0 Introduction
In this chapter we will find the sum, power, product and quotient of Stacy independent
distributed random variables by use of cumulative and change of variables techniques.

5.1 Sum of Stacy distributed random variables, by Stacy 1962
Let X, ..., X;, be an independent set of random variables, X; having frequency

f(xl-, a;, di,pl’),i = 1,...,71 (50)
Also let Y =Y, X; and cumulative distribution function of Y be given by G, (y) and
the corresponding frequency function be given by g, (v)

Gr(y) = Bpy® Z _ 0(_1)jAj (5.1)
]=
n p; d;
where d=¥",d; andB, = [T [a—d r(;)],
s k;
yri=1Pit n T(di+p;ki)
= Zieytkn=j r(d+3t, pki+1) i=1[ kila;Piki ]
Differentiation of equation (5.1)
() = By T Eo(-1)V4; (5.2)
A A N e
where = ey esfen= =Jr(a+xt, pfi) = 1[ kilaPiki

No general method have been found for easy evaluation of quantities A4;.

5.2 Power transformation Stacy distributed random variables
Let X be a random variable with probability density function given by

x\P
f(x;a,d,p) = Pd xd_le_(a) ;x,a,d,p >0 (5.3)
a’l'(=)
p
Let Y = X™ where X~f(x; a,d, p) as shown in (5.3)
_ 1 dx l l_l
Therefore X =ym= o= mr"

p
—(Z 1 =
pd e (a) xd_l*—ym 1
adr(z) m

Thus gy) =
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a4
xym ~ ;y,d,p,ma>0

(5.4)
d

ar(=
a’r ()
5.3 Product of Stacy distributed random variables
Derivation of the distribution of U = XY where Xand Y are independently distributed with
respective frequency functions f(x; a,,dy,p) and f(x; a,,d,,p) . LetX =Z

Then Y=%andX=Z

ox
du
dy
ou

Ul =

dy

ox
0z

0z

f&w) = f,nll =

pzudz_l
o (Gt 5

fw = Jy fwz)dz

Zd1—d2—1e_(ail)pe_($

14
flu,z) = ) ;dy,dy,aq,a0p >0

p2uda-1

Tt car (B)r (%

fzdl d2 1e ((lzl)pe (aI:Z)de
)i

1

p = l—l
Let t= (ai) = 7=t thusdz = 2 dt
1

[ee]
puda=1

e )]

14
1 _t_< - l) a, =—-1
(a,tp )—(dz—d1+1)e aza;tp) 1 tP T dt
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dy—1 P
= - Zd d f G T apart g
d hat § z2
(a10z) Zr(p)r(p)o
z2 _uP . u P
Let E - a,Pa,Pt —Z= 2(111‘12)2
Therefore
_(%2_d1
2pudz1 U \2 (p p) u \5
fw = ( ) Ka, 4, 2( ) ,u>0
( alaz)dzl“ (%) r (%) a1, »p\ h%
Alternatively
LetU = XY
H(u) = Prob(U < u) = Prob(XY <u)
=Prob(XS§ 0<y< )
u
o ¥
= [ [ Af dxdy
00
u
= Fx(;)f yO)dy
0
01
h() = [y 5 FxQfy0)dy
2 ot d-—1 14 14
= [5G e Wy
dirEhyg. dar (£2)) VY
a, 1l"(p)a2 21-‘(p)o
2, dy-1 < p p
= Z;u ’ d fy_(dz_d1+1e_(l1.ziy) _(all) dy
aldlr(gl)azdzr (72) 0
p 1 a; 1
Lett = (l) = y=aqa.tP,dy = L 1dt
a; p

14
(dy—dq +1) —|——7 | -t 1
a,d1+d2p2yda—1 foo t% 2—dq o t% et "
= 201
)’ ’

a; 1T Ha,d2r(2 p
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(o]
dp—1 d, dq uP
P f G T arar gy

T wandrdnr(dz
(102 2T (A ()

2 —

o —t-= v
Recall [~ t"@*Ve Tage = 2(%) K,(2)

L 72 v _ u g
et E - alpazpt —Z= Z(E)
Therefore
_(%2_d1
) 2pud2t ( u )§ G p)K 2( u >§ S0 (55b)
u) = dy, d U .
( aa )dzr (ﬁ) r (ﬁ) a;a; ?2_?1 a;a;
2 p

5.4 Quotient of Stacy distributed random variables
Casel

Derivation of the distribution of T = § where Xand Y are independently distributed with
respective frequency functions f(x; a,,dy,p) and f(x; a,,d,,p)

Let T:%andW=X+Y

_ tw dv = w
Tyl MY T
0x 0x w t
| =9t ow| _[E+D?* 1) _ W
gy oyl | ¥ 1| e+’
at owl 1Et+1D?  t41
_(XVP (VP W
fe,w)=flnll = de(h—le (al) *Ldydz—le (az) " =
e 4TS azdzf‘(pz) (t+1)
2 14 14
= d p d xdl_lydz le (ail) _(al) * w 5
a 4T (hazhr (72) (t+1)

W\ w P
t+1 t+1
pz ( tw >d1—1( w )d2—1 _<a_1> _<a_2> w
e

aldlr(%)azdzr (%) t+1 t+1 (t+1)?
2 ;-1 do—1 t p p
= P p 7 ( th) ' (Ll) ’ e_((f":'vl)‘h) _((tvil)%) *%
t t t
a1d1F(?1)azd2F(?2) t t t+1)
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ditdp=1 __wP b 1

2 pdi-1
e @TrDPla;P app

p w

d{+d
aldlr(%)azdz[‘(%) (t + 1)%tdz

2 di—1...d++d-—1 p
t41~ytdardz wP
) - e (E+1PayPayP

= e
aldlr(%)azdz[‘(%) (t + 1)%tdz

[a,PtP+a,P]

‘ 2 di—1,,,dy+do—1 p
f@ = P L W w Pt
ape@y, app (d2) (t+ 1)htdz
s T EHasT ()

pZ d{—1 0o »
p tld dle 216 (t—"‘l);v‘hpazp[zptp alp]jW
t + 1 2
1 1|‘( 1)a2d2| (_2)( 1) .

1

= — Db Pl — _ (—)
et (t+DPasPayP [az t" +a, | w [a,PtP+a,P]
1
%u5_1 (t + Daya,
dw = —du
([azPt? + a,P])P
Therefore
(00} 1 d1+d2—1
f@) = p? pdai-1 f wp (¢ + 1)aya,
B d d N\ (t + 1)%1+42 T
wtr (?1) a®T (72) D o \([a,Pt? + a,P])P
1
%uﬁ_l (t+1aja,
et —du
([azPt? + a PP
2 tdl—l [ee] d_ d_ l
p d, d; d fup1+p2 p(t+1)d1+d2(aa)d1+d2
d _1 d e
1F( )az ZF( ) (t + 1)d1+d2 ([1 + azptp]) PP}
a
1,
*—uP e “du
p
td1—1 a.a d,+d; oo 4y dy
= p (1 2) - dzfup+p 1e_udu

aﬂh[‘(%)azdz[‘ (%) ([1 n azptp])

aq
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pal_dlazdltdl_l 2
= d F(_ _)

@@z

pa;~%a,%tdi1
f@®) = dr.d; ;t>0,dydyp,,aq,a;, >0 (5.6 a)

