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ABGTRACT

Optimality conditions are derived for organizations
operating under socialistic principles. The analysis iacludes
the possibilities of advertising, joint factors of procduction,
ancé demand interdependence for the spectrum of facilities
provided in the public service., Operational aspects of 2 public
versus 2 profit maximizing enterprise zre contrasted and the
difficulties in attaining efficisncy of operation examined.
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1. Introduction

Economic systems in western econcmies typically have
two distinct sectors, a public or government sector and a private,
capitalist sector. While the latter has received significant
attention in both theoretical and empirical research this is not true
of the former sector. A theoreticel structure encompassing the
goals and objectives of public service facilities reflecting supply
and demand conditions for these services is lacking for the socialistic

sector.

This analysis formslizes such a theoretical structure
Overall budgetary allocation for various categories of public
services is normally a political process and this is taken into
account.

Section 2 considers the economic preoblem facing public
service facilities from an analytic viewpcint. while Section 3

discusses the resultant optimality conditioms derived in Section 2.
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2. Theoretical Analysis of Public Service Facilities

2.1} Introduction

In modern societies many services are allocated through some
centralized governmental authority which may be either local or national
in scope. Examples include public health facilities, public education,
police protection; road works, park facilities and postal services.

A purview of such economic goods which may fzll within the range of
possible health services alone are quite diverse; encompassing the
various family planning services, public health education, matermal
health care services, immunization programs, emergency treatments,
geriatric care, etc. Since monetary resources for the total funding
of such projects must necessarily be limited an obvious question arises
as to how best to allocate funds to the various competing programs as

well as what factor content should be utilized.

Complicating features of a multiplie service program are the
existence of Jjoint factors .of production and the possibility of

advertising for the: various services offerred.

Most public service facilities have the characteristic that
there is an overall administrative crganization coordinating the
activities of several or many services. This is true for as small a
microeconomic unit as a hespital, where administrative functions such
as admittance and discharging, purchasing billing, filing, etc. are
normally centrally located and commonly utlized by the personnel of
all of the individual service facilities. Alsc it is true of such
a macroeconomic unit as a nationally coordinated family planning program.
Overall administrative functions coordinate the various factor
flows and services directly reaching the recipients. The existence
of joint factors of production arises in that such administrative

functions cannot be assigned exclusively to one service or another
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(e.g., as-in assigning costs of administration proportional to
specific service expenditures or output value as the organisational
format is not of such .a one to one nature.

The advantaege of advertising one or more of the services
offered is that demand can possibly be influenced so that overall
effectiveness of the program can be increased. The question then

arises as to what is the optimal amount of advertising.

2.2) A Two-service Model

We consider first the case when there are only two types of

services offered. Denote these services by X and X- respectively.
It is presumed that the administrating authority has scme overall
functional evaluation of such services, denoted by h(X,,XQ) where
h(Xl,XQ) is strictly convex in X, and X, with hl,h7>0. That is, -

marginal utility is positive but incrementally decreasing at all levels

of output for both services.

Supplv -of each service requires productive:inputs.
Specifically there exist administrative factors consisting of capital

and labor, denoted by B. and B., which are joint to both services,

1. In relationship to the Kenyan context the author is
currently evaluating the Family Planning and Maternal Health Care
Programmes for the Ministry of Health, Research and Evaluation Unit.
This particular model being part of the theoretical foundation of
this research.

2. Differentiability of all functions utilized in this
analysis is assumed throughout.
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factors consisting of capital and labor. denoted by X..L. for

i =1,2, and advertising costs specific to each service,

Ai for i=1,2. Therefore it is assumed that the relationship
between productive outputs (public services) and factor inputs are
expressed by production functions, denoted by

2.2.1) X, = £.(K,,L, &;, B, B) for i=1,2.

k
The usual assumption of strict convexity with respect to

the arguments of these production functions is made here with

the exception of advertising. Advertising cannot be expected to

increase output in and of itself so

Af,

dA,
i

= 0 for i=1,2.