2 (4.%) (1 + 257"

Alternatively

Let H(t) = Prob (T <t) = Prob (é < t) =Prob(X <ty;0 <y < o)

oo

- j Fe(t9) fy ()dy

0

o)

h©) = [ ¥+ fuen 0y

oo ty\P »
:fy* dp dl (ty)dl_le ((11) * p p d2 d 1e (az) *dy
a, 1F(_ a, ZF(?)
e 2 4dq—1 (4 P
[ s, G
- d d dz y y
: 1r( 1)a, zr(g)
td1—1 < (azptp+a1 )
fyd 1+da— 1 a.Pa,P dy
1
— o (@PtPrasP __ wPaa,
sy ( npa? ):y_(a PtP+ vy
2 a,P)P
1_
1 u? aa
dy =— 1 Tdu
P (axPtP+a;P)P
p2 td-1 uPa,a, L1 v e,
4 1 e E—Edu
dlr( —Ha, dzr(p)o (aPtP+a,P)p (aPtP+a,P)p
di=1, dz 4 _dq T 4, d
_ pil™ a,?a, ju?l+72_1e'u du
d;  dy
0

_+_
PP ) p'D

1-'( )F( ) d,+d, <1+a621p
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tdh1g ~dig d1 d, d
_ P 7 F(?1+?2)
)?*?

p al_dl a2d1 tdl_l

f© = =

d, d a,PtP \P
B_1’_2 1 2
ST ( T ap )

; 6> 0, dl' dz,al, a,,p >0 (5.6 b)

Case 2

Derivation of the distribution of ¥, = X where X, and X, are mutually independent, and
2

X, +X
letY; = X; + X, where X; has a gamma (e, ;) distribution with pdf

xl- p
fO) =2 xiite () x; > O,%,p, a;>0,i=1,2 (5.7)

di d; i
ai F(?)

Thus

X, =yyand x; =y (1—y3)

dx, dx,
_ ayl ayz _ ) Y1 _
U= 0x, oxy| 11—, —y | TN
y, Y,

f1,¥2) = f(x,x2) * ]|

(1=y)\’
p° o _(2y? L (nO-y,
T (% Wﬂﬂ%le(%)thﬂ—ygfz%( % >*y1
atrGHasr ()
— dr,—1 p 1— P
) PR )

1
a; % F(%) a,%T (%)

azpyZp+a1p(1—}’2 P

- dz—1 R
— pzyzdl '(1-y,) di+dy—1 71 < aiPayP >
fOpYyy) = aldll“(%)azdzr(%) Vi e sV Y2 > dy,dyag,a,,p >0 (5.8)

) = [ Fovay,
0

dz-1 a2Py," +a,P(1-y, )P

di+dy—1 _y1p< a;Pa,P >d
e yl

) - [ 220

d d 1
0 a1dlr(?1)a2dzr (?2)

101



di—1 dy—1 7 Py PP (1—v, )P
P 2y, 4171(1 — v, ) 2~ fyl d1+d2—1e_y1p(a2 Y2 alal’laz(l’ Y2) )dy1
le( Da, dZF 4

1

_ aPy, +aP(1=y, )P _ uaiPa,? )
Letu—ylp( — =>n=\55 >
) aPy"+a1P(1-y2)

1

-1
uP “a,Pa,?
dyl - ldu
p(azPy,” + a;P(1 =y, )P)P
Therefore
- 1\ di+dy—1 .
f(y ) _ Py (1-y,) f°° ua,Pa,? p o uP a,Pa,P du
2/ 7 g dip(9)q,dzr(42) 0\ \a,Py,P+a,P(1-y, )’ 1
a, (p)az (p) 2%Y>) 1 ( yZ) p(azpy2p+a1p(1_y2)p)p
[e0)
di—1 dy—1 di+d
py2“1 (1 =y, )% (agap) ™ 4 dy g

J— —-Uu
= T uP P e *“du

a1dlr((§;) dzl"( )(asz’zp +a’P(1-y, )p)p Po

py, 17 (1 — y; )2 (ayap) 1t dq
dy dz (_ + _)

dq =< p
a, 1T ( P ) dzr( ) (a2Py,” + a;P(1 — vy, )P) P
py, 111 =y, )2 a  %2a,™
= d 4 d_z let yz =t
1 )(azphp +a;P(L—y,)P)P P
tdl—]. 1 —_ t dz—la dza d
[ =—— (1= O ay"a, ot > 0.dudyaapp >0 (5.9 a)
BG, ! 2)(az”t" +a;P(1—0)P)p i
Alternatively
__X1
Let T = X5
H(t) = Prob (T <t)=Prob (X 5 < t)
= Prob(X; <t(X; +X,)=Prob(X; —X; t <tX,)
X2
001_
= PTOb (Xl S 1— 0 < xz <o) = f J. (xl)fxz(xz)dxldxz
0 0
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‘ Xt
~ [ PG, G,
0

f Y 20 i (e,

e _ p
_ f p? Xo . ( Xt )dl ! e—(—(fi)%) e—(z—Z)p dx,
a d1[‘( L)a, dzr(‘éz) 1-t)?*\1—-t

oo
pz tda-1 —x (azptp+(1—t)?’a1p)
- f xditdam1e 7 @PaP(07 ) gy,

dlr(dl)a dzr( 2) (1 - )ty

1 1,
PPy (1-t)Pa,P zaPa,P(1-t)? \p zP “a,a,(1-1)
Let z=x,P (20 ) oy, = (2222 2\ gy, = dz
( a;Pa,P(1-t)P ) (azl’tp+(1—t)pa1p) p(azptp.'_(l_t)palp)%
o 1 d1+d2—1 l—l
_ D tdl 1 -[ < VA alpazp(l - t)p >5 -z zp a1a2(1 - t) dZ
a,PtP + (1 —t)Pa,P 2
d11“( —H)a, dzr( (1-0)h*y 2 ( e p(azPt? + (1 - t)Pa,P)P
_ a,%2a,M1p t4171(1 — £) Dtz f AP 7 gy
_1 _2
réhr () (- 94+ @per + (1 - ra )P P o

a dzazdlp tdl—l(l _ t)dz 1
f(t): d d ,t>0,d1,d2,a1,a2,p>0 (59 b)

B, %) (@rer + (1 - Py PP

Case 3: Quotient by Malik, 1967

Derivation of the distribution W = i—(,X and Y are mutually independent, each with pdf
f(x;a4,dq,p) and f(x; a,, d,, p) respectively;

xl p
flx) = ﬁxidi‘le‘(a_) x; > 0,4 ,p, a;>0,i=1,2 (5.10)
lF l

Let U =logX —logY
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Let the characteristic of U be defined by

¥ [ ptrve, @ f vy Y
(P(t) aldlf(%) azdzl"(%)ﬂfxdl e dxo ydz e
alitaz_itr(%+%)F(%—%)
RGLE
Therefore