If we consider the service outleis as representing
a market it is reasonable to presume that a supply and
demand analysis is applicable. As such equations (2.2.1) represent
the supply functions. If for cach level of advertising expenditures
people potentially serviced by the facility are rank ordered
according to their willingness to pay for the alternative services

demand curves can be constructed as

2.2.2) X, = ds (Pi,Ai) for i=1,2; here P, stands for price of

service i. It is assumed that advertising has a positive impact.upon
ad.
demand, ET O 0 while by construction the demand curve; will
i

necessarily be downward sloping, adi < 0. It is additionally
3P,
assumed that d. for i=1,2 are both s%rictly convex.3 Construction of

demand curves in this manner does not preclude the possibility of a
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negative equilibrium price. The usual definitional switchover of a
used turning into a supplier cf a good utilized in most aconomic

analysis is not applicable in a service industry, particularly those

in the health services where typically a doctor treats a patient. Thus

f
i
(_bl

negative price, i.e. a subsidy, is plauesible.

The administrative authority must take into account the
total funds at his disposal and attempt to alloccate them optimally.

Total funds available include funds gathered evternally, denoted by

<7 :
1A- 0

P X . As capital
1M1 T T P

C , and revenues gained through the program, P
and laber at service outlets will typically be similar we denote
their costs per unit by r  and w respectively. Administrative
capital and labor will typically have different costs as these factors
will represent different commodities and personnel, e.g., bureaucrats
instead of doctors. Dcnote these costs per unit by s and vy
respectively. The budgetary restriction can then be expressed as:
2.2.3) C+P

K P e TN
l'(l + .2X2>r(k1 + k2) +sB + wl, + L J+vyB

k 2 L

3. Strict convexity with respect to price is an empirical
question. If strict convexity is not maintained the equilibrium
conditions yet to be derived will still be meintained at the optimum,
however there will exist a set of suboptimum to choose from.  ‘Corner-
type solutions are plausible for this particular problem only

if provision of one service is extremely inefficient and/or
evaluation of this service is very low. Inter-connection of

demand functions viaz prices is temporarily eschewed until section
2-3.
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The optimization problem facing the central
authority is thus to

I) Maximize h(X,,X.)

subject to
X, = £k 00580 B ,B)
X, = f2(k2,L2 A2 BBy )
X, = dl(Pl,Al)
Xy = dy(Fosh))

C + P.X. + P2X2>r(kl + K.) + sB_ + w(L.+L) YB. + A + A_

k

X k

2’ l’ B

k? T :"l:A? 0.

L
2°72?
Problem {I) is =quivalent to (assuming that a solution utilizing

nonnegative factor guantities will be found):

(II) Maximize h(X,,X.)
subject to

- 0]
B.) Xl>

A,,B ,B; ) - X.>0

Folkyslpsdy s BBy *2

2
wdlﬁﬁl’Al)
d. (P ,A) - X2>O

- ot -
C + Ple + P2X2 r\kl + k2) sBk

From Problem.(II) we can immediately form the

- w(Ll + L2) - YBL - Al - A2>O.

Lagrangian, £, the maximization of which yields ocur solution..
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2.2.4) £(x 355K 5K 5Ty 50 By N 2>*~=\2=)351 AS)

= h(X X)) A/ (T B)

A = X
128 5B By 1

B )-X. 7/

; TF
F AL (KL 08 By By ) Ky

+ A,/ (P8 - %, T

+ n/ A AP LA - X 7

o) - ! -
+ AS/ C+ P X +PX r(Kl + Kz) sB

1% 2" 2 - w(ly +L,)

K

- - 7
+y(BL) A, A2_J.

Given an optimal distribution of resorucss, as will
be subsequently determined from this Lagrangian, the following

interpretations are applicable tn the respective Lagrangian multipliers.

The marginal value of an increase in output
of the respective services or the marginal
value of unitary increase in technology of
the respective sarvices.

A, ,% : Private utility of the marginal individual
' using the alternative health services.

Xo * Marginal social value of an increase in
sutbsidy funds. An overall optimal dis-
tribution within the context of government
programs will equate this value with other
projects funded by the government.

The necessary first order conditions are therefore

(assuming an interior solution):

2.2.5) 3L = 2h - AL - A+ Pll_ = 0,
X, 2% - - v
2.2.6) 3 = 2h - A_. - X+ P A_. =0.
axg 2x2
2f
2.2.7) 3 = 1 xsr
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LE3

3L,

9L
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3B

af
dA,

L
9A,

oL
oP
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9P

E3
X
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X

3L
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9f

of
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2K,
A
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aL,)
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laB
K
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38,
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e
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1
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A_ 2 A
9P
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= d. - X =
= d. - X._ =
= C+Pl}{l+1°2}{2

“YBy A=A, = 0

)
N
1
>
H
"
O

-r( K1+K2 )~SBK-w(L_ +L2 )
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Interpretation of equations (2.2.17)
through (2.2.21) can be made directly. Equations (2.2.17) and
(2.2.18) state that it is optimal to utilisze your productive
processes efficiently and that the supply curve is the production
function. Equations (2.2.19) and (2.2.20) state that it is optimal
for the administering authcrity to charge a price in accordance with
demand conditions. Specifically a price should always be charged sc
that there is no excess demand or supply condition present in either
of the services being offerred. While seemingly an obvious condition
many public service facilities charge negligible if any fees for
heavily demanded services resulting in long queues and excess demand.
Such conditicns represent suboptimal behaviour. Equation (2.2.21)

states that all funds and revenues accrued should be spent.

Rearranging equations (2.2.7) (2.2.8), (2.2.9) and

(2.2.10) we hava

2.2.22) A, 9. _
L = T .
AS Bkl

2.2.23) A, of

r

ks 3k2
of
2.2.24) A, 1 = w
of
2.2.25) 12 2 - w.
x5 9%

Thase equations imply that
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2.2.26) af .
=y fori=1,2.
of . W
i
aL

The ratio of marginal factor products should be equal

to the ratio of factor prices.

Equivalently defining g; as factor zain

2.2.27) r W
of. .
of . = 71 for 1 =1,2 .
3%, oLy
i

Factor gain should be equalized within a productive

process.
From equations (2.2.7) and (2.2.8)

2.2.28) A e Ag s

2.2.29) A, =8, Ag -

and from equations (2.2.15) and (2.2.16>

-
2.2.30) 13 = ad.| )\5 .
-X
2.2.3 =
1) Xu 3d2 15 . |
3P2 ) T

Substituting eguations (2.2.28), (2.2.29), (2.2.30)

and (2.2.31) into equations (2.2.5) and (2.2.6) we obtaining
-X
! 1
2.2.32 - -
) g2 L2y

which implies
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1
' 3d
v Lo
2.2.33) P. - g - 3P
- - £ "
3h X,
BXl
similarly we obtain
2.2.34) P.-g. -~ {93 |
SN
o
3h ' A
8X2

Combining equations (2.2.33) and (2.2.34) we obtain

2.2.35)
2.2. - ~ - ' \ - -1 ;. :
2.35) Pl ; ad % P2 g, ; 3@2 ;
VBB 0P,
oh 2h
X )
3 1 3X:

Ortimal production requires that the price minus
factor gain minus the elasticity of demand all divided by marginal

utility be equalized for the two services.

Substituting equations (2.2.28), (2.2.29), (2.2.30)

and v (2.2.31) into equations (2.2.13) and (2.2.14):
/=X
- L oa - A = O
2.2.35) g. — + & ad_ia. ™1 5
"1 9A; A B
v dP ¢ 1

and



2.2.37)

Noting afi
dA.
1

2.2.38)

A, +
Byrs 9h,

= 0 for i - 1.2 and

e

>¢| 0J| @
[ =] e
Hl

t

{

3
d2

aP.

ad,
i

dA.
1

eliminating A

IDS/WP 249

5

1,2.

Thus optimal resources allocation implies that the

elasticity of demand for either service in equilibrium equals the inverse

of the marginal increase in demand arising from advertising expenditure.

equations (2.2.11) and (2.2.12) while eliminating . lq:

2.2.39)

2.2.40)

Rewriting:

2.2.41) -

and

2.2.42)

Substituting equations (2.2.28) and (2.2.29) into

afl
g
3B

-t

o,

glaBL

3
fl X
laBL

g, —=
2
3B,
g, —=
2 3B -
e,
2 38,
af,
&,

0 and

Optimal resource allocation requires that the sum

of joint factor processes times factor gain be set equal to joint

factor cost.