_1 §2 P _p
T @
- p p
Let L_L__,
p P
—ﬁﬂ'oo
—dy (u—logd) P
e a — 2 (u—log®L d
fw = pd 7 f plulog;) r( L2y z) [(~z)dz
r(—l)r(—z) omi p
p p ——2_joo
p
i
" o+ . g i 4 @ _(ﬂ+&)
L (e ) s (g ) [ o]
. p P p P
P
cu—log 2y > 0
; u—log az)
_ _log®L
F(ﬂ+ﬁ) ne da(u 1Oga2)
p p a;
fw) = T U loga—) > 0 (5.11)
dl dz —p(u—logﬂ) (?+?) 2
r(&+2)|1+e az
p p
But eV = ;—( =W
Therefore
a
(ﬂ +Q) o 920085 _a,
fw) = P_P ) cw>0 (5.12)
dq doy _ —pQogdL]p P
F(—+—) 1+w~Pe az
p D
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Chapter VI: Amoroso Distribution

6.0 Introduction
The Amoroso (generalized gamma, Stacy-Mihram) distribution is a four parameter,

continuous, univariate, unimodal probability density, with semi-infinite range. The Amoroso
distribution was originally developed to model lifetimes (Amoroso, L. 1925). It occurs as the
Weibullization of the standard gamma distribution and, with Integer a, in extreme value
statistics (Lee, P. 2009). The Amoroso distribution is itself a limiting form of various more
general distributions, most notable the generalized beta and generalized beta prime
distributions (McDonald, 1984).

A useful and important property of the Amoroso distribution is that many common and
interesting probability distributions are special cases or limiting forms. In this chapter
Amoroso distribution is derived, its properties calculated and special cases identified with

their properties calculated too.

Let X be a random variable. If X follows a four-parameter generalized gamma distribution
with parameters a, 6, o and P (a four-parameter distribution), the probability density function
is given by Amoroso:

xX—a

feefa 0,0 = 58 (5" ew{- (59} (60)

;> 0,x 2aif0>0 andx<a,0<0

Where « is the location parameter, 6 is the scale parameter and «,f are the two shape
parameters. The four-parameter Gamma distribution is extremely flexible. It is able to mimic
several density function shapes. In addition it includes as special cases the Generalized
Frechet, Generalized Weibull, Frechet, Weibull, Nakagami etc. Amoroso (four parameter)

gamma distribution has many application and some are highlighted below;

e In finance, it is used to study the distribution of waiting times needed to reach a fixed
level of return.

e Used in the study of health costs ( Manning., 2005)

e Incivil engineering, it is used as a flood frequency analysis model (Pham., 1995).

e In economics, it is used in various income distributions modeling (Pham., 1995,
Kleiber., 2003).
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6.1 Derivation of Amoroso distribution

Let fO) = w5yl y > 0,a>0 (6.1)
Also let y = G)F

— |2 = B =28

- |dx| o 9( ) )

Thus fx) = f(y) = Z_i
= Lyt BT S 0 > 0 (6.2)
[‘(a)y 0 0 ) y) .

Replace y = (%)5 in equation (6.2)

B x—a

F) = o (e 8 By
Therefore
fosabap =5 (50" ewf- (59} a > 0x zaifo>0 (63)
o - o St
£ = a v T
varx = BZ[F <:(:)%) . E:(:)%Z)] }
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6.2 Special cases of Amoroso distribution

6.2.1 Stretched Exponential distribution (Laherrere et al, 1998).
Parameters:a = 0,a=1 andf >0

f(g,a,ﬁ) = %(g)ﬁ_lexp{—(g)ﬁ} ;a > 0,x >aifd>0

E(XT) = err(1+%)

E(X) = 9r(1+1)

varx = [r(1+2) [ (12|

Amoroso (x/0,0,1,3) = Stretched Exp (x/0,a, B)

6.2.2 Pseudo-Weibull Distribution (Voda., 1989)
Parameters:a = 0, a =1+ 1/

f(x/a,a,B) = F(li%)%(g)ﬁ exp {_ (g)ﬁ} ;B >0
orT ((1 + %) + %)
Y PR
9r< 1+ [l;) +[l;>
)
i 9r(1 + %)
B r(1+ %)
[ ) (a))
v - LR TEL

Amoroso (x/0,6, a + %,ﬁ) = Pseudo-Wei (x/0, )
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6.2.3 Standard Gamma (standard Amoroso) Distribution (Johnson et al, 1994).

Parameters:a=0,0 =1, =1

1
flx/a) = ——= x*Texp{—x}; a > 0,x >0

I'(a)
r
_ale—-1!
E@) = (a—1)

Var X = a(a+1) — a?
=«
Amoroso (x/0,1,a,1) = G(X/a)

6.2.4 Pearson type 111 (Pearson 1895, Johnson et al., 1994).
Parameters: f = 1

G0 iy (5 {5 o
E(X™) = a + %
E(X) = a + %
Var X = 02 F(“+2)F([l‘f2a—)][2F(a+ DJ?

Amoroso (x/a, 8, a, 1) = Pearson Il (x/a, 8, a)
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6.2.5 Exponential (Pearson type X, waiting time, negative exponential) distribution
(Johnson et al., 1994).
Parameters:a = 0,a=1,=1

X

1
f(x/0) = g €xp {—5} ;x>0 (6.8)

E(X") = 6'T(1+7)
EX) =6
VarX = 6?T(1+2) — 62
= g2
Amoroso (x/0,6,1,1) = Exp(x/0)

6.2.6 Shifted Exponential distribution (Johnson et al., 1994).
Parameters:a =1, f =1

f(x/a,0) = %exp {— (%)} ;x>0 (6.9)

EX") = a" +60'T(1+r)
EX)= a+ 6
VarX = 62 +20% —(a + 0)?
= 0% —20a
= 0(0 — 2a)

Amoroso (x/a, 8,1,1) = ShiftedExp(x/6)

6.2.7 Nakagami (generalized normal, Nakagami-m) Distribution (Nakagami, M. 1960).
Parameters: @ =, = 0 8 =2

1 x_a)k_lexp{_ (x—a)z} ;a > 0,x =aif >0 (6.10)

|9|F(m)( 6 6

2

f(x/a,6,m) =

E(X") = a” +
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r(r(®)]
Amoroso (x/a, 0, % 2) = Nak(x/a, 8, m)

6.2.8 Pearson type V distribution (Pearson, K 1901).
Parameters: f = —1

x 1 0 \*1 0
f(E’e’“) - |0|T () (x - a) exp{—x - a} ;x>0 (6.11)
EQX") = ar +—9rrr(g‘a)‘ L
Ol (a — 1) 6
E(X) ZG+W=CL+W
2
. [F(a)F(a—Z) — (zf‘(a— 1))
(T(@)

Amoroso (x/a, 8, a, —1) = Pearson Type V(X/a, 8, @

6.2.9 Levy (van der Waals profile) distribution (Feller, W. 1971).

Parameters: a,0 =c,a = %,ﬁ =-1

c 1 c
f(x/a,c) = o m exp {—m} (6.12)
where a is the location parameter and c is the scale parameter.
E(X") =ad + cr[‘(l—r) ;T <1
2 2

E(X) = a+ cF(%—l) = o

Var X = o
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Amoroso (x/a,%,%, —1)=  Levy(x/a,c)

Extreme Order Statistics

6.2.10 Generalized Fisher-Tippett Distribution (Smirnov, N. 1949, Barndorff, O. 1963)
Parameters: a,0 = w,a = n,f

f (G onp)= F(n)| (5 a)nﬁ lexp{_n (%)ﬁ} (613)
E(X") = a" + _(w)rrr(glr)“’%)
1
Mn+%
E(X) = a + —w S,T(ln)ﬂ)

(o) [

| 1
Var X = w? [ - J
)

I'(n) [F(n)]?