This exhausts the comparative statics (excluding the
Ai) of this model.
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2.3) A Two-Service Model with Interdependent Demands

The problem considered in this section is identical to
that considered iIn the previous section, except now we allow
interdependencies of demand. Typically an  administrator in a
public service program will be allocating a spectrum of services .

which are highly interdependent.

In a family planning program an increase in price charged
for prenatal care would presumably increase demand for contraceptives.
In a road maintenance program an increase in tolls on one <Trunk route
into a metropolitan area would presumably increase demand on other

like trunk routes.

Utilizing the same definitions and assumptions as in the
previous section the demand functions formerly represented by

equations (2.2.2.) are changed to

2.3.1) K = d(P,PouA) for 4,5 = 1,2, 17 .
: sd,
Here 3d, <0, OA* >0 .
. 9P, - ”
i

In general it does not seem reasonable to place any conditions
on the signs of 3d. as the services offered may be

9P,
J
either complements or substitutes in consumption. However in

an individual application .it might be reasonable to
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infer some prior sign to these derivativese

The optimization problem facing the administrating
authority is thus to:
(III) Maximize h(Xl,Xz)

subject to

X = fl(Kl,
Xy = £5(Ky0Loahsy B Bp)

= dy(Py,Pyy4,)

,j“'
I

= 4ol 7P23A9)

Cot Py + ngz;:r(K1+K2) + sBy + W(L1+L2) + Y8, + AL + 4

Assuming an interior solution problem (III) is ecuivalent to

(IV) Maximize h(¥L,X,)

subject to

h'd

fl(Kl,Ll;Al,BK,BL) ~% 0

fZ(KZ,Lg,Ag,BK,BL) -% >0

dl(Pl,Pz,Al) -% >0
dz(Pl,Pz,Az) -%, >0

C + PyX; + PX, = r(K1+K2) - 8B, = WiL. + L2) - yBp =4 =4, > 0

2 K 2.

The ILagrengian is:
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+

2.3.2) i = h(Xl,XQ) Alifl(Kl,L A ,B BL) - X/

11K 1-

+ A/ E (KL, LA, BB ) — K, T

+ Ag/a (PP LA - X, T

o _ -
+ lwldQ(‘l”PQ’AQ) XQ—/

+ - r(K_+}
+ AS/C + Ple P2X2 r hl K2)

- - T - - - 7
sB, W(dl+L2) VB, ~ A AQ_/.
The interpretations of the lagrangian multipliers are identical
to those given in section 2.2.

The necessary first order conditions are therefore:

"

2.3.3)  af ah _
ax, X,  "17 737 15

2.3.4)  BE = Bh ., ... _g
3. oX. "2 My 275
2 - - Xgr = 0.
2.2.5) %% A[F; - AsT = O
1 2K,
2.3.8)  af _ Ayf, - Ar = 0.
3K R
2 £
2
2-3.7) g%- ) Xlarl - XSU =0
G 3T
1
2.3.8) 3 _ ., ,_,uzo
2 L
°F R
€
2.3.9) *® L1+ AOQEQ - A58 =0
K o
aBK K
2.3.0) & | AR X
L L L
2.3.11) 2 _ . AF, _A3d, _ A -
aA‘ - n 1 4L T fo —_ -
, —
QAl
2.3.12) Q%' . ARf, AuadQ -2 = 0.
34, 54 34,

N
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2.3.13) %i‘ : Aséfl. . M, L 1
1 QPl BPl :
2.3.14) 3% A.3d 2 3% 4 oax
95 = 0+ Au§§- ToM% o0
2 3P2 2
2.3.15) 3f _ _
I, X -
2.3.16) af  _ f2 - X2 = 0.
A2
2.3.17) af _ 4, - X =0,
M3 = 1 1
2.3.18) 3£ _ d,-X_ =0
BM, - . 2 .Z
2.3.19) 9f _ _ _ - -A — =
A, C+P.X.+ P X, r(Kl+K2) B w(Ll+L2) VB -A,-A, = 0.

The interpretation of equations (2.3.15) through (2.3.19) is
-identical-to- that given for-equations-{2. ) through (2.2.21).

Equations (2.3.5) through (2.3:8) reduce to the same equilibrium
condition as equation (2.2.26). Defining g; as in equation (2.2.27) the
effect of price interdependency is felt in each of the remaining optimality

conditions.

Equating and then rearranging equations (2.3.13) and (2.3.14)

we find:
-1 772 1 99N
2.3.20) A ”‘; Xy ¥ Xy 9P,
k3- L oa - ad.l S 3'.'1."'\ Y
k’(l F X F, J
- d Xu 3 defining d ,
or

2.3.21) A, = A3
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le3e22)
)\3 = d L].' . AS
3% |, 1
Z a0 -
2e3.23) A T e A5
30.2 L1 aCl
92 a 3>,

Substituting ecuations (2eZe28), (2e%e%9), (Re3e22

Lo fra ¥

anc (Z.3.22) into eguations (Z.3.3) and (%.3..), simplifying an® then

equating we obtain as an eguilibrium condition

2.30214,) b o W ' o o .:}.’:1 ) X2
P, =g P. - g
1 1 X B 2 %2 n 3
1 102 ot ) -
BPl 3 P 2 d
n _3h
B‘..{l '.3..-:{2

This ecuation can be compared directly with that correspondingly
obtained in the independence of demand case, ecuition (2.2.35). The

difference enters into the third-term in the numeratorm. As the cross partisls

approach zero the limit is clearly ecuation (2.2.35).
: Dbp
8%, 3P

-

Noting af; substituting ecuations (2.3.22) and
—_— =0,
k.

(2:3.23) into ecuations (2.3.11) and (2.3.12) and rearranging
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3 : 1 + 1 “z
1 3P, 3 aaPl
LY -
znd
2.3.26) - "ad_z ' : adl
= -+ 4
3d, 3 p -
3A2 L . Xé

Optimality conditions regirding joint factors of
production are identical to those obtained in the independence

of demand case; i.e., ecuations (2.2.41) and (R.2.42).



_og - IDS/WP 249

2oly) A ¥ltiple-Service Model

This section consicderz a multiple service model, here
there can be many unifunctionsl andé joint factors of »production

-

as well as the possibility of advertising for each of the services,

As long as the demand ecuations ars strictly independent of one another
optimality conditions nare directly an:ligous with those derived for the
Two~Service Model of section 2.2. WWhen dem:n? interdependencies are
allowed in 2 multiple-—service model the complications involve ~re
generalizations to those encountered in the Two-Service Model with Demand

Interdependence as in Section 2.3. 4 generalization to a2 multiple-service

AV §

model with demand interdependencies is foun? in section Z.5.
Let X 50e00,%4 be measures of the service outputs with
corresponding convex production functions fj,ooo,fn where the
unifunctional factors of production (having positive margin~l products)
Are Y19 ,ooo.,ylb,?ZIy.oo°7 yﬁp,ueo,vql,ooo,vnp, Joint factors of
vroduction are Aygeceeyd and advertising ezpenditures A, ecce i o
n R 1 n
Respective prices of outputs are v jeec0,7 3 Of univariate factors are
yP_y end of joint factors wre vy jecoey Yo Demand for Kiis given
2 A 1 =
by di(Pi,ni) i=121,0000;00
Asouming a convex ubtility function, h(Xl,oou.,X_), the

optimization problem facing the central authority is



thus to
Maximize

(V)

to

&0
o
o

et
(0]
o
d—

54
It

He

L.y,

i
[t}

di ( Pi'vAi ) W

i
Looon 4. . N
C+3 P> L%
1=1 Ti=l j=1
T 9 e s9%Zy sAL
vfl_ 9 kiAl _>_O

Assuming. an interior solution problem (V) is~ecuivalent

to:
(VI)

Maxdmize h(¥yye ooy

subject to:

a. (P, A.) =% =0
1" 1" 2 1
n n
: Y. PV -,
C + Iy "5 ~ 4k

queee",-_:__y!J-|yaocs

h(le XXX ,X“)