Amoroso (X/a,—,n, B) = GenFisher Tippet(x/a, w, n, B)
nB

6.2.11 Fisher-Tippett (Generalized extreme Value, GEV, von Mises-Jenkinson, von

Mises extreme value) Distribution (Fisher et al 1928, Von, M. 1936, Gumbel, E. 1958).
Parameters: a,0 = w, a =1,

FEoms)= ) erf- (5] 619

E(X") = a" + (w)r[‘<1+%)

EX) =a+ wl(1+1/p)

Var X = wzF(1+ ) [F(1+;)]

Amoroso (x/a, w, 1, 8) = Fisher Tippet(x/a, w, B)

2
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6.2.12 Generalized Weibull Distribution (Smirnov, N. 1949, Barndorff, 0. 1963).
Parameters: a,0 = w, a =n, >0

fataanp) = ()" emfn (Y] 615
EX") = a" + wrrlg(tl;_ %)
1
EX) =a+ wrl(r(ln-l)_ﬁ)
[F n+ r n+l :
vard = w2|l (F(n)ﬁ) y EF(n)fz)]
I[F (n+§) I'(n) — [r <n+;) 21|
) wzl DIk J

Amoroso (X/a, =, n, B) = GenFisher Tippet(x/a, w, n, B)
nbB

6.2.13 Weibull (Fisher-Tippett type 111, Gumbel type 111, Rosin-Rammler,Rosin-
Rammler-Weibull, extreme value type 111, Weibull-Gnedenko) Distribution (Weibull,

W. 1951, Johnson et al., 1995).
Parameters: a,0 = w, a =1, >0

fecra = [E](52) " oo (52 16

E(X") = a" +(w)r[‘<1+%)

EX) =a+ oT'(Q+1/p)

Var X = wzF(1+§)— [F(1+%)]

Amoroso (X/a, w, 1, ) = Wei(X/a, w, B)

2
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6.2.14 Generalized Fréechet Distribution (Smirnov, N. 1949, Barndorff, 0. 1963).
Parameters: a,0 = w, a =n, 8

nt By —q\-nB-1 x —ayP
f(x/a,w,n,ﬁ) = Tn)m(T) exp{—n( P ) } (617)
a)r[‘<n+;>
T — T ﬁ
EX") = a" + )
w[‘(n+%)
B p
E(X) = a + )
[ ]
o Jrerg) [ p)]]
| T KON
I |
] 2
F<n+%>[‘(n)— [F<n+%>
_ 2 p p
- T2

Amoroso (x/a,—,n, —B) = Gen- Fréchet (x/a, w,n, )

P

6.2.15 Fréchet (extreme value type 11, Fisher-Tippett type 11, Gumbel type II,

inverse Weibull) Distribution (Fréchet, M. 1927, Gumbel, E. 1958).

Parameters: a,6 = w, a = 1,

(o) - B @

=
=
Q
=
=
I
—~
=
I
)
|
=
——

E(X") = a" +(w)r[‘<1+%)
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1
X) a+w<+ﬁ>

v = wn(g) -1 )]

Amoroso (x/a, w, 1, —B) = Fréchet (x/a, w, B)
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Summary of Amoroso distribution

Name of the Parameters Mean Variance
distribution
a | 0 a B
1 | Stretched ol 1 |B>0 ( 1) 2 2
Exponential or{t+ B 62 IF (1 + E) N [F (1 + E)] l
2 | Pseudo- 01|86 1 B ( 2) 1 3 2
_ or{1+ - = — ol
Weibull 1+ Z[F(Hﬁ)F(H ﬁ) [F(Hﬁ
2
"(1+5) (14 3)
3 | Standard 01 a 1 a a
gamma
4 | Pearsontype | a | 6 « 1 Ol (a + 1) ,[Tla +2)T(a) — [[(a + D]?
" I'(a) [T(a)]?
5 | Exponential [0 | 6 1 1
6 | Shifted a| 6 1 1 0 62
Exponential
7 | Nakagami alg| Mm 2 a [./m\./m m , 1\1?]
2 or (M4 1 02|F(7)F(7+1)—[F(7+7)]
T )y
; )
r(z)
8 | Pearsontype | a | 0 a -1 Or(a —1) 52 F(@)Il'(a—2) — (I'(a —1))?
Y ['(a) (T(a))?
9 |Levy a|c 1 -1 00 o0
2
1 li 2
0 G_enera ized | a | w n B a [F (n 4 g) F(n) — [F <n + 1)] 1
Fisher- ( 1) 2 B B
) wl'\n+45 W
Tippet LN B [C(n)]?
I'(n)
11 | Fisher- a | w 1 |B a+ wl( , 2 1\1°
Tippet +1/8) wrr(1+ 73) -[r(rs E)]
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12 Geqeralized B>0 a [F (n N z> [F (n N l)]z]
2 B B
Weibull ) ol (n +%> w i et
I'(n) | ]
13 | Weibull B>0 a+ ol(l 2 1\1°
1R wr(1+2) - [r(1+7)
| e PN R T i
+ a)F<1+—_> w?| e Z |
I3 [ ['(n) [T(n)] J
15 | Fréchet B a , 2 1\ 12
y |or(ieg)-[r(14)
+ wTl <1 + E)

116




CHAPTER VII: Unifying Ghitany and Nadarajah’s Generalized
gamma distributions.

7.0 Introduction

In this chapter the Generalized Gamma distribution as studied by Githany, 1998 and
Nadarajah’s 2011 is discussed and their probability density functions given by the use of
integral presentation of Confluent Hypergeometric of second kind and by the use of
Generalized gamma function.

7.1 Ghitany Generalized gamma distribution
Construction of Ghitany’s Generalized Gamma Distribution

00 yM=1g=¥
Let [y(m,an) = [, w— dy (7.0)

Divide both sides by T'; (m, an)

| - foo ym—le—ydy
a ) (v + an)*Ty(m, an)

< m—le—yd
- j 4 24 (7.1)
at(Z + )T, (m, an)
0 a
Let x =2 =y =ax,dy = adx replacing in equation (7.1)

a

oo

(ax)™ e~ q dx

- ; al(%x+n)1[‘l(m,an)

ooam—lxm—le—axa dx
B f at(x + n)AT,(m, an)
0

[ee]
am—/lxm—le—ax dx

(x + n)AT;(m, an)

Thus

am—Axm—le—axdx
= ; 2 0; A’F 2] > 0 7'2
f&) (x + n)AT(m, an) x mna (7.2 a)
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Alternatively

_ ooym—le—y _ 0 ym—le—y
- 1=ty Grany @ = Jy (anr(1+2)" g
Y
letx = %:} y = anx,dy = andx
b (anx)m—le—anx <
= f andx = (an)m‘}‘f x™ (1 + x)"he X dx
A 1+ A
) @@+ )
= (an)™ATM)¥(m,m+ 1 — A an)

Therefore

am—lxm—le—ax

(x + A (an)™ AT(M¥P(m,m+1— X an)

f&x) =

xm—le—ax

- (x + )N AT(mM)¥(m,m+ 1 — A an)

i x=20Amna>0 (7.2 b)

by use of integral presentation of Confluent Hypergeometric function of second kind.

Also

f( ) am—/lxm—le—axdx S04 0 (7 ) )
xX) = ; X =2 ) ;m; n’ a . C
(x + n)A(an)™2 an=2 ,Fy(a,1;; —an~1)

by using Generalized Hypergeometric function.

Properties using equation (7.2 a)

b pl
m-—A,r m—1e—ax dx

poxry = [ & XX
&) = (x + WAT,(m, an)

_ 1 foo am—lxm+r—1e—ax dx
Iy(m,an) Y0 (x+n)?

(7.3)

Letu = ax :x=g
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du = adx =>%" = dx replacing in equation (7.3)

(u)m+r—1 e_u d_u

E(XT) = [;(m, an)f (_ +n)A a

m+r 1 m—r+1—1a)Le—u du

F,l(m an) ,f (u + an)?

oo
um+r—1e—u du

- [,(m,an) b[ (u + an)?

-r

= ————y(m+r,
T (m, am) 2(m+ 1, an)

a
E(X) = er(m'i'l,dn)

VarX = — [(m+ 2, an)—[

') (m,an)

['y(m,an)

_ _,|Tam+2,an) ry(m+1,an) 2
- T,(man) [ [';(m, an) l
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7.2 Nadarajah’s Generalized gamma distribution
Relationship between integral presentation of Confluent Hypergeometric function of second
kind and Generalized Hypergeometric function.

Y(a,b;u) =u™? ,Fy(a,1+a—b;; —u?)

Proof

1 (o]
Let ¥(a,b;u) = mf t9 (1 + t)b-a-leutgt (7.5)
0

1 ® (h—a-1
- ta—lz tk —utdt
F(a)of Gl

— * b—a-1 1 f a+k—1_,—-ut
_Zk=0( I )_F(“)o t e "dt

d
Y ==
u

lety=ut=t=
Y u

[0e]

. = ” b_a_l; a+k-1,-y
Y(a,b;u) = Zk:o( P )F(a)u“’fkoj y e Vdy
- Z“’ (b= Tlatk)
k=0 k T(a)urtk

it e (b—a-1Db-a-1..0b-a-K(a+)E)"
r<a>zk=0 ki

b—a-1)b—-a-1)..(b—a—-k)@a+k—1)..(a+k—k)
_u z"" # T() (—w) ™)
F(Of) k=0 k!

_oN-1N\k
=u_“z b—a-k)..b—a—-1Da(a+1) ...(a+k—1)((u%
k=0 .
=u?®,Fy(a,1+a—b;; —u™t) (7.6)
Thus Y(a,b;u) =u™®,Fy(a,1+a—b;; —u~1) result which is consistent

with formulae given by Abramowitz et al., 1972, p.505)
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Construction of Nadarajah’s Generalized Gamma distribution

Nadarajah, 2008 considered,

I= f xYx +z)"PeMdx (7.7)
0

X —P
_ f 7P (1+2) e
0
Lett=9z—cﬁx=zt,dx=zdt

I= j (2) 2P (1 + ) Pe V7t zdt
0

o)

=z%°P f t2 (14 t)Pe M dt
0

=z"PT(@)¥Y(a,a+1—p;Az)
Therefore Jy x*1x +2)7Pe~Mdx = 257 T(@)¥(a,a + 1 — p; Az)
X% (x+z)"Pe~Ax

flx) = ;x>0,p,a,4,z>0 (7.8)

z@P T(a)¥ (a,a+1-p;Az) '

by use integral presentation of Confluent Hypergeometric function of second kind.
Also

x% L (x+z)"Pe~AX
z9=P T(a)(Az)~% ,Fo(a,p; ; —(A2)™1)

flx) = ;x>0,p,a,1,z>0 (7.9)

by using Generalized Hypegeometric function.

Properties by use of equation (7.8)

Therefore J, x* M (x + 2)"Pe™Mdx = 2% P T(@)¥ (o, a + 1 — p; A2)
b xrxa—l x + —pe—/lx
E(XT) = f _ (x+2) dx
2P T(@)¥(a,a +1—p; 12)
0
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B J‘ x"T N (x + 2)PeMdx
)z P T(@)¥(a,a + 1 — p; Az)
0

1
22 P T()¥(a,a + 1 — p;

/’Lz)f xTH N (x + z)Pe Mdx
0

2P Tr+ a)P(a+rr+a+1—p;Az)
7P T(@)¥(a,a +1—p;1z)

Z"Tr+a)P(a+r,r+a+1—p;1z)
M)W (a,a +1—p;Az)

zI1+a)¥(1+a,1+a+1-p;Az)
Ira)¥(a,a+1-p;Az)

E(X) =

_Zall’(1+a, a+2—p;1z)
B Y(a,a +1—p;Az)

2’ TR+a)¥(a+2,2+a+1-p;Az za¥(l+a, a+2—-p;Az)\2
Var X = 2+a)¥( piAz) ( ( p ))

ra)¥(a,a+1—p;1z) Y(a,a+1-p;Az)

B ZZa(a+ DI+ a)¥(@+22+a+1—p;Az) zaV(A+a a+2-—p;Az) 2
B NP (a,a+1—p;Az) Y(a,a+1—p;Az)

7.3 Unified Ghitany, 1998 and Nadarajah, 2008 Generalized Gamma

distribution.
By the by use integral presentation of Confluent Hypergeometric function of second kind.

Ghitanys’ GG (m, a,n, A ) =Nadarajahs’ GG (a, A, z, p)

( ) B xMm-1p-ax B xa—l(x_l_ Z)—pe—lx
fe) = (x + ) ™ ATM¥PMm+1—Aan) z¢PT(@¥(a,a+1—p;Az)
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CHAPTER VIII: Gamma Generalization using the generator
Approach

8.0 Introduction
In the last few years, several ways of generating new probability distributions from classic

ones were developed and discussed. Jones (2004) studied a distribution family that arises
naturally from the distribution of order statistics. The beta-generated family proposed by
Eugene et al. (2002) and further studied by Jones was discussed in Zografos and
Balakrishnan (2009), who proposed a kind of gamma-generated family. Based on a baseline
continuous distribution F(x) with survival function F(x) and density f(x), they defined the

cumulative distribution function (cdf) and probability density function (pdf) as

—logF -1 = _
H(x) =$f0 09F@) 6-10-tgqr t € R, 8 > 0 and h(x) =%a)[—logF(x)]5 1£(x) (8.0)

respectively, where I'(.) is the gamma function.

For the purpose of this study we are going to define the cumulative distribution function

(cdf) and probability density function (pdf) as

F(x) = % Jo 0960 ta-1p-t 4t x € R, > 0 and flx) = %[—logF(x)]“ Ly g(x) (8.1)

respectively where I'(.) is the gamma function.