V'-'l'—'l, cooo 7no

1 = l,t"boo‘jnc

" n
ry ..+ ¥ T Z + § A
AT L TR T
L axng 15 2p I8k

)

The corresponding lagrangian iss

n
i= h(j{lyoeoogxn) + .):=1 2 :é.l'cfil’“”’yip7zl'””'zq'Ai) -

=

As bt p

n D
P.¥. - .. . 1.
+ V. = 1 =1 y
a n
z ¥, A - . ) Al
k=1 X'k i=1 "1 ]

ILS /WP

249
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The necessary first order conditions :re therefore:

Zgll.2) Y3 _ 2h - - E>) 7 -
B 1,{ = aX. )i i tiB = O Vl = .L,oae_oyn. °
Is - af
qu.as) Ci’_ = "“l —-5-.-‘;- — e = O Vj_:lvnnnn,n "M’ld
2EY i3 !
,]=17oaou,p °
201"-0. \
l+/ EE2 = ¥ }\l —az - BI"{ =0 Vk=l9ennagq
k i=1 k :
ad.
2.005) 3£ 3f i .
c® _ o ——— — = V = o000 °
5. T MTAL, T i 3EL B =0¥isliceonsn
1 1
ad.
201-',06) a.£ o - .
3_1_3. = o:l . -+ B_z:_i = O . Vl—lyoonO9n o
2°',+.7) ai f -— K = o i--—l coe gll o
i i e !
2obe8) 3 d; =% =0 i-li00e0,n
24409) 3 : nor A
oo o+ - o M lhe - - ): - . A —- Z AL
3B C+ by i =5y 55 T5%55 = w1 T~ i

Interpretation of ecuations (2.4.7) is that it is optimal to
produce efficiently and that the supply curves zre the production functions,
of ecustions (2.4.8) is that prices of services should be ecual to demand
concitions,; anc¢ of ecuations (2.4.9) that 211 resources received should

be spent,

Rearranging equitions (2.4.3):
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2.4.410)

LA ¥;=lgoo.o,n
.]=lgooo°7@
k=l,nonngc

© =~ wo

The ratio of marginal factor producis should be ecual to the
ratio of factor prices.

Factor gain, g, , is defined ss

2olell) _, i
P‘: = —'E.f.’iu ° V:L:l,.e 009 ,'D ]
3X- ‘V.]=l’cooopn °

Factor gain should be erualized within a productive process.
From ecuations (2.L.3):
Zolyo12) Ao = 2.8 ¥i=l;e0004n o
From ecuations (2.4.6):
-a Xi

Zeks13) 39 s wvi-l,

)
374

Substituting ecuztions (Re4.12) snd (2.4.13) and rearrang
A

ing
in 2 manner similar to the derivation of ecuation (2.2.35) we finds
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2olally) X, - v
ad., Py = f. = a.
e y J L
_an
3% 93
i9j9i=1900009n (.°~, i ;t

Cptimal production recuires that-price minus factor gain
minus elasticity

-

211 Aivided by marginal utility be ecuated for all servicec.
Joting ZF

eliminating 8
= o ¥i=lgooocgn 9

rearranging from

otla fd_.
20h015) ad, 1
api = 'ad’. -goanog’
24
1 1
or
ey,
ip) ' =N
BLi Ai 3.

Il

The partial derivatives of the demand curve 'rith respect to price wnd
advertising when multipliecd cshould scual output.

UTsing the concent of facto in ecu=tions Z.l.l4), e find:



IDs/ 2L9

Optimality recuires that the sum of factor gzins times joint

factor marginal physical products should be set ecual to joint Ffactor
coeT,

As can be readily seen these opiimnlity conditions are direct

generalizations of those in the two service model considerec in Section 2.2.
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hiltiple=tervice HModel with Demnd Interdspendence

to that analvzed

The model econsidsred here ic identics
The

¥

in Section <./ except interdependence of demend is included.
s of analysis
&

results derived here -re the multivariate extension

wlertaken in Szction 2.3, DNefinitions and -

to those undertaken in the previouvs secition
P g ) for 211 i= 900009n .

iz given by di(Pl’°°°° iPriy

The optimization problem i3 then:

(VII) ieximize !

subject to
K - X, (}r-lgoeoa,;y.pgzlgacoozqg';‘.‘.i_) vi‘—lgcaioyn
f - (p 7=cc=7Pn:.'J .?1

N

TO:

’1'1(':\:1 goeoo 9;:.“)

Mazimize

subject to:
. (. ceoQ g, . 2 90009D oils — . =0 ¥i=l.o00ae o
1(J119 Lalp? 17 4 af 11)

Vj_:l’nao-,n °

a.(» PLi.) =%, =0
ivrgEceeeity? 1) i
1’} n E« LR G ..c'_IT']{zl - s - N
=3 =1l KKk I
+d 4=l
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2.5.3)

2.5.4)

.5.5)

N

2.5.6)

2.5.7)

2,5,8)

2.5.9)
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The corresponding Lagrangian is:
n
. oo z . Y.y geeeesys . )=
£ h(Xl5 ’Xn) + . / Il(y11° ,ylp,zl, »Z Al) X. /
n — —
+.§ = 1~di(l"""Pn) - Xi -/
izl -
n n P q n
+8(C+ I PX, - I I or.¥,. - I vz - %
im1 i1 421 =1 J 1] k=1 ‘k'k 5o
The necessary first order conditions are therefore:
3¢ = dh - A, - =. + P.B =0 for all i=1,....,n
ax, X, * * *
i i
_ of. .
3f = Xi i - Brj = 0 for all i=l,....,n and
aylj ayij Jj=1l,....,D .
n Bfi
3 E = T A, =— - By, =0 for all k=1,....,q .
._. 1 3z k
0z i=1 k
k
adi
3f = A, of + <« 35 ~ B -0 for all i=1l,....,n
A, thA, 1%
i i
n ad.
3 = I =.—=+ B X. =0 for all i=1,....,n .
._, J oP.
oP. j=1 i
i
3 =f., - X. =0 for all i=i,....,n .
— i i
.
i
¢r. = 4. - X.= 0 . for all i=1, ,0
e,
i
n n P q n
L3 = C + ¥ P.X. - % I r.v.. L v,z - ¥ A
3B i=1 Yt =1 9= R L
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Interpretition of ecurtions (2.5.7), ( <.5.8); and (2.5.5)

are identical to those of ecurtions (2.4.7), (R:L.8) nd (2ekhe9).

Rearranging ecuitions (Z.5.3) wmd (P.5.4) vields conclusions
identical to ecuations (2.4.10) and (2.4.16) respectively. Interdependence
of demand does not sffect the ecuilibriun concitions of hoth unifunctional

and jeint factors of production.

Trom equations (R.5.6) we can find the « ; 28 functions of B8

Ytiting out ecuations (2.5.6):

5.10) 4, e T
1 "z.‘P-' 2000 o« a1 2Pl -
2d1 Zdl
1735 +.oaao +« n o5 = BXn
n n
Dividing the ith equation by Ki s for 211 i=1;4000,n yields:
£¢ sl
205011) 1 1, pe A
1{1 2P1 0 00O n X-.' Zpl
£ _ ‘ n
21 + cecet+- n Y.,
n n
Teuations (2.5.11) can be written in matrix form as:
2.5,12) 1“4 1.5%
"y <P, 11 APl 1.
2 1 2d, n.
i £ ocece 'X 217 k
:on *m ' n



which is ecuivalent to

s
nxl

Assuming * has an

defining Thxn

inverse then

2.5.13) «=FL g"
ans.
_on LT -1
2.5,15) i- Z,- i3y f
j=1
defining F;l as the ith row sum.

Substituting ecuation (2.5.15) zand defining

“nxl

12

2nad

2.
-1
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as in ecuations (2.4.12) =and also substituting into ecuations

fOI‘ fq.ll i=1veo o0 ,I’l

Touations (R.5.16) imply that under optimal allocatione

<2°502)3
265.16) ~ah
% -8 T
1
2.5.17)

for all i,3=1,

occayn ] lf J <
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Advertising expenditures =zre also affected by interdependence

of demanc conditions. WMNoting 2f  _ 0
24 -
A

for all i=l,....,n and substituting into equations (2.5.5) from (2.5.15):

2,5,18) -1 74.