8.1 Type I-Gamma 1 Generator

Let y = —log G(x)

where G (x) = 1—-G(x)

G (x) is a cumulative Distribution Function

then G(x)=e™”,if G(x)=0>y=ocandif G(x)=1=>y =0

-t
Let w(t) = % tel s a,t>0
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Let us now consider F(x) given by;

—logG(x)

e”t |
F(.X') = f m t dt

0

—logG(x)
d F(x) d f et

- ta—ld
dx  dx I'(a) t

F(x) =

0
—logG(x)

= 1da f e~ tt* 14t
I'(a) dx

—-logG(x)
1
= ——d “tga-lge
(@) f ¢

= i ¢ (—log ) - (~logG ()

) 1
)( logG (x))* ' = ———( G(x))

G(x
I'(a G(x) dx

1 1 d
= Ta )( logG(x))* 1 « ——(1—G(x)
= 115 (FlogG ()™ g(x); -0 <x < 0, @ >0

Type I — Gamma 1 generator.

e Type |l - Gamma 1 Generated Distributions

Gamma 1 - Exponential Distribution

Construction of Exponential Distributions

LetX = — % InY,where y~U(0,1) = g(y) = 1 therefore

oo =g
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Ths g = g0 ] =pe ixp>0 (83)
which is an exponential distribution with parameter .
Nowlet g(x) =pBe ™ ; x,>0
Then G(x) = 1—e B = Gx) =eP*

Therefore

1 o
F(x) = m(—logG(x))“‘l * Pe~Fx

= ﬁ(—loge‘ﬁx )1« Behx

— 1 a—1 -fx
= m(ﬁx) * fe

— [’)_a —Bx, a—1 .
= F(w)e X ;x>0,a,8>0 (8.4)

which is a two-parameter gamma distribution.

Gamma 1 - Weibull Distribution
Construction of Weibull Distribution

T

Let X = |§ where y~Exp(1) = g(y) = e™

1
Therefore B'x=y* =y = (%)

= |ﬂ = Ex%_l
dx T
d
Thus  g(x) = gO) * |-

1 1
= e P Lyl et Lo g
T T

125



Therefore g(x) = B 6x°~te P ;x> 0,8, >0 (8.5)

which is a Weibull distribution with parameters £, 6.

Now let x) =B 9x%~1e=B*’ then G(x) = 1- e=h*’ = G(x) = =B

1

Therefore  f(x) = ) (—logG(x))* 1 * g(x)

= 15 (Floge Py L x poxO71ehY

= 15 (Bx)* 1« B OxO e

— ﬁ“9x9a—1 e—ﬁxe

@ ;x>0,a,8 >0 (8.6)

which a three-parameter gamma distribution.

8.2 Type I-Gamma 2 Generator
Let F(X) = W(=log G(x))
(dF(X))/dx = d/dxW (—log G (x)) d/dx(—logG (x))

= w(=log G(0) * — 55 7: (1 = G(0)

Therefore

f(x) = w(=log G(x)) * % where G(x) = 1 — G(x) and G(x) is the
cumulative distribution function.

Let

a
w(t) = f(—wt“‘l e Pt t,a, B > 0 then

a

I['(a)

_ ﬁ _ ~ a-1 ,log(G(x)F
= £ ((~log G e

- r[ia) ((—log GLx)*™* (G(x))*

w(—log G(x)) = =— ((~log G(x))** eF(-1oa 6
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Thus  f(x) = 4= ((~log GL)** (G(x))F + 45

= £ (~1og 6 (6(0) g x> 0,0, > 0

which is type I — gamma 2 Generator.

e Type | - Gamma 2 Generated Distributions

Gamma 2 - Exponential Distribution
Let g(x) = Be P* thenG(x) = 1—eP*= G(x) = e P*

Therefore

f(x) = Fﬁ(a) ((=log GGx)* ™ (GNP g (x)

a

= B (tog eyt (o) et

N rﬁ;a) Br)*t (eP*)" " pe b

_ ﬁ a-1 ,—B%x 2 _
= X e let == 6

Then f(x) = FH(Z) x*1e 0 x> 0,a60>0

which is a two-parameter gamma distribution.
Gamma 2 - Weibull Distribution

let g(x) = B Ox%Le P’ thenG(x) = 1—eP** = G(x) = e B>’
Therefore

a _ . ﬁ—l
f@) = Fia) (~log GN™" (6®) g

a L-1
= Fi—w)((—log e‘ﬁ"g)“"1 (e‘ﬁxe) B gx0-1¢=Bx°
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_ 9B** ga-1 —B2x9 2 _
= T@ X e let pc== 2

fx) = ??—a)xea_le_’lxg ; %,4,0 >0

which is a three-parameter gamma distribution.

8.3 Type Il -Gamma 1 Generator

Let the Survival Distribution function be defined by;

—log(G(x)) "
S(x) = ——t*le b dt
Oj I'(a)
—log(G(x)) 1
i.el—F(x) = ——t%le7t dt
Of ['(a)
Therefore
g —log(G(x)) "
10 = | et
0
1 a— —(=log(G(x) d
= m[—log(G(x)] 1e~(log a[—log(G(x)]
(6O Te)
—f(x) = m[—ZOQ(G(x)] 0]
f(x) = r(l_a)[_ log(GM)]]* 1g(x); — o <x < o0,a>0

Type Il-gamma 1 generator
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e Type Il - Gammal Generated Distributions

Gammal - Gumbel Distribution

Construction of Gumbel Distribution
—-X

Let y = e * where y~Exp(1) = % =—e

Thus
giy) =e™7,

d
9 = g0 |2

= e Ve ™ bute™™

=e ¢ e ¥ —0<x <o
which is a Gumbel distribution
Now let g(x) = e e™™

Then G(x) =

Il
—
[
8 4

QU

i~

I
Q
@

Therefore G(x)

Thus f(x) = 22 [-logG(x)]

gx) —e~* 1gq—
) [-loge™¢ = ]*71
e~e¢ " ox
— F(a) (e—x)a—l
e—e‘x e~ ax
= —; x,a>0
F(a) ) )

Gamma 1 - Fréchet Distribution

Construction of Fréchet Distribution

Let t =

dt O .—1 6
Therefore — = —c(2)* ! 5
dx x x

dt
dx

glx) = e
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—00

(8.11)

—e eV dy

(8.12)

where t is an exponential with parameter 1.



0
— - (Bye-1 L
= fce (x) =

LAY
cOe @
= W }XZO,C,9>O

which is a Fréchet distribution.

Therefore G(x) = | Y du=eG

Thus  f(x) = 22 [—1ogG(x)]*"

I'(a)
0\¢ 0
_ [—loge_(i) je-1 coe”@°
- () xC+1
_bc
_ ca_€ %
= cO @Rt s x,a,c>0

8.4 Type II-Gamma 2 Generator

Let the Survival Distribution function be defined by;

Let 1—-F(x) =S(x) = W(—log G(x))

d(l;_l;(XD = :—XW(-Iog G(x)) ;—x (=logG(x))

1
—f(x) = w(=log G(x)) * ) d—( (x))

Thus

(8.13)

(8.14)

f(x) = w(=log G(x)) x=——= 999 \vhere G(x) is the cumulative distribution function.

G(x)
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Let

Thus

w(t) = t“ Le=Pt: t,a,p > 0 then
w(-log G(x)) = - )(( log G(x))*1 e=B(=log G(x)

B

F(a) L ((~log G(x))** el0s(ctD

L2 (—log 6 ()%™ (G(x))*

F(a)
F&) = s (Hlog G0 (GG - gi ;

T T )(( log G(x))** (6(0) gx); x> 0,08 >0

which is type Il — gamma 2 Generator.

Type Il — Gamma 2 Generated Distributions

Gamma 2 - Gumbel Distribution

Let

Then

Therefore G(x)

Thus

gx) = e ¢ e¥; —o<x <

G(x) = f_xoo et e Vdy,letu = e *’ =du=e*" e Vdy

e~

—p—X
] du=e"°
—0o0

= ["[ia) (e—X)a—1+1 (e—e—x )ﬁ—1+1 ve—€ "
B

= e~ e B a,B>0

I'(a)

Gamma 2 - Fréchet Distribution

Let

Then

cOe ()
g(x) = —5— ;x20,c6>0

c

x cOC (2)

G( ) - f yc+l dy
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du = ce(g)c_le_@) lz dy

Therefore G(x) = f du = e_(g)

(o]

Thus  f(x) = F[ia) ((~log G(x)*™ (G(x)F?
B ctog e yoms () e
~ s (log el )“-1(e : ) i

_ BcO° (0 c(a-1)) _%c B 1
T T(@ (E) (e 2 ) X+

cBrOX B c(BO)*  _pe°
xC —_

= T’ © T (e PO =1
cA® _A
Thus f(x) = ———¢€ x° ;x,c,,A>0 (8.17)
l"(a)xac+1
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CHAPTER IX: GAMMA EXPONENTIATED GENERATED
DISTRIBUTIONS

9.0 Introduction
A new family of distributions, namely the exponentiated exponential distribution was

introduced by Gupta et al. (1998). The family has two parameters (scale and shape) similar to
the Weibull or gamma family. Properties of the distribution were studied by Gupta and
Kundu (2001). They observed that many properties of the new family are similar to those of
the Weibull or gamma family. Hence the distribution can be used as an alternative to a
Weibull or gamma distribution. The two-parameter Weibull and Gamma distributions are the

most popular distributions used for analyzing lifetime data.

Adding a parameter (a positive real number) to a cumulative distribution function (CDF)
G by exponentiation produces a CDF which is richer and more flexible to modeling data.
The exponentiated distribution (ED) H (x) = [G(x)] is quite different from G. The function
H (X) = [G(X)]" is known as: exponentiated distribution (ED) since G is exponentiated by a.

It is also known as: proportional reversed hazard rate model (PRHRM) since reversed hazard

rate function (RHRF) of H is defined by *# ()= [1nH (x)] = % where h(x)is the PDF

corresponding to H(x).

a(6(0))* g(x)

Hence A;(x) = €

= alg(x) (9.0

9.1 Type I-Gammal Exponentiated Generator

e Type I-Gamma 1 Exponentiated Generated Distributions

Let F(x) = W[(-log G(x))%]

= W[(-alog G(x))]
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dl;_gf) _ C;’l_x\/\/[(—alog G(x)]

d

w(—alog G(x)) * —% —(G@)

= w(—alog G(x) * ~ 505 5 (1= G()

ag(x)

w(—alog G(x)) * )

tcr—le—t

If w(t) = = ;x>0,0>0

— f o-1,-[(-alog G(x)]
w(—alog o) = 29 E) e g

_ (=alog ()G ()%
- I'(o)

ag(x)

Therefore f(x) = w(—alog G(x)) * )

_ a(log GE)THEMIM () . _ o -1
I'(o) ’ |

Gamma 1- Exponentiated Generator.

Gamma 1 - Exponentiated Exponential Distribution
For Exponential distribution,
glx) = de ™
Gx) =1—-e™andG(x)=1— G(x)=> G(x) =e

g

F0) = g (~log GG 9(x)

_ %(—log e_gx)o—l[e—/lx]d—l Ae—/lx
~ )IL‘J(:)J xa—l[ —Ax]a_1+1 _ (FA(C;))J xa—l —alx’ let A\a = 0
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Then f(x) = %x"‘le‘e’c; x>0,060>0 (9.2)

which is a two-parameter gamma distribution.

Gamma 1 - Exponentiated Weibull Distribution

For weibull distribution

let gx) =p er_le_ﬁxg, thenG(x) = 1— e h*’ = G(x) = e~
_ a%(=log G G)]* ! g(x)
But f(x) = =

ag

= %(_ log e—ﬁxe)a_l [e—ﬁxe]a_l B x0~1e~Px°

= 2 (Bx®) 7 e ] poxt

_ B0 g5-1 —apfx?,
= X0 e ix,0,8,a>0 (9-3)

which is a three-parameter gamma distribution /Stacy distribution.

9.2 Type I-gamma 2 Exponentiated Generator

Let F(x) = W[(=log G(x))%]

= W[(—alog G(x))]

dF(X) d =
== =W[(~alog G(x))]
a

_ d _
= w(—alog G(x)) * — ) a(G(x))

= w(—alog G(x) * 505 5 (1= ()

ag(x)
G(x)

= w(—alog G(x)) *

If w() = %e‘ﬂtt”‘l 50,0, 8 > 0
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W (—alog G(x)) F’ga) e~F(=alog 6 (—qlog G (x)) °1

_ B Ba(log G(x)) o-1
o € (—alog G(x))

@(G(X))B“( alog G(x)) °~*

Therefore f(x) = w(—alog é(x))*%’;)

I )(G(X)) (—alog G(x))"™ 1)) * aGg(S;)

F(g) (G( )) (_logé(x))o_l))g(x); —o<x<oo,af,0>0 (94)

type I- Gamma 2 —Exponentiated Generator

e Type I-Gamma 2 Exponentiated Generated Distributions

Gamma 2 - Exponentiated Exponential Distribution
For Exponential distribution
g(x) = e

Gx) =1—-eandG(x) =1— G(x) = G(x) = e

a’p’ pa-1 = -
& = T (G)™ (—log GG Hgx)

a’B% r _j\Ba-1 —Ax\0—1 -1
= Ty ™) (Floge™)" HaeH

_ A%a%B% r _ax\PX 51
=~ T ( x

_ (Aap)° -Afax.,.0-1 —
=T € X let Aaf =6

Then

90
f(x) = e 0xxo-1. x 5,6 >0 (9.5)

I'(o)
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which is a two-parameter gamma distribution.
Gamma 2 - Exponentiated Weibull Distribution

For weibull distribution

Let g(x) = BOx91e P’ thenG(x) = 1—e B’ = G(x) = e F*°

But ) = EE(E@)" " (~log G0 Hg()

% (e‘ﬁ’xf?)ﬁa—l (—lo g e_ﬁxe)o_l)[; T

0@B?)’  _ap?x® 0o-1 2 _
o) © X Letaf“ = A

62° ~2x% 001
I'(o)

9.3 A Class of Gamma Exponentiated Exponential Distributions.

For gx) = Be™P* andG(x)= 1—eP*=G(x) = e F*

Thusfor  f(x) = )( logeF*)" " [eF*]"" & 2 (1-eF7)

F(a) & (Bx)°" 1e=px]*" 2 —(1—e7¥) replace x by ®(x)

_ F‘(‘;) ~poe0| ! d —(1-e#0w)

= {5 (B e P B (x)e PO

= B (o))" e @' (x) (9:6)
Special Cases
Case (i)
if P(x)=x= ' (x)=1

Therefore f(x) = %(@(x))a_le‘“m(x) @' (x)
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_ (@B’

e WBxxo 1. x > 0,a,8,0 >0

"~ T(o)
Case (ii)
if O(x) =x% = &' (x)=06x01
Therefore
fe0 = (ﬁ((?; (@(x)° e @'(x)

_@a —aﬁxe 0\ 1 xp.06-1
=) © (x9) Ox

o
= 8" g-apx®yb0-1x > 0,q,8,6 > 0
I'(o)

9.4 Type II-Gamma 1 Exponentiated Generator

Let the Survival Distribution function be defined by;

Let

1—-F(x)

W(—alog G(x))

ZS—F(X)) =d/dxW (—alog G(x)) d/dx(—alogG(x))

~£() = ~w(-alog 6(x)

ag(x)

f(x) = w(=alog G(x)) = 55,

where G(x)is the cumulative distribution function.