3A.

which implies the optimzlity condition

2.5.19) 54, 1
"““_‘_aﬁi ‘F‘"l . N

Similarly optimal price are affected by interdependence of

demand, Substituting ecuations (2.5.15) into ecuations (2.5.6):

205020) n . -l ad_,:
- 3 gbi + BX, = 0 for a1l i=lyeccesn o
“i
which implies
205021)V .}(- = - Z‘ ?:_’J:l aa:‘ fOI‘ u"lll i=lyoooo,n o
J=1 7.

. Bquations 2.5.2L exhaust the comparative statics of -

multiservice allocation under demsnd interdependence., Intsrdependence

of demand for services does not affect factor demands. However the optim
prices -charged, advertising expenditures and cuantities offered are most
definitely affected 25 can he seen by cruation systems (2.5.17), (2.5.19)
and {2.5.21); moreover the overall sffect upon any single variable of
demanc interdependence is not 'obviouz?', as the matrix inverse T — needs
to be computed, which in itself is dependent uvpon optimal outputs and

partizl derivatives of demand with respect to prices,
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Conclusions

As can readily he ascertained the only similarity hetween
optimality conditions of 2 typical government organization and a
profit maximizing firm both providing several services or products
is that the ratio of marginal factor products should be equal to the
ratio of factor prices for unifunctional factors. The remaining
optimality conditions facing the administrator of = public service program
are entirely unicue to his ovm individual administrative task. These have
been derived in sections 2.3y 2.4 ind 2.5. Such conditions also are far
from intuitively obvious. A cuestion which czn be readily asked is whether
any such orgsnization will; as a natural consecuence of administrative
decisions, tend to gravitate towards an optimal productive organization?
Whereas in merket competition naturel market forces, as a consecuence
of resulting profits and losses, will tend to select :nd have remaining
profit maximizing firms satisfving the necessary optimality conditions
for profit maximization such a motivational and selective process seems
to be almost entirely lacking in the case of a multiple service
providing agencv., Beyond exhortsations to individusl workers to accomplish
more in their duties *obvious' indicators towards improvement, capable of
administrative recognition and action, seem to be entirely lacking. Also
natural selection is rarely at work, especially for public services
(the chance of a government supplied service being eliminated is rather
small in most societies), because typically either legislative acts
prevent competition (which in the long run could be expected to direct
provision of these services to profit meximization) or else market

conditions simply preclude competitive firms being profitable.

Given a situation where optimality of operations is unlikely
to be met spontaneously through either market forces or administrative
decree what can he done to improve the allocative process? It appears
necessary to approach optimality econometric investigation must first
be made into the relevant supply and demand relations for these services
and subsecuently optimality conditions regarding resource purchase and
use, outputs prices, and distributions of outputs be imposed by admini-

strative decree upon the organization.

The unlikelihood of a public service industiry operating

efficiently due to ignorance of optimality conditions covering overations
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can be used to account in part for the spparently lovwer statistical
productivity of employees in the public scctor as compared to those
in the private sector. Also it can be used to explain a lower rate
of technical prosress in the public sector 2s opposed to the private
sector; it is difficult to achieve progress when explicit goals in
terms of optimzlity conditions are difficult to ascertain and

achieve,

The concept of factor gains, the ratio of specific factor
costs to marginal factor nroductivity, for each of the procductive
processes plays an extremely important part in the optimality
conditions. Tn i profit maximization context under perfect competition.
factor gazins should ootimally be one for 311 factors ané productive
processes. This corresponds to all firms operating at the minimum
point on their long—run U-chaped average cost curves where the
production function is homogeneous of degree one. TFrom a socialistic
context this condition on individual cervice units is lacking, and
instructions to service units to operate in such a manner will result
in suboptimal behavior. Optimal socialistic behavior implies that
service units will typically operate at capacities where the production
function is not homogeneous of degree one. As such the sum of value
marginal products will not add up to the value of services; implving
that some factors must necessarily be fexploited®. Satisfaction of
the optimality conditions stated in thiz analysis however results in

exploitation of factors in favor of the public good.