-t

Let w(t) = s(—g)t“‘l; t,a >0 then

¢~(-alog G(x))

w(—alog G(x)) = (—alog G(x))? 1

I'(o)
_ leml* o-1
= So) [malog G(x)]
Thus £ = 2 [—alog 6(x)1°~ + 2
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ag a—1
% [—logG(x)]° 1g(x); —0 < x < o0,a,0 >0
e Type II-Gamma 1 Exponentiated Generated Distributions

Type II-Gamma 1 - Exponentiated Gumbel Distribution

g G a-—1 o—
Let f(x) = I [~log 6(x)]" g (x)

For Gumbel distribution let

Let g(x) = e ¢ e™™; —c0o < x < oo, thenG(x) = e™¢ "
ad[e_e_x ]a_l X o—1 X _
Therefore f(x) = e [~loge™®" ] e e*
_x qa-1
— ag[e_e ] -x1o-1,—-e* ,—x
o [e™*]7te e

— -x10
= —5o le7*]
o,—ae e X
= ;x>0,0,a>0
f(x) (o) X o,a

Type 11-Gamma 1 Exponentiated Fréchet Distribution

[ G a—1 _
Let f(x) = 22— [~log G(x)]"~ g (x)

For Fréchet distribution

7]
c,~F 0. ¢
g =L x20,66>0 andG(x) = e @

a—-1
aa[ e_(g)c }

Thus f(x) = e [—log e

- 6
O
X *
xC+1

a
c6q®| o= &°
0..1°7Y 1
_— — E3
I'(o) [(x) ] xct+1
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Therefore

£09¢ g0 [e—éf]

T(0)xoeit s x,0,a,c>0

9.5 Type II-Gamma 2 Exponentiated Generator

Let 1—-F(x) =Sx)= W(—alog G(x))
LD = LW(-alog 6 (x)) = (—alogG (x))

—f(x) = w(—alog G(x)) * _%;x))

(9.11)

Thus
f(x) = w(—alog G(x)) “G‘Q(S;) where G(x) is the cumulative distribution
function.
B ° -ptro-1
If w(t) = ' e Pt ;t,a, >0

g
w(—alog G(x)) = % e Palog 6 (—qlog G (x)) o1

= L7 G0 (—alog G(x)) °~1
() g

Therefore

F) = s 60 (—alog Gy~ + 22

; —o<x<o,0,af>0

Which is type 11-Gamma 2 Exponentiated Generator.
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e Type II-Gamma 2 Exponentiated Generated Distributions

Gamma 2 - Exponentiated Gumbel Distribution

_a’B’ “ P (€9)
f(x) = (o) (G())*¥ (=log G(x)) 1*@
For Gumbel distribution
Let gx) = e € e™; —o<x <oo,thenG(x) = e

—e X
e e X

Then f(x) = a’p? (e )P (—loge ¢ )Tl Ef S —

I'(o) e—e*

— ﬂa —-afe ™ _—-ox .
= o e e ; x,0,B,a >0

a’p
I'(o)

Gamma 2-Exponentiated Frechet Distribution

(60)) " 7 (~log G(x))71 * g (x)

f&x) =

For Fréchet distribution

6
c,mG° _ 8
Let gx) = Cexecﬂ ;20,c,06 >0 andG(x) = e G
Then _ ﬂd _(g)c aB-1 1 _(g)c o—1 *cece—(%c
f) = o5 (e = )¥(~log e =) —cr
ocop 0 6
- Sﬁ.)x—fi”l (e" @Y% ¢, 0,B,0 >0 (9.13)

9.6 A Class of Gamma Exponentiated Inverse Exponential Distributions

9

Let y=_-2x= gwherexis Exp(1)ie
x dx 0
f(x) =e ;x>O,E=—?
dx .0
90) = f@)+|g| = e g
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e ¥
x _8 6
y 2 Qe ¥
G(x) =J. —dy,Letu = e Y =>du = )2 dy
0

Therefore G(x) = [ "du = =

6

Then g(x) = Hf;; x,0 >0

Thus for flx) = %?)]H [—lOg G(x)]“‘lg(x)

I’] a—-1
.

e _2 o—1 _2
—r [—loge x] *x—e x,

1 qa-1
99-1q0 e—g(g)]

1,171 a4 —edy . 1 1
= Q] e replace by 00

1
LG

— 11971 4 —00(5)
- r(o) [CD(Z)] w7

ad—lad

e O] o ()

More generally, replacexl by —

O(x)
0 1 a—1
Qo—1g0 e_ D(x) o1 L

= 1 a 0G5

Then fe) = I'(o) [(D(x)] *ax € e
ab
_(a8)%e ®@ 1 1 1971 a1/ 1
G [CD(x)] *Tax [(@)] (9.14)
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Special Cases

Case (i)
1
_ (@d)7e""00) 1\1°°1 (1Y) . 1\ _ 1 S(1\ 1
For  f(0) = [ (3)] *(—‘D (;))"f o(y)=1=¥()=-5
1
_ (a@)“e_aaf 1191 d 1
Then f(x) = =[] +-L®
1
(20)%e™ %% [1]"_1 1
= —— — K —
I'(o) x x?
, _ab
—%%ﬁgr;x>aaaa>o (9.15)
Case ii)

rof)-drew )

20)0e @ [ 4 q0-1
Thus f(x) = (G)T [(;)C] * (xc+1)
ab
_ (aB)7e™x®
= T
Special cases for
_a(_f’) L
_ (ah)%e *& 117 d 1
10 =T [d)(x)] *_a[<q>(x)>]
Case i)
d(x) =x
(aB)° % 1°t  d
(04 e x
0 = &G
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__(a0)® a8
- ['(0) xo+1 e

Case (ii)
d(x) = x°
o 1
(aB)%ex° 117~ d /1
o= L)
I'(o) X dx \x
Oa Oa
_ (aB)%exC o S _ c(af)%ex®
- [(g)xC0—¢ = xc+1 - ['(g)xCo+1
Case (iii)
d(x) =e*
(af)%e " e* [1]"_ d (1)
= — | % — — || —
f(x) I'(o) ex dx[ ex
_ (ae)ae—aee_x . e—ax

I'(o)
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10. Recommendations
We recommend further studies on the Gamma distribution Mixtures when;

i). Gamma is a mixed distribution
i1). Gamma is a mixing distribution
Also on the use of the Gamma distribution in the analysis of drought data in Kenya for

drought monitoring to ending drought emergencies.
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